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Preface

The notion of a coalgebra is dual to the notion of an algebra. Nevertheless
both of them are related to similar objects in linear algebra. Coalgebras over
fields are well-studied in the literature, e.g. in the texts of Sweedler [9], Abe
[1], Montgomery [8], and Dascalescu, Nastasescu and Raianu [4].

To understand coalgebras over commutative rings is not only of interest
for the sake of generalisation but also to provide techniques for the study of
such structures over noncommutative rings - the corings. In these lectures we
concentrate on coalgebras over commutative rings but the methods provided
will readily apply to the more general case.

There are parts of module theory over algebras A that provide a useful
framework for the theory of comodules. Given any left A-module M, denote
by o[M] the full subcategory of the category 4M of left A-modules that is
subgenerated by M. This is the smallest Grothendieck subcategory of 4M
containing M. Internal properties of o[M] strongly depend on the module
properties of M and this can be used as key for a homological classification
of modules, that is, a characterisation of the structural properties of M by
the properties of the category o[M].

On the other hand, by definition, o[M] is closed under direct sums, sub-
modules and factor modules in 1M, and so it is a hereditary pretorsion class in
AM. Hence torsion theory provides a setting for studying the outer properties
of o[M], that is, the behaviour of o[M] as a subclass of 4M.

Both the inner and outer properties of the categories of type o[M] are
important in the study of coalgebras and comodules and it is the purpose of
these lectures to make this clear. To begin with we present material from
algebra and module theory in a form that is immediately applicable to co-
modules. Then a solid introduction to coalgebras and their comodules is
given.

Portions of the notes are taken from the joint book with Tomasz Brzezinski
[3] and T would like to use this opportunity to express my appreciation for his
significant contributions to the subject.
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Chapter 1

Modules and Algebras

1 Tensor product, tensor functor

The tensor product of modules is an important notion both for the theory
of algebras and coalgebras. To ensure the generality desired for our pur-
poses we give an account of the construction of the tensor product over non-
commutative rings R. Notice that for some notions and results R need not
have a unit.

1.1 Definition. Let Mg be a right module, gV a left module over the ring
R and G an abelian group.

A Z-bilinear map 6 : M x N — G is called R-balanced if, for all m € M,
n € N and r € R, we have: 3(mr,n) = 5(m,rn).

An abelian group 7" with an R-balanced map 7 : M x N — T is called
the tensor product of M and N if every R-balanced map

G: M x N — G, G an abelian group ,

can be uniquely factorized over 7, i.e., there is a unique Z-homomorphism
v : T — G which renders the following diagram commutative:

MxN--q.

(e

T

With standard arguments applied for universal constructions it is easily
seen that the tensor product (7, 7) for a pair of modules Mg, g N is uniquely
determined up to isomorphism (of Z-modules).

1.2. Existence of tensor products. For the R-modules Mg, g N, we form
the direct sum of the family of Z-modules {Zgnn)}uxny Wwith
Limmy = L, the free Z-module over M x N,

. ~ 7(MxN)
F=P  LZw=>L :

By construction, there is a (canonical) basis { ) famxy in F. We simply
write fimn) = [m,n]. Let K denote the submodule of F' generated by elements

1



2 Chapter 1. Modules and Algebras

of the form
[my + ma,n] — [my,n] — [ma,n], [m,ny + na] — [m,ny] — [m, nyl,

[mr,n] — [m,rn], with m,m; € M, n,n; € N, r € R.
Putting M ®g N := F/K we define the map

T:MxN—>M®gN, (mn)—men:=[m,n|+ K.

By definition of K, the map 7 is R-balanced. Observe that 7 is not surjective
but the image of 7, In 7 = {m ®n | m € M, n € N}, is a generating set of
M ®r N as a Z-module.

If 3: M x N — G is an R-balanced map we obtain a Z-homomorphism
7 : F — G, [m,n] — B(m,n), and obviously K C Ke#. Hence 7 factorizes
over 7 and we have the commutative diagram

MxN—-q

| A

M ®@r N

~ is unique since its values on the generating set Im 7 of T" are uniquely
determined.

Observe that every element in M @i N can be written as a finite sum

mi @ ng+ -+ mp @ ng.

However this presentation is not unique. m ® n only represents a coset and
m,n are not uniquely determined. Also a presentation of zero in M ®zr N is
not unique. We may even have that M ®g N is zero for non-zero M and N,
e.g. ZQ X7z Zg =0.

1.3. Tensor product of homomorphisms. Consider two R-homomorphisms
f:Mgr— My and g: gpN — gN'.
(1) There is a unique Z-linear map

fRg: M@r N — M @z N,

with f®gim®n) = f(m)®g(n), me M, n € N.
f ® g is called the tensor product of the homomorphisms f and g.
(2) If f and g are surjective, then f ® g is surjective and

Kef@g=Kef® N+ M Keg,

where Ke f @' N denotes the submodule of M ®r N generated by the
elements u @n with u € Ke f andn € N, etc.



1. Tensor product, tensor functor 3

Proof. (1) Define a map
fxg:MxN—=M®egpN, (mmn)— f(m)®gn).

It is Z-bilinear and R-balanced since f(mr) ® g(n) = f(m) ® g(rn). Hence
the map f x g can be factorized over M ®z N and we obtain the desired map

f®ag.

(2) If f and g are surjective, then obviously M’ @ N’ is generated as
Z-module by the elements { f(m) ® g(n)|m € M, n € N} and hence f ® g is
surjective.

It is clear that the subgroup H = Ke f @ N + M ® Keg lies in Ke f ® ¢
and hence, with the canonical projection p, the map f ® g factors into

M®r N2 M@y N/JH 25 M @ N'.

Obvioulsy v is surjective. To show that v is an isomorphism we first consider
a map

a: MxN — M®prN/H, (m',n') — m@n+H, where m" = f(m), n' = g(n).

To see that the map is well-defined, i.e., that it is independent of the choice of
m € M with f(m) =m/, and similarly of n € N, observe that for f(m,) = m/
and g(ny) = n’ we have

min=men+[(m —m)@n+m®e (n; —n)+ (m —m)® (n; —n),

where the right summand |...] lies in H. Clearly v is Z-linear and R-balanced
and hence induces amap & : M'®@r N’ — M ®r N/H with aov = I, proving
that v is injective. O

1.4. Tensor product and direct sums. Let Mg be an R-module and
rIN = @, N\, with the canonical injections €y : gRNx — rN and projections
T - RN — RN)\.

Then (M ®@r N, Iy ® ) is a direct sum of {M &g Ny}a, i.e.,

M er (P N) =P (M arNy).

We say the tensor product commutes with direct sums.

Proof. For the maps Iy @ my : M g N — M ®g Ny, we derive from
properties of tensor products of homomorphisms

(I ®@ex)In @) = Oaulmgpn, -

For a family {f\ : M ®g Ny — X}, of Z-linear maps, we define

f:M®rN— X, m®nHZ/\€Af,\(IM®7T,\(m®n)),
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where the sum is always finite.
Obviously, fo (Iy ®ey) = fr and (M ®r N, Iy ® €)) is a direct sum of
the {M KRR N/\}A.

By symmetry, we obtain, for Mz = @, M,,

(@A/Mu) ®r N =~ @A/(Mu ®r N),
(Da M) @r (DANA) = Dpren (M @ Ny).
O

1.5. Module structure of tensor products. By construction, the tensor
product M ®r N of Mg and gN is only an abelian group. However, if Mg
or gNg are bimodules, then we may define module structures on M ®p N:
If tMp is a (T, R)-bimodule, then the elements of 7" may be regarded as
R-endomorphisms of M and the tensor product with Iy yields a map

T—>Endz(M®RN), tf—>t®[]\/.

From the properties of this construction noted in 1.3 we see that this is a ring
homomorphism. Hence +M ®r N becomes a left T-module and the action of
teTon> m; @n; € M @ N is given by

t mi@n) =Y (tm;) @n,.

For an (R, S)-bimodule pNg, we obtain in the same way that M ®z Ng is a
right S-module.

If tMr and rNg are bimodules, the structures defined above turn
M ®gr Ng into a (T, S)-bimodule since we have, for all t € T, s € S and
m®n e M®gN, that (t(m ®n))s = (tm) ® (ns) = t((m @ n)s).

1.6. Tensor product with R. Regarding R as an (R, R)-bimodule, for
every R-module g N, there is an R-isomorphism

pr: R®r N — RN, Zm@ni HZTZTL,

The map exists since the map R x N — RN, (r,n) — rn is balanced, and
obviously has the given properties.
Since the tensor product commutes with direct sums (see 1.4), we obtain,

for every free right R-module Fg ~ R%X), A an index set, a Z-isomorphism
F@pN~NW,

1.7. Associativity of the tensor product. Assume three modules Mg,
rNs and sL to be given. Then (M @r N) ®s L and M Qg (N ®g L) can be
formed and there is an isomorphism

0 (M@rN)®sL —>M®r(N®sL), (mn)@l—m®(nl).
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Proof. We only have to show the existence of such a map o. Then,
by symmetry, we obtain a corresponding map in the other direction which is
inverse to o:

We first define, for [ € L, a morphism f; : N — N ®g L, n +— n ® [, then
form the tensor product Ip; @ f;: M @g N — M ®p (N ®g L) and obtain

B:(MRrN)XL—M®g(N®sL), (m@n,l)— Iy fi(men).

It only remains to verify that (3 is balanced to obtain the desired map. O

1.8. Tensor functors. For an (S,R)-bimodule sUg, the assignments

sU®r —: Obj(R-Mod) — Obj(S-Mod), grM — U ®@gr M,
Mor(R-Mod) — Mor(S-Mod), f—=1Iy®f,
yield a covariant functor U @z — : R-Mod — S-Mod with the properties
(1) sU ®p — is additive and right ezact;
(2) sU ®@r — preserves direct sums.
Similarly we obtain a functor — ®gUg:Mod-S — Mod-R
with the same properties.
Proof. Applying 1.3 it is easily checked that the given assignments
define an additive functor. In 1.4 we have seen that it preserves direct sums.

It remains to show that it is right exact. An exact sequence K L4 N0
in R-Mod yields the sequence

UpnK 2 Uer L 25 Uor N — 0,
where, by 1.3(2), I ® g is surjective and
KelIg=U® Keg=U® Im f=ImI® f,
proving the exactness of this sequence. ad

Notice that the relation between tensor products and direct products is
more complicated than that between tensor products and direct sums.

1.9. Tensor product and direct products. Let Ur be a right R-module
and { Ly} a family of left R-modules. With the canonical projections we have
the maps

IU®7T# . U®R (HAL)\) — U®R Lu
and, by the universal property of the product,

Yu U®R (HAL/\) — HAU®R L)\, U (l)\)A — (u® l/\)A.

It is easy to see that, for U = R, and hence also for U = R", oy s an
1somorphism.
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(1) The following assertions are equivalent:
(a) U is finitely generated;
(b) wu is surjective for every family {Ly}a;

(c) ¢v : U® RM — (U ® R)* ~ U" is surjective for any set A (or
A=U).

(2) The following assertions are also equivalent:
(a) U is finitely presented in R-Mod;
(b) wu is bijective for every family {Ly}a;
(c) ¢v U ®gr RN — UM is bijective for every set A.

Proof. (1) (a) = (b) If U is finitely generated and R Lrtu—o

is exact, we can form the commutative diagram with exact rows:

e [TALx Ly ® [TaLa U@IIsLr—=0

J{SOR(A) J/WR" J(WU

f8) N N
R@ L,\)n( 2 [TA(R ®LA)H(g® [[,(U®Ly)—=0.

As pointed out above, pg. is bijective and hence ¢ is surjective.

(b) = (c) is obvious.

(c) = (a) Assume (c). Then, for A = U, the map ¢ : U ® RY — UY
is surjective. For the element (u,)y (= Iy in Map(U,U) = UY), we choose
> i<k @ (r},) as a preimage under ¢y, with r}, € R, m; € U, i.e.

(ua)u = Zigk(miri)U = (Zigkmiri)u

Hence, for every u € U, we get u =Y, .,m;r’, i.e. mq, ..., my is a generating
set of U.

(2) (a) = (b) In the proof (1) (a) = (b) we can choose a finite index set
A. Then @pa is an isomorphism and hence also ¢y.

(b) = (c) is obvious.

(c) = (a) From (1) we already know that U is finitely generated. Hence

there is an exact sequence 0 - K — R" — U — 0, n € N. From this we
obtain — for any set A — the following commutative diagram with exact rows

KQRN—R'"@R—U® RN ——0

l% Jomn lw

0 KA (RM)A UA 0.
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Here ¢gn is an isomorphism (see above) and @y is an isomorphism by (c).
According to the Kernel Cokernel Lemma, ¢ is surjective and, by(1), K
is finitely generated. Therefore, for some m € N, we get an exact sequence
R —- K — 0,and R™ — R" — U — 0 is also exact. ad

As a consequence of the right exactness of the tensor functor the following
two results can be shown:

1.10. Zero in the tensor product. Let {n;}icpn a generating set of the
R-module gN and {m;}ican a family of elements in the R-module Mp with
only finitely many m; # 0.

Then > m; @ n; = 0 in M ®p N if and only if there are finitely many
elements {a;}jen in M and a family {rj}axa of elements in R with the
properties

(1) ;i # 0 for only finitely many pairs (3,),
(ii) D ,eariini = 0 for every j € A,

(ZZZ) m; = ZjEA’ajrji'

Proof. For elements with these properties we see

ZAmi Qmn; = ZAZA,CLJ'T]@- n; = ZA,(CLJ' ® ZAijz‘) =0.

Now assume ), m; ® n; = 0. With the canonical basis {f;}ica and the map
g:RWM — pN, f;— n;, we obtain the exact sequence

0 — rK — RW £, ., N — 0.

Tensoring with M ®r — yields the exact sequence

MepK 5 Mo RY 25 Moy N —0.
By assumption, I ® g(>_,m; ® f;) = >, m; ® n; = 0 and there is an element
ZjeA’aj ®@kje M@K with I ® E(ZjeA,aj Qkj) =D A @ fi.
Every k; € K C R™ can be written as k; = Y icaTjifi with only finitely
many rj;; # 0. This implies 0 = (kj)eg = >, 75 for all j € A, and in
M ®r R™ we get

ZieAmi ® fi= ZjeA,aa’ ® k; = ZieA(ZjeA,ajTﬁ) ® fi-

From this the projections onto the components yield the desired condition
My = jen 4T i O
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1.11. Tensor product with cyclic modules. Let I be a right ideal of a
ring R with many idempotents and rM a left module. Then

R/I @ M ~ RM/IM (~ M/IM ifl1 € R).

Proof. From the exact sequence 0 — I — R — R/I — 0 we obtain the
first row exact in the commutative diagram

I@pM — R®rM — R/ IQgM — 0

l/u lﬂR l’Y
0 — IM — RM — RM/IM — 0

with the map py : IQr M — IM, i®@m — im. By 1.6, ug is an isomorphism
and hence 7 is an isomorphism by the Kernel Cokernel Lemma. ad

An interesting connection between Hom- and tensor functors is derived
from the definition of the tensor product:

1.12. Hom-tensor relation. Let Ui and gk M be R-modules, N a Z-module
and denote by Ten(U x M, N) the set of the R-balanced maps from U x M into
N. By the definition of U ® g M (see 12.1), the canonical map 7: U x M —
U ®@r M yields a Z-isomorphism

Yy : Homg (U @ g M, N) — Ten(U x M, N), a— Ta.
On the other hand, every 8 € Ten(U x M, N) defines an R-homomorphism
hg : M — Homg (U, N), m — B(—,m),

where Homy (U, N) is regarded as a left R-module in the usual way. From
this we obtain a Z-isomorphism

Yy : Ten(U x M, N) — Hompg(M,Homz (U, N)), [+ hg.
Now every ¢ € Hompg(M, Homy(U, N)) determines an R-balanced map
U XM= N, (u,m)— g(m)(u),

and the assignment ¢ — @ is a map inverse to 5. The composition of i,
and 1), leads to the Z-isomorphism

¥y Hom(U @ g M, N) — Hompg(M,Hom(U, N)), 0+ [m— §(— @ m)],

with inverse map 1y} : @ — [u®m — p(m)(u)].
If sUg is an (S, R)-bimodule and g N an S-module, then U ®g M is also a
left S-module and with respect to this structure 1), becomes a Z-isomorphism

¥ar : Homg(U @ M, N) — Hompg(M, Homg (U, N)).
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It is readily verified that, for every R-homomorphism g : gM — gM’, the
following diagram is commutative:

HomS(U ®n M/, N) Hom(I®g,N)

lplvﬂl

Hompg(M’, Homg (U, N))

Homg(U @ M, N)

\LTZ)M

Homle1oms ) Hom (M, Homg(U, N)) .

Similarly we obtain, for modules grUs, M and Ng, a Z-isomorpism
Yy Homg(M ®@g U, N) — Hompg (M, Homg(U, N))
and a corresponding commutative diagram.

1.13. Definitions. Let M be a left R-module. A right R-module Ug is
called M-flat if, for every monomorphism f : K — M in R-Mod, the map
Iy ®f:U®®r K — U®pgr M is also a monomorphism.

Ug is said to be flat (with respect to R-Mod) if U is M-flat for every
M € R-Mod.

Since U ®@g — is always right exact, Ug is flat (with respect to R-Mod) if
and only if the functor U ® g — : R-Mod — Z-Mod is exact.

1.14. Direct sum of M-flat modules. Let {Uy}p be a family of right
R-modules and pM € R-Mod. The direct sum @ Uy is M-flat if and only if
Uy is M-flat for every A € A.

Proof. From the exact sequence 0 — K L, M we form the commutative
diagram
Iof

(DAUN) ®r K (B\U\) @r M
e )
D, (Ur @ K) — 220 @, (Uy 0 M),
in which the vertical maps are the canonical isomorphisms (see 1.4). Hence
I ® f is monic if and only if all I, ® f are monic. O

1.15. Properties of M-flat modules. Let Ui be a right R-module. Then:

(1) Ug is M-flat if and only if U ®r — is exact with respect to every exact
sequence 0 — K' — M with K’ finitely generated.

(2) Let 0 = M' — M — M" — 0 be an ezact sequence in R-Mod. If Ug
is M-flat, then Ug is also M'- and M"-flat.

(3) Let {M)}x be a family of left R-modules. If Ugr is My-flat for every
A €A, then Ug is also @ My -flat.
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Proof. (1) Let 0 — K = M be exact and Doicnli @ ki € U ®r K
with (32, ,ui @ ki)l ®e =0€ U ®p M. Let K’ denote the submodule of K
generated by ki,..., k,. Since the map

I UK U@ K - U®zr M

is monic by assumption, we get Zignui ®k; =0in U ®r K’. Then it also
has to be zero in U ®p K, i.e., [ ® £ is monic.

(2) Let Ugr be M-flat. If 0 — K =M s exact, the canonical map
U®r K 25U @r M — U @k M is monic and Uy is M'-flat.

0 — L L M is exact, we obtain, by a pullback, the commutative
diagram with exact rows and columns

0 0
! !
O — M — P — L — 0
I | ¥

0O — M — M — M' — 0

Tensoring with U yields the following commutative diagram with exact rows
and columns

0
!
UprM — U@rP — U®rL — 0
I ! liey

0 — U@pM — U@rM — UQprM' — 0

By the Kernel Cokernel Lemma, I ® f has to be monic, i.e., U is M"-flat.

(3) We show that Ug is My @ M-flat if it is both M;- and M,-flat. Then
we get assertion (3) for finite index sets A by induction. For arbitrary sets A
we use (1): A finitely generated submodule K’ C €@, M, is contained in a
finite partial sum. Since the tensor product preserves direct summands, the
assertion follows from the finite case.

Let Ur be M;- and Ms-flat and 0 — K ER M; & M, exact. Forming a
pullback we obtain the commutative exact diagram

0 0 0
l ] )

0O — P — K — L — 0
! l !

0 — M1 RN Ml@MQ e M2 — 0
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Tensoring with Ug yields the commutative exact diagram

0 0
! !

URrP — U®r K — U®rL — 0
! lief !

0 — U®RM1 — U®R(M1@M2) — U®RM2 — 0

By the Kernel Cokernel Lemma, [ ® f has to be monic. O

1.16. Flat modules. Characterizations. For a right R-module Ug, the
following assertions are equivalent:
(a) Ug is flat (with respect to R-Mod);
(b) U Qg — is exact with respect to all exact sequences 0 — rI — rR
(with gl finitely generated);
(c) for every (finitely generated) left ideal rI C R, the canonical map
pr:U®pr 1 — Ul is monic (and hence an isomorphism,).

Proof. The equivalence of (a) and (b) follows from 1.13.
(b) < (c) For every (finitely generated) left ideal I C R, we have the
commutative diagram with exact rows (see 1.11)
Uorl 125 U®pR — U®zpR/I — 0

Lo I I
0o — Ul — U — U/l — 0

Hence p; is monic (an isomorphism) if and only if / ® ¢ is monic. O

In a ring R with unit, for every left ideal I C R, we have R ®g [ ~ I.
Hence Rp is a flat module (with respect to R-Mod). Then, by 1.14, all free
R-modules and their direct summands (= projective modules) are flat (with
respect to R-Mod).

An R-module Ug is called faithfully flat (with respect to R-Mod) if Ug is
flat (w.r. to R-Mod) and, for N € R-Mod, the relation U @ g N = 0 implies
N =0.

1.17. Faithfully flat modules. Characterizations. For a right R-module
Ugr the following assertions are equivalent:

(a) Ug is faithfully flat;
(b) Ug is flat and, for every (maximal) left ideal I C R, I # R, we have
U®rR/I#0 (i, UL£U)
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Proof. (a) = (b) Because of the isomorphism U ®g R/I ~ U/UI (see
1.11), U ®g R/I # 0 is equivalent to Ul # U. By (a), U ®g R/I = 0 would
imply I = R.

(b) = (a) If UI # U for every maximal left ideal I C R, then this is also
true for every proper left ideal I C R. Hence U ®g K # 0 for every cyclic

R-module K. Since every R-module N contains a cyclic submodule and Ug
is flat, we have U ®r N # 0. O

1.18. Pure morphisms. Related to any morphism f : M — M’ in
R—Mod, there is an exact sequence

0—=Kef M f M’ Coke f ——0.

Given L € Mod—R, we say the morphism f is L-pure if tensoring this se-
quence with L ® p — yields an exact sequence. The morphism f is said to be
pure if it is L-pure for every L € Mod—R. Since the tensor functor is right
exact, the following are equivalent:

(a) f is L-pure;

(b) 0*>L®RKef*>L®RM@>L®RM’ is exact;

(¢) Kef — M and Im f — M’ are L-pure (mono) morphisms.

For any inclusion i : N — M, the image of the map
[L®ZL®RN—>L®RM

is called the canonical image of L&g N in L&g M. If I ®1 is injective (i.e.,
i is an L-pure morphism), then N is said to be an L-pure submodule and we
identify the canonical image of I} ® ¢ with L ®r N.

Obviously, any direct summand is a pure submodule, and if L is a flat
right R-module, then every morphism f: M — M’ in R—Mod is L-pure.

1.19. Tensor product over commutative rings. Let M, N and L be
modules over a commutative ring R.

An R-balanced map 6 : M x N — L is called R-bilinear if
B(rm,n) =rB(m,n) forall r€ R,mée M,n € N.

By 1.5, kM ®r N is a left R-module with r(m ® n) = (rm) ® n and we see
that the balanced map

T:MxN—M®gN, (mn)—maen,

is bilinear: 7(rm,n) = (rm)®n = r7(m,n). Hence we have, for commutative
rings R:
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A map B: M x N — L is R-bilinear if and only if there is an R-linear
map B : M ®r N — L with 3 = 10.

With the notation Bilg(M x N, L) ={8: M x N — L | $ R-bilinear} we
have an isomorphism of R-modules

Homp(M ®g N, L) ~ Bilg(M x N, L).

If M and N are vector spaces over a field K, then, by the above con-
siderations, M ®x N is also a K-vector space and since the tensor product
commutes with direct sums we find

Every free R-module zF is isomorphic to R for a suitable index set A. Over
non-commutative rings the cardinality of A need not be uniquely determined.
However, over a commutative ring with unit we have:

If RM ~ RW) then A and A’ have the same cardinality.
Proof. For a maximal ideal m of R, tensoring with — ®g R/m yields

(R/m)™) ~ (R/m)™). For vector spaces over a field (= R/m) it is known
that the cardinality of a basis is uniquely determined. O

1.20. Twist map. For modules M, N over a commutative ring R, there is
an R-isomorphism

tw: MO N —>NQM, menr—n@m,
called the twist map.
The purity condition on the submodules imply the important

1.21. Intersection property.
(1) Let M' C M and K' C K be pure R-submodules, or assume K and
K/K' to be (M-) flat.
Then the canonical image of M' @r K' in M ®@p K is equal to the
intersection of the canonical images of M' @p K and M @p K' in M Qg
K, ie.,
M@rK'=(M @r K)N (M @ K').

(2) Let U,V C M be R-submodules and K a flat R-module. Then

UrK)N(VerK)=(UNV)®g K.
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Proof. (1) Under the given conditions we have the exact commutative
diagram

0 0 0
! ! !

0 - MerK — M®rK — M&rK/K' — 0
i ! !

0 - MerK' — MerK — M@rK/K' — 0,

where the left square is a pullback (e.g., [10, 10.3]), and hence we can make
the identification stated.

(2) This is shown with a similar argument. 0
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2 Algebras and modules

From now on R will usually denote an associative commutative ring with
unit. We recall basic definitions for algebras in a form which is suitable for
dualising to coalgebras. The unadorned symbol ® will always stand for ®p.

2.1. Algebras. An R-module A is said to be an R-algebra if there exists an
R-linear map

w: ARr A — A,

called the multiplication of A. For a,b € A, we write pu(a ®b) = a - b (or ab).

2.2. Unit element. An element e € A is called a unitif a-e =a = e-a, for
all a € A. This yields an R-homomorphism ¢: R — A, r — re, with

NO(L@]A):MO<]A®L)=IA,

(putting A ®r R = A = R®pg A) which correponds to the commutativity of
the diagram

R®RA&IA>A®RA<IA&A®RR

S

A

It is easy to check that for any R-linear map ¢+ : R — A with these
properties, ¢(1) is an identity element in A.

2.3. Associativity and commutativity An R-algebra A is said to be asso-
ciative, if a(bc) = (ab)c, for all a, b, c € A. For the defining map u: AQgr A —
A, this corresponds to the commutativity of the diagram

A®RA®RAIAﬂ>A®RA

i |»

A®r A a A.

The commutativity of A is expressed by the commutativity of the following
diagram, where tw denotes the twist map,

Aop A w A®p A

N

A
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2.4. Algebra morphisms. Given two R-algebras pig : A® A — A and pug :
B®rB — B, an R-linear map f : A — B is said to be an algebra morphism,
if f(ab) = f(a)f(b), for all a,b € A, i.e., we have the commutative diagram

A®RAL>A

o

Ber B2 B.

