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COMMUNICATIONS IN ALGEBRA, 25(7), 2271-2284 (1997) 

Endomorp hism Rings of Quotient Modules 

for Spectral Torsion Theories 

Maria Jos6 Arroyo Pan iagua  

Depto. de Matemiticas, IJAM-I. MQxico, D.F., CP 09340, Mexico 

Jos6 Rios Montes  

lnstituto de Matematicas, UNAM. MQxico, D.F., CP 04510, MQxico 

and 

Rober t  Wisbauer  

Mathematical Institute of the University, 40225 Diisseldorf, Germany 

Several papers have been written on structural properties of quotient rings. In 

most cases the hereditary torsion theories considered are in R-Mod. See for example 

111, 121, 161 and the  references of 151. Now, we are  going to  study these theories 

in a more general situation. In order lo do so, let M be a left R-module and let 

o [ M ]  be the full subcategory of all the R-modules that  are subgenerated by M ,  

and let M-tors be the  lattice of all the hereditary torsion theories in ajhl]. We will 

study the structure of the endomorphism rings of quotient modules. In [:3j,  spectral 

hereditary torsion theories in u[MI are investigated in detail. For these kinds of 

torsion theories, it has been proved that for all N E o [ M ] ,  which are not torsion. 

the endomorphism ring of the quotient module, EndR(Q7(N)) ,  is a left selfinjective 
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2272 ARROYO PANIAGUA,  RIOS MONTES, AND WISBAUER 

rclg~lla~. ring. l , ~ t .  7 t)r a spcctral torsion theory and N E a lM]  an  (A!, 7 ) - i n ~ ~ t i v c  

torsionfrcc module. \I'e will estat)lish a biject,ive correspondrncr I)clwcrri I hc, la1 ice 

of the torsion theories which are larger than the torsion theory cogcneratcti by N 

and the lattice of central idenipotenls of EizdR(N). In this context we firid oul 

when the endomorphism ring of quotient modules are (products of) prime or full 

linear rings. This is achieved by considering the behaviour of the spectral torsion 

theories within the coniplete lattice of all hereditary torsion theories. In particular. 

the results proved here can be applied to polyforn~ n~odules and non-singular rings. 

Also, our results extend those which appear in jl] and 12) in the case ;\4 = It .  

1 Prel iminaries  

Let I< be an associative ring with unit, R-Mod denote the category of left R-modules, 

and let A4 be a left R-module. An R-module is said to be subgenerated by M if  it 

is isonlorptlic to a submodule of an M-generated module. By a [M]  we denote the 

fu l l  subcategory of R-Mod collsisting of all modules that are subgenerated by M 

(I!)!). [:or cwery N E o ( M ) ,  we denote the M-injective hull of N by fi or l n r ( N ) .  

Ilon~onrorphisnrs of left niodulrs will usually be written on the right side of the 

argunrent. For notation and terrninology on torsion theories in a jMJ .  thc reader is 

referred t.o 131 or 1101. 

120r a family {No)* of n~odules in a [ M J ,  let x({N,)) be the maximal element 

of A1-tors for which all the N, are torsionfree, and let (({No}) denote the n~inimal 

elcrncnt of M-tors for which all thc No are torsion. 

x({hr,,)) is called the torsion theory cogenerated by {NcrJA and (({N,}) the 

torsion theory generated by {No}*. 

1.1 7-cocritical modules. We recall some definitions (see (51). Let 7 6 M-tors 

and N E a lM]  A subnlodule of I i  c N is called 7-deiue in N if  N l I i  E 7 .  and is 
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ENDOMORPHISM RINGS OF QUOTIENT MODULES 2273 

called 7-closed in N i f  N / K  is torsionfree. A nonzero module N is ca l l~d  7-coc~itical 

i f  N is 7-torsionfree and all the non-zero submodules of N are 7-dense. .4 module 

N is called cocritical if  N is x(N)-cocritical. 

A torsion theory 7 is called prime if  it is cogenerated by a cocritical module. 

and is called strongly semiprime if it is cogenerated by all its 7-cocritical modules. 

