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Introduction

Bounded cohomology is a variant of singular cohomology where instead of all
cocycles only uniformly bounded cocycles are considered. It was first introduced
by Johnson [12] in order to study Banach algebras. Only later on when Gromov |[§]
extended the theory to topological spaces, and proved many of its fundamental
properties, it developed into its own area of research with applications in geometry
and group theory. Both Ivanov [10] and Noskov [20] further generalised the theory
by considering twisted coefficients. Moreover, Ivanov gave a description of bounded
cohomology using methods from homological algebra.

One very powerful tool for the computation of (co)homology are spectral se-
quences. They where invented by Leray |14} [15] during the second world war and
then further developed by Koszul [13] and Cartan [4} |5].

This minicourse is intended as an introduction to spectral sequences with a
special consideration of spectral sequences in bounded cohomology. Since it is/was
given as part of the International young seminar on Bounded Cohomology and
Simplicial VolumeEL where most of the audience is familiar with the theory of
bounded cohomology but not the theory of spectral sequences, we will first spend
some time introducing spectral sequences and giving some examples. Only later on
we will come to the “application” of spectral sequences in bounded cohomology.

One of the result we will see in this course is the construction of the Hochschild-
Serre spectral sequence in bounded cohomology with semi-normed coefficients:

Theorem (Hochschild-Serre spectral sequence in bounded cohomology). Let R be
a normed ring, let

0 A > I > A > 0

be a short exact sequence of groups and let V' be a semi-normed R[I'|-module. Then
there exists a cohomological first-quadrant spectral sequence (Ey,d,) converging to
the bounded cohomology of I' with coefficients in V

EY! = HITI(T; V).

'Due to the long and unwieldy title of this seminar we henceforth refer to it as the /YSBC-SV.
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Introduction

Moreover, there are “good” cases where we have the identification
B39 2 1 (A HY (A V)
for some p,q € N.

The Hochschild-Serre spectral sequence in bounded cohomology was first con-
structed by Noskov [21] for the case of Banach coefficients. Later Monod [18§]
generalised the result to work with continuous bounded cohomology.

We will see that this spectral sequence can for example be used to prove the
characterisation of boundedly n-acyclic morphisms by Moraschini and Raptis [19].

The structure of this course In will first discuss some of the classical
theory of spectral sequences. We begin by defining spectral sequences and the
notion of convergence of first-quadrant spectral sequences. To see how spectral
sequences can helpful, we then continue with some examples of spectral sequences
and their applications. As a last point in this chapter we discuss how spectral
sequences can be constructed out of filtered complexes and double complexes.

Then only in we discuss the above applications of spectral sequences
to the theory of bounded cohomology.

Prerequisites Since this course is/was given in the context of the IYSBC-SV, we
will not cover any of the basic theory of bounded cohomology. For this we refer
the reader to the book of Frigerio [7].

However, for our introduction on spectral sequences we do not require any special
prerequisites and only use some basic homological algebra.

A few remarks on notation The natural numbers N include 0. All rings are
assumed to have a unit. (Co)chain complexes are, unless stated otherwise, always
assumed to be N-indexed. For a non-empty, path-connected topological space X
we just write 71(X) for “the” fundamental group of X and omit the basepoint.
Similarly, we omit the basepoint in the notation of higher homotopy groups.

A note on literature As the origin of this course is the authors masters thesis
[6] and we will cover a very general case of bounded cohomology with coefficients
in semi-normed modules over normed rings it might occasionallyﬂ happen that
we refer to some results about this very general case of bounded cohomology in
this thesis. However most of these results should also be found in the books of
Frigerio [7] (in the case of normed modules over R or Z) and Monod [18] (in the case
of Banach modules over R or C) and can be adapted without much modification
of the proofs.

2This “might occasionally” should be read as “will definitely”.
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Chapter 1

Spectral sequences

Spectral sequences are a very helpful and powerful tool of homological algebra to
compute some graded module, i.e., a family of modules (H,,),en, most notably the
the (co)homology of a (co)chain complex.

We first introduce the notion of spectral sequences and the convergence of first-
quadrant spectral sequences. In order to see that spectral sequences have indeed
useful applications we will then discuss some examples of spectral sequences and
their applications. Finally we discuss how one can construct spectral sequences
using filtered cochain complexes and double complezes.

Overview of this chapter

[1.1 The notion of spectral sequences| . . . . ... ... ... .. ....
[I.1.1  Spectral sequences| . . . . ... ... ... ... .. .....
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1 Spectral sequences

1.1 The notion of spectral sequences

We begin by introducing the notion of spectral sequence of R-modules. Although
we generally define what a spectral sequence is, we restrict our coverage of the
further theory to the case of first-quadrant spectral sequences, which is sufficient
for most applications and greatly reduces the complexity of the theory. The more
general theory is for example studied in the books of McCleary [17], Rotman [23,
Chapter 10|, or Weibel |25, Chapter 5], where the latter discusses the most general
case of spectral sequences in abelian categories.

1.1.1 Spectral sequences

Before we come to the definition of spectral sequences we first introduce some
auxiliary definitions.

Definition 1.1.1 (bigraded module, morphism of bigraded modules). Let R be a
ring.

A family E = (EP?),,c7 of R-modules is called a bigraded R-module.
For p,q € Z we call (p,q) the bidegree of EP*? and p + ¢ the total degree
of EP1.

e For two bigraded R-modules F and F a morphism of bigraded R-mod-
ules f: E — F is a family (fP4: EP9 — FP?), .c7 of R-module homomor-
phisms.

e If f: E— F and ¢g: F — G are two morphisms of bigraded R-modules we
define the composition go f: E — G to be the family

gofi=(gPo fPi. BP9 — GPY), .

¢ A morphism of bigraded R-modules f: E — F is called an isomorphism if fP4
is an isomorphism for each p, g € Z. If there exists an isomorphism f: £ — F
we call E and F' isomorphic and write E =g F'.

Besides morphisms of bigraded modules that keep the bidegree constant we can
also consider morphisms that change the bidegree uniformly. This leads to the
following definition.

Definition 1.1.2 (bigraded morphisms of bigraded modules). Let R be a ring

e Let E, F be bigraded R-modules and let r,s € Z. A bigraded morphism of
bigraded R-modules f: E — F of bidegree (r,s), or bigraded morphism of
bidegree (r, s) for short, is a family

(fpvq: EP4 Fp+nq+5)p7qez
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Figure 1.1: Visualisation of a bigraded morphism f: E — E of bidegree (—1,2)

of R-linear morphisms.

o If f: E — F and g: F — G are bigraded morphisms of bidegree (r,s)
and (r/,s’), respectively, we define their composition go f: E — G to be the
bigraded morphism of bidegree (r + 1/, s + ') given by the family

/ /
(gp+r,q+s o fP4: EPA — GPTTHTLatsts )p.qgez-

With this definition morphisms of bigraded modules are simply bigraded mor-
phisms of bidegree (0, 0).

If we are now given a bigraded endomorphism d: E — E of bidegree (r, s) such
that each “line of slope (7, s)”

qr—2r.q—2s s dp—ma—s dr-4
% N

s EPa

s dptmats
e

EP—Ta— Eptrat

is a complex we obtain the notion of a differential bigraded module.
Definition 1.1.3 (differential bigraded module). Let R be a ring and let r, s € Z.

o A differential bigraded R-module of bidegree (1, s) is a pair (F, d) of a bigraded
R-module FE together with a bigraded morphism d: F — E of bidegree (r, s),
called differential such that dod =0, i.e., (dod)P? =0 for all p,q € Z.

o If (E,d) is a differential bigraded R-module of bidegree (7, s) we define its
homology to be the bigraded R-module

P,q
H(E,d) = (Hp’q(E, d) = kerd) .
qEZ

im dp—r4-
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 For two differential bigraded R-modules (E,dg), (F,dr) of the same bidegree,
a morphism of differential bigraded R-modules f: (E,dg) — (F,dp) is a
morphism of bigraded R-modules f: E — F which commutes with the
differentials, i.e., such that

dF (o] f = f o dE
By the compatibility of a morphism of differential bigraded modules
f: (E, dE) — (F, dF)

with the differentials, it is easy to see that f induces a well-defined morphism of
bigraded modules
H(f): H(E,dg) — H(F,dp).

Example 1.1.4 (differential bigraded module of bidegree (1,0)). Let R be a ring
and let (E,d) be a differential bigraded R-module of bidegree (1,0). Since we
have by definition that dP*19 o dP4 = 0 for each p,q € Z, each “row” E*? turns,
with d*? as coboundary operator, into an Z-indexed R-cochain complex.

Conversely if we are given a family ((C’(}“, dq ))q z of Z-indexed R-cochain com-
plexes, we can assemble them into a differential bigraded module of bidegree (1,0),
such that the rows are given by these cochain complexes, by letting

EPY=C?  and @ =P,

It is easy to see that the homology of this differential bigraded module is simply

given by the cohomology of the cochain complexes (C;, 5;), i.e., that

HPU(E,d) = HP(Cy,dy).
In particular we can turn a single R-cochain complex (C*,0*) into a differential
bigraded module of bidegree (1,0) such that the 0-th row E*Y is given by this
cochain complex and all other entries and differentials are trivial.
Similarly we can turn every differential bigraded module of bidegree (—1,0) into
a family of chain complexes and vice-versa.

We finally come to the definition of a spectral sequence.

Definition 1.1.5 (spectral sequence). Let R be a ring and let a € N. A (coho-
mological) spectral sequence (starting with E,) consists of a family (E,,d;)ren.,
of differential bigraded R-modules (E,,d,) of bidegree (r,1 — r) together with
isomorphisms H(E,,d,) =g E,41 for each r € N>,.

For r € N>, we call E, the r-th page of the spectral sequence and the isomor-
phism FE, 1 Zr H(E,,d,) the r-th page-turning isomorphism.
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Usually we will denote a spectral sequence just by the family of (E.,d.) of
differential bigraded modules, which, for simplicity, we assume to be N-indexed
instead of N>,-indexed. However one should keep in mind that the page-turning
isomorphisms are also part of the spectral sequence.

Dual to the notion of a cohomological spectral sequence there is also the notion
of a homological spectral sequence where the differential on the r-th page is
supposed to have bidegree (—r,r —1). We will focus our discussion of the theory to
cohomological spectral sequences, however one can easily obtain the corresponding
definitions and statements for homological spectral sequences by dualizing.

Additionally to the notion of spectral sequences there is also the notion of a
morphism of spectral sequences:

Definition 1.1.6 (morphism of spectral sequences). Let R be a ring and
let (Ex,ds) and (Ei,d.) be two spectral sequences. A morphism of spectral
sequences f: (Ey,dy) — (Fy,dy) is a family

(fr: (Brdy) = (Ep,dy)), o

of morphisms of differential bigraded R-modules, that are compatible with the
page-turning isomorphisms, i.e., for each r € N we have a commutative diagram

H(E,,dy) —— Eypq

()| [#r

H(Era CTT) —= ET+17

where the horizontal maps are the page-turning isomorphisms.

Example 1.1.7 (spectral sequence of a cochain complex). Let R be a ring and
let C = (C*,6*) be an R-cochain complex. We start with (E1,d;) as the differ-
ential bigraded module of bidegree (1,0) with (C*,¢*) as 0-th row as described
in and want to construct a spectral sequence starting with this
differential bigraded module.

Since we are required to have page-turning isomorphisms E, 1 =r H(E,,d,) we
define the second page to be Ey := H(F1,d;), which is as seen in
given by the cohomology of (C*,*) in the 0-th row and trivial in all other entries.
As Fj5 is supposed to be a differential bigraded module of bidegree (2,1) and we
only have a single non-trivial row, the differential dy has to be trivial. Now the
triviality of do gives that H(FEs,ds) = Eo, and thus we define, again with the
page-turning isomorphism in mind, F3 := F5. Again for bidegree reasons we get
that the differential d3 has to be trivial. By repeating this argument inductively
we see that with E,,; = E, and d,4y; = 0 for r € N>; we obtain a spectral
sequence (FE, dr)erzy
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0 0 0 0 0

0 0 0 0 0

0 0 0 0 0

0 0 0 0 0
§° ét §? 5

0 ct c? c3 ct

Figure 1.2: The first page of the spectral sequence described in [Example 1.1.7]

This example is already an example of a first-quadrant spectral sequence.

Definition 1.1.8 (first-quadrant spectral sequence). Let R be a ring and a € N. A
spectral sequence (E,, d,) starting at E, is called a first-quadrant spectral sequence,
if we have for p,q € Z that E}'? = 0 whenever p < 0 or ¢ < 0.

