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Weak Frobenius monads

Ferdinand Frobenius, Theorie der hyperkomplexen Größen, 1903

Frobenius algebras

A finite dimensional K -algebra
A∗ = HomK (A,K ) left A-module
A ' A∗ as left A-modules

σ : A× A→ K , nondegenerate, associative σ(ab, c) = σ(a, bc)
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Frobenius algebras, L. Abrams, 1999

Coalgebra structure, λ : A→ A∗, ε := λ(1A) : A→ K

A
δ //

λ

��

A⊗K A

A∗
m∗ // A∗ ⊗K A∗ ,

λ−1⊗λ−1

OO A A⊗R A
A⊗εoo ε⊗A // A

A

=

ccGGGGGGGGGG
δ

OO

=

;;wwwwwwwwww
.

satisfies Frobenius conditions

A⊗ A
m //

I⊗δ
��

A

δ
��

A⊗ A⊗ A
m⊗I // A⊗ A ,

A⊗ A
m //

δ⊗I
��

A

δ
��

A⊗ A⊗ A
I⊗m // A⊗ A

A-modules ' A-comodules: MA 'MA
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F (A)
ρ−→ A 7−→

A
ηA−→ GF (A)

G(ρ)−→ G (A)

Equivalence AF → AG

Frobenius: F = G , Equivalence AF → AF
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Frobenius monad on category A
(1) F : A→ A is a monad;

(2) F has a right adjoint G ;

(3) Frobenius condition: F ' G (natural isomorphism).

Monad (F ,m, η) on category A. Equivalent (2013):

(a) F is a Frobenius monad;

(b) F = (F , δ, ε) comonad with isomorphism K : AF → AF

and commutative diagram

A
φF //

=

��

AF

K
��

UF // A
=

��
A

φF
// AF

UF
// A .
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Pairing of functors L : A→ B and R : B→ A, covariant

Maps natural in A ∈ A and B ∈ B

αA,B : MorB(L(A),B)→ MorA(A,R(B)), η : IA → RL,

βA,B : MorA(A,R(B))→ MorB(L(A),B), ε : LR → IB.

Composing α and β on IL : L→ L, IR : R → R, identities

α(IL) = IA
η−→ RL,

β · α(IL) = L
Lη−→ LRL

εL−→ L,

α · β · α(IL) = IA
η−→ RL

RLη−→ RLRL
RεL−→ RL.

β(IR) = LR
ε−→ IB,

α ◦ β(IR) = R
ηR−→ RLR

Rε−→ R,

β ◦ α ◦ β(IR) = LR
LηR−→ LRLR

LRε−→ LR
ε−→ IB.
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Pairing (L,R , α, β)

Natural endomorphisms

ϑ : RL
RLη−−→ RLRL

RεL−−→ RL, ϑ : RL
ηRL−−→ RLRL

RεL−−→ RL,

γ : LR
LηR−−→ LRLR

LRε−−→ LR, γ := LR
LηR−−→ LRLR

εLR−−→ LR.

Regular pairing

α = α · β · α (η = γ · η), β = β · α · β (ε = ε · ϑ).

(i) ϑ, ϑ and γ, γ are idempotent;

(ii) if γ = γ, then (LR, LηR, ε) is a weak comonad;

(iii) if ϑ = ϑ, then (RL,RεL, η) is a weak monad.
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K a class of morphisms in A closed under composition

K-equaliser : a cofork

B
k // C

g //
f
// D

with k ∈ K and, for any h : Q → C in K with f · h = g · h,
there is a unique q : Q → B in K such that h = k · q.

K-coequaliser : a fork

B
g //
f
// C

s // D

with s ∈ K and, for any h : C → Q in K with h · f = h · g ,
there is a unique q : D → Q in K such that s = q · s.

K is ideal class

if for any A
f−→ B

g−→ C in A, f or g in K implies g · f in K.
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Related comonads

η : IA → RL

(LR, LηR) is a non-counital comonad;
B−→

LR category of non-counital LR-comodules.

