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Abstract

Let C be a reduced curve singularity. C' is called of finite self-dual type
if there exist only a finitely many isomorphism classes of indecomposable,
self-dual, torsion—free modules over the local ring of C. In this paper
it is shown that the singularities of finite self-dual type are those which
dominate a simple plane singularity.

Let R be a local ring of a reduced curve singularity C, i.e., R is a one—
dimensional, reduced quotient ring of a formal or convergent power series ring.
We will always assume that the residue field k& = R/m has characteristic 0.
Let R be the normalization of R in the total quotient ring K. The local ring
R’ of another reduced curve singularity C’ dominates R iff R C R’ C R or
equivalently iff there is a birational morphism C’ — C. We will consider only
finitely generated modules over R. Such a module M is called torsion—free, iff
for each non—zero divisor r € R the left multiplication map A, : M — M is
injective. For these rings the torsion—free modules are precisely the maximal
Cohen—Macaulay modules.

The above assumptions on R imply that R is a Cohen—Macaulay ring, thus
there exists a dualizing module w. Setting M* = Homp(M,w) for any R-
module M, the characterizing property of w is M** = M for all modules M. A
module M is called self-dual iff M* = M.

This paper is devoted to proving the following

Theorem. Let R be the local ring of a reduced curve singularity C, then the
following statements are equivalent:

1. There are only finitely many indecomposable, self-dual, torsion—free mod-
ule over R (up to isomorphism.)

2. For any n > 1 there are only finitely many indecomposable, self-dual,
torsion—free module over R of rank n over R.

3. For some n > 1 there are only finitely many indecomposable, self-dual,
torsion—free module over R of rank n over R.

4. R dominates a plane simple curve singularity, i.e., plane ADE-
singularity.



5. C is either a plane ADE-singularity or a space D, , Eg , B, Eg singu-
larity. (See [AGV] for a description of the plane ADE—singularities and
[Co, 2.4] for the space singularities.)

Greuel and Knorrer proved the same theorem without the restriction to self-
dual modules [GK], the equivalence of 4) and 5) is only implicitely there and
was made explicit by Cook [Co, 2.4]. Due to their Theorem it is enough to
construct families of indecomposable, self-dual, torsion—free modules of rank n
over the local ring of any singularity not listed in 5). The corresponding task
was also the difficult part in the proof of Greuel and Knorrer. While their main
construction idea still works in our case, the families have to be selected more
carefully and explicitely, because they must be self-dual and we must be able
to prove it. In fact, for a fixed ring R a family of pairwise non—isomorphic M),
A € k, is selected such that My and partially w can be computed at the same
time, based on the fact that the M} must be pairwise non-isomorphic as well.

The author’s interest in self-dual modules was raised by the question how
many theta—characteristics a singular curve posses. A theta—characteristic on C
is a torsion—free sheaf F of rank 1 with F = Hom(F,w). Theta—characteristics
have been extensively studied, for example by Riemann, Atiyah, Mumford, and
Harris [A, M, H]. Their uses include finding contact curves and representations
of the equation of a plane curve as the determinants of symmetric matrices
with polynomial entries or classifying nets of quadrics [B, C, D, He, W]. Our
theorem implies that there are only finitely many theta—characteristics on a
singular curve iff all its singularities are of the types listed in 5), see [P]. This
answers a question of Sorger [S].

The Proof

By the Theorem of Greuel and Knorrer we know that for the singularities
listed in 5) there are only finitely many isomorphism classes of indecomposable,
torsion—free modules, thus in particular there are only finitely many self-duals
ones. Therefore, it is enough to construct for the local ring of any other sin-
gularity infinitely many pairwise non-isomorphic modules of rank n which are
torsion—free and self-dual. We give the proof in detail only for n = 1 — this
being the most important case — and indicate at the end the changes necessary
to construct modules of higher rank.

Let us recall a few facts about torsion—free modules [GK, p. 414]. A torsion—
free module of rank 1 can always be embedded into R as an R-module. From
now on we will consider every torsionfree module to be embedded in R in
some fixed way. Then the homomorphisms between two torsion—{ree modules
of rank 1 are given by

Homp(M,N)={ue K |uM C N}.

