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ABSTRACT

MINIMAL NON-FC-GROUPS AND
COPRIME AUTOMORPHISMS OF
QUASI-SIMPLE GROUPS

Ersoy, Kivang
M.Sc., Department of Mathematics
Supervisor: Prof. Dr. Mahmut Kuzucuoglu
Co-Advisor: Assist. Prof. Dr. Ayse A. Berkman

September 2004, 62 pages

A group G is called an FC-group if the conjugacy class of every element
is finite. G is called a minimal non-FC-group if GG is not an FC-group, but
every proper subgroup of GG is an FC-group. The first part of this thesis is
on minimal non-FC-groups and their finitary permutational representations.
Belyaev proved in 1998 that, every perfect locally finite minimal non-FC-
group has non-trivial finitary permutational representation. In Chapter 3,
we write the proof of Belyaev in detail.

Recall that a group G is called quasi-simple if G is perfect and G/Z(G)
is simple. The second part of this thesis is on finite quasi-simple groups
and their coprime automorphisms. In Chapter 4, the result of Parker and
Quick is written in detail: Namely; if ) is a quasi-simple group and A is a
non-trivial group of coprime automorphisms of @ satisfying |Q : Co(A)| <n
then |Q| < n?, that is |Q| is bounded by a function of n.

v
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oY/

MINIMAL FC OLMAYAN GRUPLAR VE
YARI BASIT GRUPLARIN GORECELI
ASAL OTOMORFIZMALARI

Ersoy, Kivang
Yiiksek Lisans, Matematik Bolimi
Tez Yoneticisi: Prof. Dr. Mahmut Kuzucuoglu
Yardimc:r Damisman: Yrd. Dog¢. Dr. Ayse A. Berkman

Eyliil 2004, 62 sayfa

Eger G grubunun her elemaninin eslenik sinifi sonlu ise G’ye FC grup
denir. Eger G bir FC grup degil, ancak G'nin her 6z altgrubu bir FC
grup ise G’ye minimal FC olmayan grup adi verilir. Bu tezin ilk bolimi
minimal FC olmayan gruplar ve onlarin sonlumsu permutasyon gosterimleri
iizerinedir.  Belyaev 1998’de her yerel sonlu, minimal FC olmayan ve
G = (' esitligini saglayan grubun sonlumsu permutasyon gosterimi oldugunu
kanitladi. Bolim 3’te, Belyaev’in kaniti ayrintilariyla yazilmigtir.

Eger G = G’ ve G/Z(G) basit ise G grubuna yar1 basit denir. Tezin
ikinci boliimii yar1 basit gruplar ve onlarin goreceli asal otomorfizmalar:
iizerinedir. Boliim 4’te, Parker ve Quick’in kanit1 ayrintilariyla yazilmigtir.
Buna gore, eger () bir yar1 basit grup ve A, @Q'nun birimden farkli bir goreceli
asal otomorfizma grubu ise ve | : Cg(A)| < n saglaniyorsa bu durumda

|Q| < n? olur, yani ) grubunun mertebesi n'nin bir fonksiyonuyla sinirlanir.

vi



Anahtar sozciikler: Minimal FC olmayan grup, sonlumsu permutasyonal

gosterim, yar1 basit grup, goreceli asal otomorfizma.
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CHAPTER 1

INTRODUCTION

A group G is called an FC-group if conjugacy class of every element in G
is finite. A minimal non-FC-group is a group G which is not an FC-group,
where all proper subgroups of G are FC-groups. In [2], Belyaev described all
minimal non-FC-groups which are different from their commutator subgroups
and showed that non-perfect minimal non-FC-groups are exactly the Miller-
Moreno groups described in [5]. Recall that a group G is called a group of
Miller-Moreno type if G’ is infinite and for every proper subgroup H in G,
we have H' is finite. In [2], Belyaev also showed that a perfect locally finite
minimal non-FC-group is either a quasi-simple group or a p-group. Recall
that a group G is called quasi-simple if G is perfect and G/Z(G) is simple. In
[22], Kuzucuoglu and Phillips proved that there exists no simple locally finite
minimal non-FC-group. This result says quasi-simple case is impossible in
the case of locally finite groups. Therefore, a perfect locally finite minimal
non-FC-group must be a p-group. Leinen and Puglisi showed in [23] that
every perfect locally finite minimal non-FC-group has a non-trivial finitary
linear representation. Moreover they proved that if a perfect locally finite
minimal non-FC group exists, then it will be a subgroup of a McLain group
M(Q,GF(p)). In [4] Belyaev strenghtened the result of [23] by proving that
every perfect locally finite minimal non-FC-group has non-trivial finitary
permutational representation. The aim of the first part of this thesis is to

explain this work in detail. The same theorem is also proved by Leinen in
24].



In Chapter 4 we study the fixed points of automorphisms of quasi-simple
groups. The inner automorphisms of order 2 are first studied by Brauer.
Namely, in [6], Brauer has indicated that the information on the structure of
the centralizers of involutions may give structural results about a finite simple
group. Then he proved that if a simple group G contains an involution j such
that C(j) is isomorphic to the centralizer of an involution in Ly(q) or L3(q)
with some restriction on ¢, then G is isomorphic to the corresponding group
Ls(q) or L3(q) except for a few isolated cases. This played an important role
and gave direction to group theorists for the classification of finite simple
groups. The general problem is: If some information is given about the fixed
points of automorphisms of a group, then what kind of information can we
obtain about the structure of the group? On these lines the case A < Aut(G)
and (JA],|G|) = 1 obtain a special attention. In the case if |[A| = p and
A acts fixed point freely on G, then Thompson proved in [31] that G is
nilpotent. There are results showing that the structure of Cg(A) imposes
some restriction on G. For example, Turull proved in [34] that if G is a finite
soluble group and A a group of automorphisms such that (|A|, |G|) = 1, then
when Cg(A) =1 and A acts with regular orbits on G, we have h(G) < I(A)
where h(G) denotes the Fitting height of G and I(A) denotes the length of
the longest chain of subgroups of A. Moreover, in this case, if A is soluble
then h(G) < 20(A) + h(Cg(A)).

The second part of this thesis is about finite quasi-simple groups and
coprime automorphisms. Parker and Quick worked on the following problem
which is dual to above problems: Let GG be a finite group and A be a group of
coprime automorphisms of G such that |G : Cg(A)| is bounded by n. They
proved that in this case we can bound |[G, A|| with a suitable function of n.
In this proof they used the following result:

If @ is a quasi-simple group and A a group of automorphisms such that
orders of @ and A are coprime and |Q : Cg(A)| < n, then |Q| < n®. In the



second part of this thesis, the proof of this result is written in detail.



CHAPTER 2

PRELIMINARIES

In this chapter we give the basic definitions and primary results that we

will use in other chapters.

2.1 Minimal non-FC-groups

Definition 2.1.1. An element g € G is called an FC-element if it has a

finite number of conjugates in G.
Theorem 2.1.2. In any group FC-elements form a characteristic subgroup.

Proof. Let g and h be any two FC-elements in G. Then Cg(g) and Cg(h)
have finite index in G, which implies Cg(g) N Cg(h) has finite index in G.
Ca(gh™) > Ca(g) N Cg(h) so Cg(gh™') has finite index in G, i.e. gh™! is an
FC-element. Therefore, the set of FC-elements form a subgroup of G. Let «
be an element of Aut(G). Since Ci(9*) = (Ca(g))*, g* is an FC-element.
Therefore the set of FC-elements of any group forms a characteristic sub-

group. O

Definition 2.1.3. The subgroup consisting of the FC-elements is called the
FC-center.

Definition 2.1.4. A group G is called an FC-group if it is equal to its

FC-center, that is, every conjugacy class of G is finite.

Example 2.1.5. Every finite group and every abelian group are FC-groups.



Definition 2.1.6. A group G is called quasi-abelian if G’ is finite.
Theorem 2.1.7. FEvery quasi-abelian group is an FC-group.

Proof. Let |G'| = n and a € G. We claim that a has at most n conjugates.
Suppose to the contrary that a has n + 1 distinct conjugates by, by ... b, ;1.

For 1 < i <n+ 1 there exists g; € G such that
bi = g; 'agi

So bija™! = g;tagia™! € G' for alli = 1,2,...n+1. Therefore S = {[g;,a™"] :

~1is a one-to-one

1 <i<n+1}isasubset of G'. Since the map a% — a%.a
function, the set S has n + 1 elements.
That is, n + 1 = |S| < |G’| = n which is a contradiction. Hence a has at

most n conjugates for all a € G, i.e. G is an FC-group. [

Definition 2.1.8. A group G is called a minimal non-FC-group if it is
not an FC-group and every proper subgroup of G is an FC-group.

Example 2.1.9. Recall that the quasi-cyclic p-group C, is defined as {z €
C: 2" = 1,n € N} with the usual multiplication in C.

Let G = (¢) x Cpee where 9 is the automorphism of Cpe which takes x to
™! (¢ is an automorphism since Cp is abelian.) Now, (for the case where
pis odd), Ce(v) = {1,¢} has order 2. Therefore, |G : Cx(1))| is infinite, so
G is not an FC-group. However, every proper subgroup of G is either finite,
or isomorphic to Cpe, hence abelian. Therefore all proper subgroups of G

are FC-groups. So, G is a minimal non-FC-group.

Definition 2.1.10. A group G is called a group of Miller-Moreno type (or
a minimal non-quasi-abelian group) if G' is infinite and for every H < G we
have H' is finite.

By Theorem 2.1.7, all proper subgroups of a group of Miller-Moreno type
are FC-groups. We will prove Theorem 2.1.12 to conclude that every group



of Miller-Moreno type is a minimal non-FC-group. First we will state the

following result which will be necessary to prove Theorem 2.1.12.

Lemma 2.1.11. (Schur) Let G be a group with |G/Z(QG)| finite. Then G’

is finite.

Proof. Let |G/Z(G)| = n. Then every element g € G can be written in the
form g = x;2; where z; € {x1, 25 ... 2,} are the coset representatives of Z(G)
in G. Now, since for all z € Z(G) and g,h € G we have [g,h] = [gz,h] =
lg, hz], every commutator [g, h] € G’ can be written as [z;, z;] where g = z;2;
and h = x;z; for some z;,z; € Z(G). Therefore, there are at most n? — n
non-identity commutators in G, since [z;,x;] =1 for all i € {1,2,...n}. The
commutator subgroup G’ is generated by the commutators, so it is an n? —n
generated group.

Claim: Every element g € G’ can be written as a product of at most n®
commutators.

