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Overview

Modules and algebras over commutative rings

Hopf algebras

Coalgebras and comodules

@ Frobenius algebras

Entwining algebras and coalgebras

Bialgebras and Hopf algebras



Module categories over commutative ring R

Basic notions

objects R-modules
morphisms  R-homomorphisms

Special properties

category Mg has products and coproducts
kernels and cokernels
R  projective generator

M ®gr N tensor product
M ®gr —, Homg(M,—) Mg — Mg functors
Homg(M ®g N,K) ~ Homg(N,Homg(M, K))
tw: MRIrN—=->NRrM mn—n®m




Algebras and modules

R-algebras (A, m, e)
m:AxA— A, (a,b)— ab
m:ARA— A a® b+ ab
unit element n: R — A (n(1lg) =14)
mo(la®@n)=Ila=mo(n® la)

Associativity and unitality
N/

ARASATEL AR A, AAReA

AN

ARA—T S A ARR——=A

R-bilinear

multiplication
R-linear




Product of algebras (A, m,n), (B, m',n)

Multiplication and unit on A® B

mag AR BRA® B 22V, ao Ag B B ™™, Ag B

AaRbRcRd—aRxcRb®R®dr— ab® cd

17AB:R”_®17_>A®B’ lr—=14®1p J

Replacetw : B A— AR B

AMBR®A—-ARB




Product of algebras (A, m,n), (B, m',n)

Distributive law A : B®r A — A®r B, R-linear

BRARA A AOBR A Ao A0 B

B®ml lm@B

B A A®B

B®A A® B
m'®AT TA@m’

l;% %73 n'®A %]’




Modules
Left A-modules, category AM

R-linearmap p: AQM — A, a® m— am
unitality M 2™ Ao M2 M=ML M.

v

Lifting of functors by A

BM BM U:BM%RM, (M,p)HM
ol |v
<M AR®— M

p:BaM— M,

AM) =AM, BoAM 22 Ao Bo M 22 Ae M,

N

A(-)=(A® B)®g — : M — gM




Hopf algebras

Annals of Mathematics 42 (1941)

UBER DIE TOPOLOGIE DER GRUPPEN-MANNIGFALTIGKEITEN
UND IHRE VERALLGEMEINERUNGEN

By Hemvz Hopr




Hopf algebras

Annals of Mathematics 81 (1965)

On the Structure of Hopf Algebras

By JOHN W. MILNOR and JOHN C. MOORE*

The notion of Hopf algebra' has been abstracted from the work of Hopf
on manifolds which admit a product operation. The homology H.(M; K) of
such a manifold with coefficients in the field K admits not only a diagonal or
co-product

H(M; K)— H.(M; K) ® H,(}; K)
induced by the diagonal M — M x M, but also a product
H (M, KR H(M; K)— H.(M; K)

induced by the product M x M — M. The structure theorem of Hopf con-
cerning such algebras has been generalized by Borel, Leray, and others,



Hopf algebras

Hopf algebras

algebraic topoloy

group theory

group schemes

°
°
@ homology of Lie algebras
@ quantum groups

°

non-commutative geometry




Coalgebras

Coalgebra

over a ring R is an R-module C with linear maps

A:C—-Co®rC, e:C—R,

inducing commutative diagrams

C A C®rC C—2 >CerC

Aj l/@A Aj\ l€®l
AR

Cxg C C®r C®fr C, C®grC C.

I®e




Coalgebras

C-comodule

is an R-module M with R-linear maps

oM M— CorM,

with commutative diagram

M

M L . CorM

pM lA@I
QM
CRprM—2-CorCor M




Coalgebras

C-comodule homomorphism

R-linear map f : M — N with commutative diagram

M f N

b

C®RMﬂ>C®RN

Category of left Comodules M

left C-comodules and comodule homomorphisms

COr—:rRM = M, X — (CorX,AQ ).




