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Abstract

Entwined structures (A, C,1) were introduced by Brzeziriski and Majid to
study the interdependence of an R-algebra A and an R-coalgebra C, R a com-
mutative ring. It turned out that this relationship can also be expressed by
the fact that A ® g C has a canonical A-coring structure. More generally weak
entwined structures and their modules were studied by Caenepeel and Groot
and it was suggested by Caenepeel to relate these to pre-corings. Slightly mod-
ifying this notion we introduce weak corings and develop a general theory of
comodules over such corings. In particular we obtain that (A, C, ) is a weak
entwined structure if and only if A @ C is a weak A-coring (with canonical
structure maps). Weak bialgebras in the sense of Bohm-Nill-Szlachdnyi are char-
acterized as R-modules with an algebra and coalgebra structure (B, pu, A) such
that B ®g B is a weak coring for the various coring structures induced by u,
o, Aand 7oA. Moreover we will characterize weak Hopf algebras as those
weak bialgebras B, which are generators for the comodules over (B ®r B) - 1.

Introduction

Throughout the paper R will be an associative commutative ring with unit.
An R-algebra (A, u,t) and an R-coalgebra (C, A, ¢) are said to be entwined, and
(A, C, ) is said to be an entwining structure if there exists an R-linear map

V. C®rA— ARgC,
such that

Yo (lep) = (pel) o (Iey) o (Yal), o (le) =1sl,
(IeA) ot = (Yal) o (Iey) o (Asl), (Iec)ot) =eal,



where [ denotes the appropriate identity maps. In [4] these conditions are displayed
in a nice bow-tie diagram. A similar ”entwining” of two algebras is considered in
Tambara [12].

Entwining structures are introduced in Brzeziniski-Majid [2] to develop a theory
of ”coalgebra principal bundles” and the associated modules are defined in Brzeziniski
[3] as right A-modules with a coaction ¢ : M — M ®pg C' such that

o(m-a)=> myp(mea), formeM,ac A.

Although these structures are very useful and managable there is no immediate
evidence from the algebraic point of view why they are of such interest. This evidence
is provided in [5] by the observation that (A, C,%) is an entwining structure if and
only if A®g C has an A-coring structure given by the comultiplication

AZ:[®AZA®RC—>A®RC®RCZ(A@RC>®A<A®RC),

and the counit ¢ := [ec : A ®r C — A, where A ®p C has the canonical A-module
structure on the left, and the right A-action

(Igc) -a =1(cea), forae A, ceC.

In particular, an R-module B with an algebra and a coalgebra structure is a
bialgebra if and only if the construction just described makes B ®r B a B-coring
(resp. (B, B,1) an entwining structure), where the right B-action is

(1gc) - b= (1lec)A(b) (= ¥(bac)), forbe B, ce C.

Motivated by problems in quantum field theory and operator algebras the notion
of bialgebras was extended to weak bialgebras by Bohm, Nill and Szlachényi [10, 1].
To relate these with the notions mentioned before, weak entwining structures (A, C, 1))
and their (co-)modules were introduced and investigated in Caenepeel-Groot [6]. It is
pointed out in Brzezinski [5] that the category of (co-)modules over weak entwining
structures can be identified with the category of comodules over a suitable coring.

By ideas of Caenepeel (see [5, Section 6]) the interpretation of entwining structures
as corings can be extended to weak entwining structures and pre-corings: These are
(A, A)-bimodules C, unital as left A-module, with an (A, A)-bimodule map A : C —
C ®4 C satisfying the coassociativity condition, and a left A-module map e :C — A
with the property e(c-a) =¢e(c-1)a, fora € A, c € C.

Because of the obvious importance of pre-corings it is suggested in [5] to study the
general properties of these structures. This is the motivation for the present paper.



Slightly modifying the definition of pre-corings we introduce, in Section 1, weak
A-corings C where "weak” indicates the fact that C need not be unital as A-module -
neither on the left nor on the right side. The corresponding notion of weak comodules
is defined and their category is considered.

A weak A-coring C which happens to be unital as left A-module is (essentially) a
pre-coring (as defined above), and C is a coring provided it is unital both as left and
right A-module. In the definition of (right) weak C-comodules M, we allow M to be
non-unital as A-module and hence we will have AC as a right weak C-comodule. This
differs from the approach in [6] and [5].

In Section 2 we ask when A itself is a comodule over the A-coring C. This is the
case if and only if there exists a group-like element in ACA, and the coinvariants of any
weak C-comodule M are introduced as the images of 1 under the comodule morphisms
A — M. The notion of a Galois weak A-coring is defined and it is shown how these
are related to equivalences between the comodules over ACA and the modules over
the coinvariants (see 2.5).

As for coalgebras and for corings, the dual algebra *C = Homy (C, A) plays a
prominent role for weak corings. This is investigated in Section 3. Every right C-
comodule may be considered as right *C-module and in case AC is projective as a
left A-module, for any right C-comodule the C-comodule structure and the *C-module
structure coincide. Some results shown for coalgebras in [14] are extended and a
finiteness theorem for weak comodules is proved (see 3.8). Notice that here *C need
not have a unit.

Given an R-algebra A and an R-coalgebra C, a comultiplication is defined on
A ®pg C in a canonical way (see Section 4) and it is shown that this yields a weak
A-coring if and only if there exists a weak entwining map v : C g A — A ®g C
(as considered in Caenepeel-Groot [6]). In this case the dual algebra *(A ®p C) ~
Homp(C, A) yields the (Doi-Koppinen) smash product (see 4.2).

In Section 5 we finally consider an R-module B which is an algebra and a coalgebra
A: B — B®g B, with A(ab) = A(a)A(b), for a,b € B. We show that B is a weak
bialgebra (in the sense of Bohm, Nill, Szlachdnyi [1]) if and only if B ®x B is a weak
B-coring both with respect to A and 7 o A (where 7 is the twist map). Moreover
weak Hopf algebras are characterized as those bialgebras B, which are generators in
the category of right comodules over (B ®g B) - 1 (see 5.12).

The papers on weak Hopf algebras mostly consider finite dimensional algebras over
fields. Here we are working with algebras and coalgebras over any commutative ring
R without finiteness conditions. For explicit examples and applications we refer to
[5], [1], [6], and the references given there.



1 Weak corings

Throughout A will be an associative ring with unit 1 (or 14). In module theory
usually the category of unital A-modules is considered. It has turned out that for some
applications non-unital modules are of interest and hence we recall some elementary
properties of non-unital modules over unital rings.

1.1. Non-unital modules. By M, (resp. 4+M) we denote the category of all (not
necessarily unital) right (left) A-modules while M 4 and 4 M denote the corresponding
subcategories of unital A-modules. For any module M the identity map is denoted
by I,; or just by [ if no confusion arises.

We write 4M g for the category of (A, B)-bimodules, B an associative ring, which
need not be unital neither on the left nor on the right, i.e., for any M € 4Mp and
m e M, a€ A, be B, we have (am)b = a(mb) but possibly mlg # m or 1,m # m.
The subcategory of those bimodules which are left and right unital is denoted by
AM B-

For M,N € 4 Mg, the set of bimodule morphisms M — N will be denoted by
Homap(M,N) and we will write Homs_ (M, N) or Hom_g(M, N) for the left A-
module or right B-module morphisms, respectively.

For any M € M, there is a splitting A-epimorphism

—ol: M — M®s A, m— msl,

which is injective (bijective) if and only if M is a unital A-module. We have canonical
isomorphisms
M®sq A — MA, mea— ma, and
Homu (A, M) — MA, f~ f(1),

and we will identify these modules if appropriate. In particular, M A = M1.