By the page-turning isomorphisms E,;1 =r H(E,,d,) we obtain that E7,
is always a subquotient of EX'?. Thus for ever first-quadrant spectral sequence
(Ey,d) we have that EY? = 0 whenever p < 0 or ¢ < 0.

1.1.2 Convergence of first-quadrant spectral sequences

We now come to the convergence of spectral sequences. Since the convergence of
general spectral sequences is rather complicated we only discuss the convergence
of first-quadrant spectral sequences.

We begin by noticing that the entries of a first-quadrant spectral sequences
eventually “stabilise”:

Remark 1.1.9 (co-page of a first-quadrant spectral sequence). Let R be a ring,
let (E,d,) be a first-quadrant spectral sequence and let p, g, € N. We consider
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0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

HO(C) HYC) H*C) H*C) HYC)

Ey=FE3=FE4=...

Figure 1.3: The higher pages of the spectral sequence described in [Example 1.1.7

the two differentials involving EF?:
dPa; EPA oy Epra-rtlang geenatr=l, pponatrol L pea,

For r > g + 2 we have that the codomain of d2'? lies outside the first quadrant,
and thus is trivial. Similarly for r > p + 1 we have that the domain of ¢¢~ """ !
lies outside the first quadrant. Thus for » > max {p + 1, ¢ + 2} both differentials
are trivial and thereby give

HPY(E,,d,) = ker d??/im db~ """~ = EP4 /) =2p EPY,
So the page-turning isomorphism gives an isomorphism E!}; =g E7?. Hence the
value of EP? “stabilises” eventually.
We define ER? := EE? to be this stable vale, where rop € N is the smallest value
such that the page-turning isomorphisms induce Ep'? =p EPY for all r € Nx,.
Moreover we call the bigraded R-module

E, = (Egcgq)mEZ

the oco-page of the spectral sequence (E.,d.).
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Example 1.1.10. Let R be a ring, let (C*,6*) be an R-cochain complex and
let (Ey,d.) be the spectral sequence constructed out of (C*,d*) in
By construction we have that all differentials d, are trivial for » € N>o. Thus we
have E,, = FE>.

Definition 1.1.11 (filtration). Let R be a ring and let H* be a graded R-
module, i.e., a family (H™),en of R-modules. A decreasing filtration F' of H* is a
family (FP?H"),ez of submodules of H", for each n € N, such that FPT1H™ C FPH™
for each n € N and p € Z.

If H* and H* are two graded R-modules with filtrations F' and F respectively,
we call a morphism of graded R-modules f*: H* — H * i.e., a family

(f": H® — H")pen
of R-module homomorphisms, compatible with the filtrations F' and Fif
G(FPH™) C Fofim

foralln € N and p € Z.
Moreover, we call a decreasing filtration F' of H* canonically bounded if we have

F" A" =0 and FH™ = H™ for each n € N.

Definition 1.1.12 (convergence of a first-quadrant spectral sequence). Let R be
a ring, let (Ey,ds) be a cohomological first-quadrant spectral sequence and let H*
be a graded R-module. We say the spectral sequence (Ey,d,) converges to H* if
there exists a canonically bounded decreasing filtration F' of H* such that

EPA =~ FpHp+q/Fp+1Hp+q

for all p,q € N. If the spectral sequence (FE.,d,) starts with E, we denote the
convergence to H* by
EP — [P,

Example 1.1.13. Let R be a ring and let (C*,d§*) be a R-cochain complex.

Then the spectral sequence (E, d.) constructed out of (C*,¢*) in [Example 1.1.7

converges towards the cohomology of (C*, §*)
EPY = HPTI(C*, 6%).
Let us simply write H* instead of H*(C*, §*). We consider the filtration F' of H*

given by
FPEn H™ ifp<0
0 ifp>0
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for p € Z and n € N. This filtration is obviously decreasing and canonically
bounded. Moreover it is easy to see that for p,q¢ € N we have

FpHerq/FpHHerq ~p H1 %fp =0
0 if p> 0,
which agrees with E5! as
HY ifp=0
EPS = DY = !
0 ifp>0

by [Example 1.1.10}

This example is in fact only one example of a collapsing spectral sequence.

Example 1.1.14 (collapsing spectral sequences). Let R be a ring and let (E,,d,)
be a first-quadrant spectral sequence and let r € N>o. We say that (E,,d,)
collapses at the r-th page, if E, only has a single row E;* or column Ef* that is
non-trivial.

Since r > 2 the condition of only having only a single non-trivial row or column
gives that all differential on F, and higher pages are trivial and thus gives Fo, = FE,.
Now a similar argument as in [Example 1.1.13| can be used to easily show that
such a collapsing spectral sequence converges towards (Ey~ 7%),ey if E7? is the
non-trivial row of E,, or towards (EF" ?),cy if EP™ is the non-trivial column
of E,.

Remark 1.1.15 (extension problems given by convergence). Let R be a ring
and let (E,,d.) be a first-quadrant spectral sequence converging to a graded
R-module H*. Then for n € N there are submodules

OZFn+1HnanHnggFlHngFOHn:Hn

with
Egénfp gR FpHn/Fp+1Hn

forall p € {0,...,n}. Now we can rewrite these isomorphism as extension problems,
i.e., short exact sequences,

0 — s Frtlgn —0 —  pnpgn y B0 s 0

0—— s F"H" —  prlgn L, probl 4

0 — s Flgn —  pOgn — gn N e s 0.
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If all of these extension problems can be solved, we can determine the module H™.
But even in the case were one can not solve all of these problems one might still
obtain some information about H™: For example, if all the modules E5" * are
finitely generated we can inductively deduce that also the module H™ is finitely
generated.

Now assume we are given a morphism f: (Ey,dy) — (E*, gl;) of two first-quadrant
spectral sequences that are both convergent

Eg,q — fPta.
Although the morphism f induces a morphism fo: Foo — E. of the oo-pages,
the convergence of both spectral sequences does not guarantee that f induces a
morphism H* — H*. B
However, if we are given a morphism of graded modules H* — H* we can say

whether this morphism is compatible with f:

Definition 1.1.16 (morphism of convergent spectral sequences). Let R be a
ring and let (E,,d,) and (F,,ds) be two ﬁrst—guadrant spectral sequences con-
vergent towards graded R-modules H* and H*, respectively. We call a mor-
phism f: (Ey,ds) — (E4, d.) of spectral sequences and a morphism ¢*: H* — H*
of graded R-modules compatible if:

1) There are canonically bounded filtrations F' and F of H* and H *, respectively,
such that ¢g* is compatible with these filtrations.

2) The filtrations F' and F witness the convergence of (Ey,dy) and (E’*, c’iv*),
respectively.

3) For each n € N and p € {0,...,n} the diagram

0 —— FPHign —  pPE" — 5 EPP 50

Al e

0 — FPHIgn s FPH" s EPVP

commutes, where the rows are the extension problems of [Remark 1.1.15
If f: (E,,dy) — (Ey,dy) and g*: H* — H* are compatible we also say that

EPT — HPTI

D,q p+q

Equ — HPta

10



1.1 The notion of spectral sequences

comimutes.

Proposition 1.1.17 (five-term exact sequence). Let R be a ring and let (Ey,d.)
be a first-quadrant spectral sequence converging to a graded R-module H*. Then
we have HY = Eg’o and an exact sequence

401
0 — E)° » H' Byt = Y EX ——0,

where EXY s isomorphic to a submodule of H?.
Moreover, this exact sequence is natural in the following sense: If we are given
compatible morphisms

EDY — HP

s —+
| lgp ‘

Ep —s fra

we obtain a commutative diagram

J01
0 — By H! y Bot 2 20 y B2Y — 0
[ VN V-
0—— B H! y EO! E20 y B20 — 0
2 2 o1 2

where the rows are exact.

Proof. Let F' be a canonically bounded filtration of H* witnessing the convergence
of (E4,d,). This filtration gives in particular submodules

0=F'H'C FOH® = H°,
0=F?H'Cc F'TH' Cc F'H!' = H!
and
0=F3H?C F?H?> C F'H? C F'H? = H?.
By the convergence we have isomorphisms
EY ~p FOHY/F'H® ~5 HP,
E;(,}O gR FlHl/F2H1 %;R FlHl,
Egéo gR F2H2/F3H2 gR F2H2,
and  E%'=p FVHY/F'H' = H')F'H',

11



1 Spectral sequences

and these isomorphisms give

0 0,0 0,0
H" =g B’ =g By,

as all differentials involving EXY are trivial for r > 2 (see |Remark 1.1.9)), that
E20 ~p F2[? C [

is isomorphic to a submodule of H? and the exact sequence

0 —— BY =z F'H! H' —— EX' —— 0.
Moreover, since the differentials

22 22 _ 0,1
dy”": By 77 =0 — K,

and d%’oz EQQ’0 — E;l’*l =0
are trivial the page-turning isomorphisms give
Eg' =pkerdy’  and B0 =p EYY/imdy’.

So we also obtain the exact sequence

0
0 Byt y Byt 2 B2 s B3 0.

Now in our computation in [Remark 1.1.9 we have seen that FF? ~p EZ:? whenever
r > max {p + 1,q + 2}, thus the above two exact sequences can be rewritten as

0 —— B =25 B, H' — Bl —— 0
and

0,1
1 1 @ 1 dy 2 2 2
O%Eg’ ~p Egg *>Eg’ %EQ’O *>Eo<’,0 >p E3’0*>0.

By combining these two sequences we obtain the claimed exact sequence

0
(o]
0 EL0 N AN S BN 5 y 20 0.

The naturality follows from the compatibility of f with the morphism ¢*, the
differentials and the page-turning isomorphisms. O

12



1.2 Classical examples of spectral sequences

1.2 Classical examples of spectral sequences

Now that we have introduced the notion of spectral sequences we give some
classical examples of spectral sequences in algebraic topology, group cohomology
and homological algebra.

1.2.1 The Kiinneth spectral sequence

We begin with an example of a spectral sequence in homological algebra: the
Kiinneth spectral sequence. This spectral sequence relates the homology of two
chain complexes with the homology of their tensor product.

Definition 1.2.1 (tensor product of chain complexes). Let R be a ring and let C,
and D, be R-chain complexes. Then the tensor product C, ® D, is defined as the
R-chain complex with chain modules

(C* X D*)n = @ C; ®Rr D]'
i+j=n

and differentials

d: (C* & D*>n — (C* ®D*)n—1
CZ'®RD]' 9v®wn—>d?(v)@w—i—(—l)i-v@d]p(w)

for each n € N.

Theorem 1.2.2 (Kiinneth spectral sequence [17, Theorem 2.20]). Let R be a ring
and let Cy and D, be R-chain complexes where C, consists only of flat R-modules.
Then there exists a converging first-quadrant spectral sequence

Eg,q = @ TOI‘%(HZ‘(C*),H]‘(D*)) - Hp-i—q(C* ® D*)
i+j=q

Using this spectral sequences one can easily derive the algebraic Kiinneth theorem
(without the splitting property).

Theorem 1.2.3 (algebraic Kiinneth theorem). Let R be a principal ideal domain
and let Cy and D, be R-chain complexes where C consists only of flat R-modules.
Then we have for each n € N an exact sequence

0 — € Hi(C.) @& Hj(D.) = Hu(Cu @ D) — ) Torg (Hi(C.), Hi(D.)) — 0.
itj=n i+j=n—1

13



1 Spectral sequences

Proof. We consider the converging first-quadrant spectral sequence

EP! = P Torh(Hi(C.), Hj(D.)) = Hy14(Ci ® D).
i+j=q

given by [Theorem 1.2.2] Since R is a principal ideal domain we know that the
terms Tor',( -, -) vanish for n > 2, and thus E}? can only have non-trivial entries
for p € {0, 1}.

0&0 0 0
'Y ° 0 0 0
Es

For degree reasons we now obtain that each differential d, for r € N> is trivial,
and thus have Fo, = F». Finally from the convergence of the spectral sequence we
obtain for each n € N an exact sequence

0 B! y Hy(C, ® D,) —— EX"1 — 0,
where
By =" = @ Tork(Hi(C.), H;(D.)
i+j=n—1
and
EY" = Ey" = @ Torly(Hi(C.), Hj(D.)) = €D Hi(C.) ®r Hj(D,),
i+j=n it+j=n
which gives the claim. O

In the special case that D, only consists of a single module in degree 0 this gives
the universal coefficient theorem (again without the splitting property).

