COALGEBRAIC STRUCTURES IN MODULE THEORY
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ABSTRACT. Although coalgebras and coalgebraic structures are well-known for
a long time it is only in recent years that they are getting new attention from
people working in algebra and module theory. The purpose of this survey is to
explain the basic notions of the coalgebraic world and to show their ubiquity
in classical algebra. For this we recall the basic categorical notions and then
apply them to linear algebra and module theory. It turns out that a number of
results proven there were already contained in categorical papers from decades
ago.
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INTRODUCTION

For an associative ring R we denote the category of left (resp. right) modules
by rM (resp. Mpg). Given rings R, S, for any (R, S)-bimodule gPg, the definition
of the tensor product implies that there is a bijection, natural in X € ¢M and
N € gM,

Hompg(P ®s X, N) ~ Homg (X, Homg (P, N)).
In categorical terminolgy one says that
P®s—:sM — gM, HOHIR(P, —) : RM — M,

form an adjoint pair of functors.

This notion can be defined for any functors between two categories. Such a pair
(F, Q) of adjoint functors F' : A — B and G : B — A leads (by composition) to
endofunctors, more precisely monads and comonads on A and B, respectively. In
Section 1 we outline this general approach by defining modules for monads and
comodules for comonads. We also study the situation when a monad is adjoint
to a comonad and the resulting relations between the corresponding module and
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2 R. WISBAUER

comodule categories. Properties of the composition of monads and comonads are
controlled by distributive laws (entwinings) and this is described in Section 2.

In the following sections the general notions are brought back to module cate-
gories and this step provides natural comonads and comodule structures in these
categories.

Adjoint functors between module categories are described by a tensor and a
Hom functor and the properties derived from the categorical setting are explained
in Section 3. Algebras and coalgebras can be understood as monads and comonads
and the results coming out are formulated in Section 4. Hereby we observe in
4.10 that Abrams’ characterisation of Frobenius algebras from 1999 can easily be
seen as a byproduct of the Eilenberg-Moore paper from 1965. A short proof is
given to show that, for a finitely generated module over a commutative ring R, the
endomorphism ring is a Frobenius R-algebra (see 4.13).

Finally, in Section 5, possible definitions of an algebra structure on the tensor
product of two algebras are explained by the entwinings of functors treated in
Section 2. These methods also apply to the tensor product of coalgebras and
bialgebras. In fact, the entwining structures introduced by Brzezinski and Majid in
1998 are obtained as an application of categorical results by van Osdol from 1971.
The section concludes with a remark on the role of the Yang-Baxter equation for
entwinings.

For notions from category theory we refer to Mac Lane [10] and for facts from
module theory the reader may consult [16] or any other introductory texts on these
fields.

1. CATEGORICAL SETTING

For convenience we recall the basic definitions. The observations on the interplay
between adjoint pairs of functors, monads and comonads go back to the Eilenberg-
Moore paper [9] from 1965 but for a long time were hardly exploited by people
working on rings and modules. Parallel to the new appreciation of these techniques
in classical algebra they also turn out to be of considerable interest in universal
algebra and theoretical computer science (programming). In order to facilitate the
understanding for people working in linear algebra, hints from this area are given
along the way.

1.1. Categories. A category A consists of a class of objects, morphism sets
Mory (4, B) for any objects A, B € A, and an associative composition

NIOI“A(A7 B) X MOI"A(B, C) — NIOI“A(A7 C)
Moreover, any object A € A is required to have an identity morphism 4.

Besides of the category of sets with the set maps as morphisms, the reader is certainly
familiar with the category 'V of vector spaces over any field k with the k-linear maps as
morphisms.

Similar to homomorphisms between groups, categories can be related by
1.2. Functors. A (covariant) functor F': A — B between two categories assigns
an object A € A to an object F(A) € B,
a morphism f: A — A’ to a morphism F(f): F(A) — F(A’) of B,

and has to respect the composition of morphisms as well as the identity morphisms
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on objects, that is, F'(I4) = Ip(a) for any A € A. The identity functor on the
category A is denoted by I or just I.
By definition, any functor F' induces a map

Fa. ar : Mory (A, A") — Morg(F(A), F(4")),

and F is called faithful (vesp. full) if Fa 4/ is injective (resp. surjective) for any
A A € A.

Any vector space V' € ;V defines a functor

V®k7:kVAkV, X = VerX
XxXLx w ve,x Eyve,x,

and this is always faithful; it is full provided V has finite dimension.

Two functors between the same categories can be connected by

1.3. Natural transformations. Given two functors F,G : A — B, a natural
transformation ¢ : F — G is defined as a family of morphisms ¢4 : F(A) — G(A),
A € A, inducing, for any morphism h : A — A’ in A, commutativity of the diagram

F(A) -~ ¢(4)

F(h)l \LG(h)
FA) 22 g,

Let V and W be two k-vector spaces. Then for any k-linear map ¢ : V — W,
p®—:V ® — — W & — is a natural transformation.