Frobenius algebras

Ferdinand Frobenius, Theorie der hyperkomplexen GroBen, 1903

Frobenius algebras

A finite dimensional K-algebra
A* = Homg (A, K) left A-module
A~ A* as left A-modules

4

o : Ax A — K, nondegenerate, associative o(ab, ¢) = o(a, bc) J




Frobenius algebras

Frobenius algebras

@ named and studied by Brauer and Nesbitt (1937)
@ duality properties (Nakayama 1939)

representation theory of finite groups

relation with coalgebras (Lawvere 1967, Abrams 1999)
topological quantum field theory (Abrams 1996)
coding theory

cohomolgy rings of compact oriented manifolds




Frobenius algebras

Coalgebra structure of A*, Ak finite dimensional

Multiplication and unit on A:

m: ARk A=A, n:K—=>A ki kla.

Apply (—=)* = Homg(—, K), comultiplication and counit on A*:

*

AT ARk A ~ A* @K A, AL K.




Frobenius algebras, L. Abrams (1999)

Coalgebra structure, p : A — A*, e :=¢(1a) : A— K

' . AckA ALEE pop AP A

e N

A*Hm*'A*(@KA*,

Compatibility: Frobenius conditions

AA—T L A AA—T S A

4 AT

ARARATEL A A, ARARA-ZLARA

AM ~ AM

A-modules ~ A-comodules:




Frobenius algebras

Characterisations

A A" A 0 is a left A-module morphism;

l®6l l&
ml

ARARA=ARA; m is a right A-comodule morphism;

ARA"" > A d is a right A-module morphism;
g

I®m

ARQARA—=AR A, m is a left A-comodule morphism;

5(1A) €EAR®A with 25(1,4) = 6(2) = 5(1,4)3. J




Frobenius algebras (A, m, 1,9, €)

Frobenius bimodules (M, p: A M - M, w: M — A M)

o 4

A M M A M M

I®wl jw 5®Il lw
mR/ IQw

ARARIM —AR M, ARARM —AR M

Category QM

objects: Frobenius bimodules
morphisms:  A-module and A-comodule morphisms

v
Functor

AR —:gM =5 4M, X = (AR X, ma® X,04® X)




Frobenius algebras

right adjoint Hoqu\(A, —): Q‘M — rM,

Hom/a(A ® X, M) ~ Homg(X, Hom4(A, M))

Coinvariants Hom/4(A, M), A% .= EndA(A) ~ A

Equivalence

A®g — : AM — 4M




Frobenius algebras (A, m, 1,9, €)

Further equivalences

For o: A®Q M — M, define

w: ML Ao M B agae MBS A M,

then (M, p,w) is a Frobenius bimodule and
W:AM%ﬁMv (M,Q)H(MQ,(U)

is an equivalence of categories.

v U uA
AM =AM 4 AM,  AM — 4M — M




Separable algebras (A, m,n,9)

m and § with Frobenius condition and mo § =1
The functor

ARpr — : RM — sMy, X»—)(A®X,mA®X)
has right adjoint AHomA(A, —) :aAMy — g M,

aHoma(A ® X, M) ~ Homg(X, sAHoma(A, M))

Coinvariants s.Homa(A, M), C(A) := sEnda(A) is center of A,

<

If R = C(A): equivalence (central separable algebra)

A®c(a) — 1 c(aM — aMa




Bialgebras

Bialgebra

An R-module B that is an algebra and a coalgebra,

w:B®r B— B, n:R— B,
A:B— B®grB, e:B—R,

such that
A and ¢ are algebra morphisms,

or, equivalently,

w1 and 7) are coalgebra morphisms.

Other compatibility conditions ? J




Bialgebras B = (B, m,n), B = (B, A,¢)

A algebra morphism

BeB—" B2 .BgB
o for
BoBoB---“%8 __.BoBwB

A®B®BL Tm®B®B
BoBeBeB 2% _BeBoB®B

w:BoBLE, BB B ™, BB ™5 BeB |

w:BoB 2% BeBeB ™% BeB 2 BeB |




Bialgebras B, B, w: B®B —+B®B

Hopf modules p:BM—->M, v:M—BM

BoM—"M—Y ~BaM

B®Vl TB®P

BoBaM—=2" . BeBoM

Functor B®gp — : RM — EI\\/JI, X—=(BaX,maX,A®X)

with right adjoint Hom28(B, —) : EM — gM,

HomB(B ® X, M) ~ Homg(X, Hom5(B, M))

Coinvariants Hom&8(B, M), B = End§(B) ~ R J

(B, B,w) Hopf algebra iff B ®g — : kM — EM is equivalence J




Entwining (A, m,n) and (C,0,¢)

Comodule bundles, Comm. Math. Phys. (1999)

V.

