Calculation of all pointswhere Whitney’'s C4-coneis
everything

by Rudiger W. Braun, Reinhold Meise, and B.A. Taylor

B Abstract

Let V be a hypersurface in 4-dimensional complex space. All points p in V are
determined for which C4(V, p) is the entire space. This is the program referred
Example 22 of [1].

I nitialization

[ > restart:

> wth(linalg):

{V\arni ng, new definition for norm
Warni ng, new definition for trace

| [ > with(G oebner):

Definition of f with V =V(f) and introduction of
variables

[>latin :=[X,y,z,wt]: greek := [xi,eta, zeta, onega, tau]:
[ kappa, |anbda, mu, nu, pi]:

>f 1= y*(x*2 - yr2)*wr2 - y*z"3*w + z75;
fi=y(C-yI)W-yZ2w+7

(> gr := grad(f, latin);

or =

[2yxW, (¢ - V)W -2V W - 2w, -3y Zw+57 2y (¢ -y )w-yZ 0]

Determination of the singular set

> sol ve(convert(gr, set) union {f});
{w=0,z=0,y=y,x=x},{y=0,z=0,x=0,w=w}
[ The singular set consists of a line and a plane.

Programs

| The following function replaces polynomials of degree at least 1 in one of the at
| variables by O:
> renove_aux := proc(poly)

> gl obal aux;

> if indets(poly) intersect convert(aux, set) = {} then

poly

> else O

> fi

> end:

Page 1



| The following function returns an expression sequence consisting of the coeffici
| all monomials irg, n, {, w. The actual work is done recursively by get_coeffs_he
[ > get_coeffs := proc(poly)

> gl obal greek, c4_tnp;

> ca_tnp = {};

> get _coeffs_hel p(poly, greek);

> op(c4_tnp);
| > end:
> get _coeffs _help := proc(poly, vars)

> gl obal c4_tnp;

> | ocal p;

> p := collect(poly, vars[1l]);

> if nops(vars) = 1 then

> c4_tnp := c4_tnmp union {coeffs(p, vars[1l])};

> else map(get_coeffs_help, {coeffs(p, vars[1l])},

[seq(vars[i], I =2 .. nops(vars))]);
> fi;
> end:

Calculation of C,(V)

' C,(V) is the Zariski closure of the Setof all points[ p, v] with p a regular point oY/
andv tangent to/ atp. To determine the Zariski closure, one has to Wiiies
projection of an algebraic set. This set wil\bg, g, g,,,.) in C®*™ with g andg,,

| given below. The projection forgets the auxiliary variables.

> g := eval c(dot prod(greek, gr));
g:=28yxwW+n (WX -3y W -22w)+(-3yZw+57")

+w(2ywxX -2y’ w-yZz’)

[ > g_aux := eval c(dotprod(aux, gr) - 1);
gaux:=2KyXwW +A (WX -3y W -Zw)+u(-3yZw+57")

L +v(2ywxX -2y’w-yZ) -1

' Calculate the Grobner basis of the idéfay, g, [Jwith respect to an elimination

| order to eliminate the auxiliary variables.

> GB := gbasis({f, g, g _aux}, |exdeg(aux, [op(latin),
op(greek)])): nops(GCB);

L 32

| The elements of GB are published in a separate file.

[ > B := map(renove_aux, GB):

> map(print, convert(B, set));

yW X -y wW-yZw+27
0
28yxWHN WX -3nyYwW-nZ2w-3yZw+57Z+2nywx
—-20yw-wyZ
Wz - 2wy wzxE+2wy'wnz+ 3wy Xl 3wy 0wl -w zy’ ¥
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+ 4P W+ 1003V P w-8 XY w + 4y + 2V wxE L+ 11y wl Z
-VonZ-40zy¥*nw+10xX*Lznw-XywZn+4x2 Y owé
—40X Y Wl z-8X Y wnw-11X YV wZ{+20x° L& zyw—- 10X 2 n
—50x* Pyw+20xX ywlz+2xXywnw-4y* wxw& —20y* T x& zw
+30y* L znw+10y? L Z'n -50y° P w-20y* ° 2+ 20y’ wl z+ 6y wonw
+20x212yz3
2yXWEZ+ZNWX-3ZnNyYw-Z2ynw+¥nyw -y’ nw’ +2yl7
-5XWylz+5yzw+2yZX w-2ZYV w-Z2YV w+X oy w-wy' w
WY w+dzy w-V¥nZ+y 12+ 22V -2y w-¥n-wyn?
+V¥ R ow-yYwZ+4x'zyw+ X 2V w+4x3Ezyw-8xX zy¥? nw
-10x*Lyw-8xzy’ w+ 20XV} Iw-x*lyZ+2x znw+6Yy znw
-2z yYwH+2zy lw+2yxEL+ 2 ynw-Zy’nw-4y* x& zw
—10y°Zw+Xnyw -y nw’
{}

' The setC,(V) is the set of common zeros of all function®8inFor particular poinp,
| the coneC,(V, p) consists of al with [p, v] in C,(V).

Determination of all pointsp where C,(V, p) is

everything.
. Recover all coefficients (xi,eta,zeta,omega;) coming up in B:
> eq C4 := convert(map(get coeffs, B), set);

e CA4:={yWxX -y W -yZw+2,Wx -3y W -2w,
2ywx’ -2y w-yZ 100y  w+20x°y 2 - 50y’ w - 20y’ 22 - 50x" y w, O,
zy5+4x4y2—8x2y4—zy3x2+4y6,2yxwzz,
3x2y3w—402y3x2+20x4zy—3y5W+ 1122y4—11x222y2+202y5,
30zy*w-10X 72 - 40X zy? w+ 10x* zw + 10y* 7,
XyZ+6yw-8xXyw+2xyw-yZ+2zy*w, -3yZw+57",

203 xzw+ 20X zyw, -4y  xzw+ 2y xZ + 4 XC zy w, 2y Xx WP,
—4y4xw+2y2xz3+4x3yzw—2y3xzw,
—Wy4+2y22x2—z3y2+x2yzw—222y3,
zzwxz—y3wz—322y2w—yz3w+yvv2x2,5y32W+2yz4—5xzwyz,
VWwH+azy +4x zy + 2V + Xy w-Z2 Y -8z ¥ -y 7, -8 zy* w
+2xzw+6zy' Wy A -wy 2+ Z X yw-Z VP w-xX2 2+ VW - VWA

I y323(+2y224)+20x2yaw+22y4w—x2yz3—1Ox4yw—2x22yzw—10ysw}
[ > nops(eq_A4);
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| 21
> solve(eq_&4);

{x=x,w=0,y=0,z=0},{y=y,w=0,z=0,x=Vy},
{y=y,w=0,z=0,x=-y},{w=w,y=0,z=0,x=0}
B | These 4 lines constitute the set of all poptshereC,(V, p) =C".
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