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A radical v of rings is said to have the Amitsur property if for all rings A, v(A[X]) =
(v(A[X])NA)[X]. Let X, denote a set of indeterminates of cardinality o. We say that
has the a-Amitsur property if for all rings A, v(A[Xa]) = (v(A[Xa])NA)[Xa]. We study
properties of this type of radicals and show relationships with other known radicals for
rings.

A ring A is said to be an absolute y-ring if Alx1,...,xn] € 7, for any n € N. We
show that A is an absolute G-ring for the Brown—-McCoy radical G, if and only if A is
in the radical class S determined by the unitary strongly prime rings. Moreover, A is an
absolute nil ring if and only if A is an absolute J-ring, where J denotes the Jacobson
radical.
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1. Introduction

In this paper, rings are associative, not necessarily with identity. The notation I <JA
and L <; A means that I is an ideal and L is a left ideal in a ring A, respectively.
Recall that a (Kurosh-Amitsur) radical +y is a class of rings which

(i) is closed under homomorphic images,
(ii) is closed under extensions ( I and A/I in 7 imply A € ),
(iii) has the inductive property (if 1 C I C --- C I, C --- is a chain of ideals of
the ring A = (J I, and each I is in 7, then A is in 7).

For a radical ~, the semisimple class of 7y is defined as

Sy ={A| A aring with v(A4) = 0}.
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As usual, £(M) will stand for the lower radical induced by a class M of rings.
For basic notions of radical theory we refer to [5] and [20].

Notation 1.1. The following symbols are used:
B the Baer (prime) radical, [5],

the Levitzki radical, [5],

the Kéthe (nil) radical, [5],

the uniformly strongly prime radical, [17]

the unitary strongly prime radical, [4]

the Jacobson radical,

the Brown—McCoy radical.

Q—wne 2t

An important issue in radical theory is to describe the radical of a polynomial
ring. This leads to a notion introduced in [10]:

Definition 1.2. A radical v of rings is said to have the Amitsur property if for any
ring A,

V(Afz]) = (AN ~y(Afz]))[z].

This property of radicals was considered in several papers, e.g. [3-5, 8, 10, 12,
17, 19]. We note that all the radicals listed in 1.1 have the Amitsur property.

2. The a-Amitsur Property

Let X be a set of commuting indeterminates. To indicate that card X = a we write
Xo. Here a may be infinite.
The following observation from [3] will be needed.

Lemma 2.1. Let v be a radical of rings. For any element f € Z[X,],
fr(A[Xa]) € v(A[Xa)).

Proof. Clearly fy(A[Xa]) < A[X,]. Since v(A[X,]) is an ideal of A[X,], we have
B = V(A[Xa]) + fﬁY(A[Xa]) g A[Xa]

Let ¢ be the natural homomorphism ¢ : B — B/v(A[X,]), and define the surjective
ring homomorphism

¥ :(A[Xa]) = B/v(AlXa]),  a—o(f-a).
Thus B/v(A[X,]) € v and, by extension closure, B € v and B C v(A[X,]). This
implies fv(A[Xa] C v(A[Xa]). O
Proposition 2.2. If v is a radical then, for any ring A,
(AN~(A[Xa])[Xa] € ¥(A[Xa]).
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Proof. Since (AN ~(A[Xa]))[Xa] = (ANA(A[X4]))Z[Xe] and AN v(A[X,]) C
v(A[X,]), Lemma 2.1 yields

(ANy(A[Xa])[Xa] € y(A[Xa]). O
Definition 2.3. Let « be a cardinal. We say that a radical v has the a-Amitsur
property if for all rings A,
Y(A[Xa]) = (AN ~(A[Xa])[Xals
and v has the strong a-Amitsur property if for all rings A,
V(A[Xa]) = v(A)[Xa].

If « = 1, then the 1-Amitsur property is just the Amitsur property and the
strong 1-Amitsur property is called the strong Amitsur property.
For any radical v we define the class

Yo = {A] A aring with A[X,] € v}.
Note that v, is a radical for any radical v and
M2 2% 2

Theorem 2.4. For a radical v and a cardinal o, the following are equivalent.

(a) v has the a-Amitsur property;

(b) ~(A[Xa)) N A = 0 implies ~(A[Xa]) = 0;

(c) A[Xa] € Svy for any A € Sv,.