Let Q = {[z;,z;] : 4,7 = 1,2...n} be the set of all commutators. If the

claim holds, then

n3

G' C H Q;, where each ; = Q has n? — n + 1 elements.
i=1
This implies G’ is finite. Now assume there exists an element g € G’ such

that g can be expressed as a product of at least k commutators d;,,d,, ...d;,

where k > n3, that is ¢ = d;,d;,...d
2

;- oince the total number of com-

mutators is n® — n + 1, one of the commutators must repeat at least n + 2
times. For a commutator [z,y]|, we have [z,y]Y = [29,¢y9]. Hence, a con-
jugate of a commutator is also a commutator. Consider d;,.d;,.d;,.d;; =
& d " dyydyy diy = d2d

7d;, diy. By this way, we can switch the repeating

commutator to the beginning of the writing of ¢ as a product of commu-
tators. Therefore, if d = [a,b] is the n + 2 times repeating commuta-

tor, g can be written as g = d""?.d;,.d;, ...d;, for some commutator dj,



where the total product is of lenght k¥ > n3. Since G/Z(G) has order n,
d" € Z(G). Then (d")* = d". Now, d".d*> = [a,b]".[a,b]* = ([a, b]")%[a,b]* =
([a, b]" 1) [a, b]*.[a, b)* = ([a, b]" 1) [a?, b][a, b] since [a*b] = a=2b"'a®b =
a?b"taab = a=*b"tabaa"'b"'ab = a~*b"'abala, b] = [a,b]*.[a,b]. Therefore,
the number of commutators in the product reduced 1 which contradicts with
k being the least. Hence given an element g € G’ can be written as a product

of at most n® commutators, which proves the claim. O
Theorem 2.1.12. A group of Miller-Moreno type can not be an FC-group.

Proof. Let G be group of Miller-Moreno type. Assume that G is an FC-
group. Since G’ is infinite, clearly G is non-abelian. Choose g € G\Z(G).
Since G is an FC-group, |G : Ce(g)| < oc.
Let H = (),c(Calg))®. Since Cg(g) is proper, H is proper. Then since
G is of Miller-Moreno type, H' is finite. Also |G : H| is finite. So G = FH
where F is a finitely generated subgroup of G. Let G = G/H' = FH. Then
|G : Ca(F)| < oo since G is an FC-group. Since |G : H| < oo, the index
|G Ca(F)NH| =|G: H||H : Ca(F)N H| < co. Clearly Ca(F) N H is
contained in Z(G). Hence |G : Z(G)| is finite. Now, by Lemma 2.1.11, G’
is finite. But then G' = (G/H') = G'H'/H' = G'/H’ is finite. Since H’ is
finite by assumption, we conclude that G’ is finite, which is a contradiction
since G is of Miller-Moreno type.
O

Now we give a lemma which we use later.
Lemma 2.1.13. (Grin’s Lemma) If G is perfect, then Z(G/Z(G)) = 1.

Proof. Let aZ(G) € Z(G/Z(G)). Then aZ(G) commutes with xZ(G) for
every x € G, that is, for every x € G, [a,x] € Z(G). Now, define

¢ :G — Z(G)

x +— [z, al.



1 1 1 1

2Y) = |2y, al = e ta leya = y e ta raa tya
Ga(ry) = [zy,0] =y ya=y y

=y 'z, ala” ya = [z, a][y, a] = ¢a(2)Pa(y)

since [z,a] € Z(G). So ¢, is a homomorphism.
Ker(¢,) ={x € G:[z,a] =1} = Cx(a)

Then G/Cq(a) = Im(¢.) < Z(G), so G/Cg(a) is abelian. Therefore,
G' < Cg(a). Since G is perfect, G = Cg(a). Therefore a € Z(G). Hence
Z(G/Z(G)) = 1.

[l

2.2 Permutational representations

Definition 2.2.1. Let G be a transitive permutation group on X. A proper
subset Y C X with at least two elements is called a block of imprimitivity
of G if for each permutation o € G, either Y =Yo or YNYo = 0. A group
is called tmprimaitive if it has at least one block of imprimitivity, otherwise

it 1s called primative.

Theorem 2.2.2. Let G be a group acting on a set X transitively and N be a
normal subgroup of G. Then orbits of N form a set of blocks of imprimitivity
i X and G acts on the set N-orbits of X transitively. .

Proof. Let X; be an N-orbit in X, i.e. X; = {x;.n:n € N} for some z; € X.
For some g € G assume X; N X;.g # (). Then there exist x;,y; € X; such that

x; = 1;.9. Now for all z; € X;, since z; = x;.n for some n € N,

zi =z = (y;.9)n = y;.(9n) = yi.((gng™")g)

Now since N < G, gng™' € N, we have y;.((gng™")g) = v;.(n? g) =
(yin? ').g € X;.9. So X; C X;.g. Conversely if a € X;.g, then a = t;.g



for some t; € X;. Now, since y;, t; belong to the same orbit X;, t; = y;.n; for

some n; € N. Then

a=ti.g=(y;n).9=yi-(n1g) = y;.(9(¢ "'n19)) = z:.(g7 "'n1g) € X;

since N < G and Xj; is an N-orbit. So a € X, ie X;.g C X;. Since we have
already showed that X; C X;.g9, X; = X,.¢

Therefore X; is a block of imprimitivity in X.

Let X;, X; be two N-orbits in G and z; € X;, z; € X, be any two elements
of X. Since G acts on X transitively, there exists g € G such that z; = z;.g.
Then z; € X; N X,.g, by imprimitivity X; = X,.g i.e. for any N-orbit X;, X;
of X, there exists g € G that takes X; to X;. Therefore G acts transitively
on the blocks of imprimitivity of X.

O

Definition 2.2.3. A homomorphism from a group G into Sym(X) of some

set X 1s called a permutational representation of G on X.

The following result is known as Cayley’s Theorem, says that every group

has a permutational representation.

Theorem 2.2.4. (Cayley’s Theorem) Every group is isomorphic to a

group of permutations.
Proof. See Corollary 4.6 in [19] O

Definition 2.2.5. Let € be an infinite set. The set of all finitary permuta-
tions on  denoted by S(Q)) is the set of all permutations of 0 which fix all
but finitely many elements of Q.

Definition 2.2.6. Let V' be a vector space over the field ¥ and « is a linear
transformation of V. « is called finitary if [V,a]={v(a —1) :v € V} is a

finite dimensional subspace of V.



Definition 2.2.7. The set of all invertible finitary transformations on a
vector space V' is denoted by FGL(V, F') C EndpV . Subgroups of FGL(V, F)

are called finitary linear groups.
Theorem 2.2.8. Fvery group of finitary permutations is finitary linear.

Proof. Let G be a group of finitary permutations. Then there exists a set
2 such that G acts on Q faithfully with x.g = z for all but finitely many
elements z in . Precisely, let Q = {a; : i € I} where I is an index set and
let V be the vector space with basis {v,, : ¢ € I} over a field F.

Let I' = {a;,,aj,,...a;, } be the set of the elements which are not fixed
by G.

Define

—:G— GL(V)
g—9
where g is the linear transformation of V given by the following:

g:V—YV

Va; = Va;.g-

Then — is a homomorphism from G into GL(V), that is G can be embedded
in GL(V). Moreover [V,g] is a finite dimensional vector space as [V, g] is
contained in W = (v,; : i € {1,2,...n}). Therefore GG is a finitary linear
group. L]

By Theorem 2.2.8 we can conclude that for a group G, having a finitary
permutational represantation is a stronger property than having a finitary

linear representation.

Definition 2.2.9. Let X and Y be subgroups of G. X and Y are called

commensurable if X NY has finite index in X and Y.

10



Definition 2.2.10. A group G is called an infinite Schmidt group (or a
quasifinite group) if every proper subgroup of G is finite.

Example 2.2.11. C,~ is an infinite Schmidt group for every prime p.

Definition 2.2.12. A group G is called locally graded if any non-trivial
finitely generated subgroup H of G has a proper subgroup of finite index.

2.3 The minimum condition and Chernikov
groups

Definition 2.3.1. A group G is said to have minimum condition on sub-
groups, or simply, man, if each non-empty set of subgroups of G has a min-
imal element; that is, if S = {H; :i € 1} is a set of non-empty subgroups of
G, then there exists K € S such that if L € S and L < K, then L = K.

Example 2.3.2. All finite groups satisfy min.

Example 2.3.3. Schmidt groups satisfy min since their all proper subgroups

are finite.

The following lemma gives a useful characterization for the groups satis-

fying min.

Lemma 2.3.4. A group G has the minimum condition if and only if every

descending chain of subgroups terminates in finitely many steps.

Proof. Suppose G satisfies min but it has an infinite proper descending chain
G0>G1>G2>...

Then Q = {Gy, : k € N} is a set of subgroups which does not have a minimal

element, so we get a contradiction.

11



Conversely suppose G does not satisfy min, but every descending chain
of subgroups terminates after finitely many steps. Since G does not satisfy
min, there exists a non-empty set X consisting of subgroups of G such that
> has no minimal element. Then for any H; € ¥, we can choose an element
H; 1 € ¥ such that H;y; < H;. With this construction,

Hy > Hy > ...

forms an infinite descending chain which contradicts with the assumption.
O

Here we will give a famous theorem of Shunkov and Kegel-Wehrfritz which

we will use later, without giving the proof. For the proof, see [21] or [27].

Theorem 2.3.5. Every locally finite group satisfying min is Chernikov.

2.4 McLain’s Group

Let Q be the set of rational numbers. If (A, i), (A1, 1) € Q x Q satisfying
w—A>0

/,Ll—)\1>0

then there exists an order preserving permutation « of Q such that Aa =
A1, pae = py. To be precise;
T = A
=3

To (A — 1) + A, VreQ.

Let F be a field, V countably infinite dimensional vector space with basis
B={vy : A € Q}. Define ey, for all A < p, A\, p € Q such that

v, ify=2A
0 ify#A\

Uyexp =

12



The standard multiplication rules hold for these ey,:

exyg fpu=v
ExpCry =
0 otherwise.

In particular €5, = 0. It follows that (1+aey,) ™' = 1 —aey, foralla € F.

It is easy to verify the following:

1+abe)\9 if,u:l/
1 if p #vand \ # 0.

