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ABSTRACT. Let V be an algebraic variety in C". For a curve v in C", going out to infinity, and
d <1, define V; := t~%(V — 7(t)). Then the currents defined by V; converge to a limit current
as t tends to infinity. This limit current is either zero or its support is an algebraic variety.
Properties of such limit currents and examples are presented. These results are useful in the
study of solvability questions for partial differential operators via Phragmén-Lindel6f conditions.

1. INTRODUCTION

The basic work of Hérmander [12] and a number of results of other mathematicians (see, e.g.,
Andreotti and Nacinovich [I], Boiti and Nacinovich [3], Braun [4], Braun, Meise, and Vogt [10],
Meise and Taylor [13], and Meise, Taylor, and Vogt [14], [16]) showed that certain solvability
properties of linear partial differential operators P(D) with constant coefficients can be charac-
terized in terms of conditions of Phragmén-Lindel6f type for plurisubharmonic functions on the
complex zero variety V(P) of the symbol P. For a long time these conditions could be under-
stood in terms of the geometry of V(P) only for very small dimensions n. Recently, a geometric
characterization of Héormander’s condition was derived for polynomials in four variables in [6].
It is based on new necessary conditions for the local Phragmén-Lindel6f condition PLj,. which
reflect the fact that Phragmén-Lindel6f conditions are inherited by limit varieties. This effect
was used already in [12], but in [6] more refined limit varieties are considered. The existence
and properties of such higher order limit varieties at the origin were derived in [5].

To extend these results for the local Phragmén-Lindel6f condition to global conditions on
algebraic varieties, one needs to know that such refined limit varieties also exist in a global
sense, approximating the given algebraic variety V in certain areas near infinity. To formulate
this in a more precise way, let V' be an algebraic variety in C" of pure dimension k, let v: C\
(B(0,R) U]—-00,0]) — C be defined by v(t) = >3I__ a7 as a convergent Puiseux series,
and fix d € ]—o0,1]. Then, as ¢ tends to infinity, the algebraic varieties V; := t=4(V — 5(t))
converge in the sense that the currents of integration over V; converge to a limit current 7 4[V].
This limit current is either empty or a holomorphic k-chain, the support of which is an algebraic
variety. An explicit description of T, 4[V] in terms of algebraic equations can be derived using
canonical defining functions. The behavior of the limit varieties is quite similar to the one of
those defined in [5]. In fact, also the proofs are very similar to those in [5]. One might think
that there should be an easy way to reduce everything to the results in the local case. However,
it seems that technical problems do not make it simpler. Therefore, we have found it necessary
to reuse the arguments given in [5]. However, once the existence of the limit varieties is proved
one can obtain the limit varieties for an algebraic variety V' by considering local limit varieties
of a transformed variety V.

The results of the present paper are used in [7] and [§] as basic tools to characterize those
P € Clz, 22, 23] for which P(D) admits a continuous linear right inverse on D’(R?), the space
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of all distributions on R? or on D/,(R3), the space of all w-ultradistributions of Beurling type
on R3. Also in [9], the results are applied to characterize the algebraic surfaces in C" on which
the condition (SPL), the analogue of the classical Pragmén-Lindel6f Theorem, holds.

2. PRELIMINARIES ABOUT CURRENTS, k-CHAINS, AND CONVERGENCE

In this section we introduce the basic notions and facts which are needed to introduce limit
varieties and to investigate their properties. Most of the notions are taken from Chirka [11].

We denote by N the set of positive integers and by B"(z,r) the ball {w € C" : |w — z| < r},
where |-| denotes the euclidean norm. The exponent n may be omitted.

2.1. Definition. An analytic variety in C™ is defined as a closed analytic subset of some open
set Q in C™. If V is of pure dimension k, its current of integration [V] is defined by

V() = /V o,

where ¢ is any C'*°-form of bidegree (k, k) with compact support in .

2.2. Definition. A holomorphic k-chain in an open set 2 in C" is a locally finite sum
W => V]

where n; € Z and [V;] is the current of integration over an irreducible analytic subvariety of €
of dimension k. Recall that the support of W is equal to the union of those V; for which n; # 0.

2.3. Definition. The following definitions are taken from Chirka [11], 10.1, 11.1., 12.1, 12.2,
and 11.3. Fix an analytic set V' C C" of pure dimension k, an affine plane L C C" of dimension
n — k, and an isolated point z of V N L. Then there is a neighborhood U of z such that the
projection 7p: UNV — 7w (UNL) C L' along L is an analytic cover. Its sheet number in z is
denoted by p,(7p|v)-

The minimum of the sheet numbers p,(7r|y) when L ranges over all (n — k)-dimensional
affine subspaces for which z is an isolated point of V' N L is the multiplicity p, (V) of V at z.

If D C C"is open and D NV N L is finite, then the intersection index ip(V, L) is defined as

in(V,L):= Y pu(mrly).
weDNLNV

tw= Z;”zl n;[V;] is a holomorphic k-chain and D N L N Supp W is finite, then

i:(W,L) ==Y njps(rrly,) and ip(W,L):= > i (W, L).
7=1 weDNLNSupp W

i,(W, L) is called sheet number of the holomorphic chain W in z.

If V is a purely k-dimensional algebraic subset or a holomorphic k-chain in C™ with algebraic
support and L C C" is an affine (n — k)-dimensional subspace such that V' N L is finite and
such that the projective closures of V' and of L do not have points at infinity in common, then

icn(V, L) is the degree of V.
2.4. Remark. Note that, in the setting of Definition [2.3

pe(mrlv) = p(V)

whenever L is an affine (n — k)-dimensional subspace of C" which is transversal to V' at z (see
[11], 11.2, Proposition 2).
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2.5. Notation. Let V be an analytic variety of pure dimension k£ in some open set € in C".
For a € Q and p > 0 satisfying B(a, p) C Q let vol(p, V, a) denote the 2k-dimensional Hausdorff
measure of V' N B(a,p). If W = 3. n;[V;] is a holomorphic k-chain with nonnegative n;, then
VOI(,O, VVa CL) = Zz TLZ'VOI([), V;a CL).

We say that a sequence (W;);en of analytic varieties or holomorphic k-chains in some open
set 2 C C" has locally uniformly bounded volume if for all a € Q2 there are p,C' > 0 such that
B(a, p) C © and vol(p, Wj,a) < C for all j € N.