Using these basic notions we can already define

1.4. Adjoint functors. Given a functor L : A — B, a functor R : B — A is said
to be right adjoint to L if there are bijections, natural in A € A and B € B,

wa,p : Morg(L(A), B) — Mory (A, R(B)).
In this case (L, R) is said to be an adjoint pair of functors.
The adjointness of functors can also be expressed by

1.5. Unit and counit of an adjunction. Given an adjunction as in 1.4, one may
consider

naA = SOA,L(A)(IL(A)) A — LR(A), EB = 4101;(13),B(IR(B)) : LR(A) — A,

yielding natural transformations, called the unit and the counit,
n:In— RL, ¢:LR— Ig,

which satisfy the triangular identities

Ln nR
L —— LRL R——RLR
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Conversely, with these transformations the map ¢ can be described by

o: LA -T-pB — AT RLA) R(B),

ol AL RB) — LA) 2L LR(B) - B,

R(f)
—

Functors which have left or right adjoints also respect limits and colimits, re-
spectively:
1.6. Properties of adjoint functors. If (L, R) be an adjoint pair of functors,
then
(i) L preserves epimorphisms and coproducts,
(ii) R preserves monomorphisms and products.
The functor V ®j — has a right adjoint Homy (V, —) provided by the canonical bijection,
where X,Y € ,V,
Homy (V ®r X,Y) — Homy (X, Hom(V,Y),
and counit and unit are given as k-linear maps
ex: V@gHomy(V,X) = X, v®f— f(v),
ny: Y —=Homp(V,VRY), y—[v—ov®y.
It follows from 1.6 that Homy(V, —) can only be a right adjoint provided V has finite
dimension, that is, Homg(V, X) ~ Homy (V, k) @1 X.

There are some properties of units and counits which are easily seen to corre-
spond to special properties of the functors R and L.

1.7. Properties of unit and counit. Let (L, R) be an adjoint pair of functors
with unit n and counit .
(1) (i) ep is an epimorphism < R is a faithful functor.
(ii is a coretraction < R is a full functor.
(iii is an isomorphism < R is full and faithful.
(ii

(iil) ma is an isomorphism < L is full and faithful.

) €B
) €8

(2) (i) na is a monomorphism < L is a faithful functor.
) na is a retraction < L is a full functor.

(3) € and n are isomorphisms < L is an equivalence (with inverse R).
Some properties of unit and counit have a weaker impact on the related functors.
1.8. More on unit and counit. Let (L, R) be an adjoint pair as in 1.7.
(1) Ifep is a monomorphism for all B € B, then
(i) nR: R — RLR is an isomorphism;
(ii) LR :B — B preserves monomorphisms.
(2) If na is an epimorphism for all A € A, then
(i) eL: LRL — L is an isomorphism;

(ii) RL : A — A preserves epimorphisms.

Composing adjoint functors yields special endofunctors.
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1.9. Related endofunctors. Let (L, R) be an adjoint pair (as in 1.7).
(1) RL : A — A is an endofunctor with natural transformations (product and
unit)
ReL: RLRL — RL, n:I— RL.

(2) LR : B — B is an endofunctor with natural transformations (coproduct and
counit)

0:=LnR:LR— LRLR, ¢:LR—1I.
The properties shared by these structures lead to the notions of

1.10. Monads and comonads.

(1) A monad on a category A is a triple (F,m,n) where F' : A — A is an endo-
functor, m : FF — F and n : I, — F are natural transformations, called the
product and unit, inducing commutativity of the diagrams

m F F
FFF2spr 5% FprF

RN

(2) A comonad on a category A is a triple (G,d,¢) where G : A — A is an
endofunctor, 6 : G — GG and € : G — I are natural transformations, called
the coproduct and counit, inducing commutativity of the diagrams

0

G GG G

| e N

GG —> GGG,  G=—5 GG —~G.

For a k-vector space, the (endo)functor V' ®; — has a monad structure provided there
are a k-linear map V ®; V' — V satisfying the associativity condition and a unit morphism
e: R — V, that is, V ia a k-algebra with unit e(1). A comonad structure on V ®j — is
obtained by reversing the arrows.

1.11. Modules for monads. Let (F,m,n) be amonad on A. An F-module (A, 04)
is an object A € A with a morphism g4 : F(A) — A inducing commutativity of

the diagrams
ma na

FF(A) M~ F(A) A"~ F(A)

N

F(A) A A

oA ?

A morphism between two F-modules (A, p4) and (A’, 04/) is a morphisms f :
A — A’ in A with commutative diagram

Fa) YL pran

QA
A4f>A’.
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With these morphisms, the F-modules form a category which we denote by Ap
(Eilenberg-Moore category). We write Morp (A, A") := Mory . (A, A’) for short.

1.12. Free and forgetful functors. Given any monad (F,m,n) on A, there are
the free functor and the forgetful functor,

or:A— Ap, A~ (F(A),mu: FF(A) = F(A)),
Up:Ap = A, (A ,04)— A,
and (¢, Ur) is an adjoint pair by the bijection, for A € A and B € Ap,
Morp(é¢r(A), B) = Mory (A, Up(B)), [+ f-na.
Reversing the arrows in the constructions considered above we get

1.13. Comodules for comonads. Let (G, d, ) be a comonad on A. A G-comodule
(X, 0%) is an object X € A with a morphism ¢* : X — G(X) and commutative
——=G(X) X — G(X)

diagrams
X
| N
( X.

G(X) — GG(X),
G(e™)

,QX X

Morphisms between comodules (X, o) and (X', gX/) are defined as morphisms

h:X — X' in A with a commutative diagram

)
Qxi \Lgx’
/
G(X) 55 GIX).

These notions yield the (Eilenberg-Moore) category of G-comodules which we
denote by A%, We write Mor® (X, X’) := Mor,c (X, X') for short.

To prevent misunderstandings we mention that the F-modules and G-comodules
defined in 1.11 and 1.13 are also called F'-algebras and G-coalgebras in category
theory (e.g. [10]).

1.14. Cofree and forgetful functors. Given a comonad (G, d,¢) on A, there are
the cofree functor and the forgetful functor,

¢% A — A% X (G(X),dx : G(X) = GG(X)),

UY: A% - A, (X,05)— X,
and (U%, %) is an adjoint pair by the bijection, for M € A% and X € A,

Mor% (M, % (X)) — Mora(U% (M), X), h— ex - h.

A nice correspondence between monads and comonads comes out for endo-
functors which are adjoint to each other.