The dualizing module w of R is also a torsion-free module of rank 1, hence
M* = {u € K | uM C w}. For an embedded module M C R we define the
conductor to be

C(M) = Anng(R - M/M) = Homgr(R-M,M)={r € K | rRM C M}.



Obviously, C(M) is independent of the chosen embedding M C R and not only
a R-module, but also a R-module. For notational convenience we will always
embed w C R such that Rw = R.

We proceed by considering rings which describe curve singularities which are
not listed in 5). For those we have the following list, where for each entry we
assume that the ring is not of a type considered before [GK, Lemma 2]:

1. unibranched singularities, R = k[[t]]

(a) R C k+ t*R, unibranched singularities of multiplicity > 4
(b) R C k+ kt® + O R, unibranched singularities of multiplicity 3, not
EG,Eg,EG_, or E8_
2. bibranched singularities, R = k[[t]]?

(a) RCk+ 2R, two branches of multiplicity > 2

(b) R C k+ k(t3,t)R, one branch of multiplicity 3 and a smooth branch

(¢) RCk+E2,t)+(t* t>)R, a Ags, § > 2, singularity with a tangential
smooth branch

3. tribranched singularities, R = k[[t]]?

(a) R C k+ (t,t,t)R, three branches, at least one of which is singular
(b) R C k+k(t,t,t)+t*R, three smooth branches with a common tangent

4. singularities with four or more branches, R C R = k[[t]]™ for n > 4

Now the proof has to be done case by case. While the arguments are similar
in each case, there seems to be no way to unify some cases because we need very
specific knowledge about the dual module in each case.

Case la. Here R = k[[p;]] C k[[t]] = R with ordp; > 4. We show that
My = (1,2 +M*) +t*RC R

is a family of pairwise non—isomorphic modules, which are self-dual for nearly
all A € k.

Assume M)y = M, i.e., uMy = M, for some u € K. Because 1 is an element

of minimal order in M) as well as M,,, we get u € R*. Fromu =ul € M, we get
u=al+p(t*+ut®)+. .. with a # 0. Finally, u(t*+X3) = a(2+X3)+... € M,
implies A = p.

We compute the dual of M,
M ={uc K |uMy Cuw}={ucw|ult®+ ) cw, ut'RCw}.

Since we do not know w, we have to partially determine it at the same time!
Choose ¢ € N such that C(w) = t°R. Let u € M. From ut*R C w, we get
u € tC(w) = t°*R. As obviously C(w) C M;, we may compute M; modulo
C(w) and assume that u = 3¢ w;t® .



We claim that w contains an element t“~2 + 9t¢~1 for some ¥ € k. We
cannot have My C tc=3R for nearly all A, because otherwise the condition
(t* + \?)u € w — and thus M} — is independent of A\. Hence, we can find a
z € Mi\t“ 3R C t°~R for general A and z(t> + M®) € w will be the desired
element after multiplication by a suitable element of k*.

Using the element 72 +9t~! € w and t°~! ¢ w, the condition u(t? +\t3) =
gt 24 (uz+Aug)t~t € wis equivalent to uz+Aug = Juy or uz = (9—N)uy, i.e.,
u = ugt +ug (9 —N)t°3 +. ... Now we know that the above element z can be
taken to be z = t°~* 4 (9= \)t3+.. .. Since obviously M;Nt°2R = wNt* 2R,
we find

M = (2,t 2+ 9t 1) + t°R.

Multiplying M7 by 271,

2TIME = (1, (470 — (9 = NEPO) (12 + 9teL)) + 1R
= (1,2 + Xt%) + t'R = M),

proves that M) is self-dual for nearly all A.

Case 1b. This time R = k[[t?, ¢;]] C k[[t]] = R with ord; > 7. We claim
that L
My = (1,2, t* + X°) + t°RC R

is a family of pairwise non—isomorphic modules, which are self-dual for nearly
all A e k.

Assume that My = M, i.e., there exist an v € K such that uMy = M,,.