Proof. (a) = (c). Suppose A € S7,. Since v has the a-Amitsur property,
Y(A[Xa]) = (v(A[Xa]) N A)[Xa] €7,

thus v(A[Xa]) N A € 74 N Sy, = 0. Hence v(A[X,]) = 0 and A[X,] € Sy.

(¢) = (b). Let v(A[X4])NA = 0. Clearly v, (A) € 7o. Therefore (v4(A))[Xa] € v
and (74(A))[Xa] € v(A[X,]). Hence

(Ya(A)[Xa] N A Cv(A[Xa])NA=0.
Thus 74 (A) = 0 and A € S7,. By (c) we have v(A[X,]) = 0.
(b) = (a). Put I = vy(A[X,]) N A. By Proposition 2.2, I[X,] C v(A[X,]). We
know that for any radical ~,
V(AXa])/1[Xa] = v(A[Xa]/T[Xa]) = v(B[Xa)),
where B = A/I. Thus
V(B[Xa]) N B = (v(4
(v(4
(
(
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Thus v(B[X,]) N B = 0. Hence I[X,] 2 v(A[X,]) and
Y(A[Xa]) = I[Xa] = (v(A[Xa]) N A)[Xa]. U

Corollary 2.5. Let v be a radical. Then the following are equivalent.
(a) v has the a-Amitsur property;

(b) Ifv(A[Xa]) # 0, then v(A[X,]) N A # 0, for any ring A.

(c) If v(A[X4]) # 0 then vo(A) # 0, for any ring A.

Proposition 2.6. Let v have the a-Amitsur property. Then ~ has the 3-Amitsur
property for all B with o < .

Proof. We claim that v(A[X3]) # 0 implies A N y(A[Xg]) # 0. Since Xg consists
of commuting indeterminates,

0 # Y(A[Xp]) = v((A[Xp\Ya))[Ya]) = (A[Xp\Ya] N7(A[Xp]))[Ya]

for any subset Y, of X3 with card Y, = a. Clearly, for any 0 # a € v(A[X3]), there
exist elements z,,,...,z,,,, of Xg. such that

— E . . a1 *¥n(a)
a= ally“'vln(a) xil e xin(a) ?

where ai,,. i, ., € A and for each z;; there exists a component a; # 0 such that
o
.z, " #£0orac A

in(@“ir 7 Vinga

We call the number of nonzero summands of a the length of a and denote
it by I(a). Suppose that A N y(A[Xg]) = 0. Clearly 1 < I(a) for each nonzero
a € y(A[Xg]). Now choose a nonzero element a € v(A[X3]) with [(a) minimal.

If all zy,,..., 2, € X, of a, for a subset X, C Xj such that card X = a,

Qiy,...,

then all iy ,.yinay € A[Xﬁ\X;] N V(A[Xﬁ]) Since a;, ..., ingay € A,
G iy € ALXS\XA] N7 (ALX5]) N A € 1(A[X5]) N A =0,
Therefore a = 0, a contradiction. Hence {z;,,...,2;, (o)} € X/, for each X/,.
Now consider z;,,...,z;, ¢ X/, where 1 <s < n(a) and z;,,,,...,7i,,, € X},

without loss of generality. Then

0#£a= Zfs(xil,...,xis)xiil O

" Vin(a)

€ Y(A[Xp] = (A[Xp\XG]) N (A[Xp]))[X0]

and we also have

fs = fol@iy, . xi) € (A[X\X,]) Ny(A[Xg]).

If I(fs) = l(a) we can take fs instead of a. Then the number of indeterminates
in fs is less than that in a. Continuing the above procedure we can find some
fr € v(A[Xg]) and fr, € v(A[X]]) for some «, contradicting the above construc-
tion. Therefore I(fs) < l(a) and fs € v(A[Xp]). Since a # 0, there exists some
fs # 0. This is a contradiction to I(a) being minimal. Thus A N ~y(A[Xg]) # 0. By
Corollary 2.5, v has the 8-Amitsur property. O



Radicals with the a-Amitsur Property 351

Corollary 2.7. Let v be a radical.

(i) If v has the Amitsur property, then it has the a-Amitsur property, for any
cardinal c.

(ii) If v does not have the a- Amitsur property, then it does not have the o -Amitsur
property for o/ < a.