1.15. Adjoint endofunctors. Let (F,G) be an adjoint pair of endofunctors on a
category A with bijection

ex,y : Mora(F(X),Y) — Mora(X,G(Y)),
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and n: Iy - GF, ¢: FG — I, as unit and counit.
Assume (F,m,e) to be a monad. Then, for X, Y € A, we have the diagrams
Mora (F(X),Y) —222s Mory (X, G(Y))
Mor(mX,Y)\L Mor(X,?)
Y
Mory (FF(X),Y) — Mors (X, GG(Y)),

Mora (F(X),Y) 2225 Mory (X, G(Y))
Mor(ex,Y) )
\L P Mor(X,?7)
Mory (X,Y) ]

in which the dotted morphisms exist by composition of the other morphisms. By
the Yoneda Lemma it follows that they are induced by morphisms

0y :G(Y)—=>GG(Y) and £:G(Y) =Y,
and these are explicitly given by the natural transformations

5:G 7% ara " aarra °nC aara €% qa,

e:G S FG 1,
yielding a comonad (G, d, €).
By symmetry of the constructions, we obtain the first part in the next theorem.

1.16. Theorem. Let (F,G) be an adjoint pair of endofunctors on A with unit
n:I — GF and counit € : FG — I. Then F has a monad structure if and only if
G allows for a comonad structure.
In this case, the category of F-modules is isomorphic to the category of G-
comodules by the functors
h na G(h)
Ap - A%  F(A) "+ A — A—">GF(A) —>G(A),

F(p)

AC 5 Ap, A—TL>GA) — FA)—Z>FGA) 2> 4.

More about these structures may be found, for example, in [4, 17].

For any k-vector space V', (V ®; —, Homy (V, —)) forms an adjoint pair of endofunctors.
Thus a monad structure on V ® — (algebra) implies a comonad structure on Homy, (V, —).
Then, if V has finite dimension, Homy (V, k) is a k-coalgebra.

Recall that a functor is said to be a Frobenius functor provided it has a right
adjoint which is also a left adjoint. Then a monad (F,m,n) is called a Frobenius
monad if the forgetful functor Up : Ap — A is Frobenius. This corresponds to
the condition that F' is isomorphic to its right adjoint and, by 1.16, this means
that F' allows for a comonad structure and leads to the following characterisation
of Frobenius monads (compare [13]).

1.17. Proposition. For a monad (F,m,n) on A, the following are equivalent:

(a) F is a Frobenius monad;
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(b) F has a comonad structure (F,§,€) inducing commutativity of the diagrams

FF—2rrr  Fr—25FrF

ml | ml |

F 46> FF, '3 46> FF,
(¢) F has a comonad structure (F,d,e) and (F,F) is an adjoint pair with counit
and unit

FF™F 1 15F S FF

Proof. (a)=-(b) It follows from 1.16 that the category A is isomorphic to AF". This
in turn implies that F-module morphisms are F-comodule morphisms, and vice
versa. In particular, § is an F-module morphism and this just means commutativity
of the left hand diagram in (b), and m is an F-comodule morphisms meaning
commutativity of the right hand diagram of (b).

The remaining implications are obtained by standard verifications. ]

2. LIFTING OF FUNCTORS

Given two monads (comonads) F' and F’ on a category A, the composition
F'F is again an endofunctor on A. Now one may ask when F’F allows for a monad
(comonad) structure. Also, what happens if we compose a monad with a comonad?
This kind of questions can be related with lifting properties of endofunctors to the
category of the corresponding modules or comodules, respectively, which can be
described by distributive laws as considered in [3] (also called entwinings).

For the category of vector spaces these liftings come in to define suitable structures on
the tensor product of algebras or coalgebras. For details we refer to Section 5.
2.1. Lifting of endofunctors. Let (F,m,n) be a monad, (G, J,¢) a comonad, and
T an endofunctor of the category A. For functors
T:Ap—Ap and T:AC - AC
we have the diagrams

AFLAF AG$AG
UF\L \LUF UG\L \LUG
A—T s A, A—D s A,

and we say that T or T are liftings of T provided the corresponding diagrams are
commutative.

2.2. Lifting of monads to monads. With the notation from 2.1,
(1) there exists a lifting T : Ap — Ar of T if and only if there is a natural
transformation A : FT — TF with commutative diagrams

mr

T
FFT FT T —CsFT

") SN

FTF s 7pp Im TF, TF:

b
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(2) if (T,m',n') is a monad, then a lifting T has a monad structure if and only
if X induces commutativity of the diagrams

Fm/ Fn'

FTT FT F—>FT

AT\L l)\ l)\
’ n'E

TFT 2> 1T7F ™55 TF, TF;

In this case, X is called a monad entwining (or distributive law in [3]) and
TF has a monad structure with product and unit

TFTF 25 rrrp ™1, 1L TF
Similar results for the lifting of comonads are obtained by reversing the arrows
in 2.2 and under the resulting conditions the composition of two comonads again
gives a comonad. In this case A may be called a comonad entwining (e.g. [17, 4.9]).
The conditions for lifting monads to a comodule category employ the first dia-
grams of the preceding cases (e.g. [17, Section 5]).

2.3. Lifting of monads for comonads. With the notation from 2.1,

(1) there exists a lifting T : AC — AC of T if and only if there is a natural
transformation A : TG — GT with commutative diagrams

T A Te

TG TGG GTG TG ——=T
)\l \LGA Al /

eT
GT or GGT, GT;

(2) if (T,m,n) is a monad, then the lifting T has a monad structure if and only
if X induces commutativity of the diagrams

mG nG
TTG TG ¢ > 10
T)\l \L)\ % l)\
TeT 2> a1 £ GT, GT.

In this case, X is called a mixed entwining.