K class of morphisms in B−→
LR

(B, ω) is a K-cofirm comodule, provided the defining cofork

B
ω // LR(B)

LηRB //
LR(ω)

// LRLR(B)

is a K-equaliser.
If K = Mor(B−→

LR), a K-cofirm comodule is just called cofirm.
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(L,R , α, β) regular pairing with β symmetric

γ = ILR

every non-counital LR-comodule is γ-compatible, i.e., B−→
LR = BLR

;

LR-comodule morphisms need to be γ-compatible;

(B, ω) need not be counital but satisfies ω = ω · εB · ω.

(L,R, α, β) an adjunction

A (non-counital) (B, ω) is cofirm if and only if it is counital.

Since γ = ILR , ω = ω · εB · ω.

If (B, ω) is cofirm, then ω is monomorph in B−→
LR ;

since εB · ω and IB are in B−→
LR , εB · ω = IB (counitality).

It is well-known that any counital LR-comodule is cofirm.
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Related monads

ϕ : RL→ IA

(LR, LϕR) is a non-unital monad;
B−→LR category of non-unital LR-modules.

K class of morphisms in B−→LR

(B, %) is a K-firm module, provided the defining fork

LRLR(B)
LϕR //
LR(%)

// LR(B)
% // B

is a K-coequaliser.
If K = Mor(B−→LR), K-firm modules are just called firm.
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(R , L, α̃, β̃) regular pairing with α̃ symmetric

ϑ̃-compatible module morphisms, ϑ̃ : LR
LRψ−−−→ LRLR

LϕR−−→ LR

are morphism h between LR-modules (B, %) and (B ′, %′) with
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B

h

��

ψB //

h

))SSSSSSSSSSSSSSSSSSS LR(B)
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(1) K
ϑ̃

:= { all ϑ̃-compatible morphisms } is an ideal class;

(2) h : Q → LR(B) is in K
ϑ̃

if and only if ϑ̃ · h = h;

(3) h : LR(B)→ Q is in K
ϑ̃

if and only if h · ϑ̃ = h.
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(R , L, α̃, β̃) regular pairing with α̃ symmetric

ϑ̃-compatible modules

(B, %) is compatible provided % is in K
ϑ̃

, i.e., % = % · ϑ̃;
BLR category of all compatible LR-modules (⊆ B−→LR )

Any compatible LR-module (B, ω) is K
ϑ̃

-cofirm.

ϑ̃ = ILR

every non-unital LR-module is ϑ̃-compatible, i.e., B−→LR = BLR ;

LR-comodule morphisms need to be γ-compatible;

(B, %) need not be unital but satisfies % = % · ψB · %.
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

Modules and comodules

(LR, LηR) non-counital comonad with comodule category B−→
LR ,

(LR, LϕR) non-unital monad on B with module category B−→LR .

Frobenius property
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Frobenius bimodules: % : LR(B)→ B and ω : B → LR(B)
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

Natural transformation

θ : LR
LηR−−→ LRLR

LϕR−−→ LR

is an LR-module as well as an LR-comodule morphism.
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LR(%)
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% · ω · % = % · θB and ω · % · ω = θB · ω
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LRLR(B)
LR(%)

%%KKKKKKKKKK

LϕRB // LR(B)
%

""E
EE

EE
EE

EE

B
ω //

ω
""E

EE
EE

EE
EE

LR(B)
% //

LR(ω)

%%KKKKKKKKKK

LηRB

99ssssssssss
B

ω // LR(B) %
// B

LR(B)
LηRB

// LRLR(B)

LϕRB

99ssssssssss
.

% · ω · % = % · θB and ω · % · ω = θB · ω



Frobenius monads: η : IA → RL and ϕ : RL→ IA

% · ω · % = % · θB and ω · % · ω = θB · ω

Separability: ϕ · η = IA (θ = ILR)

(i) % · ω · % = % and ω · % · ω = ω.

(ii) % is an epimorphism in B−→
LR or

ω is a monomorphism in B−→LR , ⇒ % · ω = IB .

Weak separability: (η, ϕ) regular (⇒ θ idempotent)

(i) If η · ϕ · η = η, then % · ω is an idempotent morphisms.

(ii) If ϕ · η · ϕ = ϕ, then ω · % is an idempotent morphisms.



Frobenius monads: η : IA → RL and ϕ : RL→ IA

% · ω · % = % · θB and ω · % · ω = θB · ω
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LR or
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(ii) If ϕ · η · ϕ = ϕ, then ω · % is an idempotent morphisms.