[1 + CL@ML, 1 + beyg] =

McLain’s group is the group of linear transformations of V generated by
all 1+ aey, where a € F and A < p € Q. In other words, McLain’s group
M(Q,F) =(14+aey,: a€F, \,peQ, A < p). Every element z of M(Q,F)

can be written uniquely in the form

r=1+ Z WP where almost all of ay, are zero.
A<u

Conversely, every element of this form belongs to M(Q,F). To prove this
assume that  # 1 is an element of this form and let py € Q be the largest
element in Q satisfying ay,,, # 0 for some Ay € Q. Denote u = ax,uy€rouo
and v = x —u — 1. Now, uv is the sum of elements of the form by,,, ex, .,
where \g < py and pg < p1. Since pg is chosen to be maximal among
the indices of nonzero coefficients, we obtain by,,,ex,u, = 0, so uv = 0.
Therefore, z = 1 + u+v = (1 + u)(1 + v). By induction on the number
of non-zero terms in z, we have 1 + v € M(Q,F), 1 + u € M(Q,F) then
r=(14+u)(l+v) e M(Q,F).

Definition 2.4.1. A group G is called locally nilpotent if every finitely gen-
erated subgroup of G' is nilpotent.

Now we will state a property of locally nilpotent groups which we will

use later.
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Theorem 2.4.2. Minimal normal subgroup of a locally nilpotent group G is

central.

Proof. Let N be a minimal normal subgroup of G which is not central. Then
since N £ Z(G), there exist a € N, g € G such that b = [g,a] # 1.
Since N is normal in G, we have b = [g,a] = g~'a"'ga € N. Since N is
minimal, b = N. So a € (b9 ...b%) for some certain g; € G. Denote
H = {a,9,91...9n). Since G is locally nilpotent, H is nilpotent. Set A =
a!’ = (a" : h € H). Then b = [a,g] = a"tg tag € [A, H] since a € A and
g € H. Since [A, H) = [A, H] and g; € H, we have V9 € [A, H|¥ = [A, H|,
therefore a € [A, H]. Now, since A is normal in H, we have [A, H] < A. Now,
since [A, H] is normalized by H, and A is the minimal normal subgroup of
H containing a, we have A = [A, H|. But then [[A, H], H] = [A, H] = A, so
inductively [A,. H] = A for all € N. But [A,, H] < v,.(H) which is equal to
1 after some r since H is nilpotent. Then A=1. Soa=1and b= [a,g] =1

which gives a contradiction. O

The following result which we will state without proof is a generalization
of the Fitting’s Theorem which states that in any group G, product of normal
nilpotent subgroups H and K is nilpotent of at most class equal to sum of

nilpotency classes of H and K.

Theorem 2.4.3. Let H and K be normal locally nilpotent subgroups of G.
Then the product J = HK 1s locally nilpotent.

Proof. See [26], Theorem 12.2. O

Theorem 2.4.4. In every group G, there is a unique mazximal normal lo-
cally nilpotent subgroup (called the Hirsch-Plotkin radical of G) containing

all normal locally nilpotent subgroups of G.

Proof. Let € be the set of normal locally nilpotent subgroups of GG. Since
1 € Q, we have Q # (). Now, let Ny < Ny < ...N,... be a chain in Q.
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Since the union |J,.; N, is normal and locally nilpotent, every chain in
has an upper bound. By Zorn’s Lemma, €2 has a maximal element, that
is G has a maximal normal locally nilpotent subgroup. Now, if H and K
be two maximal normal locally nilpotent subgroups of GG, then by Theorem
2.4.3, HK is a normal locally nilpotent subgroup of G which contains both
H and K. Since H and K are maximal, we have H = HK = K. So,
for every group the maximal normal locally nilpotent group containing all

normal locally nilpotent groups is unique. O

The following theorem, which is known as McLain’s Theorem, lists the

essential properties of the McLain’s group.
Theorem 2.4.5. Let M = M(Q,F).

1. M 1is a product of its normal abelian subgroups, so M 1is locally nilpo-

tent.

2. If char(F) = p, then M is a locally finite p-group. If char(F) =0 then

M 1is torsion-free.

3. M is characteristically simple, hence M is perfect and Z(M) = 1.

Proof. 1. Let 1 4 aey, be an element of M where a # 0. Consider the

normal closure (1 + aey, ) of 1+ ae,,. Clearly we have
(1+aen)™ = (1 +aey,)? : g € M).
Now, for a < 3, we have
(14 beas) (1 + aex,) (14 beas) = (1 + aex,)[1+ aexu, 1 + beqgs]
(1+aey,) if a # p.

(1+aey,)(1+abeyg) if a=p.

(1+aey,) if o # p.
(14 aey, + abeyg) if a=p,
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since ey,eng = 0. Therefore, every conjugate of 1 4 aey,, belong to the

subgroup generated by 1 + ue,s where v < X\ <y < 0. Now, since
(1 + uqs) (1 + veee) = (14 veee) (1 + uqs)

holds for v < A < p < dand £ < A < p < ¢, and (1 + aey,)™ is
abelian. Since M is generated by elements of the form 1 + aey,, M
is the product of its normal abelian subgroups. By Theorem 2.4.4,
we know that the Hirsch-Plotkin radical J of M contains all normal
locally nilpotent subgroups, then J must contain all the normal abelian

subgroups. Then J = M, therefore M is locally nilpotent.

. Let 2 be an element of M. Then there exists \{ < Aa < ... <\, € Q
such that

n
r=1+ E AXiNip1 XA
i=1

Then x belongs to the subgroup H = (14+aey,,, :i=1,2...n—1,a €
F). Now, the map ¢ : H — UT(n,F) given by 1+ aey,,,, —
I + aF;;11 where I denotes the n x n identity matrice and Ej; is the
n X n matrice whose ij-th entry is 1 and other entries are zero, gives

an isomorphism between H and UT'(n, ).

We know that if char(F) = 0 we have UT'(n,F) is torsion-free and if
char(F) = p then UT'(n,F) is a p-group. Since every element of M is
contained in a subgroup which is isomorphic to UT'(n, F) for some n, we
conclude that if char(F) = 0 then M is torsion-free and if char(F) = p
then M is a p-group.

Now, when char(F) = p, let K be a finitely generated subgroup of
M, that is K = <]'+a/kie)\ki>\ki+1 1 =1,2..n—1,k=1,2...m for
some m and ai, € F). Then, by the same way we can embed K into a

unitriangular group UT'(r,F) for some suitable r. Since char(F) = p,
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the unitriangular group UT(r,F) is a p-group. Hence, K is finite, that
is, M is locally finite.

3. Let E be a non-trivial characteristic subgroup of M. First we need to
show that E contains a generator of M. Let x € E, clearly x = 1 +
)y €A1 - - - O CAmpe - L hED T belongs to a subgroup H generated

by 1+ ey,,,. By above arguement H = UT(n,F), so H is nilpotent.

Now, since x € H N E, the intersection H N E # (). Since £ < M,
we have H N E < H. Since H is nilpotent, Z(H) intersects with
every non-trivial normal subgroup of H non-trivially. Therefore, 1 #
Z(HHNHNE = Z(H) N E. Now, since H = UT(n,F), we have
Z(H) =2 Z({UT(n,F)) = (I + aEy, : a € F). Therefore, Z(H) is
generated by elements of the form 1 + aey,,, that is E contains a

generator of M.

Given pq, o € Q with p; < po we know that there exists an order-
preserving permutation such that ;a0 = Ay and psar = A,. Now,
(14 aey,)a = 1+ aexq pas SO @ is an automorphism of M. Since E is a
characteristic subgroup, E contains 1+ aey, for all (A, u) € Q x Q with
A < p. Moreover, if b € F then [1 + ay,, 1 + a tbepunu] =1+ bey, € E
for all @ < v. Therefore, E' contains all the generators of M, that
is E = M. So M has no proper non-trivial characteristic subgroups.
Now, since Z(M) and M’ are characteristic subgroups of M, since M
is non-abelian we have Z(M) =1 and M’ = M.

m

Lemma 2.4.6. Let F be a finite field with characteristic char(F) = p. The
McLain’s group M = M(Q,F) has no proper subgroup of finite indez.

Proof. Let K be a subgroup of M of finite index. By the right action of M on
the cosets of K, there exists a normal subgroup N of M such that N <K with
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|M /N| =n. Then (zN)" = N for all z in M. Now, N > M" = (z" : x € M)
and M" is a characteristic subgroup of M. But by Theorem 2.4.5, M is
characteristically simple, so M™ = 1 which is not true since M has elements
of order p* for all k € N, that is, M is not of bounded exponent. So M has

no subgroups of finite index. O

Corollary 2.4.7. If char(F) = p, McLain’s group has no finitely generated

normal subgroup.

Proof. Let G = M(Q, F).Clearly where char(F) = p, M(Q, F) is locally finite
by Theorem 2.4.5. Assume that it has a finitely generated normal subgroup
N. Then N must be finite. Since G acts on N, there exists a homomorphism
¢ : G — Aut(N). Then G/ker(¢) < Aut(N) where Aut(N) is finite. So
ker(¢) is a subgroup of G with finite index, but this contradicts Lemma
2.4.6. [

2.5 Central extensions

Definition 2.5.1. A central extension of a group G is a pair (H, ) where
H is a group and w : H — G is a surjective homomorphism with ker(mw) <

Z(H). H is also said to be a central extension of G.

Example 2.5.2. PSL(n,F) is defined as SL(n,F)/Z(SL(n,F)). Con-
sider the canonical homomorphism 7 from SL(n, F') to PSL(n, F). Clearly
ker(m) = Z(SL(n, F)). So (SL(n, F), ) is a central extension of PSL(n, F).

Example 2.5.3. Consider the quaternion group

Qs = (v,y: 2" = 2%y > =y layr = 1).

Consider Z(Qs) = (z%). Now, Qs/Z(Qs) is isomorphic to the Klein-
4-group V since Qg/Z(Qg) has order 4 and xZ(Qs), yZ(Qs), xyZ(Qs) are
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three distict elements of order 2 in Qs/Z(Qs). Therefore, Qg is a central
extension of V.

Recall that the dihedral group Dg of order 8 is given by Dg = (r,p : r* =
p* = (pr)? = 1). Now, Z(Dg) = (r*) and Dg/Z(Dg) = V since Dg/Z(Ds)
has order 4 and pZ(Ds), rZ(Ds) and (pr)Z(Ds) are three distinct elements
of order 2 in Dg/Z(Dg). So both Qg and Dg are central extensions of the

same group V. Therefore central extensions of groups are not unique.

Definition 2.5.4. A morphism « : (G1,m) — (Ga,m3) of central exten-
sions of G is a group homomorphism « : G — Go with 7 = ams,. That

18, if « 1s a morphism of central extensions, then the following diagram

commutes:
Gy 2 Go
T\ | o
G

Definition 2.5.5. A central extension (G, ) of G is said to be universal

if for each central extension (H,o) of G there is a unique morphism « :

(C~¥,7r) — (H,0).