An endofunctor allowing for a monad and a comonad structure may be a Frobe-
nius monad if the compatibility conditions in Proposition 1.17 are satisfied, or one
may impose other compatibility requirements leading to the definition of (see [11,
Definition 4.1])

2.4. Bimonads. A bimonad on a category A is an endofunctor B : A — A which
has a monad structure (B, m,e) and a comonad structure (B, d, <) such that

(i) e: B — I is a module structure morphism for I;

(ii) e: 1 — B is comodule structure morphism for I;
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(iii) there is a mixed entwining (see 2.3) A : BB — BB yielding commutativity of
the diagram

BB—">pB—° - BB

| Jm

BBB — 5 BBB.

If the endofunctor B has a bimonad structure and allows for a right adjoint G,
then, by 1.16, G allows for a monad and a comonad structure and it is easy to check
that the compatibility conditions for B are transferred to G, that is G is again a
bimonad (e.g. [11, 4]).

2.5. Hopf monads. Given a bimonad B = (B, m, e, §,¢), one defines Hopf modules
as objects A in A allowing for module and comodule structure maps, o4 : B(A) — A
and 04 : A — B(A), with commutative diagram (see [11, 4.2])

0a A

B(A) —2> A —2 > B(A)

B(g’*)l TB(QA)

BB(4) —— = BB(A).

Morphisms between Hopf modules A and A’ are to be module as well as comodule
morphisms and the set of all of them is denoted by Morg (A, A”). They lead to the
category AB of Hopf modules. By the conditions in 2.4, for any A € A, B(A) has
the structure of a Hopf module and thus B induces the (comparison) functor

Kp:A— AL, A (B(A),ma,éa),
which is full and faithful by the isomorphism (see 1.12, 1.14)
MorE(B(A), B(A")) ~ Morg(B(A), A") ~ Mor, (A, A).

The bimonad B is called a Hopf monad provided it has an antipode and with mild
restrictions on the category A, this is the case if and only if Kp is an equivalence
of categories (see [11, Section 5]).

Moreover, if the functor part B of a Hopf monad has a right adjoint GG, then G
again allows for the structure of a Hopf monad ([4], [6]).

3. FUNCTORS BETWEEN MODULE CATEGORIES

In this section we apply our general results to adjoint pairs of functors between
module categories. Here R and S denote any associative rings with units.

3.1. Adjoint pair of functors. Attached to any (R, S)-bimodule gPgs, there is
an adjoint pair of functors between ¢M and M,

P®s—:sM— gM, Hompg(P,—): gM — gM.
The adjunction is given by the canonical bijection, for N € kM, X € gM,
vx,n: Homp(P®s X,N) — Homg(X,Hompg(P, N)),
foe e f-o)
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Counit and unit of this adjunction come out as
ey : P®gHomg(P,M)— M, p®f— f(p),
nx : X —- Homg(P,P®sX), x—[p—puz].

It follows by the Eilenberg-Watts theorem (e.g. [6, 39.4]) that any covariant func-
tor from gkM to M which preserves epimorphisms and direct sums is isomorphic
to a tensor functor and hence any adjoint pair of functors between these categories
is of the type considered above.

Since the ring S is a generator in gM, the functor P ®¢ — is determined by its
value on S, that is by P ®g S ~ P. However, in general the functor Hompg(P, —)
need not be determined by its value on R, that is P* := Homg (P, R).

We also have a functor — ® g P : Mg — Mg and natural transformations

B:P*®gr— — Homg(P,—), «a:— &P — Homg(P*, —),
given by the familiar morphisms for M € pM and N € M,
Bur : P*®@r M — Hompg (P, M), f®@m— [p— f(p)m],
ay : N®gr P — Homg(P*,N), n®p+— [g—n-g(p).

Recall that a dual basis for a projective R-module P consists of families {px}a

of elements in P and {p3}a of elements in P*, such that p = >, p3(p)ps for any

p € P. P is finitely generated and projective if and only if it has a finite dual basis
(i.e., A is a finite set).

3.2. Proposition. For a left R-module P, the following are equivalent:
(a
(b
(c : P* @ P — Hompg(P, P) is an isomorphism;

(d Bp P*®@r P — Hompg(P, P) is surjective;
(e) B: P*®pr— — Hompg(P,—) is a natural isomorphism.

Hompg(P,—) : gM — zM has a right adjoint functor;
rP is finitely generated and projective;

)
)
) B
)

Proof. We just note that (d) implies the existence of a finite dual basis for P. The
remaining conclusions are obvious. O

Recall that an R-module P is said to be locally projective provided for any
diagram of left R-modules with exact bottom row

F——>PpP
ig
f
L—— N ——=0,
where F' is finitely generated, there is a homomorphism h : P — L with g-¢ = f-h-i

(e.g. [6, 42.9]). Clearly projective modules are locally projective modules, and the
latter are projective provided they are finitely generated.

3.3. Proposition. Let P be a left R-module.
(1) The following are equivalent:
(a) a: N®pr P — Hompg(P*,N) is injective for all N € Mg;
(b) P is a locally projective R-module.
(2) The following are equivalent:
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(a) a:—®gr P — Hompg(P*,—) is a natural isomorphism;
(b) apx: P* ®r P — Hompg(P*, P*) is an isomorphism;
(c) P is finitely generated and projective.

Proof. (1) is shown in [6, 42.10] (with more equivalent characterisations).
(2) is shown similarly to Proposition 3.2 O

Now we investigate the properties of the unit and counit.