For any A-module morphism f : M — N, the map fol : M ®4 A — N ®4 A can
be identified with the restriction f |y 4: M A — N A which we will usually also denote
by the symbol f. We have a functor

—®AA:MA—>MAC/\;1A, M— M®a A, [ fel,
which is left (right) adjoint to itself, i.e., for any M, N € My,
Homa(M ® A, N) ~ Homy(M ® A, N ® A) ~ Homa (M, N ® A).

Since A is a unital A-module this implies Hom4 (M, A) ~ Homy4 (M A, A).



Of course we have - and will use - the corresponding properties for A ® 4 — and
left A-modules. For any M € 4 M4, this induces a splitting (A, A)-morphism

loe—el: M —-ARs M4 A~ AMA, m— lemel (= 1ml),
and the isomorphisms
Homaa (M, A) ~ Homya(MA, A) ~ Homya(AMA, A).
1.2. Weak A-corings. Let C be an (A, A)-bimodule. An (A, A)-bilinear map
A:C—Co1A®,C

is called a weak comultiplication. For ¢ € C we write A(c) = ) cielecs.
An (A, A)-bilinear map € : C — A is called weak counit (for A) provided we have
a commutative diagram

>

A

C®aA®sC 1e-01 C®sA®R4C

e®I I®e

In our notation this means

lel =) e(er)ep = ) crelea).

We call C a weak coring provided it has a weak comultiplication A and a weak
counit €.

An (A, A)-submodule D C C which is pure as a left and right A-submodule is
called a weak subcoring provided A(D) C D ®4 A®a D.

The weak comultiplication A is coassociative if we have a commutative diagram

C 4, CosAD,C

Al liorea

CoiA®4C 228 Co A@iC®4ADAC,

which is expressed by the equality

E Cll®1®clz®1®62: E cl®1®02l®1®022'



A weak A-coring C is said to be right (left) unital provided C is unital as a right
(left) A-module, and C is called A-coring provided C is unital both as a left and right
A-module. In this case C ®4 A ®4 C ~ C ®4 C as bimodules, we have the (more
familiar) notation A : C — C ®4 C for the comultiplication, and the diagram for the
counit simplifies to

This shows that for any A-coring C, A splits as an (A, A)-bimodule morphism.

An A-coring is said to be an A-coalgebra if A is commutative and the left and right
action of A on C coincide (i.e., ca = ac for all ¢ € C, a € A).

Notice that left unital A-corings are essentially the A-pre-corings introduced by S.
Caenepeel (see [5, Section 6]).

The following observations are immediate consequences of the definitions.
1.3. Proposition. Let (C,A,¢) be a weak A-coring. Then
(1) (CA,A,¢) is a (right unital) weak A-coring;
(2) (AC,A¢) is a (left unital) weak A-coring;
(3) (ACA, A, ¢g) is an A-coring.

For any weak A-coring C, the A-linear maps C — A have ring structures which we
are going to describe now. Notice the canonical isomorphisms

C* = Hom _4(C,A) =~ Hom_4(CA,A),
(AC)* = Hom_4(AC,A) ~ Hom_4(ACA,A),

*C = Homa_(C,A) ~ Homyu (AC,A),
*(CA) := Homyu (CA,A) ~ Homu (ACA, A),

*C* = Homaa(C,A) =~ Homua(ACA, A) =*CNC".

1.4. Multiplication on Homy(C, A). Let C be a weak A-coring.
(1) C* has a ring structure given by the (convolution) product, for f,g € C*,

frrg: C5CAR,C L A C~AC L A,
i-e, o gle) =22 flgler)ea).

€ is a central idempotent in C* and (AC)* = g *, C*.



(2) *C has a ring structure given by the product, for f,g € C*,
A Iof g
fxg: C—C®4 AC —-C®4 A~CA— A,

i.e., frg(c) =23 glcrf(cz)).

e is a central idempotent in *C and *(CA) ~ € %, *C.
(8) *C* is a ring with multiplication, for f,g € *C*,
f*g : C$C®AA®ACg%fA>
ie., fxg(c)=>g(c1)f(c2), with unit e.
(4) If C is a coassociative weak A-coring, then all these rings are associative.
Proof. (1) For any f € C* and ¢ € C,
frrele) = > flela)ea) = f(Llel), and
exr fle) = Yelfla)er) =2 flae(er) = X2 flag(e)) = f(lcl).

(2) is symmetric to (1), and (3) follows from (1) and (2).
(4) This can be verified by direct computation. O

So for any A-coring C, the rings C*, *C and *C* have unit €. This was already
observed in [11, Proposition 3.2]. In case C is an A-coalgebra (A commutative) we

have *C = C* and the above results are well known facts about the dual algebra of a
coalgebra.

1.5. Weak comodules. Let C be a weak A-coring and M € M. An A-linear map
oM — M ®s A®,C is called a weak coaction on M, and it is said to be weakly
counital, provided the following diagram commutes:

M 2 Mei AC

l[@é
—®1

M®AA.

o is said to be coassociative if the diagram

M oM M ® 4 AC

l oM ll@é
om®I

My AC —= M @4 AC @4 AC




is commutative. For m € M we write op(m) = Y moalem;.
With this notation coassociativity of oj; corresponds to the equality

Z moeleA(m;) = Z om(mg)elemy,

and weak counitality of gy, is expressed by

ml = ngg(ml) .

Clearly, in case M is a unital A-module we have (Ip;eg) 0 opr = Iy.

For a coassociative weak A-coring C, an (non-unital) A-module M with a counital
coassociative coaction is called a right (weak) C-comodule.

An A-submodule K C M is a weak subcomodule if

om(K) CK®4 A®4CCM®4A®4C.

Left weak coactions and left weak C-comodules etc. are defined in a symmetric way.

Notice that any weak A-coring C has a left and a right coaction (by A) which,
however, need not be weakly counital. On the other side, it is easy to see that the
obvious right (left) C-coaction on AC (on CA) is weakly counital. In particular, for
any coassociative weak A-coring, AC and CA are right and left weak C-comodules,
respectively.

Let C be an A-coring. Then a right weak C-comodule M is called a right C-
comodule provided MA = M, i.e., M is a unital right A-module. As mentioned
above, this implies (Iy2g) 0 opr = Iy

1.6. Proposition. Let M be a right weak comodule over the coassociative weak A-
coring C. Then:

(1) MA is a weak comodule over C;

(2) MA is a weak comodule over the (left unital) weak A-coring AC;
(3) MA is a weak comodule over the (right unital) weak A-coring CA;
(4) MA is a comodule over the A-coring ACA.

Notice that - in contrast to comodules - the structure map gy : M — M @4 A®4C
of weak comodules need not be injective even if C is a coring. For example, considering
A as an A-coring (by A: A~ A®s A, € = I4), every right A-module M is a weak
A-comodule by the map —e1 : M — M ®4 A, which is not injective unless M is
unital.



1.7. Morphisms. A morphism of modules with weak coaction f : M — N is an
A-linear map such that the diagram

M — N

lPM le

MejAC 128 Ne, AC

commutes, which means oy o f = (fel) o g .
The set Hom®(M, N) of morphisms of modules with weak coaction is an abelian
group, and by definition it is determined by the exact sequence

0 — Hom®(M, N) — Homy(M, N) — Homy (M, N @, AC),

where v(f) := py o f — (fel) o pus.
For weak comodules, morphisms respecting the coactions are called comodule mor-
phisms. The following observations are easy to verify.

1.8. Weak coaction and tensor products. Let X be any unital right A-module.
Let M € A M 4 with a right weak C-coaction oy : M — M @4 AC.

(1) X ®4 M has a right weak C-coaction
Isony : X Qu M — X ®, M ®4 AC,
and for any A-module morphism f: X — Y,
fol : X Q@AM —Y @, M

18 a morphism of modules with weak C-coaction.