For each 7 E M-tors, we let [ 7 , a [ M ] ]  = {R E M-tors 17 5 R 5 a lhf ] ) .  

1.2 Spec t ra l  torsion theories. Recall that a Grothendieck category (' is called 

spectral i f  every short exact sequence in C splits (see 181). 

Any hereditary torsion class in a / M ]  allows the construction of a quotient cate- 

gory which may be described in the following way. 

T h e  category E7[M]. Let E7[M] denote the full subcategory of a [ M ]  whose 

objects are all (M,7)-injective and 7-torsionfree modules (see [ lo]) .  &-lM] is a 

reflective subcategory of a [ M ]  and hence a Grothendieck category (see [8, Chap. 

XI). 

Definition. A hereditary torsion theory 7 in aIM] is called spectral i f  E7[M] is 

a spectral category. 

In 131 a characterization of spectral torsion theories was given. 

1.3 Latt ice Theory.  Let (L,  A,  V;  0, 1) be a complete lattice. A non-zero element 

a E L is an atom i f  b < a implies b = 0. We say that L is an atomic lattzce if  for all 

0 # b E L, there is an atom a E L such that a 5 b. L is locally atomzc if  each non- 

zero element is a join of atoms. A Boolean lattice is a complemented distributive 

lattice. We note that i f  L is a complete Boolean lattice, then L is atomic if  and only 

if L is locally atomic. 

D
ow

nl
oa

de
d 

by
 [

U
ni

ve
rs

ita
et

s 
un

d 
L

an
de

sb
ib

lio
th

ek
] 

at
 0

6:
58

 2
0 

Ju
ne

 2
01

3 



2274 ARROYO PANIAGUA, R ~ O S  MONTES, A N D  WISBAUER 

2 Lattice propert ies  of spec t ra l  torsion theories  

Given a spectral torsion theory 7 in uIM], let 7" denote the spectral torsion theory 

that is cogenerated by all the 7-cocritical modules, 

Note that 7 5 7". We will prove that for every proper torsion theory R such that 

7 5 R, there exist R-cocritical modules. 

Remark.  Let R E M-tors and N E a[MI an 72-cocritical module. Then 

R v [ ( N )  is an atom in [R, o[M]] .  

If N E a ( M ] ,  then { K  c N I K is cocritical and 7-torsionfree } = { K  c N / K 

is 7-cocritical). Notice that since 7 is spectral, the uniform subrnodules of a 7 -  

torsionfree module are exactly the cocritical submodules. 

2.1 Lemma. Let 7 E M-tors be spectral. 

( 1 )  If 7" < a[M] ,  then 7" is strongly semiprime. 

(2) Let 7" 5 R < u[M].  If N is R-torsionfree, then N contazns a non-zero 

R-cocritical submodule. 

(3) If 7" 5 R < a [ M J ,  then R is strongly semiprime. 

(4) If 7'' < R, then R = 7" V [({N E a [ M ]  I N is 7"-cocritical and N E 72)). 

(5) 7 is strongly semiprime if and only if 7 = 7" .  

Proof. (1) This follows by the previous remark. 

(2)  Let N be %torsionfree. Since N is 7"-torsionfree, there exists a 7"- 

torsionfree cocritical module C and a morphism 0 # f : 3 + e. We have that 

Im f is 7"-torsionfree; thus Kel  f is a direct summand of fi. Therefore Im f 
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ENDOMORPHISM RINGS O F  QUOTIENT MODULES 2275 

is M-injective. Since C is cocritical, 6' is uniform. Hence I m  j = 6. Thus 6 is 

ison~orphic to a submodule N' of N ,  and N' is an R-cocritical subn~odule of N .  \17c 

have that 0 # N n N'. Since the submodules of R-cocritical modules ;are always 

%cocritical, we obtain (2). 

(3) Let R '  = x ( { N  E u[M] I N is R-cocritical}). Suppose R < 72.'. There exists 

a non-zero R-torsionfree module K ,  such that R1(K) = K. By (2), there exists 

0 # K' c K such that K' is R-cocritical. Hence K t  E R' and Kt is 2'-t,orsionfree, 

which is a contradiction. 