Theorem 2.5.6. Up to isomorphism there is at most one universal central

extension of G.

Proof. Let (G1,m), (G2, m) be two distinct universal central extensions of
G. By definition of a universal central extension, there are morphisms of
central extensions oy : (G1,m) — (Ga, M) and g : (Ge, m) — (G1,m).
Then a; : G; — G is a group homomorphism and 7 = aymy. Similarly
as : Gy — G4 is a group homomorphism with 7y = agm.

Now, for ¢ = 1,2, the map o;a3_; : G; — G; is a group homomor-

phism with (q;a3_;)m = a;(az_ymi) = ayms_; = m. Therefore, ;s :
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(G;,m;) — (G4, m;) is a morphism of central extensions for ¢ = 1,2. Since
lg, : (G, m;) — (G, ;) is also a morphism of central extensions for i = 1,2,
by uniqueness of such a morphism, we have 1, = a;a3—;. That is, aqan = 14,
and asaq = 1lg,.

Now, if g € ker(a;) then g = (9)lg, = (9)arae = (gay)as = 1, so
ker(ay) = 1, that is a; is a monomorphism. Moreover, since for all z € Gy
there exists xay € Gy such that (zas)ay = z, the map oy : G; — Go is
onto. Therefore «; is an isomorphism. (Similarly s is an isomorphism too).
Therefore, G; = G5, that is, up to isomorphism there is at most one universal

central extension of G. O]

Lemma 2.5.7. Let G, H be two groups and o« : G — H be a surjective
group homomorphism. Then G'a = H'.

Proof. G' = ([gi,9;] : gi,9; € G). Then an arbitrary element € G’ can be
written as

z = (g1, 92][93, G4] - - - [gk—1, gifor some g; € G.
Then

o= ([g1, 92)93, G4 - - - [gr—1, 9] )x
= [91792]04 [93794]04 cen [gk:—lagk]a
= (1o, g20][g3x, ga] . .. [gr—1cv, gra] € (Ga)' = H'.

Therefore, G'a C H'.

Conversely, let [hy, ho] be a commutator in H'. Since « is surjective, there
exists g; € G such that h; = g;a for i = 1,2. Then [hy, he] = [g10v, goa] =
(g1, 92]ac € G'av. Since every generator of H' lies in G'ar, H' C G'ae. Hence
H =G O

Theorem 2.5.8. If (é,w) is a universal central extension of G, then both
G and G are perfect.
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Proof. Let H = G x (G/G') and define o : H — G by (z,y)a = zr. Since
(G, ) is a central extension of G, 7 : G — G is a homomorphism with
ker(m) < Z(G). Now since Z(H) = Z(G) x é/é’, we have

ker(a) ={(z,y) : ()7 =1}
= ker(1) x G/G"
< Z(G)x G/G
= Z(H).

Then (H,a) is a central extension of G and «; : (G,7) — (H,a) are
morphisms, where za; = (z,1) and zay = (z,2G"). Since (G, 7) is the
universal central extension of G, the morphism from (G,7) to (H,«) must

be unique, therefore a; = as. Now
(z,G) = (z)ay = (2)ag = (x, 2G").

That is © € G for all z € G, therefore G = G'. Thus, G is perfect. G
is a homomorphic image of a perfect group, so G is also perfect by Lemma
2.5.7. ]

Theorem 2.5.9. Let G be perfect and (H, ) a central extension of G. Then
H = ker(m)H' with H' perfect.

Proof. By Lemma 2.5.7, H'm = (Hn) = G'. Since G is perfect, H'mr = G.
Hence H = H'ker(m). Since (H,r) is a central extension, ker(mw) < Z(H).
Now
H' =[H,H| = [H'ker(r), H'ker(r)]
= [H', H'],since ker(n) < Z(H)
=H®.

Therefore H' is perfect. ]
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For the proof of Theorem 2.5.11 we need the following result which is

known as Van Dyck’s Theorem.

Lemma 2.5.10. Let a : Y — Y« be a function of Y onto a set Ya, H a
group generated by Yo and W a set of words w = y‘fl P in Y UYL with
wa = (y1a)% ... (y)’ =1 in H for each w € W. (That is H is generated
by Ya and satisfies the relations w = 1 for all w € W.) Then « extends

uniquely to a surjective homomorphism of (Y, W) onto H.
Proof. See [1], Theorem 28.6. O

The following theorem gives an important characterization of perfect

groups.

Theorem 2.5.11. G has a uniwersal central extension if and only if G is

perfect.

Proof. 1f G has a universal central extension, by Theorem 2.5.8, (G is perfect.

We need to show the converse. Assume G is perfect. Let

be a bijection between G and a set G. Let F be the free group on G. Define
I' = {zy(y)™' : =,y € G} C F. Let M be the normal subgroup of F
generated by I'. Now for every z,y € G we have

Ty(Ty) "M = M
Therefore, TyM = (Ty) M.
Next define A = {[w,z] : w € I', z € G}. Let N be the normal subgroup of F’

generated by A. Now N = [M, F], so N<<M. Consider M /N < F/N. Now
[F/N,M/N] = [F,M]N/N = N/N, so M/N < Z(F/N). By Lemma
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2.5.10, there is a unique homomorphism 7 : F//N — G with (zN)m = z for
all x € G. Then M/N = ker(w) < Z(F/N), that is (F//N, ) is a central
extension of G.

Let (H,o) be a central extension of G. Then ¢ : H — G is an
epimorphism with ker(o) < Z(H). Since o is an epimorphism, for all
x € G there exists h(z) € H such that h(z)o = z. Now for every
x,y,z € G, consider w = h(x)h(y)h(zy) satisfies (w)o = (h(z)h(y)h(zy))o =
(h(z))o(h(y))o(h(zy))o = xzy(zy~') = 1. Therefore, w € ker(c) < Z(H).
Then necessarily [w, h(z)] = 1. Then since M/N < Z(F/N), the same rela-
tions hold in F//N and H, that is, by Lemma 2.5.10, there is a unique epi-
morphism « with (ZN)a = h(x) for each z in G. Now, since (ZN)a = h(x)
and (h(z))o =z = (zN)r for all ZN € F/N, we have ao = 7 that is o is a
morphism between the central extensions (F//N,x) and (H, o) of G.

Now define G = (F/N)'. Since G is perfect and (F/N, ) is a central
extension of G, by Theorem 2.5.9, we have F//N = ker(7)G and G is perfect.
Since ker(m) < Z(F/N), ker(r) < Z(G) that is (G, ) is also a central
extension of G.

Let § : (G,m) — (H,0) be a morphism. Define v : G — H by
uy = (ua)(uB)~" for all u € G. Since 7 = ac = fo, for any u € G,
(uy)o = ((ua)(wp)™o = ur(ufo)™ = (ur)(ur)™' = 1. Then Gy <
ker(o) < Z(H). So Gy is abelian.

Consider for all u,v € G,

=
=
=
=
=
=
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Therefore, 7 is a homomorphism. G is perfect. By Lemma 2.5.7, Gy
is perfect. But since it is abelian, we have Gy = 1, which means uy =
(ua)(uB)~' =1 for all u € G. Hence, o = 3. This proves that (G, ) is the

universal central extension of GG. O

Definition 2.5.12. If G is a perfect group and (@,7?) its universal central
extension, then G is called the universal covering group of G and ker ()

15 called the Schur multiplier of G.

A perfect central extension or a covering of a group G is a central
extension (H, «) of G with H perfect. In this case, the map « is also known
as covering.

By Theorem 2.5.8, for a perfect group G, the universal covering group
G is also perfect. Since ker(m) < Z(G), we can conclude that the Schur

multiplier is always an abelian group.

Lemma 2.5.13. Let (H, «) be a central extension of a group G and (K, 3) be

a perfect central extension of H. Then (K, f«) is a perfect central extension

of G.

Proof. Since f: K — H and o : H — G are epimorphisms, fa : K — G
is an epimorphism. Since K is perfect, all our need to show is ker(fa) <
Z(K). Let z be an element of ker(fa). Then (z)Ba = 1, which means
(x)B € ker(a). Since (H,«) is a central extension of G, we have ker(a) <
Z(H). Therefore, for all y6 € H, the commutator [z(3,y5] = 1 that is,
[z,y]3 = 1 for all y € K. Then [z,y] € ker(8) < Z(K) since (K, ) is
a central extension of H. Now, [x,y,t] = 1 for every y,t € K. Therefore
[ker(Ba), K, K] = 1 and [K, ker(Ba), K] = 1. By Three Subgroup Lemma,
K, K, ker(fa)] = 1. Since K is perfect 1 = [K, K, ker(fa)] = [K, ker(Ba)],
therefore ker(fa) < Z(K), and this is what we need to show. O
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Lemma 2.5.14. Let (H,«) and (K, 3) be central extensions of a group G
with K perfect, and v : (H,a) — (K, ) be a morphism of central exten-

sions. Then (H,~) is a central extension of K.

Proof. We need to prove that v : H — K is an epimorphism with ker(7) <
Z(H). Since v is a morphism of central extensions, v is a homomorphism
from H to K and v = a. Then ker(y) < ker(a). Since (H,«) is a central
extension of G, a : H — G is an epimorphism with ker(a) < Z(H).
So, ker(y) < Z(H). Then «f is an epimorphism from H to G. Now,
K = (H~v)(ker(3)). Then

K=K’

= [(Hy)(ker(B), (Hy)(ker(5)]
= [H~, Hy|, since ker(3) < Z(K),

since K is perfect. Therefore, Hy = K, that is, v is an epimorphism. O

Lemma 2.5.15. Let G be the universal covering group of a perfect group G

and let (H, ) be a perfect central extension ofé. Then o 1s an isomorphism.

Proof. Let m : G — G be the universal covering. By Lemma 2.5.13, (H, o)
is a perfect central extension of G. Since (G, 7) is the universal central
extension of GG, there is a morphism f : (é, w) — (H,arm). Since 3 is a
morphism of central extensions, Sar = 7. Then, from (G,7) to (G, ), we
have both the identity morphism 1 and Ba. Since (é,ﬂ') is universal, we
have fa = 1.

Now, let = € ker(f3), that is, 3 = 1. Then z8a = lae = 1. But since S«
is identity, x = 1. So (3 is a monomorphism.