In order to define convergence of holomorphic k-chains, we recall first the notion of convergence
of a sequence of sets in a metric space (see Chirka [I1], 15.5).

2.6. Definition. A sequence of sets (V});ecn in a metric space is said to converge to a set V' if

(i) V coincides with the limit set of the sequence, i.e., consists of all points of the form
lim, .o z, where z,, € Vj,, for an arbitrary subsequence (Ju)ven of N, and

(ii) for any compact set K C V and any € > 0, there is an index j(e, K) such that K belongs
to the € neighborhood of V; for all j > j(e, K).

2.7. Definition. (a) A sequence (T});en of currents of bidegree (n —k,n — k) on some open
set © in C" is said to converge to the current T if T'(¢) = limj_.o T;(¢) for each C*°-
form ¢ of bidegree (k, k) with compact support in €.

(b) A sequence (W) en of holomorphic k-chains in 2 converges to a holomorphic k-chain W
if
(i) the supports of W; converge to V := SuppW as subsets of Q in the sense of
Definition [2.6] and
(ii) for each regular point a € V and each (n — k)-dimensional plane L through a,
transversal to V' at a, there is a neighborhood U of a such that VNLNU = {a}
and such that iy (W}, L) = i,(W, L) for all sufficiently large j.

3. EXISTENCE OF LIMIT VARIETIES

In this section we show that for algebraic varietes V' in C™ of pure dimension k, d < 1, and curves
~ which tend to infinity and are given by certain Puiseux series, there exist limit currents. They
are holomorphic k-chains for which the support is an algebraic variety in C"™. To do this, we
will use the following notions.

3.1. Definition. (a) A simple curve v in C" is a map v: C\ (B(0, R) U]—00,0]) — C" for
some R > 0 which, for some g € N, admits a convergent Puiseux series expansion

q—1
V() =&t+ D> &9, ol =1,

j=—o0

where for a real number d < 1, t¢ denotes the principal branch of the power function,
ie., t? = |t|Yexp (idarg(t)), where —m < arg(t) < 7 for t € C\ ]—o00,0]. The vector &
will be called the limit vector to v at infinity.

(b) For a pure k-dimensional algebraic variety V in C", a simple curve 7, and a real number
d <1 we let

Vii=Vyar = {w e C":1(t) +t'w e V}, t€C\ (B(0,€) U]—o0,0]).

Remark. Note that V; is a pure k-dimensional algebraic variety in C". The following theorem
shows that the currents [V;] have a limit.

3.2. Theorem. LetV be a purely k-dimensional algebraic variety in C™, let v be a simple curve,
and let d < 1. For the varieties V; defined in Definition [3.1(b), the currents [V;] converge to a
limit current W as t tends to infinity in C\ ]—00,0]. W is a holomorphic k-chain the support
of which is an algebraic variety in C".
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Most of this section will be devoted to the proof of Theorem

3.3. Definition. Under the hypotheses of Theorem [3.2] we define

7,lV] = Jim Vi

and call it the limit current of order d along the simple curve «. Furthermore,
1,4V :=Supp T, 4[V]
will be called the limit variety of V of order d along ~.

To prove the theorem, we will show that the varieties V; have locally bounded volume so that
they form a relatively compact family of varieties. Therefore, the family of varieties will converge
if we can prove that there is a unique limit variety in C™. This will be shown by studying the
convergence of associated canonical defining functions for V;. Lastly, it will be clear that the
volume of the limit variety in a ball of radius r is O(r2¥), so that the limit is algebraic by Stoll’s
theorem. The first step is to find a bound for the volumes of the V;. The bound is given in the
following lemma, which can be proved in the same way as Lemma 3.4 in [5].

3.4. Lemma. Let V C C" be an algebraic variety of pure dimension k. Then there are constants

C,R > 0 such that
vol(p,V,a) < Cp**, |a|—p> R, a c C"
Moreover, there are Rg,ro > 0 such that for each simple curve v and each d <1
vol(r, V;,0) < Cr2*
whenever t € C\ |—o0,0] and [t| > ro.

As in [5], Corollary 3.5, we get from Lemma3.4, [5], Theorem 2.8, and the Bishop-Stoll
Theorem (see [2], [17]) the following corollary.

3.5. Corollary. ForV, v, and d <1 as in Theorem[3.4 let (t;);en be a sequence in C\]—o0, 0]
that tends to oo.

(a) There exists a subsequence (tj,)ven for which [Vi, ] converges.
(b) If limy_.[Vy,] = W for some holomorphic k-chain W then Supp W is either empty or
an algebraic variety of dimension k. Further, the degree of W is at most equal to the

degree of V.

In the sequel we will complete the proof of Theorem by showing that there is a unique
limit for the convergent subsequences of (V;; ) en. That is, there exists a holomorphic k-chain Wy
such that lim;_,[V,] = Wy whenever lim;_, [V}, ] exists for some sequence (%;)en in C\ ]—00, 0]
tending to co. To prove this, fix V' as in Theorem and such a sequence (t;);en and assume
that W = lim;_, o [V},] exists. To describe W in a way which shows that it does not depend on
the sequence (t;);eny we will study the canonical defining function of V' as defined in Whitney
[18], Appendix V, Section 7 (see also Chirka, [11], 4.2). For that purpose we choose excellent
coordinates for the varieties V' and W in the sense of [18], 7.7. This means that we assume
that for C* = C"* x CF the projection 7: z = (2", 2') — (0, 2) is proper when restricted to V'
and W and satisfies

fl<CU+inG)), zeV:

(3.1) |z| < O(1+|7(2)|), =z € SuppW.

In the remainder of this section we will assume these hypotheses, even when they are not
mentioned explicitly.