Clearly f preserves the units 14 : R — A,tp : R — B, if and only if we
have a commutative diagram

R—R

A— B.

Obviously the identity I4 : A — A is an algebra morphism and the
composition of algebra morphisms is again an algebra morphism.

2.5. Tensor product of algebras. Let iy : AQprA — Aand ug : BRrB —
B define R-algebras. Then A @i B is an R-algebra by the R-linear map

HARB : (A@RB) Xpr (A@B) I®t_vw§)[ (A ®RA) XRpr (B Xpr B) M&B A®RB

It is straightforward to show that the algebra A ®g B is associative (com-
mutative) if both A and B are associative (commutative).

If e4 and ep are the units in A and B, then e4 ® e is the unit in A®r B.

In particular, if B is an associative and commutative algebra with unit,
then it is easy to verify that pagp is in fact B-linear, yielding a map

pags : (A®r B) @5 (A®r B) > A®g B,
showing that A @p B is a B-algebra (scalar extension of A by B).

2.6. Tensor product of algebra morphisms. Let f : A — Ay and g :
B — By be R-algebra morphisms. Then:

(1) There is an algebra morphism
h:A®rB — Ay ®g B, a® b f(a) ® g(b).
(2) If f and g are surjective, then h is also surjective and (see 1.3)

A1 ®r B~ (A®rB)/(Ke f®' B+ A® Ke g).
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Proof. (1) Put h = f ® g, the tensor product of f and g as R-module
morphism. It remains to show that h is a ring morphism:

h((ar ® b1)(ag ® b)) = f(ara2) @ g(b1b2)
= (f(a1) ® g(b1))(f(a2) ® g(ba))
= h(Cll X bl)h(ag X bg)

2) This is shown in 1.3. O
(2)

2.7. Universal property of the tensor product. Let f : A — C and
g : B — C be unital algebra morphisms such that

[£(A),9(B)] =0,

where [—,—] denotes the commutator. Then there exists a unique algebra
morphism h : A®gr B — C, satisfying

h(a ®b) = f(a)g(b), for alla € A, b€ B.

Proof. Since f and g are R-module morphisms, there is an R-module
morphism
h=f®g:A®rB —C, (a,b)— f(a)g(b).
It remains to verify that h is an algebra morphism. By our assumptions on
the commutators of f(A) and g(B), we have

h((a1 & bl)(ag ® 52)) (alag)g(blbg)

(a1) f(az2)g(b1)g(b2)
(f(al)g( 1))(f(az2)g(bs))
= I

ay ® by)h(az ® ba).
O

As a special case, 2.7 implies that in the category of commutative as-
sociative unital R-algebras, the tensor product yields the coproduct of two
algebras.

2.8. A-modules and homomorphisms. Let u: A ®r A — A define an
associative R-algebra with unit ¢ : R — A. Then an R-module M with an
R-linear map oy : A®r M — M is called a (unital) left A-module if the
following diagrams are commutative:

A®RA®RMJ%A®RM, R@RM%A@)RM

I

A®r M M M.
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Again we will often write gy/(a ® m) = am and then the commutativity
of the diagram can be rephrased by the familiar conditions

(ab)ym = a(bm), 14m =m, for all a,b € A, m € M.

An R-linear map g : M — N between A-modules is called an A-morphism
or A-homomorphism provided the following diagram commutes:

Ta®yg

A@RMHA(X)RN
gMi im
g
M N.

Using the standard notation mentioned above, g : M — N is an A-morphism
if and only if
glam) = ag(m), for alla € A, m € M.

Notice that the A-morphisms between two A-modules M, N are charac-
terized by an exact sequence

0 — Homu (M, N) — Homp(M, N) -2 Homp(A ®5 M, N),

where B3(f) = oy 0 (id® f) — f o oum-

The A-modules together with the A-morphisms form a category which we
denote by A-Mod.

It is easily checked that here the defining map oy : A ®g M — M is an
A-morphism and this implies that A is a generator in A-Mod, i.e., every left
A-module is a homomorphic image of a direct sum of copies of A (= AM),

There are well-known relations between R-morphisms and A-morphisms
which are readily derived from the basic relation 1.12.

2.9. Hom-tensor relations. For any R-module X, consider the R-linear
map a: X - AQr X, z— 14 Q.

(1) For each A-module opr : A ®@r M — M, the map
Homy (A ®@r X, M) — Homg(X, M), f— foa,
is an R-isomorphism with inverse map h — opro(id®Hh). So the functor
A®p—: R—Mod — A—Mod, X — A®pr X,

18 left adjoint to the forgetful functor A—Mod — R—Mod.
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(2) For any left A-module N, the R-linear map
Homy (M ® X, N) — Hompg(X,Homy (M, N)), g+ [z — go(—®ux)],
is an R-isomorphism with inverse map h — [m ® x — h(z)(m)]. So
M ®pr —: R—Mod — A—Mod, X — M ®pr X,
18 left adjoint to the functor
Homyu (M, —) : A—Mod — R—Mod, N +— Homy (M, N).

2.10. Tensor product with modules. Let M and M’ be left A-modules
and Q) an R-module. Consider the R-linear map

vy s Homa (M, M') @ Q — Homus (M, M' @z Q), [h®q— (—)h®q].

(1) If Q is a flat R-module and M a finitely generated (finitely presented)
A-module, then vy is injective (an isomorphism,).
(2) v is also an isomorphism in the following cases:
(i) M is a finitely generated, M'-projective A-module, or
(i) M is M'-projective and Q is a finitely presented R-module, or
(iii) Q is a finitely generated projective R-module.

Proof. (1) It is easy to check that vy, is an isomorphism for M = A
and M = A* k € N. Since 4M is finitely generated, there exists an exact
sequence of A-modules AN — A" — M — 0, with A an index set, n € N.

The functors Homy(—, M') @ Q and Hom(—, M’ @ Q) yield the exact
commutative diagram

0 — Homy (M, M") ®r Q — Homu (A", M") @ Q — Homy (AW, M) ®@p Q

lVIW lVA”' ll/A(A)

0 —Homa(M, M' 2z Q) — Homu(A", M' @ Q) — Homu(A™ M’ @r Q).

Since v» is an isomorphism, vy, has to be injective.

If M is finitely presented we can choose A to be finite. Then also vu)
and vy, are isomorphisms.

(2)(¢) From the exact sequence of R-modules 0 — K — RWY — Q — 0,
we construct the commutative diagram with the upper line exact,

Homy(M,M') @r K — HomA(M,M/)®RR(A) — Homa(M,M')®@r@Q —0

lz/ lﬁ *LVJM
Homy(M,M' ®r K) — Homa(M,M' @z R™) — Homu(M,M' ®rQ) —0,

where v is defined as above replacing ) by K.
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Since M is M’ @ R™-projective, the lower sequence is also exact and
hence vy, is surjective. By the same argument we obtain that v is surjective.
Now it follows from the Kernel Cokernel Lemma that v, is injective.

(#7) This statement is obtained from the proof of (1), with A a finite set
and K a finitely generated R-module.

(77i) The assertion is obvious for @) = R and is easily extended to finitely
generated free (projective) modules Q. O

Combining the preceding observations we get

2.11. Tensor product with an algebra. Let A, B be R-algebras and M,
M’ left A-modules. Consider the map

HOHIA(M, M/)(XJRB — HOIHA®B(M®RB,M,®RB), f®b = [m@b’ = (m)f®b’b]

(1) If B is a flat R-module and M is a finitely generated (finitely presented)
A-module, then the map is injective (an isomorphism,).

(2) The map is also an isomorphism if
(i) M is a finitely generated, M'-projective A-module, or
(i) M is M'-projective and B is a finitely presented R-module, or
(iii) B is a finitely generated projective R-module.

Proof. The map is the composition of maps

Homy (M, M') ®g B — Homyu(M, M’ ®r B) and
HOIIlA<M,M/®RB) — HOHIA®RB(M®RB,M/®RB).

O

2.12. Tensor product of morphisms of modules. Let A, B be associative
unital R-algebras, M, M' left A-modules and N, N' left B-modules.

(1) For f € Homu (M, M') and g € Hompg(N, N'),
f®g e Homagp(M @ N, M' @ N').
(2) The mapping (f,g) — f ® g induces an R-module morphism
Y : Homy (M, M") @ g Hompg(N, N') — Hom (M ®r N, M’ @z N').

Assume M and N are finitely generated. Then 1 is an isomorphism if
(i) M is M'-projective and N is N'-projective, or
(i) M and N are projective as A-, resp. B-modules, or
(iii) M is a finitely presented A-module, N and N' are finitely generated,
projective B-modules, and B is a flat R-module.
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(3) ¥ Enda(M) @ Endg(N) — Endag,5(M ®gr N) is an algebra mor-
phism.

Proof. (1) Just verify that f ® g is in fact an A ® B-module morphism.
(2) ¢ is well-defined since (f, g) — f ® g yields an R-bilinear map.

(i) We have isomorphisms

Homag,,5(M @r N,M' ®g N') =~ Homp(N,Homu (M, M' @ N'))
~ Homp(N,Homs (M, M') @ N')
~ Hom (M, M') @ Hompg(N, N').

(1) is a special case of (7).

(#7i) Since B ~ Hompg(B, B) we know that v is an isomorphism for N =
N’ = B. Similar to the above argument, this isomorphism can be extended
to finitely generated free and projective modules N and N’.

3) is easily verified. O
(3) y
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3 The category o[M]

Throughout A will denote an R-algebra and M a left A-module. The mod-
ule structure of M is reflected by the smallest Grothendieck category of A-
modules containing M, which we briefly describe in this section.

An A-module N is called M-generated if there exists an epimorphism
M® — N for some set A.

3.1. The category o[M]. An A-module N is called M -subgenerated if it is
(isomorphic to) a submodule of an M-generated module. By o[M] we denote
the full subcategory of 4M whose objects are all M-subgenerated modules.
Obviously the finitely generated (cyclic) submodules of M® form a set of
generators in o[M].

The trace functor T™ : \M — o[M], which sends any X € 4M to

TY(X) =) {f(N)|N €o[M], f € sHom(N,X)},

is right adjoint to the inclusion functor o[M| — 4M. For any family {Ny}a
of modules in o[M], the product in o[M] is

HAMNA — TM(HANA),

where the unadorned [ ] denotes the usual (Cartesian) product of A-modules,
since, for any P € o[M],

AHom(P, TM(HTNA)) ~ HA AHom(P, N,).

Moreover, for any injective A-module @, 7 (Q) is an injective object in the
category o[M].

N € o[M] is said to be a generator in o[M] if it generates all modules in
o[M], and M is called a self-generator if it generates all its own submodules.

3.2. Injective modules. Let U and M be A-modules. U is said to be
M -injective if every diagram in 4M with exact row

0O - K - M

l
U

can be extended commutatively by some morphism M — U. This holds if
aHom(—, U) is exact with respect to all exact sequences of the form 0 — K —
M — N — 0 (in o[M]). U is injective in o[M] (in 4M) if it is N-injective,
for every N € o[M] (N € 4M, resp.).
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3.3. Injectives in o[M]. (Cf. [10, 16.3, 16.11, 17.9].)

(1) For Q € o[M] the following are equivalent:
(a) Q is injective in o[M];
(b) the functor \.Hom(—, Q) : oc[M]| — Mg is exact;
(c) Q is M-injective;
(d) Q is N-injective for every (finitely generated) submodule N C M;
(e) every exact sequence 0 — QQ — N — L — 0 in o[ M| splits.

(2) Every M-injective object in o[M] is M-generated.

(3) Every object in o[M] has an injective hull.

3.4. Projectivity. Let M and P be A-modules. P is said to be M -projective
if the functor 4Hom(P, —) is exact on all exact sequences of the form 0 —
K — M — N — 0in s.M. P is called projective in o[M] (in \M) if it is
N-projective, for every N € o[M] (N € 4M, repectively).

3.5. Projectives in o[M]. (Cf. [10, 18.3].)
For P € o[M] the following are equivalent:

(a) P is projective in o[M];

(b) the functor s.Hom(P, —) : c[M] — Mg is exact;

(c) P is MM projective, for any index set A;

(d) every exact sequence 0 - K — N — P — 0 in o[M] splits.
If P is finitely generated, then (a)—(d) are equivalent to:

(e) P is M-projective.

A module P € o[M] is called a progenerator in o[M] if it is finitely gen-
erated, projective and a generator in o[M]. Notice that there may be no
projective objects in o[M]. A module N € o[M] is a subgenerator in o[M] if
o[N] = o[M].

3.6. Subgenerators. (Cf. [10].)
(1) For an A-module M the following are equivalent:
(a) M is a subgenerator in sM (that is, c[M] = sM);
(b) M generates all injective modules in A\IM;
(c) there is a monomorphism A — MP¥, for some k € N,
(2) A faithful module s M is a subgenerator in AM provided
(i) aM is finitely generated over End (M), or
(ii) aA is finitely cogenerated, or
(iii) o[M] is closed under products in 4IM.
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3.7. Semisimple modules.
1) The following are equivalent:
( g are eq
(a) M is a (direct) sum of simple modules;
(b) every submodule of M is a direct summand;
c) every module (in o|M|) is M-projective (or M -injective);
Y ] )
(d) every simple module (in o[M]) is M-projective;
(e) every cyclic module (in o[M]) is M-injective.
Modules M with these properties are called semisimple modules.
(2) Assume M to be semisimple.

(i) There exists a fully invariant decomposition

M = @ATr(EA, M),

where {E)\}a is a minimal representing set of simple submodules
of M and the Tr(Eyx, M) are minimal fully invariant submodules.

(ii) The ring S = sEnd(M) is von Neumann regular and M is semi-
simple as a right S-module.

(iii) If all simple submodules of 4M are isomorphic, then all simple
submodules of Mg are isomorphic.

Proof. The first parts are shown in [10, 20.2-20.6].

(2)(ii)) Let Am C M be a simple submodule. We show that mS C M
is a simple S-submodule. For any t € S with mt # 0, Am ~ Amt. Since
these are direct summands in M, there exists some ¢ € S with mt¢ = m and
hence mS = mtS, implying that mS has no nontrivial S-submodules. As a
semisimple module, M = )", Amj, with Am, simple. Now M = A(D_, m\S5),
showing that M is a sum of simple S-modules am,.S, where a € A.

(2)(iii) It is straightforward to show that, for any m,n € M, Am ~ An
implies mS ~ nS. O

Definitions. A module M has finite length if it is Noetherian and Ar-
tinian. M is called locally Noetherian (Artinian, of finite length) provided
every finitely generated submodule of M is Noetherian (Artinian, of finite
length). M is called semi-Artinian if every factor module of M has a nonzero
socle.

3.8. Local finiteness conditions. (Cf. [10, 27.5, 32.5].)
(1) The following are equivalent for a left A-module M :
(a) M is locally Noetherian,
(b) every finitely generated module in o[M] is Noetherian,
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(¢) any direct sum of M-injective modules is M -injective,

(d) every injective module in o[M] is a direct sum of uniform modules.
(2) The following are equivalent for a left A-module M :

(a) M is locally of finite length;

(b) every finitely generated module in o[M] has finite length;

(c) every injective module in o[M| is a direct sum of M -injective hulls

of simple modules.
(8) A module M is locally Artinian if and only if every finitely generated
module in o[M] is Artinian.

(4) A module M is semi-Artinian if and only if every module in o[M] has
a nonzero socle.

Definitions. A submodule K of M is said to be superfluous or smallin M if,
for every submodule L. C M, K+ L = M implies L = M. A small submodule
is denoted by K << M. An epimorphism 7 : P — N with P projective in
o[M] and Ken < P is said to be a projective cover of N in o[M]. A module
is called local if it has a largest proper submodule.

3.9. Local modules. (Cf. [10, 19.7].)

For a projective module P € o[M], the following are equivalent:
(a) P is local;
(b) P is a projective cover of a simple module in o|[M];
(¢) End(4P) is a local ring.

Definitions. Let U be a submodule of the A-module M. A submodule
V C M is called a supplement of U in M if V' is minimal with the property
U+V = M. It is easy to see that V is a supplement of U if and only if
U+V =M and UNV < V. Notice that supplements need not exist in
general. M is said to be supplemented provided each of its submodules has a
supplement.

Definitions. A module P € o[M] is said to be semiperfect in o[M] if every
factor module of N has a projective cover in o[M]. P is perfect in o[M] if
any direct sum P®W) is semiperfect in o[M].

3.10. Semiperfect modules. (Cf. [10, 42.5, 42.12].)
For a projective module P in o[M], the following are equivalent:

(a) P is semiperfect in o[ M];
(b) P is supplemented;
(c¢) every finitely P-generated module has a projective cover in o[M];
(d) (i) P/Rad(P) is semisimple and Rad(P) << P, and
(1i) decompositions of P/Rad(P) can be lifted to P;
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e) every proper submodule is contained in a mazximal submodule of P, and
Y
every simple factor module of P has a projective cover in o[M];

(f) P is a direct sum of local modules and Rad(P) << P.

3.11. Perfect modules. (Cf. [10, 43.2].)
For a projective module P in o[M], the following are equivalent:

(a) P is perfect in o[M)];
(b) P is semiperfect and, for any set A, Rad(PW) << PW);

(c) every P-generated module has a projective cover in o[M].

Definition. We call o[M] a (semi)perfect category if every (simple) module
in o[M] has a projective cover in o[M].

3.12. Semiperfect and perfect categories.
(1) For an A-module M the following are equivalent:
(a) o|M] is semiperfect;
(b) o[M] has a generating set of local projective modules;
(c) in o[M] every finitely generated module has a projective cover.
(2) For M the following are equivalent:
(a) o[M] is perfect;
(b) o[M] has a projective generator that is perfect in o|M].

Proof. (1) (a) = (b) The projective covers of all simple objects in o[M]
are local and form a generating set of o[M] (by [10, 18.5]). Notice that local
modules are supplemented.

(b) = (c) Any finite direct sum of supplemented modules is supplemented.
Hence, for every finitely generated N € o[M], there exists an epimorphism
P — N with some supplemented projective module P € o[M]. By 3.10,
every factor module of P has a projective cover in o[M], and so does .

(c) = (a) is trivial.

(2) (a) = (b) Let P be the direct sum of projective covers of a representa-
tive set of the simple modules in ¢[M]. Then P is a projective generator and
every factor module of P®) has a projective cover, and hence P is perfect.

(b) = (a) is obvious. |

3.13. Left perfect rings. (Cf. [10, 43.9].)
For A the following are equivalent:

(a) A is a perfect module in 4M;
(b) A/Jac(A) is left semisimple and Jac(A) is right t-nilpotent;

(c) every left A-module has a projective cover;
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(d) A satisfies the descending chain condition (dcc) on cyclic right ideals.

3.14. (f-)semiperfect rings. A ring A is said to be semiperfect if A is
semiperfect as a left A-module or — equivalently — as a right A-module. More
generally, A is called f-semiperfect (or semiregular) if A/Jac(A) is von Neu-
mann regular and idempotents lift modulo Jac(A). Note that A is semiperfect
if and only if finitely generated left and right A-modules have projective cov-
ers, and A is f-semiperfect if and only if every finitely presented left (and
right) A-module has a projective cover (see [10, 42.11]). From [10, 42.12,
22.1] we recall:

3.15. (f-)semiperfect endomorphism rings. Put S = 4End(M).
(1) Assume M to be projective in o[M|. Then:

(i) S is semiperfect if and only if M is finitely generated and semiper-
fect.
(i) If M is semiperfect, then S is f-semiperfect.
(iii) If S is f-semiperfect, then Rad(M) << M and M is a direct sum
of cyclic modules.
(2) If M is self-injective, then S is f-semiperfect.
(3) If M is self-injective and Soc(M) < M, then

Jac(S) = sHom(M /Soc(M), M).

3.16. Weak QF modules. If sM 1is faithful, the following are equivalent:
(a) aM is a weak QF module;
(b) (i) aM is weakly s M -injective and Mg is weakly Mg-injective, and
(ii) A is dense in Endg(M);
(¢c) Mg is a weak QF module and A is dense in Endg(M);
(d) aM and Mg are weak cogenerators in o[4M] and o[Mg], respectively.
For any weak QF module 4M, Soc ;M = Soc M.

A locally Noetherian weak QF module M is an injective cogenerator
in o[M] (by [10, 16.5]). A Noetherian weak QF module is called a quasi-
Frobenius or QF module. A ring is a QF ring if it is QF as a left (or right)
module.

Caution: “quasi Frobenius” is used in different ways in the literature.

Let o¢[M] denote the full subcategory of o[M] whose objects are sub-
modules of finitely M-generated modules. With this notation o[Sg] is the
category of submodules of finitely generated right S-modules. This type of
category is of particular interest in studying dualities.
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3.17. Morita dualities.
(1) The following are equivalent:
(a) sHom(—,M): os[M] — 04[Ss| is a duality;
(b) aM is an injective cogenerator in o[M], and Mg is an injective
cogenerator in Mg,
(c) aM is linearly compact, finitely cogenerated, and an injective co-
generator in o[M].
(2) If M is an injective cogenerator in o|[M|, the following are equivalent:
(a) aM is Artinian;
(b) aM is semi-Artinian and Mg is S-injective;
(c) Ms is a X-injective cogenerator in Mg;
(d) S is right Noetherian.

Next we consider relative properties of A-modules related to a fixed ring
morphism ¢ : B — A. In this case, any left A-module M is naturally a
left B-module and there is an interplay between the properties of M as an
A-module and those of M as a B-module.

3.18. (A, B)-finite modules. The module M is said to be (A, B)-finite
if every finitely generated A-submodule of M is finitely generated as a B-
module. o[M] is said to be (A, B)-finite if every module in o[M] is (A, B)-
finite.
Let o[M] be (A, B)-finite.
(i) If B is a right perfect ring, then every module in o[M|] has the dcc on
finitely generated A-submodules.

(i1) If B is left Noetherian, then every module in o[M] is locally Noetherian.
(111) If B is left Artinian, then every module in o[M] has locally finite length.

For the following observations we refer to [11, Section 20].

3.19. Relative notions. An exact sequence K LM Nin AM is called
(A, B)-exact if Im f is a direct summand of M as a left B-module.

Let M, P, @ be left A-modules. P is called (M, B)-projective if ;,Hom(P,—)
is exact with respect to all (A, B)-exact sequences in o[M]. This is the case
if and only if every (A, B)-exact sequence L — P — 0 in o[M] splits.

Q is called (M, B)-injective if 4Hom(—, Q) is exact with respect to all
(A, B)-exact sequences in o[M]. This happens if and only if every (A, B)-
exact sequence 0 — Q@ — L in o[M] splits.

Over a semisimple ring B, (M, B)-projective and (M, B)-injective are syn-
onymous to projective and injective in o[M], respectively.
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3.20. (A, B)-projectives and (A, B)-injectives.
(1) For any B-module X, A®p X is (A, B)-projective.
(2) P € aM is (A, B)-projective if and only if the map A @ P — P,
a ®p+— ap, splits in 4 M.
(3) For any B-module Y, Homg(A,Y) is (A, B)-injective.
(4) Q € aM is (A, B)-injective if and only if the map QQ — Homp(A, Q),
q > [a — aq|, splits in 4M.

The module M is called (A, B)-semisimple if every (A, B)-exact sequence

in o[M] splits. The ring A is said to be left (A, B)-semisimple if A is (A, B)-
semisimple as a left A-module.

3.21. (A, B)-semisimple modules. The following are equivalent:
(a) M is (A, B)-semisimple;
(b) every A-module (in o[M]) is (M, B)-projective;
(¢) every A-module (in o[M]) is (M, B)-injective.
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4 External properties of o[M]|

So far we dealt with the internal structure of the category o[M]. It is also of
interest to look at the properties of o[M] as a class of modules in 4 M.

Let T be any associative ring (without a unit). A left T-module N is
called s-unital if u € Tu for every u € N. T itself is called left s-unital if
it is s-unital as a left T-module. For an ideal T C A, every A-module is a
T-module and we observe the elementary properties:

4.1. s-unital T-modules. For any subring T C A the following assertions
are equivalent:

(a) M is an s-unital T-module;
(b) for any my,...,my € N, there exists t € T with m; = tm; for alli < k;
(c) for any set A, NN is an s-unital T-module.

Proof. (a) = (b) We proceed by induction. Assume the assertion holds
for k—1 elements. Choose t;, € T such that t,n;, = n, and put a; = m;—mn;,
for all i < k. By assumption there exists t' € T satisfying a; = t'a;, for all
i <k—1. Then t:=t +t, —t'ty, € T is an element satisfying the condition
in (b). The remaining assertions are easily verified. 0

4.2. Flat factor rings. For an ideal T' C A the following are equivalent:
(a) A/T is a flat right A-module;
(b) for every left ideal I of A, TI =T NI;
(c) every injective left A/T-module is A-injective;
(d) for every A-module AL C AN, TL=TNNL;
(e) T is left s-unital.
Under these conditions T is a flat right A-module, and, for any N €4 M, the
canonical map T'®4 N — T'N is an isomorphism.

Proof. The equivalence of (a) and (b) is shown in [10, 36.6].

(a) = (c) Put D := A/T. Let N be an injective D-module and L C A a
left ideal. By (a), the sequence 0 — D ®4 L — D ®4 A is exact in pM and
there is a commutative diagram with exact rows and canonical isomorphisms,

pHom(D ®4 A, N) pHom(D ®4 L, N)

gl lg

aHom(A, pHom(D, N)) —— sHom(L, pHom(D,N)) ——= 0

zl lz

aHom(A, N) aHom(L, M)

0
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Since N is an injective D-module, the first row is exact and so are the others,
that is, NV is injective as an A-module.

(c) = (a) Let N be a cogenerator in pM that is A-injective. For a left
ideal L C A there is an exact sequence 0 - K — D®, L — D ®4 A in pM,
and we want to prove K = 0. Consider the exact sequence

pHom(D ®4 A, N) — pHom(D ®4 L, N) — pHom(K, N) — 0.

Now in the above diagram the bottom row is exact (N is A-injective). This
implies that the top row is also exact, that is, pHom (K, N) = 0. Since N is
a cogenerator in pIM, we conclude K = 0.

The remaining implications are straightforward to verify. O

4.3. s-unital modules over ideals. Let 4 M be faithful. For an ideal T C A
the following are equivalent:

(a) M is an s-unital T-module;
(b) for every N € o[M]|, N=TN;

(c) for every N € o[M], the canonical map ¢on : T @4 N — N is an
1somorphism.

If T € o[M], then (a)—(c) are equivalent to:
(d) T?> =T and T is a generator in o[M].

Proof. The implications follow from 4.1 and 4.2. O

4.4. Trace ideals. The trace of M in A, Tr(M, A), is called the trace ideal
of M, and the trace of o[M] in A, TM(A) = Tr(c[M], A), is called the trace
ideal of o[M]. Clearly Tr(M,A) C TM(A), and equality holds if M is a
generator in o[M], or else if A is a left self-injective algebra.