3.4. Proposition. We refer to the notations in 3.1.
(1) The following are equivalent:
(a) ep is an epimorphism (isomorphism) for all M € gpM;
(b) Hompg(P,—) : RM — sM is faithful;
(¢) Hompg(P, —) : RM — M is full and faithful;
(d) P is a generator in gM.
(2) The following are equivalent:
(a) nx is an isomorphism for all X € gM;
(b) P®g — is full and faithful (faithfully flat).
(3) The following are equivalent:
(a) 1 and € are (natural) isomorphisms;
(b) P®g — is an equivalence (with inverse Hompg (P, —));
(¢) rP is a finitely generated, projective generator and S ~ Endg(P).
Proof. (1) The equivalence of (a) and (b) follows from 1.7. The equivalence of (b)
and (c) is a particular property of full module (and Grothendieck) categories. The
equivalence of (c¢) and (d) can be taken as definition of generators in categories. It
is easy to see that in gpM this is equivalent to the fact that, for any R-module M,
there is an epimorphism P®) — M (e.g. [16, 13.6]).
(2) and (3) follow essentially from 1.7. O

According to 1.9, the endofunctors
HomR(RP Xg —) M — sM, P ®g HomR(P, —) : M — pM,

allow for a monad and comonad structure, respectively, and thus induce the corre-
sponding module and comodule categories.

Recall that a monad (comonad) is said to be idempotent provided the product
(coproduct) is a natural isomorphism. It is clear that the above monad and comonad
are idempotent in case € and n are isomorphisms (i.e. Homp(P,—) induces an
equivalence).

Elaborating the observations from 1.8 one obtains (see [8, Section 4]):

3.5. Proposition. Let P be a left R-module and S = Endg(P). Then the following
are equivalent:

(a) enr is a monomorphism for all M € gM and
nx s an epimorphism for all X € gM;

(b) the monad Hompg(P, P ®g —) is idempotent;
(c) the comonad P ®g Homp (P, —) is idempotent;
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(d) (P®s —,Hompg (P, —)) induces an equivalence

P®s—: sMyomgpros—) — pMP®sHoma(P—)

These properties characterise P as a #-module (in the sense of Menini-Orsatti). A
x-module P that is in addition a subgenerator in kM (generates all injectives) is
known as a tilting module. The equivalence noticed above implies the Brenner-
Butler equivalence (see [8]).

4. MODULE AND COMODULE CATEGORIES

In the following we apply our general results to describe algebras and coalgebras
and their (co-) module categories and this will throw new light on familiar notions
from this part of algebra.

To avoid some technicalities, in this section R will always denote a commutative
ring with unit and we sometimes write M for RM (but see Remark 4.11). This also
ensures that, for any R-modules M, N, we have the canonical twist map,

twyn : MOr N > NQrM, m@n—n®m.

4.1. Algebras and module categories. An R-algebrais a triple (A, m, e) with an
R-module A, an associative multiplication m : A®r A — A, and a unit morphism
e: R — A (where e(1g) = 14). Then
ARr—: M — gpM, X — A®pr X,
is an endofunctor and the triple (A ®r —,m ® I,e ® I) is a monad on gpM.
Now (left) A-modules are defined as R-modules M with an R-linear map
PM - A RKr M — M,

satisfying the associativity and unitality conditions (see 1.11).
Morphisms f : M — N between A-modules are defined as R-linear maps subject
to the compatibility conditions from 1.11 which here simply read as

flam) =af(m), fora € A and m € M.

These notions define the category of (left) A-modules AM (=Mag,—).
The free module functor is by definition

A®pr—: RM — 4M, XH(A@RX,WL(@IX),

and is left adjoint to the functor Uy : 4\M — grM] forgetting the A-module structure,
by the bijection, for M € sM, X € rM,

Homy(A®p X, M) — Homgr(X, M), f—f-(e®Ix).
4.2. Coalgebras and comodule categories. An R-coalgebra is a triple (C, A, €)

with an R-module C, a coassociative coproduct A : C — C ®r C, and a counit
€:C — R. Then

C®R®r—:rRM — gM, X — C®r X,

is an endofunctor and (C ®g —, A® I,e ® I) forms a comonad on pM.
Now (left) C-comodules are defined as R-modules M with R-linear maps

oMM — CorM,

satisfying the coassociativity and counitality conditions from 1.13.
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Morphisms g : M — N of C-comodules are defined as R-linear maps subject to
the compatibility condition formulated in 1.13. These notions define the category
of (left) C-comodules denoted by M (=M“®r~).

The free comodule functor is defined as

Cor—:gM— M, X = (CorX,0® Ix),
and is right adjoint to the forgetful functor U : “M — zkM by the bijection
Hom®(M,C @p X) — Homgp(M,X), frex-f,
for X € kM, M € “M.

Notice that coalgebras in module categories are (usually) defined for a tensor
functor whereas comonads may be defined for any endofunctor as will be the case
in our next topic.

4.3. Adjoint endofunctors. By 3.1, for any R-module A, the two endofunctors
A ®p — and Homp(A, —) form an adjoint pair by the canonical isomorphism, for
any X,Y € gM,

vxy : Homp(A®pr X,Y) — Homp(X,Homp(A4,Y)).

As pointed out in 1.16, the following are equivalent for A € gM :
(a) A®gr —: gM — gM is a monad (A is an R-algebra);
(b) Hompg(A, —) : RM — gM is a comonad (with coproduct Hom(m, —)).
Moreover, there is an isomorphism between the corresponding module and co-
module categories
T : AM — MHoma(4,-)

given by the assignments

]

A@rN PS5 N s N Homg(A, A@r N) Y Homp(4, N):

N N
Np—>H0mR(A,N) — A®RNI®—p> A®p Homp(A,N) =% N.

This equivalence shows that the theory of A-modules over an R-algebra A could
be build up completely as a theory of comodules over the comonad Hompg(A4, —).
In general, the latter need not be representable as a tensor product unless A is
finitely generated and projective (see Proposition 3.2). In the latter case 4.3 takes
the following form.