As 1 € My,M, C R, we get u € R*. Since u = ul € M, we find u =
al + Bt3 + y(t* + ut®) + ... with o, 8,7 € k and « # 0. Finally, u(t* + \t°) =
a(t* + M\t°) + ... € M, implies A = p.

Now we compute the dual of M)y,
M} = Hompg(My,w) ={u € K | uMy Cw}
= {u €wlut’ u(t* + M°) € w, ut®R C w} 2 C(w).

Choose ¢ € N such that C(w) = t°R and let u € M. From utR C w, we find
u € t*"5R. We compute M} modulo C(w) and assume u = Z?:l wite e

We claim that w N 3R = (¢°73 + gte=1 172 ¢ Vte1) for some 0,9 € k.
Ast°71 ¢ w, wNt* 3R modulo C(w) must have dimension less than 3. Further,
we must have M} ¢ t5R for nearly all \, because otherwise the restriction
u(t* + M°) € w on u — and with it M} — does not depend on . Now if
2 € My \t“ PR C t* SR then 3z, (t* + M)z € w are the desired elements after
some normalization.

Knowing a basis for wNt¢~3R modulo C(w), the computation of M} is easy.

From
ut? = ugtt S Fust T Fwgt T cw

w(tt + MO) = ugt®2 + (us + Mug)t™ ! €w



we get uy = oug + Yus and Yug = us + Aug, i.e., us = (¥ — Nug, ug =
(0 + 9% — M)ug, and

u = uet™ " +ug(9 — \)t° +ug(o + 9% = Nt 4. ...

We already argued above for the existence of an element z € M5 \ t“ PR C
t°=O R for nearly all \. Now we know that it can be taken to be

2=t (9= AN+ (0 + 0P = AT+

and all other elements of a basis of M /C(w) can be taken out of t“ >R N Mj.
Using the obvious M} Nt 3R = w Nt 3R, we find

M; = (2,73 + ot 172 + 9 + 1R = (2,822,172 + 9171 + t°R.
Multiplying M} with 27! € K, we get

2TIME = (1,43, (157 — (9 — MtT=0) (172 + 9te1)) +OR
= (1,83 t1 + \°) + 1R = M,

showing that M) is self-dual for nearly all \.

Case 2a. The local ring is R = k[[(pi,¥)]] € R = K[[t]]* with
ord (¢;),ord (¢;) > 2. We will show that

My ={1=(1,1), (t, \Xt)) +?RC R

is a family of pairwise non—isomorphic modules, whose general member is self-
dual.

Assume My = M,, by multiplication by an element v € K. By 1 € My, M, C
Rwefindu € R*. From 1 € M, we get u = ul € M,,, thus u = al+3(t, ut)+. . .,
a # 0. Finally, u(t, \t) = a(t,A\t) + ... € M, implies A\ = p.

We start computing the dual module of M),

M; ={(u,v) € K Ck((t)*]| (u,v)M, Cw}
= {(u,v) € w | (ut,v\t) € w, (u,v)t?R C w} D C(w).

Choose ¢1,co € N with C(w) = (t°,t)R and compute modulo C(w). The
condition (u,v)t?R C w is equivalent to (u,v) € t~2C(w) = (t~2,t>"?)R.
We claim that w contains an element (t1~1 9#°2~1) with 9 # 0. We note that
M; ¢ (=1t~ 1)R for nearly all A, because otherwise (ut,v\t) € w imposes
no restriction on (u,v) and M5 would be independent of A. Hence, for general A
we find an element z € M} \ (t 1t )R C (t2,+*2) R, and multiplying
it by (¢, A\t) we get the desired element, recalling that (t°*=1,0), (0,t71) ¢ w
by the definition of ¢; and cs.

Now it is easy to determine the elements

(u,v) = (ugt ™2 + ugt ™ wot2™2 4y t2 1) € M5,



(ut, vAt) = (ugt 1 vaAt271) € w is equivalent to uz = va\, i.e.,
(u,v) = (vggtcl_z +ugtt T ugt2 2 4 vltCZ_l) )

In particular, the above element z may be taken to be z = (A\/J - t~2 +
2t 4272 4zt~ 1) and all additional elements for a basis of M;/C(w)
can be found in (t©~1,t*>~1)R. Using the obvious w N (t*~1, ¢t~ )R = M; N
(t1=1 ¢~ 1R, we obtain

M; = (z, (t 71 0t h)) + (£, 1) R.