Theorem 1.2.4 (universal coefficient theorem). Let R be a principal ideal domain,
let Cy be a R-chain complex consisting of flat R-modules, and let A be an R-module.
Then we have for each n € N an ezract sequence

0 — Hy(Cy) ®r A — Hy(Cy @ A) — Torg (Hn-1(Cy), A) — 0.

14



1.2 Classical examples of spectral sequences

Since by definition the singular chain complex of a topological space consists of
free modules we can apply both the universal coefficient theorem and the algebraic
Kiinneth theorem. We note, however, that in order to obtain the Kiinneth theorem
in algebraic topology [22, Theorem 9.37], which relates the singular homology of a
product X x Y to the homology of X and Y, one still requires the Eilenberg-Zilber
theorem [22, Theorem 9.33] to relate the singular chain complex of X x Y with
the tensor product of the singular chain complexes of X and Y.

1.2.2 The Serre spectral sequence

Next we come to an example of a spectral sequence in algebraic topology: the
Serre spectral sequence. This spectral sequence relates the (co)homology of the
total space of a fibration to the (co)homology of the base space and the fiber of the
fibration.

Definition 1.2.5 (fibration, fiber). A continuous map 7: E — B of topological
spaces is called a (Hurewicz) fibration if it has the homotopy lifting property with
respect to all topological spaces, i.e., given a topological space Y, a homotopy
h:Y x [0,1] — B and a continuous map f:Y — E with wo f = h(-,0)

there exists a homotopy H: Y x [0,1] — E such that
H(-,0)=h(-,0) and mo H = h.

If 7: E — B is a fibration, we call E the total space and B the base space of the
fibration. Moreover, for z € B we call

F,=nt{z} = {ecE | m(e) =}
the fiber over x.

In the case that m: F — B is a fibration with B path-connected, then for any
x,y € B we have that the fibers F, and F}, are homotopy equivalent [9, Proposition
4.61]. With this result in mind we will assume in the following for simplicity that
the base space B is always a path connected pointed space, i.e., has a designated
base point by € B, and write a fibration as

F—E-> B

where F' is the fiber over the base-point by € B.

15



1 Spectral sequences

Example 1.2.6 (path space fibration). Let X be a path-connected pointed
topological space with basepoint xg € X. The path space of X is defined as

PX = {y:[0,1] = X | 7 is continuous with y(0) =z},
equipped with the compact-open topology. The continuous map

PX — X
v (1)

is a fibration |9, Proposition 4.64], the so-called path space fibration, and we call
its fiber

QX = {7:[0,1] = X | 7 is continuous with 7(0) = (1) = zo}

the loop space of X.
One special property of this fibration QX — PX — X is that the total space
PX is contractible by continuously truncating paths.

After this short recap on the notation of fibrations we come the the formulation
of the Serre spectral sequence. We will only give a simplified version where we
assume that the base space is simply connected and only use integer coefficients in
(co)homology. Therefore we also use the shorthand notation H*(X) and H,(X),
instead of H*(X;Z) and H.(X;Z), respectively, for the (co)homology with integer
coefficients. The general statement can for example be found in the book of
McCleary [17, Chapter 5].

Theorem 1.2.7 (Serre spectral sequence |17, Theorem 5.1, Theorem 5.2]). Let
F—F-—2~B

be a fibration where B is simply connected, i.e., m(B) = 0, and F is connected.
Then there exists a cohomological first-quadrant spectral sequence

EP? >~y HP(B; HY(F)) = H""(E).
Stmilarly, there exists a homological first-quadrant spectral sequence
Eg,q =z HP(B;HQ(F)) = Hpyq(E).

As an application we can consider the case of the path space fibration.

16



1.2 Classical examples of spectral sequences

Corollary 1.2.8. Let n € N>1 and let X be a simply connected pointed space
with H;(X) =0 fori € {1,...,n}. Then we have

H;(QX) =70
forie{l,...,n—1} and
H,(QX) 27 Hy1(X).
Similarly, if H/(X) =0 fori € {1,...,n} then we obtain
H(QX)=z0  forie{l,....,n—1}

and

H"(QX) 27 H"(X).

Proof. Let us consider the path space fibration X — PX — X and the corre-
sponding converging spectral sequence

Ezg,q =z HP(X; Hq(QX)) = Hpi4(PX).
Since X and X are both path-connected we have

E(Q),q =z HO(X§ Hq(QX)) =z Hy(2X)
and
E}o =z Hy(X; Hy(2X)) =7 Hp(X)

p

for all p, ¢ € N. Moreover, since the path space PX is contractible, we have
H;(PX)=70

for i € N>;. Thus the convergence of the spectral sequence gives E)7 = 0 for
all p,q € N with p+ ¢ # 0.

17



1 Spectral sequences

H,(QX) o ° ° °

H3(QX) o ° ° °

Hy(2X) ° ° ° °

H (22X ° ° ° °
d3 0

Z— Hi(X)  Ho(X)  H3(X) Hy(X)
E2

Now let us precede by induction on n. First we assume n = 1. Since d%,o is the
last non-trivial differential involving E3 ; and Efj; we obtain

kerds o = E5% =z, 0,
which gives the injectivity of d%,o, and
H1(QX)/imd5 =z E5,/imd3 o = Eg5 =7 0,
which gives the surjectivity of d3,. Hence d3,: Hz(X) — H1(2X) is an isomor-
phism.

Now let us assume we have proven the claim for n € N>; an that H;(X) =z 0
forie {1,...,n+ 1}. By using the induction hypothesis we obtain

Hi(QX)2,0 forie{l,...,n—1}

and
H,(2X) 2z Hy1(X) 2z 0.

Since we have

E;q ~ [, (X; Hy(QX))

this gives that the rows Eiq are all trivial for g € {1,...,n}.

18



1.2 Classical examples of spectral sequences

H,2(QX) o ° ° °
H,11(Q2X) o ° ° °
0 0 0 0 0
0 0 0 0 0
Z 0 0 0 Hy2(X)
E2

Using this we can deduce that the only non-trivial differential involving Ej 5
and Ej,, .4 is dZi;O: For r < n + 2 either the domains and codomains lie inside
one of trivial rows or outside the first quadrant and for > n + 2 both the domains
and the codomains are outside the first quadrant.

Now the triviality of the differential for r < n + 2 gives (inductively) that we
have

~ 2 ~ 3 ~ ~ n+2
Hyp1(2X) 27 Eo,n+1 =7 Eo,n+1 =Z .-+ =L EO,nH
and

~ 2 ~ 3 ~ ~ n+2
Hn+2(X) —Z En+2,0 Y/ En+2,0 =Z--- =L En+2,0-

Moreover a similar argument as in the above case shows that dZﬁ,O induces an
isomorphism H,,42(X) =z H,11(02X).

The proof of the statement for cohomology works analogously using the corre-
sponding cohomological spectral sequence. O

Now this can be used to prove the Hurewicz theorem:

Theorem 1.2.9 (Hurewicz theorem). Let X be a path-connected pointed topological
space. Then we have
Hy(X) =7 71(X)ab.-

If, moreover, X is n-connected for some n € N>y, i.e., m(X) = 0 for
alli € {1,...,n}, then we have

Hi(X) 240
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1 Spectral sequences

forallie{1,...,n} and
Hy1(X) 2z g (X).

Sketch of proof. By considering loops S! — X as singular 1-simplices A — X one
obtains a well defined group homomorphism 71 (X) — H;(X). One can check that
this group homomorphism is surjective and has the commutator subgroup of 71 (X)
as kernel, and thus induces the isomorphism H;(X) =z m1(X)ap [22, pp. 80-84].
Before we come to the second part we recall that for each n € N> there is an
isomorphism
Tn(QX) 27 mpa1 (X).

This can for example be seen using the long exact sequence of homotopy groups [9,
Theorem 4.41] of the fibration QX < PX — X and the contractibility of PX. In
particular, if X is (n + 1)-connected then the loop space QX is n-connected.

Now let us prove the second claim by induction on n. If n = 1 and X is
n-connected, i.e., if X is simply connected, we have

Hi(X) =z m(X)ap =20
as well as

7T2(X) gz 7T1(QX

gz T (QX ab (7‘&'1 (QX) %Z WQ(X) is abelian)
=, Hi1(QX) (by the first part)
>, Hy(X). (by [Corollary 1.2.8])

Now let n € N>q, let X be an (n + 1) connected space and assume we have
already show the claim for n-connected spaces. Since X is in particular n-connected

we have by induction
H;(X)=0

for alli € {1,...,n} and
Hp1(X) =z mpp1(X) =2 0.

Moreover, since the (n + 1)-connectedness of X gives the n-connectedness of QX
we have for H,;2(X) that

Hp19(X) =z Hp1(2X) (by [Corollary 1.2.8])
=7 Tnt1(QX) (by induction)
=z Tn2(X),

which concludes the proof. O
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1.2 Classical examples of spectral sequences

1.2.3 The Hochschild-Serre spectral sequence

As a final example of a spectral sequence we consider the Hochschild-Serre spectral
sequence in group (co)homology.

Theorem 1.2.10 (Hochschild-Serre spectral sequence |25, Theorem 6.8.2]). Let

0 A r A 0

be a short exact sequence of groups and let V' be an Z[I'|-module. Then there exists
a natural converging cohomological first-quadrant spectral sequence

EPT = HP(A; HI(A,; V)) = HPTIU(T;V).

Similarly, there is a natural converging homological first-quadrant spectral se-
quence

Egjq = Hy(A; Hy(A;V)) = Hpyo(T; V).

As usual for first-quadrant spectral sequences we obtain a five-term exact se-
quence.

Corollary 1.2.11 (five-term exact sequence for group cohomology). Let

0 A r A 0

be a short exact sequence of groups and let V' be an Z[I']-module. Then there exists
an exact sequence

0 — HY(A; VY — HY, V) — HYAV)A — HY2(A; VY — HX(T; V).

Proof. Using the Hochschild-Serre spectral sequence the five-term exact sequence
of a converging first-quadrant spectral sequence [Proposition 1.1.17| gives the exact
sequence

0 Ey" HY(T;V) Ey' Ey° HA(T; V),

where we have used that E2) is isomorphic to a submodule of H2(I; V). Now
the identification of the second page and the computation of group cohomology in
degree zero as invariants gives the claim. O

In order to obtain a similar result for group homology we need the following.

Lemma 1.2.12 (group homology in degree 0 [25, Definition 6.1.2]). Let I' be a
group and let V' be be an Z[I'|-module. Then we we group homology of T' with
coefficients in V is isomorphic to the coinvariants of V'

L) o —V
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1 Spectral sequences

Using this we obtain dual to [Corollary 1.2.11| the following corollary.

Corollary 1.2.13 (five-term exact sequence in group homology). Let

0 A r s A s 0

be a short exact sequence of groups and let V' be an Z[I'|-module. Then there exists
an exact sequence

HQ(F7V) — HQ(A;VA) — Hl(A; V)A — Hl(F7V) — Hl(A;VA) — 0.

One application of this exact sequence is Hopf’s formula which allows to describe
the second group homology, with trivial Z coefficients, using a representation of
the group.

Theorem 1.2.14 (Hopf’s formula |25, Theorem 6.8.8]). Let I be a free group,
let A CT be a free subgroup and let A = A/T. Then we have
AN, T

[T,A]
where A acts trivial on Z and [I',A] denotes the subgroup of I' generated by the
commutators [h,g] with h € A and g € T.

Hy(A;Z) =g

Sketch of proof. We consider the five term exact sequence of the short exact se-
quence
0 A < r > A > 0

in group homology with trivial Z coefficients:

HQ(F,Z) — HQ(A7Z) — Hl(A;Z)A — Hl(F,Z) — Hl(A,Z) — 0.

Moreover, using the naturality of the spectral sequence one can give an explicit
description of the morphism H;(A;Z)a — Hi(T;Z).

Now group homology in degree 1 with trivial Z coefficients is given by the
abelianisation [25, Theorem 6.1.11] and since I' is a free group we have

Hy(I; V) =40
[25, Corollary 6.2.7]. Thus we have the exact sequence

0 —— HQ(A;Z) E— (Aab)A E— Fab Aab > 0.

Furthermore, by identifying the action A ~ A, one can compute

A
A, S
R Y
and use the explicit description of the morphism (Asp)a — T'ap to obtain that
A r ANT,T]
Hy (A7) =25 ker ((Ay ) 222 k — O
o0:2) B er((A)a ) 2k (o g ) = Sy
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1.3 Constructions of spectral sequences

1.3 Constructions of spectral sequences

Now that we have seen that the theory of spectral sequences can indeed be helpful
we will discuss some constructions of spectral sequences. First we construct a
spectral sequence out of a filtered complex and then apply this construction to
obtain two spectral sequences of a double complex.