Frobenius monads: η : IA → RL and ϕ : RL→ IA

θ-compatible bimodule morphisms

morphisms h between Frobenius modules (B, %, ω) and (B ′, %′, ω′)
with commutative diagram

B

h

��

ω //

h

))SSSSSSSSSSSSSSSSSSS LR(B)
% // B

h

��
B ′

ω′
// LR(B ′)

%′
// B ′.

(1) If ϕ · η · ϕ = ϕ, then LϕR is θ-compatible.

(2) If η · ϕ · η = η, then LηR is θ-compatible.

(3) (B, ω, %) Frobenius bimodule:
ω is θ-compatible iff ω = ω · % · ω,
% is θ-compatible iff % = % · ω · %.



Frobenius monads: η : IA → RL and ϕ : RL→ IA
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Frobenius monads: η : IA → RL and ϕ : RL→ IA
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Frobenius monads: η : IA → RL and ϕ : RL→ IA
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

θ-compatible bimodule morphisms

morphisms h between Frobenius modules (B, %, ω) and (B ′, %′, ω′)
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

Firm bimodules (B, %, ω)

(i) If ω is θ-compatible, then (B, ω) is Kθ-cofirm.

(ii) If % is θ-compatible, then (B, %) is Kθ-firm.

If (η, ϕ) is a regular pair, then LϕRB and LηRB are Kθ-compatible
bimodule morphisms and

B→ B̃LR
LR , B 7→ (LR(B), LϕRB , LηRB)

is a functor from B to Frobenius bimodules with θ-regular structure
morphisms.
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

Firm bimodules (B, %, ω)

(i) If ω is θ-compatible, then (B, ω) is Kθ-cofirm.
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If (η, ϕ) is a regular pair, then LϕRB and LηRB are Kθ-compatible
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is a functor from B to Frobenius bimodules with θ-regular structure
morphisms.



Frobenius monads: η : IA → RL and ϕ : RL→ IA

K-cofirm comodules, K ideal class in BLR , LϕRB in K
If (B, ω) in B−→

LR is a K-cofirm comodule, then there is some

% : LR(B)→ B in K making (B, %, ω) a Frobenius module.

Morphisms between K-cofirm LR-comodules (B, ω) and (B ′, ω′)
are morphisms of the Frobenius modules (B, ω, %) and (B ′, ω′, %′).

B̃LR → B̃LR
LR → B−→LR , (B, ω) 7→ (B, %, ω) 7→ (B, %),

functor from K-cofirm comodules to Frobenius bimodules with
(B, ω) K-cofirm, and to (B, %), % ∈ K.



Frobenius monads: η : IA → RL and ϕ : RL→ IA
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Frobenius monads: η : IA → RL and ϕ : RL→ IA
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Frobenius monads: η : IA → RL and ϕ : RL→ IA

Proof

LRLR(B)

LϕR
��

LR(%) //

(I)

LR(B)

%

��

LR(ω) //

(II)

LRLR(B)

LϕR
��

LR(B)
% //

LηR
��

(III)

B
ω //

ω

��
(IV)

LR(B)

LηR
��

LRLR(B)
LR(%)

// LR(B)
LR(ω)

// LRLR(B),



Frobenius monads: η : IA → RL and ϕ : RL→ IA

K′-firm modules, K′ ideal class in BLR , LηRB in K′

If (B, %) in B−→LR is a K′-firm module, then there is some

ω : B → LR(B) in K′ making (B, %, ω) a Frobenius module.

B̃LR → B̃LR
LR → B−→

LR , (B, %) 7→ (B, %, ω) 7→ (B, %),

functor from K′-firm modules to Frobenius bimodules with (B, %)
K′-cofirm, and to (B, ω), ω ∈ K′.



Frobenius monads: η : IA → RL and ϕ : RL→ IA

K′-firm modules, K′ ideal class in BLR , LηRB in K′

If (B, %) in B−→LR is a K′-firm module, then there is some

ω : B → LR(B) in K′ making (B, %, ω) a Frobenius module.

B̃LR → B̃LR
LR → B−→

LR , (B, %) 7→ (B, %, ω) 7→ (B, %),

functor from K′-firm modules to Frobenius bimodules with (B, %)
K′-cofirm, and to (B, ω), ω ∈ K′.