4.5. Trace ideals of M. Denote *M = 4Hom(M, A), and T' = Tr(M, A) =
*M(M). Any f € *M defines an A-linear map

¢ M— S, m— f(—)m

A=3 " rcqIm ¢y is an ideal in S and MA CTM.
The following are equivalent:
(a) M =TM;
(b) M =MA;
(c) for any L € 4.M, Tr(M,L) =TL.
If this holds, T and A are idempotent ideals and A = Tr(Mg, S).
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Proof. (a) < (b) are obvious from the definitions.

(a) < (c) Clearly T is M-generated, and M = TM implies that M-
generated A-modules are T-generated.

Assume the conditions hold. By definition, A C Tr(Mg,S). For any S-
linear map g : M — S and m € M, write m = ). m;6;, where m; € M and
0; € A, to obtain

g(m) = Q(Zimﬂsi) = Zig(mi>5i € A,
thus showing Tr(Mg, S) C A. 0

4.6. Canonical map. For any N € M4 there is a map
ayy: N®a M — Homy("M,N), n®@m s [f — nf(m)],
which is injective if and only if
forany u € N @4 M, (Iy ® f)(u) =0 for all f € *M, implies u = 0.

A module M is said to be locally projective if, for any diagram of left
A-modules with exact rows,

0—= F —> M

i

L N 0,

where F' is finitely generated, there exists h : M — L such that goi = fohoi.

4.7. Locally projective modules. With the notation from 4.5, the follow-
ing are equivalent:

(a) M is locally projective;

(b) an . is injective, for any (cyclic) right A-module N;

(c) for each m € M, m € *M(m)M;

(d) for any mq,...,my € M there exist xy,...,x, € M, f1,..., fn € *M,
such that

mj = Zifi(mj)xi’ forg=1,...k;
(e) M =TM, and M is an s-unital right A-module.
Proof. (a) = (d) Put N = M and L = AW in the defining diagram.
(d) = (a) follows by the fact that A is projective as left A-module.

(b) = (c) Assume ay ar to be injective for cyclic right A-modules N. For
any m € M put J =*M(m) and consider the monomorphism

AN, M

¢ MJJM ~ A)J @4 M Y Homy ("M, A)J).
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Forz € M and f € *M, p(x+JM)(f) = f(x)+J, and hence ¢(m—+JM) = 0.
By injectivity of ¢ this implies m € JM.

(d) = (b) Let N € M and let v =37 n; ®m; € N ®a M. Choose
T1,...,%, € M and fi,..., f, € "M such that m; = ). fi(m;)z;, for j =
1,...,r. Then

v=22,m @ filmy)r =35 anm(v)(fi) @ @i,

and hence v = 0 if ay p(v) = 0, that is, a s is injective.
(c) & (d) < (e) For m € M, m € *M(m)M means that there are
T1,...,x, € M and fq,..., f, € *M such that

m =32 film)zi = m[3; fi(=)x.] € mA,
showing that M is an s-unital right A-module (see 4.1). O

4.8. T™ as an exact functor. Putting T = TM(A), the following assertions
are equivalent:

(a) the functor TM : ;M — o[M] is ezact;

(b) a[M] is closed under extensions and the class {X € ,M |TM(X) = 0}
18 closed under factor modules;

(¢) for every N € o[M], TN = N;

(d) M is an s-unital T-module.

Proof. (a) = (b) Let 7™ be exact. For any exact sequence in 4M as a
bottom row, there is a commutative diagram with exact rows,

0—>TM(K) —>TM(L) —> TM(N) —> 0

R

0 K L N 0.

In case TM(K) = K and TM(N) = N this implies 7 (L) = L, showing that
o[M] is closed under extensions. Moreover 7 (L) = 0 implies 7" (N) = 0
as required.

(b) = (c) Since o[M] is closed under extensions, 7 (A/T) = 0. For any
N € o[M], N/TN is generated by A/T, and so by (b), TM(N/TN) = 0 and
hence N = TN.

(c) = (a) First observe that the hypothesis implies 7M(X) = TX, for
any X € 4M. Consider an exact sequence in ;.M, 0 - K — L — N — 0.
Since T is flat (see 4.2), tensoring with 7' ®4 — yields an exact sequence
0—-TK—TL—TN —0.

(c) < (d) is shown in 4.3. 0

We say o[M] is closed under small epimorphisms if, for any epimorphism
f:P — Nin sM, where Ke f << P and N € o[M], we obtain P € o[M].
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4.9. Corollary. Assume that the functor T : ;M — o[M] is ezact.
(1) o[M] is closed under small epimorphisms.
(2) If P is finitely presented in o[M], then P is finitely presented in 4M.
(3) If P is projective in o[M], then P is projective in oM.
Proof. (1) Put T = TM(A). Consider an exact sequence 0 — K —

P — N — 0in s.M, where K << P and N € o[M]. From this we obtain the
following commutative diagram with exact rows:

0 K P N 0

L

0— K+TP — P — P/(K+TP) — 0.

Clearly P/(K + TP) € o[M] and by condition 4.8(b), T(P/(K 4+ TP)) = 0.
This implies P = K + TP, that is, P € o[M].

(2) It is enough to show this for any cyclic module P € o[M] that is
finitely presented in o[M]. For this we construct the following commutative
diagram with exact rows (applying 7M):

0 Ly Ly P 0
0 I A P 0

L

I/Ly —= A/Ly,

where Ly and L, are suitable finitely generated modules in o[M]. So I /Ly is
finitely generated, and hence so is I and P is finitely presented in 4M.
(3) This is shown with a similar diagram as in the proof of (2). 0

4.10. Corollary. Suppose that o[M] has a generator that is locally projective
in AM. Then T™ : \M — o[M] is an exact functor.

Proof. Let P € o[M] be a locally projective generator. Then clearly
o[M] = o[P] and T = TM(A) = Tr(P,A). By 4.5 and 4.7, T? = T and
TP = P. So T generates P and 4.8 applies. O

4.11. Projective covers in o[M|. Let o[M] be locally Noetherian and sup-
pose that A is f-semiperfect. Then the following are equivalent:

(a) the functor TM : ;M — o[M] is ezact;
(b) o[M] has a generator that is (locally) projective in AM;
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(c) there are idempotents {ex}n in A such that the Aey are in o[M]| and
form a generating set in o[M];

(d) o[M] is a semiperfect category.

Proof. (a) = (c) Let S be any simple module in ¢[M]. S is finitely
presented in o[M] and hence in 4M (by 4.9(2)). Since A is f-semiperfect, S
has a projective cover P in 4M (see 3.14). By 4.9(1), P € o[M] and clearly
P ~ Ae for some idempotent e € A. Now a representing set of simple modules
in o[M] yields the required family of idempotents.

(c) = (b) is obvious and (b) = (a) follows from 4.10.

(¢) < (d) This is clear by 3.12. O

A submodule N C M is said to be fully invariant if it is invariant under
endomorphisms of M, that is, N is an (A, S)-submodule. The ring of (A, 5)-
endomorphisms of M is the centre of S (e.g., [11, 4.2]).

4.12. Big cogenerators. An M-injective module @ € o[M] is said to be a
big injective cogenerator in o[M] if every cyclic module in o[M] is isomorphic
to a submodule of Q™. Clearly every big injective cogenerator in o[M] is a
cogenerator as well as a subgenerator in o[M]. Such modules always exist:
Let { Ny} be a representing set of the cyclic modules in o[M]. Then the
M -injective hull of @, Ny is a big injective cogenerator in o[M].
If M is locally of finite length, every injective cogenerator in o[M] is big.

4.13. Correspondence relations. Let () be a big injective cogenerator in
the category o[M].

(1) For every N € o[M], o[N] = o[Tr(N, Q)].

(2) The assignment o[N] — Tr(N, Q) yields a bijective correspondence be-

tween the subcategories of type o[N] of o[M] and the fully invariant
submodules of Q).

(3) If o[N] is closed under essential extensions (injective hulls) in o[M],
then Tr(N, Q) is an A-direct summand of Q.

(4) If M 1is locally Noetherian and Tr(N, Q) is an A-direct summand of Q,
then o[N] is closed under essential extensions in o[M].

(5) N € o[M] is semisimple if and only if Tr(N, Q) C Soc(4Q).

Proof. Since @ is M-injective, Tr(o[N], Q) = Tr(N, Q).

(1) Tr(V,Q) is a fully invariant submodule that, by definition, belongs
to o[N]. Consider any finitely generated L € o[N]. Then, by assumption,
L C QF, for some k € N, and hence L C Tr(L, Q)" C Tr(N, Q)*. This implies
N € o[Tr(N, Q).

Parts (2) and (5) are immediate consequences of (1).
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(3) If o[N] is closed under essential extensions in o[M], then Tr(N, Q) is
an A-direct sumand in @ (and hence is injective in o[M]).

(4) Let M be locally Noetherian and Tr(NV, Q) a direct summand of Q.
Consider any N-injective module L in o[N]. Then L is a direct sum of N-
injective uniform modules U € o[M]. Clearly U is (isomorphic to) a direct
summand of Tr(N, @) and hence of Q; that is, U is M-injective and so L is
M-injective, too. O

4.14. Sum and decomposition of subcategories. For any K, L € o[M]
we write o[K] N o[L] = 0, provided ¢[K] and ¢[L] have no nonzero module
in common. Given a family {N,}A of modules in o[M], define

ZAU[NA] = 0[@ANA].

o[M] = D 0[Ny,

provided, for every module L € o[M], L = @,7™ (L) (internal direct sum).
This decomposition of o[M] is known as a o-decomposition. The category
o[M] is o-indecomposable provided it has no nontrivial o-decomposition.

Moreover, we write

4.15. o-decomposition of modules. For a decomposition M = @, M,
the following are equivalent (cf. [12]):
(a) for any distinct \,;n € A, My and M, have no nonzero isomorphic
subfactors;
(b) for any distinct A\, p € A, o[My]| N o[M,] = 0;
(c) for any L € o[M], L =@, T"(L).
If these conditions hold, we call M = €, M a o-decomposition and in this

o[M] = @AU[MA].

4.16. Corollary. Let o[M]| = @, o[N,] be a o-decomposition of o[M]. Then
the trace functor TM is exact if and only if the trace functors T™ are ezact,

for all A € A.

4.17. Corollary. If M is a projective generator or an injective cogenerator
in o[M], then any fully invariant decomposition of M is a o-decomposition.

Proof. Let M = @, M) be a fully invariant decomposition. If M is a
projective generator in o[M], then every submodule of M), is generated by
M. Since the M, are projective in o[M], any nonzero (iso)morphism between
(sub)factors of M, and M, yields a nonzero morphism between M, and M,,.
So the assertion follows from 4.15.
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Now suppose that M is an injective cogenerator in o[M]. Then every
subfactor of M) must be cogenerated by M. From this it follows that for
A # 1, there are no nonzero maps between subfactors of M, and M,, and so
4.15 applies. O

As an example, consider the Z-module Q/Z = €D, iy Zp= and the de-
composition of the category of torsion Abelian groups as a direct sum of the
categories of p-groups,

MU=, . olz]
Notice that, although Q/Z is an injective cogenerator in My with a non-
trivial o-decomposition, My is o-indecomposable. This is possible since Q/Z
is not a subgenerator in My,



Chapter 2

Coalgebras and comodules

Coalgebras and comodules are obtained by dualising the notions of algebras
and modules. Throughout, R denotes a commutative and associative ring
with a unit.

5 Coalgebras

The main aim of this section is to introduce and give examples of coalgebras
and explain the (dual) relationship between algebras and coalgebras.

5.1. Coalgebras. An R-coalgebra is an R-module C' with R-linear maps
A:C—-C®rC and ¢:C — R,
called (coassociative) coproduct and counit, respectively, with the properties
(Ic®@A)oA=(A®Ic)oA, and ([c®e)oA=1Ic=(e® o) oA,

which can be expressed by commutativity of the diagrams

C = C®rC C —2 -CepC

Ic
A Ic®A A e®Ic
A®Ic

CRrC— Cr(CrC O®RCW C.

A coalgebra (C, A, ¢) is said to be cocommutative if A =tw o A, where
tw: CRrC —-C®rC, a®b— b® a,

is the twist map.

5.2. Sweedler’s Y-notation. For an elementwise description of the maps
we use the Y -notation, writing for ¢ € C'

k

A(C) :ZCZ‘@)&Z‘:ZCl@C;.

=1

The first version is more precise; the second version, introduced by Sweedler,
is very handy in explicit calculations. Notice that ¢; and ¢y do not represent

38
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single elements but families ¢, ..., ¢, and ¢4, . .., ¢ of elements of C' that are
by no means uniquely determined. Properties of ¢; can only be considered in
context with cy. With this notation, the coassociativity of A is expressed by

ZA(C;)@)C;:Z(/‘l;@)@z@%:ZCg@Cg@ng:ZC;@A(Cz)’

and, hence, it is possible and convenient to shorten the notation by writing
(A X Ic>A(C) = (IC &® A)A(C) = Z C1 & Co &® C3,
(Ic®@le®@A)(lc @A)A() = Y a®p®c®cy,

and so on. The conditions for the counit are described by

Z elc)er =c= Z c1e(cz).

Cocommutativity is equivalent to > ¢y ® cg = Y 3 ® 5.

R-coalgebras are closely related or dual to algebras. Indeed, the module
of R-linear maps from a coalgebra C' to any R-algebra is an R-algebra.

5.3. The algebra Homg(C, A). For any R-linear map A : C — C ®r C
and an R-algebra A, Hompg(C, A) is an R-algebra by the convolution product

frg=po(f®g)oA, ie, fxglc)=>Y  fle)glca),
for f,g € Hompg(C, A) and ¢ € C. Furthermore,

(1) A is coassociative if and only if Homg(C, A) is an associative R-algebra,
for any R-algebra A.

(2) C is cocommutative if and only if Homg(C, A) is a commutative R-
algebra, for any commutative R-algebra A.

(3) C has a counit if and only if Homg(C, A) has a unit, for all R-algebras
A with a unit.

Proof. (1) Let f,g,h € Homg(C, A) and consider the R-linear map
f:ARrRARRA — A, a1 ®as ® az — ajasas.

By definition, the products (f % g) * h and f * (¢ * h) in Hompg(C, A) are the
compositions of the maps

CorC

%

CRrC®rC

e
S

fRg®h A®RA®RA—ﬁ>A.
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It is obvious that coassociativity of A yields associativity of Homg(C, A).
To show the converse, we see from the above diagram that it suffices to
prove that, (at least) for one associative algebra A and suitable f, g, h €
Hompg(C, A), the composition fio (f ® g ® h) is a monomorphism. So let
A = T(C), the tensor algebra of the R-module C, and f = g = h, the
canonical mapping C' — T(C). Then fio (f ® g ® h) is just the embedding

(2) If C'is cocommutative and A is commutative,

Frgle)=2 flevgle) =) gler)f(ca) = g f (o),

so that Hompg(C, A) is commutative. Conversely, assume that Homg(C, A) is
commutative for any commutative A. Then

po (f®g)(Ale)) = po (f ®g)(two Alc)).

This implies A = tw o A provided we can find a commutative algebra A and
fyg € Hompg(C, A) such that po (f ® g) : C ®g C — A is injective. For this
take A to be the symmetric algebra S(C' @ C'). For f and g we choose the
mappings

C—-CaC, zw (2,0), C—-CaC, z+ (0,2),

composed with the canonical embedding C & C — S(C & C).

With the canonical isomorphism h : S(C') ® S(C) — S(C & C) and the
embedding A : C' — S(C), we form h™t oo (f ® g) = A® A. Since A\(C) is a
direct summand of S(C'), we obtain that A ® A is injective and so po (f ® g)
is injective.

(3) It is easy to check that the unit in Hompg(C, A) is

C =R A cw elc)la

For the converse, consider the R-module A = R @ C' and define a unital
R-algebra

p:ARrRA— A (r,a)® (s,b) — (rs,rb+ as).
Suppose there is a unit element in Homg(C, A),
e:C—-A=RdC, cw (g(c),\c)),

with R-linear maps ¢ : C' — R, A : C'— C. Then, for f: C — A, ¢+ (0,¢),
multiplication in Homg(C, A) yields

fre:C— A c—(0,(Ic ®e)oAlc)).



5. External properties of o[M] 41

By assumption, f = f*e and hence I = (Ic ® €) o A, one of the conditions
for € to be a counit. Similarly, the other condition is derived from f = e x f.
Clearly ¢ is the unit in Homg(C, R), showing the uniqueness of a counit

for C. O

Note in particular that C* = Hompg(C, R) is an algebra with the convolu-
tion product known as the dual or convolution algebra of C.

Notation. From now on, C' (usually) will denote a coassociative R-coalgebra
(C,;A ¢e), and A will stand for an associative R-algebra with unit (A, u,¢).

Many properties of coalgebras depend on properties of the base ring R.
The base ring can be changed in the following way.

5.4. Scalar extension. Let C' be an R-coalgebra and S an associative com-
mutative R-algebra with unit. Then C ®g S is an S-coalgebra with the co-
product

®Is

A:CopS 2 (C®r0)@r S = (C®rS)®s (C®RS)

and the counit e ® Is : C ®r S — S. If C' is cocommutative, then C Qg S is
cocommutative.

Proof. By definition, for any c® s € C ®pr S,
Ale®s) =) (®15)®s (@ 5).
It is easily checked that A is coassociative. Moreover,
(e®Is® Icpys) 0 Alc®s) = Z&t(cﬁc;@ s=c®s,

and similarly (I¢g,s ® e ® Ig) o A = Icgys is shown. Obviously cocommu-
tativity of A implies cocommutativity of A. O

To illustrate the notions introduced above we consider some examples.

5.5. R as a coalgebra. The ring R is (trivially) a coassociative, cocommu-
tative coalgebra with the canonical isomorphism R — R ®g R as coproduct
and the identity map R — R as counit.

5.6. Free modules as coalgebras. Let F' be a free R-module with basis
(fx)a, A any set. Then there is a unique R-linear map

AZF—>F®RF; fA’_)f)\®f/\7

defining a coassociative and cocommutative coproduct on F'. The counit is
provided by the linear map € : F' — R, f\ — 1.
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5.7. Semigroup coalgebra. Let G be a semigroup. A coproduct and counit
on the semigroup ring R[G] can be defined by

Ay : RG] = R[G]®r R[G], g— g®g, e1:R[G]— R, g 1.

If G has a unit e, then another possibility is

' e®e if g =e,
A, : R|G] — R|[G] ®g R|G], g'_){g(g)e—i—e@g if g # e.
. 1 if g =ce,
g5 R|G] — R, QH{O if g e.

Both A; and A, are coassociative and cocommutative.

5.8. Polynomial coalgebra. A coproduct and counit on the polynomial
ring R[X] can be defined as algebra homomorphisms by

Ay : RIX] — R[X]®r R[X], X' X'® X',
e1: RX]— R, X1, i=0,1,2,....

or else by

Ay RX] - RX|®@rRX], 1—1, X' (X®1+1®X),
g9 : R[X] — R, 1—1, X'—0, i=1,2,....

Again, both A; and A, are coassociative and cocommutative.

5.9. Coalgebra of a projective module. Let P be a finitely generated
projective R-module with dual basis py,...,p, € P and m,..., 7, € P
There is an isomorphism

P®gr P*— Endg(P), p® f+ [a— fla)p],

and on P* ®pg P the coproduct and counit are defined by

A:P*@pP— (P*@rP)®r (P*®rP), fRp— Y fOpomep,

e:PP@pP— R, f®pr— f(p).
By properties of the dual basis,

(IP®R,P* ®€ f®p Z.f@pﬂrz f®p,

showing that ¢ is a counit, and coassociativity of A is proved by the equality

Upspr @D)A(f@D) =) FOPOTENOT D = (A®Ipe,r)A(fOD).
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The dual algebra of P* ®pg P is (anti)isomorphic to Endg(P) by the bi-
jective maps
(P*®gr P)" = Homg(P* ®g P, R) ~ Homg(P, P**) ~ Endg(P),
which yield a ring isomorphism or anti-isomorphism, depending from which

side the morphisms are acting.

For P = R we obtain R = R*, and R* ®r R ~ R is the trivial coalgebra.
As a more interesting special case we may consider P = R". Then P* ®p P
can be identified with the matrix ring M, (R), and this leads to the

5.10. Matrix coalgebra. Let {e;;}1<ij<n be the canonical R-basis for
M, (R), and define the coproduct and counit

A My(R) = Mo(R) @ My(R), ey =) e ®eny,

IS Mn(R> — R, €ij — (52']‘ .
The resulting coalgebra is called the (n,n)-matriz coalgebra over R, and we
denote it by M:(R).

Notice that the matrix coalgebra may also be considered as a special case
of a semigroup coalgebra in 5.7.
From a given coalgebra one can construct the

5.11. Opposite coalgebra. Let A : C' — C' ®p C define a coalgebra. Then
A 025 C0rC "5 CRRC, ¢ Y ®c,

where tw is the twist map, defines a new coalgebra structure on C' known
as the opposite coalgebra with the same counit. The opposite coalgebra is
denoted by C'°°P. Note that a coalgebra C' is cocommutative if and only if C'
coincides with its opposite coalgebra (i.e., A = A™).

5.12. Duals of algebras. Let (A, p,¢) be an R-algebra and assume A to
be finitely generated and projective. Then there is an isomorphism

A"Qr A" = (A®rA)", f@g—[a®b— fla)g(b)],
and the functor Homg(—, R) = (—)* yields a coproduct
P AT — (ARr A)" =~ A" @r A
and a counit (as the dual of the unit of A)
=0 :A"> R, [ f(la).

This makes A* an R-coalgebra that is cocommutative provided g is commu-
tative. If R A is not finitely generated and projective, the above construction
does not work. However, under certain conditions the finite dual of A has a
coalgebra structure.
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6 Coalgebra morphisms

Morphisms are defined as R-linear map between coalgebras that respect the
coalgebra structures (coproducts and counits).

6.1. Coalgebra morphisms. Given R-coalgebras C' and C’, an R-linear
map f: C — (" is said to be a coalgebra morphism provided the diagrams

% ! cr c - o
)| | N
CopC 2L oo, R

are commutative. Explicitly, this means that
Nof=(fef)oA, and of=c

that is, for all ¢ € C,

S fle) @ fle) = fle)1® fe)y, and  £(f(c) =e(c).

Given an R-coalgebra C' and an S-coalgebra D, where S is a commuta-
tive ring, a coalgebra morphism between C' and D is defined as a pair («, )
consisting of a ring morphism o : R — S and an R-linear map v : C' — D
such that

Y:C®rS— D, c®s— v(c)s,
is an S-coalgebra morphism. Here we consider D as an R-module (induced
by a) and C ®pg S is the scalar extension of C.

As shown in 5.3, for an R-algebra A, the contravariant functor Hompg(—, A)
turns coalgebras to algebras. It also turns coalgebra morphisms into algebra
morphisms.

6.2. Duals of coalgebra morphisms. For R-coalgebras C and C', an R-
linear map f: C — C' is a coalgebra morphism if and only if

Hom(f, A) : Homg(C', A) — Hompg(C, A)
is an algebra morphism, for any R-algebra A.

Proof. Let f be a coalgebra morphism. Putting f* = Homg(f, A), we
compute for g, h € Homg(C’, A)

f(gxh) = po(g@h)oA'of=po(g@h)o(f@f)oA
= (gof)x(hof) = f(g9)=f(h),
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To show the converse, assume that f* is an algebra morphism, that is,
polg@h)olN of=po(g@h)o(f®f)oA,

for any R-algebra A and g, h € Hompg(C’, A). Choose A to be the tensor alge-
bra T(C) of the R-module C' and choose g, h to be the canonical embedding
C — T(C). Then po(g®h) is just the embedding C @rC — TH(C) — T(C),
and the above equality implies

Ao f=(f®f)oA,

showing that f is a coalgebra morphism. O

6.3. Coideals. The problem of determining which R-submodules of C are
kernels of a coalgebra map f : C'— (' is related to the problem of describing
the kernel of f ® f (in the category of R-modules Mg). If f is surjective, we
know that Ke (f ® f) is the sum of the canonical images of Ke f ®p C and
C®rKefin C ®r C. This suggests the following definition.

The kernel of a surjective coalgebra morphism f : C' — C’ is called a
coideal of C.

6.4. Properties of coideals. For an R-submodule K C C' and the canonical
projection p : C — C/ K, the following are equivalent:
(a) K is a coideal;
(b) C/K is a coalgebra and p is a coalgebra morphism;
(¢c) A(K) CKe(p®p) and e(K) = 0.
If K C C is C-pure, then (c) is equivalent to:
(d) A(K) CCRr K+ K®rC and e(K) = 0.
If (a) holds, then C'/K is cocommutative provided C' is also.

Proof. (a) < (b) is obvious.
(b) = (c) There is a commutative exact diagram

0 K C ? C/K

| 3 s

0—=Ke(p®p) —= CorC L% O/K @y C/K — 0,

where commutativity of the right square implies the existence of a morphism
K — Ke (p®p), thus showing A(K) C Ke (p®p). For the counit ¢ : C/K —
Rof C/K,&op=c¢ and hence ¢(K) =0

(c) = (b) Under the given conditions, the left-hand square in the above
diagram is commutative and the cokernel property of p implies the existence
of A. This makes C/K a coalgebra with the properties required.

(c) & (d) If K C Cis C-pure, Ke(p®p) =C@r K+ K®rC. 0
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6.5. Factorisation theorem. Let f : C — C' be a morphism of R-
coalgebras. If K C C is a coideal and K C Ke f, then there is a commutative
diagram of coalgebra morphisms

c 2t~ C/K
Sl
c'.

Proof. Denote by f: C/K — C' the R-module factorisation of f : C' —
C'. Tt is easy to show that the diagram

C/K C’

s iA,

C/K or C/K 1% crgn o

is commutative. This means that f is a coalgebra morphism. ad

6.6. The counit as a coalgebra morphism. View R as a trivial R-
coalgebra as in 5.5. Then, for any R-coalgebra C,

(1) € is a coalgebra morphism;

(2) if € is surjective, then Kee is a coideal.

Proof. (1) Consider the diagram

C : R e(¢)

L

CorC %> RopR ® ey _e(c1) ®e(ep).

The properties of the counit yield

D ele) ®eler) =) ele)ele) @1 =2 ae(e) @1 =clc)®1,

so the above diagram is commutative and ¢ is a coalgebra morphism.
(2)This is clear by (1) and the definition of coideals. 0

6.7. Subcoalgebras. An R-submodule D of a coalgebra C' is called a sub-
coalgebra provided D has a coalgebra structure such that the inclusion map
is a coalgebra morphism.
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Notice that a pure R-submodule D C C' is a subcoalgebra provided
Ap(D) Cc D®r D C C®gC and €|p : D — R is a counit for D. In-
deed, since D is a pure submodule of C, we obtain

AD(D)=D®RCQC®RD=D®RDCC@RC,

so that D has a coalgebra structure for which the inclusion is a coalgebra
morphism, as required.

