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Frobenius algebras

A finite dimensional K-algebra
A* = Homg (A, K) left A-module
A~ A* as left A-modules
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Frobenius algebras

A finite dimensional K-algebra
A* = Homg (A, K) left A-module
A~ A* as left A-modules

o : Ax A — K, nondegenerate, associative o(ab, ¢) = o(a, bc) J
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Frobenius algebras, L. Abrams, 1999

Coalgebra structure, A : A — A*, e:=\(1a): A= K
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Frobenius algebras, L. Abrams, 1999

Coalgebra structure, A : A — A*, e:=\(1a): A= K

A—0 s Aok A ALEE Agp ASEA A

N

A**m;A*@KA*,

A

satisfies Frobenius conditions

ARA—"— > A ARA—"— > A

N

AASA-TLAGA, ARARAZZARA

A-modules ~ A-comodules: M4 ~ M4
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General categories

S. Eilenberg - J.C. Moore, Adjoint functors and triples, 1965

Adjoint endofunctors (F, G)

F(A) A —
Ay GF(A) $9 G(a)
Equivalence Af — AC

Frobenius: F = G, Equivalence Af — AF
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Frobenius monads

Frobenius monad on category A

(1) F:A — Ais a monad;
(2) F has a right adjoint G;

(3) Frobenius condition: F ~ G (natural isomorphism).

A

Monad (F, m,n) on category A. Equivalent (2013):

(a) F is a Frobenius monad;

(b) F = (F,d,¢) comonad with isomorphism K : Ap — AF
and commutative diagram

U
A-Yar Yan

_l l" l_

A?AFTA.
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Composing awand Son I : L = L, Iz : R — R, identities

a(l) = IA—>RL
B-a(l) = L% LRL-5 1,
a-B-a(l) = I RLEVRIRL BE5 R,

BUR) = LR Ig,
aoB(lg) = R RLR B4 R,

BoaoB(lr) = LRZSIRIRBS IR =5 k.
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Pairing (L, R, «v, 5)

Natural endomorphisms

9 RLEE RIRL FEE R, 9 RL PSS RLRL Beh RL,

v LR B IRIR LR (R 4 = LR B [RLR 2Ry (R,

Regular pairing
a=a-f-a (n=v-n), L=Fap (e6=¢-9).

(i) ¥, ¥ and v, v are idempotent;
(ii) if v =, then (LR, LnR,¢) is a weak comonad;
(iii) if ¥ = ¥, then (RL, ReL,n) is a weak monad.
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Pairing of functors R : B — A and L : A — B, covariant

Maps natural in A€ A and B€ B

aa g : Mory(R(B),A) — Morg(B, L(A)), Vg — LR,
Bap : Morg(B, L(A))) = Mora(R(B),A), ¢ :h — LR.

Natural endomorphisms

9: LR EB% IRIR Y5 IR, 9 LR 5 LRLR B2Rs IR,

5:RL S RLRL B2 R, 7= RL B RLRL 2R5 RL.

V.

Regular pairing

a=a-f-a (Y=7-v), p=p-a-B (p=¢- 7).
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K a class of morphisms in A closed under composition

K-equaliser : a cofork

k g
BHC:f;D

with k € K and, for any h: Q@ — C in Kwith f-h=g - h,
there is a unique g : @ — B in K such that h=k - qg.

K-coequaliser : a fork

|

B$C$D

with s € K and, forany h: C — Q in K with h-f=h- g,
there is a unique g : D — Q in K such that s = g - s.

K is ideal class

ifforanyAi>B£>CinA,forgin]KimpIiesg-fin]K.

A\
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E)LR category of non-counital LR-comodules.

K class of morphisms in E}LR

(B,w) is a K-cofirm comodule, provided the defining cofork

@ LnRp
B —— LR(B) — LRLR(B)
LR(w)

is a K-equaliser.
If K= Mor(@LR), a K-cofirm comodule is just called cofirm.
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~y-compatible comodule morphisms, v : LR ﬂ) LRLR £F5 1R

are morphism h between LR-comodules (B,w) and (B’,«w’) with
commutative diagram

B—“>LR(B)—2>pB

B'—LR(B") —~B'.

epr

(1) K, := {all y-compatible morphisms in BV is an ideal class.
2) h: @— LR(B) isin K, if and only if ~g-h= h.