4.4. Hompg(A, —) as tensor functor. Let A be an R-algebra with finite dual R-
module basis {ax}a, {a}}a. Then Hompg(A4,—) ~ A* ®r — and as a consequence
(A®pr —, A* ®pg —) is an adjoint pair of endofunctors with

counit €: AQrA* - R, a® f— f(a),
unit n:R—=A*®rA, 1= ,a} ®ax.
By the observations in 1.16 the following are equivalent:
(a) AQr — : RM — gM is a monad (A is an R-algebra);

(b) A* ®r — : gM — grM is a comonad (A* is an R-coalgebra, with counit
A* SR, [ f(1)).
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Moreover, the categories AM and 4"M are equivalent by the assignments
AR N SN +— N2 A @p Aop N 28V 4* @y N;
N N
NP—>A*®RN — A®RNI®—'O> A®RA*®RNE—N>N

We now look at adjoints of the comonads induced by coalgebras. By our general
knowledge about adjoint endofunctors we have (see 1.16):
4.5. Proposition. For any R-module C, the following are equivalent:

(a) C®Rr —: gRM — rM has a comonad structure (C is an R-coalgebra);

(b) Hompg(C,—) : gM — grM has a monad structure.

The corresponding module and comodule categories have distinct properties.

4.6. Proposition. Let (C,A,¢e) be an R-coalgebra, put [C,—] := Hompg(C, —).
(1) Consider the category “M of left C-comodules.
(i) M has colimits, coproducts and cokernels;
(ii) “M is abelian provided Cg is flat;
(iii) in “M monomorphisms need not be injective maps.
(2) Consider the category Mic _) of Hompg(C, —)-modules.
(i) My, has limits, products and kernels;
(ii) Mic,—) is abelian provided Cr is projective;
(iii) #n Mic,—) epimorphisms need not be surjective maps.

From this it is clear that the two categories need not be isomorphic. There is
however a functor between them which allows for a left adjoint.

4.7. Correspondence of categories. With the notations above, there is a functor
Hom®(C,—) : “M — Mj¢,_, M ~ Hom®(C, M).
This has a left adjoint C ®(c ) — (contratensor product) and, for X € pM,

CorX +— Hom%(C,C ®r X)~Homg(C,X),
Homg(C,X) + C®c_)Homg(C,X)~C®r X.

The Kleisli category of a monad F (comonad G) on any category A (see [10])
may be characterised as full subcategory Ap C Ap (resp. AC C A%) whose objects
are of the form F(A) (resp. G(A)) for some A € A.

With these notions, 4.7 says that the Kleisli category of the monad Hompg(C, —)
is equivalent to the Kleisli category of the comonad C' ®r — on Mg (see [4]).

Given an R-algebra A, the dual module A* allows for a coalgebra structure
provided A is finitely generated and projective as an R-module. The situation for
coalgebras is different.

4.8. Algebra structure on C*. Let (C,A,¢) be an R-coalgebra. Then the dual
module C* = Hompg(C, R) has an R-algebra structure with convolution product,
for f,ge C*, fxg=(9® f)oA, and unit e. (The reader should be aware that this
may also be defined as (f ® g) o A leading to the opposite ring structure on C*).
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4.9. Monads and comonads for coalgebras. Let (C, A, ¢) be an R-coalgebra.
By the algebra structure of C*, C* ® g — is a monad on Mg and so is [C, —] :=
Homp(C, —). By 3.1, these are related by a natural transformation, for M € pM,

Bum : C*®@r M — Homp(C, M), f@mw— [c— f(c)m].
It turns out that this is a monad morphism thus yielding a functor
M[C,—] —  CO* M,
Homp(C, M) L5 M —  C* @p M 2% Homp(C, M) 25 M,

which is an equivalence if and only if zC is finitely generated and projective (see
Proposition 3.2).

On the other hand, the R-algebra C* induces a comonad Hompg(C*, —) on gRM
that is related with C'®r — by a natural transformation (see 3.1)

apy : C®r M — Homp(C*, M), c®@m—[f+— f(c)m].

It is straightforward to see that this is a comonad morphism and with the functor
T from 4.3 we get a functor

°’M — M@ I, M,

M M
ME2sCopM +— ME5CorM 2% Homp(C*, M)
M
— C*op M %% C*opCor M X M,
where ev : C* @ C' — R denotes the evaluation map.

This functor is full and faithful if and only if oy is injective for any M € gpM. In
this context, the injectivity condition for « is known as a-condition and just means
that C' is locally projective as an R-module (see 3.3). Since C' is a subgenerator
in “M (every C-comodule is a subcomodule of a C-generated comodule), the a-
condition implies that

“M =~ 5[c+C] C =M,

where the right hand side denotes the full subcategory whose objects are subgen-
erated by the C*-module C' and these are precisely the rational C*-modules (e.g.
[6], [16]). Of course, equality holds on the right side if and only if grC is finitely
generated and projective.

Clearly, if R is a field, C satisfies the a-condition and - as pointed out by
Abrams and Weibel in [2] - C* can be seen as a pro-object in the category of
finite-dimensional algebras. In this case the isomorphism given coincides with [2,
Theorem 4.3].

The constructions of this section can also be formulated in a general categorical
context and are investigated in [12].

Recall that a Frobenius algebra over a field k is defined as a finite dimensional k-
algebra A for which A ~ A* = Homy (A, k) as (left) A-modules. This notion can be
readily extended to algebras over rings and from Proposition 1.17 we immediately
obtain:

4.10. Proposition. For an R-algebra (A, m,e), the following are equivalent:
(a) A®pr — is a Frobenius monad on gpM;
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(b) A is finitely generated and projective as R-module and allows for a coalgebra
structure (A, d,€) inducing commutativity of the diagrams

ARp AL AgpAop A Aop A4 A9y Aop A

ml \Lm@],‘ ml i]m@m

A 9 A®p A, A—20 S AegpA

(¢) A has a comonad structure (A, d,e) and (A®gr —, A®g —) is an adjoint pair
of functors with counit and unit

ApA™ A3 R R A% AggA.