Note that in the above situation the (n — k)-dimensional subspace C"~* x {0} is transverse
to V and Supp W. The existence of such a subspace L follows from [II], 7.4 Theorem 2.
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If B is the branch locus of 7: V — C¥, then B and 7(B) are algebraic varieties of dimension
at most £ — 1 and
m: V\B — C*\ n(B)
is a covering map. The number of points in a fiber over 2z’ € C™ \ w(B) is the degree of V. We
denote it by m. Then we can write

7)) = {(ai(2)),2) 11 <i <m})
where the «;(2") = a;(2’; V) are all distinct. We will also use the same notation for 2’ € 7(B)
by repeating each «;(2') as many times as indicated by the sheet number i,(V, L), where 2 :=
(a;(2'),2') and L := C" % x {2'}.
For u,w € C" %, let (u,w) = ujwy + - - - +Up_pwy_j denote the standard bilinear form. Then
the canonical defining function for V is defined as

(3.2) P(z,&V,m) = H <z” — ai(z'),@ .
i=1

We will write
P(2,§) = P(2,§V) = P(2,§V, )

when the missing data are clear from the context. A point z belongs to V if and only if
P(z,£) =0 forall £ € C"F,

Equivalently, one can expand P as a homogeneous polynomial in &,

&= Py2)¢’
|8|=m
and then z € V' if and only if P3(z) = 0 for all g.

Note that P is a polynomial of degree m in z” and a homogeneous polynomial of degree m in
¢ € C"F, It is defined at first for 2’ € m(B) but extends, by the Riemann removable singularity
theorem, to be analytic on all of C** x C*¥ x C**. With the convention made about counting
the points a;(2") with multiplicity when 2’ € 7(B), the formula is still valid.

To express the canonical functions of V; in a useful form, write y(t) = (71(¢),y2(¢t)) where
v2(t) = 7(y(t)) and then

(3.3) P(y(t) + t"w, &) = ﬁ< + t%w"” — aj(72(t) +tdw'),£> = tmdﬁ (w" = B;(w',t),€),

J=1 J=1

where
aj(y2(t) + 1) — i (t)
(3.4) Bi(w',t) = —2 - :
The last formula gives the canonical functions for the varieties V; with respect to the projection
7 onto the 2’ coordinates up to the scale factor <.

The limit chain W of a sequence ([V;,])jen is not necessarily a current of integration over an
analytic set, so its associated canonical defining function must take account of multiplicities. To
fix the notation, let us suppose that

(3.5) W =ni[Wi] + - + ny[W))]
where the W; are the irreducible components of Supp W, and
(3.6) Wj = {(ﬁm(w’),w') cw' € (Ck, 1< < mj}

where m; is the degree of W;. Then

(3.7) vi=nimy + -+ npymy
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is the degree of W, so v < m by Corollary The canonical defining function of W is then
p ™y
(3.8) P(w,&W) := Plw, & W,m) o= [ [[(w" = Bja(w), €)™ .

j=14i=1

3.6. Lemma. The canonical defining functions P(z,&;V,7) and P(w,& W, ) are polynomials.
The total degrees of P(z,&;V, ) and P(w,&; W, ) are m and v, respectively.

Proof. The function P(z,&;V, ) grows at the polynomial rate O(|z,£|™) since by (3.1]) each of
the factors grows linearly. Therefore, the claim follows from Liouville’s theorem. The proof for
P(w, & W, ) is completely analogous. O

The degree of a limit chain will frequently be smaller than that of V;. This occurs when some
of the 3;(w’,t) go to infinity while the others converge to points in Supp W.

The following lemma can be proved literally by the same arguments that we used in the
proof of [5], Lemma 3.7. The main tool is Chirka [I1], 12.2, Proposition 2, which establishes the
continuous dependence of the intersection index of intersecting chains.

3.7. Lemma. Suppose lim;_,[V;,] = W for some holomorphic k-chain W in C".

(i) For all R,e > 0 there is lg such that for each l > ly and each w' € C* with |w'| < R there
are exactly v values of j for which the point (5;(w',t;),w") lies in the e-neighborhood of
Supp W.

(ii) For each R > 0 there is M(R) > 0 such that for each M > M(R) there is ly such that
for each | > ly and each w' € CF with |w'| < R there are exactly m — v values of j for
which the |B;(w', t;)| > M.

(iii) For each w = (w”,w') € C™ there is ey such that for each 0 < € < € there is ly such
that for each | > ly the number of j with |Bj(w") — w"| < € is exactly equal to the sheet
number of W in w, i.e.,

p
{7 18;(w', ) —w"| < e}l = an Hz : Bji(w') = w”}l for 1> 1.
j=1

This implies that for fized w' the B; can be numbered in such a way that lim;_,, 5;(w', t;) exists
for1 < j <v and |lim_ . B;(w', ;)| = 0o for j > v. The sequence of functions w' — [3;(w',t;)
converges uniformly on compact sets (although they may have discontinuities).

In order to derive a description of W from the canonical defining function P(-,-;V,7) of V'
we will use the following notation.

3.8. Definition. For d < 1, ¢ € N, and | € Ny let p be a Laurent series in the variable !/
with coefficients in Clwy, ..., wp,&1,...,&]. Then p is called d-quasihomogeneous in w and ¢ of
d-degree w if

p(\"w, M, €) = Np(w,t.€), A >0.
It is easy to check that p is d-quasihomogeneous of d-degree w if and only if p has the form

p(w> t, é) = Z Z ajﬂ@w’@tjga,

J+d|Bl=w aeN}

where 3 runs through N and j through a subset of %Z which is bounded from above.

3.9. Remark. For P as in (3.2)), v as in Theorem and d <1, let

(3.9) F(w,t,€) = P(y(t) + w,& V,m) = > a; gt/ w’e
J.Ba
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where the sum is the Laurent series expansion of the holomorphic function F'(w, s?,§) in s = ti/a,
w, &, where s runs through a neighborhood of oo and w through a neighborhood of the origin.
Collecting all terms in (3.9 which have the same d-degree, we can regroup the series as

(3.10) F(w,t,€) = Fup(w, t,§) + Y Fu(w,t,6),
w<wo

where F,, is the d-quasihomogeneous part of d-degree w of the series and
(3.11) wo = wo(d, V,7) = max{w : F,, does not vanish identically}.

Now note that for t € C\ (B(O, R)U]—o0, 0]) the quasihomogeneity property implies F (t%w,t, &) =
10 Flog (w, 1,8) + 37 oo t“Flo(w, 1,€) and hence

(3.12) Jim £70P(y(t) +tw, &V, ) = Jim t= R (thw, t, &) = F,,(w,1,€),

where the convergence is uniform on compact subsets of C"* x C**,
The following two lemmas can be proved in the same way as Lemma 3.10 and 3.11 in [5].

