Spectral Sequences — Exercise solutions

Daniel Echtler 10th April 2025

Exercise 1 (Short questions). Are the following statements true or false? Give either a
short proof or a counterexample.

1) Two spectral sequences converging towards the same graded module have to have
isomorphic F.-pages.

2) A spectral sequence can converge towards two different (non-isomorphic) terms.

3) A spectral sequence whose E.-page has at most one non-trivial entry E%! with
p+ q = n for each n € N hat as unique term it converges to.

4) If a spectral sequence converges towards zero, Fo has to be trivial.

5) If a spectral sequence converges towards zero, E,, has to be trivial for some n € N.

Hint: Tt is always useful to examine the extension problems given by convergence.

Solution:

1) This statement is false: Consider the following two spectral sequences:

0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0
Z 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 7 0 0 0
Ey Ey
They are both degenerate and it is easy to see that they converge towards the same

term.

2) This is true: Consider the following spectral sequence



5)

Es

In this case convergence towards H* only asks for the existence of a short exact
sequence
0—7Z— H —7/2—0.

However there are at least two different such sequences:

0—Z-257-—7/2—0 and 0-—Z-—Zx7Z/2— 72— 0.

This is also true: Converging towards H* is given by the extension problems

0 0 y FP " y g0 s 0

0 —— FPH" — s fr—ipgn — , pbl 4

00— F2gn — s plgn s gt g

0 —— FLHn H» y BO" y 0.

If there is only one non-trivial term EZ! with p + ¢ = n, all of these extension
problems become trivial and the only solution is given by H" = EE.

This is again true: All of the extension problems given by convergence are of the
form
0—0—0— ERI —0.

Thus all entries of the Fo-page need to be trivial.
This is again false: Consider the spectral sequence with

Eg’anl =FEy" =7 foralln e Ny and EP?=0 otherwise.
We set all of the differentials to be trivial, except for

0,2n—1 . 0,2n—1 n,n
dy 3 i — BT,



which should be the identity (or any isomorphism). Then the terms at position
(0,2n—1) and (n,n) will vanish on the (n+ 1)-th page, and thus E. = 0. However
on the n-th page Ey,"" will always be non-trivial.



Exercise 2 (Homological algebra). In this exercise we want to prove some basic state-
ments form homological algebra using spectral sequences. Use the two spectral sequences
of a double cochain complex in order to prove the following lemmata.

Four lemmata: Let

A B—4%sc-"+sD

I N

A’ B’ s O s DY
f/ gl h/

be a commutative diagram with exact rows.
1. If 4 and k are epimorphisms and ¢ is a monomorphism, prove that j is an
epimorphism.
2. If j and ¢ are monomorphisms and 7 is an epimorphism, prove that k is a
monomorphism.

Hint: A double complex that is exact in one direction is always nice ...

Nine lemma: Let

0 0 0

0 > A B > C > 0
f

0 y Al B’ » C' > 0
g

0 /\l,” >§” > o > 0
0 0 0

be a commutative diagram with exact rows. If the first two columns are exact,
prove that also the thrid is exact.

Snake lemma: Let

L bk

0 > Al » B '’

be a commutative diagram with exact rows. Prove that there is an exact sequence

ker a — ker b — ker ¢ — coker a — coker b — coker c.

Zig-zag lemma Let
0—A—B—C—0



be a short exact sequence of cochain complexes. Prove that there exists a long
exact sequence

...— H*(A) — H¥*(B) — H*(C) — H"'(A) — ...

Solution:

o We consider the two spectral sequences associated to the double complex (up to
signs of the differentials)

ker f’ Al—— B —— ' —— D coker b/
f g h
I I
ker f At 2.0 D coker h

Since by construction the rows are exact, the spectral sequence obtained by taking
the horizontal differentials first turns out to be trivial on the first page. The second
spectral sequence, taking the vertical differentials, has as first page

0 0 0 0 0 0

0 0 0 0 0 0

° cokeri cokerj cokerk  coker/ °

° ker: ker j ker k ker ? °

0 0 0 0 0 0
Ey

1. In the case that ¢ and k are epimorphisms and /¢ is a monomorphism the first



page looks as follows:

0 0 0 0 0 0

0 0 0 0 0 0

'y 0 coker j 0 coker ¢ °

° ker? ker j ker k 0 °

0 0 0 0 0 0
Ey

Thus every differential involving the entry coker j has to be trivial. But as
the spectral sequence converges towards 0 the FE..-page needs to be trivial.
Hence coker j needs to be trivial, i.e. j is an epimorphism.