In [12], Puczylowski proved that ¥(A[X,]) = (ANF(A[X4]))[X ] for any cardinal
« and commuting indeterminates, where 4 is one of 3, L, J or G. Our Corollary 2.7(i)
is a proper generalization of these results.

Definition 2.8. Let v be a radical. A ring A is said to be an absolute y-ring if
Alxy, ..., 2] € 7, for any 0 # n € N. It is easy to see that the class ¥ of all absolute
7-rings is a radical class and 5 = (), cjy V-

Definition 2.9. Let P denote a property an element of a ring may possess. It will
be assumed that the element zero always has this property.
A ring A is called a P-ring (see [18]), if each element a € A is a P-element, that
is, a has property P. The fact that a € A is a P-element in A we denote by a € P 4.
A radical « is said to be P-radical if for any ring A,

v(A) = Z{I < AT is a P-ring}.

Lemma 2.10. Let v be a P-radical. Then 7 = yy.
If v has the N-Amitsur property, then for every ring A,

V(A[XnN]) = 7(A[Xn]) = 7(4)[Xn],

and 7 is the unique minimal radical such that v(A[Xn]) = (A[Xn]).

Proof. Clearly 7 O yy. Let A € 4 and consider the ring A[Xy]. Then A[X,,] € v for
any n € N. For any element a € A[Xy], there exists n € N such that a € A[X,,] € v.
Since 7 is a P-radical, every element a € A[Xy] is a P-element, and a € P 4(x,.
Thus A[Xy] € v and so A € .

Now assume < to have the N-Amitsur property. Then y(A[Xy]) = (4 N
v(A[Xn]))[Xn] € 7. Hence AN y(A[Xy]) € 7. Since the elements in Xy are com-
muting, (A N~y(A[Xn]))[Xn] € ¥ and therefore

(AN (A[XN]))[Xn] € Y(A[XN]) € 7(A[Xn]).

Thus 7(A[Xx]) = 7(A[Xx]) = (A Ny (A[Xa)) [Xul.
Clearly (A4 N y(A[Xu])[Xx] € (A)[Xx] € F(A[X]). Suppose Y(A[Xx]) =

o(A[Xn]), for some radical o. From above, J(A4) € o for every ring A. Thus 5 C o
The proof is complete. |

Corollary 2.11. Let v be a P-radical. If v(A[Xy]) = 0(A[Xn]) = 0(A)[Xn] for a
radical o, then o = 7.
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Proof. Clearly ¢ C vy = 4. By assumption, v has the N-Amitsur property. By
Lemma 2.10, 7 is unique minimal, hence o = 4. O

Proposition 2.12. Let v be a P-radical with the N-Amitsur property. Then any

radical o such that ¥ C o C v has the N-Amitsur property and, for any ring A,
V(A[Xn]) = o(A[Xn]) = 7 (A)[Xn] = 7(A)[Xn].

Proof. By assumption, J(A[Xn]) C o((A[Xn]) C v(A[Xn]). In view of Lemma 2.10

and Corollary 2.11,

V(A[Xn]) = 7(A[Xn]) = 7(A)[Xn].

Therefore v(A[Xn]) = ¥(A[Xn]) = 6(A[Xn)).
If v(A[XN]) # 0, then 0 # 5(A) C o(A[X]) N A. By Corollary 2.5, o has the
N-Amitsur property. |

Definition 2.13. We say that a class M of rings is a-polynomially extensible if for
all rings A € M, A[X,] € M.

Clearly, if a class M of rings is 1-polynomially extensible, then M is
n-polynomially extensible for any n € N.

Proposition 2.14. The class of all polynomially extensible radicals form a com-
plete sublattice of the lattice of all radical classes.

Proof. The intersection property is clear.

Let A € L(U;c;7i) = o, where each v; is a polynomially extensible radical.
Suppose Alz] ¢ o, i.e., Alz]/o(Alz]) # 0. Then A = (A + o(A[z]))/o(Alz]) # 0
since otherwise, by Lemma 2.1, Alz] C o(A|z]), a contradiction.

Since A € 0,0 # A € 0. We have 7;(A) # 0 for some i. By assumption
0 # vi(A)[z] € v C 0. Thus o(A[z]/a(A[z])) # 0, a contradiction. 0

Corollary 2.15. For any radical class vy, the radical class of absolute vy-rings is
equal to the largest polynomially extensible subradical o in ~.