For algebras over fields, the equivalence of (a) and (b) was shown in 1999 by
Abrams (see [1, Theorem 2.1]). He understood the two diagrams in (b) as conditions
which make § a left and right A-module morphism. This interpretation is not
possible in general, since for a monad F' on an arbitrary category A, one can not
distinguish between left and right F-modules. From the categorical setting, the
left hand diagram should be seen as condition to make § an A-module morphism
whereas the right hand diagram makes m an A-comodule morphism.

We note that the proof of the general situation only uses elementary notions from
category theory and is completely contained (although not formulated in this way)
in Eilenberg-Moore [9]. Thus Abrams theorem from 1999 was implicitly already
around in more generality in 1965.

4.11. Remark. For most of the results of this section commutativity of the ring
R is not essential. In case R is not commutative, some obvious adaptions have to
be made; in particular, R-algebras are to be replaced by R-rings (monads on M)
and R-coalgebras by R-corings (comonads on gM) (see [6]).

With the knowledge gained in this section let us come back to the monad and
comonad on gM and pM, respectively, considered in Proposition 3.5. In the next
proposition R need not necessarily be commutative.

4.12. Hompg(P,—) as tensor functor. Let grPs be an (R, S)-bimodule with finite
dual R-module basis {p5}a, {pr}a. Then P* ®p — ~ Homp (P, —) and thus, by
3.1, (P®gr —, P* ®gr —) is an adjoint pair of functors with
counit ¢: P®rP*—= R, p® f+— f(p),
unit n:R— P*QrP, 1— >, pi pa.
(1) P*®pr P ®g — is a monad on gM (S-ring) and there is an isomorphism
P*®@r P —+ Endg(P), f@p— [z f(x)p).
This induces a product m on P* ®g P, for f,g € P*, p,q € P,

m:(g©q)®(f@p)—=g© flg)p
(2) P®g P*®p — is a comonad on gM (R-coring) with coproduct
§:PRsP > PosP orP@sP’, paf =) pOpiam®/f.

For a commutative ring R, any R-module P can be considered as (R, R)-bimodule
and the canonical isomorphism twp p- : P®g P* = P* ®@p P allows to transfer the
comonad structure defined on P ® g P* to P* @ g P ~ Endg(P) (keeping the same
symbol).
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4.13. Endr(P) as Frobenius algebra. Let P be a finitely generated and projective
module over a commutative ring R. Then Endg(P) is a Frobenius R-algebra.

Proof. We refer to the notation from 4.12. The left hand diagram in 4.10 comes
out as (writing ® for ®pg)

123
PPOIPRP@P——P" QPP QPP ®P

ml 5 im@

PPQP————P'QPRQP*®P
and this is commutative, since for g, f € P* and p,q € P,

(mel)-Ied)geqxfep = > 49 f(gpr@p) @D,
@ mgegafep = > ,9@pr@p}® f(q)p,

and since f(q) € R, the two expressions are equal.
Similarly one can see that the right hand diagram in 4.10 is commutative. [

Putting P = R" in 4.13, for any n € N, Endg(P) is just the n X n-matrix ring
over R and we retrieve the (known) fact that finite matrix rings over commutative
rings are Frobenius algebras. In this case the counit € : P* ® g P — R is just the
trace of the matrix.

A further application of 4.12 for not necessarily commutative rings yields

4.14. Sweedler’s coring [14]. Let (A4, m,14) be any ring and h : R — A a ring
homomorphism. Then the (A, R)-bimodule A is finitely generated and projective
as left A-module and A ® g A becomes an A-coring with coproduct and counit

0:ARrA — AQrRA®RA, a®b—~ a®1,®Db,
e=m:AQrA — A, a®br ab,

where we have identified A ® 4 A ~ A.

For more details on (Sweedler’s) corings the reader is referred to [6].

5. TENSOR PRODUCT OF ALGEBRAS AND COALGEBRAS

In this section R denotes again a commutative ring and hence we will have the
canonical twist map tw for R-modules (see Section 4).

5.1. Tensor product of algebras. Consider two R-algebras (A,ma,ea) and
(B,mp,ep). Given any R-linear map

TIB@RA—)A®RB,
the tensor product A ® g B allows for a product

I®T®I ma®mp
_—

map: AQR BRIRARrRB——= A®r AQRr B®Qr B A®pr B.

Taking 7 = twp 4, the resulting product is associative and A ® g B becomes an
R-algebra with unit eq ® ep.

The question arises if there are other such linear maps 7 making A ®g B an
R-algebra. This was intensively studied for algebras and led to various notions of
smash products. The reader is referred to [7] (and the references given there) for
investigations in this direction.
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Considering the related functors A®g — and B ®pg —, the lifting conditions from
2.1 are concerned with the diagram

BNﬂ AR®Rr— BN@

A®Rr—

RM ———— rM,

and the conditions on 7T® — : B®r A ®r — — A ®r B ®r — to be a monad
entwining (given in 2.2) are precisely the conditions on 7 to provide A ® g B with
an R-algebra structure.

For a long time this was hardly realised by algebraists and the conditions needed
had to be rediscovered in the particular cases.

5.2. Tensor product of coalgebras. Consider two R-coalgebras (C,dc,e) and
(D,dp,ep). Dual to the algebra case, to obtain a coproduct on the tensor product
C ®g D (smash coproduct, e.g. [7]), an R-linear map (in the opposite direction)

7:CQR®rD —D®rC
is needed to define a coproduct

bep: CopD 0 @RDorD@r D% CopD®rCorD.
Again the twist map twe,p has the necessary properties to make C' @ D a coasso-
ciative R-coalgebra with counit e¢c ® €p.
In functorial language, the problem is to find a comonad structure for the com-
position C ®g D ®r — of the comonads C ®g — and D ®z —. This defines the
comonad entwinings which were mentioned in a remark after 2.2.