3.10. Lemma. Assume that lim;_,o[Vy,] = W for some holomorphic k-chain W. Then there is
a polynomial ® on CF x C"* such that

Fuo(¢",¢',1,6) = P(¢", (& W)@((,€)  forall (= (¢", () e C"F x CF ¢ e Ch.

3.11. Lemma. Suppose that lim;_,[V;,] = W for some holomorphic k-chain W. For each
w' € CF the set {€ € C"F: ®(w', &) # 0} is open and dense in C*F

Remark. We do not know any examples where the function ® actually depends upon the vari-
able w'.

The following proposition allows us to recover P(-,-; W) from F,,. Hence it shows the in-
dependence of lim;_,[V;,] from the sequence (t;);eny and thus completes the proof of the Main
Theorem [3.2

3.12. Proposition. Suppose that lim;_,-[Vy,| = W for some holomorphic k-chain W. Let

Fop(w,1,8) = HF (w, &)

be the decomposition of F,,, into powers of mutually nonproportional irreducible factors. Let I
be the set of all a for which there is w € C" with Fy(w,§) = 0 for all {. Then there is ¢ # 0
such that
P(w,&W) = cHFa(w,f))‘“, weCEeCr,
acl

Proof. Recall that F, (w,1,£) = P(w,&W)®(w', &) by Lemma If a € I, then F, must be
a factor of P, since by Lemma [3.11] it cannot be a factor of ®.

For the proof of the other direction fix a such that F, is a factor of P. Choose w = (w”,w’) €
C™ and & € C" % with F,(w, &) # 0. Consider F,(¢”,w’,€) as a polynomial in C[¢”,&]. Then

it is a factor of
p My

P w' &) =T TI¢ - Bja(w'), &)

j=1li=1
In particular, there is a pair (j,i) such that (¢ — 5;;(w’),§) divides F,(¢",w’,€) in C[¢”,&].
Then F,(B3;:(w'),w', &) = 0 for all ¢ € C" ¥ and hence a € I. O



8 R. W. BRAUN, R. MEISE, AND B. A. TAYLOR

Proof of Theorem[3.3 For each sequence (#;);en in C\ ((B(O, R)U]—o0, O]) with limy_,o & = 00
the sequence ([V;])ien has an accumulation point W by Corollary [3.5(a). This accumulation
point is unique and does not depend on the sequence (¢;);en by Proposition Hence W is
the limit. Its support is either empty or algebraic of pure dimension k£ by Corollary (b) O

In [7] we will apply the following corollary of Theorem which is obvious from the proof
of this theorem.

3.13. Corollary. Let V C C™ be an algebraic variety of pure dimension k, let v be a simple
curve, and let d < 1, R > 0, and a sequence (t;)jen in C\ (B(O,R) U ]—oo,O]) satisfying
lim; o0 t; = 00 be giwen. Then the varieties Vi, converge to T, 4V in the sense of Meise, Taylor,
and Vogt [15], 4.3, as j tends to infinity.

It is possible to determine the sheet number of T, 4[V] at each point. This provides a purely
geometric description of T 4[V]. If p is a polynomial in one variable, we denote by ordgp the
vanishing order of p at the origin.

3.14. Proposition. Let w = (w”,w’) be excellent coordinates for V' and for T, 4V as in (3.1).
For w' € CF set Ly = C" % x {w'}. For w € C" and & € C" % consider the polynomial
Pwe: T Fu(w”" + 718w, 1,6), 7€ C. Then

iw(Ty,a[V], Ly) = min{ordg py ¢ : € € (C"_k}.

Proof. We start with the proof of “<”. Choose & € C"* with min{ordg py.¢} = ordg pu.g,-
Assume for convenience &y = (1,0,...,0). By Proposition Puw,¢ is a multiple of

p My

P(wy +7,ws, . wn, &0sW) = [ [TCwr + 7 = 885 ('),
j=li=1

where ﬂj(-}i) denotes the first coordinate of 3;; as in (3.8). The definition of 3;; implies that the
order of this polynomial is not smaller than i, (T 4[V], L)

To prove the converse inequality, use Lemma to choose & € C"F such that ®(w', &) # 0
and such that (¢”, &) # (w”, &) whenever (", w') € W and (" # w”. Again, we may assume
& = (1,0,...,0). Then

p m
DPw,go(T) = Plwi + T, wa, ..., wp, {o; W) = H H(w1 +7 - ﬂj(}i)(w’))”f@(w’,fo).
j=1i=1
This shows that ordo pwe, = %w(Ty,a[V], L) for the special choice of . The proposition is
proved. O

Proposition holds under the general hypothesis that the coordinates are excellent for V'
and for T, 4V (see (3.1)). When investigating examples, one wants to be able to see from F,,
that a given system of coordinates is excellent. So let us assume that the standard coordinate
system is excellent for V, i.e., the first inequality in (3.1) is valid. Then it is possible to define
the canonical defining function P(z,{;V, ) as in (3.2) and, for a given simple curve v and some
d < 1, the expansion of P(y(t) + z,&; V, ) into d-quasihomogeneous terms as in (3.10) exists.
Hence

Z:={weC": F,(w,1,6) =0 for all £ € C"*}
is defined, and the following holds:

3.15. Proposition. Assume that dim Z = k and that the standard coordinate system is excellent
for' V and for Z. Then it is excellent for T qV. In particular, Z =T, 4V and Proposition
holds in these coordinates.
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Proof. Since (3.1) is inherited by subvarieties of the same dimension, it suffices to show T’, 4V C
Z. So fix w € T 4V and an arbitrary sequence (t,)nen with lim;_,o t; = co. By Definition
there is a sequence (z)nen such that z, € V, 4, and lim, o 2, = w. Fix { € C"*. Then

0=t P(Y(tn) + th2n, &V, 7) = Fig (2, 1L,E) + Y 270, (20, 1,€) =5 Fp(w, 1,8).

w<wo

Hence w € Z, and the claim is shown. O

3.16. Definition. Let h be a Laurent series in t'/9 with coefficients in Clwy, ..., w,]. Fixd < 1
and expand h into a convergent series

h(w,t) = Z he(w,t)

wEZL/q+dZ

such that h,, is zero or d-quasihomogeneous of d-degree w in w and ¢t. Then for wy := max{w :
he # 0} the term hy, is called the d-quasihomogeneous principal part of h.

If h does not depend on ¢ then the d-quasihomogeneous principal part of h coincides with the
principal part in the classical sense.