Proof. By Definition 2.8, the class of all absolute v-rings is equal to 7 = [, . Vn-
Let A € 4 and A[z] ¢ 7. Then there exists some n € N such that Alz] ¢ ~,.
But for any s € N, A[zy,...,25] € 7. Choosing n + 1 < s we get A[z1] € vn, a
contradiction. Thus # is polynomially extensible. By Proposition 2.14, there exists
a unique largest polynomially extensible subradical o C . Hence 4 C 0. Let A € 0.
Since o is polynomially extensible, A[z1] € o and in fact Afz1,....,z,] € o for all
n € N. Thus A is an absolute y-ring and therefore A € 7. |

Definition 2.16. Let Z{x,y1,...,Yn,...) and Z{x,y1,...,y,) denote the polyno-
mial rings over the integers Z in non-commuting indeterminates =, y1, ..., Yn, . - . and



Radicals with the a-Amitsur Property 353

T, Y1, - - -, Yn, respectively. The subrings of polynomials with zero constant term will
be denoted by H and H,, forn =0,1,2, ..., respectively. Furthermore, let G be a
nonempty subset of H and G,, = G N H,,. For any ring A consider the set

Pg(A):{f(x,b17...7bn)|n:071,27...,f€Gn7 blEA}

For an element a € A, let Pg denote the property that there exists a polynomial
f(z,b1,...,by) € Pa(A) such that f(a,by,...,b,) =0.

Theorem 2.17. For a ring A the following are equivalent:

(a) A is an absolute G-ring;

(b) A is an absolute S-ring;

(C) AcG= mneN G”’

(d) Aes;

(e) A € o where o is the unique largest polynomially extensible subradical of G;
(f) for any f € A[Xy], k € N, there exist n,m € N and elements ai,...,am,

bi,...,bm € A[Xy] such that f™ = Y"1~ a;[f,bi], where [f,b;] is the commuta-
tor of f and b;

(g) for any f € A[Xn], there exist n,m € N and elements ay,...,am, b1,..., by €
A[XN] such that f™=Y"1" ai[f,bi];

(h) AeGy={A| A aring with A[Xy] € G}.

The assertions (f), (g) and (h) also hold for non-commuting indeterminates.

Proof. Define

G={z+ 22:1 yizi + Zizl Y;iT2; | T, s, 2; are free generators of
Z{x,y;, z:), i,1 € N}
and consider Pg as defined in Definition 2.16. We know that G is a Pg-radical
and since G has the Amistur property, by Corollary 2.7(i), G has the N-Amitsur
property. Therefore, in view Lemma of 2.10, Corollary 2.11, 2.15 and [4,
Theorem 5.1], we have G = S = ¢ = Gy, and A is an absolute G-ring if and
only if it is an absolute S-ring. Thus the assertions (a) to (e) are equivalent.

(c) = (h). Suppose A € G. Then by Lemma 2.10,

G(A[Xn]) = G(A)[Xn] = A[Xn],
and we have A € Gy.
(h) = (g). Let A € Gy. Then A[Xy] € G and since A[Xy U z] =2 A[Xy] € G,

we have A[Xy][z] € G, therefore A[Xn] € G;. By [18, Corollary 7.6], for any
| € A[Xy], there exist n,m € N and elements a1, ..., am, b1,..., b, € A[Xy], such
that fn = Z:il a; [f, bl]

(g) = (f). Let A be a ring satisfying the condition in (f). A[X}] is a homo-
morphic image of A[Xy], hence for f € A[X}], there exists g € A[X] such that
f = g. Therefore [ = g" = Z&i[g,gi] where ELi,Bi S A[Xk]
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(f) = (c). Let A be a ring with the condition in (f). Then, for every f € A[Xk],
there exist n,m € N and elements a;,b; € A[X}], i < m, satisfying the condition
in (f). Therefore, again by [18, Corollary 7.6], A[Xy| € G1 for each k € N. Thus
A[X}] € G for every k € N. This shows that A is an absolute G-ring, hence A € G.

The fact that (f), (g) and (h) also hold for non-commuting indeterminates was
observed in [4, Remark 3.2] (referring to [12, 1.6] and [8, Corollary 13]).