Clearly, 2~ ' M} = M), for nearly all A, thus M), is self-dual.

Case 2b. Here the ring is R = k[[(¢;, ;)] € R = k[[t]]* with ord; > 3,
ord; > 1. We show that

My = (1,(t+ N2 1)) + (5, )R

is a family of pairwise non—-isomorphic, self-dual modules.

Let My = M, i.e., uMy = M, for an element u € K. By 1 € My, M, C R
we find u € R*. From ul € M, we know u = al 4 B(t + put?, 1) + ... with
a # 0. At last, from u(t + M2, 1) = (at + (aX + B)t2,a+ B) + ... € M, we get
a=«a+ [ and aX + [ = apu, in particular A = pu.

Let us compute the dual of M),
M = {(u,v) € K C k((1))* | (u,v) My C w}
= {(u,v) € w| (u(t + M?),v) € w, (ut?,vt)R C w} D C(w).

Choose again ¢1,¢; € N such that C(w) = (tcl,t”)é,fmd compute modulo
C(w). From (t3u,tv)R C w we get (u,v) € (7%, t2"1)R.

Our first task is — as always — to determine the canonical module partially.
We claim that

(tr73 ote2h), (t2 92, (t9 7t pt271)  for some 0,9, 0 €k, 0#£0

is a basis for (w N (t°73,t2 1) R)/C(w). First, we note that for nearly all X,
M; € (t=2,t2~1)R, because otherwise the condition (u(t 4+ M?),v) € w —
and hence My — does not depend on A. Therefore, for some A we can find an
element

5 _ (t01—3 —|—€2tcl_2 +€1tc1—l,é_~1tcz—1) c M; Cw.
Multiplying by (t + M\t?,1) € M), we find the following element in w

C=({22 4 (G +F Nt gte ) cw.

Next, we note that M3 modulo C'(w) cannot be a one-dimensional vector space,
because otherwise multiplication of M} with the inverse of a basis element of
M3 /C(w) that is chosen with non—zero components of the smallest possible
order shows that the MjJ are all isomorphic to a finite collection of modules,
which is impossible. From dim M}/C(w) > 2 we deduce the existence of an
element

0= (tcl—17§t02—1) € w,



because either MY C w contains such an element ¢ or My contains (tcl_2 +
...,...) and we obtain p as the product of this element with (t+ At?,1). Because
(t1=1,0) ¢ w, the triple (£, ¢, o) is a basis of (wN (£ 73t~ 1)R)/C(w). A base
change proves the claim.

Now the computation of dual module M7 is straight forward. Since (u,v) €
wn (t73 t2" 1R it is a linear combination of the above basis elements, i.e.,

(u,v) = (72 + Bt 2 44t~ (a0 + B + o)t ).

The condition

(u(t + M?),0) = (at™ % 4 (aX + B)t 71, (a0 + B + 7o)t ) € w
is equivalent to ao+B9+v0 = ad+(aA+8)o or v = (9—0+Xo)/0-a+(0—1)/0-3.
Therefore,

My = <(t‘31*3 + IRl (9 4+ Ng)tea ), (10172 4 g gtc2’1)> +C(w)

= <z = (19173 + %tcld +. 0t (92 4 %tcl_l, Qt02_1)> + C(w)

and z_lM; = M) shows that M, is self~dual.

Case 2c. We may assume that the overring R is
R =k[[(t%,1), T, ©1),(0,¢:)]] with § > 2, ordg;,ordy; > 2.

This time B
My = (1,(t%,1), (> + M>,0)) + (t*, *)R

is a family of pairwise non—isomorphic modules, which are self-dual for nearly
all A e k.