Regular pairings and Frobenius monads

(L,R, α, β) regular pairing with β symmetric, ϕ : RL→ IA

(i) ϑ : RL→ RL and γ : LR → LR are idempotent;

(ii) η = ϑ · η;

(iii) for ϕ̂ := ϕ · ϑ : RL→ IA, ϕ̂ = ϕ̂ · ϑ.

Commutative diagram

LRLR
γLR //

Lϕ̂R

$$J
JJJJJJJJ

Lϕ̂R
��

LRLR

Lϕ̂R
��

LR γ
// LR

that is, Lϕ̂R is in Kγ .

So we may assume that LϕR is γ-compatible.



Regular pairings and Frobenius monads

(L,R, α, β) regular pairing with β symmetric, ϕ : RL→ IA
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(ii) η = ϑ · η;

(iii) for ϕ̂ := ϕ · ϑ : RL→ IA, ϕ̂ = ϕ̂ · ϑ.
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LRLR
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Lϕ̂R
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JJJJJJJJ

Lϕ̂R
��

LRLR

Lϕ̂R
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LR γ
// LR

that is, Lϕ̂R is in Kγ .

So we may assume that LϕR is γ-compatible.



Regular pairings and Frobenius monads

(L,R, α, β) regular pairing, β symmetric, ϕ : RL→ IA, LϕR ∈ Kγ

For compatible LR-comodule ω : B → LR(B), there is
% : LR(B)→ B in Kγ making (B, %, ω) a Frobenius module,

% : LR(B)
LR(ω)−−−−→ LRLR(B)

LϕRB−−−→ LR(B)
εB−→ B.

Any LR-comodule morphism (B, ω) to (B ′, ω′) is an LR-bimodule
morphism between (B, %, ω) and (B ′, %′, ω′).

Functors, BLR
LR – Frobenius modules compatible as LR-comodules

BLR Ψ−→ BLR
LR

ULR−−→ BLR
, (B, ω) 7→ (B, %, ω),

BLR Ψ−→ BLR
LR

ULR

−−→ BLR , (B, ω) 7→ (B, %, ω) 7→ (B, %).
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Regular pairings and Frobenius monads

(L,R, α, β) adjunction, ϕ : RL→ IA (Böhm, Gómez-Torrecillas)

(1) For counital LR-comodule ω : B → LR(B), there is
LR-comodule morphism % : LR(B)→ B making (B, %, ω) a
Frobenius module,

% : LR(B)
LR(ω)−−−−→ LRLR(B)

LϕRB−−−→ LR(B)
εB−→ B.

(2) LR-comodule morphism (B, ω) to (B ′, ω′) is an LR-bimodule
morphism (B, %, ω) to (B ′, %′, ω′).

(3) If ϕ · η = IA, then, for Frobenius module (B, %, ω), (B, %) is a
firm LR-module.
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Regular pairings and Frobenius monads

(R, L, α̃, β̃) regular pairing, α̃ symmetric, η : IA → RL, LηR ∈ Kθ

(1) For compatible LR-module % : LR(B)→ B, there is some
ω : B → LR(B) in K

ϑ̃
making (B, %, ω) a Frobenius module,

ω : B
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ULR
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LR
ULR−−→ BLR , (B, %) 7→ (B, %, ω) 7→ (B, ω).
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Regular pairings and Frobenius monads

Theorem

(L,R, α, β) regular pairing, β symmetric, LϕR γ-compatible,

(R, L, α̃, β̃) regular pairing, α̃ symmetric, LηR ϑ̃-compatible.

Then γ = ϑ̃ and the functors above yield category equivalences

BLR Ψ−→ BLR
LR

ULR

−−→ BLR , BLR
Φ−→ BLR

LR
ULR−−→ BLR

BLR
LR – Frobenius modules comp. as LR-modules, LR-comodules.
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Weak Frobenius monads

Definition

(F , µ) non-unital monad, (F , δ) non-counital comonad,
(B, %) ∈ B−→F and (B, ω) ∈ B−→

F .