Since (G, 7) and (H,ar) are central extensions of G with H perfect and
B (G,7) — (H,an) is a morphism of central extensions, by Lemma 2.5.14
(é,ﬂ) is a central extension of H, that is, # is an epimorphism. Then (3 is

an isomorphism. Since 37! = o, « is an isomorphism. ]
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Theorem 2.5.16. Let G be a perfect group, (é,ﬂ) be the universal central

extension of G, and (H,o) be a perfect central extension of G. Then;,

1.

2.

3.

There exists a covering « : G — H with 7 = ao.
(G, ) is the universal central extension of H.

The Schur multiplier of H is a subgroup of the Schur multiplier of G.

If Z(G) = 1, then Z(G) = ker(m) is the Schur multiplier of G, and
Z(H) = ker(o) = ker(m)/ker(«) is the quotient of the Schur multiplier
of G with the Schur multiplier of H.

Proof. 1. Since (G, ) is the universal central extension and (H,o) is

another central extension of (G, there exists a unique morphism « :
(G,7) — (H,0). Then « is a homomorphism from G to H with
7 = ao. Now, ker(a) < ker(n) < Z(G), therefore, (G, a) is a perfect

central extension (or covering) of H.

Since H is perfect, by Theorem 2.5.11, H has a universal central ex-
tension. Denote it (H, ). Since o : (G, 7) — (H, o) is a morphism
of central extensions and H is perfect, then by Lemma 2.5.14, (é, a)
is a (perfect) central extension of H. By universal property of (H, 3),
there exists a unique morphism + : (H,3) — (G,a). Then 7 is a
group homomorphism from H to G with vo = .

Now, by Lemma 2.5.14, (H,~) is a (perfect) central extension of G,
which is the universal covering group of a perfect group. Then by

Lemma 2.5.15, ~ is an isomorphism. So, (G, ) is a universal central

extension of H.

Since (G, a) is the universal central extension of H and (G, ) is the

universal central extension of G, it is enough to show that ker(«a) <
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ker(m). Let x € ker(a). Since m = ao, we have

(x)m =(x)ao

(xa)o

(1)o =1.

So, x € ker(m), that is ker(a) < ker(mw).

4. Since (G, ) is the universal central extension of G, the Schur multiplier
of G is ker(m). Clearly, ker(r) < Z(G). Now let g € Z(G)\ker(r).
Then g.ker(mw) # ker(w). So, g.ker(w) is a non-trivial element of
G /ker(r).

Since G/ker(m) is isomorphic to G, there exists an isomorphism

7:G/ker(n) — G
x.ker(m) — ().

Then, if ¢ € Z(G), (g.ker(m))7 is a central element of G. But, since
Z(G) = 1, we get a contradiction. Therefore ker(r) = Z(G).

Similarly we have ker(0) = Z(H). Now a: G — H and 0 : H — G
epimorphisms with aoc = 7. Clearly, ker(a) < ker(m). Define a :
ker(m) — ker(o) such that (x)a = (z)o for all x € ker(pi). Since a is
onto, & is an epimorphism. Since ker(a) < ker(w), ker(a) = ker(a).
Therefore ker(m)/ker(a) = Im(a) = ker(o).

[l

Since all non-abelian simple groups are necessarily perfect, then up to
isomorphism there is a unique universal central extension. Therefore the
Schur multiplier exists for every non-abelian simple group. The following

result is an easy consequence of Theorem 2.5.16.
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Corollary 2.5.17. For a non-abelian finite simple group G, the Schur mul-

tiplier is the center of the universal central extension.

Proof. For a non-abelian simple group, center is trivial. Then by Theorem
2.5.16 Part 4, we can conclude that the Schur multiplier of a non-abelian

finite simple group G is exactly the center of the universal central extension
of G. O

Theorem 2.5.18. Let G be a perfect finite group. Then the universal cov-
ering group of G is finite, hence the Schur multiplier of G is finite.

Proof. Since G is perfect, G has a universal central extension (G , ) by The-
orem 2.5.11. Now, G is the universal covering of G, and ker(r) is the Schur
multiplier of G. Since ker(r) < Z(G), we have |G/Z(G)| < |G/ker(r)|. But
since G /ker(m) is isomorphic to G, it is finite, therefore, G/Z(G) is finite.
Then, by Lemma 2.1.11, we have G’ is finite. Since G is perfect, the universal

covering group G of G is finite. n

2.6 Schur multipliers of finite simple groups

In this section the tables of Schur multipliers of finite simple groups are
presented. By The Classification of Finite Simple Groups, ([12, 13, 14, 15]),
we know that a non-abelian finite simple group is either an alternating group
or a simple group of Lie type or one of the 26 sporadic groups.

In Table 2.2, the Schur multiplier of a simple group of Lie type has order
d.e, the outer automorphism group has order d.f.g, where the order of the
base field is ¢ = p/ and the numbers d, f, g denote the diagonal, field and
the graph automorphisms. The Schur multiplier is the direct product of
groups of orders d (diagonal or canonical part of the Schur multiplier) and e
(exceptional multiplier). The diagonal multiplier extends the adjoint group

to the corresponding universal Chevalley group. The exceptional multiplier
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Table 2.1: Schur multipliers of alternating groups

n M(A,)
n=4,>5 Zy
n==~6,7 Zs
n>7 Zo

is always a p-group, and is trivial except in finitely many cases. (For the
details see [9, page xv].)

In Table 2.3, N denotes the order of the universal Chevalley group and
N/d is the order of the adjoint Chevalley group.

In Table 2.4, M(G) denotes the Schur multiplier and Out(G) is the outer
automorphism group of G. For a sporadic group the Schur multiplier and

the outer automorphism group are both cyclic of order given in Table 2.4.
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Table 2.2: Automorphisms and Schur multipliers of Chevalley groups

Condition | Group d f g Cases when e # 1
Ai(q) (2,g-1) | q=p’ 1 Ai(4) =2, A1(9) — 3
n=2 An(q) | (n+1,g=1) | g=p/ 2 Ay(2) — 2, Ay(4) — 42,
A3z(2) — 2
n=2 An(g) | (n+1,9+1) | ¢ =p/ 1 2A3(2) — 2,7 A3(3) — 3°
2A5(2) — 22
Bs(q) (2,g—1) qg=pf 1 By(2) — 2
f odd 2Ba(q) 1 q=2f 1 2B (8) — 22
n>3 B(q) (2,¢—1) q=p' 1 B3(2) — 2, B3(3) — 3
n=3 Cn(q) (2, 1) q=p/ 1 Cs5(2) — 2
Dy(q) (2,q—1)? q=rp' 3! Dy(2) — 22
3Dn(q) 1 q=rp' 1 none
n>4 2D (q) (4,q" +1) ¢ =p' 1 none
n >4 even | D,(q) (2,q—1)2 q=rp' 2 none
n>4,0odd | D,(q) (4,q" - 1) qg=rp' 2 none
G2(q) 1 g=p’ | 2ifp=3| G2(3) — 3, Go(4) -2
f odd 2Ga(q) 1 qg=23' 1 none
Fu(q) 1 g=p/ |2ifp=2 Fy(2) -2
f odd 2Fu(q) 1 q=2/ 1 none
Foa) | Gua-1 |q=p | 2 none
*Es(q) | (B,q+1) | ¢ =p/ 1 Eg(2) — 2
Bra) | Ra-1) |q=p | 1 hone
Es(q) 1 qg=rp' 1 none
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Table 2.3: Orders of Chevalley groups

N d
An(g),n>1 qn D2 (g — 1) (n+1,q—1)
Bn(q), n > 2 ¢ T, (@ = 1) (2.9-1)
Cn(q), n>3 ¢TI (6% — 1) (2,4 —1)
Dn(q), n >4 "D (" — DT (g% - 1) (4,9" — 1)
G2(q) -1 -1 1
Fu(q) P - 1D)(E - D" -D(-1) 1
Es(q) % (q"? = 1)(¢° = D(¢® —1(¢* = D(¢® = 1)(¢*> — 1) (3,9-1)
E7(q) (g — (e = D@2 - (e - (P -D(* - (P -1 (2,9-1)
Es(q) 7*29(¢*° — 1) (¢** = D(¢* - D(¢"® = (g™ - (¢ - D)(¢® - D(¢*> - 1) 1
2An(q), n>2 g (D2 (¢ — (—1)iH) (n+1,q+1)
2Ba(q), q = 22m*1! P+ Dg-1) 1
2Dy(q), n >4 "V (q" + DTS (g% - 1) (4,9" +1)
3Dy (q) 2 +q* +1)(® - (¢ - 1) 1
2Ga(q), g = 32 T? AP +1)(qg—1) 1
2Fy(q), ¢ = 3*™*! "2+ (" =)@ +1)(g—1) 1
2FEs(q) ("2 —1)(@® + 1)(¢® — 1)(¢® — D)(® + 1)(¢*> - 1) (3,g+1)
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Table 2.4: Orders and the Schur multipliers of the 26 sporadic groups

G Order IM(G)| | |Out(G)|
M 2432511 1 1
M 26.335.11 2 2
Mo, 27.325.7.11 12 2
Mos 27.32.5.7.11.23 1 1
Moy 210 33 5.7.11.23 1 1

Jo 27.33.52.7 2 2
Suz 218 37 52.7.11.13 6 2
HS 29,3253 7.11 2 2
McL 27.36.53.7.11 3 2
Cos 210 37 53 7.11.23 1 1
Coy 218 36 53 7.11.23 1 1
Coy 921 39 5% 72 11.13.23 2 1
He 210 33 52 73 17 1 2
Fiss 217,39 52.7.11.13 1 2
Fiss 218 313 52 7.11.13.17.23 1 1
Fis, 921 316 52 73 11 13.17.23.29 3 2
HN 214 36 56.7.11.19 1 2
Th 215 310 53 72 13.19.31 1 1

B 241 313 56 72.11.13.17.19.23.31.47 2 1

M | 24320 59 76 112.133.17.19.23.29.31.41.47.59.71 1 1

Jy 23.3.5.7.11.19 1 1
O'N 29.345.73.11.19.31 3 2

Js 27.35.5.17.19 3 2
Ly 2837 56.7.11.31.37.67 1 1
Ru 214 33 53 7.13.29 2 1

Ji 221 33 5.7.11%.23.29.31.37.43 1 1
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CHAPTER 3

ON THE EXISTENCE OF MINIMAL
NON-FC-GROUPS

3.1 Perfect locally finite minimal non-FC-
groups

In [2], Belyaev described all minimal non-FC-groups which are different
from their commutator subgroups and showed that non-perfect minimal non-
FC-groups are exactly the Miller-Moreno groups described in [5]. In [2],
Belyaev also showed that a perfect locally finite minimal non-FC-group is
either a quasi-simple group or a locally finite p-group.