This completes the proof of Theorem 2.17. |

Denote by S; the subclass of S consisting of all unitary strongly prime rings R
with nonzero pseudo radical (see [4]),

0% ps(R) = {I < R|0# I prime ideal in R}.

Putting S = S\S1, Ferrero and Wisbauer proved in [4] that for R € Sy and any
0 # a € R, there exists some n € N and an ideal M of R[X,,], such that R[X,]/M
is a simple ring with unit and a ¢ M N R. If R is a simple ring without unit, then
Alz] € G (see [14]). In [4] this result was extended: If A is a simple ring without
unit, then A[X,,] € G for any n € N. This is again extended by the next corollary.

Corollary 2.18.

(i) If A is an S-semisimple ring, then for any 0 # a € A there exists an n € N
and an ideal M of A[X,] for which A[X,]/M is a simple ring with unit and
a¢ MnNA.

(i) If A[X,] € G, for alln € N for commuting indeterminates X,,, then A[X] € G
for any commuting or non-commuting indeterminates X .

(iii) The unitary strongly prime radical S is the unique largest polynomially exten-
sible subradical in G.

Proof. (i) Assume that A is an S-semisimple ring. Consider the chain of ideals
of A,

ADGy(A) D DGy(4) D

Since A is S-semisimple, (| Gy (A) = 0. Therefore, for any 0 # a € A, there exists
n € N such that a € G,,_1(A) and a ¢ G,,(A4). Since G has the Amitsur property,
in view of Corollary 2.7(i) and Theorem 2.4, A,[X,] = (A4/G,(4))[X,] € SG.
Therefore A,,[X,,] is a subdirect product of simple rings with unit. Choose b # 0
as an image of a. Then 4, [X,] has a factor ring A,[X,,]/K which is a simple ring
with unit and contains a nonzero image ¢ of b. Since A,,[X,,]/K is a homomorphic
image of A[X,]/G,(A)[X,] such that K D (G, (A4))[X,] and also A,[X,]/K =
A[X,)/K 3 ¢ # 0 we conclude that a ¢ AN K.

(ii) Let A[X,] € G, for all n € N. Then by the above theorem A € S. Therefore
A[X] € G for all X.

(iii) This follows from Corollary 2.15. |
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Now we consider the Jacobson radical J and the nil radical N.
Theorem 2.19.
(i) For any ring A, J(A[Xn]) = N(A[Xn]) = N(A)[Xn] = J(A)[Xn] for commut-

ing indeterminates Xn.
(ii) J(A[Xn]) = N(A[Xn]) for non-commuting Xy and in general
J(A[Xn]) # J(A)[Xn].
(iii) N is the unique largest polynomially extensible subradical in N and J.
(iv) B=BCcL=LCcN=JCcS=S=GCG.

Proof. (i) We know that J; C N, therefore we have J C N. Put G = {z +y+ 2y}

and consider Pg as defined in Definition 2.16. Then J is Pg-radical and has the

Amitsur property and also the N-Amitsur property. By Proposition 2.12, we have
J(A[Xn]) = N(A[Xn]) = N(A)[Xn] = J(A)[Xn]-

(ii) Puczylowski proved in [12] that J(A[Xy]) = L(A4)[Xn] for non-commuting
indeterminates. Therefore J(A[Xy]) = N(A[Xy]) = L(A)[Xn]. But in [7], Golod
constructed an absolutely nil and non-locally nilpotent algebra B. Therefore

J(B[Xn]) # I(B)[Xn].
(iii) follows from (i) and Corollary 2.15.
(iv) L € N follows from Golod’s example and J C S is a consequence of Corol-

lary 2.18. O

We note that Theorem 2.19(iv) is a proper generalization of [9, Theorem 3.3].

Corollary 2.20. For a ring A, the following are equivalent:
(a) A is an absolute nil ring;
(b)

(¢c) for any f € A[X,], n € N, there exists g € A[X,] with f + g+ fg=0;
(d) for alln € N, A[X,] is a nil ring;

(e)
(f)

A is an absolute J-ring;

A[Xn] is a nil ring;

A[XN] is a Jacobson radical ring.