5.3. Tensor product of algebras and coalgebras. While for algebras and
coalgebras it is clear which structures are to be expected from the corresponding
tensor products (see 5.1, 5.2), a new structure is needed to describe the product
of an algebra and a coalgebra. This was worked out by Breziniski and Majid by
introducing entwining structures in the paper [5] appearing 1998, a notion which
turned out to be closely related to comonads (corings). In categorical language
this is described by lifting monads to comodule categories as outlined in 2.3 (mixed
entwinings) and this goes back to van Osdol’s paper [15] from 1971.

Consider an R-algebra (A, m,e) and an R-coalgebra (C,d,e). An R-linear map

ANMARRC - (C®rA

is called a mized entwining provided all the diagrams in 2.3 are commutative for
T=A®r—and G =C ®r —. Again A := tw4¢ provides an example for such a
map.

If this holds, then A leads to a left A-module structure on C Qg A,

A®RC®RAL®I>C®RA®RA@C®RAa

and the coproduct and counit
6: CoprA’ L C0rCoRrA 5 CRRARACORA c:CopA2tA,
induce a comonad structure on the endofunctor (A-coring)

CRrRARa —: AM — 4M.
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The comodules for this comonad are also known as (C, A) x-entwined modules (see
[6, Section 32]).

Similar to the case of R-algebras (see 4.9), the comodules for C ®p A ®4 —
may also be seen as modules over some ring, which is obtained by endowing the
(A, A)-bimodule Hom4(C ®pg A, A) with a suitable ring structure (see [6, 32.9]).

5.4. Bialgebras and Hopf algebras. Let B = (B, m, ¢, §,¢) be a quintuple where
B is an R-module, (B, m,e) an R-algebra, and (B, §,¢) an R-coalgebra.

Following 2.4, B is called a bimonad provided € : B — R is an algebra morphism,
e : R — B is a coalgebra morphism, and there is a mixed entwining

AN B®rB— B®grB,

that is, the diagrams in 2.3 are commutative for T'= G = B ®r —, and A yields
commutativity of the diagram in 2.4(iii).

As mentioned in 5.1 and 5.2, B ®p B allows for an algebra and a coalgebra
structure induced by the twist map tw, and in this case the compatibility condition
for product and coproduct usually is to require that m is an R-coalgebra morphism
(equivalently § is an R-algebra morphism).

The two conditions are brought together in the diagram (writing ® for ®g)

BeB—" >B—" >B®B
I®5l TI@WL
BoB®B el Bo®B®B
5®I®Il Tm®1®l
IRtwRI

B®B®B®B——= >~B®B®B®B,

where commutativity of the upper rectangle is the condition from 2.4(iii), while
commutativity of the outer diagram means that m is a coalgebra morphism (or §
is an algebra morphism).

Thus the two compatibility conditions coincide if we choose a specific A which
makes the bottom rectangle commutative,

N:BoprB 2 BorBorB 22 Bor Bor B™EY Bag B,

and it can be shown that this X is a mixed entwining (see [11, Proposition 6.3]). Of
course, not every mixed entwining has to be of this form.

It follows from 5.3 that for a bialgebra B, a mixed entwining induces a comonad
BorB®p—: pM — gM (B-coring) and the comodules for this (entwined modules)
coincide with the Hopf modules for the bimonad B as defined in 2.5 (see [6, 33.1]).

B is a Hopf algebra if (and only if) the comparison functor
Kg:pM—=ME, X (BopX,m®Ix,0® Ix),

induces an equivalence. As pointed out in 2.5, K g is full and faithful and hence to
get an equivalence one has to find a (right) adjoint functor which is also full and
faithful. This is, for example, the case when the functor Homg (B,—): Mg — rM
is full and faithful. More characterisations of these conditions are given in [6, 15.5].

It follows from 2.5 that an R-module B is a Hopf algebra if and only if B®p —,
or equivalently the adjoint functor Hompg(B, —), is a Hopf monad. Thus for an
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infinite dimensional Hopf algebra B over a field k, the dual space Homy (B, k) need
not be a Hopf algebra but the (adjoint) functor Homy (B, —) is a Hopf monad on
the category of k-vector spaces.

We have seen how the tensor product of two (co-) algebras can be made to (co-)
algebras. Given three algebras A, B and C' with mutual entwinings, that is AQg B,
A®pg C and B ®g C have algebra structures, the question arises if A ®g B ®pg C
also allows for an algebra structure. To achieve this the entwinings involved have
to satisfy a kind of compatibility condition.

5.5. Yang-Baxter equation. Let A, B, C' be R-modules with R-linear maps
vpc : BRrC = C®rB, ¢wap:A®rB = B®rA, ¢ac:A®rC = CQrA.
The triple (ppc, vaB, pac) is said to satisfy the Yang-Baater equation if it yields

commutativity of the diagram (writing ® for ®g)

®C B®
ABoC —222 . BeAC—222 s BC® A

A®@Bci \L@Bc@A
pac®B CRpaB

ARCR®B—>(C®ARB——>C®B®A.

It is well-known that the twist map tw satisfies the Yang-Baxter equations for any
R-modules A, B, C.

If A, B and C are R-algebras and the ¢’s are algebra entwinings, then a canonical
R-algebra structure is induced on A®r B®g C if and only if the entwinings satisfy
the Yang-Baxter equation.

Similar conditions are needed to make the tensor product of three coalgebras
or bialgebras again a coalgebra or a bialgebra, respectively. They also have to be
satisfied if one requires the 3-fold (or n-fold) tensor product A ®r A ®p A of an
algebra (coalgebra, bialgebra) A to be of the same type again.

We mention that the conditions considered can also be formulated for tensor
products over non-commutative rings and the related functors. For more details
the reader is referred to [18].
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