Y v
(3) h: LR(B) = Qisin K, if and only if h-~g = h.
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(L, R, a, B) regular pairing with 8 symmetric

~y-compatible comodules

(B,oLJg is compatible provided w is in K., i.e., w = y5 - w;
B category of all compatible LR-comodules (C @LR )

Any compatible LR-comodule (B, w) is K,-cofirm.

w LnRg . .
B—— LR(B) —= LRLR(B) is a K,-equaliser:
LR(w)

Consider h: (Q, k) = LR(B) in K, with LR(w) - h = LnRg - h.

h €B

nl LnRuLRN lw
LR(Q) 7 LRLR(B) LL:R LR(B)

Re
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(L, R, a, B) regular pairing with 8 symmetric

every non-counital LR-comodule is y-compatible, i.e., @LR =B
LR-comodule morphisms need to be y-compatible;

(B,w) need not be counital but satisfies w = w - ep - w.

(L, R, v, B) an adjunction

A (non-counital) (B,w) is cofirm if and only if it is counital.

Since vy =g, w=w- e -w.
If (B,w) is cofirm, then w is monomorph in @LR;
since g - w and /g are in @LR, eg - w = Ig (counitality).

It is well-known that any counital LR-comodule is cofirm.
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LyR )
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LRy LoR

'5—compatible module morphisms, J: LR —% LRLR —25 LR

are morphism h between LR-modules (B, o) and (B’, ¢’) with
commutative diagram

' — > LR(B)—= B
= b ( ) o .

(1) Kz :={ all J-compatible morphisms } is an ideal class;
(2) h: Q— LR(B)isin Ky if and only if 0+ h= h;
(3) h:LR(B) — Qisin Ky if and only if h-9 = h.
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'E—compatible modules

(B, 0) is compatible provided g is in K, i.e., 0 = 0,
B, r category of all compatible LR-modules (C @LR )

Any compatible LR-module (B, w) is K-cofirm.

every non-unital LR-module is 5—compatib|e, ie., @)LR =B, r;

LR-comodule morphisms need to be «y-compatible;
(B, 0) need not be unital but satisfies o = o - ¢¥5 - 0.
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Frobenius monads: n: [y — RL and ¢ : RL — I

Modules and comodules

(LR, LnR) non-counital comonad with comodule category @)LR,

(LR, LyR) non-unital monad on B with module category @LR-

Frobenius property

LRLRLR

LnRLR LRLoR
LoR LnR

LRIR —2"> |R—"" -~ |RLR

LRLnR LoRLR

LRLRLR




Frobenius bimodules: ¢ : LR(B) — B and w: B — LR(B)

LRLR(B) X2 1 r(B) YL L RLR(B)

chRi \LL@R

LR(B) —*2 % “ > LR(B)

LnRi anR

LRLR(B) = LR(B) s LRLR(B)




Frobenius bimodules: ¢ : LR(B) — B and w: B — LR(B)

LRLR(B) X2 1 r(B) YL L RLR(B)

L@Ri \LLLpR

LR(B) —*2 % “ > LR(B)

LnRi anR

LRLR(B) = LR(B) s LRLR(B)

LRLR(B

/\
\/

LRLR(B




Frobenius monads: n: [y — RL and ¢ : RL — I

Natural transformation

0:- LR 1RIR 228 1R

is an LR-module as well as an LR-comodule morphism.




Frobenius monads: n: [y — RL and ¢ : RL — I

Natural transformation

0 LR LR, LnR R

LRLR 28 1R

is an LR-module as well as an LR-comodule morphism.

LRLR(B) 2% | R(B)
o8
B —“=LR(B “~— LR(B) ,—B

e LRLR(

(B)




Frobenius monads: n: [y — RL and ¢ : RL — I

Natural transformation

0 LR LR, LnR R

LRLR 28 1R

is an LR-module as well as an LR-comodule morphism.