1.3.1 Spectral sequence of a filtered complex

Definition 1.3.1 (filtered cochain complex). Let R be a ring. A filtered R-cochain
complez is a pair (C, F) where C = (C*,6*) is an R-cochain complex and F is
a filtration of the graded R-module C* that is compatible with the coboundary
operators, i.e., we have

§"(FPC™) C FPCm Tt

for alln € N and p € Z. L

A morphism of filtered R-cochain complexes f: (C, F') — (C, F') is a morphisms of
R-cochain complexes f: €' — C' that is, as morphism of graded R-modules f: C* —
C*, compatible with the filtrations F' and F'.

We call a filtered cochain complex (C, F') canonically bounded if the filtration F'
of C* is canonically bounded.

Remark 1.3.2 (alternative description of filtered cochain complexes). Let R be
a ring and let (C, F') be a filtered R-cochain complex. By the compatibility of
the filtration F' with the coboundary operator of C' we obtain for each p € Z a
sub-cochain complex
FPC = (FPC*,0")
of C'. Moreover, since F' is a decreasing filtration this gives a decreasing sequence
ng+1C§FpCQ .. CC

of sub-cochain complexes of C. Conversely it is easy to see that each such decreasing
sequence (FPC')pez of sub-cochain complexes of C' give C' the structure of a filtered
cochain complex.

Remark 1.3.3 (induced filtration on cohomology). Let R be a ring and let (C, F)
be a filtered R-cochain complex. Then the filtration F' induces a filtration (which
we will also denote by F') on the cohomology H*(C) of C' with

FPH™(C) = im (H"(FPC) — H"(C)),

where H"(FPC) — H™(C) is the map induced by inclusion. Moreover, if (C, F) is
a canonically bounded filtered cochain complex the induced filtration on H*(C) is
canonically bounded as well.
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1 Spectral sequences

Theorem 1.3.4 (spectral sequence of filtered cochain complex). Let R be a
ring and let (C,F) be a filtered cochain complex. Then there exists a spectral
sequence (FEy,dy) starting with

EYY ~p gPYYFPC/FPYLC)

for allp,q € Z.
Moreover, if (C,F) is a canonically bounded filtered cochain complex this is a

first-quadrant spectral sequence and we have

P [yp+q
EP4 %RF H (C)/Fp+1Hp+q(C)

for all p,q € N, i.e., we have
EP = HPTI(C).
Proof. We divide the proof into several steps:
Introduction of notation: For p,q € Z and r € NU {—1} we define
ZP = FPOPtan (5p+Q)—1 (Fp-l-rC«]D-i—q-i—l)7
BP9 = FPCPTIN gpta—1 (Fp—rcpﬂ—l)’
ZP4 .= FPCPT M ker 6P
and BPA = FPCPTI M im 6P
Since F' is a decreasing filtration it is easy to see that for all p,q € Z we
obtain a chain of inclusions
Bg’quf’qg~~-QB§<’)‘1§Z§5‘1§~--§Z{”q§Zg’q. (1)
Moreover we have
Zp+11,q—1 = FPrioptan (gpra)—L (Fp+rcp+q+1)
—
C FPCPran (gPra)=t(prtroptatt) (F is decreasing)
= 729 @)
as well as
5p+q (qu) — 5p+q (FPCP-HJ N (5p+Q)—1 (Fp+rcp+q+1))
_ §pta ( FpCerq) AFPHroptatl

= By (3

for all p,q € Z and r € N.
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1.3 Constructions of spectral sequences

Construction of the differential bigraded modules (E,,d,): Let » € N. Since
for p,q € Z the inclusions and give foll’q_l + Bffl C 7P9 we can
define Y

P.q . Ly
BT gty By

and denote by ni?: ZP% — EP? the canonical projection. For the construc-
tion of the differential d2*? we consider the diagram

p+q _
Zf’q 4 Z}ﬂ)—i—r,q-{—l r

. +rq+1—
nfql lnf nar

Dsq p+r.g+l-—r
E",1 7;1%;17} E",1 .
Since we have
p+q (7p+1,g—1 P9 \ _ pptrgtl-r p+r+1,g—r
o (Zr—l + Zr-i-l) - Br—l + Br+1 (by "
p+r,qg+1—r p+r+1,q—r
C ZPt + B (by (1)
_ p+r,qg+1—r
= kern;

we obtain, with ijll’q_l + ZP% € ZP9 from (1)) and (2), that

+1,-1 : +1,g-1 :
Zt B C T+ 2y (by (1))

C ker(pPtmat1=r o 5P ypa).

Thus an application of the universal property of the quotient gives the
existence of a well-defined R-linear map

D, . TP p+r,q+l—r
dbi: pPt — EY

making the above diagram commute.

For the differential property, i.e., d, o d, = 0, we consider the commutative
diagram

p—rg+r—1 _§rta-! pq _ 6PTa ptr,g+l—r
Zy — 2y —— 7y

—r, -1 N q+1—1r
775 T,q+T l 777]? qJ lni&v q+1—r

— —1 1—
Ef rq+r qu E713+T’q+ T
d€7r7q+7“71 dg’q

By the surjectivity of 7% "7 and 6779 0 §pT9-1 = ( the commutativity of
this diagram gives d&% o gf~ 17"t = .
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1 Spectral sequences

Construction of the page-turning isomorphisms: Let r € N. For p, q € Z we first
compute ker d7?. By construction we have that

ker dP»4 = nP1 <ker (nf-i-r,(ﬁ-l—r o 5p,q‘Z£’q))7

and in the above step we have seen that

Zfirll,qfl + fol C ker(n£+r,q+1—r o 5p41|Z£7q)
= (07 ypa) ! (ker pptmatiT)

= 7200 (6P (ZP T BT,
We now claim that this is in fact an equality: Let ¢ € ZF? such that
§P(c) € ZPHThaTT 4 prApatieT
Since Bff{’qﬂ_r = 6p’q(fo11’q_1) by , we can assume without loss of
generality that
5p+q(c) c ijidrl,q*r — pprriloptatl A (5p+q+1)—1 (Fp+2rcp+q+2)‘
Because 671971 0 6719 = () we thus obtain
¢ € ZPa ) (6P9) "L (Frrtioptatl)

— FPOPta N (5},,(1),1 (Fp+rcp+q+l) N (5p,q)fl (Fp+r+lcp+q+l)

= FPCPTa N (6P9) 1 (Fp+r+10p+q+1) (F is decreasing)

- folv

which gives in total the inclusion

+7r,g+1—r  $p,q p+1,q—1 D,q
ker (n? 0 6P| pa) C ZET) + 2,5,

and thus the claimed equality.

Now back in our computation of ker d’? this gives

ker dP9 = P (ker (n11">+r,q+1fr ° 51074‘25,(1))
+1,g—1 s
=0t (27207 + Z0)
— pp9(2P). (since ZPH 17" € kerpP?)

Using this we obtain that

Pd can. proj.
70, —"— ker dp? S22 HPa(E,, d,)
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1.3 Constructions of spectral sequences

is a surjective map, which induces an isomorphism
HPA(E,, dy) =, 24y
(L, ) =R T D,q =1 (i gp—rat+r—1).
(777“ ’fol) (lm dr )

For the “denominator” we first compute

o ragdr—1 - —rgr— —rgr— 1 I
im @P~ "9 = g @p L o Pt (P71 s surjective)

= imnp? o 5p+q_1|Zp—r,q+r—1 (by construction of d2~ "7t
T
— ng,q (5p+q71 (Z;ofr,qurfl))

= g (B29), oy @)

which gives

q fol)—l (im dg—r,q—}-r—l) _ Zp q ( (im dp—r,q-i—r—l)
_qu (qu+kernpq)
_ qu (qu + Zp+1,q 1 Bq{)fl)
_ qu (qu + Zp+1,q 1)
(qu C BP by )

= BP9 4 700 n zZP et
(qu c zf by (@)

(n¥>

Now the decreasing property of F' gives

ZP ql N Zp+17q 1 — FPOPtan (5p,q)71 (Fp+r+1cp+q+1)
N Fp+1cp+q N (5P+Q)—1 (Fp-i-rcp-i-Q-i-l)
— pprriortan (5p+q)—1 (Fp+r+lcp+q+1)

= zptla-l
and thus we have
(2] )" (i dp 7757 1) = B 4 ZpHa,
which finally gives

HPU ) 0 2 a1 (i )

Z.
’”H/B?zj,q 4 zp+la-l

_ P9
Er+1
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Identification of the first page: We first compute the 0-th page Ejy:

Since the decreasing filtration F' is compatibility with the differentials 6* we
have
5n(Fan) C FanJrl C Fp710n+1

for all p € Z and n € N. For p,q € Z and r € {—1,0} this gives
FPCPt+a C (5p+q)—1 (Fp+rcp+q+1)’
and thus
ZP1 = FPCPHa A (5p+q)—1 (Fp+rcp+q+1) — prCepte
as well as
quj,q — FPCPTa A gpta—l (prrcpﬂfl)
C Fp—rCP+a C FPCPHa

— 5p+qfl (prrcerqfl)
C FPrCrte,

Hence we obtain

g _ 4P

Byt = B et s g,
FPCPJrq

= p+1p+q D,q

/pricete L pra,

N——
C prticpty
FPCPta
= /| prticpta.

Now, since by construction the differential dy: Eg — Fy is induced by the
coboundary operators 0*, the page-turning isomorphism gives

P
BP9 2 POy do) = HPH (F prrig) -

Convergence in the bounded case: Now assume that (C, F') is a bounded filtered
cochain complex. First we show that the constructed spectral sequence is
indeed a first-quadrant spectral sequence:

Let p,q € Z and first assume p < 0. Then our identification of the Fi-page
gives
4 s HPN(FPC P C) 25 0,
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as we have that FPY1C = FPC = C, since p,p+1 < 0. In the case that ¢ < 0
we can use our original definition of ET"? as quotient of

ZP1 = FPCPTI N (5p+q)—1 (Fp+10p+q+1)
C FPCIH—Q_
Since p + ¢ < p we obtain FPCP*4 = ( which gives the triviality of EI"?.

For the convergence of the spectral sequence we first note that for p,q € N
and r € N large enough the canonical boundedness of F' gives

ZP4 = FPCPTI N (5p+q)—1 (Fp+rcp+q+1) = FPCPTI N ker 6P = ZP4

=0 for r large enough
and
BP1 = FPCPTIN 6p+q_1(Fp_TC’p+q_1) = FPCPTI Nim P91 = BPY.
= OP+atl for 7 large enough
Thus, for p,q € N, we can assume without loss of generality that the module
on the co-page F, is given by
Eb1 = Z&(I/Zgjl,qq + BrY-
Similar as before we denote by
s 288 — ERS
the canonical projection and moreover we also denote by
7: ker 87T — HPTI(C)
the canonical projection.

Now we have by definition that Z%? C ker 679 and

m(Z%9) = m(FPCPT N ker 6777)
=im(H"(FPC) — HPM(C))
= FPHPT(C).

Next we consider the diagram

/<X N FpHerq(C)
nz;éqJ/ lcan. proj.
P [JP+4q
E&S R FrH (C)/Fp+1Hp+q(C)
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Since
W(ker n&q) = W(Zé’qu_l + B&q)
CiméPte—1 =kernw
_ 7T(Z§O+17q_1)
= FPHLgPta(C) (same computation as above)

we can again apply the universal property of the quotient to obtain a well-
defined R-linear map

FpHp—i—q(C)

o: BB — /Fp+1Hp+q

making the above diagram commute. Because 7|zr.a: Z&7 — FPCPTI(C) is
surjective, also ¢ is surjective. Moreover, ¢ is also injective as

ker o = 15 (250 o (FPHLHPH9(C)))
= b (Z&q M (ker 7 + ker U&q)) (since m(kernk!) = FPH HPHI(C))

= P (chp+q N ker 6779 A im 5P+q—1)

(by construction ker m = im §P+4~1)

— 2A(FPOPH A im 6P+0L) (as im 6791 C ker 67+9)
— (o)
= 0. (BRT C kernkl)

Hence ¢ is the claimed isomorphism

"
E&q ~p FPHP q(C)/FP+1Hp+Q(C)' m
Remark 1.3.5 (naturality of the construction). The above construction of a
filtered cochain complex is functorial in the following sense:

Let R be a ring, let (C,F) and (C, F) be filtered R-cochain complexes and
let (E,,d,), (E,,ds) be the spectral sequences given by from (C, F)
and (6’, F ), respectively. Moreover, let f: C' — C be a morphism of cochain
complexes that is compatible with the filtrations F' and F , i.e., for each p € Z the
morphism f restricts to a morphism FPC — FPC of cochain complexes.

