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Abstract
Let V be a hypersurface in 4-dimensional complex space.  All points p in V are 
determined for which C4(V, p) is the entire space.  This is the program referred to in 
Example 22 of [1].

Initialization
> restart:
> with(linalg):
Warning, new definition for norm
Warning, new definition for trace

> with(Groebner):

Definition of f with =V ( )V f  and introduction of 
variables
> latin := [x,y,z,w,t]: greek := [xi,eta,zeta,omega,tau]:
> aux := [kappa, lambda, mu, nu, pi]:
> f := y*(x^2 - y^2)*w^2 - y*z^3*w + z^5;

 := f − +y ( )−x2 y2 w2 y z3 w z5

> gr := grad(f, latin);

gr := 

[ ], , , ,2 y x w2 − −( )−x2 y2 w2 2 y2 w2 z3 w − +3 y z2 w 5 z4 −2 y ( )−x2 y2 w y z3 0

Determination of the singular set
> solve(convert(gr, set) union {f});

,{ }, , ,=w 0 =z 0 =y y =x x { }, , ,=y 0 =z 0 =x 0 =w w
The singular set consists of a line and a plane.

Programs
The following function replaces polynomials of degree at least 1 in one of the auxiliary 
variables by 0: 
> remove_aux := proc(poly)
>   global aux;
>   if indets(poly) intersect convert(aux, set) = {} then 

poly
>   else 0
>   fi
> end:
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The following function returns an expression sequence consisting of the coefficients of 
all monomials in , , ,ξ η ζ ω.  The actual work is done recursively by get_coeffs_help.
> get_coeffs := proc(poly)
>   global greek, c4_tmp;
>   c4_tmp := {};
>   get_coeffs_help(poly, greek);
>   op(c4_tmp);
> end:
> get_coeffs_help := proc(poly, vars)
>   global c4_tmp;
>   local p;
>   p := collect(poly, vars[1]);
>   if nops(vars) = 1 then
>     c4_tmp := c4_tmp union {coeffs(p, vars[1])};
>   else map(get_coeffs_help, {coeffs(p, vars[1])}, 

[seq(vars[i], i = 2 .. nops(vars))]);
>   fi;
> end:

Calculation of ( )C4 V  
( )C4 V  is the Zariski closure of the set M of all points [ ],p v  with p a regular point of V 

and v tangent to V at p.  To determine the Zariski closure, one has to write M as 

projection of an algebraic set.  This set will be ( )V , ,f g gaux  in C( )3 n  with g and gaux 
given below.  The projection forgets the auxiliary variables.
> g := evalc(dotprod(greek, gr));

g 2 ξ y x w2 η ( )− −w2 x2 3 y2 w2 z3 w ζ ( )− +3 y z2 w 5 z4+ + := 

ω ( )− −2 y w x2 2 y3 w y z3+
> g_aux := evalc(dotprod(aux, gr) - 1);

g_aux 2 κ y x w2 λ ( )− −w2 x2 3 y2 w2 z3 w µ ( )− +3 y z2 w 5 z4+ + := 

ν ( )− −2 y w x2 2 y3 w y z3 1+ −
Calculate the Gröbner basis of the ideal 〈 〉, ,f g gaux  with respect to an elimination 
order to eliminate the auxiliary variables.
> GB := gbasis({f, g, g_aux}, lexdeg(aux, [op(latin), 

op(greek)])): nops(GB);

32
The elements of GB are published in a separate file.
> B := map(remove_aux, GB):
> map(print, convert(B, set));

− − +y w2 x2 y3 w2 y z3 w z5

0

2 ξ y x w2 η w2 x2 3 η y2 w2 η z3 w 3 ζ y z2 w 5 ζ z4 2 ω y w x2+ − − − + +

2 ω y3 w ω y z3− −

ω2
z y5 2 w y3 ω z x ξ 2 w y4 ω η z 3 w y3 ω x2 ζ 3 w y5 ω ζ ω2

z y3 x2− + + − −
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4 x4 y2 ω2 100x2 y3 ζ2 w 8 x2 y4 ω2 4 y6 ω2 2 y2 ω x ξ z3 11 y4 ω ζ z2+ + − + + +

y3 ω η z3 40 x2 ζ z y2 η w 10 x4 ζ z η w x2 y ω z3 η 4 x3 y2 ω w ξ− − + − +

40 x2 y3 ω ζ z 8 x2 y3 ω η w 11 x2 y2 ω z2 ζ 20 x3 ζ ξ z y w 10 x2 ζ z4 η− − − + −