(4) follows in the same way as (3). 

(5) is clear. 0 

Observe that thecondition (4 )  of 2.1 implies that i f  7 is spectral and 7" # uIM], 

then [7", a [ M ] ]  is locally atomic. 

For any ring R ,  let B(R) denote the Boolean algebra of central idempotents in 

R. If R is a left selfinjective regular ring, then B(R) is a conlplete Boolean algebra. 

The following observation enables us to construct a close relationship between the 

central idempotents of the endomorphism ring of N E and the (spectral) 

hereditary torsion theories containing ,y(N). 

2.2 Lemma. Let 7 E M-tor s  be spectral and N E £7[114]. Then for any fully 

invariant K c N ,  there ezists e E B ( E ~ L ~ R ( N ) )  such that t? = N e .  

Proof. Since N is polyform (by 13, 2.4(1)1), the unique Al-~njective hull I? of K 

is fully invariant and N = K @ X ,  where X is also fully invariant (see 110, 11.111). 

Now the projection N -+ R yields a central idempotent in T with /̂ ( = N e .  0 
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2276 ARROYO PANIAGUA, R ~ O S  MONTES, AND WISBAUER 

2 . 3  Thcorcm.  Let 7 E M-toys bc spcct.ru1, N E E r [ M ]  und .Y := End,q(N). l ' h c  

con~cspoiritci~cc 

is nil zsomorpl~ism of coinplele lattices 

Proof .  By 13, 2.4(1)], S is a left self-injective regular ring; thus B ( S )  is a complete 

lattice. Let e E B(S) .  Since N E ETlA4],  N ( l  - e )  E Er[M]:  thus x ( N ( 1  - c ) )  E 

Ix(N), +'ll. 

It is clcar that the correspondence is order preserving. It remains to prove that 

1.1 is onto. Notice that all torsion theories in [ x ( N ) ,  u [ M ] ]  arc spectral. 

Let 'P E [ x ( N ) , o [ M I ]  By 110, 9.5(b)], there exists an M-injective, x(N)-  

torsionfrec module E such that 'P = x ( E )  Then K := T r ( E ,  N) ,  the trace of 

E in N ,  is a fully invariant submodule of N .  By 2.2, there exists e E B ( S )  such 

that 6 = Ne. We claim that X ( k )  = 'P. 

Sirm E is x(N)-torsionfree, LZ is cogenerated by N and hence by k .  Therefore, 

'P = x ( E )  > X(f?). It remains to prove that K is cogenerated by E .  Since E is 

M-injcctivc, it suffices to show that cvcry finitely E-generated submodule of I< is 

cogcnerated by L Z .  

Consider any homomorphism 9 : E" N.  Then K w p  is a x(N)-closed s u b  

niodule of E h n d  hence is a direct summand by [3,  2.21. So I m p  is cogenerated by 

E. 

Now wc have x ( E )  < X ( k )  and therefore 'P = X ( k ) .  

2.4 Corollary. Let 7 E M-tors be spcctral and M $! 7. 

(1)  h i .  1 R L ~ R ( Q ~ ( M ) ) ,  B ( T )  = 17, cr[Mj] (lattice isomorphzsm). 

111 purticdar, 17, a\ M J ]  zs (I complcte Boolean lattzce. 
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ENDOMORPHISM RINGS OF QUOTIENT MODULES 

(2) If N zs uny su6generator of n [ M ] ,  then B(1 ' )  2. B ( E n d R ( Q ~ ( h r ) ) ) .  

Proof. (1) This follows from 2.3 since Q 7 ( M )  is a cogenerator of 7 (by 13; 2.51). 

The other assertions are obvious. 

Let S& denote the Goldie torsion theory in DIM],  which is always spectral (see 

1101, (31 for details). 