Proof. (a) < (b). It follows from Theorem 2.19(i) that N = J.
(b) = (f). Let A € J. Then by Theorem 2.19(i), A[Xy] € J.
(f) = (e). If A[Xy] € J, then A[XyUz] = A[Xy] € J. Thus A[Xy] € N.
(e) = (d) = (c) = (b) is clear. m|
Amitsur proved that a nil algebra A over an infinite field F' is absolutely nil

if and only if A is an LBL-algebra (every finitely generated submodule of A is of
bounded index, see [1]).
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Remark 2.21. Let « be a radical. If A[X,] € v for some «, then Alx] € ~.

Recall from Definition 2.3 that a radical v has the strong a-Amitsur property if
V(A[Xa]) = v(A)[Xa].

Proposition 2.22. For a radical v and a cardinal «, the following are equivalent.
(a) Sy and v are a-polynomially extensible;
(b) Y(A[Xa]) = v(A)[Xa].

Proof. (a) = (b). From (a) we have y(A4)[X,] € 7. Since

V(A)[Xa] DAXL],  1(A)[Xa] € v(AlXa]),
we know that v(A[Xa]/v(A)[Xa]) = 7(A[Xa])/7(A)[Xa]. Again by (a),

=v(A/7(4))[Xa] = v(A[Xa]/7(A)[Xa])
and thus v(A[X,]) = 7(4)[Xa]-

(b) = (a). This is clear, since for A € v, y(A[X,]) = 7(A)[Xa] = A[X,] and for
A€ Sy, Y(A[Xa]) = 7(A)[Xo] = 0[Xa] =0, 0

Theorem 2.23. Let v be a P-radical. Then v has the strong Amitsur property if
and only if v has the strong a-Amitsur property for some (or any) cardinal c.

Proof. =. By Proposition 2.22, if A € ~, then A[X,] € v, and A € S~ implies
A[X,] € Sv, for any n € N. Hence, again by Proposition 2.22, v has the strong
n-Amitsur property. Suppose « is infinite and A € S~v. For any a € A[X,], there
exist ;,,..., 2, € Xo and a;, i, € Asuch that a =3 a;,,.., inxf‘ll ...xf‘n“. Then
Alzi,,...,x;,] € Sy asabove. But A[z;, , ..., z;,] is ahomomorphic image of A[X,].
Since a is an arbitrary element, A[X,] is a subdirect product of y-semisimple rings.
Since S7 is subdirectly closed, A[X,] € Sv.

Let A € v. For every a € A[X,], there exists n € N such that a € A[X,,]. Since
7 is a P-radical, for every element a of A[X,], a € Px,). Thus A[X,] € 7. By
Proposition 2.22, v has the strong a-Amitsur property.

<. Suppose v has the strong a-Amitsur property and 1 < «a. Suppose A € ~.
Then A[X,] € 7. By Remark 2.21, A[Xy] € 4.
Suppose A € Sy and y(A[z1]) # 0. Then from above

v(Alz1])[z2, .. . 1] € v and 0 # y(A[z1])[z2,s - - -, Tno1] T A[X,]
)
AlX

for any n € N. If « is infinite, since v is P-radical, v(y(A[x1])[Xa]) # 0. There-
fore y(A[X,]) # 0. Since v has the strong a-Amitsur property, o] € S7v, a
contradiction. |

The following corollary extends [4, Theorem 3.3] for commuting indeterminates.
In general it need not be true for non-commuting indeterminates.
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Corollary 2.24. Let v be a P-radical with the a-Amitsur property. Then:
(i)
(i)

Proposition 2.25. The semisimple class of idempotent radicals (that is all radical
rings are idempotent) is polynomially extensible.

(A[X]) =3(A)[X], for all A, where X are commuting indeterminates.

v
7 is the unique largest strong Amitsur radical in ~.

Proof. Let v be an idempotent radical and v(A[z]) # 0 and A € Sv. It is clear
that xA[z] is a subdirect product of nilpotent rings. Therefore y(A[z]) € zA[z],
because y(A[z]) is an idempotent ring. Note that

((v(Afz]) + zA[z])/xAlz]) D (Alz])/zAlz] = A € Sy.
Since v(Alz]) € zAlz], we have
0# (v(Alz]) + zAfz])/zAlz] = v(Alz])/ (v(Alz]) Nz Alz]) € 7.

Therefore A contains a nonzero v radical ideal, a contradiction. O

Corollary 2.26.