Assume My = M,, by multiplication by v € K. The usual argument yields
w € R* and M, > u =ul = al + B(t*,t) + ... with a # 0. Therfore, u(t* +
At3,0) = a(t? + M3,0) + ... € M, yields X = p.

We find the dual module as
M; ={(u,v) € K C k((t))? | (u,v)My C w}
= {(u,v) € w | (u(t® + M\t?),0) € w, (ut*, vt>)R Cw} D C(w).
Again, choose ci,c2 € N with C(w) = (t,t)R and compute modulo C(w).
The condition (ut?, vt?)R C w implies M5 C (14 t2= )R,

We need to get a grip on w N (172, th_l)R. We claim that a basis of it
modulo C(w) is given by two elements

(=t gt (1172 4 9t 0)  for some 0,9 € k, 0 # 0.

We note that M3 ¢ (t=3,t%2=2)R for nearly all \, because otherwise the con-
dition (u(t? + M\t3),0) € w — and thus M} — does not depend on A. Therefore,
we find an element z = (¢t 7% 4 25t 73 ... Zpt2 2 + zt2 1) € M} and
¢= 1)z = (t972 4zt Zt2 ) € Mf Cw  as well as
o= (t2+ X3,0)z = (t72 + (23 + Nt 71,0) € w.



As the vector space (wN (172,12 1)R)/C(w) has dimension at most three and
(t171,0) € w, the elements (, o are a basis of it. A base change proves the
claim.

We proceed with the computation of the dual module. Let (u,v) =
(i upt =i 52 wit~4) € M. The requirements
(2, 1) (u,v) = (ugt™ ™2 +ugtr vty e M3 Cw
(2 4+ Xt3,0)(u,v) = (uat™ 2 + (ug + Aug)t*~1,0) € w

imply vy = o(uz — Yuyg) and ug + Aug = Yuy or equivalently vo = —oAuy and
uz = (¥ — N)ug, thus elements of M} look like

(u,v) = (ugt ™ Fug(9 — A\t 4 —ugo M2 4.
In particular, we may take the above mentioned element z as
=t (9= T3 4 o ),

and z together with some elements of (11,2~ 1)R form a basis of M} /C(w).
Now with the obvious M} N (t=2,t" )R = wn (t9 2t~ )R, we get for
nearly all A
M = (z,(t 1t ote2™1), (t9 72+ 9t 1,0)) + C(w)
=(z, (1%, 1)z, (72 4+ 9t71,0)) + C(w).

Multiplication of M3 with 271,
2TEMY = (1, (8%, 1), (2% + M3,0)) + (¢4, 2R = M),
reveals that M) is self-dual for nearly all A.

Case 3a. We assume that the first branch is singular, thus
R = k[[((pi,wi, Ql)]] C k[[t]]g with ord wi > 2, ord¢;, p; > 1.
This time ~
My = (1,(\t, —1,1)) + (£}, t,t)R

will be a family of pairwise non—isomorphic modules, which are self-dual for
nearly all .

Let My = M, by multiplication by an element u € K. By the usual
arguments v = al + B(ut,—1,1) + ... with a # 0. From u(M,—1,1) =
a(AXt,—1,1) +... € M, we conclude A = p.

The dual module of M) is

(
(
Choose c1,c2,¢c3 € N with C(w) = (t1,t°2,t)R and compute modulo C(w).

From the condition (ut?,vt,wt)R C w, i.e., (ut?,vt,wt) € C(w), we obtain
(u,v,w) = (ugt =2 + urt =1 vyt wt=1) mod C(w).

yw) € K C k()2 | (u,v,w)My C w}
Jw) € w | (Mu, —v,w) € w, (ut?, vt,wt)R Cw} D C(w).

M3 = A
{

U,V
U,V



We claim that w N (£, 2~ ¢¢3~1) R has modulo C(w) a basis
(t=1,0,0t71), (0,271 9t~ 1)  for some 0,9 € k \ {0}.