(2) In particular, X ® 4 C is a right C-comodule by
]®AZX®ACEX®AAC—>X®AAC®AAC,

and fel : X ®4C — Y ®4C is a morphism of modules with weak C-coaction.

(8) For any index set A, the module with right weak C-coaction A™ @4 AC is iso-
morphic to ACW).

(4) Assume C and oy to be coassociative. Then X ®4C and X @4 M are right weak
C-comodules and oy is a comodule morphism.
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1.9. Kernels and cokernels. Let f: K — M a be a morphism of right A-modules
with weak coaction. So we have an exact commutative diagram in M4,

K 7, M N N 0

L ek L oom
KoAC 2 Me,Ac 22 Ne,AC — 0.

By the cokernel property of N in M 4, this can be completed commutatively by some
A-linear map oy : N — N ®4 AC, i.e., we have a weak C-coaction on N, and - by
construction - g is a morphisms for modules with weak C-coaction. This shows that
f has a kokernel which is a morphism of modules with weak coaction.

The existence of a kernel of f can be shown in a similar way provided the functor
— ®4 AC respects monomorphisms, i.e., AC is flat as a left A-module.

For a coassociative weak A-coring C, the class of weak C-comodules together with
the C-comodule morphisms form an additive category which we denote by MC.

For a coassociative A-coring C we only consider (weak) comodules which are unital
as A-modules and the category of these is denoted by MC.

We summarize the above observations.

1.10. The category MC. Let C be a coassociative weak A-coring.

(1) The category ME has direct sums and cokernels.
It has kernels provided AC is flat as a left A-module.

(2) For the functor — @4C: My — MC we have the natural isomorphism
Hom®(MA, X ®4C) — Homus(MA, X), f+ (Isg)of,
for M € M€, X € My, with inverse map h — (hel) o oy
(3) The functor — @4 CA: My — MC is right adjoint to — @4 A : ME — M 4.

(4) If C is a coring, then — ®4C : My — MC is right adjoint to the forgetful
functor M® — M.

Proof. (1) It is easy to check that coproducts in M 4 yield coproducts in M€ in an
obvious way. The rest is clear by the preceding remarks.

(2) For h € Homy (M A, X)), the composition

MA2S MA@, C 2 X o0t X

yields the map h.
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Let f € Hom®(MA, X ®4C) and put h = (Ie) o f. Then the composition
MA 2% MA®4C 5 X @4C

yields the map f. Thus the given assignments are inverse to each other.
Any A-morphism M — N of right A-modules induces a morphism MA — NA
and so it is easy to see that the isomorphism is natural in both arguments.

(3) This follows from (2) by the isomorphism
Hom®(MA, X ®,4C) ~ Hom®(M, X ®4 CA).
(4) is a consequence of (3). It is also shown in [5, Lemma 3.1]. O

Putting X = A and M = AC we obtain the

1.11. Corollary. For any weak A-coring C, there are ring isomorphisms
End “(ACA) ~ (AC)*, End“ (ACA) ~ *(CA),
which are both given by f+— co f.
Proof. By 1.10, the map
End “(ACA) ~ Hom_4(ACA, A) = (AC)*, frseof,
is an isomorphism of abelian groups. Moreover, for f, g € End’C(ACA) and c € ACA,

(g0 f)*r (g0g)(c)

I
QRN O QR
o o o o

U

To end this section we notice some elementary properties of the Hom®-functors.

1.12. Exactness of the Hom®-functor. Let 4C be flat and M,N € MC. Then:
(1) Hom®(—, N) : M — Z-Mod is left exact.

(2) Hom® (M, —) : MC — Z-Mod is left exact.
(8) If A is right A-injective then Hom®(—, ACA) : M€ — Z-Mod is ezact.
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Proof. (1) Any exact sequence X — Y — Z — 0 in MC yields a commutative
diagram with exact columns,

0— Hom®

0
!
(
!

0— Homu(Z, N) — Homu (Y, N) — Hom 4 (X, N)

! | !

0— HOHlA(Z,N®A AC) - HomA(Y,N®A AC) - HOIHA(X,N®A AC)

The second and third row are exact because of the exactness properties of Homy.

Now diagram lemmata imply exactness of the first row.

(2) is shown with a similar diagram.
(3) This is a consequence of the functorial isomorphism in 1.10. O

2 A as weak C-comodule, coinvariants

For a given A-coring C, in general A need not be a weak comodule over C. If this is
the case it will be of special interest when A is a generator in MC. First we describe
the general situation.

2.1. A as weak comodule. For any weak A-coring C, the following are equivalent:
(a) A is a right C-comodule;
(b) A is a right ACA-comodule;
(c) there exists a group-like element g € ACA (i.e., A(g) = g®a g and £(g) = 1).

Proof. (a) < (b) Let g4 : A — A ®4 C be a coaction which makes A a right C-
comodule. Then Im p4 C ACA and so A is a right AC A-comodule.
The converse implication is trivial.

(b) < (c) Since ACA is an A-coring the assertion follows by [5, Lemma 5.1]. Notice
that for a group-like g € C, the coaction on A is given by

0a:A— A®AC, a—leg-a(=g-a)
O

If A,M € M, any comodule morphism f : A — M is uniquely determined by
the image of 14 € A and this explains the importance of the
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2.2. Coinvariants. Let C be a weak A-coring with group-like element g € ACA.
(1) The coinvariants of any M € MC are defined by
M€ = {f(1) | f € Hom®(A, M)} = {m € MA| on(m) =m @ 1@ g}.
(2) In particular, for M = A we have a subring
A ={f(1)| f€End(A)}={acA|g-a=a-g} C A
(3) The map End®(A) — A“C, f s (1), is a ring isomorphism, and
Hom®(A, M) — M*“¢,  f f(1),

is a right A°C-module isomorphism, for M € MC.

(4) (N ®4AC)* ~ Hom (A, N @4 ACA) ~ Homy(A, NA) ~ NA,
for any N € M 4, with the maps

oy : Hom®(A, N @4 ACA) — Homyu(A,NA) — NA,
fom= (eg)of = (leg)o f(1).

(5)  (AC)*® ~ Hom®(A, ACA) ~ Homy(A, A) ~ A,  with the maps
@ Hom® (A, A®y ACA) — Homy(A,A) — A, fscofreo f(1).
Proof. Most of these assertions are obvious. To prove (4) we refer to 1.10. O
The standard Hom-tensor relation yields (compare [5, Proposition 5.2]):

2.3. The coinvariant functor. Let C be a weak A-coring and A a right C-comodule.
Putting B = A°C, for any N € Mg and M € MC, there is a natural isomorphism

Hom®(N @5 A, M) ~ Homp(N, Hom®(A, M)),
showing that the functor
(—)COC = HomC(A, —): MC — Mp, M+— MCOC,

is right adjoint to the induction functor — @ A : Mg — MC, where the C-comodule
structure of N @p A is given by I[ep04.

Clearly, if 4C is flat, then (—)°C is an exact functor if and only if A is a projective
object in MC.
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2.4. Galois A-corings. Let C be a weak A-coring with group-like element g € ACA,
and put B = A°C. Then C is said to be right Galois if the canonical map

Hom®(A, AC) ®p A — ACA, fsa — f(a),

is an isomorphism.
By the isomorphisms considered in 2.2(5), the diagram

Hom®(A,A®4 ACA)®p A — ACA fab — f(b)
l pa®I H l H
Aop A — ACA, gof(l)ob — eo f(1)-g-b,

is commutative since (recall that g = p4(1))

eof(l)-g-b = gof(1)-0a(b) =go f(bo)bs
= (€®I)O(f®I)QA()
= (eal) 0 A(f(b)) = f(b)-

Hence C is right Galois if and only if the canonical map

property of f

v:A®p A — ACA, asb— a-pa(l)-0,

is an isomorphism. It is obvious from this definition that the weak A-coring C is right
Galois if and only if the A-coring ACA is right Galois and this condition coincides
with Definition 5.3 in [5].