(i) Every polynomially extensible idempotent radical has the strong Amitsur

property.
(ii) Ewvery nonzero hereditary idempotent radical has the Amitsur property but not
the strong Amitsur property.

Proof. (i) This follows from Propositons 2.25 and 2.22.
(ii) If v(A[z]) # 0 then v(A[z]) N zAlx] # 0 which is not idempotent. This is

impossible. O

Theorem 2.27. Let v be an idempotent radical. Then v has the Amitsur property
if and only if it satisfies the condition

(1) f(x) € y(Alz]) implies f(0) € y(Alz]).

Proof. =. This follows from [11].

<. Suppose y(A[z]) # 0. By a proof similar to that of Proposition 2.25, we get
v(Alz]) G zA[z]. Therefore there exists 0 # ag + a1z + - + anz”™ € y(Az]) such
that agp # 0. Hence by condition (T), f(0) € v(A[z]) and by Corollary 2.5, v has
the Amitsur property. O

3. Lattice of Radicals with a-Amitsur Property

Recall that £(M) denotes the lower radical generated by a class M of rings and let
A be any index set.
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Proposition 3.1. Let {v;}ica be a family of radicals with the a-Amitsur property.
Then the radicals

Y= L(UA vi) and v, = /\A Vi = ﬂA Yi

have the a-Amitsur property.
Thus, for any cardinal o, the class of radicals with a-Amitsur property is a
complete sublattice in the lattice of all radicals.

Proof. Let A be a ring such that y(A[X,]) # 0. Then there exists an ¢ € A, with
vi(A[X4]) # 0. Since 7; has the a-Amitsur property,

0 # (AN 5 (A[Xa])[Xa] = 7i(A[Xa]) € v(A[Xa]).

Thus 0 # AN~(A[X,]) and, by Corollary 2.5, v has the a-Amitsur property.
Now suppose v,(A[X,]) # 0 for a ring A, and set

I, = {ail _____ i €A ’Z iy, Tl € ’Yo(A[Xa])} .
Denote by I the ideal of A generated by I,. Then clearly
Yo(A[Xa]) C I%[Xa] and  v(I9[Xa]) # 0 for every i € A.
We set J; = I* N~,;(I%[X,]) and by the a-Amitsur property,
V(%[ Xa]) = Ji[Xal.

Since I* < A we have J; < A.

Now we claim that I* = J; for all i € A. Clearly J; C I* and suppose [* # J;
for some 4. Since J; 9 A, there exists a;,,..;, € I*\J;. Thus there is some 0 #
f(Xa) € %i(I%[X,]) such that f(X,) = ai,._i, 23 - 2l +g(X,) where g(X,,) has
no member of i -z

Since 7,(A[Xa]) C vi(I*[Xa]) = Ji[Xa], all coefficients of f(X,) are in J;, a
contradiction. Thus I* = J;, for all 4. Hence by Lemma 2.1, I*[X,] C v (I*[X,]).
From this we have v,(I*[X,]) = I*[X,]. Since 7,(A[Xa]) # 0, also I* # 0 and
so 0 # I*NI*X,] € AN~v(A[X,]). By Corollary 2.5, 7, has the a-Amitsur
property. O

n

Corollary 3.2. Let « be a cardinal.

(i) Any radical contains a unique largest subradical with the a-Amitsur property.
(ii) For any radical 7y there exists a unique minimal radical o with c- Amitsur prop-
erty such that v C o.

Remark 3.3. Denote by L, the lattice of radicals with the a-Amitsur property.
Then, by Corollary 2.7, we have the ascending chain

Li CLy C---CLa C&---.
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A radical v is said to be hereditary (left, right, strongly hereditary), if I <~(A)
(L <;~v(A), R <, v(A), subring S C v(A)) implies I € v (L € v, R€ 7, S € ),
respectively (see [5]).

We note the following (see [2, 5, 13, 16] and [15]).

Proposition 3.4. The class of all (left, right, strongly) hereditary radicals is a
complete sublattice in the lattice of all radical classes.

Corollary 3.5. The class of all (left, right, strongly) hereditary radicals with the
a-Amitsur property is a complete sublattice in the lattice of all radical classes.

Proof. This follows from the Propositions 3.1 and 3.4. |
Proposition 3.6. The class of all strong Amitsur radicals is a complete sublattice.