2.5 Corollary. If 7 E [ S $ , u [ M l j ,  then [ 7 , u [ M ] l  is a complete Boolean lattzce 

3 T h e  s t r u c t u r e  of E n d R ( Q T ( N ) )  

In this section we present the main results of this paper. For convenience, we recall 

the following results from 17, Chapter 91. 

3.1 Proposi t ion.  Let R be a left selfinjective regular ring. Then: 

( 1 )  R is indecomposable (as a ring) if and only i j  R is a prime ring. 

( 2 )  R is isomorphic to a direct product of prime rings if and only if B ( R )  is 

atomic. 

(3) R RS isomorphic to a full linear ring i f  and only if R is prime and S O C ( ~ R )  # 0.  

( 4 )  R is isomorphic to a direct product of left full linear rings i j  and 0 7 1 1 ~  if S O C ( ~ R )  

zs essential i n  R. 

3.2  Theorem.  Let 7 E M-tors  be spectral and N E &TIM] .  Then the following 

conditions are equivalent: 

(a)  x ( N )  is a coatom in  M-tors;  

(b) E n d R ( N )  is a prime ring; 

(c )  the only fully invariant 7-c losed  submodules o j  N are 0 and A'. 
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2278 ARROYO PANIAGUA, R ~ O S  MONTES, AND WISBAUER 

Proof .  (a) 3 (b) We have x(N)  is spectral. By 2.3, B(EndR(N))  2. jx(N), alMj]. 

Since H(EndR(N)) tias only two elements, E71dR(N) is an indecornposable ring. By 

:3.1(1), Endn(N) is a prinie ring. 

( 1 1 )  + (c) Let 0 # L c N be a fully invariant 7-closed subniodule. Since 7 is 

spectral, L is a direct summand of N. By 2.2, there exists 0 # c E B(Endn(N)) 

such that Nc = L. I f  e # 1, then EndR(N) is not a prime ring. Therefore N = L.  

(c) 3 (a) Let R E Jx(N) ,a [M]]  with R # x(N)  in M-tors. We will prove that 

N is R-torsion. Since x(N)  < R, N is not %torsionfree; thus R ( N )  # 0. Now 

N/R(N)  is R-torsionfree and hence R ( N )  is 7-closed. However, R ( N )  is also a 

fully invariant submodule of N and so, by (c), R ( N )  = N. 

Lct R be such that x ( N )  < R < alM1. Since [ ( x ( N ) , a [ M ] j  is a complete 

Boolean lattice, R has a complement, RC say, with x ( N )  < RC < o ( M ] .  Therefore 

N E R. n R.', which is a contradiction. Hence x(N)  is a coatom. 

3.3 Theorem.  Let 7 E M-tors bc spectral and N E u [ M ]  such that 7 ( N )  = 0. 

? 7 Illen thc followzng conditions are equivalent: 

(a) )i(QT(N)) is a coatom and is prime 271 M-tors; 

( 11 )  7' := E T ~ ~ ~ ( Q . ~ ( N ) )  zs a full linear r i n g ,  

(c) N contains a unijonn subrnodule and the only fully i7~variant 7-closed sub- 

rnodl~lcs in QT(N) are 0 and QT(N). 

Proof .  (a) + (b)  By 3.2, T is a prinie ring. By 3.1(:3), it suffices to prove that 

7' has non-zero socle. Since x(QT(N))  is prime, there exists a x(Q7(N))-cocritical 

ruodulc C E olM] such that x(Q7(N))  = x(C).  Let 0 # f : C -+ Q7(N) .  Since C 

is x(Q7(N))-cocritical and Q7(N) is x(Qr(N))-torsionfree, f is a niononlorphisni 

arld wc may consider as a direct snmniand of QT(N) .  There exists an idempotent 
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ENDOMORPHISM RINGS OF QUOTIENT M O D U L E S  2279 

O f e  E T such that Q T ( N ) e  = c. Since (? is an indecomposable bl-injective 

nwdule and T is regular, 0 # Te is a minimal left ideal of T, and we haw ( b ) .  