Notice that A ®g A may be considered as an A-coring in a canonical way and it

is straightforward to verify that the canonical map = is in fact an A-coring morphism
(see [11, Example 1.2, Definition 1.3]).

The interest in Galois objects lies in the following observation.
2.5. A as a (projective) generator in MAA. Let C be a weak A-coring with
group-like element g € ACA and put B = A°C.
(1) The following are equivalent:
(a) C is right Galois, and A is flat as left B-module;
(b) AC is flat as left A-module, and A is a generator in MACA;

(c) MACA is a Grothendieck category, and Hom®(A, —) : MA¢4 — Mod-B is
a faithful functor;
(d) AC is flat as left A-module, and for any M € MAA, the map

M @pA— M, mea— ma,

s an isomorphism.
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(2) The following are equivalent:
(a) C is right Galois, and A is faithfully flat as left B-module;
(b) AC is flat as left A-module, and A is a projective generator in MACA;

(c) MACA is a Grothendieck category, and Hom®(A, —) : MA¢4 — Mod-B is
an equivalence.

Proof. (1) (a) = (b) If A is flat then the functor — ®4 (A ®p A) ~ — ®4 ACA is
exact, i.e., AC is flat as left A-module. The first part of the proof of [5, Theorem 5.6]
(also [8, 2.5]) shows that A is a generator in MAA,

(b) < (c¢) This is a well-known characterization of generators in any catgeory. AC
flat as A-module implies that M“4 is a Grothendieck category (see 1.10).

(d) = (a) In a Grothendieck category any generator is flat as module over its
endomorphism ring (e.g., [13, 15.9]). In particular A is a flat B-module.

(b) < (d) This is easily shown by standard arguments.

(2) By (1), MA% is a Grothendieck category. Therefore a finitely generated
generator P in MA4 is projective in MA4 if and only if P is faithfully flat as
module over its endomorphism ring (e.g., [13, 18.5]). Moreover, for such modules P,
Hom““*(P, —) induces an equivalence (e.g., [13, 46.2]). O

3 C(C-comodules and *C-modules

For any coalgebra C, C-comodules are closely related to modules over the dual algebra
of C. To a certain extent this transfers to weak corings and comodules. Before studying
this we recall some basic facts.

3.1. Canonical maps. For any left A-module K and right A-module N, consider
the canonical map

oy N®s K — Homg(K*,N), nek— [f—nf(k).
It is easy to see that this map factors through N ® 4 AK yielding a map
N K - N®A AK — HomZ(K*,NA)

(1) The following are equivalent:
(a) an i is injective;
(b) forue N®a AK, (Iof)(u) =0 for all f € K*, implies u = 0.
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(2) If an k is injective for each right A-module N, then AK is flat and cogenerated
by A.

(3) If AK is a projective A-module, then ay k is injective, for each N € M.

Proof. (1) Let u = > nek; € N ®4 AK. Then (Ief)(u) = > n;f(k;) = 0, for all
f e K*, if and only if u € Keay .

(2) For any exact sequence 0 — N — M of unital right A-modules, we have the
commutative diagram

l ON, K l aM,K

0 — Homgz(K*,N) — Homg(K* M).

The exactness of the second line implies exactness of the first line thus showing that
AK is flat.
Notice that A @4 AK 25 Homz(K*, A) C AK".

(3) For a dual basis {(p;, ki) |pi € (AK)*, k; € AK}y, let Y . niek; € Ke ayk.

Then
Zinz@ki = Zlnz ® lel(ki)kl = Zl(zznz pi(ki))ek =0,

since ) . n; pi(k;) = 0, for each [, showing that o x is injective. O

To transfer properties of *C-modules to weak C-comodules the following conditions
on the A-module structure of C is necessary.

3.2. a-condition for weak corings. We say that a weak A-coring C satifies the left
(right) a-condition if the map

anc: N®4 AC — Homg(*C,NA),  necw [f — nf(c)],
(aer :CA®4 L — Homg(C*, AL), ¢l [g— g(c)l],)

is injective for every right A-module N (left A-module L).

By 3.1(3), C satifies the left (right) a-condition provided AC (resp. CA) is projec-
tive as a left (right) A-module.

3.3. C-coaction and *C-action.

(1) Let opg : M — M ®4 A®4C be a weak coaction. Then
—M@s"C— M, maf— (Iaf)oo(m),

defines a right *C-action on M.
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(2) Every A-submodule K C M with coaction is a submodule with *C-action.

(3) If C satisfies the left a-condition, then every submodule closed under *C-action
has C-coaction.

(4) Let h: M — N be an A-linear map of modules with right C-coaction.
(i) If h is a morphism for right C-coaction, then h is a morphism for right
*C-action.
(i) If C satifies the left a-condition and h is a morphism for left *C-action,
then h is a morphism for right C-coaction.

Proof. The assertions in (1) and (2) are straightforward to verify.

(3) Let K C M be a submodule with *C-action and consider the map
Bk : K — Homgz(*C, K), k — [f — kf].

Notice that By = aare o opr. We have the commutative diagram with exact lines

0— K SLIN M L, M/K 0
: 1 em

0— K®4AC LA MoisAC 2L M/KeisAC  —0
l aK,C l an,C l aM/K,C

Hom(*C,3)
—

0 — Homg(*C, K) Homz(*C,M) — Homgz(*C,M/K) — 0,

where all the o’s are injective and Hom(*C, i) o Bk = apc o o o i. This implies that
(pel)ooproi = 0, and by the kernel property (in MA), oot factors through K® 4 AC,
i.e., we have a coaction K — K ®4 AC.

Obviously the diagram yields a coaction on M /K, too.

(4) Consider the diagram

M — N
1 om Lo
M ®4 AC rel N ®4 AC
l aM,.c l QanN,c
Homz (*C, M) "C$" Homg(*C, N),

in which the lower square is always commutative.

If h is a comodule map, then the upper square is also commutative and so is the
outer rectangle. It is straightforward to see that this is equivalent to h respecting
*C-action thus showing (7).
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Now assume the outer rectangle to be commutative. By assumtion oy ¢ is injective
and this implies that the upper square is also commutative proving (7). O

3.4. C-comodules and *C-modules. Let C be a coassociative weak A-coring,
o - M — M R4 A®aC a right weak coaction and — : M ®4*C — MA C M
the corresponding action.

(1) If opr is coassocciative then — makes M a right *C-module and € acts as identity

on MA.

(2) If C satisfies the left a-condition and M is a right *C-module by —, then oy is
coassociative and every *C-submodule of M 1is a weak C-sub-comodule.

Proof. (1) If oy is coassociative we have the commutative diagram, for f,g € *C,

M ®4 AC
QM/ \I@é
M Mo, ACo,AC "% Mo, AcA 2% vA.

oM \ /@M@I
M @4 AC

For any m € M the upper path yields m-( f*;g) while the lower path yields (m«f)—g.
This implies our first assertion.

Since M is weakly counital, for any m € M, mle—e = > mps(my) = ml.

(2) If M is a *C-module by —, then m—(f %, g) = (m—f)—g for all f,¢g € *C and
the left a-condition implies commutativity of the rectangle in the above diagram.

The second assertion follows from 3.3. 0

By 3.3 we have the following relationship between

3.5. C-comodule and *C-module morphisms. Let M and N be right weak C-
comodules and h : M — N an A-linear map.

(1) If h is a C-comodule morphism then h is a *C-module morphism.

