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Frobenius algebras

A finite dimensional K -algebra
A∗ = HomK (A,K ) left A-module
A ' A∗ as left A-modules

σ : A× A→ K , nondegenerate, associative σ(ab, c) = σ(a, bc)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)

duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)

over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)

representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups

number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory

combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics

relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)

Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras

coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory

cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds

topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)

Frobenius monads in categories (Street 2004)



Categorical aspects of rings and modules

Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)
over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups
number theory
combinatorics
relation with coalgebras (Lawvere 1967)
Hopf algebras
coding theory
cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)



Frobenius algebras

Coalgebra structure of A∗, AK finite dimensional

Multiplication and unit on A:

m : A⊗K A→ A, η : K → A, k 7→ k1A.

Apply ( )∗ = HomK (−,K ), comultiplication and counit on A∗:

A∗
m∗−→ (A⊗K A)∗ ' A∗ ⊗K A∗, A∗
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ε := λ(1A) : A→ K
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Theorem (Abrams): A-modules ' A-comodules: MA 'MA
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G (A)

G(h)
��

F (A′)
ψA′ // G (A′)
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Adjoint functors L : A→ B and R : B→ A
Natural isomorphism ϕ : MorB(L(A),B)→ MorA(A,R(B))

unit and counit (natural transformations)

η : I → RL, ε : LR → I ,

with triangular identities L
Lη //

=
!!

LRL
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��
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=
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R(f ) // R(B)

ϕ−1 : A
h // R(B) 7−→ L(A)

L(h) // LR(B)
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Monads on A
F = (F ,m, η), where F : A→ A is a functor with natural transf.

m : FF → F , η : IA → F ,
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F -modules - AF

objects A ∈ Obj(A) with morphisms % : F (A)→ A
and certain commutative diagrams (as for the usual modules).

Free functor φF : A→ AF , A 7→ (F (A),FF (A)
mA−→ F (A)),

forgetful functor UF : AF → A (right adjoint).
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General categories

Adjoint endofunctors F : A→ A, G : A→ A
(F ,G ) adjoint with unit u : I → GF and counit ε̃ : FG → I . Then

every F -module F (A)
ρ−→ A

yields a G -comodule A
uA−→ GF (A)

G(ρ)−→ G (A);

every G -comodule A
ψ−→ G (A)

yields an F -module F (A)
F (ψ)−→ FG (A)

ε̃A−→ A.

Theorem (Eilenberg-Moore 1965)

The functor

AF → AG , F (A)
ρ−→ A 7−→ A

uA−→ GF (A)
Gρ−→ G (A)

induces an isomorphism of categories.
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Frobenius monads

Frobenius monad on category A
(1) F : A→ A is a monad;

(2) F has a right adjoint G ;

(3) Frobenius condition: F ' G (natural isomorphism).

Monad (F ,m, η) on category A. Equivalent (2013):

(a) F is a Frobenius monad;

(b) F = (F , δ, ε) comonad with isomorphism K : AF → AF

and commutative diagram

A φF //

=

��

AF

K
��

UF // A

=

��
A

φF
// AF

UF
// A .
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Separable monads

Separable monad on category A
(1) F : A→ A is a monad;

(2) the forgetful functor UF : AF → A is separable;

Monad (F ,m, η) on category A. Equivalent:

(a) F is a separable monad;

(b) m : FF → F has a natural section δ : F → FF with
commutative diagrams

FF
δF //

m
��

FFF

Fm
��

F
δ // FF

FF
Fδ //

m
��

FFF

mF
��

F
δ // FF

F
δ //

=   

FF

m
��

F .
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Azumaya monads

Azumaya monad (F ,m, e;λ) on category A
distributive law λ : FF → FF satisfying Yang-Baxter equation

FFF
Fλ //

λF
��

FFF
λF // FFF

Fλ
��

FFF
Fλ // FFF

λF // FFF .

(1) Fλ = (F ,m · λ, e) is a monad on A;

(2) FFλ = (FF ,mm · FFλ · FλF , ee) is a monad:

(3) comparison functor K : A→ AFFλ sending A ∈ A to

(F (A), FFF (A)
F (λA) // FFF (A)

F (mA) // FF (A)
mA // F (A)).

Azumaya monad – if K is an equivalence of categories.
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Bimonads

Bimonad on category A
F : A→ A a monad (F ,m, e) and a comonad (F , δ, ε),
double entwining τ : FF → FF , ε · e = 1, commutative diagrams

FF
m //

δδ
��

F
δ // FF

FFFF
FτF // FFFF ,

mm

OO FF
Fε //

m
��

F

ε

��
F

ε // 1,

1
e //

e
��

F

δ
��

F
eF // FF .

Hopf monad

FF
Fδ // FFF

mF // FF is an isomorphism.

K : A→ AF
F (τ), A 7→ (F (A), δA,mA) is an equivalence.
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Various algebras

Algebras and coalgebras, A R-module

A⊗R A
m−→ A, R

η−→ A; A
δ−→ A⊗R A, A

ε−→ R

Frobenius algebra (A,m, η; δ, ε)

m is right A-module and right A-comodule morphism

Separable algebra (A,m, η; δ)

m is right A-module, right A-comodule morphism, m ◦ δ = I .

Azumaya algebra (A,m, η; τ)

equivalence MR → AMA (separable and central)

Hopf algebra (A,m, η, δ, ε)

Bialgebra: m is a coalgebra morphism (δ is an algebra morphism)
Hopf algebra: (m ⊗ I ) · (I ⊗ δ) = I , equivalence MR →MA

A
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