Proof. A radical v is strongly Amitsur if and only if S+ and « are polynomially
extensible. Thus the assertion follows from Theorem 2.4 and the Propositions 3.1
and 2.14. O

Proposition 3.7. The class of all (left, right, strongly) hereditary radicals with the
strong Amitsur property is a complete sublattice in the lattice of all radical classes.

Proof. This is a consequence of the Propositions 3.4 and 3.6. O

From the above results it is natural to ask which of the radicals are coatomic.
We will give an answer to this question. Let X be an infinite set of indeterminates
and denote by |M| the cardinality of any set M.

Lemma 3.8. Let A be a semiprime ring. Then there exists a nonzero ideal 17 of
A such that |I;] < |J| for 0 # J < A[X].

Proof. Let 0 # J < A[X]. Then there exists 0 # f(X) € J such that the
degree of f(X) is minimial. From those elements, we can choose an element
fo(X) =>"as,, i, 27" - 22 with minimial length. Since fo(X) # 0, there exists
b=a,.. i #0. We consider the ideal I; = A'bA! < A and the map

o:1;—J c= Zilaibbi —C= Zilaifo(X)bi.

Indeed if ¢,d € I; such that ¢ # d then ¢ # d because the length of fo(X) is
minimial. Clearly that if ¢ = d then é = d. Thus | I; |<| J |. m|

Theorem 3.9. Let X be an infinite set of indeterminates. Then the lower radical
v = L(Z(X)) determined by the free ring Z{X) is strongly hereditary and has the
strong Amitsur property.
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Proof. First we show that + has the strong Amitsur property. We claim that if a
ring A € S, then A[z] € Sv. Suppose A € Sy and J = y(A[z]) # 0. Since J € 7,
J has a nonzero accessible subring J; (that is, J; QJy <--- < J, = J < A[z]) such
that J; =2 Z(X)/I for some ideal I of Z(X). Hence

|| = |Z{X) /1| < |Z(X)].
Denoting by (J1) the ideal of J3 generated by Ji, we have
(J1) dJz Q- D, = J D Afxl,

and by Andrunakievich’s Lemma, (J;)? C J;. Continuing this procedure we get that
Jo = (- {(J1)3)3-- )3 is an ideal of Alx] and Jy C J; for some n € N. Therefore
|[Jol < 1] < |Z{X)].

It is easy to see that the Baer radical 8 C 7. Since A € Sv, A is a semiprime
ring. Hence Jy # 0. By Lemma 3.8, there exists a nonzero ideal Iy of A such that
[Io] < |Jo|. Hence Iy is a homomorphic image of Z(X). Since A € S~ and Iy < A4,
Iy € SyN~ =0. This is a contradiction.

Next we show that A € v implies A[z] € . We may assume that A is a semiprime
ring. Since A € ~ there exists an accessible subring .J; such that J; is a homomorphic
image of Z(X). In the same way as above we can find a nonzero ideal I of A such
that I, 2 Z(X) /I for some I < Z(X). Therefore I)[z] € ~.

Put I = > {I\<A]|suchthat I\[z] € v}. Then I'x] = (3 I)[x] = > (Ix\[z]) € 7.
Suppose that I # A. Then A[z]/I[z] = (A/I)[z] = A[z] and 0 # A € 7. Thus, as
above, there exists 0 # B < A such that B[z] € v where B = B/I for some
B < A. Therefore Blx] € ~, a contradiction. Hence we have vy(A[z]) = A[z] and,
by Proposition 2.22, v has the strong Amitsur property. The hereditariness follows
from [16, Proposition 8]. O

Theorem 3.10. There is no coatom in the lattice of all radicals with the a-Amitsur
property (which are hereditary, left hereditary, or strongly hereditary).

Moreover, there is no coatom in the lattice of all strong Amitsur radicals (which
are hereditary, left hereditary, strongly hereditary).

Proof. Let v be a coatom in the lattice of radicals with the a-Amistur property
radicals. Then there exists a free ring Z(X) ¢ v with |X| infinite. We consider the
lower radical o generated by v and Z(X). Then, by Corollary 1 in [6], o # all rings.
Hence, by Theorems 3.1 and 3.9, it has the a-Amitsur property.

The other cases are covered by Corollary 3.5. O
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