Then f induces a morphism of spectral sequences g: (Ey,dy) — (E*,Elv*) such
that the identification of the first page gives for all p, ¢ € Z a commutative diagram

EP4 —= 4 HPT(FPC/FPHIQ)

| |

EP? —— HPH(FPC/FPHa0),
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1.3 Constructions of spectral sequences

where oP: FPC/FPHLC — FPC/FPHLC is also induced by f.

If the filtered cochain complexes (C, F), (C, F) are additionally both canonically
bounded, the induced morphism of spectral sequences is compatible with the
induced morphism in cohomology, i.e., we have that

Ef’q ~p Herq(FpC/FpHC) —_— Hp+q(c)
H”*‘Z(sop)l JHPH(JC)
Ezlmq ~p HPH(FPC /FPHaC) == HPT(C)

comimutes.

1.3.2 Spectral sequences of a double complex

Now that we have a first tool at hand to construct spectral sequences, we apply it
to construct two spectral sequences of a double complex.

Definition 1.3.6 (double complex). Let R be a ring. A R-double complez con-
sists of a bigraded R-module M and two bigraded morphisms of bigraded mod-
ules dp: M — M of bidegree (1,0) and d,,: M — M of bidegree (0, 1) such that
we have

dp odp, =0, dyod, =0

and
dUOthdhOdv.

For two R-double complexes M, M , we call a morphism of bigraded mod-
ules f: M — M a morphism of double complexes, if it commutes with the two
differentials, i.e., we have

dyof=7fod, and dyof=fody,

where dj,, d,, are the differentials of M and Elvh, CTU are the differentials of M.
Moreover we say that M is a first-quadrant double complex, if M is a double
complex such that MP? =0 for all p,q € Z with p < 0 or ¢ < 0.

Remark 1.3.7 (the two homologies of a double complex). Let R be a ring and
let M be a R-double complex. Since by definition both (M, d) and (M,d,) are
differential bigraded modules we have two possibilities of taking homology: H (M, dy)
and H (M, d,).

Moreover, as d, and dj, commute with each other we obtain that d, induces for
each p,q € Z a well-defined R-linear map

Jgu)’q: HP,Q(M, dh) — Hp7q+1(Ma dh)
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1 Spectral sequences

such that d, turns H(M,dy,) into a differential bigraded module of bidegree (0, 1).
Similar, the differential dj induces a bigraded morphism

Jh: H(M,du) HH(Madv)a

turning H (M, d,) into a differential bigraded module of bidegree (1,0).

Tot(M)? ¢ ®

Figure 1.4: Visualisation of a double complex and its double complex

Definition 1.3.8 (total complex). Let R be a ring and let M be a double complex.
The total complex Tot(M) of M is defined to be the R-cochain complex with the

cochain modules
(Tot(M)” - & MW>

p+q=n neN

and the coboundary operators

(6": Tot(M)™ — Tot(M)"*1)
given by
6™: Tot(M)™ —s Tot(M)" !
MPT s m—s dY(m) + (—1)P - dy?(m)
for each n € N.

Due to the conditions on the differentials d,, and dj, it is easy to see that the
total complex Tot(M) is indeed a cochain complex.
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1.3 Constructions of spectral sequences

Remark 1.3.9 (two filtrations of the total complex). Let R be a ring and let M
be a R-double complex. Then the total complex Tot(M) of M has two canonical
filtrations:
The column-wise filtration given by
OFP Tot(M)" = @ M™,

r+s=n
T>p

for p € Z and n € N, and the row-wise filtration given by
OFP Tot(M)" = @ M™,

r+s=n
s2>p

for p € Z and n € N.

p>2
[ [ ] [ ] () { ] { ]
OF2 Tot(M)
[ [ ] { ] [ )
q>2

o (] (] (

@F? Tot(M)?
[ [ ] [ ] [ [ [ J ]
@ @ L J L o ® { { L J L

Figure 1.5: Visualisation of the column-wise and the row-wise filtration

We can now consider the spectral sequences associated to these filtrations.

Theorem 1.3.10 (spectral sequences of a double complex). Let R be a ring and
let M be a R-double complex. Then there are two spectral sequences (PE.,%d,)
and (PF,,9d,) starting with
OpP?~p HP(M,d,)  and — ®PEPI g HYP(M,d)),
where the differentials ©d; and @d, are given by dy, and d, respectively.
Moreover, if M is a first-quadrant double complex, both of these spectral sequences

are first-quadrant spectral sequences converging to the cohomology of the total
complex

Ophi =p HPU(M,d,) = HPT1(Tot(M))
@Ezf,q >p HIP(M, dp) = Hp+q(Tot(M)).
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1 Spectral sequences

Proof. Consider the column-wise filtration ®F of Tot(M). By [Theorem 1.3.4| there

exists a spectral sequence (PE,,®d,) starting with

CEY = 1P (®F P ToHM) o 1 Tot(M )> '
Using the definition of the filtration we could use this to directly compute the first
page. However, since we also want to identify the the differentials we make another
computation:

With the same notation as in the proof of [I'heorem 1.3.10, we know that the
page ®F is given by

P,q
@E}faq — Zl /Z(I))J,—Lq—l + Bg,q
7,
= 1,g—1 ,q—1\.
Zg+ q +dp+q(zgq )

Now we can compute for p,q € Z that

Z04 = OFP Tot(M )P4 N (67+9)~H(OFPH Tot(M)PHat!)

= D mrEnEt (@ M)

r+s=p+q r+s=p+q
r>p r>p+1
Vv,
= P mM*n P {mGM“S #im)e P MM}
r+S=p+q r+s=p+q 7"/+s/:p+q
r>p r'>p+1
Vw4
= @ {merwr|@e e grme @ )
— ~— N—— I
SR G
=kerd}'+ @ M,
r+s=p+q
r>p+1

and similar computations show
Z(I)H-l,q—l — Opp+l1 Tot(M)erq N (5p+q)71 (@Fp+1 Tot(M)erqH)

- @ w
r+s=p+q
r>p+1

as well as

709t = OFP Tot(M P91 n (579~ 1) L (PFP Tot(M)PH9)
- @ e

r+s=p+q—1
r2p
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1.3 Constructions of spectral sequences

Thus we have

Zg+1’q_1 i 5p+q,1 (Zg’q_l) _ EB M"™ + 5P+q71( @ Mr,s)

r+s=p+q r+s=p+q—1
r2p+1 r2p
. . r,s
= @ M™ + @ (imd}® +imd;”)
r+s=p+q r+s=p+q—1
r>p+1 r>p

(by construction of 4)

= P M +imape!

r+s=p+q
r>p+1

(only im d2?™" is not contained in the first sum)
and thereby

®E71”q: {D’q/ZpH,qfl Jqpta anfl
0 + (2" )

_ kerd}? + @ MT’S/

. ~1
r+s:p+q @ MT7S + 1m dg’q
rzptl r+s=p+q
r>p+l
. . -1
~p kerdy®  pa-1 (as im dB9™" C ker dB? C MP4)
v
= HPY(M,d,).

Since the differential ®d; is induced by the differential §, we obtain that under
this identification ®d; coincides, up to a sign, with dj,. However, this sign neither
affects the differential condition nor the page-turning isomorphisms (the homology
does not change). Thus we can assume with out loss of generality that ®d; is given
by dj,.

If now M is a first-quadrant double complex the filtration ®F is obviously
canonically bounded, thus the construction of gives that the spectral
sequence (PE,,%d,) indeed converges to the cohomology of Tot(M).

The second spectral sequence (®E,,®d,) arises similar, by considering the row-
wise filtration @F of Tot(M). O

Remark 1.3.11 (naturality of the construction). Using the naturality of the
spectral sequence of a filtered complex we also obtain the following naturality of
the two spectral sequences of a double complex:

Let R be a ring and let f: M — M be a morphism of R-double complexes.
Then f obviously induces morphisms of filtered complexes between the column-wise
and row-wise filtrations of M and M. Theses morphism of filtered complexes in
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1 Spectral sequences

turn induces morphisms of the first and second spectral sequences, which under
the identifications of the first pages are simply given by

HPA(f): HP9(M,d,) — HP(M,d,)
in the case of the first spectral sequence, and by
HYP(f): HYP(M,dy,) — HPP(M, dy,)

in the case of the second spectral sequence.

If moreover both M and M are first-quadrant double complexes these morphism
of spectral sequences are compatible with the induced map in cohomology of the
double complex, i.e., we have that both

Oppa p HPA(M, d,) —— HPH(Tot(M))
o] Jes i)
®E2;,q ~p HPI(M,d,) — Hp+q(Tot(M))
and
OEP4 p HUP(M, dj,) == HP9(Tot(M))
qup(f)l JH”“" (ot()
®E’f’q ~p HOP(M,d,) = Hp+q(Tot(M))

commute, where Tot(f): Tot(M) — Tot(M) is the map induced by f on the total
complexes.

36



Chapter 2

Spectral sequences in bounded
cohomology

Now that we have seen some examples of spectral sequences we now come to the
spectral sequences in bounded cohomology.

We begin by constructing an analogue of the Hochschild-Serre spectral sequence
for bounded cohomology. As one application of this spectral sequence we will prove
a characterisation of amenable and boundedly n-acyclic morphisms.

Another application of spectral sequences to bounded cohomology we will discuss
cohomological Leray theorem, with a special focus on the Leray theorem in bounded
cohomology.

If the reader is not already familiar with the computation of bounded cohomology
via resolutions and the relation of bounded cohomology with amenability we highly
recommend reading the corresponding chapters in the book of Frigerio |7| before
proceeding with this chapter.

Overview of this chapter

[2.1 'The Hochschild-Serre spectral sequence] . . . . . . ... ... ... 37
[2.1.1  Construction of the Hochschild-Serre spectral sequence|. . . [38
[2.1.2  Application: Amenability and bounded acyclicity| . . . . . . L0l

2.1 The Hochschild-Serre spectral sequence

The goal of this section is to derive a bounded cohomology analogue of the
Hochschild-Serre spectral sequence and to discuss some of its applications. In the
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2 Spectral sequences in bounded cohomology

ideal case we could associate to each short exact sequence

0 A r A 0

of groups and each semi-normed R[I']-module V' a convergent spectral sequence
EYT=p OP (A H{(A;V)) = HI (T, V).

Although it is always possible to construct a spectral sequence converging to the
bounded cohomology of I' with coefficient in V' it is not always possible to identify
the second page as above.

The Hochschild-Serre spectral sequence in bounded cohomology was first con-
structed by Noskov [21] and later generalised by Burger and Monod [3] to continuous
bounded cohomology.

Remark 2.1.1. We note that there also is a paper of Bouarich on the Hochschild-
Serre spectral sequence for bounded cohomology with semi-normed vector spaces
as coefficients [2]. In this paper it is claimed that the above identification of the
second page can always be made. However, a fundamental step in this proof is

flawed as we will discuss in

2.1.1 Construction of the Hochschild-Serre spectral sequence

For simplicity we will assume in the following that A is a normal subgroup of I" and
that A is given by the quotient I'/A. Moreover, in order to avoid confusion between
the coboundary operators of the bounded cochain complexes we will indicate the
corresponding group with a lower index, e.g., 6} will denote the usual differential
of Cf(A; V) for some semi-normed R[A]-module V.

We first construct a double complex which will then give us two spectral sequences.
We define the first-quadrant bigraded R-module M for p,q € N by

MP = CL(A; CP(T; V)M 2,

where C} (T'; V)A carries the A-action induced by the I'-action on Cy(T; V). On
this double complex we define two differentials. The differential d,: M — M of
bidegree (0,1) is simply given by the standard differential

59 CH(A; CPT; V)MD — Pt (A; cP(T; V)M 2,

and the differential d,: M — M of bidegree (1,0) induced by the standard
differential of Cj (I'; V):

C’g(A; 5111)A: Cg (A; Cg’(F; V)A)A — C’g (A; C’fH(F; V)A)A
fr—dhof.
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2.1 The Hochschild-Serre spectral sequence

By definition it is easy to see that these two differentials indeed turn M into a
double complex.