(2) If C satisfies the left a-condition and h is a *C-module morphism, then h is a
C-comodule morphism, 1i.e.,

Hom®(M, N) = Hom.¢(M, N), for any M, N € MC.

In a similar way left weak coactions on a left A-module M yield left actions of C*
on M. In particular we have for C itself:



19

3.6. *C- and C*-actions on C. For any coassociative weak A-coring C there are
actions

~:C®A*C —CA, caf — (Ielaf)o Alc),
—~:C*®4C — AC, goc— (gelel)o Alc).

(1) For any f € *C, g€ C*, and c € C, (g—c)—f = g—(c—f).
(2) For any f € *C, h € *C*, and c € C,  fxh(c) = f(h—c) = h(c—f).
(3) For any c € C, c—c = lcl =e—c.

*(ACA) and (ACA)* act faithfully on ACA.

(4) If C satisfies the left a-condition, then any right A-submodule D C CA which is
closed under right *C-action has right weak coaction.

(5) Let C satisfy the left and right a-condition, and consider any (A, A)-submodule
D C ACA which is pure as left and right A-submodule. Then D is a weak
sub-coring if and only if D is closed under left C*-action and right *C-action.

Proof. (1) By definition,

(g=0)—f = gler)earfleza) = Y _glern)eraf(ca) = g~(c—f).
(2) By definition,

frh(e) = Y h(eif(cz)) = hle—f)
= X hle)f(er) = fh—c).

(3) is clear by weak counitality of ¢ and 1.11; (4) follows from 3.3.

(5) Clearly every weak sub-coring D is closed under left C*-action and right *C-
action.

Let D C C be an (A, A)-submodule with the purity condition which is closed under
left C*-action and right *C-action. Then the restriction of A yields a left and right
C-coaction on D and

AD)CDR4AR4C N CRIARND =D, A®4D.

The first inclusion follows from 3.3. For the equality consider the commutative and
exact diagram

0 0 0
! | !

0 - DUARLD — DR s1AR4C — D@AA®AC/D — 0
! | !

0 - CRUARMUD — CRIARC — CRs4AR4C/D — 0.
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Since the left square is a pullback (e.g., [13, 10.3]), we can make the identification
stated. This shows that D is a weak subcoring. O

Writing morphisms of left (co-) modules on the right side of the argument and
vice versa, the following is now obvious:

3.7. Coassociative A-corings. Let C be a coassociative A-coring.
(1) *C and C* are associative rings with unit.
(2) The actions — and — make C a (C*,*C)-bimodule which is faithful on the left
and on the right.
(3) End™¢(C) ~ C* and End“~(C) ~ *C.
(4) If C satisfies the left (right) a-condition then

End_.¢(C) = End™©(C) ~C*, ( resp., Ende-_(C) = End®~(C) ~ *C).

The preceding observations yield a close relationship between weak C-comodules
and *C-modules and we obtain a general form of the finiteness theorem for coalgebras.

3.8. The category of weak comodules. Let C be a coassociative weak A-coring
satisfying the left a-condition.

(1) MC is a full subcategory of M.c.

(2) For every M € MEC, M @4 AC is generated (and M A is subgenerated) by the
right C-comodule AC.

(3) For every M € ME, finitely generated *C-submodules of M A are finitely gener-
ated as (right) A-modules.

(4) If ACA is finitely generated as left C*-module (left A-module), then *(ACA) €
ME.

Proof. (1) This is clear by 3.4 and 3.5.

(2) We have an epimorphism A®) — M ®4 A of right A-modules. By 1.8 this
yields an epimorphism (A ®4C)™ ~ AWM ®,C — M @4 AC in MC.

Notice that oj; is a comodule morphism but need not be injective. However the
restriction to M A C M is injective and hence M A is a subcomodule of M ®4 AC.

(3) For k € M A consider the cyclic submodule K := k*C C M A. By 3.4, there
exists a weak coaction px : K — K ®4 AC and we have ok (k) = > ._, kioc;, where
ki€ K,c¢; €C. Soforany f € *C, k—f =>_._, k;f(c;) which shows that K is finitely
generated by kq,... , k, as right A-module.
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(4) Let ACA be finitely generated as left C*-module (or A-module) by a4, ... ,a, €
ACA and consider the map

*(ACA) — (ay,...,a,) "(ACA) C (ACA)" C (AC)", [ (a1,...,a.)~Ff.

Since *(ACA) acts faithfully on ACA this is a monomorphism of right *(AC A)-modules.
So *(ACA) is a submodule of the weak comodule (AC)" and hence is a right weak C-
subcomodule (by 3.4). O

The proof shows that under the given conditions *(ACA) is in fact a comodule
over the coring ACA. For corings the situation simplifies to the following. Notice that
assertion (3) was already observed in [5, Lemma 4.3].

3.9. The category of comodules. Let C be a coassociative A-coring satisfying the
left a-condition.

(1) C is a subgenerator in MC and M = o[C«c| is a full subcategory of M.

(2) For every M € MC, any finitely many elements of M are contained in a subco-
module (*C-submodule) which is finitely generated as A-module.

(3) If C is finitely generated as left C*-module or left A-module, then M® = M.

(4) For a left noetherian ring A, the following are equivalent:
(a) C is finitely generated as left A-module;
(b) C is finitely generated as left C*-module;
(¢c) ME = M.

Proof. (1), (2) and (3) follow immediately from 3.8.
(4) (a) = (b) = (c) are clear by 3.8.
(¢) = (a) By (2) and (3), *C is finitely generated as right A-module and hence

C** is a finitely generated (noetherian) left A-module. By the left a-condition, 4C is
cogenerated by A and so 4C is a submodule of C** and hence finitely generated. [

4 Entwining structures

For the history and importance of (weak) entwining structures and their (co)modules
we refer to Caenepeel-Groot [6] and Brzezinski [5]. Here we show how this theory can
be derived and interpreted by using weak corings studied in the preceding sections
thus providing alternative proofs of related results in [6].
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Let R be a commutative associative ring with unit, u: A®@r A — A an R-algebra
with unit ¢ : R — A, and A : C' — C ®g C an R-coalgebra with counit € : C' — R.

We are interested in the interaction between the algebra A and the coalgebra C.
For this we ask for possible structures of A®g C. The following result was essentially
announced in [6] and [5].

4.1. A®grC as an A-coring. Consider A®pgr C as a left A-module canonically.
(1) Assume there exists a right A-action - on A ®g C and define the R-linear map

V:CRrA—ARRC, c®a— (1®c)-a,

writing ¥(c ® a) =Y agyec?, for suitable a, € A, ¥ € C.

Moreover, consider the maps

A ARrC — (ARrC)®4(A®r(C) ~ (A®gr(C)-1®gC,
agc Y (awcr)ea(lecs) = S (asc) - lecy,
e A®rC — (ARgrC) -1 — A,
agc (agc) - 1 —  (Iee)((awc) - 1),

where A(c) = ciocy, for c € C. Then:
(i) If (A®r C,A,¢g) is an A-coring, then
(1.1) Yo (ab)yec? =Y apbyect®.
(1.2) Y agachach, =3 appac’scy .
(1.3) > age(c?) = e(c)a.
(1.4) > 1yec” = lac.
(i) If (A®g C,A,¢€)) is a weak A-coring, then (1.1) holds and
(12) T aypi(chel)acy, = 3 aypaciecy .
(1.3)" S age(c?) =3 e(c¥)1,a.
(1.4) 3 Lyec? = 3 e(c}) 1yacy.

(2) Assume there exists an R-linear map ¢ : C g A — A®g C and define a right
A-action on A®gr C by

(ArC)®@rA— A®rC, (azc)ebr— at)(csb).

