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In a metamathematical sense our theory provides general concepts ap-
plicable to all branches of abstract mathematics, and so contributes to the
current trend towards uniform treatment of different mathematical disci-
plines. In particular, it provides opportunities for the comparison of construc-
tions and of the isomorphisms occurring in different branches of mathematics;
in this way it may occasionally suggest new results by analogy.
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Alexander Grothendieck *1928, Berlin
Bill Lawvere *1937, Indiana

Joachim Lambek *1922, Leipzig
Eugenio Moggi *1960 (?), Italy

1957
1966
1980
1989

major results in algebraic geometry

logic beautifully captured in category theory
types / programs used in computer

use of monads to structure programs
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Pierre de Fermat ~1640

Satz von Fermat a"+ b" #c", a,b,ceN,3<n

Georg Cantor, Crelle Journal 1874
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Ferdinand Frobenius, Theorie der hyperkomplexen GroBen, 1903

Frobenius algebras

A finite dimensional K-algebra
A* = Homk (A, K) left A-module
A ~ A* as left A-modules

o :Ax A — K, nondegenerate, associative o(ab, c) = o(a, bc) ]
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Frobenius algebras

named and studied by Brauer and Nesbitt (1937)
duality properties (Nakayama 1939)

over commutative rings (Eilenberg and Nakayama 1955)
representation theory of finite groups

number theory

combinatorics

relation with coalgebras (Lawvere 1967)

Hopf algebras

coding theory

cohomolgy rings of compact oriented manifolds
topological quantum field theory (Abrams 1996)
Frobenius monads in categories (Street 2004)
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Frobenius algebras

Coalgebra structure of A*, Ak finite dimensional

Multiplication and unit on A:

m: ARk A=A, n:K—=>A ki kla.

Apply ()* = Homg(—, K), comultiplication and counit on A*:

*

AT ARk A ~ A* @K A, AL K.
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Frobenius algebras

Coalgebra structure (L. Abrams, 1999), A:A — A%,

)\(1A):A—> K
A—C L Aok A AL pop ASEA A

N

A*4m*>A*®KA*,

satisfies Frobenius conditions

ARA—" > A ARA—"— > A

I A

ARARA-TL Ao A, ARARAEL AQA

Theorem (Abrams): A-modules ~ A-comodules: M, ~ MA
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class of objects, morphism sets Mory (A, B),
composition Mor, (A, B) x Morg (B, C) — Mory (A, C),

<

Functors F : A — B
morphism f : A — A" sent to F(f): F(A) — F(A') of B,
composition f o g in A sent to F(f)o F(g) in B,
identity A — A sent to identity F(A) — F(A).

Natural transformations ¢ : F — G, F,G: A — B

A F(A) —A~ G(A)
h F(h)l lG(h)
A F(A) 2~ G(A)
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Adjoint functors L: A —-Band R: B — A
Natural isomorphism ¢ : Morg(L(A), B) — Mora (A, R(B))

unit and counit (natural transformations)
n:l—-RL e:LR—I

with triangular identities L—>LRL, R-2>RLR
N

L R.
o: LA —L=B — A" pria) D proB
ol AP RrB) — 1AL 1R(B)—E-B.
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F-modules - Ag
objects A € Obj(A) with morphisms o : F(A) — A
and certain commutative diagrams (as for the usual modules).

Free functor ¢ : A — Ar, A — (F(A), FF(A) =% F(A))
forgetful functor Ug : A — A (right adjoint).
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General categories

G =(G,d,¢), where G : A — A is a functor with natural transf.

0:G— GG, e:G— Iy,

satisfying certain commuting diagrams (reversed to module case).

G-comodules - A°
objects A € Obj(A) with morphisms ¢ : A — G(A) in A
and certain commutative diagrams.

| \

<

Cofree functor € : A — AC, A v (G(A), G(A) 25 GG(A)),
forgetful functor U® : A® — A (left adjoint).
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General categories

Adjoint endofunctors F:A — A, G: A — A

Mora (F(X), Y) —2~ Mora (X, G(Y))

Fmonad, m: FF — F, n:ly — F

A\

Mors (F(X), Y) —2Y~ Mora(X, G(Y))
Mor(m*,Y)L
Mora (FF(X),Y) 7
@F(X,,YL |
P Nory (X, GG(Y))

Mor (F(X), G(Y))

”
implies G is comonad

0:G— GG, e:G >y
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General categories

Adjoint endofunctors F : A - A, G: A — A

(F, G) adjoint with unit v : /| — GF and counit £: FG — |. Then

every F-module F(A) 25 A
yields a G-comodule A -4 GF(A) <2 G(A);

N

every G-comodule A N G(A)
yields an F-module  F(4) 2% FG(A) 24 A,

A

Theorem (Eilenberg-Moore 1965)
The functor

AF 5 AS FA) A — A GF(A) 22 6(A)

induces an isomorphism of categories.
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Frobenius monads

Frobenius monad on category A

(1) F:A — Ais a monad;
(2) F has a right adjoint G;

(3) Frobenius condition: F ~ G (natural isomorphism).

A

Monad (F, m,n) on category A. Equivalent (2013):

(a) F is a Frobenius monad;
(b) F = (F,d,¢) comonad with isomorphism K : Ap — AF
and commutative diagram

A ar P a

_L |« l_

A——>AF— s A,
¢F UF
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Separable monads

Separable monad on category A

(1) F:A — Ais a monad;
(2) the forgetful functor Ur : A — A is separable;

Monad (F, m,n) on category A. Equivalent:

(a) F is a separable monad;

(b) m: FF — F has a natural section § : F — FF with
commutative diagrams

FF 25 FFF  FFE>FFF  F—2>FF

LN

F—2>FF F—~FF F.
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Azumaya monad (F, m, e; ) on category A

distributive law A : FF — FF satisfying Yang-Baxter equation
FFF 22> FFF 255 FFF

e |7

FFF 22 FFF 255 FFF.

(1) F* = (F,m- )\, e) is a monad on A;
(2) FF* = (FF,mm- FF)\- F)AF, ee) is a monad:
(3) comparison functor K :A — Arr\ sending A€ A to

(F(A), FFF(A) L Erp(a)

ma

7)) Fr(a) A

F(A))-

Azumaya monad - if K is an equivalence of categories. J
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Bimonads

Bimonad on category A
F:A — A amonad (F,m,e) and a comonad (F,J,¢),
double entwining 7 : FF — FF, € - e = 1, commutative diagrams

) Fe

FF—"—F FF —=F 1—==F
JJj ]mm mL Ls el 4
FFFF —FF FFFF, F—S-1, F—5>FF.

)

v

FF ) FFF mF FF is an isomorphism.

A

K:A— AE(7), A (F(A),5a,ma) s an equivalence. |
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Various algebras

Algebras and coalgebras, A R-module

ARA-"SA R A A AoprA A—3R

Frobenius algebra (A, m,n; d,¢)

m is right A-module and right A-comodule morphism

Separable algebra (A, m,n; J)
m is right A-module, right A-comodule morphism, mo§ = /.

Azumaya algebra (A, m,n; T)

equivalence Mg — sM#  (separable and central)

Hopf algebra (A, m,n,d,¢)

Bialgebra: m is a coalgebra morphism (d is an algebra morphism)
Hopf algebra: (m®1)- (I ® §) =1, equivalence Mg — M}
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