To prove this, we note first that dim M3 /C(w) > 2 for general A, because
there are only finitely many non-isomorphic modules with dim M3 /C(w) < 1.
Namely, My = C(w) can at most hold for one special A. If dim M} /C(w) = 1,
we can choose a z € M} \ C(w) C k[[t]]* where all components of z are non-
zero and of the smallest possible order. Write z = 2*Z with 2* € R* and z €
{ter=2 gl perd s fpea—l gee} s {31 ¢ ) then (2%) 7'M} = kz + (t2,t,)R.

Multiplying the elements of M}/C(w) by (At,—1,1) yields elements of
w N (¢t el 1= R/C(w). If one non-zero element y € M3 /C(w) were
mapped to zero by this multiplication, then y must be y = (y;t“*~1,0,0) +
C(w) € M} 4 C(w) C w, which contradicts the definition of C'(w). This implies
that the vector space wN (£, 121 ¢t~ 1)R/C(w) is at least two dimensional.
However, since (t1=%,0,0), (0,t°2=1,0), (0,0,°~1) are not contained in w, this
vector space must be of dimension two; in particular, we can find a basis like
the above claimed one.

Now we attack the computation of the dual module M} . The above condition
(Mtu, —v, w) € w is now seen to be equivalent to w1 = oAugs —Yv;. We note that
M; & (=1 2= 3= 1)R for nearly all \, because otherwise the condition
(Mu, —v,w) € w — and thus M} — does not depend on A. Therfore, for a
general \ we find a 2 € M; \ (t~1, 2~ ¢t~ 1R of the form

7= (t27 2t 2t (N — Ozt ).
The remaining basis elements of M3/C (w) can be found inside M} N
(ter=1 ge2=1 =) R /C(w). Due to M5 C w they are all of the form
(w1t~ it (ugo + v 9)te ).
The product of such an element with (At,—1,1),
(0, =1t ™", (wyo + v 9)t= 1)

must lie inside w, i.e., —v1¥ = u1o + v1¥ or equivalently u; = —29/0 - vy.
Therefore, M} N (t1 1, t271 1~ 1)R/C(w) is generated by

y o= (=22t el g,
In the whole we find
M = (2,y) + C(w) = (2 + (-2 + §3) v, —3) + C(w)
=(z:= (t724 ..., Gteemt Gyeal) (Nper—l —ghpee—l GAgea—l)) 4 O(w).
Multiplication by 271,
2IME = (1, (T =T T + O(w) = My,

reveals that M) is self-dual for nearly all A.



Case 3b. The local ring may be taken to be
Here B
My = <17 (ta t, t)a (07 t, At» + tzR

will be a family of pairwise non—isomorphic modules, which are self-dual for
nearly all A.

Let M, = M, by multiplication by v € K. By the usual argument u =
al 4+ G(t,t,t) + ... for a # 0. From u(0,t, A\t) = «(0,¢, Xt) + ... € M,,, we get
A= L.

The dual module of M3 is

M; = {(m,0,w) € K C K((#))* | (u,0,0)My C w}
= {(u,v,w) € w | (0,tv, Mw) € w, (u,v,w)t*?R C w} D C(w).
As always we choose ¢y, ¢, ¢3 € N with C(w) = (£°,°,t%)R and compute

modulo C(w). The condition (u,v,w)t*?R C w is equivalent to (u,v,w) €
(t01—27t02—2,t03—2)é'

We claim that (w N (£, 121t~ 1)R) /C(w) has a basis
(t=1,0,0t71), (0,271 9t~ 1)  for some 0,9 € k \ {0}.

M cannot be contained in (£=2,¢2=2, t3~1)R for nearly all \, because oth-
erwise the condition (0,%v, \tw) € w — and thus My — does not depend on A.
Therefore, for general A we find a z = (21t 72 4. .. 29t 24 2z3t® 24, ) €
Mi\ (ter=2, 4272, tc3’1)]:2, i.e., 23 # 0, and further

(t,t, 1)z = (2t 2ot2 25t 1) € M} Cw

(0,8, At)z = (0, 22t 23Xt 71) € w.
Since (0,0,t°~!) € w, the above vectors must be linearly independent and 21, 22
must be non—zero — at least for A & {0,1}. A coordinate change takes these
vector to the above described vectors. By the definition of C'(w) the vector
space (wNt 1C(w))/C(w) cannot be t~1C(w)/C(w) itself, hence it is at most

two—dimensional and the two linear independent vectors in question form a
basis.