From the above observations we obtain:

6.8. Image of coalgebra morphisms. The image of any coalgebra map
f:C — C"is a subcoalgebra of C'.

6.9. Coproduct of coalgebras. For a family {C)}, of R-coalgebras, put
C =, C,, the coproduct in Mg, iy : Cy, — C the canonical inclusions, and
consider the R-linear maps

Cr 25 C 00 CcCeC, e:C\— R
By the properties of coproducts of R-modules there exist unique maps
A:C—->C®rCwith Aoiy=A,, ¢e:C — Rwitheoiy=c¢,.

(C,A,¢) is called the coproduct (or direct sum) of the coalgebras C\. It is
obvious that the i) : Cy — C are coalgebra morphisms.

C' is coassociative (cocommutative) if and only if all the C) have the
corresponding property. This follows — by 5.3 — from the ring isomorphism

Hompg(C, A) = Homg (€D, Ch, A) ~ [[ Hompg(C), A4),

for any R-algebra A, and the observation that the left-hand side is an asso-
ciative (commutative) ring if and only if every component in the right-hand
side has this property.

Universal property of C = @, C\. For a family {f\ : C\ — C'}x of coal-
gebra morphisms there exists a unique coalgebra morphism f : C' — C" such
that, for all X € A, there are commutative diagrams of coalgebra morphisms

O/\L>C'
L
c.

Recall that for the definition of the tensor product of R-algebras A, B, the
twist map tw: A®r B — B®r A, a ® b+— b® a is needed. It also helps to
define the
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6.10. Tensor product of coalgebras. Let C' and D be two R-coalgebras.
Then the composite map

Ac®Ap

CopD “E2P(C @R C) @ (D ®p D) 2220,

(C®rD)®g (C®rD)

defines a coassociative coproduct on C' ®r D, and with the counits ¢ of C
and ep of D the map ec®ep : C®rD — R is a counit of C®rD. With these
maps, C' ®g D is called the tensor product coalgebra of C' and D. Obviously
C ®g D is cocommutative provided both C' and D are cocommutative.

6.11. Tensor product of coalgebra morphisms. Let [ : C — C' and
g : D — D" be morphisms of R-coalgebras. The tensor product of f and g
yields a coalgebra morphism

f®g:CrD — C'"®@rD'.

Proof. The fact that f and g are coalgebra morphisms implies commu-
tativity of the top square in the diagram

f®g

C®rD C'®r D’
AC®AD\L iAC@AD,
CRrC®rD®rD C'"RrC'"Qr D' @r D'
Io®twaIp J/ ilcl RtwRI

C®rD@rC oD 12 g D' @R @r D,

fRf®g®g
_ s

while the bottom square obviously is commutative by the definitions. Com-
mutativity of the outer rectangle means that f ® g is a coalgebra morphism.
g

To define the comultiplication for the tensor product of two R-coalgebras
C, D in 6.10, the twist map tw : C ®g D — D ®p C' was used. Notice that
any such map yields a formal comultiplication on C' ®g D, whose properties
strongly depend on the properties of the map chosen (see [3, 2.14]).
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7 Comodules

As before, R denotes a commutative ring, Mg the category of R-modules,
and C, more precisely (C, A, ¢), stands for a (coassociative) R-coalgebra (with
counit). We first introduce right comodules over C'.

7.1. Right C-comodules. For M € Mg, an R-linear map oM : M —
M ®p C'is called a right coaction of C' on M or simply a right C'-coaction.
To denote the action of o™ on elements of M we write o™ (m) = mg®@m,.

A C-coaction o™ is said to be coassociative and counital provided the
diagrams

oM oM
M M ®grC M — M ®rC
QM\L lIM@JA I l1M®€
QI\/I®IC M
M Xpr C M KR C XR C, M

are commutative. Explicitly, this means that, for all m € M,

> oM(mo)@my =) me®A(my), m =) mos(my).

In view of the first of these equations we can shorten the notation and write
(Iy ® A) 0 0™ (m) = 3 mo @ my @ my,

and so on, in a way similar to the notation for a coproduct. Note that
the elements with subscript 0 are in M while all the elements with positive
subscripts are in C.

An R-module with a coassociative and counital right coaction is called a
right C-comodule.

Recall that any semigroup induces a coalgebra (R[G], A1, e1) (see 5.7) and
for this the comodules have the following form.

7.2. Graded modules. Let G be a semigroup. Considering R with the trivial
grading, an R-module M is G-graded if and only if it is an R[G]-comodule.

Proof. Let M = @ M, be a G-graded module. Then a coaction of
(R[G], A1,e1) on M is defined by

oMM — M®g RG], my—m®eg.

It is easily seen that this coaction is coassociative and, for any m € M,

(I ® 51)QM(m) =Uu® 51)(2 my ® g) = ng =m.

geG geG



50 Chapter 2. Coalgebras and comodules

Now assume that M is a right R[G]-comodule and for all m € M write
oM(m) =37 camy ® g. By coassociativity,

Y mr@h@g=> myeg®g,

geG geG

which implies (m,), = d,m, and also o™(m,) = m, ® g. Then M, =
{my|m € M} is an independent family of R-submodules of M. Now couni-
tality of M implies

m = (Iy ®51)(ng ®g) = ng’
geG geG

and hence M = @, M,. 0

7.3. Comodule morphisms. Let M, N be right C-comodules. An R-linear
map f: M — N is called a comodule morphism (or (C-)colinear map) if and

only if the diagram

Y g— N

'QI\/I\L iQN
Mo, N, C

is commutative. Explicitly, this means that ¢ o f = (f ® I¢) o o™; that is,
for all m € M we require

D fm)e® f(m)y = f(mo) @my.

Clearly the sum of two C-morphisms is again a C-morphism and the
set Hom®(M, N) of C-morphisms from M to N is an R-module, which is
determined by the exact sequence in Mg,

0 — Hom® (M, N) — Hompg(M, N) == Homgz(M, N @z C),

where v(f) == oV o f — (f ® I¢) o oM.
The class of right comodules over C' together with the colinear maps form
an additive category which we denote by M.

7.4. Left C-comodules and their morphisms are defined symmetrically by
R-linear maps Mo : M — C®prM. Form € M we write Mo(m) = Y m_,@my,
and coassociativity is expressed as

Y mo®Mo(me) =Y Almoy) @my =Y m_s @m_ @my,
where the final expression is a notation. The condition for the counit reads
m =Y e(m_1)my.
The R-module of left C-morphisms is denoted by “Hom (M, N) and left

C-comodules and their morphisms again form an additive category that is
denoted by “M.
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An example of a left and right C-comodule is provided by C' itself. In
both cases coaction is given by A (the reqular coaction).

7.5. Kernels and cokernels in M. Let f : M — N be a morphism in
MC. The cokernel g of f in My, yields the exact commutative diagram

M NN NN L 0

|k

MerC 28 Nopo 2% Loy0 — 0,

which can be completed commutatively in M by some o* : L — L ®p C for
which we obtain the diagram

QN QN®IC
N—N®rC N®rC®rC
N
gl 9®Ici lg®10®fc
QL QL®IC
LHL(@RC & L@RC®RC
L

The outer rectangle is commutative for the upper as well as for the lower
morphisms, and hence

(QL®]C)ogLog:(]L®A)ogLog.

Now, surjectivity of g implies (o ® I¢) o o* = (I, ® A) o o, showing that
o" is coassociative. Moreover,

(Ir®e)ootog=(IL®ec)o(g@Ic) oo™ =g,

which shows that (I, ® €) o o = I.. Thus o is counital, and so it makes L
a comodule such that g is a C-morphism. This shows that cokernels exist in
the category M.

Dually, for the kernel h of f in Mg there is a commutative diagram

0 K ooy ! N

|l

0 —> KopC X pvopo L2 Ney O

where the top sequence is always exact while the bottom sequence is exact
under special conditions. If this is the case, the diagram can be extended
commutatively by a coaction o : K — K @5 C.

If moreover f is C®prC-flat then - dual to the proof for cokernels - it can be
shown that o is coassociative and counital. Thus kernels of C-morphisms
are induced from kernels in My provided certain additional conditions are
imposed.
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7.6. C-subcomodules. Let M be a right C-comodule. An R-submodule
K C M is called a C-subcomodule of M provided K has a right comodule
structure such that the inclusion is a comodule morphism.

If K is a C' ®g C-pure submodule of M, then K is a subcomodule of M
provided oM(K) C K ®x C C M @5 C.

7.7. Coproducts in M. Let {My, 0'}5 be a family of C-comodules. Put
M = @, M,, the coproduct in Mg, iy : M, — M the canonical inclusions,
and consider the linear maps

M

My 25 My ®rC C M ®gC.

Note that the inclusions i) are R-splittings, so that M, @ C C M ®r C'is a
pure submodule. By the properties of coproducts of R-modules there exists
a unique coaction

oM : M — M ®pC, such that oM o iy = o},

which is coassociative and counital since all the ¢} are, and thus it makes
M a C-comodule for which the iy : M), — M are C-morphisms with the
following universal property:

Let {f\: My — N}a be a family of morphisms in MC. Then there exists
a unique C'-morphism f : M — N such that, for each X € A, the following
diagram of C-morphisms commutes:

M,\LM

BN

N.

Similarly to the coproduct, the direct limit of direct families of C'-como-
dules is derived from the direct limit in Mpg.

7.8. Comodules and tensor products. Let M be in M and consider any
morphism f: X — Y of R-modules. Then:

(1) X ®g M is a right C-comodule with the coaction
Ix@0" : X®r M — X @z M @ C,

and the map f @Iy : X Qg M — Y ®@r M is a C'-morphism.
(2) In particular, X ®g C has a right C'-coaction

[X®A1X®RC—>X®RC®RC,

and the map f @ Io: X ®r C — Y ®g C is a C-morphism.
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(8) For any index set A, R™ @ C ~ C™) as comodules and there exists a
surjective C'-morphism

CN) S M ®@gC, for some .

(4) The structure map o™ : M — M @r C is a comodule morphism, and
hence M is a subcomodule of a C'-generated comodule.

Proof. (1) and (2) are easily verified from the definitions.
(3) Take a surjective R-linear map h : R) — M. Then, by (2),

holo: RN @rC — M @pC

is a surjective comodule morphism.

(4) By coassociativity, o is a comodule morphism (where M ®@p C has
the comodule structure from (1)). Note that pM is split by I; ® € as an R-
module; thus M is a pure submodule of M ® C' and hence is a subcomodule.

g

Similarly to the classical Hom-tensor relations (see 1.12) we obtain

7.9. Hom-tensor relations in M®. Let X be any R-module.
(1) For any M € MC, the R-linear map

¢ : Hom®(M, X @ C) — Homg(M, X), fr (Ix®¢e)of,
is bijective, with inverse map h — (h ® I¢) o oM.
(2) For any M, N € MY, the R-linear map
Y : Hom“(X®@zrM, N) — Homg (X, Hom® (M, N)), g [z — g(z®@-)],

is bijective, with inverse map h — [x ® m — h(x)(m)].

Proof. (1) For any f € Hom“(M, X ®g C) the diagram

M ! X®rC

o) e R

MORC oo X OrCOr G gy, X O C

is commutative, that is,

f=Ux®e®lc)o(f®Ic)o o™ = (o(f)®Ic)o o™

This implies that ¢ is injective.
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Since oM is a C-morphism, so is (h ® I¢) o o™, for any h € Hompg(M, X).
Therefore

go((h@[c)opM) = (]X®6)o(h®IC)OQM :ho(]M®€)ogM = h,
implying that ¢ is surjective.

(2) The Hom-tensor relations for modules provide one with an isomor-
phism of R-modules,

¥ Homg(X ®g M, N) — Hompg(X, Homg(M, N)). (%)
For any x € X, by commutativity of the diagram

M - X @M T ®m

m
®*)®Ic

MerC"—=X@r M@rC,  Mm)—>1zo"(m),

the map # ® — is a C-morphism. Hence, for any ¢ € Hom®(X @5 M, N),
the composition g o (z ® —) is a C-morphism. On the other hand, there is a
commutative diagram, for all A € Homg (X, Hom® (M, N)),

X@pM N r@m ——————— h(z)(m)
IX®QZ\/I\L lgN I I
X@rM®@rC — N®rC, r®@oM(m) —— (h(z)®Ic) 0 o™ (m).

This shows that 1»~'(h) lies in Hom“(X ®p M, N) and therefore implies
that ¢ in (x) restricts to the bijective map ¢ : Hom®(X ®r M,N) —
Hompg(X, Hom®(M, N)), as required. O

Unlike for A-modules, the R-dual of a right C-comodule need not be a
left C-comodule unless additional conditions are imposed. To specify such
sufficient conditions, first recall that, for a finitely presented R-module M
and a flat R-module C, there is an isomorphism (compare 2.9)

v 2 C ®@g Homp(M, R) — Hompg(M,C), c¢®h+—c® h(—).

7.10. Comodules finitely presented as R-modules. Let gC be flat and
M € MC such that gpM is finitely presented. Then M* = Hompg(M, R) is a
left C'-comodule by the structure map

Mo : M* — Homp(M,C) ~C @r M*, g+ (9@ Ic)o ™.
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Proof. The comodule property of M* follows from the commutativity of
the following diagram (with obvious maps), the central part of which arises
from the coassociativity of C' (tensor over R):

M* Hom® (M, C) Hom® (M, C®C) C®M*

l i A@Iy

C®M* —=> HomC® (M, C®C) —= Hom® (M, CoCaC) —== CoC M.

g
For X = R and M = (', the isomorphism ¢ describes the comodule
endomorphisms of C.

7.11. Comodule endomorphisms of C'.

(1) There is an algebra anti-isomorphism ¢ : End®(C) — C*, f s co f,
with the inverse map h — (h ® Ic) o A and so h € C* acts on c € C
from the right by

ch = (h®Ic)A(c) = > hlc))e

(2) There is an algebra isomorphism ' : “End(C) — C*, f+ e o f, with
the inverse map h — (Ic @ h) o A and so h € C* acts on ¢ € C from
the left by

h—c = (Ic ® h)A(c) = Z c1h(ca).
(3) For any f € C* and c € C,

A(f-c) Yo ®(f-c),

Ale~f) = Y(a~f)®cy,
A(f=c=g) = >(a-g) ® (f-c2),

Y.a®(c—f) = d(f-c)®co

(4) The coproduct A yields the embedding
C* ~ Hom“(C,C) — Hom®(C, C ®x C) ~ Endg(C).

Proof. (1) By 7.9(1), ¢ is R-linear and bijective. Take any f, g €
End“(C), recall that (f ® Ip) o A = Ao f, and consider the convolution
product applied to any ¢ € C,

(eof)x(eog)(c) = > e(f(er))elgle
= Eog[(5®fc)o
= cogl(e® )

)
®Ic) A( )]
o fle

)] = eolgof)lce).

(

O
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This shows that ¢ is an anti-isomorphism.
(2) For all f,g € “End (C), (Ic ® g) o A = A o g, and hence

(eof)*x(eog)(c) = > e(flcr))e(g(ca))
- gof[(lc®e)o(lc®g) A(c)]
= cogl(lc®e)oAog(c)=co(fog)le).

(3) By definition,
A(f=c) = A afle) = Xc
= Y a®cyufleyn) =

The remaining assertions are shown similarly.
(4) This follows from the Hom-tensor relations 7.9 for M =C =X . O

craf(c2)

i ® (f—ca).

Notice that in 7.11(1) the comodule morphisms are written on the left of
the argument. By writing morphisms of right comodules on the right side, we
obtain an isomorphism between C* and the comodule endomorphism ring.

The next theorem summarises observations on the category of comodules.

7.12. The category MC.

(1) The category M has direct sums and cokernels, and C' is a subgener-
ator.

(2) M is a Grothendieck category provided that C is a flat R-module.

(3) The functor —@5C : M — MY is right adjoint to the forgetful functor
(—)R : MC — MR.

(4) For any monomorphism f: K — L of R-modules,

fRIc: K®rC— LRrC

is a monomorphism in MC.

(5) For any family {My}s of R-modules, ([]y M) ®r C is the product of
th@ M)\ ®R C mn MC.

Proof. (1) The first assertions follow from 7.5 and 7.7. By 7.8(4), any
comodule M is a subcomodule of the C-generated comodule M @z C'.

(2) By 7.5, MY has kernels provided C' is a flat R-module. This implies
that the intersection of two subcomodules and the preimage of a (sub)co-
module is again a comodule. It remains to show that M® has (a set of)
generators. For any right C-comodule M, there exists a surjective comodule
map g : O — M ®zC (see 7.8). Then L := g~ (M) C C™) is a subcomod-
ule. Furthermore, for any m € M there exist £k € N and an element = in the
comodule C* N L € C* such that g(x) = m. Therefore m € g(C* N L). This
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shows that M is generated by comodules of the form C* N L, k € N. Hence
the subcomodules of C*, k € N, form a set of generators of M.

(3) For all M € MY and X € Mg, let o x denote the isomorphism
constructed in 7.9(1). We need to show that ¢,/ x is natural in M and X.
First take any right C-comodule N and any g € Hom® (M, N). Then, for all
f € Hom“(N, X ®5 C),

(orrx o Hom® (g, X @r O))(f) = (Ix ®¢) o Hom (g, X @r C)(f)
= (Ix®e)ofog
= Homg(g, X)((Ix ®¢) o f)
= (Homg(g, X) o onx)(f)-

Similarly, take any R-module Y and g € Homg(X,Y). Then, for any map
f € Hom® (M, X @ C),

Iy ® €) o (Hom“ (M, g ® Ic)(f))

(ear,y © Hom® (M, g @ Ic))(f) (

= (Iy®e)o(g®Ic)o f
(
(

= (g®e)of=go(Ix®e)of
Hompg(M, g) o parx)(f)-

This proves the naturality of ¢ and thus the adjointness property. Note that
the unit of this adjunction is provided by the coaction o™ : M — M @z C,
while the counit is Ix ® ¢ : X ®p C — X.

(4) Any functor that has a left adjoint preserves monomorphisms (cf. [3,
38.21]). Note that monomorphisms in M¢ need not be injective maps, unless
RC is flat.

(5) By (3), for all X € M there are isomorphisms

Hom®(X, ([T, My) ®& C) =~ Homg(X, [, My)
~ HAHOIHR(X, M)\)
~ HAHomC(X,MA@JRC).

These isomorphisms characterise ([[, M)) ®r C as product of the M, @ C
in M¢. O

7.13. C' as a flat R-module. The following are equivalent:
(a) C is flat as an R-module;
(b) every monomorphism in M is injective;
(¢) every monomorphism U — C in MC is injective;

(d) the forgetful functor M© — My respects monomorphisms.
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Proof. (a) = (b) Consider a monomorphism f : M — N. Since
rC' is flat, the inclusion i : Ke f — M is a morphism in M (by 7.5) and
foi= fo0=0implies + = 0, that is, Ke f = 0.

(b) = (c¢) and (b) < (d) are obvious.

(c) = (a) For every ideal J C R, the canonical map J ®rC — R®@gC is
a monomorphism in M by 7.12(4), and hence it is injective by assumption.
This implies that zC' is flat (see 1.16). 0

Recall that a monomorphism 7 : N — L in Mg is a coretraction provided
there exists p: L — N in Mz with poi = Iy.

7.14. Relative injective comodules. A right C-comodule M is said to be
relative injective or (C, R)-injective if, for every C-comodule map i : N — L
that is an R-module coretraction, and for every morphism f : N — M in
MY, there exists a right C-comodule map ¢ : L — M such that goi = f. In
other words, we require that every diagram in M¢

N : L

N

M

can be completed commutatively by some C-morphism ¢ : L. — M, provided
there exists an R-module map p: L — N such that poi = Iy.

7.15. (C, R)-injectivity. Let M be a right C-comodule.
(1) The following are equivalent:
(a) M is (C, R)-injective;

(b) any C-comodule map i : M — L that is a coretraction in My is
also a coretraction in MC;

(¢) the coaction o™ : M — M ®g C is a coretraction in M.
(2) For any X € Mg, X ®g C is (C, R)-injective.
is -injective, then, for any L € e canonical sequence
(3) If M is (C, R)-injective, then, for any L € M, the canonical seq

0 — Hom® (L, M) —— Homg(L, M) — > Hompg(L, M @5 C)

splits in Mp, where B = End®(L) and y(f) = o™ o f — (f ® I¢) o 0"
(see 7.3).
In particular, End®(C) ~ C* is a C*-direct summand in Endg(C).

Proof. (1) (a) = (b) Suppose that M is (C, R)-injective and take N = M
and f = Iy in 7.14 to obtain the assertion.
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(b) = (c¢) View M ®g C' as a right C-comodule with the coaction Ip; ® A,
and note that o™ : M — M ®p C is a right C-comodule map that has an
R-linear retraction Iy ® €. Therefore o™ is a coretraction in M.

(c) = (a) Suppose there exists a right C-comodule map h: M @rC — M
such that h o pM = I,;, consider a diagram

i

PN

M

as in 7.14, and assume that there exists an R-module map p : L — N such
that poi = Iy. Define an R-linear map ¢ : L — M as a composition

L o]
g: L —Q>L®RCJ£L®I>CM®RC s

Clearly, g is a right C'-comodule map as a composition of C'-comodule maps.
Furthermore,

goi = ho(fop®@Ic)ogroi=ho(fopoi®Ic)oo"
= ho(f®@lIc)oo™ = hoo'of = f,
where we used that both ¢ and f are C-colinear. Thus the above diagram
can be completed to a commutative diagram in M, and hence M is (C, R)-
injective.

(2) The coaction for X ®p C is given by 0*®r¢ = Iy ® A, and it is split
by a right C-comodule map Iy ® e ® I[o. Thus X @ C' is (C, R)-injective by
part (1).

(3) Denote by h : M ®r C — M the splitting map of o™ in M®. Then
the map

Homp(L, M) ~ Hom® (L, M ®5 C) — Hom®(L, M), f+ ho(f®I)o o,
splits the first inclusion in Mg, and the map
Hompg(L, M ®r C) — Hompg(L, M), g— hog

yields a splitting map Homp(L, M ®zC) — Homg(L, M) /Hom® (L, M), since
for any f € Hompg(L, M),

hovy(f)=f—ho(f®Ig)oo" e f+Hom (L, M).

O

If RC is flat, MY is a Grothendieck category by 7.12, so exact sequences
are defined in M¢ and we can describe
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7.16. Exactness of the Hom-functors. Assume rC to be flat and let
M € MC. Then:

om~ (—, : — Mg 15 a left exact functor.
1) Hom®(—, M) : M® — Mgy is a |
(2) Hom® (M, —) : M® — My, is a left exact functor.

Proof. (1) From any exact sequence X — Y — Z — 0 in MY we derive
the commutative diagram (tensor over R)

0 0 0
0 Hom®(Z, M) Hom® (Y, M) Hom (X, M)
0 Hompg(Z, M) Hompg(Y, M) Hompg(X, M)

0 — Homg(Z, M®C) —— Hompg(Y,M®C) —— Hompg(X, M®C),

where the columns are exact by the characterisation of comodule morphisms
(in 7.3). The second and third rows are exact by exactness properties of the
functors Hompg. Now the diagram lemmata imply that the first row is exact,
too.

Part (2) is shown with a similar diagram. O

An object Q € MY is injective in M if, for any monomorphism M — N
in M, the canonical map Hom® (N, Q) — Hom® (M, Q) is surjective.

7.17. Injectives in M®. Assume zC to be flat.

(1) Q@ € M is injective if and only if Hom®(—, Q) : M® — Mg, is ezact.

(2) If X € My, is injective in Mp, then X ®@p C is injective in MC.

(3) If M € M€ is (C, R)-injective and injective in Mg, then M is injective
in MC.

(4) C is (C, R)-injective, and it is injective in M provided that R is in-
gective in Mpg.

(5) If RM is flat and N is injective in M, then Hom® (M, N) is injective
m Mg.

Proof. (1) The assertion follows by 7.16.

(2) This follows from the isomorphism in 7.9(1).

(3) Since M is R-injective, assertion (2) implies that M ®p C' is injective
in M¢. Moreover, by 7.15, M is a direct summand of M ®xC as a comodule,
and hence it is also injective in M.
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Part (4) is a special case of (2).
(5) This follows from the isomorphism in 7.9(2). O
An object P € MY is projective in MC if, for any epimorphism M — N
in M, the canonical map Hom® (P, M) — Hom® (P, N) is surjective.
7.18. Projectives in M®. Consider any P € M.
(1) If P is projective in M, then P is projective in Mpg.
(2) If rC is flat, the following are equivalent:
(a) P is projective in MC;
(b) Hom®(P, =) : M® — Mgy, is ezact.

Proof. (1) For any epimorphism f: K — Lin Mg, K®QrC fele L®gC

is an epimorphism in M® and the projectivity of P implies the exactness of
the top row in the commutative diagram

Hom®(P, K ®p C') — Hom“(P,L ®p C) —=0

- -

Homp(P, K) —" "I Homp(P, L),

where the vertical maps are the functorial isomorphisms from 7.9(1). From
this we see that Hom(P, f) is surjective, proving that P is projective as an
R-module.

(2) This follows from left exactness of Hom® (P, —) described in 7.16. 0O

Note that, although there are enough injectives in M, there are possibly
no projective objects in M. This remains true even if R is a field.

7.19. Tensor product and Hom®. Let zC be flat, and consider M,N €
MC and X € My such that

(i) Mg is finitely generated and projective, and N is (C, R)-injective; or
(ii) Mg is finitely presented and X is flat in Mpg.

Then there exists a canonical isomorphism
v: X ®rHom®(M,N) — Hom®(M, X @z N), x®h— x® h(-).
Proof. Consider the defining exact sequence for Hom® (see 7.3),
(*)  0—Hom%(M, N) — Hompg(M, N) — Hompg(M,N @5 C).
Tensoring with Xg yields the commutative diagram (tensor over R)
0— X®@Hom (M, N) — X®@Hompg(M,N) — X @ Homg(M,N®C)
: : :

0 — Hom® (M, X ® N) — Hompg(M, X® N) —= Homp(M, X @ N® (),
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where the bottom row is exact (again by 7.3) and the vertical isomorphisms
follow from the finiteness assumptions in (i) and (ii) (cf. 2.9).

If X is flat, the top row is exact. On the other hand, if N is (C, R)-
injective, the sequence (x) splits by 7.15, and hence the top row is exact, too.
Therefore, in either case, the exactness of the diagram implies that v is an
isomorphism, as required. O



8. C-comodules and C*-modules 63

8 (-comodules and C*-modules

For any R-coalgebra C' the dual R-module C* = Hompg(C, R) is an associative
algebra. In this section we study the relationship between C'-comodules and
C*-modules.

8.1. C-comodules and C*-modules.
(1) Any M € MC is a (unital) left C*-module by

~ i C @M = M, feme (Iy® f)oo(m) =" mef(my).

(2) Any morphism h : M — N in MC is a left C*-module morphism, that
18,

Hom®(M, N) C ¢-Hom (M, N).

(3) There is a faithful functor from MY to o[c-C], the full subcategory of
oM consisting of all C*-modules subgenerated by C' (cf. 3.1).