50 x4 ζ2 y w 20 x4 y ω ζ z 2 x4 y ω η w 4 y4 ω x w ξ 20 y3 ζ x ξ z w− + + − −

30 y4 ζ z η w 10 y2 ζ z4 η 50 y5 ζ2 w 20 y3 ζ2 z3 20 y5 ω ζ z 6 y5 ω η w+ + − − + +

20 x2 ζ2 y z3+

2 y x w ξ z2 z2 η w x2 3 z2 η y2 w z3 y η w x2 η y w2 y3 η w2 2 y ζ z4+ − − + − +

5 x2 w y ζ z 5 y3 ζ z w 2 y z2 x2 ω 2 z2 y3 ω z3 y2 ω x2 ω y2 w w y4 ω− + + − − + −

w y5 ω 4 z y5 ω y2 η z4 y3 ζ z3 2 z4 y2 ζ z2 y4 ω x2 z4 η w y2 η z3− + − + + − − −

y3 x2 ω w y3 ω z3 4 x4 z y ω x2 z2 y2 ω 4 x3 ξ z y w 8 x2 z y2 η w+ − + + + −

10 x4 ζ y w 8 x2 z y3 ω 20 x2 y3 ζ w x2 ζ y z3 2 x4 z η w 6 y4 z η w− − + − + +

2 z x2 ζ y2 w 2 z y4 ζ w 2 y x ξ z4 z2 x2 y η w z2 y3 η w 4 y3 x ξ z w− + + + − −

10 y5 ζ w x2 η y2 w2 y4 η w2− + −
{ }

The set ( )C4 V  is the set of common zeros of all functions in B.  For particular point p, 

the cone ( )C4 ,V p  consists of all v with [ ],p v  in ( )C4 V .

Determination of all points p where ( )C4 ,V p  is 

everything.
Recover all coefficients (xi,eta,zeta,omega;) coming up in B:
> eq_C4 := convert(map(get_coeffs, B), set);

eq_C4 − − +y w2 x2 y3 w2 y z3 w z5 − −w2 x2 3 y2 w2 z3 w, ,{ := 

− −2 y w x2 2 y3 w y z3 + − − −100x2 y3 w 20 x2 y z3 50 y5 w 20 y3 z3 50 x4 y w 0, , ,

+ − − +z y5 4 x4 y2 8 x2 y4 z y3 x2 4 y6 2 y x w z2, ,

− + − + − +3 x2 y3 w 40 z y3 x2 20 x4 z y 3 y5 w 11 z2 y4 11 x2 z2 y2 20 z y5,

− − + +30 z y4 w 10 x2 z4 40 x2 z y2 w 10 x4 z w 10 y2 z4,

− + − + − +x2 y z3 6 y5 w 8 x2 y3 w 2 x4 y w y3 z3 2 z y4 w − +3 y z2 w 5 z4, ,

− +20 y3 x z w 20 x3 z y w − + +4 y3 x z w 2 y x z4 4 x3 z y w 2 y x w2, , ,

− + + −4 y4 x w 2 y2 x z3 4 x3 y2 w 2 y3 x z w,

− + − + −w y4 2 y z2 x2 z3 y2 x2 y2 w 2 z2 y3,

− − − +z2 w x2 y3 w2 3 z2 y2 w y z3 w y w2 x2 + −5 y3 z w 2 y z4 5 x2 w y z, ,

− + + + + − − −y5 w 4 z y5 4 x4 z y x2 z2 y2 x2 y3 w z2 y4 8 z y3 x2 y3 z3 8 x2 z y2 w−,

2 x4 z w 6 z y4 w y2 z4 w y2 z3 z2 x2 y w z2 y3 w x2 z4 x2 y2 w2 y4 w2+ + − − + − − + − ,

+ + + − − − −y3 z3 2 y2 z4 20 x2 y3 w 2 z y4 w x2 y z3 10 x4 y w 2 x2 z y2 w 10 y5 w }
> nops(eq_C4);
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21
> solve(eq_C4);

{ }, , ,=x x =w 0 =y 0 =z 0 { }, , ,=y y =w 0 =z 0 =x y, ,

{ }, , ,=y y =w 0 =z 0 =x −y { }, , ,=w w =y 0 =z 0 =x 0,

These 4 lines constitute the set of all points p where =( )C4 ,V p Cn.
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