If ¢ satisfies (1.1) — (1.4), then A®g C is an A-coring.
If ¥ satisfies (1.1),(1.2),(1.3),(1.4), then A @ C is a (left unital) weak A-

coring.
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In the first case (A, C,v) is called an entwining structure, in the second case
(A,C, ) is called a weak entwinig structure. Notice that (1.2)" differs slightly
from the corresponding condition in [6].

Proof. (1) (i) (1.1) Associativity of right multiplication yields

Z(ab)¢®cw =(1®c)-ab=(1®c)-a-b= Za¢b@®cww
(1.2) By definition we have

A((l®c)-a) =A( aw®0w)
=Y ayectiect, and
A(l®c)-a =3 (lec))oa(locy) - a
= Y (lecr)oa (X ayecy)
=y G¢W®C£D®Cz¢ :

If A is a right A-module morphism the two expressions are the same.
(1.3) g is aright A-module morphism, so Iec((1 ® ¢) - a) = ¢(c)a.
(1.4) A®gC is a unital right module, so lec = (lac) -1 =3 Lyac”.

(i7) (1.2)" One expression from (1.2) remains unchanged, for the other we get

A(l®c)-a) =Aayec’)
=Y (ayech) - lach
=Y ay(cel)ach .

(1.3)" ¢ is a right A-module morphism, so

Sope(e?) = Tee((1@0)-a)
= ([ee((1®c)-1))-a
= (Ize(Y 1pac?)) -a
S e(c?)1ya.

(1.4)" ¢ is weakly counitary, so

SN lpect = (lec)-1

counital = (eol) o A(lec)
Ieesxl (D 1¢®cf®02)
> g(cf)lwéacg.

(2) Given the map 1 with the corresponding properties the assertions can be

verified along the same lines. O
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4.2. Dual algebra and smash product. Let A ®g C be a weak A-coring (as in
4.1). Then the canonical R-module isomorphism

Homy (A®g C,A) — Homg(C, A), h+— ho(le—),
induces an associative algebra structure on Hompg(C, A) with multiplication

fg(c Zf c2)yp9( c1 for f,g € Homg(C, A), c € C.

We call this algebra the smash product of A and C' and denote it by #(C, A).
#(C, A) contains a central idempotent e defined by

e(c) :=e(lec) = Iee((lac) - 1), force C.
Assume C' to be projective as an R-module. Then:
(1) The category MASRC of right weak A ® g C-comodules is a full subcategory of
Mod-#(C, A).

(2) A®r C subgenerates all weak right A @p C'-comodules which are unital right
A-modules.

(3) If C is finitely generated as R-module, then #(C, A) %, e € MACRC,
Proof. For f,j € Homa_(A ®pg C, A) we have (see 1.4)

frg= Zf]((l@@ (lecg)) Zg (lecy)yecy) Zf locy)y §(1ec)),

and this induces the multiplication suggested for Homg(C, A).

¢ is a central idempotent in Homy (A®pC, A) = *(A®g C) (see 1.4) and - under
the isomorphism under consideration - e is the image of ¢.

If C'is projective as an R-module then A®g C is a projective A-module and hence
satisfies the a-condition. So (1) and (2) are special cases of 3.8.

Moreover, if C' is finitely generated as an R-module then A ®g C' is finitely gen-
erated as an A-module, and so is its homomorphic image (A ®g C) - A. Now 3.8(4)
implies that *((A®rC)-A) ~ *(A®@g C) % e is in MA®RC and this ring is isomorphic
to #(C, A) * e. O

The above observations are variations and refinements of what is called the weak
Koppinen smash product in [6, Section 3.2]. Of course the situation simplifies for
corings (compare [5, Lemma 4.3]):

4.3. Smash product of corings. Let AQrC be an A-coring (as in 4.1) and assume
C to be projective as an R-module. Then:

(1) #(C, A) has a unit and AQrC'is a subgenerator in MAPRC = o[(AQRC) 4(0.a))-
(2) If C is finitely generated as R-module, then MA®RC = Mod-#(C, A).



25

5 Weak bialgebras

Weak bialgebras are studied in B6hm-Nill-Szlachanyi [1] and their relations to weak
entwining structures are displayed in Caenepeel-Groot [6]. Here we give a character-
ization of weak bialgebras in terms of related weak corings thus showing that (part
of) the theory is covered by our techniques.

Throughout this section (B, u, A) will denote an R-module B which is an associa-
tive R-algebra with multiplication p and unit 1 as well as a coassociative coalgebra
with comultiplication A and counit ¢, such that

A(ab) = A(a)A(b), for all a,b € B.

With the twist map 7 we can form another mutliplication p™ := p o7 and another
comultiplication A” := 70 A for B, and the resulting structures

(B,u", A7), (B, A), (B, p, A7)

are again algebras and coalgebras with multiplicative comultiplication.

Based on any of these data we have canonical multiplications with unit 11 on
B ®g B and we will define comultiplications with counits on B ®g B. For a (weak)
bialgebra we expect that B ®pg B becomes a (weak) B-coring in each of the four cases.
As we shall see, for bialgebras it will be enough to check one of the cases whereas for
weak bialgebras we have to check two (suitable) cases.

5.1. Comultiplications on B ®gr B. Given (B, u,A), we consider B @r B as a
(B, B)-bimodule with right and (unital) left B-actions

(ash) ¢ = (ash)A(S) = T acyshes
a(bec) = abac, for all a,b,c € B.

(1) For (B,u,A) define the maps

é . B®RB — (B®RB)®B(B®RB) ~ (B@RB>1®RB,
agb  — > (awby)ep(leby) — > aliebilaebs,
e : BpB — (B®@g B) -1 ELIA B,
agb (awb) - 1 — > alie(bly).

(2) For (B,u™,A™) we consider the maps
A7 iash— Y (asby)ep(leby), "€ :asb— Y lyas(11b).

The module B ®@r B with these maps we denote by B ®% B.
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(3) For (B,u™,A) we consider the maps

A:ashb— Y (asb)ep(leby), £ :ash— Y lias(15h)
(4) For (B, u, A7) we consider the maps

AT agh — Z(a®bg)®3(1®bl), Te:agb — Zalgs(bll).

Then all the A’s are coassociative weak comultiplications on B @z B and the €’s
are left B-module morphism with

(awb) -1 = (Ieg) o Aawb),  for all a,b e B.
Proof. (1) Clearly A is a left B-module morphism. For a,b,c € B we have

A((leb) -c) =

2.

2.

2.
A(leb) - ¢ = > (leb)

2. (leby)

2.

This shows that A is right B-linear. Coassociativity of A follows easily from the
coassociativity of A.

Clearly ¢ is left B-linear. Moreover, for a,b € B,

(Ieg)Alacb) = >~ (avby)oplie(byly)
= 2 alyyeblyse(byly)
= Z CL]_l@b 121 (b 1 2)
= > aliebly = (asb) -
The proofs for (2), (3) and (4) follow by the same pattern. O

In general the properties of A and ¢ are not sufficient to make B ®p B a coring.
e need neither be right B-linear nor (eel) o A(agb) = (axb) - 1. To ensure these
properties we have to pose additional conditions on € and A.

We say that (B, p, A) induces a (weak) coring structure on B ®pg B if the latter is
a (weak) B-coring with the maps defined in 5.1.

