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We consider the following ascending chain of groups

G1 = 〈t1, t2 | 〉 ∼= F (t1, t2)

∧
G2 = 〈t1, t2, t3 | t−13 t2t3 = t2t1〉 ∼= F2(t2, t3)

∧
G3 = 〈t2, t3, t4 | t−14 t3t4 = t3t2〉 ∼= F2(t3, t4)

∧
...

∧

G =
∞
∪
i=1

Gi

Clearly G is locally free, but not free since G = [G,G]. Moreover, G is not finitely
generated, the centralizer of each element of G is cyclic, and G is not simple since
〈〈Gi〉〉 6= G. It seems that the following questions can be easily answered: Is 〈〈Gi〉〉 ∼= Fω?
What is the structure of 〈〈Gi+1〉〉/〈〈Gi〉〉 ?

Conjecture. (O. Bogopolski)

1) F2 and G are (existentially) elementarily equivalent.

2) G is acylindrically hyperbolic.

Remark 1. Theorem of Tarski-Vaught says that if G is an ascending union of Gi’s,
where every Gi is elementary embedded to Gi+1, then Gi is elementary embedded to G.
In particular, G is elementarily equivalent to Gi. However this approach does not work,
since in our case the natural embedding of Gi to Gi+1 is not elementary: ti ∈ Gi is a
commutator in Gi+1, but not in Gi.

Remark 2. Sela proved that if G is finitely generated and G ≡ H, where H is torsion-
free hyperbolic, then G is also torsion-free hyperbolic. André omitted the torsion-free
condition here. More precisely, he proved that if G is finitely generated and G ≡ H,
where H is hyperbolic, then G is also hyperbolic.

Note that this cannot be applied to our conjecture since our G is not finitely gener-
ated.
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Question. (Osin) Is acylindrical hyperbolicity preserved under elementary equiva-
lence among finitely generated groups?

Section 5 of [1] gives an easy counterexample among countable groups. In this coun-
terexample the centralizers of all nontrivial elements of G are noncyclic. Note that for
our G these centralizers are cyclic.
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