(b)  * ( c )  T is a prime ring and hence there are no proper fully invariant 7 -  

closed subn~odules in Q 7 ( N )  (by 3.2). Let S be a minimal left ideal of 7 .  Since T 

is regular there exists an idempotent 0 # e  E T such that S = T e .  It is clear that 

Q7(N)e  is an indecomposable M-injective submodule of Q 7 ( N ) .  Thus Q 7 ( N ) e  is 

uniform. Therefore N n Q 7 ( N ) e  is uniform. 

( c )  * (a) By 3.2, x ( Q T ( N ) )  is a coatom. Let C c N  be uniform. Then k is a 

uniform submodule of Q 7 ( N ) .  Since 7 is spectral, (? is 7-cocritical. 

Since x ( Q T ( N ) )  5 x(e) < u [ M ]  and x ( Q 7 ( N ) )  is a coatonl, we have that 

x ( Q d N ) )  = x ( E )  and x ( Q T ( N ) )  is prime. 

3.4 Theorem. Let 7 E M-tors be spectral and M  6 7 .  Then the jollouring coitdi- 

tions are equivalent: 

(a) E n d R ( Q 7 ( M ) )  is a  direct product of prime rings; 

(b) ['T, o [ M l ]  is an atomic lattice; 

( c )  E l t d ~ ( Q r ( N ) )  is a  direct product oj prime rzngs, for all N  E a [ M ] .  N  6 7; 

(d) [ x ( Q 7 ( N ) ) ,  a [ M J J  is an atomic lattice, for all N  E o j M ] ,  N  6 7 .  

Proof. ( a )  + (b) follows by 3.1(2) and 2.3. 

(b)  + ( d )  We always have x ( Q T ( M ) )  5 x ( Q T ( N ) ) .  By general lattice theory, 

for the atomic lattice (7, u[Mfl  and any R E [7, u [ M ] j ,  the interval [R, u [ M ] l  is also 

an atomic lattice. 

( d )  * ( c )  follows by :3.1(2) and 2.3 .  

( c )  * ( a )  is clear. 
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2280 ARROYO PANIAGUA, RIOS MONTES, AND WISBAUER 

For the ncxt result, we nerd the following technical lenma 

3.5 Lemma. Let 7 E M-tors  be spectral and let N E &7jhl]. Let {Tx),q bc u 

+' 
Jarnily of r i iqs  S I L C ~  that n T A ~ E i l d R ( N ) .  Let i x  : TA -+ n T x  dci~ot t  thc Z I K ~ ~ ~ S Z O I L S , .  

A A 

jx  - ( e x ) q ,  where c.x = ( l ) i x ,  and Nx  = ( N )  fx .  Then: 

( I )  T A  -. Endn(Nx)  for all E A 

(2)  { N x } , j  is (111 iildcpendeilt Jarnily of 7-closed Jully i i r ~ u r ~ u i ~ t  su1~1n0dulc.~ o i  

a id  I t o m R ( N x ,  Nlj)  = 0 Jor all X f 13. 

Proof. Not,(, first tha t  { f J x C A  is a set of central idernpoter~ts of E y l d ~ ( N ) .  

(1) Let rpx : Tx -+ E I L ~ R ( N X )  be defined by (x)(t)cpx = ( x ) ( ( t ) i x p .  It is easy to 

scr that  is a ring isonlorphisni 

(9) As cvery N x  is a fully invariant submodule of N .  so is $,, N x .  By 2.2 

tticre cxisls c E n ( E i d R ( N ) )  such that N = l ~ ( $ *  N x )  $ N c .  Since cp is an 

isoniorphisru, P = ( ( tX ) )cp ,  where ( t x )  E B ( n A  T A ) .  For a fixed 3 E A .  we define 

( t ' x )  E B ( n A  Tx )  as follows: 

Let j = ( ( t l x ) ) p  Llic note that J = P - ((tg)io)cp.  Then, j e  = ( r  - ((t i j) iO)cp)e = e 

sir~ce (((ta)i i j)cp)c c IM(@,, N x )  n Nc = 0. On the other hand, j c  = ( ( t ' x ) ) ~  . 