Now that we have a double complex we can apply [Theorem 1.3.10|to obtain two
spectral sequences, (PE,,%d,) and (®E,,®d,), both converging to the cohomology
of the total complex Tot(M). The first spectral sequence (PE,,%d,) already
collapses on the second page and thus can be used to determine the cohomology
of the total complex Tot(M). But first we briefly mention the naturality of this
construction.

Remark 2.1.2 (naturality of the two spectral sequences). Let R be a normed
ring, let

0 A > T > A > 0
L4 b
0 A y I > A > 0

be a commutative diagram of groups with exact rows, let V' be a semi-normed
R[I']-module, let V' be a semi-normed R[I']-module and let f: V' — V be a bounded
R-morphism that is compatible with ¢ in the sense that

VoerVoci: fv(9) - 0) = g- f(0).
Then it is easy to see that ¢ and f first induce a bounded R-cochain map
Ci i ): CEIELV)Y — G V)M,

Now by the commutativity of the above diagram these morphisms are compatible
with ¢ and thus induce for p € N a bounded R-cochain map

i (4: CP (@3 ) G (B (T 7)) A

—s Cr (A CPT; V)M,

i.e., a morphism of double complexes M— M , where M is the double complex
associated to the first row and the R[[']-module V and M is the double complex
associated to the second row and the R[[']-module V.

Now the naturality of the spectral sequences of a double complex (Remark 1.3.11))
give that this morphism of double complexes induces morphisms of the associated
first and second second spectral sequences that are compatible with the induced
morphism in cohomology of the total complexes.

Proposition 2.1.3 (cohomology of the total complex). Let R be a normed ring,
let
0 A > I > A > 0
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2 Spectral sequences in bounded cohomology

be a short exact sequence of groups and let V' be a semi-normed R[I'|-module. Then
the cohomology of the total complex H*(Tot(M)) is isomorphic to the bounded
cohomology Hi (I'; V') of I' with values in V.

Moreover, assume we are given a commutative diagram of groups

0 A r y A > 0
Lok
0 A r » A > 0

with exact rows, a semi-normed R[T]-module V, a semi-normed R[T)-module V
and a bounded R-morphism f: V — V that is compatible with . Then under the
above isomorphisms the induced map in cohomology of the total complexes of the
rows is simply given by

Hi(p; f): Hy (T;V) — H; (T; V).

Proof. We consider the first spectral sequence (PE,,®d,) of the double complex M
and let p,q € N. For this spectral sequence we have

(DEJiJ,q ~p HPA(M, dy) = HI(MP*, dP™),
where by construction the cochain complex (MP*, dy™) is just the cochain complex
* * AA ok
Hence we have
4~ A
CEPY =g Hy (A; (T V)7).

Now we use that bounded cohomology with relatively injective coefficients
vanishes: The R[I[']-module C’g’ (T'; V) is relatively injective, using this one can show
that Cf(T'; V)2 is a relatively injective R[A]-module [6, Proposition A.1.7]. Thus
we have that ®E€’q vanishes whenever ¢ # 0, and for ¢ = 0 we have

N A
Ophl =y (CP(T; V)Y = oF(D; V).

Moreover, since we know that the differential @d;: PF; = PF; is induced by the
differential dj,, which in turn is induced by the standard differential of C;(I'; V),
we obtain that

Ophl =y HI(T;V)

is the only non-zero row of ®E5. Thus for bidegree reasons ®Ey = OFE, and the
convergence towards H*(Tot(M)) gives the claim

HY(T; V) = OF8° = OFR0 ~p HP(Tot(M)).
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2.1 The Hochschild-Serre spectral sequence

Finally, for the identification of the map induced in cohomology we first see that
under the above identifications the induced morphism of spectral sequences is on
the first page simply given by

Chles ) YTV — G V)T
Thus on the second page, and thereby oco-page, the morphism is given by
H{(: f): H{(T;V) — H{(T;V).

Now using the compatibility of the induced morphism of spectral sequences with
the morphism induced in cohomology this gives the claimed identification. O

Next let us consider the second spectral sequence (®E*,®d*). By construction
the first page of this spectral sequence is given by

OEYY >p HYP(M, d),)
= H1(07.47)
— He (c{f(A;cg(r;V)A)A,cg’(A;a;)>.
For our wished-for identification
OBy 2y HY(A; HY(A;V)
we would like this homology to be simply given by
CP(A; HE(A; V).

But therefor we need two things: First that C} (A; A “commutes” with taking
homology, and second that the homology of Cy (T V)A indeed gives the bounded
cohomology of A.

Let us begin with the second point.

Lemma 2.1.4. Let R be a normed ring, let I' be a group, let V' be a semi-normed
R[I']-module and let A C T be a normal subgroup. Then we have for each n € N a
canonical bilipschitz isomorphism

H"(Cy(T; VA, 61) =2 H(A, V).

Proof. We first prove that (C[; (I, vy, (51”2) is a strong relatively injective resolution
of the R[A]-module V:

The well-known contracting homotopy of (C’I;k (T; V), 5;) as resolution of V' as
R[I'-module [7, Proposition 4.3] also gives a contracting homotopy as resolution
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2 Spectral sequences in bounded cohomology

of V as R[A]-module. Moreover, since the diagonal action A ~ I *! is clearly free
for each n € N we obtain that the R[A]-modules

Cp(T:V) = (0, V)

are relatively injective [6, Proposition A.1.3].

So (C’;(F; V),c?i'i) is also a strong relatively injective resolution of the R[A]-
module V. Thus we obtain the claimed bilipschitz isomorphism [7, Corollary
4.5]

H"(Cy(T; V)™, 67) = HP (A; V). m

For the “commutativity” of C’f (A; -)? and taking homology we first prove the
following lemma.

Lemma 2.1.5. Let R be a normed ring, let I' be a group, let ' ~ S be a group
action of I' on a set S, let V be a semi-normed R[I'|-module and let W C'V be a
R[T['|-submodule of V.. Then we have a canonical R-isomorphism

2(S,V)I

(5. W — (S, vV /W)L,

Proof. We consider the R-linear morphism

p: 0°(S,V)F — (S, v /W)t
fr—=(s=[f(s)])
and first show the surjectivity of this map. Let g € £>°(S,V /W)l and let € > 0.

Then we have for each s € S that g(s) € V/W, and by construction of the
semi-norm on V/W there exists some f(s) € V with [f(s)] = g(s) and

£y <9y +e <lgll +e.

Thus f is a map f: S — V with || f||, <llg|l,, + €. Since g was by assumption
I'-invariant we can also choose f to be I'-invariant as well, i.e., such that we
have f € £>°(S,V) with

@(f)(s) = [f(s)] = g(s)

for each s € S. This shows the surjectivity of ¢. Moreover, we have that the kernel
of ¢ is given by ker ¢ = (S, W)I': For f € £>°(S,W)! and s € S we have

42



2.1 The Hochschild-Serre spectral sequence

i.e., o(f) = 0 which gives £>°(S, W)? C ker . Conversely, if we have f € (S, V)l
with ¢(f) = 0 we obtain for s € S that

and thus f(s) € W which gives the inclusion ker ¢ C ¢°°(S, W)
Hence ¢ induces an isomorphism
(S, V)I

GRS (S, v /W)t O

Now in order to be able to apply the above lemma to identify the first page of
the spectral sequence (®E*,®d*) we still need

ker(CF(A;68)%) = CP(A; ker 67)2

as well as
im(Cf(A;équl)A) = CY(A;im 51271)A.

For the kernel it is fairly easy to see that this equality always holds without any
further assumptions. For the image, however, only one inclusion, namely the one
from left to right, is easy to show. But the other inclusion poses a problem: In
general it does not hold.

Example 2.1.6 (a positve example). Let R be a normed ring, let

0 A r A 0

be a short exact sequence of groups where A is finite, and let V' be a semi-normed
R[I'l-module. Since any map of a finite set is already finite, the condition that A
is finite gives that

Cr(A; W) = £°(A* T W) = Homge, (A*TH, W) = C*(A; W)
for each R[A]-module W. Hence, the desired equality
im (CP(A; 08 H2) = CP(Asim 62
reduces to
im(HomSet(APH, 6%_1)A) = Homget (AP im (51‘11_1)A
which is easily seen to be true for all p,q € N.

In the case that our coefficient module V' is a Banach I'-module, i.e., a Banach
space with isometric I'-action, we have the following:
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2 Spectral sequences in bounded cohomology

Proposition 2.1.7 (characterization of equality for Banach coefficients). Let I'
be a group, let ' ~ S be a group action of I' on a set S and let f: V — W be a
morphism of Banach I'-modules. Then we have the following:

1. If the image of f is closed in W we have
im (€S, £)F) = 2°(S,im f)T.
2. If I is infinite and the image of f is not closed then we have for all n € N>
im (¢°(I" T, /)F) = (@™ im f)T.
In particular we obtain for a short exact sequence

0 A T s A > 0

groups and a Banach I'-module V' the following:
8. If for ¢ € N the semi-norm on H}(A; V) is a norm we have
im (CP(A;6071)2) = CP(A;im 64 1A
for all p € N.
4. If A is infinite we have for ¢ € N that
im (CF(A;6871)2) = CP(A;im st A
holds for all p € N>y if and only if the semi-norm on Hg(A; V) is a norm.

For the proof of the above proposition we will use the following functional
analytic fact.

Proposition 2.1.8 (characterisation of closed images |1, Corollary 2.15]). For a
bounded morphism f: V — W between Banach spaces the following are equivalent:

1. The image of f is closed in W.

2. There exists a ¢ € Rsqg such that for each w € im f there exists a v € V' with
fw) =w and|vlly < c-Jwly-

Proof of |Proposition 2.1.7,

1. We prove the two inclusions:
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2.1 The Hochschild-Serre spectral sequence

“C”: First let g € im(¢>°(S, f)I'). Then there is some h € £>°(S, V) such
that ¢ = f o h. But this gives in particular that img C im f, i.e., we
can consider g as element of £°°(S,im f)r.

As we already noted above this inclusion uses neither the completeness
of V and W nor the closedness of im f and in fact holds for any bounded
morphism f: V — W of semi-normed R[I']-module over some normed
ring R.

“D”: Now let g € £°(S,im f)!'. Since g is a map S — im f we can choose
for each s € S a preimage of g(s) under f to obtain a map h: S — V
with f o h = ¢g. Moreover, as both f and g are I'-invariant we can also
choose h to be I'-invariant.

Now at first glance it is not clear why h should be bounded, i.e., a
element in £°°(S, V)!', but here we can use the closedness of im f: From
[Proposition 2.1.8| we obtain that there is a ¢ € Ry such that we have

[r(s)|ly < e-llg)]lyp < ¢ llglloe -
So h is indeed bounded.

2. We will construct an element in £°°(I'"*! im f)I' that does not have a preim-
age under (>°(T"+1 f)I':

Since the image of f is not closed we can apply [Proposition 2.1.8|to obtain
for each m € N an element w,, € im f with

Voer—1({wnp) * 10lly > m-[fwnl]. (*)

In particular each w,, in non-zero as zero can’t be a preimage. So we can
multiply each wy, with 1/||wp, ||, and thus assume without loss of generality
that we have ||wy,|| = 1 for each m € N.

Moreover, as I was assumed to be infinite there is a surjective map ¢: I' = N
and we define

h: Tt — im f
(907 s agn) — g1 wcp(gl_lyo)'
Since each wy, lies in the image of f and f is I'-equivariant this map is
indeed well-defined. Moreover, since ||wy, ||y, = 1 for all m € N and the action

I' ~ W is isometric we have that k||, = 1. Finally h is also I-equivariant,
since we have for g, go,..., g, € I' that

g (h(go,---,9n)) =991 wu(gr" - 90)
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1

=g g1 wu(gr' - 99" g)

Now assume for a contradiction that there exists some k € ¢>°(I'"+1 V)
with f ok = h. Then we have in particular for g € I' that

f(k(g,e,...,e)) = h(g,e,...,e€) = Wy (q)-

Hence we obtain

1kl = sup |k(go;--- 90|y
g0,y gn €l

> supl(g,r. - €}y
gel

> sup o(9) || w09l (by ()
g

=sup ¢(9) (|wm|| =1 for all m € N)
gel

=supn (as ¢ is surjective)
neN
= OO,

which is a contradiction. So h € £>°(I'"*! im f)'' has no preimage under
(T, f).