2. In the case that 7 and ¢ are monomorphisms and ¢ is an epimorphism the first
page looks as follows:

0 0 0 0 0 0

0 0 0 0 0 0

° 0 cokerj  cokerk  coker/ °

L] kers 0 ker k 0 °

0 0 0 0 0 0
Ey

This time every differential involving ker k is trivial. Thus kerk =0, so k is a
monomorphism.



e We consider the spectral sequence associated to the double complex

0 0 0
0 A B o 0
g
0 A’ B’ c’ 0
f
0 A B C 0
0 0 0

As before we obtain two spectral sequences. Since the complex is exact in the
horizontal direction they both converge towards zero. The spectral sequence taking
the vertical differentials first has as first page

0 0 0 0 0
0 0 0 coker g 0
kerg /.
0 0 0 /im f 0
0 0 0 ker f 0
0 0 0 0 0
Er

as the first two columns are exact. As all differentials on this and all higher pages
are trivial, this is also the F.-page. But as the spectral sequence converges towards
zero we obtain that the three terms have to be trivial, and thus the last column is

exact as well.

e We consider the spectral sequence associated to the double complex

0 AN T C’ coker ¢’
T o
ker f A 7 B——C 0



As in the previous part the horizontal cohomology is trivial, thus the two spectral
sequences converge to zero. The first page of the spectral sequence obtained by
taking the vertical differentials first is

0 0 0 0 0
0 0 0 0 0
p
0 coker a— coker b cokerc  cokerg
ker f kera kerb 2, kerc 0
0 0 0 0 0
E

As all higher differentials are trivial and the spectral sequence converges toward 0,
the second page looks like

0 0 0 0 0
0 0 0 0 0
0 kerp 0 0 0
do
0 0 0 coker g 0
0 0 0 0 0
ks

On the one hand this gives that the sequences
0 —— kerp —— cokera —— cokerb —— cokerc

and

kera —— kerbd s kerc cokeri —— 0

are exact. On the other hand this give that
do: ker p —» coker1

has to be an isomorphism. Then combining the above two sequences yields the
desired kernel/cokernel sequence.



« We consider the short exact sequence 0 — A - B % €' — 0 of cochain complexes
as a double complex. As previously, the cohomology in horizontal direction is trivial.
Thus the two spectral sequences converge to zero. The spectral sequence obtained
by taking vertical differentials first has as first page

0—— HYA) 5 5(B) 2 HY(C)——0

0—— H3(A) S B3(B) 25 H3 () —— 0

0—— H2(A) 5 B2(B) 2 H2(C)—— 0

*

» »
0—— H'(A) - HY(B)— H'(C) ——0
0—— HO(A) > HY(B)— HY(C)——0
Eq
Then the second page will be
0 keri* 0 coker p* 0
.k k *
0 ker i &)2 coker p 0
0 keri* 0 coker p* 0
0 ker i* 0 coker p* 0
0 ker¢* 0 coker p* 0
)

and all the differentials do: keri* — coker p* have to be isomorphisms, which allows
us to combine the exact sequences

0 — ker¢* — H"(A) — H"(B) — H"(C) — cokerp® — 0

to a long exact sequence.



Exercise 3 (Cohomology of CP>). Apply the Serre spectral sequence to the circle
bundle
St — st — cpr

in order to compute the cohomology of CP".
Hint: You will need that H¥(S™) = 7Z for k = 0,n and H*(S") = 0 for k # 0, n.

Solution: For simplicity we just write H* instead of H*(CP™). Applying the Serre
spectral sequence we obtain as second page

0 0 0 0

0 0 0 0

0 0 0 0

Z H! H?" 0

7, Hl R H?n 0
Es

where we used that CP™ has dimension 2n and thus H* = 0 for k£ > 2n + 1.

As the differentials on all higher pages are all trivial (they either start or end outside
the first two rows), we have F3 = E,,. Moreover, the convergence towards H*(S?"+1)
gives short exact sequences

0— EF M — Hh(s2 ) — EFY 0

for each k € Nu1. As S2"*! has only non-trivial cohomology in degrees 0 and 2n + 1, the
only non-trivial entries on Fs3 can be Eg’o =7, Eg”’l and E§n+1’0. However we already
know that EQ%H’0 = H?"*1(CP") = 0. Thus also E§n+1’0 has to be trivial. So the third
page of our spectral sequence needs to be

0 0 0 0

0 0 0 0

0 0 0 0

0 0 Z 0

7 0 0 0
Es

10



Using
k—1,1 kelr(alg_l’1
3 =

k— ’
0=E )/im( Ji-32) = ker(d5 ™)
we see that d’;_l’l needs to be injective for all k € {1,...,2n}. Moreover,
k10 ker(diTH0) gk
CeBT S Mm@ T

shows that dgfl’l needs to be surjective for all £ € {0,...,2n+ 1}. Thus the second
page has to be

Es
and so
0 else.
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Exercise 4 (five term exact sequence). Let n € N and let EY? be a cohomological
spectral sequence converging towards H*. Assume that E5! = 0 for all p,q > 0 with
p+ g =n — 1. Prove that there exists a natural five-term exact sequence

0—— Ep 0 — gt 5 gt y EpY sy H™.

n 7

) 0n—1 . 1 . . 0,n—1 0
Solution: Because d;," " is the last non-trivial differential involving E,""" " and E"° we
have an exact sequence

o _ d%,n—l
0 — EX"' —— g™t s B EX° > 0. (1)

By the convergence towards H™ we have extension problems

0 0 Fopgn—1 g0 .