(F , µ, δ) satisfies the Frobenius property and (B, %, ω) is a
Frobenius bimodule, provided the diagrams

FFF
Fµ

""E
EE

EE
EE

E

FF

δF
<<yyyyyyyy

Fδ ""E
EE

EE
EE

E
µ // F

δ // FF

FFF

µF

<<yyyyyyyy
,

FF (B)
F (%)

$$H
HH

HH
HH

HH

F (B)

δB
::vvvvvvvvv

F (ω) $$H
HH

HH
HH

HH

% // B
ω // F (B)

FF (B)

µB

::vvvvvvvvv
.

commute, respectively.
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Weak Frobenius monads

Definition

(F , µ, η; δ, ε) is called a weak Frobenius bimonad provided

(F , µ, η) is a weak monad, (F , δ, ε) is a weak comonad,

(F , µ, δ) has Frobenius property, µ · Fη = Fε · δ, i.e. γ = δ.

Theorem

There are category equivalences

BF Ψ // BF
F

UF
// BF , BF

Φ // BF
F

UF // BF .

BF
– compatible F -comodules, BF – compatible F -modules,

BF
F – Frob-bimodules compatible as modules and comodules.
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Separable monads

Separable monad on category A
(1) F : A→ A is a monad;

(2) the forgetful functor UF : AF → A is separable;

Monad (F ,m, η) on category A. Equivalent:

(a) F is a separable monad;

(b) m : FF → F has a natural section δ : F → FF with
commutative diagrams

FF
δF //

m

��

FFF

Fm
��

F
δ // FF

FF
Fδ //

m

��

FFF

mF
��

F
δ // FF

F
δ //

=
  B

BB
BB

BB
B FF

m

��
F .
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Azumaya monads

Azumaya monad (F ,m, e;λ) on category A
distributive law λ : FF → FF satisfying Yang-Baxter equation

FFF
Fλ //

λF
��

FFF
λF // FFF

Fλ
��

FFF
Fλ // FFF

λF // FFF .

(1) Fλ = (F ,m · λ, e) is a monad on A;

(2) FFλ = (FF ,mm · FFλ · FλF , ee) is a monad:

(3) comparison functor K : A→ AFFλ sending A ∈ A to

(F (A), FFF (A)
F (λA) // FFF (A)

F (mA) // FF (A)
mA // F (A)).

Azumaya monad – if K is an equivalence of categories.
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Bimonads

Bimonad on category A
F : A→ A a monad (F ,m, e) and a comonad (F , δ, ε),
double entwining τ : FF → FF , ε · e = 1, commutative diagrams

FF
m //

δδ
��

F
δ // FF

FFFF
FτF // FFFF ,

mm

OO FF
Fε //

m

��

F

ε
��

F
ε // 1,

1
e //

e

��

F

δ
��

F
eF // FF .

Hopf monad

FF
Fδ // FFF

mF // FF is an isomorphism.

K : A→ AF
F (τ), A 7→ (F (A), δA,mA) is an equivalence.
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Various algebras

Algebras and coalgebras, A R-module

A⊗R A
m−→ A, R

η−→ A; A
δ−→ A⊗R A, A

ε−→ R

Frobenius algebra (A,m, η; δ, ε)

m is right A-module and right A-comodule morphism

Separable algebra (A,m, η; δ)

m is right A-module, right A-comodule morphism, m ◦ δ = I .

Azumaya algebra (A,m, η; τ)

equivalence MR → AMA (separable and central)

Hopf algebra (A,m, η, δ, ε)

Bialgebra: m is a coalgebra morphism (δ is an algebra morphism)
Hopf algebra: (m ⊗ I ) · (I ⊗ δ) = I , equivalence MR →MA

A
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Böhm, G., Brzeziński, T. and Wisbauer, R., Monads and
comonads on module categories, J. Algebra 322 (2009).

Dijkgraaf, R., A geometric approach to two dimensional
conformal field theory, PhD thesis, Univ. Utrecht (1989).

Eilenberg, S. and MacLane, S., General theory of natural
equivalences, Trans. Amer. Math. Soc. 58, 231-294 (1945).

Eilenberg, S. and Moore, J.C., Adjoint functors and triples,
Illinois J. Math. 9, 381-398 (1965).



References

Eilenberg, S. and Nakayama, T., On the dimension of modules
and algebras II, Frobenius algebras and quasi-Frobenius rings,
Nagoya Math. J. 9, 1-16 (1955).

Frobenius, G. Theorie der hyperkomplexen Grössen I, II, Berl.
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