Let G be a locally finite simple group. A Kegel cover K = (G;, N;)ier is

a pair of subgroups of G such that G; < G, 1, the union | J._; G; is equal to

iel
G, each N; is maximal normal in G, i.e. G;/N; simple and there exists j € [
such that G; N N; = 1.

Belyaev proved that a perfect locally finite minimal non-FC-group is
countable. Hence, for a locally finite simple minimal non-FC-group, we can
choose the index set N. In [22], Kuzucuoglu and Phillips has shown that if
there exists a simple locally finite minimal non-FC-group then it has a Kegel
cover K = (G, N;)ien where N; < Z(G). First, it is easy to show that if such
a group exist then it can not be a linear simple group as these groups are gen-
erated by (B, N) pairs but (by [2] Lemma 6) we know that every two proper

subgroup of a perfect minimal non-FC-groups generates a proper subgroup.
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Then by using the above Kegel cover, it is shown in [22] that centralizer of
an element involves an infinite simple group but this is impossible. Hence a
simple locally finite minimal non-FC-group does not exist.

Since quasi-simple groups are perfect central extensions of simple groups,
this investigation have demonstrated that quasi-simple case is impossible in
the class of locally finite groups. This result implies if a perfect locally finite
minimal non-FC-group exists, then it will belong to the class of p-groups.

Leinen and Puglisi showed in [23] that every perfect locally finite minimal
non-FC-group has a non-trivial finitary linear representation. Moreover they
proved that if a perfect locally finite minimal non-FC group exists, then it
will be a subgroup of a McLain group M(Q, GF(p)).

In [4] Belyaev strenghtened the result of [23] by proving that every perfect
locally finite minimal non-FC-group has non-trivial finitary permutational
representation. The aim of the following section is to explain this work. This
result is also shown in [24] by Leinen.

The question whether or not there exists a perfect locally finite minimal

non-FC-group exists is still open.

3.2 Belyaev’s theorem

Our aim is to show that every perfect locally finite minimal non-FC group
has nontrivial finitary permutational representation. The proof needs the
following lemma. Recall that the subgroups X and Y are called commen-
surable if X NY has finite index in X and Y.

Lemma 3.2.1. Let G be an arbitrary group and let a and b be elements of

G satistying the following conditions:
1. |B : Cp(a)| is finite where B = (b%).

2. {[b,a"] : x € G}| is finite.
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3. |Ca(lg, a]) : Callg, al) N Cala)| < oo for every g € B\ Cp(a)
4. the cenralizers of all elements conjugate with a in G are commensurable.

Then the number of elements conjugate with a € G and not commuting with

b is finite.

Proof. Define Q = a®. Consider the action of G' on 2 by conjugation.

Let {€Q; : i € I} be the set of all B-orbits of elements in . Then
Q = U, . Since G acts on Q transitively and B <1 G, by Theorem 2.2.2
orbits of B form the blocks of imprimitivity in 2. For all oy € Q;,a; € ()5
there exists g € G such that of = ;. Then Qf NQ; # 0. Since Q; is a block
of imprimitivity, we have Qf = ;. So G acts transitively on the set of blocks
of imprimitivity of €.

By the first condition we have |B : Cg(a)| < oo, so number of B-
conjugates of a in B are finite. Therefore, for each ¢ € I, €); is finite. Since
G acts transitively on the set {€2; : ¢ € I}, for any 4, j € I, Q; is conjugate to
2;. So each 2; have the same cardinality.

For all i € I define A; = Q7' = {271y : 2,5y € O}. Since each € is
finite, each A, is finite.

Now, assume that the set of elements conjugate with a and not commuting
with b is infinite, that is, the set S = {a" : i € I, [a",b] # 1} is infinite.

Since S is a subset of 2, § = SNQ = SN (U,c; %) = U, (SN€;). Since
for all i € I we have [€;] < oo, we have |S N ;| < oo for all ¢ € I. Therefore

there exists infinitely many ¢ € I satisfying
QNS #0.

Consider the set {€; : ;NS # 0}.
Denote the set of such ¢ € I as ;. Clearly I; is infinite. Let

K ={[b,a"] : 2z € G}
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Assume A; N K # 1. Then [b,a”] # 1 for some x € G and a” € 2; for some
i € I. Then (a®)® € ;. Then SNQ; # 1, ie. i € I;. Conversely let i € I},
that is, there exists a non-trivial element a” € 2; N S. Then [b,a”] # 1 and

b,a”] € A; N K. Hence, we can write
L={iel:KNA, #1}.
|K| = |{[b,a”] : x € G}| < 00 by (2). Let
K = {ki ko, ... ko).

Define
Jz:{jellk’leA]mK}

Clearly |J;_, Ji=I;. Since I; is infinite there exists k,, € K such that .J,
is infinite. Denote this infinite set J,, by I and denote k,, = t. Then

tEAiﬂK

for every ¢ € I5. Now fix some index n € ;. Since G acts on the set of ;s
transitively, there exists x; € GG such that
Qr = Q.

Now, A% = R O O = o O g =
(ZE;nglxi)_l(I;linj) = Qz_lgz = Az Since t € Az for all ¢ € ]27
t € A¥i, hence, we have = A, for all i € Is.

Recall A, is finite, i.e. say A, = {ny,ns,...nx}. Define

Uj = {Z € [2 : t‘r;l = nj}.

Clearly U?Zl U; = I,. Since I, is infinite, one of the U;’s must be infinite.
Denote this set by I3. So there is an infinite subset I5 of I such that % f =
#%5" for every i,j € I3. Then for all 4, j € I3, t% % = t. Hence

z; 'z € Cglt)
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for every 4,7 € I5. So the elements z; ', € I3 lie in one right coset of Cg(t).
Now, since t € A, t € Q1Q,,. So, there exists g € G, h € B such that
t=a""a =h g ta tghg tag
— — — _ _ _ _ -1 _ —1
=g '(gh™ g a " (ghg ag = g (K™)? aT'h? ag
-1

=g '’ alg

In any group G, for every x € G,
Ca(2?) = (Co(x))?
holds for all g € GG. Therefore, we have,
Ca(t) = Calg ™' [n*" . alg)

= Ca([h*",a?) = (Ca([h*,a]))".

Since B <1 G and h € B, we have b9 € B. Assume h9 € Cp(a). Then
1

[h9 " a]=1=t=g '[h9 ", a]lg = 1 which contradicts with the choice of t.
- h" € B\ Cp(a). So, by (3) we have

ICa([h? ", a)) : Ca([h?,a]) N Cala)| < o

= [(Ca([h?",a)))? : (Ca([h, a) N Ca(a))?] < oo
= |Cg(t) : Cg(t) N Cg(a,g)| < 0.

Then Cq(t) = U2, (Ca(t) N Cala?))v; = Ce(t) € UL, Cala?)v;. So
every right coset of Cg(t) can be covered with finitely many right cosets of
Cea(a?). Recall that for every i, j € I3 we have x; 'x; € Cg(t). Then for some
fixed a € I3 we have x; 'z, € Cg(t) = x;' € Cq(t)x, for every i€ I5. Denote
To = U. SO

z;7' € Ca(t)u
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for every ¢ € I3. Then
z;t € Co(t)u C U Ca(a?)vju
j=1

for every i€ I3. Since {z;' : i € I3} is infinite, for some j € {1,2,...m}
there is an infinite subset I, of I such that z;' € Cg(a?)vju for all i € I.
Then z; € u~'v; ' Cg(af?) for all i € Iy. Denote u™'v; ! = wie. 2; € wCq(a?)
for all 7 € I,.

By (4), Cg(a?) and (Cg(a?))*”" are commensurable. Then;

ICa(a?) : Ca(a?) N Caa )| < oo.

1Ca(a? ") : Ca(a?) N Cala®™ )| < oo.

Therefore wCg(a?) = wCq(a®)w™ w = Cqla® w C U, Calad)z
for some ne N for some z;, € G. Therefore every left coset of Cg(a?) can
be covered with finitely many right cosets of Cg(a). Therefore in the set
{z; : i € I} we may choose an infinite subset {x; : ¢ € I5} that lies in one

right coset of C(a). Then
Ce(a?)z; = Cg(a?)z;

for all 4, j € I5. This implies Cg(a?)z;x; ' = Ca(af), so (a?)™ = (a?)* for all
i,j € I5. Since a? € Q,,, (a?)* € Q; and a?)* € (2;. But since (a9)* = (a9)™
for all 7,5 € I5, ;N Q; # 0 for any 7,5 € I5. Since the set {€; : i € I}
forms the blocks of imprimitivity, we have €); = €; for any 7,5 € I5. This
contradicts with the choice of z;’s.

Therefore, the set of elements conjugate with a and not commuting with

b is finite. 0
Theorem 3.2.2. Let G be an arbitrary group in which

1. The centralizers of all non-trivial elements are commensurable.
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2. Fach element belongs to a normal FC-subgroup.

Then for every pair of elements a and b of G, the element b does not commute

only with finitely many elements conjugate with a.

Proof. Let G be a group satisfying (1) and (2) of the Theorem and a and b
be nontrivial elements in G. Let B = (b%). Now for all g € B\ Cg(a), we
have [g,a] # 1. Since a # 1, Cg(a) and Cg([g,a]) are commensurable. So
condition (3) of Lemma 3.2.1 is satisfied. Clearly condition (4) of Lemma
3.2.1 is a direct consequence of the first condition of the Theorem.

Since each element in G belongs to a normal FC-subgroup, B is the
smallest normal subgroup of G containing b, and subgroup of an FC-group
is an FC-group, we have B is an FC-group. Then |B : Cg(x)| < oo for every
x € B. In particular, |B : Cg(b)| < oco. Since by the first condition of the

Theorem we know that C(b) and Cp(a) are commensurable, we have;
|Cp(a) : Cp(a) N Cp(b)| < oo

1C5(b) = Cpla) N C(b)] < .

Then |B : Cg(a) N Cp(b)| = |B : Cr(b)|||Cs(b) : Cp(a) N Cp(b)] < oc.
But |B : Cg(a) N Cp(b)| = |B : Cg(a)||Cp(a) : Cg(a) N Cp(b)|. Therefore
|B: Cg(a)| < oo. So, condition (1) of Lemma 3.2.1 is satisfied for all a, b € G.
Let A = (a®). Then for all b € G the index |A : C4(b)] is finite by condition
(1) of Lemma 3.2.1. So the number of A—conjugates of b in G is finite. Then

6" 17z € G} = [{a™"ba" : v € G}| < <.