0 — Ogn—1 __  plgn-1 _ pn=2l .

0 — prn2gn-1 s pgn-t _  gOn=l .

and the assumption on E%? gives that most of these extension problems degenerate.
Thus we obtain another exact sequence

0 —— puto

— s H"! — 5 B 0, (2)
where in fact E7 20 = ER10, Finally again the the convergence gives extension problems

0 > 0 » FOH™ y B0 0

0 — s ogn — s plgn s publ 4

0 — Fr-lgn ., pgn y B y 0,

where FOH™ C H™. In particular we get the exact sequence

0 s B H", (3)
Combining the three exact sequences , and gives the desired sequence

O,n—1
—1,0 _ 0,n—1 dn 0
0—— E " — 5 H" N E;" LA il > H™.
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Exercise 5 (Grothendieck spectral sequence). Let F': A — B and G: B — C be additive,
left exact functors between abelian categories such that A and B have enough injectives
and F' takes injective objects to G-acyclic objects. Show that for every object A of A
there is a spectral sequence

EY = (RPG o RIF)(A) = RPYI(G o F)(A).

Hint: Use a Cartan-Eilenberg resolution.

Solution: Let A be an object of A, and let (C?),cn be an injective resolution of A. Then
(F (C’p))p oy s a chain complex whose homology gives the right derived functors RPF(A).

Taking a Cartan-Eilenberg resolution I** of F'(C*) an applying the functor G we obtain
a double complex (G(Ip’q))nqu.

Associated to this double complex we obtain two spectral sequences. Taking the
vertical differentials first we obtain

B = (G, 4,) = RIG(F(C),

as IP* is an injective resolution of F/(CP). By assumption F' maps injective objects to
G-acyclic ones, thus we get

v P o G(F(CP)) ifq=0
! 0 otherwise

and thus
v P o RP(Go F)(A) ifqg=0
2 0 otherwise.

In particular, this spectral sequence degenerates and converges towards RPT4(G o F)(A).
On the other hand, taking the horizontal differentials first we get

hEPT = HI(G(I*P), dy)
o~ G(Zq’p)/G(Bq,p)
=~ G(Hq(Ip’*, dv)),
where we have used, that the short exact sequence
0 — im(dP7t) — ker(dP?) — HI(IP*,d") — 0

is split (all objects are injecitve!), and thus stays exact after applying G. Hence we finally
obtain

g e (ctr a.)

~ RPG(RIF(A))
— (RPG o RIF)(A),

13



as H1(I**,d,) is an injective resolution of H?(F(C*)) = R1F(A).
Since both of these spectral sequences converge towards the same term, we obtain the
desired spectral sequence

BP9 = (RPG o RIF)(A) = RPY(G o F)(A).

14



Exercise 6 (Universal coefficient theorem). Let R be a ring, let C, be a chain complex
of projective R-modules and let M be an R-module.

1. Prove that there is a spectral sequence

BB = Bt (Hy(C.), M) = HP 9 (Hom(C., M)

Hint: Take a Hompg of C, with a resolution of M to get a double complex. Then
proceed as in the construction of the Grothendieck spectral sequence.

2. Deduce the universal coeflicient theorem:

Let R be a principal ideal domain. Then for each n € Ny there is a short exact
sequence

0 — BExtp(Hp—1(Cy), M) — H"(Hompg(Cy, M)) — Hompg (H,(Cy), M) — 0.

Solution:

1. Taking a injective resolution (I,) of M we define the double complex Hompg(Cp, I4)p gen
with the obvious differentials (up to sign). As the C), are projective the complexes
Homp(Cy, I,) are still exact. Thus the vertical spectral sequence converges trivially
towards Homp(Cp, M). For the other spectral sequence we see that

EPT >~ [1 (HomR(C*,Ip)) = HOmR(Hq(C*), Ip)

and thus
Eg’q i Extp(Hq(C*), M).

2. For R a principal ideal domain, all Ext%zz—terms are trivial. Thus the second page
of the above spectral sequence has only two non-trivial columns: Homp (H (C), M )
as the zeroth column and Ext}, (H,(C), M) as the first column. As all differentials
fall outside this two column band this is also the E.,-page. Then convergence
towards H" (Hom(C*, M )) gives the desired short exact sequences.