In the case of a hypersurface the vanishing ideal is principal, and its generator replaces the
canonical defining function as indicated in the next statement. Since its proof is the same as
the one of [5], Corollary 3.16, we omit it.

3.17. Corollary. Let p € Clz1,...,2,] and let V := {z € C" : p(z) = 0}. Furthermore, assume
that there is a dense open subset A of V with gradp(z) # 0 for all z € A. Let v be a simple
curve and set f(w,t) := p(y(t) +w). Ford <1 let f,, be the d-quasihomogeneous principal part
of f. Then Ty 4V = {w € C": f, (w,1) =0}. Let Wy,..., Wy be the irreducible components of
T, 4V, and let n; denote the multiplicity of f., at an arbitrary regular point of W;. Then

N
T, alV] = Z n;[Wjl.

If f defines the hypersurface V' geometrically without generating the corresponding ideal (i.e.,
if f is not square-free), then it is still possible to determine the limit variety 77, 4V

3.18. Corollary. Let A € Clz1,...,2n] and let V := {z € C" : A(z) = 0}. Let v be a simple
curve and define f(w,t) = A(y(t) +w). Ford <1 let f,, be the d-quasihomogeneous principal
part of f. Then T, 4V = {w € C": f, (w,1) = 0}.

Proof. Decompose A in Clzy,...,2,]. Thus A = A" --- A" with mutually nonproportional
irreducible polynomials A;. Then r := A;---A; satisfies the hypotheses of Corollary
hence T, 4V = {w € C" : gso(w) = 0} where g4, is the d-homogeneous principal part of
g(w,t) :==r(y(t) +w). Let fj., be the d-homogeneous principal part of f;(w,t) := A;(y(t) +w).
It is easy to see that d-homogeneous principal parts are multiplicative, hence g,y = f1,w; - fiw,

O

and f,, = flmtjl fl?fulz' Thus the zero sets of g, and of f,, coincide.

4. PROPERTIES OF THE LIMIT VARIETIES

It is convenient to record some simple properties of the limit varieties before studying specific
examples in Section 5| Invariance properties of T, 4[V] are studied in Proposition while in
Proposition the influence of d is discussed. The main tool in the proof of the latter is the
Newton polygon.

In Proposition 4.8 we show how limit varieties can be interpreted as approximations in conoids.
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4.1. Definition. For an algebraic variety V' C C" let Vj, denote the limit cone at infinity, i.e.,
if V' denotes the closure of V' in P", then

Vi={{z€C":(0:21:--:2,) €V}
Here, homogeneous coordinates on P" are written in the form (29 : 21 : -+ : 2,) with the
understanding that z € C™ corresponds to (1: 21 : -+ : z,).

4.2. Proposition. Let V' be an algebraic variety in C™. Let v be a simple curve as in|3.1 with
o as a limit vector at infinity, d < 1, and T, 4[V] the limit current defined in .
(1) If 5(t) is another simple curve and if F(t) = v(t) + o(|t|?), then T, 4[V] = T5 4[V].
(ii) If d=1, then Ty 1V =V}, —&o; more precisely, if j(w) = o +w, then j.(Ty1[V]) = [Vi].
(ili) If d <1 and X\ € C, then w € T, 4V if and only if w+ X € T, 4V ; or in terms of the
currents, if j(w) =w + Ao, then j.(Ty 4[V]) = T, q4[V].
(iv) T, 4V is empty if and only if for every relatively compact open set 2 € C", there exists
rg > 0 so small that the conoid with core v, opening exponent d, and profile 2, with tip
truncated at rg,

(4.1) L(y,d,Qr0) = | (v(t) + t'Q)

has empty intersection with V.
(v) If 7 is another simple curve such that vy(JRi,00]) = 7(]R2,00[) for some constants
Ri, Ry >0, then T, 4[V| = T5 4[V] for each d < 1.

Proof. Choose coordinates as in Section 3| and recall the canonical defining function P(w,§) =
P(w,&; V,m) associated to this choice of coordinates along with the functions F' and F,, as in

(3.9) and (3.11)). It follows from the hypotheses about v and 7, (3.10)), and the quasihomogeneity
property of the F, that

Jim 70 P () + thw,€) = Tim 170 P(y(t) + 4w + o(1)), €)

= lim Fo((w+0(1)),1,€) + lim » 70 F,((w+0(1)),1,€) = Fup(w, 1,6).

w<wo

Therefore, under the hypothesis of (i), wp and the function F,,, are unchanged if v is replaced
by 7. By Proposition this yields (i).

To prove (ii), we can assume that y(t) = ot because of part (i). Then V; = {w € C" : {p+w €
%V}, so [V4] is the translate of the current [%V] by —&p. Consequently, the same is true of the
limit varieties.

To prove (iii), Proposition implies that it suffices to show that F,, (w + X),1,&) =
Foo(w,1,¢). By analytic continuation, it is enough to prove this equation for A > 0. Set

t =t + M? so that t = — Mt 4 o(¢%). Then since d < 1,
Fay(w,1,€) = Tim £ P(y(0) + P, €)

t—o0

= lim (¢ + o(t)) " P(~(t) + 90 + o(th) + (t + o(t))%w, &)
= lim $70P((t) + t'(w + Ao + 0(1)), ) + o(1)

= lim Fo, (w+ A& +o(1),1,€) + o(1)

= Fluo(w + Ao, 1,€)

so part (iii) is proved.
Part (iv) is a consequence of Lemma The same Lemma and Proposition show that
T, 4V is nonempty except when all the points (8;(w’,t), w’) € V; diverge to co as t — co. From
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the definition of the §’s in , we see that this means exactly that V; has no points in any
conoid T'(v, d, Q, rg) with relatively compact profile when r( is sufficiently large.

For the proof of part (v) let £ denote the limit vector to  at infinity. Since

()
RSO

the limit vectors of v and 7 coincide. We may assume & = (0,...,0,1). Let v, and 7, denote
the last component of v and 7, respectively. Since both are injective, we can define p := v, to7,.
Then 4 = o p. Both have the same limit vector, so it is immediate that lim; o p(t)/t = 1. Set

F(w,t,€) := P((t) + w,€), and let &y be defined by (3.11), but with F replaced by F. Then

(42) Fuplu1,6) = Jim PG, = Jim (S55) 00 P01, = o, 1.)