LRLR(B) 2% | R(B)
CA
B2~ LR = LR(B) - B
LR(w)
- LRLR(B)

o-w-0=p0-0g and w-p-wWw=0g-w )




Frobenius monads: n: [y — RL and ¢ : RL — I

o-w-0=p0-0g and w-p-w=0g-w J

Separability: ¢ -n =1y (0 =Ir)

(i) oow-0=vandw-90 -w=w.
(ii) o is an epimorphism in B R or
w is @ monomorphism in @LR, = o-w=Ig.




Frobenius monads: n: [y — RL and ¢ : RL — I

o-w-0=p0-0g and w-p-w=0g-w J

Separability: ¢ -n =1y (0 =Ir)

(i) oow-0=vandw-90 -w=w.
(ii) o is an epimorphism in B R or
w is @ monomorphism in @LR, = o-w=Ig.

Weak separability: (7, ¢) regular (= 6 idempotent)

(i) f n-9-n=mn, then ¢-w is an idempotent morphisms.
(ii) If ¢ -m- @ = ¢, then w - g is an idempotent morphisms.




Frobenius monads: n: [y — RL and ¢ : RL — I

f-compatible bimodule morphisms

morphisms h between Frobenius modules (B, g,w) and (B’, ¢, ')
with commutative diagram

B—“>LR(B)—2>B

hi\ k

B'—LR(B") —~B'.
w 0




Frobenius monads: n: [y — RL and ¢ : RL — I

f-compatible bimodule morphisms

morphisms h between Frobenius modules (B, g,w) and (B’, ¢, ')
with commutative diagram

B—“>LR(B)—2>B

hi\ k

B'—LR(B") —~B'.
w o

(1) If p-n-p=¢, then LpR is f-compatible.




Frobenius monads: n: [y — RL and ¢ : RL — I

f-compatible bimodule morphisms

morphisms h between Frobenius modules (B, g,w) and (B’, ¢, ')
with commutative diagram

B—“>LR(B)—2>B

hi\ k

B'—LR(B") —~B'.
w o

(1) If p-n-p=¢, then LpR is f-compatible.
(2) If n-p-n=mn, then LnR is f-compatible.




Frobenius monads: n: [y — RL and ¢ : RL — I

f-compatible bimodule morphisms

morphisms h between Frobenius modules (B, g,w) and (B’, ¢, ')
with commutative diagram

B—“>LR(B)—2>B

hi\ k

B'—LR(B") —~B'.
w o

(1) If p-n-p=¢, then LpR is f-compatible.
(2) If n-p-n=mn, then LnR is f-compatible.
(3) (B,w, p) Frobenius bimodule:

w is B-compatible iff w=w:- 0w,




Frobenius monads: n: [y — RL and ¢ : RL — I

f-compatible bimodule morphisms

morphisms h between Frobenius modules (B, g,w) and (B’, ¢, ')
with commutative diagram

B—“>LR(B)—2>B

hi\ k

B'—LR(B") —~B'.
w o

(1) If p-n-p=¢, then LpR is f-compatible.
(2) If n-p-n=mn, then LnR is f-compatible.
(3) (B,w, p) Frobenius bimodule:
w is B-compatible iff w=w:- 0w,
o is f-compatible iff o= -w-o.




Frobenius monads: n: [y — RL and ¢ : RL — I

Firm bimodules (B, o, w)

(i) If w is B-compatible, then (B,w) is Ky-cofirm.
(ii) If g is B-compatible, then (B, o) is Ky-firm.




Frobenius monads: n: [y — RL and ¢ : RL — I

Firm bimodules (B, o, w)

(i) If w is B-compatible, then (B,w) is Ky-cofirm.
(ii) If g is B-compatible, then (B, o) is Ky-firm.

If (n, ) is a regular pair, then LoRg and LnRg are Ky-compatible
bimodule morphisms and




Frobenius monads: n: [y — RL and ¢ : RL — I

Firm bimodules (B, o, w)

(i) If w is B-compatible, then (B,w) is Ky-cofirm.
(ii) If g is B-compatible, then (B, o) is Ky-firm.

If (n, ) is a regular pair, then LoRg and LnRg are Ky-compatible
bimodule morphisms and

B — BLR, B (LR(B), LoRg, LnRg)

is a functor from B to Frobenius bimodules with #-regular structure
morphisms.