Proof. (1) By definition, for all f,g € C* and m € M, the actions
f—(g—m) and (f * g)—m are the compositions of the maps in the top and
bottom rows of the following commutative diagram:

M @gpC

M M&pCopC 2% _or
% %

M ®rC

Clearly, for each m € M, e~m = m, and thus M is a C*-module.
(2) For any h: M — N in MY and f € C*, m € M, consider

h(f-m) = 3 h(mgf(m1)) = (Iyn® f)o(h®Ic)o o (m)
= (In® f)oo"oh(m) = f-h(m).

This shows that h is a C*-linear map.

(3) By 7.12, C'is a subgenerator in M and hence all C-comodules are sub-
generated by C' as C*-modules (by (1),(2)); thus they are objects in o[c+C],
and hence (1)—(2) define a faithful functor M¢ — o[c-C]. O

Now, the question arises when MY is a full subcategory of o[c+C] (or
o+M), that is, when Hom® (M, N) = Homg- (M, N), for any M, N € M®. In
answering this question the following property plays a crucial role.
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8.2. The a-condition. C is said to satisfy the a-condition if the map
ay : N®r C — Homg(C*,N), n®cw— [f+— f(c)n],
is injective, for every N € Mpg. By 4.7, the following are equivalent:

(a) C satisfies the a-condition;

(b) for any N € Mg and w € N ®@r C, (In ® f)(u) =0 for all f € C¥,
mmplies u = 0;

(c) C is locally projective as an R-module.

In particular, this implies that C' is a flat R-module, and that it is cogen-
erated by R.

8.3. MC as a full subcategory of -M. The following are equivalent:
(a) M€ = olcCl;
(b) MC is a full subcategory of ¢-M;
(c¢) for all M, N € M®, Hom® (M, N) = c-Hom(M, N);
(d) rC is locally projective;
(e) every left C*-submodule of C™, n € N, is a subcomodule of C™.

If these conditions are satisfied, the inclusion functor M¢ — M has a
right adjoint, and for any family {M,}x of R-modules,

(IIaMy) @k C = TI5(Ma @ O) € TT,(My @5 C),
where HC denotes the product in MC.

Proof. (a) & (b) < (c) follow by the fact that C' is always a subgenerator
of “M (see 7.12) and the definition of the category o[c+C] (cf. 3.1).

(a) = (d) The equality obviously implies that monomorphisms in M are
injective maps. Hence rC is flat by 7.12(4). For any N € Mp we prove the
injectivity of the map ay : N ® g C — Hompg(C*, N).

Homp(C*, N) is a left C*-module by

g'7(f>:'7(f*g)7 forvEHomR(C'*,N), f:gEO*v

and considering N ®p C' as left C*-module in the canonical way we have

an(g=(n @ ))(f) = 2on fle))gler) = n f+g(c) = [g-an(n @ JI(f),

for all f,g € C*, n € N, and ¢ € C. So ay is C*-linear, and for any right
C-comodule L there is a commutative diagram

c-Hom(L, N ®5 C) —=E Hom(L, Homg(C*, N))

gl lz

Hompg(L, N) — Hompg(L, N).
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The first vertical isomorphism is obtained by assumption and the Hom-tensor
relations 7.9, explicitly,

c-Hom(L, N ®g C) = Hom“ (L, N ®% C) ~ Hompg(L, N).
The second vertical isomorphism results from the canonical isomorphisms
o+Hom (L, Homg(C*, N)) ~ Homg(C* @c+ L, N) ~ Hompg(L, N).

This shows that Hom(L, ay) is injective for any L € MY, and so (the core-
striction of) ay is a monomorphism in M¢. Since rC' is flat, this implies
that oy is injective (by 7.13).

(d) = (e) We show that, for right C-comodules M, any C*-submodule N
is a subcomodule. For this consider the map

pn @ N — Homp(C*,N), n+— [f — f-n].

The inclusion 72 : N — M yields the commutative diagram with exact rows

0 N d M P M/N 0
&
0 N®grC ! M®gC rel M/N®grC 0

laN,C \LOCM,C iaAI/N,C
Hom(C* i)

0 — Hompg(C* N) ——"" Homg(C* M) —— Hompg(C*M/N),

where Hom(C*,4) 0 py = anrc 0 0™ oi. Injectivity of apy/y,c implies (p® 1) o
o™ oi =0, and by the kernel property o™ oi factors through N — N @z C,
thus yielding a C-coaction on N.

(e) = (a) First we show that every finitely generated C*-module N €
o[c+C] is a C-comodule. There exist a C*-submodule X C C™, n € N, and
an epimorphism A : X — N. By assumption, X and the kernel of h are
comodules and hence N is a comodule (see 7.5). So, for any L € o[c-C],
finitely generated submodules are comodules and this obviously implies that
L is a comodule.

It remains to prove that, for M, N € MY, any C*-morphism f : M — N
is a comodule morphism. Im f C N and Kef C M are C*-submodules
and hence — as just shown — are subcomodules of N and M, respectively.
Therefore the corestriction M — Im f and the inclusion Im f — N both are
comodule morphisms and so is f (as the composition of two comodule maps).

For the final assertions, recall that the inclusion o[c+C|] — ¢«M has a
right adjoint functor (trace functor, see 3.1) and this respects products. So the

isomorphism follows from the characterisation of the products of the M) @z C
in MY (see 7.12). O
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8.4. Coaction and C*-modules. Let rC be locally projective. For any
R-module M, consider an R-linear map o0 : M — M ®g C. Define a left
C*-action on M by

~C* @M — M, f@m (Iy® f)oo(m).

Then the following are equivalent:

(a) o is coassociative and counital;
(b) M is a unital C*-module by —.

Proof. The implication (a) = (b) is shown in 8.1. Conversely, suppose
that M is a unital C*-module by —, that is,

(f *g)=m = f~(g—m), forall f,g€C", meM.
By the definition of the action —, this means that
(In @ f@g)o(In@A)oe(m)=(In®f@g)o(e®lo)oom),

and from this gC locally projective implies (Ij; ® A)oo(m) = (0® I¢) o o(m)
(see 8.2), showing that ¢ is coassociative. Moreover, for any m € M, m =
e—~m = (I ®e) o p(m). O

8.5. Left C-comodules and right C*-modules.
(1) Any M € “M is a (unital) right C*-module by
i MrC* - M, m® f— (f®Iy)o (m mel
(2) Any morphism h: M — N in “M is a right C*-module morphism, so
“Hom (M, N) € Home- (M, N)

and there is a faithful functor “ M — o[Cc+] C Mg-.
(3) grC is locally projective if and only if “M = o[Cc-].

Since C' is a left and right C-comodule by the regular coaction, we can
study the structure of C' as a (C*, C*)-bimodule.

8.6. C as a (C*,C*)-bimodule. C is a (C*, C*)-bimodule by

~:C"@C—-C, fcr foc=Uc® f)oAlc),
~:0RC*—=C, cRgrc—g=(g®Ic)oA(c).

(1) For any f,g € C*, c € C,
fxg(c) = flg=c) = glc=f).
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(2) C is faithful as a left and right C*-module.

(8) Assume C to be cogenerated by R. Then for any central element f € C*
and any c € C, f—c=c—f.

(4) If C satisfies the a-condition, it is a balanced (C*,C*)-bimodule, that

18,
c+End(C) = End®(C) ~ C* ~ “End(C) = End¢-(C) and

c-Ende-(C) = “End®(C) ~ Z(C*),

where morphisms are written opposite to scalars and Z(C*) denotes the
centre of C*. In this case a pure R-submodule D C C' is a subcoalgebra
if and only if D is a left and right C*-submodule.

Proof. The bimodule property is shown by the equalities

(f2c)—g =(g@Ic® f)o((A®Ic)oA))(c)
=(g®Ilc®@f)o((lc®A)oA))(c) = f=(c—g).

(1) From the definition it follows

f(g—c)
gle=f).

frgle)=(f®@g)oAlc) =(f®Ic)o(lc®g)oAlc)
={c®g)o(f®lc)oAlc)

(2) For f € C*, assume f—c = 0 for each ¢ € C. Then applying (1) yields
f(e) =e(f-=c) =0, and hence f = 0.
(3) For any central element f € C*, by (1),

gle=f) = fxglc)=g= f(c) = g(f~c),

for all ¢ € C', g € C*. Since C' is cogenerated by R, this can only hold if, for
all ce O, c—f = f-c.

(4) The isomorphisms follow from 7.11, 8.3 and 8.5. Let D C C be a
pure R-submodule. If D is a subcoalgebra of C, then it is a right and left
subcomodule and hence a left and right C*-submodule. Conversely, suppose
that D is a left and right C*-submodule. Then the restriction of A yields a
left and right C-coaction on D and, by 1.21,

A(D)CD@RC NCRD=D®rD,

proving that D is a subcoalgebra. O
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8.7. When is M% = .M? The following are equivalent:
(a) M = o.M;
(b) the functor — @r C : Mg — o«M has a left adjoint;
(c) rC is finitely generated and projective;
(d) rC is locally projective and C' is finitely generated as right C*-module;
(e) “M = Mc-.

Proof. (a) = (b) is obvious (by 7.12(3)).

(b) = (c) Since — ®g C is a right adjoint, it preserves monomorphisms
(injective morphisms). Therefore, pC' is flat. Moreover —®p C' preserves
products, so for any family {My}, in My there is an isomorphism

(II\ M) @ C ~ [[,(M\®r C),

which implies that rC' is finitely presented and hence projective.

(¢) = (d) Clearly, projective modules are locally projective, and C' finitely
generated as an R-module implies that C' is finitely generated as a right (and
left) C*-module.

(d) = (a) By 8.6, C is a faithful left C*-module that is finitely gener-
ated as a module over its endomorphism ring C*. This implies that C is a
subgenerator in o~M, that is, M¢ = ¢[c+C] = ¢-M (see 3.6). O

The comodules of the coalgebra associated to any finitely generated pro-
jective R-module are of fundamental importance.

8.8. Projective modules as comodules. Let P be a finitely generated
projective R-module with dual basis pi,...,p, € P and my,...,m, € P*. Then
P is a right P* @k P-comodule with the coaction

o :P— PR (P*@rP), p—>,pi®mp.
P is a subgenerator in MT"®rP and there is a category isomorphism
M” R ~ MEndy(p)-
The dual P* is a left P* @ g P-comodule with the coaction
Po:P— (P*®@r P)@r P, fr 3, fop®m
Proof. Coassociativity of o’ follows from the equality
IoA)"(fep) =Y, fepemeoperep= (" el (fep).

By properties of the dual basis, (Ip ® €)o”(p) = Y, pimi(p) = p, so that P is
indeed a right comodule over P*®pz P. There exists a surjective R-linear map
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R" — P* that yields an epimorphism P" ~ R" @ P — P* ®p P in M7 "®rP,
So P generates P* @i P as a right comodule and hence is a subgenerator in
MP @rP Since P* ®p P is finitely generated and projective as an R-module,
the category isomorphism follows by 8.7.

A simple computation shows that P* is a left comodule over P* ®r P. O

As a special case, for any n € N, R” may be considered as a right comodule
over the matrix coalgebra M¢(R) (cf. 5.10).

For an algebra A, any two elements a,b € A define a subalgebra a Ab C A,
and for an idempotent e € A, eAe is a subalgebra with a unit. Dually, one
considers
8.9. Factor coalgebras. Let f,g,e € C* with e xe =e. Then:

(1) f~C«—g is a coalgebra (without a counit) and there is a coalgebra mor-
phism
C — f-Cwg, c+ foc—g.

(2) e~C'—e is a coalgebra with counit e and coproduct
e—~c—e Z e—C1—€ @ e—~Cy—€.

The kernel of C'— e~C—e is equal to (¢ — e)~C + C—(e — e).
(3) If C is R-cogenerated, and e is a central idempotent, then e—~C' is a
subcoalgebra of C'.

Proof. (1) For any f,g € C* consider the left, respectively right, co-
module maps Ly : €' — C, c— f-c, and R, : C — C, ¢ — c—g. Construct
the commutative diagram

Ly Ry

C C C
J
CorC e, 0ayC,
which leads to the identity AoRjoL; = (R,®Ly)oA. Putting § := Lo R, =

R, o Ly, we obtain the commutative diagram

C A2 .Cc®RC

] s
Lf®Rg

0(C) == Fy(C) @ Ly (€)== 8(C) @R 6(C).
Thus As = (L ® R,) o A makes §(C) a coalgebra. It is easily verified that

c—2 ~CepC

| e

5(C) —22-5(C) @ 8(C)
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is a commutative diagram, and hence 0 is a coalgebra morphism.

(2) The form of the coproduct follows from (1). For ¢ € C, e(e—~c—e¢) =
e x e(c—e) = e(c) showing that e is the counit of e~C«—e.

For z € C, e~x—e = 0 implies z—¢e = (¢ — e)—(z—¢) € (¢ —e)~C, and so

r=x—e+zx—(c —¢) € (e —e)~C+ C—(c —e).

This proves the stated form of the kernel.
(3) By 8.6, for a central idempotent e and ¢ € C, e~c—e = e—~c. Putting
f = g = e in (the proof of) (1) we obtain A.(e~C) C e~C ® e~C. 0

8.10. Idempotents and comodules. Let e € C* be an idempotent and
consider the coalgebra e~C«—e (as in 8.9).

(1) For any M € MY, e~M is a right e~C—e-comodule with the coaction
e~M — e~M ®re~C—e, e-m— Z e—~my ® e—~mj—e.

(2) For any f : M — N € MY, f(e~M) = e~f(M), and so there is a

covariant functor

es— MY — M6 M e M.

Y

(3) For any M € M®, M* is a right C*-module canonically and
Hompg(e—~M,R) = (e~M)* =~ M~ - e.

(4) The map ——e : e~C — e~C—e is a surjective right e~C—e-comodule
morphism, and so e~C' is a subgenerator in M€,

(5) (e=~C=—e)* =~ exC*xe, and hence there is a faithful functor M¢~¢“¢ —
e*C’**eM-

(6) If rC' is locally projective, then e~C«—e is a locally projective R-module

and

M = g pucrne €20 = 0leucrse e~Ciel.

Proof. (1), (3) and (4) are easily verified.

(2) By 8.1, right comodule morphisms are left C*-morphisms.

(5) The isomorphism in (3) holds similarly for the right action of e on C'
and from this the isomorphism in (5) follows.

(6) Clearly direct summands of locally projectives are locally projective,
and hence the assertion follows from (3) and 8.3. 0
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8.11. Finiteness Theorem. Assume rC' to be locally projective.

(1) Let M € MC. Every finite subset of M is contained in a subcomodule
of M that is finitely generated as an R-module.

(2) Any finite subset of C' is contained in a (C*,C*)-sub-bimodule that is
finitely generated as an R-module.

(3) Minimal C*-submodules and minimal (C*,C*)-sub-bimodules of C are
finitely generated as R-modules.

Proof. (1) Since any sum of subcomodules is again a subcomodule,
it is enough to show that each m € M lies in a subcomodule that is finitely
generated as an R-module. Moreover, by the correspondence of subcomodules
and C*-submodules, this amounts to proving that the submodule C*—~m is
finitely generated as an R-module. Writing o (m) = Zle m; ® ¢;, where
m; € C*—m, ¢; € C', we compute for every f € C*

fom=(Iy @ f)oo™(m) =31 miflc).

Hence C*—~m is finitely generated by my, ..., m; as an R-module.

(2) It is enough to prove the assertion for single elements ¢ € C. By (1),
C*—c is generated as an R-module by some c¢y,...,¢; € C. By symmetry,
each ¢;~—C™ is a finitely generated R-module. Hence C*-~c—C"* is a finitely
generated R-module.

(3) This is an obvious consequence of (1) and (2). 0

A right C-comodule N is called semisimple (in M) if every C-monomor-
phism U — N is a coretraction, and N is called simple if all these monomor-
phisms are isomorphisms. Semisimplicity of N is equivalent to the fact that
every right C-comodule is N-injective. (Semi)simple left comodules and bi-
comodules are defined similarly.

The coalgebra C' is said to be left (right) semisimple if it is semisimple
as a left (right) comodule. C' is called a simple coalgebra if it is simple as a
(C, C')-bicomodule.

8.12. Semisimple comodules. Assume that rC' is flat.
(1) Any N € MC is simple if and only if N has no nontrivial subcomodules.
(2) For N € MC the following are equivalent:
(a) N is semisimple (as defined above);
(b) every subcomodule of N is a direct summand;
(¢) N is a sum of simple subcomodules;

(d) N is a direct sum of simple subcomodules.
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Proof. (1) By 7.13, any monomorphism U — N is injective, and hence
it can be identified with a subcomodule. From this the assertion is clear.

(2) rC flat implies that the intersection of any two subcomodules is again
a subcomodule. Hence in this case the proof for modules (e.g., [10, 20.2]) can
be transferred to comodules. O

8.13. Right semisimple coalgebras. For C the following are equivalent:
(a) C is a semisimple right C-comodule;
(b) rC is flat and every right subcomodule of C' is a direct summand;
(c) rC is flat and C is a direct sum of simple right comodules;
(d) rC is flat and every comodule in M is semisimple;
(e) rC is flat and every short exact sequence in M splits;
(f) rC is projective and C' is a semisimple left C*-module;
(g) every comodule in MC is (C-)injective;
(h) every comodule in MY is projective;
(1) C is a direct sum of simple coalgebras that are right (left) semisimple;
(j) C is a semisimple left C-comodule.

Proof. (a) = (b) = (¢) = (d) = (e) Assume every monomorphism
1 : U — C to be a coretraction. Then ¢ is in particular an injective map, and
hence, by 7.13, rC' is flat. Now the assertions follow by 8.12.

The implications (e) = (g) and (¢) = (h) are obvious.

(h) = (f) By 7.18, any projective comodule is projective as an R-module.
In particular, C is a projective R-module, and hence M¢ = ¢[¢-C] and all
modules in o[c+C] are projective. This characterises C' as a semisimple C*-
module (see 3.7).

The implication (f) = (a) is obvious since M¢ = o[¢-C].

(g) = (a) This is obvious. Notice that, in view of (f), rC is projective,
and hence the C-injectivity of any comodule N implies that N is injective in
M = o[c-C].

(f) = (i) Let C be a left semisimple C*-module. Let {E;}; be a minimal
representative set of simple C*-submodules of C'. Form the traces D; :=
Tres (E;, C). By the structure theorem for semisimple modules (see 3.7),

C~ @IDZ‘7

where the D; are minimal fully invariant C*-submodules. Considering C*
as an endomorphism ring acting from the right, this means that the D; are
minimal (C*, C*)-submodules. By 8.6, each D; is a minimal subcoalgebra of
C and every subcoalgebra of D; is a subcoalgebra of C'. So every D; is a right
semisimple simple coalgebra.
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(i) = (f) It follows from the proof (a) = (f) that all simple comodules
of C are projective as R-modules and hence zC' is also projective. Now the
assertion follows.

(f) < (j) By 3.7, the semisimple module ¢+C' is semisimple over its en-
domorphism ring, that is, Cg- is also semisimple. Since “M = ¢[C¢-], the
assertion follows from the preceding proof by symmetry. ad

8.14. Simple coalgebras. For C the following are equivalent:
(a) C is a simple coalgebra that is right (left) semisimple;
(b) rC is projective and C'is a simple (C*, C*)-bimodule containing a min-
imal left (right) C*-submodule;
(c) C is a simple coalgebra and a finite-dimensional vector space over R/m,
for some mazximal ideal m C R.

Proof. (a) = (b) We know from 8.13 that gC' is projective. Clearly
a simple right subcomodule is a simple left C*-submodule. Let D C C be
a (C*,C*)-sub-bimodule. Then it is a direct summand as a left C*-module,
and hence it is a subcoalgebra of C' (by 8.6) and so D = C.

(b) = (c) Let D C C be a minimal left C*-submodule. For any maximal
ideal m C R, mD C D is a C*-submodule and hence mD = 0 or mD = D.
Since D is finitely generated as an R-module (by 8.11), mD = 0 for some
maximal m C R. Moreover, mC' = mD~C* = 0, and so C' is a finite-
dimensional R/m-algebra.

(c) = (a) is obvious. Notice that in this case M® = o«M (see 8.7). O

The Finiteness Theorem 8.11 and the Hom-tensor relations 7.9 indicate
that properties of R have a strong influence on properties of C-comodules.

8.15. Coalgebras over special rings. Let rC' be locally projective.

(1) If R is Noetherian, then C is locally Noetherian as a right and left
comodule, and in M® and M direct sums of injectives are injective.

(2) If R is perfect, then in MY and “M any comodule satisfies the descend-
ing chain condition on finitely generated subcomodules.

(3) If R is Artinian, then in M and “M every finitely generated comodule
has finite length.

Proof. All these assertions are special cases of 3.18. O

Notice that, over Artinian (perfect) rings R, gC' is locally projective if
and only if zC' is projective (any flat R-module is projective).
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9 The rational functor

We know from Section 8 that there is a faithful functor from the category
of right C'-comodules to the category of left C*-modules. Now we want to
study an opposite problem provided the a-condition is satisfied: Suppose M
is a left C*-module; does there exist a (maximal) part of M on which a right
C-coaction can be defined?

Throughout we rC' to be locally projective.

9.1. Rational functor. For any left C*-module M, define the rational sub-
module

Rat?(M) =T(M) =) {Im f| [ € c-Hom(U, M), U € M“},

where 7€ is the trace functor ¢«M — o[C] (cf. 3.1). Clearly Rat®(M) is the
largest submodule of M that is subgenerated by C, and hence it is a right
C-comodule. The induced functor (subfunctor of the identity)

Rat® : o-M — MY, M s Rat®(M),

is called the rational functor. Since Rat® is a trace functor, it is right adjoint
to the inclusion M¢ — <M (see 3.1) and its properties depend on (torsion-
theoretic) properties of the class M¢ in ¢-M. Of course Rat®(M) = M for
M € oM if and only if M € M®, and MY = M if and only if zC is
finitely generated and projective (see 8.7).

9.2. Rational elements. Let M be a left C*-module. An element k € M is
said to be rational if there exists an element » . m; ® ¢; € M @ C, such that

fk= Z}mif(ci), for all f € C™.

This means that, from the diagram

M m

A |

M @ C -2 Hompg(C*, M) m® c——[fr>mf(c)], [fr—fm],

we obtain ¥ (k) = an (D, m; ® ¢;) (see 8.2). Since it is assumed that ayy is
injective, the element » .m; ® ¢; is uniquely determined.

9.3. Rational submodule. Let M be a left C*-module.

(1) An element k € M is rational if and only if C*k is a right C-comodule
with fk= f=k, for all f € C*.
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(2) Rat® (M) = {k € M | k is rational}.

Proof. (1) Let k € M be rational and ), m; ® ¢; € M ®p C such that
fk=>,mif(¢) for all f e C*. Put K := C*k and define a map

0: K —- M®grC, kaZimi@)féci.
For f,h € C*,
aM(Zimi ® f=c;)(h) = Zimih(féc,-) =hxfk="h-fk.
So the map p is well defined since fk = 0 implies ap (>, m; ® f-¢;) = 0,
and hence ). m; ® f—c; = 0 by injectivity of ap;. Moreover, it implies that

ay o o(K) C Homg(C*, K), and we obtain the commutative diagram with
exact rows

K

|

K®rC M ®rC M/K@RC

laK \LQM \LO‘IM/K

0 — Hompg(C*, K) — Homg(C*, M) — Homg(C*, M/ K) — 0,

0

0

where all the « are injective. By the kernel property we conclude that o
factors through some o : K — K ®@p C, and it follows by 8.4 that o
coassociative and counital, thus making K a comodule. ad

As a first application we consider the rational submodule of C**. The
canonical map &4 : C — C** is a C*-morphism, since, for allc € C, f, h € C*,

Do (f-c)(h) = h(f-c) = h(cy) Dc(c)(h* f) = fPc(c)(h).

Hence the image of @ is a rational module. The next lemma shows that this
is equal to the rational submodule of C**.

9.4. Rational submodule of C**. ®¢ : C' — Rat®(C**) is an isomorphism.

Proof. Local projectivity of gC implies that ®¢ is injective. Let o :
Rat®(C**) — Rat®(C**) @ C denote the comodule structure map. For
v € Rat®(C*) write o(7) = Y% ® ¢;. Then, for any f € C*,

1) = £2e) = 3 Fledm(e) = F(E o),

where Y. 7v;(e)c; € C. So v € Im ®¢, proving that ®¢ is surjective. ad
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The rational submodule of o«C* is a two-sided ideal in C* and is called
the left trace ideal. From the above observations and the Finiteness Theorem
it is clear that Rat”(C*) = C* if and only if zrC is finitely generated.

Right rational C*-modules are defined in a symmetric way, yielding the
right trace ideal “Rat(C*), which in general is different from Rat®(C*).

9.5. Characterisation of the trace ideal. Let T = Rat®(C*) be the left
trace ideal.

(1) Let f € C* and assume that f—C is a finitely presented R-module.
Then f eT.

(2) If R is Noetherian, then T' can be described as

T, = {feC*|C*xf isa finitely generated R-module};

T, = {f e C*| Kef contains a right C*-submodule K, such that
C/K is a finitely generated R-module};

T3 = {feC*|f=C is a finitely generated R-module }.

Proof. Assertion (1) and the inclusion 7" C T; in (2) follow from the
Finiteness Theorem 8.11.

[Ty C Ty ]: For f € Ty, let C*x f be finitely R-generated by g1, ..., gx € C*.
Consider the kernel of C* x f,

k
K::ﬂ{KehyheC**f}:Q Keg; .

Clearly K is a right C*-submodule of C'. Moreover, all the C//Ke g; are finitely
generated R-modules, and hence

k
C/K C @ C/Keg;

i=1

is a finitely generated R-module. This proves the inclusion 77 C T5.

[Ty, C T3]: Let f € Ty. Since A(K) C C®r K, f-K =0 and f-C =
f—C/K is a finitely generated R-module, that is, f € Tj.

T35 C T]: For f € Ts, the rational right C*-module f—~C' is a finitely
presented R-module. Then, by 7.10, (f—C)* is a rational left C*-module.
Since e(f—c) = f(c) for all ¢ € C, we conclude f € (f—~C)* and hence f € T.

g

Before concentrating on properties of the trace ideal we consider density
for any subalgebras of C*. From the Density Theorem we know that for any
C-dense subalgebra T' C C* the categories M and o[rC] can be identified.
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9.6. Density in C*. For an R-submodule U C C*, the following assertions
are equivalent:

(a) U is dense in C* in the finite topology (of RC);

(b) U is a C-dense subset of C* (in the finite topology of Endg(C)).
If C is cogenerated by R, then (a), (b) imply:

(¢c) KeU={z € C|u(x)=0 for allu e U} =0.
If R is a cogenerator in Mg, then (c) = (b).

Proof. (a) < (b) It can be derived from 7.11 that the finite topologies
in C* and End“(C) can be identified.

(a) = (c) Let C be cogenerated by R. Then, for any 0 # = € C, there
exists f € C* such that f(z) # 0. Then, for some u € U, u(z) = f(x) # 0,
that is, ¢ € Ke U, and hence KeU = 0.