Now the computation of M} is straight forward. Let (u,v,w) € M}, it must
satisfy the conditions

(tua tv, tw) = (u2t6171, U2tc271, ’LUQtC371) cw

(0, tv, Xtw) = (0, vat2 ™  wo At~ 1) € w.

Using the above basis, they are equivalent to we = ugo + v and wa A = v9¥)
orug = (1—MX)/o-we and va = \/9 - wo, ie.,

A2 a3t wat® T4

(uavaw) = (w27 9
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Hence, the above mentioned vector z can be taken to be the above vector with
ws = 1 and all further elements of a basis of M} /C(w) can be found in ¢t~ 1C(w).
Using the obvious M} Nt~!'C(w) = wNt1C(w) we get

My = (z, (71,0, 0t%7Y), (0, 2271, 9t 1)) + (¢, 42, 1) R
= (2, (t, t, 1)z, (0,271 9tcs ™)) 4 (11, %2, %) R.

Multiplication by 27! yields 2= M} = M), thus M, is self-dual for nearly all \.

Case 4. In the last case we only assume that the singularity has b > 4
branches, i.e., R C k[[t]]* and R/tR = (1). For notational convenience we treat
only the case b = 4, the general case is the same — the occurring elements only
need to be extended in the obvious way. We will show that

M)\ = <]" (07 ]" 27 )\)> + (t7 t? t? t)R

is a family of pairwise non-isomorphic modules which are self-dual for nearly
all A

Let M, = M, by multiplication by u € K. The usual argument yields
u € R*. From v = ul € M, we get u = al + 3(0,1,2, ) + .... The condition
u(0,1,2,\) = a(0,1,2,\) + ... € M, implies A = p.

We start with the computation of the dual module of M},

M; ={(u,v,w,z) € K C k((t))* | (u,v,w,z)M\ Cw}
= {(u,v,w,2) € w| (0,v,2w, A\x) € w, (ut,vt,wt,zt)R C w} D C(w).

Choose ¢; € N with C(w) = (t°1, 12 ¢ t“)R and compute modulo C(w).
The condition (ut,vt,wt,zt)R C w is equivalent to (u,v,w,z) € t~1C(w) or
(u,v,w, ) = (urtr =t vt st gpytea—t),

We claim that the vector space (w Nt~ 1C(w))/C(w) is three-dimensional
and thus possesses a basis

(10,0, 0t1), (0,271, 0,9t 1), (0,0, gt 1)

for some 0,9, 0 € k\ {0}. First the vector space cannot be four—dimensional,
because in that case t7'C(w) C w which contradicts the definition of C(w).
If the vector space has dimension d < 2, the condition (u,v,w,z) € w im-
poses 4 — d homogeneous linear relations on wq,v1,wi,2x1. The condition
(0,v,2w, Ax) € w must impose at least one further relation on wy,v1,ws,x1,
because otherwise there would be no restriction on (u, v, w, z) depending on .
Therefore, there would be at least three relations and dim M3 /C(w) < 1. An
argument like in the case 3a shows that this is impossible. Hence, the vector
space (wNt~1C(w))/C(w) is three-dimensional and recalling that (t* =1, 0,0, 0),
(0,t271,0,0), (0,0,t71,0), (0,0,0,t%"1) & w, we can obviously find a base
like above.

Now we can proceed with the computation of M;. The conditions

(u,v,w,z) = (urtr Lot e pteeh) e w

(O,’U,Q’w,)\J;) = (Oavltcz_l,2’(1}1t03_1,)\§[:1tc4_1) cw
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are now seen to be equivalent to 1 = w10 + v19 + w10 and Axy = v1¥ + 2wy 0
or u; = (ow1+ (1 —N)z1)/o and v; = (—2pwy + Ax1) /9. Plugging in (wy,21) =
(A(A —1),2p) resp. (2A(A — 1),20)), we obtain a basis for M3 modulo C(w),

namely

My = (2= (HAZLOD 200021 (3 1), 95),

) (O,W,M(A_ 1),29/\)> +CW).