Frobenius monads: n: [y — RL and ¢ : RL — I

K-cofirm comodules, K ideal class in BYR, LyRg in K

If (B,w) in @LR is a K-cofirm comodule, then there is some
0: LR(B) — B in K making (B, o,w) a Frobenius module.




Frobenius monads: n: [y — RL and ¢ : RL — I

K-cofirm comodules, K ideal class in BER, LyRg in K

If (B,w) in @LR is a K-cofirm comodule, then there is some
0: LR(B) — B in K making (B, ¢0,w) a Frobenius module.

Morphisms between K-cofirm LR-comodules (B,w) and (B’,w’)
are morphisms of the Frobenius modules (B, w, ¢) and (B’,w’, ¢').




Frobenius monads: n: [y — RL and ¢ : RL — I

K-cofirm comodules, K ideal class in BER, LyRg in K

If (B,w) in @LR is a K-cofirm comodule, then there is some
0: LR(B) — B in K making (B, ¢0,w) a Frobenius module.

Morphisms between K-cofirm LR-comodules (B,w) and (B’,w’)
are morphisms of the Frobenius modules (B, w, ¢) and (B’,w’, ¢').

@LR%ﬁégﬁgLRa (B,W)'_)(B,Q,W)'_)(B,Q),

functor from K-cofirm comodules to Frobenius bimodules with
(B,w) K-cofirm, and to (B, o), 0 € K.




Frobenius monads: n: [y — RL and ¢ : RL — I

LRLR(B)F% 1r(B) FY“L 1 RLR(B)

L@R\L (I) e (I1) ngoR
.9 V w

LR(B) - ~B— > LR(B)

LnR\L (II1) \L (Iv) anR

LRLR(B) .- > LR(B) — LRLR(B),
LR(o) LR(w)




Frobenius monads: n: [y — RL and ¢ : RL — I

K’-firm modules, K’ ideal class in B, g, LnRg in K

If (B, o) in Bris a K’-firm module, then there is some
w: B — LR(B) in K’ making (B, o, w) a Frobenius module.




Frobenius monads: n: [y — RL and ¢ : RL — I

K’-firm modules, K’ ideal class in B, g, LnRg in K

If (B, o) in Birisa K'-firm module, then there is some
w: B — LR(B) in K’ making (B, o, w) a Frobenius module.

I@LRﬁﬁégéﬁLr\: (B,Q)H(B,Q,W)'—)(B,Q),

functor from K'-firm modules to Frobenius bimodules with (B, o)
K’-cofirm, and to (B,w), w € K.




Regular pairings and Frobenius monads

(L, R, cv, B) regular pairing with 8 symmetric, ¢ : RL — Ip

(i) 9: RL— RL and 7y : LR — LR are idempotent;
(ii) n=23-m
(iii) forp:=@p-Y:RL— Iy, p=o- 0.




Regular pairings and Frobenius monads

(L, R, cv, B) regular pairing with 8 symmetric, ¢ : RL — Ip
(i) 9: RL— RL and 7y : LR — LR are idempotent;

V.

Commutative diagram

yLR
LRLR — LRLR

LGR
L@Rl X lL@R

LR——LR

that is, LpR is in K.

So we may assume that LyR is «-compatible.




Regular pairings and Frobenius monads

L, R, «, B) regular pairing, 8 symmetric, ¢ : RL — Iy, LpR € K,
3

For compatible LR-comodule w : B — LR(B), there is
0: LR(B) — B in K, making (B, o,w) a Frobenius module,

o: LR(B) X2 1 rLR(B) L%8, LR(B) % B.




Regular pairings and Frobenius monads

L, R, «, B) regular pairing, 8 symmetric, ¢ : RL — Iy, LpR € K,
gl

For compatible LR-comodule w : B — LR(B), there is
0: LR(B) — B in K, making (B, o,w) a Frobenius module,

LR(w) chRB

0: LR(B) —= LRLR(B) ===5 LR(B) =& B.

Any LR-comodule morphism (B,w) to (B’,w’) is an LR-bimodule
morphism between (B, o,w) and (B, ¢’,w').