(¢) = (b) Let R be a cogenerator in Mg. Let f € C* and x4,...,2, € C.

Suppose that
f=(x1,...,2,) € U=(21,...,2,) C C".

Then there exists an R-linear map g : C"™ — R such that

g(f=(z1,...,2,)) # 0 and g(U—~(xy,...,2,)) =0.
For each u € U (by 8.6),

0= Zlgl(qul) = Zzu(l‘ﬁgz) = U(Zil’#gi)y

where ¢; : C — C™ -2 R, and this implies > Ti—g; =0 and

07 g(f~(21,... 20)) = Zigi(fAZBi) = Zif(%ggi) = f(ziifﬁgi) =0,

contradicting the choice of g. ad

9.7. Dense subalgebras of C*. For a subalgebra T' C C* the following are
equivalent:

(a) rC is locally projective and T is dense in C*;
(b) M€ = o[rC].
If T is an ideal in C*, then (a),(b) are equivalent to:
(c) C is an s-unital T-module and C satisfies the a-condition.
Proof. (a) < (b) There are embeddings M¢ C o[c~C] C o[rC]. Now
M€ = g[c-C] is equivalent to the a-condition while o[pC] = o[c-C] corre-
sponds to the density property.

(a) < (c) For an ideal T' the density property is equivalent to s-unitality
of the T-module C'. ad

Combining the properties of the trace functor observed in 4.8 with the
characterisation of dense ideals in 4.3, we obtain:
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9.8. The rational functor exact. Let T = Rat®(C*). The following state-
ments are equivalent:

(a) the functor Rat® : ;M — MC is ezact;
(b) MC is closed under extensions in ¢-M and the class

{X € &-M | Rat?(X) = 0}

18 closed under factor modules;
(c) for every N € M® (with N C C), TN = N;
(d) for every N € MC, the canonical map T®c«N — N is an isomorphism;
(e) C is an s-unital T-module;
(f) T*> =T and T is a generator in M¢;
(9) TC = C and C*/T is flat as a right C*-module;
(h) T is a left C-dense subring of C*.

9.9. Corollary. Assume that Rat® is exact and let T = Rat®(C*) C C*.
(1) MC is closed under small epimorphisms in ¢-M.
(2) If P is finitely presented in MY, then P is finitely presented in c-M.
(3) If P is projective in MC, then P is projective in c-M.
(4) For any M € MC, the canonical map c-Hom(C*, M) — ¢-Hom(T, M)
18 1njective.
Proof. (1)-(3) follow from Corollary 4.9.
(4) By density, for every f € c-Hom(C*, M), f(e) = tf(e) = f(t) for
some t € T, and hence f(7T') = 0 implies f(C*) = 0. O
Notice that the exactness of Rat®, that is, the density of Rat®(C*) in C*,
also has some influence on left C'-comodules.

9.10. Corollary. Assume that Rat® is eract and let T = Rat®(C*) C C*.
(1) For any N € “M, the canonical map Home«(C*, N) — Home- (T, N)
18 injective.
(2) “Rat(C*) C T and equality holds if and only if T € M.
Proof. (1) By the preceding remark, C' is also s-unital as a right 7-
module and hence the proof of Corollary 9.9(4) applies.

(2) By the density of T C C*, X-T = X, for each X € “M (see 4.3).
This implies

Home+ (X, C*) = Home« (X <T,C*) = Home« (X, C* % T') = Homes (X, T');

hence “Rat(C*) C T and “Rat(C*) = T provided T' € “M. 0
The assertion in 4.10 yields here:
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9.11. Corollary. Suppose that M® has a generator that is (locally) projective
in c«+M. Then Rat® : oM — MC is an exact functor.

Except when RC' is finitely generated (i.e., Rat®(C*) = C*) the trace
ideal does not contain a unit element. However, if C' is a direct sum of finitely
generated left (and right) C*-submodules, the trace ideal has particularly nice
properties.

9.12. Trace ideal and decompositions. Let T := Rat®(C*) and T' :=
C“Rat(C).
(1) If C is a direct sum of finitely generated right C*-modules, then T is
C-dense in C* and there is an embedding

7:T’—>@AT’*@ACT,

for a family of orthogonal idempotents {ex}p in T.

(2) If C is a direct sum of finitely generated right C*-modules and of finitely
generated left C*-modules, then T =T" and T is a projective generator
both in MY and M.

Proof. (1) Under the given conditions there exist orthogonal idempotents
{ea}a in C* with C' = @, ex—~C, where all ey~C' are finitely generated right
C*-modules. By the Finiteness Theorem 8.11, the ey—~C' are finitely generated
as R-modules, and they are R-projective as direct summands of C'. Now it
follows from 9.5(1) that ey € T. Clearly C' is an s-unital left T-module and
hence the density property follows (see 4.3).

Consider the assignment v : 7" — @, 1" ey, t — >t xey. For any
t €T, t « C* is finitely R-generated and so t * e, = 0 for almost all A € A.
Hence v is a well-defined map. Assume v(¢) = 0. Then, for any ¢ € C,
0 =txey(c) =t(ex—c), for all A € A, implying ¢ = 0.

(2) By symmetry, (1) implies 7 = 7" and so T' = @, T x e\ and T =
D, f.+T, where the { f, }o are orthogonal idempotents in C*, and the C'—f,,
are finitely R-generated (hence f, € T"). Clearly each T'xe, is a projective left
T-module and f, * T a projective right T-module. Now the density property
implies that 7" is a projective generator both in M and in “M (see 9.8). O

Notice that, in 9.12, ey € T’ need not imply that C'—e) is finitely R-
generated, unless we know that R is Noetherian (see 9.5).

9.13. Decompositions over Noetherian rings. Let R be Noetherian,
T = Rat®(C*) and T' = “Rat(C*). Then the following are equivalent:

(a) Cox and o«C are direct sums of finitely generated C*-modules;
(b) Cex is a direct sum of finitely generated C*-modules and T =T";
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(c) o+C is a direct sum of finitely generated C*-modules and T =T';
(d) C=T-C and T =T and is a ring with enough idempotents.
If these conditions hold, T is a projective generator both in M® and in M.

Proof. (a) = (b) follows by 9.12.

(b) = (d) Let C = @, ex—C, with orthogonal idempotents {e)}x in
C*, where all ex—~C' are finitely R-generated. Then ey € T =T and T =
@, T *ey. For any t € T, the module t~C is finitely R-generated (by 9.5)
and so

t—-C C e1—~C P --- @ e—~C, for some idempotents e; € {e)}a.

This implies t = (e +- - -+ex)xt € P, exxT. So P Txex =T = P, eaxT,
showing that T is a ring with enough idempotents.
(d) = (a) T =P, er*T, then

C=T-C=P ex-C,

and ey € T implies that ey—~C' is finitely R-generated. So, by 9.12, T" is dense
in C*, implying C'-T = C. Now symmetric arguments yield the decomposi-
tion of C' as a direct sum of finitely R-generated left C*-modules.

(¢) & (a) The statement is symmetric to (d) < (a).

If the conditions hold, the assertion follows by 9.12. O

Fully invariant submodules of C' that are direct summands are precisely

subcoalgebras that are direct summands, and they are of the form e—~C', where
e is a central idempotent in C*. Hence 9.13 yields:

9.14. Corollary. If R is Noetherian, the following are equivalent:
(a) C is a direct sum of finitely generated subcoalgebras;

(b) C is a direct sum of finitely generated (C*, C*)-sub-bimodules;
(c) T-C = C and T is a ring with enough central idempotents.
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10 Structure of comodules

Throughout this section we assume that C' is an R-coalgebra with zC locally
projective (see 8.2).

Let N be a right C-comodule. Then a C-comodule @ is said to be N-
injective provided Hom®(—, Q) turns any monomorphism K — N in M into
a surjective map. We recall characterisations from 3.3.

10.1. Injectives in MY. (1) For Q € M the following are equivalent:
(a) Q is injective in MY;
(b) the functor Hom®(—, Q) : M® — My, is exact;
(c) Q is C-injective (as left C*-module);
(d) Q is N-injective for any (finitely generated) subcomodule N C C;
(e) every evact sequence 0 — Q — N — L — 0 in MY splits.

(2) Every injective object in M is C-generated.

(3) Every object in MY has an injective hull.

A C-comodule P is N-projective if Hom®(P, —) turns any epimorphism
N — L into a surjective map.

10.2. Projectives in MC. (1) For P € MC the following are equivalent:
(a) P is projective in M ;
(b) the functor Hom® (P, —) : M® — My, is exact;
(c) P is C™-projective, for any set A;
(d) every ezact sequence 0 — K — N — P — 0 in M splits.
(2) If P is finitely generated and C-projective, then P is projective in MC.

Notice that projectives need not exist in M. As observed in 7.18, pro-
jective objects in M (if they exist) are also projective in Mp.

Over a Noetherian ring R, C'is left and right locally Noetherian as a C*-
module (by 8.15), and therefore we can apply 3.16 to obtain:

10.3. C as injective cogenerator in MC. If R is Noetherian, then the
following are equivalent:

(a) C is an injective cogenerator in MC;
(b) C is an injective cogenerator in “M;
(¢c) C is a cogenerator both in M and “M.
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10.4. C' as injective cogenerator in M¢«. If R is Artinian, then the
following are equivalent:

(a) C is an injective cogenerator in Mes;
(b) o-C is Artinian and an injective cogenerator in M¢;
(c) C is an injective cogenerator in MY and C* is right Noetherian.

If these conditions hold, then C* is a semiperfect ring and every right
C*-module that is finitely generated as an R-module belongs to M.

Proof. Since R is Artinian, C' has locally finite length as a C*-module.

(a) = (b) Assume C' to be an injective cogenerator in M¢+. Then, by
10.3, C is an injective cogenerator in M®. Now 3.17 implies that ¢-C is
Artinian.

(b) = (a) and (b) < (c) follow again from 3.17.

Assume the conditions hold. C* is f-semiperfect, being the endomorphism
ring of a self-injective module (see 3.15). So C*/Jac(C*) is von Neumann
regular and right Noetherian, and hence right (and left) semisimple. This
implies that C* is semiperfect.

Let L € Mg+ be finitely generated as an R-module. Then L is finitely
cogenerated as a C*-module, and hence it is finitely cogenerated by C'. This
implies L € “M. O

The decomposition of left semisimple coalgebras as a direct sum of (inde-
composable) subcoalgebras (see 8.13) can be extended to more general situ-
ations. Recall that a relation on any family of (co)modules { M)}, is defined
by setting (cf. [3, 44.11])

My ~ M,  if there exist nonzero morphisms M, — M, or M, — M,

and the smallest equivalence relation determined by ~ is given by

My ~ M, if there exist Ai,..., A\ €A,
such that My = My, ~---~ M,, = M,.

10.5. o-decomposition of coalgebras. Let R be a Noetherian ring.

(1) There exist a o-decomposition C' = @, Cx and a family of orthogonal
central idempotents {e)}x in C* with C\ = C—ey, for each A € A.

(2) Each Cy is a subcoalgebra of C, C5 ~ C* x ey, o|c+C)]| = U[C;C)\], and

MC = @AJ[C*C/\] = @AMCA.

(3) MY is indecomposable if and only if, for any two injective uniform
L,N €M, L=~ N holds.
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(4) Assume that R is Artinian. Then MY is indecomposable if and only if,
for any two simple Ey, Es € 0c+[C], E1 = Ey holds.

Proof. (1),(2) By the Finiteness Theorem 8.11, C'is a locally Noetherian
C*-module. Now the decomposition of MY (=0[c+C]) follows from module
theory (see 44.14. in [3]).

Clearly the resulting o-decomposition of C'is a fully invariant decompo-
sition, and hence it can be described by central idempotents in the endomor-
phism ring (= C*; see [3, 44.1]). Fully invariant submodules C\ C C' are in
particular R-direct summands in C' and hence are subcoalgebras (by 8.6). It
is straightforward to verify that Hompg(Cy, R) = C5 ~ C* % e, is an algebra
isomorphism. This implies o[c+Ch] = o[c;Cy] = M.

(3) is a special case of [3, 44.14].

(4) follows from [3, 44.14](3). Notice that E, ~ E, can be described by
extensions of simple modules (see [3, 44.11]). (The assertion means that the
Ext quiver of simple modules in M is connected.) O

Transferring [3, 44.7] we obtain:

10.6. Corollary. Let C' be a coalgebra with o-decomposition C = @, C,.
Then the left rational functor Rat® is exact if and only if the left rational
functors Rat™ are exact, for each C,.

Even for coalgebras C over fields there need not be any projective comod-

ules in M. We discuss the existence of (enough) projectives in M and the
projectivity of C'in MY or in oM.
Definition. A coalgebra C' is called right semiperfect if every simple right
comodule has a projective cover in M. If zrC is locally projective, this is
obviously equivalent to the condition that every simple module in o[c+C] has
a projective cover in o[c-C] (by 8.3), that is, M¢ = o[c-C] is a semiperfect
category.

Notice that a right semiperfect coalgebra C' need not be a semiperfect left
C*-module as defined in 3.10. The following characterisations can be shown.

10.7. Right semiperfect coalgebras. The following are equivalent:
(a) C is a right semiperfect coalgebra;
(b) M has a generating set of local projective modules;
(c) every finitely generated module in M has a projective cover.
If R is a perfect ring, then (a)-(c) are equivalent to:
(d) MY has a generating set of finitely generated C-projective comodules.

Proof. See 41.14., 41.16 and 41.22 in [3]. O

As an obvious application of 10.5 we obtain:
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10.8. o-decomposition of semiperfect coalgebras. Let R be Noetherian
and C with o-decomposition C = @, Cx. Then C is a right semiperfect
coalgebra if and only if the C\ are right semiperfect coalgebras, for all A € A.

We finally turn to the question of when C itself is projective in M¢ or
oM. Since C is a balanced (C*, C*)-bimodule, we can use standard module
theory to obtain some properties of C' as a locally projective C*-module.

10.9. C locally projective as C*-module.

(1) If C is locally projective as a left C*-module, then C' is a generator in
M.

(2) If C is locally projective as a left and right C*-module, then both Rat®
and “Rat are ezact.

Proof. (1) If ¢.C is locally projective, then, by [3, 42.10], Ce+ is a
generator in o[Ce<] = “M.

(2) Assume that both ¢«C and Cg« are locally projective. Then, by (1),
c+C' is a locally projective generator in o|c+C], and, by 9.11, Rat® is an exact
functor. Similar arguments show that “Rat is exact. O

10.10. C projective in M®. Assume that C is projective in MC.
(1) If C* is an f-semiperfect ring, or C' is C-injective, then C' is a direct
sum of finitely generated left C*-modules.
(2) If C* is a right self-injective ring, then C is a generator in “M.
(3) If C* is a semiperfect ring, then rC is finitely generated.

Proof. (1) This is a decomposition property of projective modules with
f-semiperfect endomorphism rings (see [3, 41.19]). If C' is self-injective, then
C* is f-semiperfect.

(2) As a self-injective ring, C* is f-semiperfect. By 9.12, (1) implies that C'
is s-unital over the right trace ideal 7", and so 7" is a generator (by 9.8). More-
over, right injectivity of C* implies that 7" = Tr(“M, C*) = Tr(C¢-, C*), and
so C' generates T" (see [3, 42.7] for the definition of a trace).

(3) This follows from (1) and [3, 41.19]. 0
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11 Coalgebras over QF rings

Recall that a QF ring R is an Artinian injective cogenerator in Mpg. We
consider R-coalgebras C' with gC locally projective. If R is a QF ring, then
this is equivalent to C' being projective as an R-module.

11.1. Coalgebras over QF rings. If R is a QF ring, then:
(1) C is a (big) injective cogenerator in MC.
(2) Every comodule in M€ is a subcomodule of some direct sum O™,
(3) C* is an f-semiperfect ring.
(4) K = Soce+-C < C and Jac(C*) = Homg(C/K, R).
(5) C* is right self-injective if and only if C is flat as left C*-module.

Proof. (1),(2) By 7.17, C is injective in M®. Over a QF ring R, every
R-module M is contained in a free R-module R™. This yields, for any right
C-comodule, an injection o™ : M — M ®r C C R® @z C ~ CW.

(3) The endomorphism ring of any self-injective module is f-semiperfect
(see 3.15).

(4) By 8.15, ¢«C' is locally of finite length and hence has an essential socle.
By the Hom-tensor relations (see 7.9),

Jac(C*) = Hom“(C/K, C) ~ Homg(C/K, R).

(5) For any N € M-, there is an isomorphism Homg(N ®c« C, R) =~
Home« (N, Homp(C, R)) = Home« (N, C*) (cf. [3, 40.18]). So, if C* is right
self-injective, the functor Homg(— ®@c+ C, R) : Mo« — Mpg is exact. Since R
is a cogenerator in Mg, this implies that — ®¢- C' is exact, that is, ¢-C' is
flat. Similar arguments yield the converse conclusion. O

By 4.17, For any injective cogenerator, fully invariant decompositions
(coalgebra decompositions) are o-decompositions (see [3, 44.8]). Consequently,
10.5 yields:

11.2. o-decomposition of C. If R is a QF ring, then:
(1) C has fully invariant decompositions with o-indecomposable summands.

(2) Each fully invariant decomposition (= decomposition into coalgebras) is
a o-decomposition.

(3) C is o-indecomposable if and only if C' has no nontrivial fully invariant
decomposition, that is, C* has no nontrivial central idempotents.

(4) If C' is cocommutative, then C' = @AE,\ is a fully invariant decompo-
sition, where {Ex}a is a minimal representing set of simple comodules
in MY, and E\ denotes the injective hull of E\.
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Proof. By 11.1, C is an injective cogenerator in o[c«C], and so (1), (2)
and (3) follow from 4.17 and 10.5. In (4), C* is a commutative algebra by
assumption, and so the assertion follows from [3, 43.7]. a

Over QF rings there is a bijective correspondence between closed subcat-
egories of MY and (C*, C*)-sub-bimodules in C. However, the latter need
not be pure R-submodules of ', and hence they may not be subcoalgebras.
Recall that injectivity of C'in M¢ implies Tr(c[N],C) = Tr(N, C), for any
N e MC.

11.3. Correspondence relations. Let R be a QF ring and N € MC. Then:
(1) o[N] = o[Tr(N,C)].

(2) The map o[N]| — Tr(N,C) yields a bijective correspondence between
closed subcategories of MC and (C*, C*)-sub-bimodules of C.

(3) o[N] is closed under essential extensions (injective hulls) in M if and
only if Tr(N, C) is a C*-direct summand of ¢~C. In this case Tr(N,C')
15 a subcoalgebra of C'.

(4) N is a semisimple comodule if and only if Tr(N,C) C Soc(c+C).
(5) If R is a semisimple ring, then Tr(N,C') is a subcoalgebra of C.

Proof. Since R is a QF ring, ¢«C' has locally finite length and is an
injective cogenerator in M. Hence (1)—(4) follow from 4.13. Furthermore, if
R is semisimple, the (C*, C*)-sub-bimodule Tr(N, C) is an R-direct summand
in C' and so is a subcoalgebra by 8.6. This proves assertion (5). ad

Since over a QF ring R any R-coalgebra C'is an injective cogenerator in
M and “M (by 11.1), the results from 10.4 simplify to the following.

11.4. C injective in M¢«. If R is QF, the following are equivalent:
(a) C is injective in Mes;
(b) C is an injective cogenerator in M,
(c) o«C is Artinian;
(d) C* is a right Noetherian ring.

Proof. 1In view of the preceding remark the equivalence of (b), (¢) and
(d) follows from 10.4. The implication (b) = (a) is trivial, and (a) = (c)
needs an argument from module theory (see [3, 8.3]). O

For finitely generated comodules, injectivity and projectivity in M¢ may
extend to injectivity, resp. projectivity, in ¢« M.



11. Coalgebras over QF rings 87

11.5. Finitely presented modules over QF rings. Let R be a QF ring
and M € MC.

(1) If M is projective in MY, then M* is C-injective as a right C*-module
and Rat®(M*) is injective in “M.
(2) If M is finitely generated as an R-module, then:
(i) if M is injective in MC, then M* is projective in Mcs.
(ii) M is injective in M if and only if M is injective in c-M.
(iii) M is projective in M if and only if M is projective in c-M.

Proof. (1) Consider any diagram with exact row in “M,

0 K N

|1

M* |

where N is finitely generated as an R-module. Applying (—)* = Hompg(—, R)
we obtain — with the canonical map ®,; : M — M™** — the diagram

MH M**
|
N~ K* 0,

where the lower row is in M¢ and hence can be extended commutatively by
some right comodule morphism g : M — N*. Again applying (—)* - and

recalling that the composition M* Dary s (2a)" M* yields the identity (by

[3, 40.23]) - we see that ¢* extends f to N. This proves that M* is N-injective
for all modules N € “M that are finitely presented as R-modules.

In particular, by the Finiteness Theorem 8.11, every finitely generated
C*-submodule of C' is finitely generated - hence finitely presented — as an
R-module. So M* is N-injective for all these modules, and hence it is C-
injective as a right C*-module (see 10.1). Notice that M* need not be in “M
(not rational). It is straightforward to show that Rat®(M*) is an injective
object in “M.

(2)(i) We know that M C R, for some k € N, and so there is a monomor-
phism in M€, MLM>M ®prC — RF@p C ~ C*, that splits in M® and
hence in o~M (by 8.1). So the dual sequence (C*)¥ — M* — 0 splits in M¢-,
and hence M™ is projective in M.

(ii) Let M be injective in MY. Then M* is projective in Mc- (by (i)).
Consider any monomorphism in M — X in ¢-M. Then X* — M* — 0 is
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exact and splits in Mg+, and hence, in the diagram

0 M X

]

0 —— M** —— X",

the bottom row splits in ¢+M and as a consequence so does the upper row,
proving that M is injective in o« M.

(iii) Let M be projective in M. Since M* is in “M (by 7.10), we know
from (1) that it is injective in “M. Now we conclude, by the right-hand
version of (i), that M ~ M** is projective in ¢-M. 0

As shown in 11.5, for coalgebras over QF rings, finitely generated projec-
tive modules in MY are in fact projective in ¢-M. This is the key to the
fact that in this case right semiperfect coalgebras are characterised by the
exactness of the left trace functor (so also by all the equivalent properties of
the trace functor given in 9.8).

11.6. Right semiperfect coalgebras over QF rings. Let R be QF and
T = Rat®(C*). Then the following are equivalent:

(a) C is a right semiperfect coalgebra;

(b) MC has a generating set of finitely generated modules that are projective
m oc+M;

(c¢) injective hulls of simple left C-comodules are finitely generated as R-
modules;

(d) the functor Rat® : o-M — MC is exact;

(e) T is left C-dense in C*;

(f) KeT ={x € C|T(x) =0} =0.

Proof. (a) < (b) If C is right semiperfect, there exists a generating set
of finitely generated projective modules in M (see 10.7). By 11.5, all these
are projective in ¢« M. The converse conclusion is immediate. R

(a) = (c) Let U be a simple left C-comodule with injective hull U — U
in “™M. Applying Homg(—, R) we obtain a small epimorphism in ¢«M,

(7*—>U*—>O,

where U* is a simple left C*-module. Moreover, since R is QF, we know that
U is a direct summand of Ce+, and so U* is a direct summand of C*, and
hence is projective in M. By assumption there exists a projective cover
P — U* in M. Since P is finitely generated as anR- module and projective
in MY, it is also projective in ¢~M (by 11.5), and hence U*~ P. So U* is

finitely generated as an R-module and so is U.
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(c) = (a) Let V. C C be a simple left C*-submodule. Then V* is a
simple right C*-module in “M. Let V* — K be its injective hull in “M. By
assumption, K is a finitely generated R-module, and so K* is a projective
C*-module (by 11.5) and K* — V** ~ V is a projective cover in M.

(b) = (d) The assumption implies that M® has a generator that is pro-
jective in o«M, and the assertion follows from 9.11.

(d) & (e) & (f) These equivalences follow from 9.8 and 9.6.

(d) = (c) Let V' C C be a simple left C*-submodule. Then U = V* is

a simple left C-comodule and there is a projective cover U* — V in oM
(see proof (a) = (c)). By 9.9, (d) implies that M is closed under small
epimorphisms and hence U* € M€ O

The conditions on left C*-modules (right C-comodules) posed in the pre-
ceding theorem imply remarkable properties of the left C-comodules.

11.7. Left side of right semiperfect coalgebras. Let C' be right semiper-
fect, R a QF ring and T = Rat®(C*). Then:
(1) the injective hull of any X € M s finitely R-generated, provided X is
finitely R-generated.
(2) For every X € “M that is finitely R-generated, Home- (T, X) ~ X .
(3) For every M € “M, the trace of M€ in M* is nonzero.
(4) Any module in “M has a mazimal submodule and has a small radical.

Proof. (1) Let X € “M be finitely generated as an R-module. Then
X has finite uniform dimension, and so its injective hull in “M is a finite
direct sum of injective hulls of simple modules, which are finitely generated
by 11.6(c).

(2) By (1), the C-injective hull X of X is finitely R-generated and hence
is C*-injective (see 11.5). So any f € Homes (T, X) can be uniquely extended
to some h: C* — X and h(e) € X, which is s-unital over T' (see 9.10). Hence

h(e) € h(e)-C* =h(e)- T =nT) = f(T) C X,

showing that h € Home«(C*, X) ~ X.
(3) For every simple submodule S C M with injective hull S in “M, there
are commutative diagrams

0—S——M M* — 5%

LA A

S Y §* I

where ¢ is injective and j is nonzero. By 7.10, S belongs to M¢ and so does
its nonzero image under j*.
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(4) Let M € “M. By (3), there exists a simple submodule Q C M* with
Q € MC. Then Ke@ = {m € M |Q(m) = 0} is a maximal C*-submodule of
M. This shows that all modules in “M have maximal submodules, and hence
every proper submodule of M is contained in a maximal C*-submodule. This
implies that Rad(M) is small in M. 0

11.8. Finiteness properties. Let R be a QF ring.

(1) If C is right semiperfect and there are only finitely many nonisomorphic
simple right C'-comodules, then rC' is finitely generated.

(2) If C is right semiperfect and any two nonzero subalgebras have non-zero
intersection (i.e., C is irreducible), then rC' is finitely generated.

(3) rC is finitely generated if and only if M has a finitely generated pro-
jective generator.

(4) C* is an algebra of finite representation type if and only if there are only
finitely many nonisomorphic finitely generated indecomposable modules
in MC.

Proof. (1) Since C¢- is self-injective, the socle of Co~ is a finitely gener-
ated R-module by [3, 41.23]. Hence Soc(Cc~) has finite uniform dimension,
and since Soc(Ce+) < C, C' is a finite direct sum of injective hulls of simple
modules in “M that are finitely generated R-modules by 11.7.

(2) Under the given condition there exists only one simple right C-como-
dule (up to isomorphisms), and the assertion follows from (1).

(3) If gC is finitely generated, then MY = oM. Conversely, assume
there exists a finitely generated projective generator P in M®. Then P is
semiperfect and there are only finitely many simples in M¢. Now (1) applies.