15



Exercise 7 (Cohomology of the loops space). Let n € N and let X be a simply connected
space. Prove inductively, that if H(X) = 0 for all 1 <14 < n we have

H™(X) = H'(QX),

where QX denotes the loop space of X.
Hint: Use the path space fibration PX — X with fiber QX and the fact that PX is
contractible, i.e., has the cohomology of a point.

Solution: Applying the Serre spectral sequence to the path space fibration we obtain a
spectral sequence

Z iftp+q=0

0 esle.

EY? = HP(X; HY(QX)) = H'M(PX) = {

Since X is simply connected, Q2X is path connected. Thus
EPY~ HgP(X)  and  EYY HIQX).

Now for the base case n = 1 the second page of the spectral sequence is

H4(QX) ° ° ° °
H3(QX) ° ° ° °
H2(QX) ° ° ° °
Hl(QX) ° ° ° °
K
7 0 H?(X) H3X) H*X)
Es

Since PX is contractible all Ey-terms (except for ES.) are trivial. In particular
2
0= E%' = kerdy' and 0=FE20~ H (X)/

0,1,
im d,

which shows that dg’lz HY(QX) — H?(X) is an isomorphism.

16



For the induction step we now assume that H(X) = 0 for 1 < i < n and that
HY(QX) = H*(X)20for 1 <i<n— 1. Using the identification

L = HP(X: HY(QX)

we obtain that the rows 1,...,n — 1 are all trivial. This behaviour also persists on the
higher pages of the spectral sequence.
Then the (n + 1)-th page looks as follows (here for n = 3)

Ey

As before, convergence gives

n+1
0=E%" kerd?”, and 0= pntt0x AT (X )/lm o

which proves that dg’:l: H™(QX) — H"(X) is an isomorphism.
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Exercise 8 (m4(5%)). In this exercise we want to compute 4 = 74(53).
1. First we want to see that S2 is not a K(Z,3): Use the path space fibration
QK (Z,3) — PK(Z,3) — K(Z,3)
in order to show
HY(K(Z,3)) 2 H°(K(Z,3)) =0 and  H°(K(Z,3)) =Z/2.
Hint: Using the long exact sequence for homotopy groups one can see QK (Z,3) =
K(Z,2) = CP®°. Also use that the differentials on higher pages a compatible with
the ring structure of H*(CP).
2. From the Postnikov tower of S® we obtain a fibration
K(7T4, 4) — Xy — K(Z, 3).
Use the homological Serre spectral sequence in order to prove my = Z/2.
Hint: Using the computation of the the first part and the universal coefficient
theorem one can deduce Hj5 (K (Z, 3)) >~ 7./2. Moreover, the space X, is obtained
from S3 by killing the homotopy groups in dimensions > 5 by attaching cells of
dimension > 6. Thus the homology of X4 and S? agree in degrees < 5.
Solution:
1. Applying the Serre spectral sequence gives
ERT = HP(K(Z, 3);Hq((CP°°)) = Hp+q(PK(Z,3)) =~ [PT({x})).

Using Hurewicz and the universal coefficient theorem we can identify the second
page with

7{X?) 0 0 Z(X)H®Z A B C

Es

18



where A =~ H*(K(Z,3)), B~ H°(K(Z,3)) and C = H°(K(Z,3)). Because of the
direciton of the differentials this is also the third page.

Since the spectral sequence converges towards the homology of a contractible space,
the F.-page is trivial, except for E%Y. As all differentials involving A are trivial,
we get A = 0. Now let us investigate the differentials of the third page a bit more.
We know that H*(CP>) 2 Z[X] where deg X = 2. Because B’ = Eay = 0 we
get that dg’2 has to be an isomorphism. In particular it sends the generator X to a
generator a of Z.

As dg’4 and dg,z are the last non-trivial differentials involving the entries at (3, 2)
and (6,0) we obtain that

0,4 3,2

dy’ dy
(XY 2 UX)RZ —2— C —— 0

is exact. Using that d3 is compatible with the ring structure (i.e. is a derivation)
we get
dY'(X?) = 2X ® dy*(X) = 2X @ a.

In particular we get that dg’2 is injective and that the sequnece above is a actually
a short exact sequence

N
b
N

0 C 0.

Hence C = 7Z/2.

Finally as dg’2 is injective we have EE’Q = (. So also all higher differentials involving
B are trivial and thus B = 0.

2. The homological Serre spectral sequence gives

E} = Hy(K(Z,3); Hy(K (m4,4))) = Hpiq(Xa).

19



Using Hurewicz and the (homological) universal coefficient theorem we get

Y ° ° ° ° °

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

Z 0 0 Z o Z)2
E2

The differential
d2o: Z/2 — my

is the only non-trivial differential involving the entries at (0,4) and (5,0). Since
H,(X4) = H5(X4) = 0 we obtain that this differential has to be an isomorphism,
so my = 7Z)2.
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