Regular pairings and Frobenius monads

L, R, «, B) regular pairing, 8 symmetric, ¢ : RL — Iy, LpR € K,
gl

For compatible LR-comodule w : B — LR(B), there is
0: LR(B) — B in K, making (B, o,w) a Frobenius module,

LR(w) chRB

0: LR(B) —= LRLR(B) ===5 LR(B) =& B.
Any LR-comodule morphism (B,w) to (B’,w’) is an LR-bimodule

morphism between (B, o,w) and (B, ¢’,w').

—=LR . :
Functors, B, r — Frobenius modules compatible as LR-comodules
BLR Y, gLR Uk, gLR

B IBLI‘? — B ’ (B’W)H(ng’w)a




Regular pairings and Frobenius monads

L, R, «, B) regular pairing, 8 symmetric, ¢ : RL — Iy, LpR € K,
gl

For compatible LR-comodule w : B — LR(B), there is
0: LR(B) — B in K, making (B, o,w) a Frobenius module,

LR(w) chRB

0: LR(B) —= LRLR(B) ===5 LR(B) =& B.

Any LR-comodule morphism (B,w) to (B’,w’) is an LR-bimodule
morphism between (B, o,w) and (B, ¢’,w').

—=LR . :
Functors, B, r — Frobenius modules compatible as LR-comodules
BLR Y, gLR Uk, gLR

B IB%LI‘? — B ’ (B’W)H(ng’w)a

—LR\II —=LR ULR
B % Big > Bir, (Bw) o (Bow) (Bo) |




Regular pairings and Frobenius monads

(L, R, o, B) adjunction, ¢ : RL — Iy (Bohm, Gémez-Torrecillas)

(1) For counital LR-comodule w : B — LR(B), there is
LR-comodule morphism ¢ : LR(B) — B making (B, g,w) a
Frobenius module,

LR(w)

0: LR(B) == I RLR(B) £27e, 1R(B) 25




Regular pairings and Frobenius monads

(L, R, o, B) adjunction, ¢ : RL — Iy (Bohm, Gémez-Torrecillas)

(1) For counital LR-comodule w : B — LR(B), there is
LR-comodule morphism ¢ : LR(B) — B making (B, g,w) a
Frobenius module,

LR(w)

0: LR(B) == I RLR(B) £27e, 1R(B) 25

(2) LR-comodule morphism (B,w) to (B’,w’) is an LR-bimodule
morphism (B, p,w) to (B', o’,w’).




Regular pairings and Frobenius monads

(L, R, o, B) adjunction, ¢ : RL — Iy (Bohm, Gémez-Torrecillas)

(1) For counital LR-comodule w : B — LR(B), there is
LR-comodule morphism ¢ : LR(B) — B making (B, g,w) a
Frobenius module,

LR(w)

0: LR(B) == I RLR(B) £27e, 1R(B) 25

(2) LR-comodule morphism (B,w) to (B’,w’) is an LR-bimodule
morphism (B, p,w) to (B', o’,w’).

(3) If ¢ - = Iy, then, for Frobenius module (B, p,w), (B, p) is a
firm LR-module.




Regular pairings and Frobenius monads

(R, L, a, B) regular pairing, a symmetric, n: Iy — RL, LnR € Ky

(1) For compatible LR-module ¢ : LR(B) — B, there is some
w: B — LR(B) in K5 making (B, ¢,w) a Frobenius module,

w: B Y5 LR(B) 2R, RLR(B) 9, 1R(B).




Regular pairings and Frobenius monads

(R, L, a, /5) regular pairing, & symmetric, 1 : Iy — RL, LnR € Ky

(1) For compatible LR-module ¢ : LR(B) — B, there is some
w: B — LR(B) in K5 making (B, ¢,w) a Frobenius module,

w: B Y5 LR(B) 2R, RLR(B) 9, 1R(B).

(2) LR-module morphisms from (B, g) and (B’, ¢’) are
LR-bimodule morphisms from (B, o,w) to (B’, ¢',u’).




Regular pairings and Frobenius monads

(R, L, a, /5) regular pairing, & symmetric, 1 : Iy — RL, LnR € Ky

(1) For compatible LR-module ¢ : LR(B) — B, there is some
w: B — LR(B) in K5 making (B, ¢,w) a Frobenius module,

w: B Y5 LR(B) 2R, RLR(B) 9, 1R(B).