(4) One implication is obvious. Assume there are only finitely many non-
isomorphic finitely generated indecomposables in M. Since C' is subgener-
ated by its finitely generated submodules, this implies that M¢ has a finitely
generated subgenerator. Now [10, 54.2] implies that there is a progenerator
in M, and hence C is finitely generated by (3). O

Unlike in the case of associative algebras, right semiperfectness is a strictly
one-sided property for coalgebras — it need not imply left semiperfectness. The
next proposition describes coalgebras that are both right and left semiperfect.

11.9. Left and right semiperfect coalgebras. Let R be a QF ring, T =
Rat®(C*) and T' = “Rat(C*). The following are equivalent:

(a) C is a left and right semiperfect coalgebra;

(b) all left C-comodules and all right C'-comodules have projective covers;
(¢) T =T" and is dense in C*;

(d) c+C and Ce« are direct sums of finitely generated C*-modules.



11. Coalgebras over QF rings 91

Under these conditions, T is a ring with enough idempotents, and it is a
generator in MC.

Proof. (b) = (a) is obvious.

(a) = (b) By [3, 41.16], all finitely generated projective modules in M¢ are
semiperfect in MY. According to 3.10 and 3.11, a direct sum of projective
semiperfect modules in M is semiperfect provided it has a small radical.
Since this is the case by 11.7, we conclude that every module in M¢ has a
projective cover. Similar arguments apply to the category “M.

(a) < (c) This is obvious by the characterisation of exactness of the ra-
tional functor in 9.8 and 11.6.

(¢) < (d) follows from 9.12.

The final assertions follow from 9.12 and 9.8. O

For cocommutative coalgebras we can combine 11.9 with 11.2(4).

11.10. Cocommutative semiperfect coalgebras. Let R be QF and C
cocommutative. The following are equivalent:

(a) C is semiperfect;

(b) C is a direct sum of finitely generated C*-modules;

(c) C is a direct sum of finitely R-generated subcoalgebras;

(d) every uniform subcomodule (C*-submodule) of C' is finitely R-generated.

The trace functors combined with the dual functor (—)* define covariant
functors “Rat o (—=)* : M® — “M and Rat” o (=)* : “M — M. Over QF
rings, these functors clearly are exact if and only if “Rat, respectively Rat®,
is exact, that is, C'is left or right semiperfect. In this case they yield dualities
between subcategories of M¢ and “M.

Over a QF ring, projective comodules in M that are finitely generated as
left C*-modules are also projective in oM (see 11.5). Moreover, any direct
sum of copies of C' is C-injective as a left and right C*-module.

11.11. Projective coalgebras over QF rings. If R is QF, the following
are equivalent:

(a) C is a submodule of a free left C*-module;
(b) C (or every right C-comodule) is cogenerated by C* as a left C*-module;

(c) there exists a family of left nondegenerate C-balanced bilinear forms

C xC — R;
(d) in M every (indecomposable) injective object is projective;
(e) C is projective in MC;
(f) C is projective in ¢+M.
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If these conditions are satisfied, then C' is a left semiperfect coalgebra and C
is a generator in ©M.

Proof. (a) & (b) By 8.15, C' is a direct sum of injective hulls of simple
modules in M®. If C is cogenerated by C*, then each of these modules is
contained in a copy of C*, and hence C' is contained in a free C*-module.
Recall from 11.1 that C' is a cogenerator in M¢ and hence C* cogenerates
any N € MC provided it cogenerates C'.

(b) < (c) This is shown in [3, 6.6(2)].

(c) = (f) Let U be a simple left C*-submodule of C' with injective hull
U C Cin MC. Then U is a finitely generated R-module by [3, 6.6(3)]. Now
we conclude from 11.5 that U is injective in ¢+M. Being cogenerated by C*,
we observe in fact that U is a direct summand of C*, and hence it is projective
in ¢«M. This implies that C' is projective in ¢«M.

(f) = (a) and (f) = (e) are obvious, and so is (d) < (e) (by 11.1).

(e) = (f) C'is a direct sum of injective hulls U C C of simple submodules
U C C. By (e), U is projective in M. Since it has a local endomorphism
ring, we know from 3.9 that it is finitely generated as a C*-module and hence
finitely generated as an R-module (by 8.11). Now we conclude from 11.5 that
U is projective in ¢«M and so is C.

Finally, assume these conditions hold. By the proof of 11.11, the injective
hulls of simple modules in M® are finitely generated R-modules. By 10.7,
this characterises left semiperfect coalgebras, implying that the right trace
ideal T" := “Rat(C*) is a generator in “M. Now, by 11.5(1), T" is injective
in “M, and hence it is generated by C' and therefore C' is a generator in “M.
O

11.12. Corollary. Let R be QF and C projective in MC. Then the following
are equivalent:

(a) c+C contains only finitely many nonisomorphic simple submodules;
(b) Soc(c+C) is finitely generated as an R-module;

(c) C* is a semiperfect ring;

(d) rC is finitely generated.

Proof. (a) = (b) By the Finiteness Theorem, the homogeneous compo-
nents of the socle of C' are finitely generated a R-modules.

(b) = (c) We know that C* is f-semiperfect. Clearly Soc(¢+C) < C, and
hence C has a finite uniform dimension as a left C*-module. This implies
that C* is semiperfect.

(¢) = (a) For any semiperfect ring there are only finitely many simple left
(or right) modules (up to isomorphisms).

(¢) = (d) is shown in 10.10(3).



11. Coalgebras over QF rings 93

(d) = (b) follows from the fact that R is Noetherian. 0

From 11.1 we know that, over a QF ring R, C'is always an injective cogen-
erator in M®. Which additional properties make C' a projective generator?

11.13. C as a projective generator in M®. Let R be QF and T =
Rat®(C*). The following are equivalent:

(a) C is projective as left and right C-comodule;
(b) C is a projective generator in MC;
(c) C is a projective generator in “M;

(d) C =TC and T has enough idempotents and is an injective cogenerator
in MC.

Proof. (a) = (b) This is obtained from 11.11 and 10.9.

(b) = (a) By 11.11, C' is projective as a left C*-module and hence C* is
C-injective as a right C*-module (by 11.5). To show that C' is projective as
a right C*-module we show that C* cogenerates C' as a right C*-module. For
this it is enough to prove that each simple submodule U C C¢+ is embedded
in C*. By 8.11, U is a finitely generated R-module. Clearly U* is a simple
module in M¢, and hence there is a C*-epimorphism C' — U*. From this we
obtain an embedding U ~ U** C C*, which proves our assertion.

(a) & (c) is clear by symmetry.

(a) = (d) From the above discussion we know that C'is a left and right
semiperfect coalgebra. Hence T is a ring with enough idempotents and M¢ =
ole-T] by 11.9. Since C is projective, C' € T™ and hence T is a cogenerator
in M®. T is injective in M® by 11.5.

(d) = (b) Since T is projective in M, injective hulls of simple modules
in MY are projective, and so C' is projective in M. T is injective, and hence
it is generated by C. By our assumptions T is a generator in M and so is

C. O
In case C is finitely R-generated, M = .M and we obtain:

11.14. C' as a projective generator in oM. If R is QF, the following
are equivalent:

(a) C is a projective generator in ¢«~M;

(b) C is a generator in ¢«M;

(c) C is a generator in MY and gC is finitely generated;
(d) C* is a QF algebra and rC' is finitely generated.

Proof. (a) = (b) is obvious.
(b) = (c) As a generator in ¢«M, C is finitely generated as a module over
its endomorphism ring C*, and hence gC' is finitely generated.
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(c) = (d) Clearly C* is left (and right) Artinian. By assumption, C' is an
injective generator in ¢o«M. This implies that C* is self-injective and hence
QF.

(d) = (a) As a QF ring, C* is an injective cogenerator in M = oM.
From this it is easy to see that C' is a projective generator in ¢+ M. O
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12 Bialgebras

In this section we are concerned with the compatibility of algebra and coal-
gebra structures on a given R-module. In particular, we define bialgebras and
study their most elementary properties.

12.1. Bialgebras. An R-module B that is an algebra (B, p,t) and a coal-
gebra (B, A, ¢) is called a bialgebra if A and e are algebra morphisms or,
equivalently, p and ¢ are coalgebra morphisms. For A to be an algebra mor-
phism one needs commutativity of the diagrams

B®rB < B R : B
A®Al Ni lA
(B®g B) ®r (B ®g B) A R®p R—2%~ B®g B,
IB@tW@IBl

(B®r B) ®z (B®r B) £ B ®x B,

where tw denotes the twist map. Similarly, € is an algebra morphism if and
only if the following two diagrams

BerB-t~B

- N

R®r R——R, R

R

are commutative. The same set of diagrams makes p and ¢ coalgebra mor-
phisms. For the units 1z € B, 1 € R and for all a,b € B, the above diagrams
explicitly mean that

A(lB):lg(X)lB, 8(13):1R,
A(ab) = A(a)A(b), e(ab) = e(a)e(b).

Note that this implies that, in any R-bialgebra B, R is a direct summand
of B as an R-module and hence B is a generator in Mp.

12.2. Bialgebra morphisms. An R-linear map f : B — B’ of bialgebras is
called a bialgebra morphism if f is both an algebra and a coalgebra morphism.
An R-submodule I C B is a sub-bialgebra if it is a subalgebra as well as a
subcoalgebra. [ is a bi-ideal if it is both an ideal and a coideal.
Let f: B — B’ be a bialgebra morphism. Then:

(1) If f is surjective, then Ke f is a bi-ideal in B.
(2) Tm f is a subcoalgebra of B'.
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A remarkable feature of a bialgebra B is that the tensor product of B-
modules is again a B-module. First, recall that an R-module N is a B-module
if there is an algebra morphism B — Endg(NV).

12.3. Tensor product of B-modules. Let K, L be right modules over an
R-bialgebra B.

(1) K ®g L has a right B-module structure by the map
B2 B ®r B — Endgr(K) ®g Endg(L) — Endg(K ®g L) ;
we denote this module by K ®% L. The right action of B is given by
' K@prL®rB— KQ®rL, k®@I®b— (k®I1)Ab,
where the product on the right side is taken componentwise, that is,
(k@D'b:=(k1)Ab=> kb ®1by.

(2) For any morphisms f : K — K', g: L — L' in Mp, the tensor product
map fRg: K@% L — K' &% L' is a morphism in Mp.
Proof. (1) follows easily from the definitions. Assertion (2) is equivalent

to the commutativity of the following diagram:

K &b Lo Bl ot [/ o B

| |

f®g
K &% L K' @b L/,

which follows immediately from B-linearity of f and g. O

Of course similar constructions apply to left B-modules K, L, in which
case the left B-multiplication is given by

! 'BRrRK®rL— KQ®rL, bk®Il— Abk®I).

Explicitly, the product comes out as b! (k®1) = > bk ® byl.
Dually, the tensor product of comodules has a special comodule structure.

12.4. Tensor product of B-comodules. Let K, L be right comodules over
an R-bialgebra B.

(1) K ®@g L has a right B-comodule structure by the map (tensor over R)

twazo(oX ®or) Ik RILQu

oKl KL ————K®LB®B———>K®L®B,

where twoy = I @ tw® Ip. This comodule is denoted by K @4 L. Thus,
explicitly, for allk @1l € K ®% L,

M (k@ 1) = ko ®@lp © kyly.
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(2) For any morphisms [ : K — K', g: L — L' in MB, the tensor product
map fRg: K@% L— K %L s a morphism in MP,

Proof. (1) This is proved by computing for all k € K, [ € L,

(IK®[L®A)OQK®RL(]€®Z) = ZkQ®ZQ®A(klll)
ko ® 1o ® ky1li1 ® kislio

(QK®RL ® Ip) o QK®RL(k ).

To prove (2), take any k € K, | € L and compute

oo (fog)kel) = Y f(k)o®g(l)® f(k)1g(D),
= > [(ko) ®g(lo) ® kily
= (fog®lp)od"®rh(k®l).

This shows that f ® g is a comodule morphism, as required. O

The coaction constructed in 12.4 is known as a diagonal coaction of a
bialgebra B on the tensor product of its comodules.

In contrast to coalgebras, for a bialgebra B, any R-module K can be
considered as B-comodule by K — K ®g B, k — k ® 1 (trivial coaction).
In particular, the ring R is a right B-comodule, and this draws attention to
those maps B — R that are comodule morphisms.

Definition. An element t € B* is called a left integral on B if it is a left
comodule morphism.

Recall that the rational part of B* is denoted by Rat”(B*) = T and
o' : T — T ®p B denotes the corresponding coaction.

12.5. Left integrals on B. Let B be an R-bialgebra and t € B*.

(1) The following are equivalent:
(a) t is a left integral on B;
(b)) (Ip@t)oA=1r0t.

If B is cogenerated by R as an R-module, then (a) is equivalent to:

(c) For every f € B*, f+t= f(1p)t.

(2) Assume that rB is locally projective.
(i) Ift € T, thent is a left integral on B if and only if o* (t) = t®1p.

(ii) If R is Noetherian or if t(B) = R, then any left integral t on B
15 rational, that is, t € T'.
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Proof. (1) (a) < (b) The map t is left colinear if and only if there is a
commutative diagram

t

B

R

]

: t(b)
B@rB—>B A(b)r—— (Ig®t) o A(b) = t(b)15.

The commutativity of this diagram is expressed by condition (b).
(b) < (c) For any f € B* and b € B,

frtd) = (fet)oA() = f((Ip@t)oA)),
fAp)t) = f#)1s) = fleot(D)).

From this (b) = (c) is obvious. If B is cogenerated by R, then (c¢) = (b).
(2)(i) If t € T, that is, t is rational, then f*t = (Ip ® f) o o7 (t), for any
f € B*, and (1)(c) implies

(Ir @ f)le" () = (Ir @ [)(t @ 1p).

By local projectivity (a-condition; see 8.2) this means o (t) = t ® 15. The
converse conclusion is obvious.

(ii) By (1)(c), B**t C R1p. If R is Noetherian, this implies that B* x ¢ is
finitely presented as an R-module, and by 9.5(2) this implies that the element
t € Rat?(B*) =T. If t(B) = R, then t -B = (I ® t)A(B) = 10t(B) = R1p
is finitely presented as an R-module and ¢ € T" by 9.5(1). O

Throughout B will denotes an R-bialgebra with product u, coproduct A,
unit map ¢ and counit €.

12.6. B-Hopf modules. An R-module M is called a right B-Hopf module
if M is

(i) a right B-module with an action gy, : M ®g B — M,

(i) a right B-comodule with a coaction o™ : M — M ®p B,

(iii) for all m € M,b € B, o™ (mb) = o™ (m)A(b).

Condition (iii) means that o™ : M — M ®% B is B-linear and is equivalent

to the requirement that the multiplication gy : M ®% B — M is B-colinear,
or to the commutativity of either of the diagrams

oMeIp

M®°B
M@rB*~—’M @b, Ber B M®%B*—~M@%B®gB

oM i | QMl l@]w@lB
M M

M M®RB, M M®RB.

LS}
S}
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An R-linear map f : M — N between right B-Hopf modules is a Hopf
module morphism if it is both a right B-module and a right B-comodule
morphism. Denoting these maps by

Hom®% (M, N) = Homg(M, N) N Hom? (M, N),
there are characterising exact sequences in Mg,
0 — Hom®B(M, N) — Homp(M, N) - Homp(M, N &% B),
where y(f) = o o f — (f ® I5) 0 o™ or, equivalently,
0 — HomZ(M, N) — Hom®(M, N) - Hom®?(M &5, B, N),

where §(g) = onv o (g ® Ip) — g o oum-

Left B-Hopf modules and the corresponding morphisms are defined simi-
larly, and it is obvious that B is both a right and a left B-Hopf module.

12.7. Trivial B-Hopf modules. Let K be any R-module.
(1) K ®g B is a right B-Hopf module with the canonical structures

[K®AK®RB—>(K®RB)®RB, [K®u (K®R3)®RB—>K®RB

or any R-linear map [ : — K', the map fQlp: KQrb — QR
2) F R-1i K — K', th Ip: K®rB — K'®QrB
18 a B-Hopf module morphism.

Proof. We know that K ®g B is both a right B-module, and a co-
module and the compatibility conditions are obvious from the properties of
a bialgebra. It is clear that f ® Ig is B-linear as well as B-colinear. O

12.8. B-modules and B-Hopf modules. Let N be any right B-module.

(1) The right B-module N @% B is a right B-Hopf module with the canonical
comodule structure

IN®A:N®LB — (N®%YB)®r B, n®br—n® Ab.

(2) For any B-linear map f : N — N’ the map f®@Ip: N@%B — N'®%B
1s a B-Hopf module morphism.
(3) The map

1s a B-Hopf module morphism.
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Proof. (1) To show that Iy ® A is B-linear one needs to check the
commutativity of the following diagram:

N @t By B-222%8 . (N @b B) @b Bop B

!i l!

A
N &% B e (N &b B)@% B.

Evaluating this diagram at any a,b € B and n € N yields

(In @A) ((n@b)A(a)) = > nay @ (bag); @ (bag)s
= Z Tl(ll & blag X bg%
= ((Uv®A)(n @) Ala),
by the multplicativity of A and the definition of the diagonal B-action on
(N ®@% B) @% B (cf. 12.3).
(2) It was shown in 7.8 that f® I is a comodule morphism, and we know

from 12.3 that it is a B-module morphism.
(3) Clearly vy is B-colinear, and for any ¢ € B,

v(n®@bc) = (n® 1p)A(bc) = (n® 15)(Ab)(Ac) = yn(n @ b)A(c),

showing that ~y is right B-linear. O

12.9. B-comodules and B-Hopf modules. Let L be a right B-comodule.

(1) The right B-comodule L ®% B is a right B-Hopf module with the canon-
1cal module structure

IhQpn: LB B —-LR®L,B, n®b®ar— nX ba.

2) For any B-colinear map f : L — L', the map fRIp : LQ%B — L'®%B
R R
1s a B-Hopf module morphism.

(3) There is a B-Hopf module morphism
VLGB —LegB, @b o"(1)(1p®0b).

Proof. (1) To prove the colinearity of I, ® u one needs to show the
commutativity of the diagram

L &% B &% B il L& B
QL®CB®CB\L \LQL@)CB
L®%B®%B®Rs B2 [ 8¢ BorB,
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which follows from the multiplicativity of A.
(2) Clearly f ® Ip is B-linear, and, as shown in 12.4, it is also B-colinear.
(3) Obviously % is right B-linear, and colinearity follows from the com-
mutativity of the diagram (which is easily checked)

L
L®%B il L®grB | ® b S lo®@1b

mBl lzm I I

L
L4 BorBr 2 L@rBorB Yy @by ® Liby— 3 lo ® l1by & labs.

This completes the proof. O

Right B-Hopf modules together with B-Hopf module morphisms form a
category that is denoted by MZE.

12.10. The category Mg. Let B be an R-bialgebra.
(1) The right B-Hopf module B ®@% B is a subgenerator in M5.
(2) The right B-Hopf module B @% B is a subgenerator in M5.
(3) For any M € M2, N € Mg,

Hom(M, N @) B) — Homp(M, N), f = (Iy @) o f.

is an R-module isomorphism with inverse map hw— (h ® Ig) o oM.

(4) For any M € ME, N € M?Z,
Homg(N ®§% BaM) —>H0rnB(N,M), f'_> f(_®1B)a

is an R-module isomorphism with inverse map h v oy o (h® Ig).
(5) For any K, L € Mg,

Hom?% (K ®p B,L ®g B) — Homg(K,L), f— (I;®¢)o f(—®1p),
18 an R-module isomorphism with inverse map hw— h ® Ip.
Proof. (1) Let M € M2. For a B-module epimorphism f : BWY — M,
folg: BYe%YB - MehB
is an epimorphism in M2 (by 12.8), and so M ®% B is generated by
A
B® &% B~ (Bh B)™.

Moreover, o : M — M ®Y% B is a ( B-splitting) Hopf module monomorphism,
and so M is subgenerated by B @Y% B.
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(2) For any M € M2, there is a comodule epimorphism B — M ®p B,
and from this we obtain a Hopf module epimorphism

(Be% B ~ BN g% B — (M @ B) ®% B.

Moreover, there is a Hopf module monomorphism ¢ ® Iz : M @4 B —
(M ®g B) ®% B and a Hopf module epimorphism M ®9% B — M, and hence
M is subgenerated by B ®% B.

(3) There is a commutative diagram with exact rows (® means ®%),

0 —> HomE (M, N@ B) —> Hom® (M, N© B) 2> Hom® (M ® B, N® B)
l(h\@ﬁ)o i(IN(@E)O
Hompg(M, N) —2~ Homp(M® B, N),

|
|
v
0 Homp(M, N)
where 01(f) = f o om — ongp o (f ® Ip) and Ba(g) = go om — on © (9 ® I).
As shown in 7.9, the second and third vertical maps are isomorphisms and
hence the first one is also an isomorphism.
(4) Consider the commutative diagram with exact rows (® for ®%),

0 — HomZ(N®B, M) — Homg(N® B, M) > Homp(N® B, M & B)
I

l—o<—®13> l—o<—®13>

Homp (N, M) —2— Homp(N, M®B),

|
A
0 Hom? (N, M)

where 71 (f) = 0" o f = (f ® Ip) 0 o"*F and 12(g) = 0" 0 g — (9 ® I) 0 o*.
The second and third vertical maps are isomorphisms and hence the first one
is an isomorphism, too.

(5) View K as a trivial B-comodule. Then K ®% B ~ K ®g B, and, by
(4) and 7.9, Hom% (K ®g B, L ®g B) ~ Hom” (K, L ®p B) ~ Homg(K, L),
as required. O

12.11. ME for Bg flat. Let B be flat as an R-module and M,N € ME.
Then:

(1) MZE is a Grothendieck category.
(2) The functor Hom5(M, —) : ME — Mg, is left exact.
(8) The functor Hom%(—, N) : ME — Mgy, is left exact.

Proof. (1) For any morphism f : M — N in MZ, Ke f is a B-submodule
as well as a B-subcomodule (since Bp flat) and hence Ke f € M2,
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ny exact sequence ) — X — Y — Zin induces the commutative
2) Any t 0 — X — Y — Zin ME induces th tati
diagram with exact columns

0 0 0
0 Hom% (M, X) Hom%(M,Y) Hom?2(M, Z)
0 Homp(M, X) Homp(M,Y) Hompg(M, Z)

0 — Homp(M, X ®% B) — Homp(M,Y @% B) — Homp(M, Z®4% B).

The columns are simply the defining sequences of Hom3 (M, —) in 12.6. The
second and third rows are exact because of the left exactness of Homg (M, —)
and — ®g B. Now the diagram lemmata imply that the first row is exact.
(3) This is shown with a similar diagram that uses — ®$, B instead of
— ®’1>% B. O

12.12. Coinvariants of comodules. For M € M®, the coinvariants of B
in M are defined as

M“P :={me M| ¢™m)=m®lp} =Ke(o" — (- ®15)).
This is clearly an R-submodule of M and there is an isomorphism
Hom” (R, M) — M5, f— f(1),

where R is considered as a B-comodule. In particular, this implies that
B®B = R1p. Furthermore, for any R-module K,

Hom? (K, M) ~ Homp(K, MP),
where K is considered as a trivial B-comodule.

The last isomorphism follows by the fact that f € Hom®” (K, M) is equiv-
alent to the commutativity of the diagram

K—1 ——n e f(k)
Aol
K ®p B 22 M @p B k@ lg— f(k)® 15 = oM (f(k)).
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12.13. Coinvariants of Hopf modules. For any M € MZ, the map
var : HomB (B, M) — M“? i f(1p),

is an R-module isomorphism with the inverse wy : m +— [b+— mb|. Further-
more, the diagram

Homb (B, M) @z B— M f®b——— f(b)

|

M f(lg) @b——=f(1p)b

VZW@”B\L

McoB ®R B

1s commutative. In particular, Homg(B, B) —> B®B = R1g is a ring iso-
morphism.

Proof. The isomorphism v, is obtained from the following commutative
diagram of R-module maps with exact rows:

0 — Hom%(B, M) — Homp(B, M) —">Homp(B, M @ B)
I
I
\i

-

72

0 McoB M M ®R B’
where v, (f) = oM o f — (f ® Ig) o A, that is, the top row is the defining
sequence of HomE (B, M), and v5(m) = o™ (m) —m ® 1p. 0

12.14. Coinvariants of trivial Hopf modules.
(1) For any K € My, Hom%(B, K @ B) ~ K as R-modules.
(2) For all L € My and M € MZE, there are R-module isomorphisms

Hom2(L&rB, M) ~ Hompg(L, M°?) and EndZ(B®gB) ~ Endg(B).
(3) There is an adjoint pair of functors
—~®rB:Mp — ME, Hom%(B,—): ME — Mg,
and Hom% (B, — @ B) ~ Iu,.

Proof. (1) Consider R as a B-comodule as in 12.10(4). Then the Hom-
tensor relation 7.9(1) implies

Homg(B,K@JR B) ~ Homg(R ®% B, K @ B) ~ Hom? (R, K ©p B) ~ K.
(2) Combining 12.10(4) and 12.12, one obtains the chain of isomorphisms
Hom?%(L ®r B, M) ~ Hom”(L, M) ~ Hompg(L, M®5).

(3) By 12.13, the adjointness is just an interpretation of the isomorphism
in (2), and, by (1), the composition of the two functors is isomorphic to the
identity functor on Mg. ad



12. Bialgebras 105

12.15. Coinvariants and B-modules. For any N € Mg, the map
VNeB HomB(B,N ®% B) — N, f+ (Ixy®¢)o f(1p),

is an R-isomorphism with the inverse n — [b — Y nby ® by|. Furthermore,
the diagram

Hom7(B,N @% B) ®p B—— N &% B g br——-——g(b)

V5V®B®]BJ/ l

N®gB w N&h% B (In®e)g(lp)®@b—sg(1p)ADb,

where vy is described in 12.8(3), is commutative. This yields in particular
(B ®@% B)* ~ Hom5(B, B4 B) ~ B,

and the commutative diagram

Hom?%(B, B ®% B) @ B— B ®% B h® a—————— h(a)

| |

B®gpB 2z BehB (Izg®e)h(lp) ® a— h(1p)Aa.

Proof. By 12.10, Hom%(B, N ®% B) ~ Hompg(B, N) ~ N and commu-
tativity of the diagrams is shown by a straightforward computation. O

12.16. Invariants. Let A be an R-algebra A and ¢ : A — R a ring mor-
phism. Considering R as a left A-module, one may ask for the A-morphisms
from R — M, where M € 4M. Define the invariants of M by

AM ={m e M |am = p(a)m for all a € A}.
Then the map sHom(R, M) — “M, f +— f(1), is an R-module isomorphism.

12.17. Invariants for bialgebras. For any bialgebra B, the counit ¢ is a
ring morphism and hence induces a left and right B-module structure on R.
Therefore, for any left B-module M, the invariants of M corresponding to ¢
come out as

BM = {m € M | bm = ¢(b)m for all b € B}.
Furthermore, the map pHom(R, M) — BM, f — f(1), is an R-module iso-
morphism. The left invariants ZB of B are called left integrals in B,
pHom (R, B) ~ B = {c € B | bc = ¢(b)c for all b € B}.