Recall that (B, u, A) is said to be a bialgebra provided A and e are unital algebra
morphisms.
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5.2. B®pg B as coring. The followig are equivalent:
(a) (B, p, A) induces a coring structure on B @g B;

(b) (B,u™, A7) induces a coring structure on B ®g B;
(c) (B,u",A) induces a coring structure on B @g B;
(d) (B, p, A™) induces a coring structure on B Qg B;
(e) B is a bialgebra, i.e.,
(B.1) e(ab) = e(a)e(b), for a,b e B.
(B.2) A(1) = 1el.
Proof. (a) = (e) Assume B ®pr B to be a B-coring. Then B ®p B is a unital right

B-module, e.g.,
lel = (1lel)- 1= (1e1)A(1) = A(1),

and ¢ is right B-linear, i.e.,
(1za) - Zbls aby) = e(a)b.
Applying £ we get

Y. e(bie(aby)) = > e(ac(bi)by) = e(ab)
= e(e(a)b) = ¢e(a)e(d).

(e) = (a) If (B.1) and (B.2) are satisfied, then B®pg B is a unital right B-module
and

e((awb) - ¢) = Z abie(bey) = Z acie(b = ae(b)c = g(ab)c,
showing that ¢ is right B-linear and so B ® B is a B-coring.

The other implications are shown similarly. 0
Part of the symmetry is lost in the case of weak corings.

5.3. B®pg B as weak coring.
(1) The following are equivalent:
(a) (B, u,A) induces a weak coring structure on B @r B;
(b) (B,u", A7) induces a weak coring structure on B @g B;

(
(¢) (W.1) e(abc) =) e(aby)e(bic), for a,b,c € B;
(W ) (eA)o A(l) = (1eA(1))(A(1)el) (=D Lielyliely).
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(2) The following are equivalent:
(a) (B, u, A7) induces a weak coring structure on B Qg B;
(b) (B,u",A) induces a weak coring structure on B ®g B;

(
(c) (WT.1) e(abc) = e(aby)e(byc), for a,b,c € B;
(W7.2) (IeA)o A(l) = (A(1)el)(1eA(1)) (= Lisllyely).

Proof. (1) (a) = (c) Assume B®pg B to be a weak B-coring. Then ¢ is right B-linear,

e((lea)-b-c) = e((lea)-b)e = > bie(aby)c
= e((lea) - (bc)) = > (bc)ie(albe)a),

and applying ¢ yields

> elaby)e(bie) =y e((be)y)=(albe)y) =

€ being weakly counital implies
(lga) -1 = Z§(1®(Il)®a2 = Z Lie(ails)was,

and replacing a by 1/ or 1, respectively, we have
<1®1LI)A(1) = Z 1l6(1l/llg)®11/2, and
A) = Y Lie(lylig)ely.
Applying IA to the second equality yields

(I®A) © A(l) = Z 115(11’12)@912’1@12/2
= > Lie(lyily)elyaely
= Z 1;@11/12@)12/.

(¢) = (a) Suppose (W.1) and (W.2) are satisfied.
(W.1) implies that ¢ is right B-linear by the following computation, for a,b € B,

§((1®a) -1- b) = Z (I®5)(1lbl®a12b2)

= > libie(alzby)

(W.1) = > Libie(alzz)e(la1bs)

(W.1) = > Libie(alaze)e(laar) e(121b2)

coass. = > 1li1bie(alys)e(la1)e(112bs)
= > liibie(lizby) e(ag(l21)la2)
= > libe(aly)
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By (W.2) we have, for a € B,

> e(leay)ay

>

> ( 19011y 21
(W.2) = > (Iee)(li®ailsq)waslss

>

>

>

which shows that ¢ is weakly counital.

(b) < (c) is shown with a similar computation.
(2) The proof is similar to the proof of (1). O
5.4. Group-like elements. Assume that (B, u, A) induces a weak coring structure

on B®g B. Then A(1) and A7(1) are group-like elements for B ®@r B and B ®% B,
respectively.

(1) B is a right B ®g B-comodule and for any M € MBERB) the coinvariants are

Mco(B®RB) — {m cMB | QM(m) = Z m1l®1g)}, and
BeoBerB) = g€ B| A(a) =Y alyely}.

(2) B is a right B ®% B-comodule and for any M € MBERB)  the coinvariants are

MeBeRB) = L ¢ MB | ¢);(m) =3 mlyel,}, and
Bco(B@?{B) — {CL c B‘ A(a) = Z 12a®1l}.

Proof. A(1) is a group-like element for B ® g B since

A(A(1) = > (Lisla)ep(lelzs) =3 (liieliz)es(lely)
= 2 (AM)ep(lisly) = A(D)epA(l),  and
e(A(1) = (Tee)(A(1)-1) = > 1ie(lp) = 1.
Similarly we get that A7(1) is a group-like element for B ®%, B.

(1) By 2.1, B is a right B ® B-comodule and 2.2(1) yields the given characteri-
zation of the coinvariants.

(2) This follows with the same proof as (1). O

Following Bohm-Nill-Szlachédnyi [1, Definition 2.1], we call B a weak R-bialgebra
provided (B, u, A), (B, u™, A7), (B,u7,A) and (B, u, A7) all induce coring structures
on B ®p B. From 5.3 we immediately obtain:
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5.5. Weak bialgebras. The following are equivalent:
(a) B is a weak R-bialgebra;
(b) (B, u,A) and (B, 1, A7) induce coring structures on B Qg B;
(c) (B,u™, A7) and (B, u", A) induce coring structures on B Qg B;
(d) the conditions (W.1), (W.2), (WT™.1) and (W7™.2) are satisfied (see 5.3).
Notice that 5.5 corresponds to the characterization of weak bialgebras by proper-
ties of entwining structures in [6, Section 4.1].
In case (B ®g B,A,¢) is a B-coring the condition bel = A(b) implies b = £(b)1,

which means B©(B®rB) = Rl and R is an R-direct summand in B. This is no longer
true in the weak case but some results in this direction still hold.

5.6. Coinvariants in weak bialgebras. Let B be a weak bialgebra.

(1) For a € B the following are equivalent:
(a) Aa) =Y alyely (ie., a € BPB2rE)).
(b) Ala) =3 1iaely;
(¢c) a=> e(aly)ly;
(d) a =3 e(11a)l,.

(2) For a € B the following are equivalent:
(a) Ala) =Y 1ielqa (i.e., a € BOPBZRB) ).
(b) Ala) =3 1isaly;
(c) a =3 Lie(lza);
(d) a =3 1ie(aly).

Proof. (1) (a) = (c), (b) = (d) Apply €=l to the equality in (a) and (b), respectively.
(¢) = (a),(b) Assume a = ) £(aly)ly. Then

WT.2)

A(a) = Z 6((111)121@122 ( = Z €<CL11)1211/®12/ = Z Clll(g)lz,

and similarly

w.2
A(CL) = Z 8(@1;)121@122 (Z) Z 8(@1;)11/12@12/ = Z 1;@@12.
(d) = (a) is shown similarly.

(2) The proof goes along the lines of the proof of (1). O



31

5.7. The ring (Endg(B),*). Given (B, pu,A) the (usual) convolution product is
defined on Endg(B) by

frxg=po(feg)oA, for f,g € Endgr(B),

and (Endg(B), *) is an associative R-algebra with unit ep := to¢, i.e., ep(b) = €(b) 15,
for any b € B.

Besides e there are other maps which are of particular interest for weak bialgebras
and which coincide with g for bialgebras.