( ( f x ) ) ~  J and so, we have 1~ = 0, thrrcfore e = 0, which proves (,i) 0 

3.6  T l i c o ~ c t ~ l .  Let 7 E hl- tors  bc spectral aild M @ 7 .  Then the Jollowzi~g coi~di-  

(a)  l h d n ( Q T ( M ) )  zs a dircct product of Ji~ll  linear rings; 
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ENDOMORPHISM RINGS OF QUOTIENT MODULES 

(6) 7 is a strongly semiprime torsion theoiy; 

(c) x ( Q I ( N ) )  is a strongl~ semiprime torsion theory, for all N E a[M1,  N # 7;  

(d) EndR(Q7(N) )  is a direct product of full linear rings, for all N E u[h.I],  A' # 7 ;  

(e) for all 7-torsionfree N E a [ M ] ,  C { K  c N 1 I ~ i s u n i f o r m )  9 N; 

( f )  for all 7 - t o r s i o n f ~ e  N E a [ M ] ,  every 0 # I( C N contains a non-2ei.o ~ ~ n z f o n n  

submodule. 

P r o o f .  ( a )  3 ( b ) .  By 2.1(5), it is enough to prove that 7 = 7 " .  Assume 7 < 7". 

Let T = EndR(Q7(M))  = nA T A  with T x  a full linear ring for each X E A. 

By 3.5, there exists a family { M x j A  o f  fully invariant subn~odules o f  4 7 - ( M ) ,  

with Q 7 ( M )  = I M ( e A  M A )  and T x  = EndR(Mx) .  For each X E A, there exists a 

central idernpotent ex E T such that Q-r(M)ex = Z A .  By 3.1(4) ,  T e x  n S o c ( T )  # 0.  

Hence there exist idempotents fx E T such that the T f A  are minimal left ideals o f  T 

and T f x  c Tex .  W e  have that for each X E A, Q r ( M ) f x  c Q 7 ( M ~ )  and Q 7 ( M )  f x  

is uniform. By 13, 2.51, 

Notice that for all A,  M A  is x(Mx)-torsionfree and so too is Q 7 ( M )  = I M ( @ ~  M A ) .  

Hence 7 = A,, x ( M x )  Since each Tx is a prime ring, x ( M x )  is a coatorn by 3.2. 

Since x ( M x )  < x ( Q ~ ( M ) f x ) ,  we get x ( Q d M ) f x )  = x ( M x ) .  Since Q ~ ( A 4 ) f x  is 

uniform and 7-torsionfree, Q 7 ( M )  fx is cocritical. Th i s  proves (b ) .  

(b )  * ( c )  follows by 2.1(3),  since 7 I x ( Q T ( N ) ) .  

( c )  + ( d )  [ x ( Q T ( N ) ) , a [ M ] ]  is an atomic lattice. By  3.4 ,  T = EndR(&(N))  = 

nA T x ,  where each T x  is a prime ring. 

W e  prove that every T x  is a full linear ring. For each A, there exists an idempotent 

ex E T such that T e x  = Tx. B y  3.5, E n d ~ ( ( Q . r ( N ) ) e x )  = Tx.  
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2282 ARROYO PANIAGUA. R ~ O S  MONTES, AND WISBAUER 

'I'hus Q 7 ( N ) e ~  is 7-torsior~free, M-injective, and E I L ~ ~ ( ( Q ~ ( A / ) ) ~ A )  is p r . ~ r ~ ~ c .  

I3y 3.2, X ( ( Q ' r ( N ) ) e x )  is a coatom. Since x (Q7(A ' ) )  is a strongly serniprirnc- [.or.- 

sion theory. x ( ( Q 7 ( N ) ) r x )  is a prin~e torsion theory. Uy 3.3, E i l d n ( l ) 7 ( N ) e ~ )  

L:ndR(MX) -- T A  is a full  linear ring. 

(d) (a) is clear. 

( d )  + (c)  Lct ?' = E d R ( Q T ( N ) )  = n,, T x ,  where each Tx is a full  linear rir~g. 