Since the right hand side does not vanish, this shows that wg > wp. Interchanging v and 74 in
the preceding argument, we conclude that wg = wg. Now (4.2) completes the proof. O

4.3. Remark. Part (iv) of Proposition implies that T, 1V is never empty and that T, 4V is
empty whenever d < 1 and the limit vector of + at infinity is not in V.

4.4. Proposition. Let V' be an algebraic variety in C™. Let m be its degree, let y(t) be a simple
curve as in[3.1, d <1, and Ty 4[V] the limit current defined in [3.

(i) There are rational numbers 1 = dy > dy > -+ > dp, where 1 < p < m + 1, such that

T,qlV]) =T, @ [V] whenever d; >d >d > diq for1 <i<pord,>d>d.

We assume in the sequel that the set {1 = di,...,dp} is minimal, i.e., that (i) holds for no
proper subset.

(i) If di >d > diy1, 1 <@ <p, then T, 4V is homogeneous and nonvoid.

(ili) If d < dp, then T, 4V is homogeneous or empty.

(iv) If p=m+1, then T, 1[V] =T, 4[V] for 1 > d > ds.

Proof. The proof relies on the Newton polygon for the function F' defined in (3.9)), i.e., of the
series F'(w,t,&) = Zjﬁa aj,@awf@tjfa. Let M be the support of that series, i.e.,

M = {(j,1) : qj € Z, 1l € Ny, ajp,q # 0 for some 3 with |3| =1 and |a| = m}.
For § € R?\ {0} and b € R define the closed half plane
Hpy = {x € R?: (z,0) < b},

We call it admissible if § € [0,00[ x R and M C Hyy. The Newton polygon N is the intersection
of all admissible half planes. Note that all vertices of N are elements of M. In particular, if (j,1)
is a vertex of N, then [ € Ny and | < m by Lemma [3.6, Hence N has at most m + 1 vertices
and at most m edges between them (plus two unbounded edges).

Next we claim that s < —1 whenever s is the slope of an edge of N. To see this, note first that
(0,m) € ON. On the other hand, no point of N can be strictly above the line through (0, m)
and (m,0), since the Puiseux series expansion of v admits no exponent strictly exceeding 1.
Hence the slope of the edge through (0,m) cannot exceed —1. Since this is the largest possible
slope in the first quadrant, the intermediate claim is shown.

Let 1 =dy > dy > --- > d, be an enumeration of

{1} u {—i : s is the slope of a bounded edge of N} .
Then p < m + 1 is obvious, and if p = m + 1, then there is no edge with slope —1.

For d <1 let wy(d) := wo(d, V,m) be as in (3.11). Then the line

OH(1,d),wo(d) = 1(J,1) : j + dl = wo(d)}
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has nonempty intersection with M. Fix ¢ with 1 < i < p. Then there is a pair (j(7),1(i)) (a vertex
of the Newton polygon) such that M NOH (1 gy wy@) = {(j(i),1(i))} for each d € |d;, d;11[. Hence

(43) Fwo w)17€ Z Z aj(d),3,aW f
1B|=1(3) |a|=m

By Proposition this shows the part of (i) dealing with d,d > dp. The identity also
implies that F,, (w, 1,&) is homogeneous and thus so is T, 4V. If T, 4V were empty, then I(i) = 0,
since otherwise 0 € T, 4V. However, the construction of the Newton polygon shows that then
T, #V = 0 for each d < d, thus contradicting the minimality of the set {di,...,d,}. This
completes the proof of (ii).

To show (iii) and finish the proof of (i), fix d < d,. Then again there is a vertex (j(p),l(p))
of the Newton polygon such that M N OH (1 gy wy@) = {(j(p),1(p)} for each d < d),. This shows
the independence of T, 4[V] on d < d,, and thus completes the proof of (i). The homogeneity of
T, 4V follows as before.

If p = m+1 there is no edge with slope —1, hence the proof of (ii) applies also in this case. [

4.5. Definition. For V and v as in we call the elements of the minimal set {di,...,dp}
satisfying (1) the critical values for v and V.

The following result is a partial converse to (iii). We do not know whether it also holds in
the case of arbitrary codimension.

4.6. Corollary. For A € Clz1,...,z,) let V :={z € C": A(z) = 0} and let v be a simple curve.
Let dy,...,dy be as in Proposition . If 2 <4 <p, then T, 4,V is not homogeneous.

Proof. Set f(w,t) = A(y(t) + w) and let fo,(w,t) = > ;. 4500 a;jgt’w’ be the d-quasiho-
mogeneous principal part of f. The proof of @ shows that it suffices to show that T, 4V is
inhomogeneous if —1/d is the slope of an edge of the Newton polygon. In that case, there are
at least two pairs (j1,l1) # (jo,(2) such that, for i = 1,2, j; + dl; = wy and aj, g, # 0 for some
B; satisfying |3;| = l;. Then f,,(w, 1) contains at least the terms ajiwgiwﬂi, 1 = 1,2. Since they
have different degrees, Corollary yields the claim. O

Finally, we show that limit varieties T 4V approach V like 0(]z|%) in conoids around ~y that
open like |z|%, d < 1. This is analogous to the well known result that V' approaches V;, like o(|z|)
when |z| — oo.

For z € C™ denote the n-th coordinate by z, and the n-th coordinate of a simple curve ~
by vn.

4.7. Definition. Let v: C\ (B(0, R) U]—00,0]) — C™ be a simple curve satisfiying v, (t) = ¢
for all £, and let d < 1. Define

W, = {v(t) +tda:teC\ (B(0,R)U]—00,0]), a € T, 4V, an = o} .

The next result, whose proof is completely analogous to the proof of [5], Proposition 5.4,
shows that W, 4 approximates V' of order d in conoids I'(y,d, 2, ) as in (4.1).

4.8. Proposition. Let V be an algebraic set in C", let v be a simple curve satisfying v, (t) =t
for allt, let d < 1, and let  be a relatively compact open subset of C".
(a) For each € > 0 there is R > 0 such that for each z € V NI'(vy,d,Q, R) there isw € W, 4
with |z — w| < €|2]%,
(b) For each € > 0 there is R > 0 such that for each w € W, 4 with |w| > R there is z € V
with |w — z| < elwl|?.
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The next result describes W, 4 using the map F,,, defined in (3.11)). Its proof is analogous to
the one of [5], Proposition 5.3.