(2) LR-module morphisms from (B, g) and (B’, ¢’) are
LR-bimodule morphisms from (B, o,w) to (B’, ¢',u’).

Functors, BER — Frobenius modules compatible as LR-modules

[} LR ULR
Big — Big — Big, (B,0) (B,o,w)— (B,0).




Regular pairings and Frobenius monads

(R, L, a, /5) regular pairing, & symmetric, 1 : Iy — RL, LnR € Ky

(1) For compatible LR-module ¢ : LR(B) — B, there is some
w: B — LR(B) in K5 making (B, ¢,w) a Frobenius module,

w: B Y5 LR(B) 2R, RLR(B) 9, 1R(B).

(2) LR-module morphisms from (B, g) and (B’, ¢’) are
LR-bimodule morphisms from (B, o,w) to (B’, ¢',u’).

Functors, BER — Frobenius modules compatible as LR-modules

[} LR ULR
Big — Big — Big, (B,0) (B,o,w)— (B,0).

Br > B{E 25 B, (B,0) (B,o,w) > (Bw). |




Regular pairings and Frobenius monads

(L, R, c, B) regular pairing, 5 symmetric, LyoR ~y-compatible,




Regular pairings and Frobenius monads

(L, R, c, B) regular pairing, 5 symmetric, LyoR ~y-compatible,
(R, L,&,E) regular pairing, & symmetric, LnR J-compatible.




Regular pairings and Frobenius monads

Theorem

(L, R, c, B) regular pairing, 5 symmetric, LyoR ~y-compatible,
(R, L,&,E) regular pairing, & symmetric, LnR J-compatible.

Then v = ¥ and the functors above yield category equivalences

—=LR V¥ =LR ULR & =LR Upr =LR
B — Bg — Byr, Bir— Bir— B

Efg — Frobenius modules comp. as LR-modules, LR-comodules.




Weak Frobenius monads

Definition
(F, ) non-unital monad, (F,d) non-counital comonad,
(B,0) € BF and (B,w) € B".

(F, u, ) satisfies the Frobenius property and (B, o,w) is a
Frobenius bimodule, provided the diagrams

e
2
FF—*~F—>FF
R Af

FFF )




Weak Frobenius monads

Definition

(F, ) non-unital monad, (F,d) non-counital comonad,
(B,0) € BF and (B,w) € B".

(F, u, ) satisfies the Frobenius property and (B, o,w) is a
Frobenius bimodule, provided the diagrams
F(B)

AN S
PN \ /

)
FFF FF(B)

commute, respectively.




Weak Frobenius monads

Definition

(F,u,m;6,¢) is called a weak Frobenius bimonad provided

(F,p,m) is a weak monad, (F,d,¢) is a weak comonad,




Weak Frobenius monads

Definition

(F,u,m;0,¢) is called a weak Frobenius bimonad provided

(F,p,m) is a weak monad, (F,d,¢) is a weak comonad,
(F, u,9) has Frobenius property, u-Fn= Fe-§,ie v=39.




Weak Frobenius monads

(F,u,m;0,¢) is called a weak Frobenius bimonad provided

(F,p,m) is a weak monad, (F,d,¢) is a weak comonad,
(F,u,0) has Frobenius property, p-Fn= Fe-§,ie v=39.

V.
Theorem

There are category equivalences

_ L/ S— Uf d
B ——B;——Br, Br——>B; —B

B - compatible F-comodules, B — compatible F-modules,

—F . .
Bfr — Frob-bimodules compatible as modules and comodules.




Separable monads

Separable monad on category A

(1) F: A — Ais a monad,




Separable monads

Separable monad on category A

(1) F: A — Ais a monad,
(2) the forgetful functor Ur : A — A is separable;




Separable monads

Separable monad on category A

(1) F: A — Ais a monad;
(2) the forgetful functor Ur : A — A is separable;

Monad (F, m,n) on category A. Equivalent:

(a) F is a separable monad,;

A\




Separable monads

Separable monad on category A

(1) F: A — Ais a monad;
(2) the forgetful functor Ur : A — A is separable;

Monad (F, m,n) on category A. Equivalent:

(a) F is a separable monad,;

(b) m: FF — F has a natural section § : F — FF with
commutative diagrams

FF5-FFF  FF-22FFF  F—2-FF

| N

F—"~FF F—"~FF F.