Now
{[b,a"] : 2 € G} = {b"'a "ba” : x € G}.

But we have

{b~'a "ba” : x € G}| = |{a "ba” : x € G}|.
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Therefore [{[b,a”] : x € G}| < 0.

Hence, the first condition of Lemma 3.2.1 implies the second one.

Now, all conditions of Lemma 3.2.1 is satisfied for arbitrary elements
a,b € G. Then for any pair of elements a,b € G, b does not commute with

only finitely many elements conjugate with a. O

Theorem 3.2.3. Let G be a perfect locally finite minimal non-FC-group and
let Z(G) = 1. Then for every pair of element a,b € G, b does not commute

only finitely many conjugates of a.

Proof. Let G be a perfect locally finite minimal non-FC-group. In [3] Belyaev
proved that if G is a perfect minimal non-FC-group then G is one of the

following:
1. G is a two generated quasi-simple group.
2. (G is an infinite non-abelian Schmidt group.

3. G is a locally finite group with centralizers of all non-central elements

are commensurable.

In our case, G is locally finite. If G is a two-generated quasi-simple group,
since G is locally finite, it must be finite. Since every finite group is an
FC-group, a perfect locally finite minimal non-FC-group can not be two-
generated. If G is an infinite non-abelian Schmidt group, i.e. every proper
subgroup of G is finite, then G satisfies minimal condition. Since G is a
locally finite group satisfying min, by Theorem 2.3.5, G is a Chernikov group.
Therefore G has a divisible abelian hence infinite subgroup, so it can not be
a Schmidt group. Hence G has to be an element of the third class above,
that is, G must be a locally finite group with centralizers of all non-central

elements are commensurable. So, the first condition of Theorem 3.2.2 holds.
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Now, we need to show that every element in a perfect locally finite p-
group belong to a proper normal subgroup. Firstly, we need the following

result.

Lemma 3.2.4. A simple locally nilpotent group is finite, so, isomorphic to

Z,, for some prime p.

Proof. Let H be a simple locally nilpotent group. Then H itself is the mini-
mal normal subgroup of H. By Lemma 2.4.2, H must be central, that is H
is abelian. But an abelian simple group must be isomorphic to Z, for some

prime p. Hence there exists no infinite locally nilpotent simple group. O

Now let’s return to the proof of Theorem 3.2.3. Since G is a locally finite
p-group, it is locally nilpotent. Since G is not an FC-group, GG is necessarily
infinite . Then, by Lemma 3.2.4, G can not be simple. Let N be a proper
normal subgroup of G. If x € N, then there is nothing to prove. If x is
not in N, consider GG/N, which is again a locally finite p-group, so can not
be simple. Continuing in this way, we can write G' as a union of its proper
normal subgroups. Therefore, every element = € G belong to a proper normal
subgroup.

In particular, every element in a perfect locally finite p-group belong to
a proper normal subgroup. Hence conditions of Theorem 3.2.2 are satisfied,
therefore for every pair of element a,b € G, b does not commute only with

finitely many elements conjugate with a. m

Theorem 3.2.5. Every perfect locally finite minimal non-FC-group has non-

trivial finitary permutational representation.

Proof. Let G be a perfect locally finite minimal non-FC-group. Let H =
G/Z(Q). First, since H' = G'Z(G)/Z(G) = G/Z(G) = H, we have H is
perfect. Since G is perfect, by Theorem 2.1.13, Z(H) is trivial, that is, H

is a perfect locally finite minimal non-FC-group with trivial center. So, by
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Theorem 3.2.3, for every x,y € H the number of elements conjugate with
x and not commuting with y is finite. Now, fix an element a € H and let

X =a'f = {a": h € H} be the conjugacy class of a in H. Clearly the map

X — X

ho hoh

a " —a

is a permutation of X. Define the map p as

p:H — Sym(X)

h — .

Now for every hy,hy € H,(hihs)p = Thyn,. For all a® in afl; a®(hihy)p =
a*Th,n, = a*"2. On the other hand, (hy)p(he)p = Th,Th,. Therefore, for
all a® € a'f, (a®)(hi)p(h2)p = a®™™ (hy)p = a*™h2. Therefore p(hihy) =
p(h1)p(hs2). Hence, p is a homomorphism from H to Sym(X), i.e. it is a
permutational representation. We need to show that p is finitary. Since by
Theorem 3.2.3, number of elements conjugate with a and not commuting
with h is finite for all h € H, (a®)7, = a®® = a" for all but finitely many
a® € X, so, we have (h)p = 7, is equal to identity permutation for all but
finitely many h € H, that is p is a finitary permutational representation of
H.

Now, consider the canonical homomorphism 7 : G — G/Z(G) = H
given by m(g) = gZ(G) for all g € G. Then pr is a homomorphism from G to
Sym(X). Since p is finitary, so is mp. Hence mp will be the needed finitary
permutational representation of G.

O
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CHAPTER 4

COPRIME AUTOMORPHISMS OF
QUASI-SIMPLE (GROUPS

4.1 Coprime automorphisms of finite groups

Let G be a finite group and A a group of automorphisms of G such
that orders of G and A are coprime. This situation, in particular the case
where the action is fixed-point-free, i.e. Cs(A)=1, or when there is an other
restriction on Cg(A) has been studied by many authors. In [25], a dual
situation where the index |G : Cs(A)| is bounded is investigated by Parker
and Quick. They obtained the following two results:

Theorem 4.1.1. Let G be a finite group and A be a group of automorphisms
of G such that orders of G and A are coprime. If |G : Cg(A)| < n, then
(G, AJ| < nlos=lntD).

Theorem 4.1.2. Let G be a finite p-group for some prime p and A be a
group of automorphisms of G such that p does not divide the order of A. If
G - Cq(A)] < p™, then |[G, A]| < ptm*+m)/2,

For the proofs of these results, see [25]. Theorem 4.1.2 is used for the
proof of Theorem 4.1.1. But in fact, we are interested in finite quasi-simple
groups and their coprime automorphisms. Because of this, we write in sequel
only the quasi-simple groups part of this article. Recall that a group G is
called quasi-simple if G is perfect and G/Z(G) is simple. In this chapter,
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we give some basics results on quasi-simple groups and prove that if @) is a
quasi-simple group and A a group of automorphisms of () such that orders
of @ and A are coprime satisfying |Q : Co(A)| < n, then |Q] < n3. This

result is used to prove Theorem 4.1.1 in [25].

4.2 Basic results on quasi-simple groups

Theorem 4.2.1. Let Q be a finite quasi-simple group. Then |Z(Q)]® < |Q)|.
Proof. Recall that a group @ is quasi-simple if Q) = Q" and Q/Z(Q) is simple.

Clearly finite quasi-simple groups are exactly the perfect covering groups of
finite simple groups.

Now let @ be a quasi-simple group and let X = Q/Z(Q). Being simple,
X has to be perfect, so the universal central extension (G, ) of X exists by
Theorem 2.5.11. Since Z(X) is necessarily trivial, by Theorem 2.5.16 (4),
the Schur multiplier M (X) = ker(m) is equal to Z(G) and Z(Q) is a quotient
of Z(G) = M(X). Then |Z(Q)| < |M(X)|.

We know that if X is a non-abelian finite simple group then X belongs
to the families of alternating groups or simple groups of Lie type or the 26
sporadic group.

We need to verify that if X is a finite simple group, the Schur multiplier
M(X) of X satisfies

[M(X)]* < [X].

If this inequality holds, then since |Z(Q)]*? < IM(X)|* < |X| = |Q/Z(Q)|,
we have | Z(Q)]> < |Q].

Let’s start with the case where X is an alternating group A, for some
n > 4. By Table 2.1, the order of the Schur multiplier of an alternating group
can not exceed 6. We know that the smallest non-abelian simple alternating
group is As which has order 60. Clearly 6* < 60, so |[M(X)|* < |X]| for every
alternating group X.
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For simple groups of Lie type we use Table 2.2. If X is a simple group of
Lie type, then | X| can be calculated using the information given in Table 2.3
ie. |X| = N/d where N is the order of the universal Chevalley group and
d denotes the number of diagonal automorphisms of X. Table 2.2 consists
of not only the simple groups of Lie type, but other Chevalley groups which
are not simple also. We will prove the inequality for all groups in Table 2.2.

We need to verify that |X| > |M(X)|?, but since |X| = N/d and
|M(X)| = d.e, so, we need to verify that N'/d > d?e* i.e. N' > d*e?. Except
finitely many cases given in Table 2.2, e = 1. Now, we will consider the cases

seperately:

o For X = Ai(q),ife=1and g =2,d=(2,¢—1) = 1. Then, clearly,
N > @ =1. If e =1 and ¢ is odd, then d = (2,¢ — 1) = 2. So,
d3e? = 8, but N is at least 310+1/2(32 — 1) = 27 which is greater than
8. For A;(4),d =1, e =2, so d®¢* = 4 where N' = 60 > 4. For A(9),
d=2,e=3, 50 d*? =72 where N' = 720 > 72.

e For X = A, (q) where n > 2, if d divides ¢ — 1 and e = 1 except for
X = Ay(2), Ay(4) and A3(2). Now if e = 1, then d®¢* = d® < (¢ — 1)3.
Now since n > 2, (¢ — 1)(¢* — 1) divides A/, but clearly (¢ — 1)3 <
(¢> — 1)(¢*> — 1), so the inequality holds.

For X = A5(2), N =360, d=1,e=2,s0 d*c* =4 < N.

For X = Ay(4),N = 244800,d = 3,e = 16 so d3c? = 6912 < N.
For X = A3(2), N =181440,d =1, e =250 d®e¢* =4 < N.
Therefore the inequality holds for X = A, (q).

e For X = 24,(q), n > 2, we need to investigate the cases where n =
2 and n > 2 seperately. If n = 2, then d divides 3. In this case,
we know that e = 1, d®¢? < 27. But the smallest value for N is
23.(22 — 1)(2% — 1) = 360, that is, the inequality holds.
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Now, if n > 2, then d divides ¢+ 1. If e = 1, then d3¢* < (¢+1)3. But
by Table 2.3, N is divisible by ¢%(¢* — 1)(¢® + 1)(¢* — 1), and clearly
(q + 1) divides this product. Therefore, N' > d3¢? holds. The cases
where e # 1 are X = 243(2), 2A3(3) and 2A45(2).

For X = 243(2),d = (4,3) = 1, e = 2, so d*¢* = 4, which is strictly
less than A which is divisible by 26.