4.9. Proposition. For v as in[{.7 and each relatively compact open subset 2 of C™ there is
R >0 such that W, 4N T(v,d,Q, R) is a closed analytic subset of I'(y,d,Q, R).
More precisely, if F,,, is as in (3.11]) then

(4.4) W, 4aNT(y,d,Q,R) = {w eTl(y,d,QR): Fuy(w —y(wp), wn, &) =0 for all § € C"™ k}

5. EXAMPLES

In this section we provide examples to illustrate the results of the preceding sections. To do
this, we first indicate that the limit currents for an algebraic variety V(P) with respect to a
given simple curve v tending to infinity can be obtained also as limit currents of an algebraic
variety V(Q) with respect to a curve o tending to zero, investigated in [5]. Hence we can derive
examples from [5], Section 6.

If o is a simple curve in the sense of [5], Definition 3.1, i.e., a simple curve tending to zero,
if § > 1, and if W is an analytic variety in a neighborhood of the origin, then the limit current
in the sense of [5], Definition 3.3, will denoted by Tg} sIW1] and its support by T, sW. With this

notation, we recall from [5], Proposition 4.7 and Corollary 4.4, the following result.

5.1. Proposition. Let o be a simple curve in the sense of [5], Definition 3.1, let W be an
analytic variety in some neighborhood of the origin, and let § € [1,00[. Then there are p € N
and rational numbers 1 = 01 < --- < d, such that the following holds:
(i) Ty sW] = Tg(;, (W] whenever §; < 6 < § < i1 for 1 <i<pord,<d<¢.
(ii) If §; <0 < i1, 1 < i <p, then TB,(;W is homogeneous and nonvoid.
(iii) If 6 > 6y then T05W is either empty or homogeneous.
(iv) If W is a hypersurface, then TO(S W is mot homogeneous for 2 < i < p.

5.2. Definition. (a) The numbers 1 = §; < d2 < ... < J, are called the critical values for o
and W, provided that they are minimal in respect to condition (i). Statements (ii)—(iv) hold if
01,...,0p are the critical values.

(b) For P € Clz1, ..., 2] of degree m > 0 expand P = >""  P;, with P; either homogeneous
of degree j or identically zero and P, # 0. Then P, is called the localization of P at the origin.

5.3. Proposition. Let P € C[zy,...,z,] be of degree m > 1, denote by P,, its principal part,
and let v: C\ (B(0,«) U]—00,0]) — C™ be a simple curve of the form (y1(t),...,mm-1(t),t),
where limy_ocv;(t)/t = 0 for 1 < j < n. Define G := {z € C": z, # 0} and ®: G — G,
B(s) := s/s2, as well as Q(s) := 2 P(D(s)) and o(7) := ®(y(1/t)), 7 € B(0,1/a) \ ]—00,0].
Then the followz'ng assertions hold:

(a

(b Q extends to a polynomml Q € C[s1,...,sy] which has P, as localization at the origin.

o is a simple curve in the sense of [0, 3.1, satisfying lim,_oo(7) = 0.

Ty alV(P)] = T0,_[V(Q)] for d € ]—oc, 1],

() If 1=dy >--->d, (resp. 1 =61 < 02 < ... < ;) denote the critical values for v and
V(P) (resp. 0 and V(Q)) thenp =1 and d; +; =2 for 1 <j<p=1L.

Proof. (a) This follows from ® o & = idg.
(b) We expand P = Z;n:o Pj, where P; is either homogeneous of degree j or identically zero.
Then

(5.1) Q(s) = s2™P(s/s2) 2m28_2jp = s2m ), s €G.
7=0
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Therefore, @ is the restriction to G of the polynomial Q defined by Q(s) := Z;”:O 52(m_j)Pj(s).

If P; # 0 then s — s%(mfj)Pj(s) has degree 2m — j. Therefore, the localization of Q) at the
origin is Pp,.

(c) This is easy to check.

(d) Note first that by (a), for each w € G also z := ®(w) is in G. This implies

Q(z) = P(w)/wy™.
Next fix w € G, t € C, satisfying [¢| > max(a, |w,|), and d < 1. Then
O(y(t) + thw) = (¢ + tw,) > (Y(t) + t'w)
— 2 ((1 1 ,) "2 1 1) () + tdw)
(5.2) = 12 (t) + 42 + 72 ((1 T 1) ((t) + tw)

o(1/) + (1/6)2~ (w+ (1 + " wn) 2 = 1) (11> (1/1) + w))
o(L/t) + (1/)* Yp(t, w),

where
pt,w) =w+ ((1 + tal_lwn)_2 — 1) ((1/t)2_d0(1/t) + u)).
Since d is smaller than 1, it is easy to see that
(5.3) lim o(t,w) = w.
t—00
Next assume that the curve v admits the Puiseux series expansion y(t) = > 22, a;t@=/4 for
some ¢ € N. Then, for s € B(0, 1/a) \]—oo 0], we have

q ia — (g+5)/q
o(s) = 827 =2 Z a; jz::() a;s
Now let 0 := 2 — d and expand, accordlng to [5], Corollary 3.17,
(5.4) Qo(s) +w) = Z bj s’ Tw® = Z Go(s,w)
JEZ,aEN w>wi

where )

w1 =wi(d) = min{g +6la| : bj o # 0}.
Similary, we obtain from Corollary that
(5.5) P(y(t)+w)= > ot =" F,(tw),

JEL,0EN] w<wo

where .

wo = wo(d) = max{g +d|a|: ¢ja # 0}
Next we use (5.1)), (5.2)), (5.3), and the quasihomogeneity of the functions G, to get
(5.6) P(y(t) + t'w) = (t + wn) " Q(P(Y(1) + t"w)) = (t + w)* " Qo (t™") + 1t p(t, w))

= (t+wn)™™ Y Gu(t 1%t w)) = 7 (E+wn)?™ Y (1/6)7 1 Gu(L, p(t, w)).

w>wi w>wi

Using the expansion (5.5)), we get
P(y(t) + thw) = <0 ( 3 t“"”OFw(l,w)>.

w<wo
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Combining it with (5.6) and using (5.3]), we get

2m
Foy(1,w) = lim ¢~wo—wi+2m (1 + %) Go, (1, w).

t—o0

Since Gy, (1,-) # 0, this implies wp + w1 = 2m and F,,(1, ) = G, (1,-). By Proposition
and [5], Proposition 3.14, this implies for d < 1:

(5.7) TyalV(P)] = Toa-alV(Q)):
For d = 1 we get from Proposition [4.2|(ii) that
TyaV(P) = Vi, — & = V(Py) — &, for & :=(0,...,0,1).
By [5], Proposition 4.2 (i) and (b), we have
T9,V(Q) =ToV(Q) — & = V(Pn) — &o.