Then Soc(T)  T. Assun~e that there exists KO c N such that C { K  c N  / K is 

urliform} nKo = 0. Since ko c Q 7 ( N ) ,  there exists f E T  such that Q 7 ( N )  f - iu. 

Since T f  n Soc(T)  # 0 ,  there exists 0 # e E T such that T c  is simple and T c  c 7'1 

Since Q T ( N ) c  is uniform and contained in ko,  we get KO n Q 7 ( N ) e  # 0,  wtiich is 

a contradiction. 

( e )  * (1) Suppose A = C { K  C N I I< is uniform } a N .  Thus, 

B = ~ { i ?  c N I K is uniform ) ~ Q T ( N ) .  

Let 0 # KO C A'. We have that KO r l  B # 0. Let 0 # y  E KO n B. There exist 

uniform modules K 1 , .  . . , K,, with y  E 5 I?,. Let cp : & 2, + 5 K, denote thc 
,= 1 . . 

I=% r= 1 

natural epirnorphisn~. Since 7 is spectral, 9 splits. Let f be the rnonomorpt~isn~ 

obtained from thc splitting. If T, is the natural projection, then there exists some 

,-. 
i 5 71,  such that (12y) f ~ ,  # 0. For thisi,  we have a non-zero morphisrn g : Ry -+ K,. 

Since I?, is M-injective, there exists an extension of g ,  ij : go -+ 2,. Again. sinw 

& is M-injective and 2, is 7-torsionfree, Im ij is M-injective. This implies that 9 

is onto. Therefore K, -- K' C j ? o  Hence n K' is the uniform module that we 

are looking for 

( f )  + ( d )  By 3 . 1 ( 4 ) ,  it suffices toshow that i f 7 '  = E n d ( Q 7 ( N ) ) ,  then S o c ( 7 ' ) q T .  

Assume there exists 0 # K c T such that Soc(T)  n K = 0. Let 0 # f E K. Ry 

( j ) ,  thew cxists a uniform module U C Q T ( N )  j .  Thus there exists an idcn~po~cnt 
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0 f (- E 7' with = QT(hr)p c & ( N ) J .  Thus 7'c C A'. S i r m  t' is ~~r~ifol.r t i .  7'r is 

sirnplc, which is a contradiction. 0 

Remarks. ( 1 )  Consider any algebra A as n~odule over th r  u ~ u l t i p l i c a t i ~ ~ ~ ~  iilgcbrit 

M ( A ) .  If A is semiprime, the singular torsion theory in a I M A ) A ]  is spectr;.rl (scc 110, 

32.11). in this setting 3.6 characterizes the case when the central closurc, of A is a 

direct product of fields (see Exercise 32.12(11) in 110]). This is closely rtlat,ed to 

Theorems 2 and 4 of 141. 

(2)  By 1101, Si, is always spectral. I f  M is polyform it is S;,-torsinfree and 

QsL(M) = &? ( (10,  9.131). Therefore our results in this section apply in particular 

to polyform modules M and E I L ~ ~ ( M ^ )  Specializing to M = R ,  we obtain nice 

properties of the left non-singular rings R and Q,,,(R). Notice that  3 .2 .  3.3. 3.4. 

and 3.6 give generalizations of analogous results in 111 and 121 in the  case A I  = R.  

An R-niodule M is called strongly prime i f  for every non-zero K C M ,  .11 E olKI .  

6 

By 110, 12.31, M is strongly prime i f  and only i f  M has no non- t~i \# ia l  fully 

invariant submodules. If M is strongly prime and projective in D I M ] .  !.hen A! is 

non-M-singular. By 110, 13.41, for such modules, ~ n d ~ ( G )  is the rnaxin~,il left ring 

of quotients of EndR(M).  By the previous resrilts we obtain the following: 

3.7 Proposition. Let M be strongly pnme and projective in a [ M ]  and T -: ~ n d , l ( E )  

Then: 

( 1 )  T is a prime ring. 

(2)  T is a full linear ring if and only zf M contains a uniform submodule 
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