Multiplying M7 by 271 yields My, showing that M) is self-dual.

Higher Rank. We obtain modules of higher rank by using the ideas of Greuel
and Knorrer. Let E be the identity matrix of size n and Jy the Jordan matrix
of size n consisting of only one block with eigenvalue A € k. The following table
contains families of indecomposable, torsion—free, self-dual modules of rank n

Case | My C R

la | R"+ (PE+t*Jy\)R" + t*R"

b | R"+ (t*E +5J,)R" +t°R"

2a | R"+((t,00E + (0,¢)Jy)R" + tR"

2b | R"+((t, )E+ (£2,0)J3)R" + (£, ) R"

2c | R"+ ((t*,0)E + (t*,0)Jx)R" + (t*,1*)R"

3a | R"+((0,—1,1)E + (t,0,0)Jx)R" + (t2,t,t)R"
3b | R"+((0,4,0)E +(0,0,t)Jx)R" + t*R"

4 R" +((0,1,2,0)E + (0,0,0,1)J5)R" + tR"

The modules are of rank n and torsion—free, because they contain R™ and
are contained in R™. They are pairwise nonisomorphic and indecomposable by
the same arguments as in the proof of [GK, Lemma 4]. It remains to show that
they are self-dual. The computation of the dual module

M;={ue K" |u" My Cw}

is notationally more inconvenient as in the rank 1 case, but easier because we
now know w already — at least partially. Finding the isomorphism between
M) and M7 is more difficult as before, but not too hard, since it is given by a
multiplication by an matrix of GL(n, K).

References

[A] Atiyah, M.: Riemann surfaces and spin structures. Ann. Sci. Ec. Norm.
Supér., IV. Sér. 4 (1971), 47-62.

[AGV] Arnol’d, V.,S. Gusein-Zade, and A. Varchenko. Singularities of differen-
tiable maps. I. Birkhuser Boston, 1985.

[B] Beauville, A.: Determinantal hypersurfaces. Mich. Math. J. 48 (2000),
39-64.

12



[C] Catanese, F.: Homological algebra and algebraic surfaces. Algebraic
geometry—Santa Cruz 1995, Proc. Sympos. Pure Math., 62, Part 1,
Amer. Math. Soc., Providence, RI, 1997, 3-56.

[Co]  Cook, P.: Local and Global Aspects of the Module Theory of Singular
Curves. Ph. D. Thesis, University of Liverpool 1993.

[D] Dixon, A.: Note on the reduction of a ternary quartic to a symmetrical

determinant. Proc. Camb. Phil. Soc. 11 (1900-1902), 350-351.

[GK] Greuel, G.-M. and H. Knérrer: Einfache Kurvensingularitdten und tor-
sionfreie Moduln. Math. Ann. 270 (1985), 417-425.

[H] Harris, J.: Theta—Characteristics on Algebraic Curves. Trans. AMS 271
(1982), 611-638.

[He]  Hesse, L.: Ueber Determinanten und ihre Anwendungen in der Ge-
ometrie. Gesammelte Werke, Verl. der Koniglichen Akademie, Miinchen
1897.

[M] Mumford, D.: Theta characteristics of an algebraic curve. Ann. Sci. Ec.
Norm. Supér., IV. Sér. 4 (1971), 181-192.

[P] Piontkowski, J.: Theta—Characteristics on Singular Curves. In prepara-
tion.
[S] Sorger, Ch.: Théta-caractéristiques des courbes tracées sur une surface

lisse. J. reine angew. Math. 435 (1993), 83-118.

[W] Wall, C. T. C.: Nets of quadrics, and Theta-characteristics of singular
curves. Philos. Trans. R. Soc. London, Ser. A 289 (1978), 229-269.

FACHBEREICH MATHEMATIK, JOHANNES—GUTENBERG—UNIVERSITAT,
STAUDINGERWEG 9, 55099 MAINZ, GERMANY
piontkow@mathematik.uni-mainz.de

13