5.8. The maps 7% and 7. Assume that (B, p, A) induces a weak coring structure
on B ®g B. Define the maps

B BES BorB -5 B, b— Y 1,¢(bly),
L BYES BerB =5 B, b Y e(15b)ly,
which obviously satisfy 7wt * 1 =1=1xm".
(1) For % we have (where a,b € B):
(i) 32 bromt(by) = 32 11bely;
(i) ar(6) = X wH{arb)as (= ¥ (arb)ay);
(iii) f*ml(b) =3 f(11b)1y, for any f € Endg(B);
(iv) 7t onl =xl;
(v) e(ab) = e(an® (b)) and wl(ab) = 7l (ant(b));
(vi) wt(a)m®(b) = 7l (wL(a)b).
So Bt .= 7l(B) is a subring of B and 7' is a left BX-module morphism.
(2) For 7' we have (where a,b € B):
(i) 32w (by)wby = 37 11ebly;
(it) 7 (b)a = 3 aym"(bay) (= 3 aze(bag));
(iii) 7% g(b) = > 119(bly), for any g € Endg(B);
(iv) T8 onlt = 7ft;
(v) e(ab) = e(nR(a)b) and w8(ab) = wf(rf(a)b);
(vi) 7 (a)7f(b) = 7l (anl(b)).
So B® := n®(B) is a subring of B and 7 is a right B®-module morphism.

(3) Assume that B is a weak bialgebra. Then
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(i) B@BOrB) = BL and B is a direct summand of B as left BX-module.

(ii) B°B®%B) = BR and BY is a direct summand of B as right B¥-module.

Proof. (1) (i), (i) follow directly from (W.1) and (W.2); (iii) is a consequence of ().

(1v) and (v) follow from the equalities

mh(at(a)) = X e(e(lia)lyly)ly =37 e(lia)e(lyly)ly
wa = > e(lya)ly =75(a), and

e(ar®(b)) = 3 elas(11d)1y)
(W.1) > e(aly)e(11b) = e(ab)

(vi) We have A(m(a)) = " 1; 7%(a)e1y, and hence by (i),

mt (7t (a)7h (b)) = Z e(1y7t(a)b)1y = 7 (7" (a)b).

(2) If (B, pu, A) induces a weak coring structure on B ®x B then this is also true
for (B, u™, A7) (see 5.3) and the proof is similar to the proof of (1).

(3) This follows by 5.4, 5.6 and (1), resp. (2). O

Notice that most of the identities considered in 5.8 and later on are already familiar
from [10] and [1, Section 2.2]. Since we do not consider (finite dimensional) algebras
over fields the (duality) arguments used there are not always available here and hence
we prefer to indicate proofs if appropriate.

5.9. Antipodes. An element S € Endg(B) is called
a left antipode if S+ [ = 7% and S+ 7l =S, i.e., for b € B,

> (Sb1) by =3 11e(bly) and 37 S(110)12 = S(b),
a right antipode provided I x S = 7% and 7% S = 9, i.e.,
> bi(Sby) = > e(11b)1y and ) 1,5(bly) = S(b),

an antipode if S is both a left and a right antipode.

In view of the properties of 7% and 7 we have the following result which shows
that our notion of an antipode coincides with the antipodes in [1, 2.1].

The following are equivalent for S € Endg(B):
(a) S is an antipode;
(b) S satifies Sx [ =7, I xS =nF and SxI xS =5.
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A weak bialgebra B with an antipode is called weak Hopf algebra (see [1]).

It is straightforward to see that the antipode of a weak bialgebra has the usual
properties of the antipode in case B is a bialgebra (then 7l and 7t coincide with ep).

Notice that our antipodes satify S I «S =S and I * S« I = I, the conditions
used in Fang Li [7] to define his "weak Hopf algebras”.

5.10. Galois corings. Let B be a weak bialgebra. Then the B-coring B ®z B is
right Galois (Definition 2.4) if the canonical map

v :B®pr B— (B®gB)-1, ach— (asl)A(b),
is an isomorphism. Obviously vp is a left B-module morphism.
The following observation generalizes [9, Theorem 1.1].

5.11. Existence of antipodes. Let B be a weak bialgebra. Then:
(1) B has a right antipode if and only if v has a left inverse in B-Mod.

(2) vB is an isomorphism if and only if B has an antipode.

Proof. (1) (<) Let (3 be a left inverse of y5. Then 1 ®pr b = B o y(legrb) = B(AD),
and applying Ien” we get

7 (b) = (Iem") o B(AD).
Then the composition

S:BY¥SBerB =% (BerB) 15 Bo, B B,

is a right antipode since

po (ideS) o A(b) = Z bi((Tem™)B(11 ® byly)) = (Iew") o B(Ab) = 7% (b), and

7 S(b) =Y 11S(bly) = Y (Ien") 0 B(11ebly) = S(b).

(=) Now assume S : B — B to be a right antipode and consider the map
B:B®rB—B®@p B, a®@br Y aS(b)epeby.
By the property

B((avb)A(1)) = > aliS(bila1)eprbalas

w2) = Z allS<b111/12)®BLbzlzl

= ZaS(b;ly)@BLbzlz/ = ﬂ((l@b),
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it induces a map 3 : (B ®g B) -1 — B ®pr B, which is a left inverse of vp since, for
any b € B,
Bov(lopeb) = B(Ab) = 2 biS(ba1)eprbry = 32 b11S(biz)eprby

= ZWL(bl)®Bng = lepgLh.

(2) (=) Assume g to be bijective. By (1), there exists a right antipode S and so
we have [ x Sx [ =7l x [ =1.

Any element in (B ® B) - 1 can be written as ) . a;A¢;, for some a;,¢; € B, and

Z,uo (ido(S * I —ep))(a;Ac;) = Zai(l xS+ —1xep)(c;) =0.

This implies for (1eb)A(1) € (B® B) - 1, where b € B,
() = Lie(bly) = >0 1,8 I(bly) = > 13 S(bi121) balay
(W.2) = Z 1ls(bl11’12) bg].z/ = Z S(blll’) bzlg/ = S * I(b)

Moreover, 7%+ S = S * I * S = S x % = S showing that S is a right antipode.

(<) For the (3 defined in (1) we already know that 3o ~yp = I.
For any a,b € B we have

vg o B((ash) - 1) = > (aS(by)el)A(b

= Y aS(bi1)biaeby = ad 7(b))eby
5.8(1)() = a(leb) -1 = (awd)-1,
which shows vg o = [ and hence ~ is an isomorphism. O

Recall that the category of comodules over a coring B ®r B is Grothendieck
provided B ®g B is flat as left B-module (see 1.10).

It follows from 5.8(3) that any weak bialgebra B has B as a direct summand which
means that B is flat as a left B¥-module if and only if it is faithfully flat. Hence the
characterization of a ring as a generator for related comodules in 2.5 immediately
implies:

5.12. Fundamental theorem for weak Hopf algebras. For a weak R-bialgebra
B the following are equivalent:

(a) B is a weak Hopf algebra, and B is flat as left BL-module;
(b) B®gB is flat as left B-module, and B is a (projective) generator in MB@rB)1
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(c) MBORB)IL s o Grothendieck category and
HomP®#B (B, —) : MPERB)T _, Mod-BF

is an equivalence (with inverse — Qpr B);

(d) B ®g B is flat as left B-module, and for every M € MB®rB)1
M*“B @z B — M, m®bw— mb,
18 an isomorphism.

Notice that B®pg B is flat (projective) as left B-module provided B is flat (projec-
tive) as R-module. Of course this is always the case if R is a field. For this situation
a direct proof of the implication (a) = (d) is given in [1, Theorem 3.9].

5.13. Remark. We can follow the proof of [1, Lemma 3.7] to show: If B is a weak
Hopf algebra with antipode S, then for any right B ® g B-comodule M, the map

(I®S> oo : M — Mco(B@B)

is a splitting BY-morphism.
This entails that the first part of the proof of [5, Theorem 5.6] can be applied here
without the initial condition that B is flat as left BX-module. Therefore we can add

as additional equivalent conditon in 5.12:
(e) B is a weak Hopf algebra, and B @p B is flat as left B-module.
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