Azumaya monads

Azumaya monad (F, m, e; ) on category A

distributive law A : FF — FF satisfying Yang-Baxter equation
FFF 2> FrF 255 FrF

v =

FFF 2> FrF 255 FFF.

(1) F»=(F,m-\,e) is a monad on A;
(2) FFXN = (FF,mm- FF)- F)\F,ee) is a monad:
(3) comparison functor K :A — Arrx sending A € A to

(F(A), FFF(A) 22 prr(a)

FF(A) —2- F(A)).




Azumaya monads

Azumaya monad (F, m, e; ) on category A

distributive law A : FF — FF satisfying Yang-Baxter equation
FFF 2> FrF 255 FrF

v =

FFF 2> FrF 255 FFF.

(1) F»=(F,m-\,e) is a monad on A;
(2) FFXN = (FF,mm- FF)- F)\F,ee) is a monad:
(3) comparison functor K :A — Arrx sending A € A to

(F(A), FFF(A) 22 prr(a)

FF(A) —2- F(A)).

Azumaya monad - if K is an equivalence of categories.




Bimonads

Bimonad on category A
F:A — A amonad (F,m,e) and a comonad (F,J,¢),
double entwining 7 : FF — FF, € - e = 1, commutative diagrams

m )

FF F FFE-fF 1—°>F

JJl Tmm ml ls el 4
= eF

FFFF— ™~ FFFF, F—>1, F—FF.




Bimonads

Bimonad on category A
F:A — A amonad (F,m,e) and a comonad (F,J,¢),
double entwining 7 : FF — FF, € - e = 1, commutative diagrams

e FF=—"F

AN

FFFF —™F  FFFF, :

Hopf monad

FF —F% Frr ™Fo FF is an isomorphism.

—° - F

)

—5 FF.

o
M<—r

_




Bimonads

Bimonad on category A

F:A — A amonad (F,m,e) and a comonad (F,J,¢),
double entwining 7 : FF — FF, € - e = 1, commutative diagrams
e FE=——SC TN
JJl Tmm ml ls el 4
FFFF—F ~ FFFF, F—>1, F—-FF.
Hopf monad
FF Fo FFF -~ FF is an isomorphism.

K:A— AE(T), A (F(A),0a,ma) s an equivalence. J




Various algebras

Algebras and coalgebras, A R-module

ARA-"SA R A A AoprA A—3R




Various algebras

Algebras and coalgebras, A R-module

ARA-"SA R A A AoprA A—3R

Frobenius algebra (A, m,n; d,¢)

m is right A-module and right A-comodule morphism




Various algebras

Algebras and coalgebras, A R-module

ARA-"SA R A A AoprA A—3R

Frobenius algebra (A, m,n; d,¢)

m is right A-module and right A-comodule morphism

Separable algebra (A, m,n; J)

m is right A-module, right A-comodule morphism, mo§ = /.




Various algebras

Algebras and coalgebras, A R-module

ARA-"SA R A A AoprA A—3R

Frobenius algebra (A, m,n; d,¢)

m is right A-module and right A-comodule morphism

Separable algebra (A, m,n; J)

m is right A-module, right A-comodule morphism, mo§ = /.

Azumaya algebra (A, m,n; T)

equivalence Mig — aM4  (separable and central)




Various algebras

Algebras and coalgebras, A R-module
ARRASAR-L A A2 AgrA A-S R

Frobenius algebra (A, m,n; d,¢)

m is right A-module and right A-comodule morphism

Separable algebra (A, m,n; J)

m is right A-module, right A-comodule morphism, mo§ = /.

Azumaya algebra (A, m,n; T)

equivalence Mig — aM4  (separable and central)

Hopf algebra (A, m,n,0d,¢)

Bialgebra: m is a coalgebra morphism (4 is an algebra morphism)
Hopf algebra: (m®1)- (I ® ) =1, equivalence Mg — M4
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