Right invariants and right integrals in B are defined symmetrically .

On the other hand, for the dual algebra B*, the map ¢ : B* — R,
f— f(1p), is a ring morphism. Coinvariants of right B-comodules are closely
related to invariants of left B*-modules corresponding to ¢.
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12.18. Invariants and coinvariants. Let B be a bialgebra that is locally
projective as an R-module (cf. 8.2).

(1) For any M € MB, B'M = M<B.
(2) For the trace ideal T = Rat®(B*), BT = T*PB.
(3) If By is finitely generated, then B'B* = (B*)<B.

Proof. (1) Let m € P°M and f € B*. From f-m = > mgf(m;) we
conclude
(I ® f)e" (m) = (I ® f)(m ® 1).

Now local projectivity of B implies that oyp;(m) = m®1g, that is, m € M5B,
as required. Conversely, take any m € M“? and compute

fom = (I ® f)o" (m) = mf(1p) = me(f).

This shows that m € 2'M, and therefore B'M = M5,

(2) From the definition of the trace ideal we know that T € MP; hence
the assertion follows from (1).

(3) If Bg is finitely generated and projective, then T' = B* and the asser-
tion follows from (2). O

Every Hopf module M € M2 is a right B-comodule, and hence it is a left
B*-module (in the canonical way). This yields an action of B ® g B* on M,

B?@rB*@r M — M, (a® f)@m+— (a® f)o™(m) = ngaf(ml).

This action is obviously an R-linear map, but it does not make M a module
with respect to the canonical algebra product in B?” @z B*. On the other
hand, there exists a different multiplication on B? ® B* that makes M a
module over the new algebra. Denote this product by “?”. For all a € B,
f,g € B*, and m € M, a product ? has to satisfy the associative law

[(a® f)?7(b®@g)l(m) = (a® f)((b®g)m) = > (a® f)(mebg(m,))
= >_mgbia f(mibs)g(mz)
= > mgbia (ba—f) * g(m1)
= D_obia® (by—f) * gl(m).

From this we can see how the multiplication ? on B’ ® p B* should be con-
structed in order to possess the desired properties.

12.1. Smash product B?#B*. Consider an algebra B°P# B*, which is
1somorphic to the tensor product B’ @z B* as an R-module and has the
product

(a# f)(b#g) == (Ab)(a#])) (1p#g) = > bia#(bs—f) * g,
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where a# f = a® f is the notation. Then BP#B* is an associative R-algebra
with unit 1g#<, and the maps

B? —  BP#4B* a+ a#e,
B* — BOp#B*’ leB#fu

are injective ring morphisms, making every left B# B*-module a right B-
module and a left B*-module. The algebra B°P# B* is called a smash product.
Every M € M2 is a left B?# B*-module, and therefore M is embedded

in opovyps|B @Y% B] C powyp-M. If By is locally projective, then
ME = opyp[B @Y% B] = opyp[B ®% BJ.

In particular, MB = poryp-M provided that Bgr is finitely generated and
projective.

Proof. The first assertions are immediate consequences of the action
considered above and the definition of the product #. The local projectivity
implies that the right B-comodule structures correspond to left B*-module
structures.

If By is finitely generated and projective, then there is a right coaction
(see 7.10) B* — Endg(B) ~ B*®r B, g — (Ip- ® g) o A. The map

B* @3 B — BT#B’, f®bw b,

is an isomorphism of left B?# B*-modules. Indeed, note that, for any b, x € B
and f,g € B*,

> (-1 (go(x)g1) = (b—F)(Ip ® g)A(z) = (b—f) * g(x).

Using these identities we compute

(a#f)g@b) = (a® [)e"#P(g@b) =3 g ®biaf(gibs)
= > bia#(ba—f)(g1)90 = D_bia#(ba—f) * g
= (a#f)(b#9),
that is, the map defined above is a morphism of left B°?# B*-modules. Clearly

it is an isomorphism. Therefore, B?#B* € M2 and hence M2 = gopyp«M.
O
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13 Antipodes and Hopf algebras

13.1. The ring (Endg(B),*). For any R-bialgebra B, (Endg(B),*) is an
associative R-algebra with product, for f,g € Endg(B),

frg=po(f@g)oA,

and unit ¢ o g, that is, 1 o €(b) = €(b)1p, for any b € B (cf. 5.3). If B is com-
mutative and cocommutative, then (Endg(B), %) is a commutative algebra.

Definitions. An element S € Endg(B) is called a left (right) antipode if it is
left (right) inverse to Ip with respect to the convolution product on Endg(B),
that is, S % Ip = to¢c (resp. Ig xS = 1o¢). In case S is a left and right
antipode, it is called an antipode. The corresponding conditions are

po(S®Ig)oA=1oe, po(lg®@S)oA=ro0¢.
Explicitly, for all b € B, an antipode S satisfies the following equalities:
2S5 (by) by = e(b)1p = 2015 (by) -

Left and right antipodes need not be unique, whereas an antipode is unique
whenever it exists. A bialgebra with an antipode is called a Hopf algebra.
Antipodes are related to the right Hopf module morphism

YvB:B®rB— B®% B, a®b— (a®1p)Ab=>"ab @ by.
Notice that vg is also a left B-module morphism in an obvious way.

13.2. Existence of antipodes. Let B be an R-bialgebra.
(1) B has a right antipode if and only if vg has a left inverse in gM.
(2) If B has a left antipode, then g has a right inverse in gM.
(3) B is an isomorphism if and only if B has an antipode.
Proof. (1) If § is a left inverse of vp, for all b € B, 1z ® b = o

v8(1p ®b) = B(Ab) holds. This implies that toe(b) = (Ip®¢) o B(Ab). Then
S=(Ip®e)of(lp® —): B — B is aright antipode since

po(Ip®8)o Ab) =y bi((Is ®)3(1p ®by)) = (Ip @) 0 B(AD) = Loe(b),

where we used that [ is left B-linear.
Now suppose that S : B — B is a right antipode. Then

B:B®%B—B®rB, a®b— (a®1p)(S®Ip)(Ab) = aS(b) @by,
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is a left inverse of v, since for any b € B,

Bovp(lp®b) =p(Ab) = (u®Ip)o(Ip®S®Ip)o(Ip®A)(Ab)
= (u®@Ip)o(Ip®S®Ip)o(A®Ip)(Ad)
= Y no(S®Ip)(Aby) @by
= Z{:‘(bl)lB@bz = 1B®b

(2) Let S be a left antipode, that is, o (S® Ip)(Ab) = toe(b), for b € B.
Then

B:B@%B—B®@rB, lp®b (S@I5)(Ab) =Y S(b) @by,
is a right inverse of vp, since
o f(lp ®b) =1p((S @ Ip)(Ab)) = > S(by)by ® by
= Z€<bl)13®b2 = 1B®b

(3) Suppose that vp is bijective. Take any f € Endg(B) and observe that
if po(Ip® f)(Ab) =0, for all b € B, then f = 0. Indeed, any element in
B ®pr B can be written as a sum of elements of the form (a ® 15)(Ab) and

po(Ip® f)((a®1p)(Ab)) = a(u((Is @ f)(Ab))) =0,

implying pu(Ip ® f)(B®gr B) = Bf(B) =0, and so f =0, as claimed.
By (1), there exists a right antipode S, and for this we compute

po(lp®po(S®lp)oA)(Ad)

— joUp®u)o (s ®S® In)o (I @ A)(A)
= po(p®Ig)o(Ig®@S®Ip)o(A®Ip)(Ab)
b

= 2 e(b)by = b = po(Ip®roc)(Ab).
By the preceding observation this implies po (S® Ig)oA = toe, thus showing
that S is also a left antipode. O

13.3. Properties of antipodes. Let H be a Hopf algebra with antipode S.
Then:

(1) S is an algebra anti-morphism, that is, for all a,b € H, S(ab) =
S()S(a), and Sov=.

(2) S is a coalgebra anti-morphism, that is, two (S ® S)o A = Ao S and
goS=c¢.

(3) If S is invertible as a map, then, for any b € H,

> ST by)by = e(b) 1y =Y baS7 (by)
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Proof. (1) Consider the convolution algebra H := (Homz(H®rH, H), %)
corresponding to the canonical coalgebra structure Ayg,n on H @ H with
the counit € = ¢ ® ¢. In particular, the unit in H comes out as

it HopH 25 R - H.
In addition to the product p: H ®g H — H, consider the R-linear maps
v:H®rH — H, a®br— S(b)S(a), p:H®rH — H, a®b+— S(ab).

To prove that S is an anti-multiplicative map, it is sufficient to show that
p¥p = pkv = o€ (the identity in H). By the uniqueness of inverse elements
we are then able to conclude that v = p. Consider the R-linear maps

H®H

A PR M
H®RH—>H®RH®RH®RH*>?>H®RH—>H.
nRv

Take any a,b € H and compute

a®b»—>2al®bl®a;®bz
P28 ST S (arby )aghy = S * Iy (ab) = (ab)1y

P2 ST agbyS (by) S (az)
=>"a15 (ag) e(b) = e(a)e(b)1y .

Thus v = p, and S is an anti-multiplicative map, that is, S(ab) = S(a)S(b).
Furthermore, 1y = toe(ly) = (Ig * S)(1y) = S(1g), so that S is a unital
map and hence an algebra anti-morphism.

(2) This is a dual statement to (1), and we use a similar technique as for
the proof of (1). In this case consider the convolution algebra corresponding
to H as a coalgebra and H @y H as an algebra, (Homg(H, H @ H), x). Let
v:i=two(S®S)oA and p := Ao S. Direct computation verifies that
pxA = 1goegeg = Axv. From this we conclude that p = v, so that §
is an anti-comultiplicative map. Furthermore, for all a € H, we know that
g(toe(a)) =¢(a), and toe(a) =Y S(a)ay. This implies

e(a) =e(roe(a)) =) e(S(ar))elag) =0 S(a),

hence S is a coalgebra anti-morphism, as stated.
(3) Apply S7! to the defining properties of S. O

We now prove that Hopf algebras are precisely those R-bialgebras for
which the category MZE is equivalent to M. It is interesting to notice that
this can be seen from a single isomorphism.
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13.4. Fundamental Theorem of Hopf algebras. For any R-bialgebra B
the following are equivalent:

(a) B is a Hopf algebra (that is, B has an antipode);

(b) v : B&r B — B®% B, a®b+— (a® 15)Ab, is an isomorphism in
ME;

(c) ¥ : B®4 B — B®gr B, a®b+— Aa(lp ®b), is an isomorphism in
ME;

(d) for every M € ME, M°B@r B — M, m®b— mb, is an isomorphism
in ME;

(e) for every M € MZE, there is an isomorphism (in M%)
enr : Homp (B, M) ©p B — M, [@br f(b);

(f) vpep : HomE(B, B®Y% B)®@r B — B®% B is an isomorphism in M5;
(9) HomE (B, —) : ME — Mg, is an equivalence (with inverse — @p B).
If B is flat as an R-module, then (a)-(g) are equivalent to:
(h) B is a (projective) generator in M5 ;
(i) B is a subgenerator in ME, and vy is injective for every M € ME.
If By is locally projective, then (a) — (i) are equivalent to:

(j) B is a subgenerator in MEB and the image of B*#B* — Endg(B) is
dense (for the finite topology).

For any Hopf module M over a Hopf algebra B, the coinvariants M<?
are an R-direct summand of M.

Proof. (a) < (b) was shown in 13.2, and by symmetry (see 12.9) the
same proof implies (a)<(c). (b) < (f) is clear by 12.15.

(d) < (e) This follows from the commutative diagram in 12.13.

(a) = (d) For any M € MZ, consider ¢ : M — MB m > mgS(m,).
The following equalities show that the image of ¢ is in M<°5:

M (p(m)) = M (XomeS(my)) = > meS(ms) ® myS(my)
= > mpS(my) ®1p = ¢(m) ® 1p.

Now we show that the map
(p®Ig)oo™: M — M“PopB
is the inverse of the multiplication map oy : M @ B — M. For m € M,

om0 (0@1p)(0M(m)) = 32 dp(mo)my = 3 meS(my)my = 3 mee(my) = m.
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On the other hand, for n ® b € M“? @ B,

(@@ Ip)oo(nb) = (9@ Ip)(3onbi®@by) = > (nb1) @by
== anlS(bg)@)b; = an(bl)@)bg = n®b

(e) = (f) is trivial (take M = B ®@% B).

(e) < (g) From 12.14 we know Hom%(B, — ®g B) ~ I . Condition (f)
induces Hom% (B, —) ®p B ~ Inpz, and the two isomorphisms characterise an
equivalence between Mg and MB.

(g) = (h) Obviously (g) always implies that B is a generator in M2 and
that B is projective in M (that is, HomB(B, —) : M2 — My preserves
epimorphisms).

Now suppose that B is flat. Then M2 has kernels and Hom%(B, —) is a
left exact functor.

(h) = (i) Suppose that B is a generator in M2. Of course any generator
is in particular a subgenerator. For any M € M2 the set A = Homp(B, M)
yields a canonical epimorphism

p:B™ — M, by f(D).

Choosing A’ = Homp (B, Kep) we form — with a similar map p’ — the exact
sequence in M5B,

/

P p

BW) BW M 0.

Now apply Hom®%(B, —) to obtain the exact sequence
Hom%(B, BA)) — Hom%(B, BY) — Hom%(B, M) —=0.

By the choice of A and A’, this sequence is exact. Now tensor with — ®z B
to obtain the commutative diagram with exact rows (® for ®p),

Hom% (B, BA))® B — Homp (B, BM)® B — Hom%(BM)®B —0

| | -

B@) BW M 0.

The first two vertical maps are bijective since Hom% (B, —) commutes with
direct sums. By the diagram properties this implies the bijectivity of ;.
(i) = (f) Assume that B is a subgenerator in M2 and that ¢,/ is injective
for all M € ME. Then clearly ¢y is bijective for all B-generated objects
N in ME and M is a subobject of such an N. Choose an exact sequence
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0 — M — N — Lin ME where N and L are B-generated. Then clearly @y
and ¢y, are bijective and there is a commutative diagram with exact rows,

0 — Hom®%(B, M)®r B — Hom%(B, N)®@z B — Hom%(B, L)@z B

lw lw lch

0 M N L.

From this we conclude that ¢, is also bijective.

(h) < (j) If Bg is locally projective, then, by 4.7(g), B is a generator in
0 Endp(5)B). Moreover, ME = o[pgoryp-B ®Y% B]. Now assume (h). Then
MBE = o[goyp-B] and the density property follows by [3, 43.12]. On the
other hand, given the density property and the subgenerating property of B,
one has o[guan () B] = 0[prsp-B] and B is a generator in M%.

The R-linear map ¢ : M — M<P considered in the proof (a)=-(d) splits
the inclusion M®°B — M, thus proving the final statement. O

Notice that parts of the characterisations in 13.4 apply to Hopf algebras
that are not necessarily flat as R-modules (see 13.7 for such examples).

13.5. Finitely generated Hopf algebras. For an R-bialgebra B with Br
finitely generated and projective, the following are equivalent:

(a) B is a Hopf algebra;

(b) vg: B®r B — B ®% B is surjective;

(¢) B has a left antipode;

(d) B?#B* ~ Endgr(B);

(e) B is a generator in poryp+M.

Proof. (a)e(b)<(c) follow from 13.2 and the fact that, for finitely
generated projective R-modules, any surjective endomorphism is bijective.

(a) = (d) As a generator in MB = poyp-M, B is a faithful BP#B*-
module and the density property of B?#B* (see 13.4) implies B?#B* ~
Endg(B).

(e) & (d) Since B is a subgenerator in o[gna,(p)B], the assertion follows
from 13.4(j).

(e) = (a) Under the given conditions M% = popyp-M (see 12.1) and the
assertion again follows from the Fundamental Theorem 13.4. ad

Clearly, if B is a finitely generated projective R-module, then M? = 5. M
has (enough) projectives and 12.5 implies the following corollary.

13.6. Semigroup bialgebra. Let G be a semigroup with identity e. The
semigroup algebra R[G] is the R-module R(%) together with the maps (defined
on the basis G and linearly extended)

i R|G] x R[G] — R[G], (g,h) — gh and ¢: R — R[G], r+— re.
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Since R[G] is a free R-module, there are also linear maps (see 5.6)
A: R[G] — R[G]®g R|G], g—g®g, ande: RG] — R, 1— 1,9+~ 0.

It is easily seen from the definitions that A and e are algebra morphisms.
If G is a group, then S : R[G] — R|G], g — ¢!, is an antipode, that is,
in this case R[G] is a Hopf algebra.

13.7. Polynomial Hopf algebra. As noticed in 5.8, for any commutative
ring R, the polynomial algebra R[X] is a coalgebra by

Ay RIX]®pRIX] - R[X], 1—1, X' (X®1+1®X),

go: R[X] — R, 1—1, X‘—0, i=12,....

Together with the polynomial multiplication this yields a (commutative and
cocommutative) bialgebra that is a Hopf algebra with antipode

S:RX]—RX], 1—1 X —-X.
For any a € R, denote by J the ideal in R[X] generated by aX. Since
As(aX)=1®aX +aX ®1, e2(aX) =0 and S(aX) = —aX,

it is easily seen that J is a Hopf ideal. Therefore H = R[X]/J is a Hopf
algebra over R. Notice that H need no longer be projective or flat as an
R-module. In particular, if R is an integral domain and 0 # a € R, then
Hompg(R/aR, R) = 0 and H* = Hom(H, R) ~ R, and H-subcomodules of H
do not correspond to H*-submodules.
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Exercises

13.8. Exercises for Modules and Tensor Products.
(1) Let M, M’ M" be right and N, N', N” left R-modules. Prove:

(i) IM®IN = IM®RN~

(ii) For any morphism f: M — M’ f @0 =0.

iii) For morphisms f: M — M', f' . M' - M" andg: N —- N'. ¢ : N —
(iii) p , g . g

Nl/
(ffegd)o(feg =fof®g oy

(iv) If f and g are isomorphisms, then f ® g is an isomorphism, and
(fegt=fteg"
(v) For f1, fo: M — M’ and g1, g2: N — N/,
(it+f)eg=hHog+frwgand fO(+90)=f0ga+fDg.
(2) Let K C Rr and L C gR be right and left ideals of R. Prove
R/K ®r R/L ~ R/(K + L) as Z-modules.

Conclude that Z/mZ®z /nZ ~ 7./ g(m,n)Z, where g(m,n) denotes the great-
est common divisor of m,n € Z.

(3) Let gMg be a bimodule and gN an S-module. Prove: If gM and gN are flat
modules, then M ®g N is a flat R-module.

(4) Let pgp : Q ®z Q — Q and pc : C ®@r C — C be the multiplication maps.
Prove:

(i) po and pc are ring homomorphisms;
(ii) pg is an isomorphism, pc is not monic.
(5) Prove:
(i) Qis flat as a Z-module.
(ii) For abelian torsion groups M (every element has finite order),
M ®z7Q=0.
(iii) Q/Z ®zQ/Z = 0.
(iv) For finite Z-modules K, L, K ®z L ~ Homy(K,L).

115
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13.9. Exercises for Modules and Algebras.

(1) Let I be an ideal of the ring R. Put Anp;(I) = {m € M | Im = 0} for a left
R-module M. Prove:
(i) Anps(1) is an R/I-module.

(ii) The map ¢ : Homg(R/I, M) — Anp/(I), f — f(1 + 1),
is an isomorphism of R/I-modules.

(iii) The assignment M —— Anjs(I) defines a functor
Hompg(R/I,—) : R—Mod — R/I—Mod.

(iv) The functor Homg(R/I, —) respects essential monomorphisms and in-
jective modules.

(2) Let M be a left R-module and M* := Hompg(M, R). Prove:

(i) M* is a right R-module.

(ii) If M is finitely generated and projective, then M™* is also finitely gen-
erated and projective.

(iii) If M is a generator in R-Mod, then M™ is a generator in Mod-R.
(3) Prove that for a right ideal J C R the following are equivalent:

(a) R/J is flat as right R-module;
(b) the exact sequence 0 — J — R — R/J — 0 is pure in Mod-R;
(c) for every left ideal I C R, we have JI = J N 1.

(4) Let T be any associative ring (without unit). A left T-module N is called
s-unital if u € Tu for every u € N. T itself is called left s-unital if it is s-unital
as a left T-module.

Prove that for a left T-module NV, the following are equivalent:
(a) N is an s-unital T-module;
(b) for any ni,...,ng € N, there exists t € T with n; = tn; for all 1 < k;
(¢) for any set A, N is an s-unital T-module.

Hint for (a) = (b): Assume the assertion holds for £ — 1 elements. Choose
tr. € T such that tyn; = ng and put m; = n;—tyn;, foralli < k. Chooset’ € T
satisfying m; = t'my, for all ¢ < k — 1. Then consider t :=t' +t;, — t't;, € T.

(5) Prove that for an ideal T" in an algebra A, the following are equivalent:
(a) T is left s-unital;
(b) for every left ideal I of A, TT =T N I;
(c) A/T is a flat right A-module.
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13.10. Exercises for Coalgebras.
(1) Let g : A — A’ be an R-algebra morphism. Prove that, for any R-coalgebra
c,
Hom(C, g) : Hompg(C, A) — Hompg(C, A")
is an R-algebra morphism.

(2) Let f: C — C' be an R-coalgebra morphism. Prove: If f is bijective then
f~1is also a coalgebra morphism.

(3) Let C be a free R-module with basis {g;,d; |i € N} and define

A:C—-CorC, g+ g ® g,
di = g; @d; + d; @ giy1;
e:C—R gi—1,
dil—>0.

Prove that (C, A, ¢) is a coalgebra.
(4) Let C be a free R-module with basis {s, ¢} and define

A:C—-C®grC, s—s®c+c®s,
c—c®c—8Q®s;

e:C—-R s+—0,

c— 1.

Prove that (C, A, ¢) is a coalgebra.

(5) Let C be an R-module and C* = Hompg(C, R). For an R-submodule D C C
define
Dt :={feC*|f(D) =0} =Homgp(C/D,R) C C*,

and for any subset J C C*, put
Jhi=({KeflfeJ}cC.

Prove that D € D+, and D = D+, provided that C/D is cogenerated by
R.

(6) Now let C' be an R-coalgebra and D C C be an R-submodule. Prove:
(i) If D is a left C*-submodule of C, then D™ is a right C*-submodule.
(ii) If D is a (C*, C*)-sub-bimodule of C, then D= is an ideal in C*.
(iii) If D is a coideal in C, then D+ is a subalgebra of C*.
(Hint: Recall that for f,g € C* and c € C, f *x g(c) = f(g—c).)

(7) With the notation above prove:

(i) If J C C* is a right (left) ideal, then J* is a left (right) C*-submodule
of C.

(ii) If J € C* is an ideal, then J* is a (C*, C*)-sub-bimodule of C.
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(8) Let P, N be R-modules where P is projective. Prove:
(i) For any index set A, the canonical map R* @ P — P is injective.
(ii) For any family fy € Hompg(N,R), A € A,

(), (Kefr@rP) = ([, Kefr) ©r P,

(9) Let C = (C,A,e) be an R-coalgebra. Prove that the category of right C-
comodules is equivalent to the category of left comodules over the opposite
coalgebra C°P = (C,two A, ¢).

(Hint: If o™ : M — M ®pr C defines a right C-comodule then tw o o :
M — C ®p M yields a left C“°P-comodule.)

10) Let R be a von Neumann regular ring and f : Mg — M}, and g : RN — rN’
R
two R-module homomorphisms. Prove that

Kef®g=Kef®Qr N+ M RprKeg,

(11) Let R be von Neumann regular, C € Mg, C* = Homp(C, R), D C C, and
J C C*. Recall the definitions

DY :={feC*|f(D)=0ycC*, Jt:=|{Kef|feJ}cCC.

Prove:

(i) (J1 ®g Jo)* = Ji @r C + C @R Js-.
(ii) If C is a coalgebra and J C C* is a subalgebra, then J* is a coideal.

(iii) If C is a coalgebra and R is semisimple, then D C C' is a coideal if and
only if D™ is a subalgebra.

(12) Let (A, p,¢) be an R-algebra with A is finitely generated and projective with
dual basis ay,...,a, € A and my,...,m, € A", where Homp(—, R) = (—)*.
Recall the isomorphism

v A"@R AT — (AerA)', f®g—la®@b— fa)g(d)).
Prove:

(i) Describe 11 in terms of the dual basis.

(ii) A* is a coalgebra with coproduct

* -1
A (Aop A s A% @y A*

and counit
e:=1":1 A" =R, [+ f(la).

(iii) The dual of the coalgebra A* is isomorphic (as an algebra) to A.
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(13) For C € Mpg, C* = Hompg(C, R), and subsets D C C, S C C* recall the
definitions

DY :={feC*|f(D)=0ycC*, St :=\{Kef|feS}cC.

Prove:

(i) St =< 8 >t and D+ =< D >*, where < X > is the R-linear closure
of X.

(i) S+ =((§H)")" and D+ = ((DH)H)+.

(14) Let K be a field and V, W vector spaces over K. Prove:
For any u € V @ g W there exist n € N, linearly independent z1,...,z, € V,
and linearly independent y1,...,y, € W, such that

n
u = le X Yi-
i=1

(15) Let K be a field and C a K-coalgebra. An non-zero element g € C is called
grouplike if A(g) = g ® g. Prove:
(i) For any grouplike element g € C, £(g) = 1.

(ii) The set of grouplike elements is linearly independent.

(16) Let A be a finite dimensional algebra over the field K and A* the dual coal-
geba of A. Prove that the grouplike elements of A* correspond to the algebra
morphisms A — K.

(17) Let A be a ring and M a faithful left A-module. Prove that for an ideal
T C A the following are equivalent:

(a) T is M-dense in A, i.e., for any a € A and m1,...,m, € M there exists
t € T such that

tm; =amy, forallt=1,... n.

(b) M is s-unital as T-module.

13.11. Exercises for Hopf Algebras.

(1) Let H be a Hopf algebra with antipode S that is finitely generated and
projective as an R-module. Show that H* with the canonical structure maps
is again a Hopf algebra.

(2) Prove that for a Hopf algebra H with antipode S, the following are equivalent:
(a) for any h € H, Y S(h2)hy =e(h)1m;
(b) for any h € H, > haS(h1) = e(h)1p;
(c) SoS=1Iy.
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(3) Let H, K be Hopf algebras with antipodes Sy, Sk, respectively. Prove that,
for any bialgebra morphism f: H — K, Skgo f= foSg.
(4) Let H be a Hopf R-algebra that is finitely generated and projective as an
R-module. Prove:
(i) The antipode S of H is bijective.
(ii) The right coinvariants (H*)°°! of H* form a finitely generated projec-
tive R-module of rank 1.
(iii) If (H*)°f ~ R, then H ~ H* as left H-modules (that is, H is a
Frobenius algebra).
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