Finally, since we have by [Lemma 2.1.4| for each ¢ € N an isometric isomorphism

q
HY(AV) 2 HO(GH 05 V)A,67) = X0 oo

we get that the im 5%_1 is closed if and only if H{(A; V) is a normed space. Hence
both 3. and 4. follow from the first two parts. O

Remark 2.1.9. Both Ivanov |11] and Matsumoto and Morita [16] showed inde-
pendently that for every group I' the second bounded cohomology H. bQ(F; R) with
real coefficients is a normed space. However, this result does not extend to higher
degrees: Soma [24] proved that the semi-norm on the third bounded cohomology
group Hp(Fy; R) of the free group of rank 2 is not a norm.

As we have seen we can not prove that we always have
im (CP(A;6871)2) = CP(A;im 64 A

we will simply take it as an assumption in the following proposition.
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Proposition 2.1.10 (identification of ®F; and ®FE; terms). Let R be a normed
ring, let

0 A > I AN > 0
be a short exact sequence of groups and let V' be a semi-normed R[I'|-module.
1. Let p,q € N such that we have
im(CY(A; 512_1)A) = C}(A;im 512_1)A.
Then we have a canonical isomorphism

QP o CF(A; HI(A; V).

2. Let p,q € N such that we have the above canonical identification possible
for both ®EY? and ®E’1'+1’q. Then the differential ®EY?: @EPT — ®E§’+1’q
corresponds under these isomorphisms to the usual differential

S8 CP (A HI(A; V)™ — CPTH(A; HI(A; V)™,

8. In particular: If p,q € N such that we can apply the identification of 1.
to ®E11’71’q,®E119’q and ®E11’+1’q then we have a canonical isomorphism

OphT ~p HP (A HI(A; V).
Proof.
1. We know that ®E11”q is given by
OpPi ~p HIP(M,dy,)

— HI(M,d;)

= H9(CP(A; Gy V)N 2, Cp (A 002 )
and that the differential @d; is induced by the standard differential of

(Ci(ascgm,v)Y),61).

Since it is easy to see that we have

ker(CF(A;68)2) = CP(A; ker 64)2
our assumption on the image gives canonical isomorphisms

OpPd =~ HA (C{,’(A; Cr (D VNS, Cp(a; 59)

47



2 Spectral sequences in bounded cohomology

_ ker(CF(A;01)%)
- im(CP(A 0L
_ CP(Asker§l)A
B C{:(A;im(ﬁifl)A

= CF(Asker o/ im o ")> (by [Cemma 2.1.5)
A

SCACEACTR)

>p CF (A HI (A V)2 (by [Comma 2.14)

2. By the construction of the above isomorphism it is clear that the differential
Dy . Ds p+1,
®d1q.®E1q—>®E1 q
corresponds to the standard differential

5 CP (A HI(A V) — CFFY (A HI(A; V)™,

3. Using the identification of the entries on the first page and the identifications
of the differentials, the page-turning isomorphism gives

®Eg’q ~p Hp’q(®E1,®d1)
ker di"?
imdll)_l’q
ker 0%
iméifl
— HP (cg (A;Hbq(A;V))A;cS*A)
= HJ(A; HE(A; V). O

Corollary 2.1.11 (identification of ®E’1)’0 and ®E’2)’0). Let R be a normed ring, let

0 A T s A s 0

be a short exact sequence of groups and let V' be a semi-normed R[I']-module. Then
we have for each p € N canonical isomorphisms

Ophl oy CP(A VMY and  PERY =g HY(A; V).
Proof. Since we have that o ! is trivial we obviously have for each p € N

im (CF (A; 51?1)A) =0=CP(A;imdpt).
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Hence we can apply [Proposition 2.1.10] to obtain canonical isomorphisms

A
OpP0 =p OF(A HY (A V) and  PERY =p HP (A H)(A; V).
Finally the identification H(A; V) =g VA gives the claim. O

Corollary 2.1.12. Let R be a normed ring, let

0 A > I > A > 0

be a short exact sequence of groups with finite A and let V be a semi-normed
R[T']-module. Then there are for all p,q € N canonical isomorphisms

A
CEP > CF (A HE(A;V)) and  CEYT~p HY (A HE(A;V)).

Proof. Due to [Example 2.1.6|this follows directly from [Proposition 2.1.10[ O

Corollary 2.1.13 (identification for Banach coefficients). Let

0 A > I > A > 0

be a short exact sequence of groups and let V' be a Banach I'-module. If for ¢ € N the
semi-norm on Hg(A; V') is a norm, we have for each p € N canonical isomorphisms

-~ A
OB =g CY (A H (A V)

and
OBy gy HY(A: HI(AV)).

Proof. Since H{(A; V) is a normed vector space we can apply [Proposition 2.1.7| to
obtain for each p € N the equality

im(C’f(A; 51(151)A) = C’f(A; im 61(151)A

and an application of [Proposition 2.1.10| finishes the proof. O

In addition to the condition in [Proposition 2.1.10| we can use another argument
to always identify the terms ®E? and @EY7.

Lemma 2.1.14. Let R be a normed ring, let I' be a group and let V be a
semi-normed R[I']-module. Then there are isometric R-isomorphisms

COTV)!' =gV and  CRIT; V)T =g (T V),
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which are natural in the coefficient modules, i.e., each bounded morphism f: V. — W
of semi-normed R[I'|-modules induces a commutative diagram

o

GOV —5

v
cpwin)| l

—R

~

and similar for C}(T; )L
Proof. First we consider the maps
wo: 1>°(T,V)F — Vv and Yo: V. — 1°°(T, V)
f— f(e) v (9= 9-0).

These maps are obviously well-defined and R-linear with ||¢p|| < 1 and ||¢| < 1.
Moreover the image of v is in fact already I'-invariant: For v € V and h,g € I
we have

(h-40(v))(g) = h-o(v)(h " g)
=h-ht.g-v
=g
= o(v)(9)-

Now when restricting g to a map V — £°(T, V)! it is obvious that g and 1
are mutually inverse, and thus are isometric isomorphisms

A F =T, V)F =2z V.
Next let us consider the maps
@1: (T2, V)E — 1°o(T, V)
fr— (9 fle,9))
and
Pr: 090, V) — (T2, V)1
Fr—((g0:91) = g0~ flgg" - 0n))-

Again it is clear that these two maps are well-defined and R-linear with |||l <1
and [[¢1|| < 1. Similar as in the first part the image of v; is I-invariant:
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2.1 The Hochschild-Serre spectral sequence

Let f € ¢>(I',V) and g, go,91 € I'. Then

(9 : wl(f))(.Qngl) =g- (g 90,97 q1)
=99 90 flg5"-9-97" )
=90 flgo" - )
= f(90,91)-

As before by restricting the codomain of ¥ we obtain a inverse of ¢; which provides
the isometric isomorphism

CHT;V)E = (T2, V)T =g (T, V).
In both cases the naturality is clear by construction. O

Remark 2.1.15 (bar resolution). By generalising the above proof one can obtain
for each n € N an isometric isomorphism

CZL(F; V)l" — EOO(FTL-‘Fl’ V)F gR EOO(FTL7 V)

Under these isomorphisms we can identify the standard differential 65 with a
differential 6§ of £>°(I'*, V'), such that the cochain complex

(e>2(r*,V),6%),

the so-called bar cochain complex, can be used to isometrically compute the bounded
cohomology H; (I'; V).

As an example let us compute the differential 5%: Let v € V and let g € T.
With ¢y and ¢ as in the above proof we have

3p(v)(g) = 1 0 8t 0 4o (v)(9)
= 0f o Yo (v)(e, )
= o(v)(e) — to(v)(g)
=v—g-v,
which immediately gives another proof of
HY)(I; V) 2R ker 6% = VT,

Proposition 2.1.16 (identification of ®E(1]’q and ®Eg’q). Let R be a normed ring,
let
0 A > I > A > 0

be a short exact sequence of groups and let V' be a semi-normed R[I'|-module. Then
we have for each q € N the canonical identifications

@E(I)’q =n Hg(A, V) and @Equ ~p Hg(A, V)A
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Proof. Again we have for ®E(1)’q the identification

PEY =g HY(M, dy)
= 130, ;)
= H1(C(A; G T V)M 2, (A 7)),
Now using the natural isomorphism of |[Lemma 2.1.14]this cohomology is canonically
isomorphic to
* A *
®E}! = HY (Cz? (A G V)N, CR(A; 5F)A>
~p HY(Cy(T; V)", 1))
=p HI(A V). (by [Lemma 2.1.4))

Moreover, we can also apply the second natural isomorphism of [Lemma 2.1.14
to see that
OBy =g HY (M, dy)
= HY(M*Y, 4yt
= H* (Cz} (A CEI VM2, Cla; 5F)A>

=g HO(0(A, G (T V)Y), (A, 67) ),

where the differential @d"?: @E)? — @E1? is induced by the differential §%. Hence
the description of 63 in [Remark 2.1.15| gives that the image of [f] € H}(A; V)
under ®d(1)’1 in ®E%’q is represented by the map g — f — g - f. So, using the
page-turning isomorphism, we obtain

@Egvl >, HPI(PF,,%d,)
= p ker @d)! (@d; 0 is trivial)
= HI(A; V)2, O

Now let us collect all the above results of concrete identifications, and give the
spectral sequence a proper name.

Theorem 2.1.17 (the Hochschild-Serre spectral sequence for bounded cohomology).
Let R be a normed ring, let

0 A r s A

~
o
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2.1 The Hochschild-Serre spectral sequence

be a short exact sequence of groups and let V' be a semi-normed R[I'|-module. Then
there exist a first-quadrant spectral sequence (E,dy), called the Hochschild-Serre
spectral sequence, with

EYO=p HP(A; VD) and  EyY =g HI(A; V)R
for all p,q € N, converging to the bounded cohomology of I' with coefficients in V'
EP? = HPTI(T; V).
Moreover, in the following cases we can further identify the second page:
1. If the group A is finite we have for all p,q € N

Eg,q >~p Hg’(A; Hg(A; V))

2. If V is a Banach I'-module and for ¢ € N the semi-norm on Hg(A; V)isa
norm we have for each p € N the identification

EPT =g H) (A HI(A;V)).

Proof. We take (FE,,d,) to be the spectral sequence (®E,,®d,) constructed above.
By the construction of the spectral sequence and [Proposition 2.1.3| we know that
this spectral sequence converges to H;(I'; V). Moreover, the identifications of Eg’o
and Eg ? are just the results of |Corollary 2.1.11| and |Proposition 2.1.16L

The statements about the further identification of the second page are nothing
but |Corollary 2.1.12{ and [Corollary 2.1.13} 0

Of course we could always use [Proposition 2.1.10| to further identify entries in
the Hochschild-Serre spectral sequence.

Remark 2.1.18 (naturality of the Hochschild-Serre spectral sequence). Let R be
a normed ring, let

0 A y I > A > 0
14 b
0 A y I > A > 0

be a commutative diagram of groups with exact rows, let V' be a semi-normed
R[I']-module, let V' be a semi-normed R[I']-module and let f: V — V be a
bounded R-morphism that is compatible with ¢. Moreover, denote by (FE.,d.)
the Hochschild-Serre spectral sequence associated to the first row with coefficient
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module V' and denote by (E*, c’l;) the Hochschild-Serre spectral sequence of the
second row with coefficient module V.

As we have seen in |[Remark 2.1.2| the morphism

Co(y; CP(; f)): CL(A; CP(T; V)M)® — Ci(A; CP(T; V)2

of double complexes induces a morphism of spectral sequences (E*, CT*) — (B, dy),
which is compatible with the induced morphism in cohomology of the total complex.
In [Proposition 2.1.3| we have identified this morphism in cohomology to be

H;(¢; f): Hy (T3 V) = Hy (T;V).
Hence we have a commutative diagram
Epe —— grhoE v
J J’H,’,’*q(@;f)
EYY = H}™I(;V).
Now whenever we can identify for p,q¢ € N both
By =g HY (A H{(A V) and ERT =g HY (A HY (A V)

with one of the identifications in [I'heorem 2.1.17, we get that the map between
the second pages corresponds to

Hf(z/); Hg(T; f)) : Hf(A; Hg(A; V)) — H{:(A; Hg(A; V))
Since the Hochschild-Serre spectral sequence is a convergent first-quadrant

spectral sequence we obtain in particular a five-term exact sequence.