Since it is not difficult to interpret the previous equations in the sense of currents, ([5.7)) holds
for all d < 1, and the proof of (d) is complete.
(e) This follows from (d) by the Propositions and together with Corollary O

5.4. Example. Define P € C [z,y, z] by
P(w,y,z) = y(a® —y*) —yz + 2
and let V = V(P). Then
Vi = {(z,9.2) € C° 1 y(a® — ) = 0}
and © = (0,0, 1) is a singular point of V},. Define () := ¢t©. Then we have

1

= — da =
27 3 07

and the following limit varieties:

T, 4V = Vi, % <d<1,
T,V = {(z,y,2) € C*: y(2* — y* — 1) = 0}, d= %,
T, 4V = {(z,y,2) € C* . y = 0}, 0<al<%7
T, 4V = {(z,y,2) € C*: —y + 1 =0}, d=0,
T,qV =10, d < 0.

These statements can be obtained by constructing the corresponding Newton polygon as de-
scribed in the proof of Proposition 1.4, However, it is also possible to apply Proposition
together with examples that we treated in [5]. Using the notation introduced in we have

Q(s,t,u) = t(s* — t?) — tu® + u°

and o(7) = (0,0, 7). Therefore, the assertions above follow from Proposition [5.3[and [5], Exam-
ple 6.6. Since T, ; 5V has (1,0,A) and (—1,0,A), A € C, as singular points, it is reasonable to
define k(t) := (v/1,0,t), t € C\ ]—00,0], and to consider T} 4V for d < % Using Proposition
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and [5], Example 6.6 again, we get

TeaV ={(w.y.2) € C*: y((a+1)* —y* —1) = 0}, a=3
T,th:{(x,y,z)€C3:2xy:0}, i<d<%,
T,«de:{(x,y,z)G(C?’:ny—i-l:()}, d:%,
TyaV =10, d < %

We could perturb the curve again, but this would not lead to new insights as T 1,4V does
not have any singularities left.

Applying Proposition [5.3] a number of further examples can be derived from the examples in
[5], Section 6. We conclude this section with two more examples which show how the results of
the present paper can be used directly to compute limit varieties.

5.5. Example. Define the polynomial P by
P(z,y,2) = z(z? — y*)(2? — 49°) —y(y® — 42z — 22 + 1.
Then for V := V(P) we have
Vi ={(z,y,2) € C°: 2(a? — y*)(2* — 49%) = 0}

and consequently
(Va)sing N 5% = {(0,0,1), (0,0, -1)}.
If we define 4 (t) := (0,0, £t) for ¢ > 0, then we get the following limit varieties:

T’yi,dv = {(l‘,y,Z) € (C3 : .T(IQ - y2)($2 - 4y2) = 0}7

\
AN

AN

Wl Wi~ o NI~ Q,
AN AN
DN | = =

Ty, aV ={(z,y,2) € C*: 2(2? — y?)(2* — 4y?) £ y(y* — 42?) = 0},

T'Yi,dv = {(%,y,Z) € (CB : y(y2 - 4.%'2) = 0}7

Q. wl—

TypaV =A{(z,y,2) € C*: y(y* — 4a®) £ 1 =0},

W
N

Ty, aV =0,

To prove these statements, note first that those on V}, are either obvious or follow from a
standard computation. In order to derive those on the limit varieties, we use Corollary
in connection with the proof of Proposition To do so we expand P(v4(t) + w) and get as
set M in the proof of [4.4}

M = {(0,5),(0,4),(0,2),(0,0),(1,3),(1,1),(2,0)}.
Hence the bounded edges of the Newton polygon N of M are the segments [(0,5), (1,3)] and
[(1,3),(2,0)] which have slope —2 and —3. By Proposition [4.4] this implies
1 1
dy=1,do=—, ds=-.
1 , 02 9’ 3 3

The equations for the limit varieties are obtained from Corollary by grouping the terms in
the expansion according to their d-degree.
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5.6. Exzample. As an example in higher codimensions we consider the rational normal curve
V= {(tt}t}) e C3:tcC}.

The projection 7: (x,y, z) — (0,0, z) is excellent for V. Once all calculations are completed,
it will be obvious that 7 is also excellent for all limit varieties. Let A be a primitive third root
of unity and note that 1 + A + A2 = 0. Some computation shows that the canonical defining
function of V' with respect to m is

P,y 2, &m V) = (@) = (227, 6m) ) (o) — 202209, (€m)) =

x (@) = (2212, 222%), (6, m))
= (2% = 2)€ + 3a(ay — 2)€%n + By(zy — 2)&7° + (v — ).
We choose 7(t) := (0,0,¢) and determine F' as defined in (3.9).

F(x,y,2,t,&n) = PO(t) + (2,9,2),(En); V)
= (2% — 2 = )& + 3x(zy — 2z — )N + 3y(zy — 2z — )EN? + (33 — 2% — 22t — D).
For M as in the proof of Proposition [4.4] we find
M = {(0,1),(0,2),(0,3),(1,0),(1,1),(2,0)}.

Hence there are only two critical values, namely dy = 1 and dy = 2/3. In the case d = 2/3 we
find

Fuo(,y,2,t,6,m) = 26 + 30?y&n + 3zy*en® + (y° — ).
For all other values of d the calculations are even simpler. We list all limit varieties:

T,.aV = {(0.0)} x C. S<as,
T4V = (0.} x O U{ON} x QUHAON} O, d=,
T,qV =0, d < g

For d = 2/3, the three components of T’, 4V are all simple. In the case 2/3 < d < 1, the only
component has multiplicity 3.

We could interpret this result as a resolution of the singularity of V' at infinity. There are
certainly some aspects where our work is connected to the theory of resolution of singularities.
Our emphasis, however, is on analytic limits processes as in Theorem [3.2) and Corollary [3.13]
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