Entwining from Ato C, w:AQC—>C®A

ACeg CJU%CCQ@A@ chwCe@ CrA, AgA® CAEMA@) C®Aw§AC®A®A

] o moc] con

AeC d CoA AsC @ CoA

V.

Cen=wo(n® C), ARe=(e®A)ow J




Algebra A= (B, m,n), coalgebra C = (C,J,¢)

Entwining from Cto A, W: CRA—- AR C

C ®A®Aw§»AA® C ®AA§FA®A® C CgC ®AC§FC 2AeC” gCA@) CeC

C®ml m®Cl 6®AT A®5T

CoA = AsC, CoA = AxC

Wo(C®N)=10C, cRA=(AQe)ow J




Algebra A= (B, m,n), coalgebra C = (C,J,¢)

Entwining from Ato C, w:A® C —- C® A, EM categories

Entwining from Cto A, wW:C® A — A® C, Kleisli categories




Weak Hopf algebras

urnal of Algebra 221 (1999

Weak Hopf Algebras
I. Integral Theory and C*Structure

Gabriella Bohny

Research Instituie for Partivle and Nuclear Physics, Budapest, P.0O.B. 49, 11-1525
Buelapesi 174, Hungmy
E-nail: BGABR@1mki.kfki.hu
Florian Nill'

Institit fiir Theorerische Physik, FU-Berlin Amirmllee 14, D-14195 Berfin, Geanaiy
E-mail: NILL@mail physik fu-berdinde

and
Komél Sdachany'?

Rescavch instituic for Panticle and Nuclear Plysics, Budapest, P.O.G. 49, 1-1525
Buclpest 114, Hungary
E-miail: SZLACH@mki kfld, hu




Weak Hopf algebras

algebra B = (B, m,n), coalgebra B = (B, A,¢), a,b,c € B

A(ab) = A(a)A(b)

g(abc) = > e(ab)e(byc), [e(ab) = e(a)e(b)]
= > e(aby)e(bzc);
(I2A)oA(l)= (1o A1) A1) ®1), [AQ)=1®1]
= (A1) ®1)(1 ® A(1)).

v

Weak entwinings

w:BRB—>B®B, w:BB—>B®B

weakened conditions on units and counits




Weak entwinings between (A, m,n) and (C, 9, ¢)

w  AQC - CQA W: CRA— AR C

£: C % C L Cen™a £ LA AsC oA

C e ZanA CE coalasA

o e

CoC¥coa®ia CoC%Aw c A% A
entwining fzg:CiRgA J

General categories A = Mg, full weak entwining

monad F = A®pr —, comonad G = C ®p —,
weak entwinings w: FG — GF, & :GF — FG




Various algebras

Algebra (A, m), coalgebra (A, J)

AA- s A
o |
A A AT Aw A

AA- s A
5®Il l&
A AR AT AR A

Frobenius algebra (A, m,n; d,¢)

equivalence A®gr — : asM — QM

Separable algebra (A, m,n;9),

mod =1

Azumaya algebra (A, m,n; 4, 1),

separable and central, equivalence

mod =1

ARr — : Mpr — aAMjy



Various algebras

Bialgebra: algebra (B, m,n), coalgebra (B, d,¢), w
Entwining w : B® B — B ® B, m, §-compatibilty

)

BB—" +B B®B
B®6l ]B@m
BoBeB—> % _BeB®B

€ is an algebra morphism, m is a coalgebra morphism

Hopf algebra

B@B‘SQBB@B@B, equivalence B®R—:MR—>EM

\ lB®m [
- antipode S:B— B

B® B