Corollary 2.1.19 (five-term exact sequence in bounded cohomology). Let R be a
normed ring, let

0 A—"5T 25 A > 0
be a short exact sequence of groups and let V' be a semi-normed R[I'|-module. Then
we have an exact sequence

0 — HH (A VA) — HE(T; V) — HE (A V)A — HE(A; V) — HAT;V),
where for i € {1,2} the map H}(A; V) — Hi(T; V) is given by
Hi(p; Iv): Hy(A; V) — Hy(T3 V),
with Iy : VA =V as the inclusion, and HE(T; V) — HE(A; V)2 is given by
Hy (i3idy): Hy(T; V) — Hy (A; V)2,
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2.1 The Hochschild-Serre spectral sequence

Proof. By applying the usual five-term exact sequence of a convergent first-quadrant
spectral sequence [Proposition 1.1.17|to the Hochschild-Serre spectral sequence we
obtain the exact sequence

0— By’ — H(T;V) — EYY — EYY — EZ — 0

and that EZ is isomorphic to a submodule of HZ(T'; V). Hence using our identifi-
cations for Eg’o and Eg’q we obtain an exact sequence
0 — HN A VA) — HY (V) — HY A V)D — HE(A; V) — HE(T;V).

For the identification of the maps we use the naturality of the Hochschild-Serre

spectral sequence [Remark 2.1.18/and the naturality of the five term exact sequence
[Proposition 1.1.17} Consider the commutative diagram

0 A y 0 , 0
o ]
0 AT 25 A > 0
| b e
0 > 0 A N A > 0

of groups with exact rows with the coefficient modules V' for the top and middle
row, and VA for the bottom row. The the naturality of the Hochschild-Serre
spectral sequence and the five-term exact sequence gives a commutative diagram

0 0 y HE(A; V) 2% HI(A; V) 0 » H2(A; V)

T H} (i;idv)T Tincl. T THE(i;idv)

0 — HN(A; VA — HY V) — HE A V)R — HE(A; VA — HEZ(T;V)

idT THI}(LP;IV) T idT THf(@;Iv)

0 = H}(A;VY) o+ HY(A VD) > 0 H (A V) 5 HE(A VY,

~

where the identification of the vertical maps follows from [Remark 2.1.18) Now the
commutativity of the diagram allows us to identify the horizontal morphism of the
middle row as desired. O

Remark 2.1.20 (the flaw of Bouarich’s proof). As we have seen above in
tion 2.1.10| an important step in the identification of the entries of the first and
second page is the equality

im (C} (A; (5‘7_1))A = CY(A;im 5714,
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However, we have also seen in [Proposition 2.1.7| that this equality does not always
hold, even in the “good” case of Banach modules as coefficients.

Yet, Bouarich claims, without any proof, in his paper on the Hochschild-Serre
spectral sequence in bounded cohomology with semi-normed vector spaces as
coefficients that it is always true [2, p. 334].

Besides this flaw the rest of his proof for the identification of the first and second
page works, in fact our proof of [Proposition 2.1.10|is not much different. Moreover,
any corollaries he deduces from his spectral sequence only require identifications
that can always be made, e.g., the identifications of Eg’o and Eg’q, so they hold
regardless.

2.1.2 Application: Amenability and bounded acyclicity

One example of an application of the Hochschild-Serre spectral sequence a proof
of a characterisation of amenable and boundedly n-acyclic morphisms. This char-
acterisation was just recently proved by Moraschini and Raptis [19], without the
use of the Hochschild-Serre spectral sequence. However, they noted that a proof is
also possible using the spectral sequence.

Let us start by proving a “poor man’s” version of the mapping theorem:
Theorem 2.1.21 (poor man’s mapping theorem). Let o: I' = A be a surjective
group homomorphism with amenable kernel A and let V' be a semi-normed R[I']-
module. Then the canonical R-morphism

Hy' (@3 Ty ) HY (85 (V#)Y) — HP (T, VH),
induced by the inclusion Ly 4 : (VYA = V#_ is an isomorphism for each n € N.

Note that in contrast to the “real” mapping theorem the above theorem makes
no statement about the map being an isometric isomorphism.

Proof of |Theorem 2.1.21. Consider the following commutative diagram of groups
with exact rows

0 A sy T —2 5 A > 0
l ‘Pl lidA
0 s 0 s A 3 A 0.
A

Using the amenability of A we know that the bounded cohomology H ng (A; V#)
vanishes [7, Theorem 3.6]. So we have that

(VH)A ifg=0

0 else

gty - {
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is for each ¢ € N a normed space, both V# and (V#)? are Banach spaces and ¢ is
compatible with Iy4: (V#)A < V# we obtain the following commutative diagram
R e HY (A HY (0 (VE)Y)) == HJT(5 (VF)Y)
HP (idA;Hg(O,IV#)>J lH{,’*"(so;Iv#)
ERT2p HY (A HU(A; VH#)) === H}TI(T;V#).
Now both H}(0; (V#)A) and H{(A; V#) are trivial for g # 0. Thus both of the
above two spectral sequences have the second page as oco-page. Together with

the above convergence and compatibility this gives for each p € N a commutative
diagram

ERO 22 HP (A HY (0 (VH#)Y)) — HY(T;V#)
HP (idA;Hl?(O;IV#)>l JH{,’(%IV#)
ER) =g Hy (A H) (A V#)) —— HJ(T;VH).
Under the canonical identifications
Hy (0;(VH)R) = (V) 2 H (A V)

both the right hand and upper morphism are given by the identity. Hence we are
given for each p € N the commutative diagram

HY (A; (V#F)N) == HI(I; V#)
H le(sa;Iv#)
Hy (8 (VI)R) —— HY(T;VH),
which gives that
Hy(p;Ly#): HY (A (VF)Y) — H (L5 V)
is an isomorphism for each p € N. O

Moreover one can also prove a converse of the mapping theorem. Therefore let
us introduce the following notion.

Definition 2.1.22 (amenable group homomorphism). A surjective group homo-
morphism ¢: I' — A with kernel A is called amenable, if for each semi-normed
R[[']-module and each n € N the induced map

Hy' (o3 Lyw ) HE(A; (Iy#)™) — HP(D; VH)

is an isometric isomorphism.
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Theorem 2.1.23 (characterisation of amenable morphisms [19, Theorem 3.1.3]).
Let p: I' = A be a surjective group homomorphism with kernel A. Then the
following are equivalent:

1. The group homomorphism ¢ is amenable.

2. For all semi-normed R[I'|-module V' the induced map
Hy(p3Tyw): Hy (A (VF)Y) — Hy(T;VF)
is an isomorphism.

3. The group A is amenable.

Sketch of proof. Both the implications “1. = 2. and “3. = 1. are clear by
definition and the mapping theorem . Thus we only have to show “2. = 3., which
uses a similar argument as the characterisation of amenability using bounded
cohomology [7, Theorem 3.10]:

We consider the normed R[[']-module V' = ¢*°(T",R)/R, where we identify R as
the subspace of constant maps. Since

HE (i Tys): Hy (A5 (VA)Y) — HET; VH)

is assumed to be an isomorphism the beginning of the five-term exact sequence in
bounded cohomology [Corollary 2.1.19|

H}} (‘P;Iv#) H{} (i;idv#)
—_— —_—

0 ——— HY(A; (VD) HNT; V#) HL(A; V#)A
gives that
Hy(izidy+): Hy(T;V#) — Hy (A V),

where i: A — I is the inclusion, is trivial. In particular the image of the class
represented by the Johnson cocycle vanishes. With this triviality at hand one can
now construct a non-trivial A-invariant functional

(®(I',R) —s R,

which suffices to give the amenability of A.
For greater details we refer the reader to the paper of Moraschini and Raptis |19].
O

Definition 2.1.24 (R-generated Banach module). Let I be a group. For a group
action I' ~ S of I on a set S, the normed R[I'-module ¢*°(S,R) is called an
R-generated Banach I'-module
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2.1 The Hochschild-Serre spectral sequence

Remark 2.1.25 (pullback of a R-generated Banach module). Let ¢: I' = A be
group homomorphism and let V' = ¢>°(S,R) be an R-generated Banach A-module.
Then it is easy to see that the pullback module ¢~V is an R-generated Banach
I'-module.

Definition 2.1.26 (boundedly n-acyclic morphisms and groups). Let n € N.

e A group homomorphism ¢: I' — A is called boundedly n-acyclic if for every
R-generated Banach A-module V' the restriction map

Hy(p;V): Hy(A;V) — Hy (T;07'V)
is an isomorphism for ¢ < n and injective for ¢ = n + 1.

o A group I' is called boundedly n-acyclic if for each i € {1,...,n} we have

HY(I';R) =R 0.

Moreover, we call a group homomorphism or group boundedly acyclic if it is
boundedly n-acyclic for each n € N.

When comparing the definition of boundedly n-acyclic morphisms and groups
there is a slight discrepancy: For a boundedly n-acyclic group we only consider the
coefficient module R, where as in the case of boundedly n-acyclic morphism we
consider any R-generated Banach modules. But this is (at least to some extend)
resolved by the following.

Proposition 2.1.27 (|19, Proposition 2.6.4]). Let n € N and let T' be a boundedly
n-acyclic group. Then for each R-generated Banach I'-module with trivial I'-action
and each i € {1,...,n} we have HY(I'; V) = 0.

Now that we have introduced all the relevant notions we come to the characteri-
sation of boundedly n-acyclic morphisms.

Theorem 2.1.28 (characterisation of boundedly n-acyclic morphisms [19, Theorem
4.1.1]). Let n € N and let ¢: T' — A be a group homomorphism with kernel A.
Then the following are equivalent:

1. The morphism ¢ is boundedly n-acyclic.

2. For every R-generated Banach A-module V' the induced restriction map
Hy(¢;V): Hy(A;V) — Hy(T;907'V)

is surjective for i € {0,...n}.
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3. The morphism ¢ is surjective and for each relatively injective R-generated
Banach A-module V' we have

Hy(A;97'V) 2R 0
forie{l,...,n}.
4. The morphism @ is surjective and the group A is boundedly n-acyclic.

Proof of “4. = 1.7 using the Hochschild-Serre spectral sequence. All other impli-
cations (and a proof of “4. = 1. without using spectral sequences) can be found
in the original paper of Moraschini and Raptis [19].

Let V' be an R-generated Banach A-module. Since A is the kernel of ¢ it is clear
that the restricted A-action on o'V is trivial. Hence [Proposition 2.1.27| gives that

Hi(A;7'V) 25 0
for i € {1,...,n} and we moreover have
H) (A7 V) = (7' V) =V

Now this gives that in the Hochschild-Serre spectral sequence of the short exact
sequence

0 A < r *5A

~
o

with coefficient module ¢!V we can identify

HP(A;V) ifq=0
EP:Qg Hp A;Hq A; —IV ~ b ’
2" SR HY (A H (A 7V)) = itge{l,...,n)

for all p € N. In particular we obtain for each r € N>9 and each p € {0,...,n+ 1}
that the differential

p—r,r—1, pp—rr—1 p,0
dr s EF — E¥

is trivial, as either » > p, in which case the domain lies outside the first quadrant,
or r < p < n, where the domain is trivial by the above identification. Hence, we
get with the above identification of the second page that

HP(A;V) ifg=0andpe{0,...,n+1}

EPAIQ
o0 .
0 ifge{l,...,n} and p € N.

60



2.1 The Hochschild-Serre spectral sequence

HI?H(A; e V) e ° ° °
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

VA HHAV) HE(AV) HYA V) HHAV)

Es

Figure 2.1: The second page of the spectral sequence used in the proof of

Now for i € {0,...,n + 1} the convergence towards H; (I'; o'V gives the exten-
sion problems

0 0 FIH ——— B =g H(AV) —— 0

0 — s Figi — s pi-lgi o gpiobl_og 4

0—— F2H' — S F'H' — s E =0 —50

~
e

0 —— F'H —— H\(T;p"'V) EY
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2 Spectral sequences in bounded cohomology

Inductively solving these problems results in the short exact sequence

0 —— BY =5 H(AV) —— Hi(T;07'V) EY 0.

Hence we have a map . ,
Hi(A; V) — HY(T;07'V)

which is for i = n + 1 injective and for i € {0,...,n} an isomorphisms as in this
case E%! = 0.
In order to identify this map as H}(p; V) we use naturality: By considering

0 y A < r 25 A > 0
| A
0 > 0 A idA>A > 0

the naturality of the Hochschild-Serre spectral sequence [Remark 2.1.18| results in
the commutative diagram

0 —— EX =g H(AV) —— HiT;97'V) —— EY —— 0

idT TH;;(%V) T

0 — B =5 Hi(A;V) —— Hj(A;V) 0 > 0

of extension problems, where (E*, J*) denotes the Hochschild-Serre spectral se-
quence of the lower exact sequence. This gives the desired identification. ]
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