For X = 2A3(3),d = (4,4) = 4, e = 3%, so d*¢® = 5184. In this case
N = 35.(32 = 1).(3% + 1).(3* — 1) = 13063680 > d%> = 5184.

For X = 245(2), d = (6,3) = 3, e = 22, so d®¢* = 432, so, it is strictly
less than A which is divisible by 2'°.

For X = Bs(q), d divides 2, and e is at most 2. Then d®¢* < 32.
But N = ¢%.(¢> — 1).(¢* — 1), so N is at least 4.3.15 = 120, therefore
N > d3e.

For X = 2B,(q) where ¢ = 2/ and f odd, d divides 2, and e is trivial
except X =2 B,(q). Now, if X #? B,(q), then d = ¢ = 1, so the
result is trivial. If X =2 B, (¢) then N/ = 29120 and d3¢? = 16 so the
inequality holds.

For X = B,(q) where n > 3, d divides 2, and e is at most 3. Then
d3e? < 108. But ¢"* divides N, but since n > 3 and ¢ is at least 2, this
implies /' > 29 = 512 > 108.

For X = C,(q) where n > 3, d divides 2, and e is at most 2. Then
d3e? < 32. But ¢"° divides N, but since n > 3 and ¢ is at least 2, this
implies N > 29 > 32.

For X = Dy(q), d divides 4, and ¢ = 4. Then d®¢* < 2!° But ¢'?
divides NV, but since ¢ is at least 2, this implies N > 212 > 210,
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e For X = 2D,(q) where n > 4, d divides 4, and e is trivial. Then
d*e? < 64. But ¢""V divides N, but since n > 4 and ¢ is at least 2,
this implies N > 243 = 212 > 64.

e For X = D,(q) where n > 4 and odd, d divides 4, and e is trivial.
Then d®¢? < 64. But ¢*™ Y divides A/, but since n > 4 and ¢ is at
least 2, this implies A/ > 254 = 220 > 64,

e For X = D,(q) where n > 4 and even, d divides 4, and e is trivial.
Then d®¢? < 64. But ¢"™ Y divides A/, but since n > 4 and ¢ is at
least 2, this implies A/ > 243 = 212 > 64,

e For X = Gy(q), d is always 1, and e is at most 3. Then d®¢? < 9. But
q® divides NV, which clearly implies N > 4 for all ¢ > 1.

e For X = Fy(q), d is always 1, and e is at most 2. Then d®¢* < 4. But
¢** divides N, which clearly implies N > 4 for all ¢ > 1.

e For X = E4(q), d is at most 3, and e is always trivial. Then d3¢? < 9.
However ¢ divides N, which clearly implies A' > 9 for all ¢ > 1.

e For X =% Fg4(q), d is at most 3, and e is at most 4. Then d3e? < 108.
However ¢*% divides N, which clearly implies A” > 108 for all ¢ > 1.

e For X = F;(q), d is at most 2, and e is always trivial. Then d*¢* = 8
where ¢% divides N, which clearly implies N > 8 for all ¢ > 1.

e For X = 3D, (q),>G2(q),? Fi(q), Es(q), d and e are equal to 1, so the

Schur multiplier is 1, that is |[M(X)|? < |X] is trivially satisfied.

We use Table 2.4 to verify |M(X)|? < |X]| for every sporadic group X.
In this case we see that among all sporadic groups, the one with largest
Schur multiplier is the Mathieu group M. We have |M(Msy)| = 12. We

can see from Table 2.4 that order of all sporadic groups are divisible by
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23.3.5.7 = 840 or 23.3.5.11 = 1080. Since |M (My)|* = 144 is smaller than
even these numbers, we can conclude that our inequality |M(X)* < |X|
holds for all sporadic groups.

Now, since for every non-abelian finite simple group we have |M(X)|? <

| X|, we have

Q]
1Z(@)

1Z(Q)) < |M(X)]? <|X|=

Then the inequality |Q| > |Z(Q)|? holds.
[l

Theorem 4.2.2. Let F be a finite field of characteristic p, say GF(p™).
Then Aut(F) = Z,.

Proof. Let 0 € Aut(FF). Then #(0) =0,0(1) =1,...,0(k) = k(1) = k when
k € GF(p). Therefore, every element in GF(p) is fixed by 6. Since 2P = x
has at most p disinct roots, the fixed field of Aut(F) is exactly GF(p), that
is Aut(F) = Autgp)(F). Consider

a: GE(p") — GF(p")

Tz — 2P,

Now, alr +y) = (¢ +y)" = Sh_o ()5 = 29 + ¢ = alz) + aly)
since char(F) = p and a(zy) = (2y)? = 2Py? = a(z)a(y). Therefore, o
is a ring homomorphism. Now, ker(a) = {z € F : 27 = 0} = {0}. So,
« is one-to-one. Then |[Im(a)| > |GF(p")| = p", that is « is onto. Hence
« is an automorphism of F. Now, of € Aut(GF(p")) for all k and since
a"(x) = 2P" =z for all z € F, a" is identity. Since F = GF(p") is a Galois
extension of GF(p) of degree n, we have |Autgpy)(F)| = [F : GF(p)] = n.
But Autgpp) (F) has an element a of order n, hence Aut(F) = Autgpp) (F) is
generated by « (which is called the Frobenius automorphism) and isomorphic

to the cyclic group of order n. O]
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The following lemma is a consequence of (a) and (c) of Proposition 4.9.1
in [14]. Let K = 93(q) be a universal Lie type group defined on a finite
field F of order ¢ = p™ for some prime p with the root system . Let x
be a field automorphism of K. Since x is an element of Aut(F) which is
isomorphic to Z,, by Theorem 4.2.2, |z| divides n. Therefore, if |z| = r, then

¢'/" = p™" € N, which will make the notation in Lemma 4.2.3 meaningful.

Lemma 4.2.3. Let K = ¥(q) be a universal Lie type group and x be a field
automorphism of prime order r. Set K, = O" (Ck(x)). Then the following
hold:

1. K, is isomorphic to X(¢"/").
2. Ck(z) = K, and K, is universal.
Proof. See [14], Proposition 4.9.1. O

Theorem 4.2.4. If§ : L — K 1is a universal covering of the quasi-simple
group K with kernel Z. Then any automorphism « of K lifts via § to a

unique automorphism B of L and (B stabilizes Z.
Proof. See Corollary 5.1.4 in [14]. O

The following result of number theory will be useful in the proof of The-
orem 4.2.12.

Lemma 4.2.5. If q is not divisible by 3, then ¢* — 1 is divisible by 3.

Proof. If ¢ is not divisible by 3, then ¢ = 1 (mod 3) or ¢ = 2 (mod 3). Then,
for both of these cases, ¢*> = 1 (mod 3), hence ¢*> — 1 = 0 (mod 3), which we
needed to show. O]

The following observation is an application of Lemma 4.2.5.
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Remark 4.2.6. By Table 2.2, we can see that for every universal Lie type
group G except By (¢*) where ¢ = 221 order of G which is denoted by N
is either divisible by ¢> — 1 or ¢ is a multiple of 3. So, in these cases, N is
divisible by 3 by Lemma 4.2.5.

Now, ?By(¢*) has order ¢*(¢*> + 1)(q — 1).
show that ¢ = 2 (mod3). Therefore, N' = ¢*(¢* + 1)(q — 1) is not divisible
by 3.

Hence, we can conclude that the only Chevalley group whose order is not
divisible by 3 is ?By(¢*) where ¢ = 221,

Since ¢ = 22™*1 it is easy to

By Lemma 4.2.3 we know that when G is a universal Lie type group and «
is a coprime automorphism of G of prime order, both G and Cg(«) are finite
groups of Lie type of the same type. We will use Table 2.3 to compare the
orders of G and Cg(«). Now we will define the cyclotomic polynomials

which will be a useful tool in this comparison.

Definition 4.2.7. If £ is an n-th root of unity such that n is the smallest
positive integer for which & = 1, we say that £ is a primaitive n-th root

of unity.

Example 4.2.8. The complex number i = y/—1 is an 8-th root of unity but
it is not a primitive 8-th root of unity since i* = 1. However, i is a primitive

4-th root of unity.

Definition 4.2.9. If d is a positive integer, then the d-th cyclotomic
polynomzial ®, is defined by

T

¢s= (@ - &)

=1

where &1, &, ... &, are all the distinct primitive d-th roots of unity.

By the following result, we will have an easy way to compute the cyclo-

tomic polynomials.
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Lemma 4.2.10. For every integer n > 1

2" —1 =[] ®al2).

dn

Proof. See [19], Proposition 8.2. O

Example 4.2.11. Since the only primitive first root of of unity is 1, we have
Oy (x) =x— 1.
$y(z) = 2 — (—1) = o + 1 since the only primitive second root of unity is
—1.

Let p be any prime. By Lemma 4.2.10 we know that

P —1= H(I)d(x).
dlp
Now, since p is prime, the only divisors of p are itself and 1, so we have
2P —1=®(2)®,(z) = (xr — 1)@,(x). Therefore,

o (w)—xp_l—1+x+ + a7
o(@) = —— =

for every prime p.

Theorem 4.2.12. Let G be a universal Lie type group and « be an automor-
phism of G of prime order r where r does not divide the order of G. Then
|G : Cg(a)] > |Cala)l?

Proof. Let G be a universal Lie type group 9%(¢") for some root system %
and for some prime power ¢. Since r does not divide order of GG, by Table
2.2, «a is a field automorphism. By Lemma 4.2.3, G, = O™ (Cg(a)) = Ca(a)
since r does not divide the order of G and Cg(a) is isomorphic to 93(q).
Therefore, both G and Cg(«) are finite groups of Lie type of the same type.

Now, by Table 2.3 and Table 4.1, we can see that if G is a universal Lie

type group with root system ¥ and N is the number of positive roots in 3,
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Table 4.1: The number of positive roots of the simple Chevalley groups

G N- the number of positive roots in X

Au(q)yn>1 n(n+1)/2
B.(q),n > 2 n?
Cn(q),n >3 n?
D,(q),n>4 n(n —1)

Ga(q) 6

Fy(q) 24

Es(q) 36

Ex(q) 63

Es(q) 120

then N = ¢"V. [[, fi(q) where f;(q) are polynomials of the form ¢ —1, ¢*+1
or ¢?¥ 4+ ¢* 41 for some positive integer k;. The same result is obtained for
the twisted Chevalley groups in Theorem 14.3.1 in [7] with f;(¢) = ¢" — 1
or ¢ + 1. Since we can write ¢* — 1 = ®1(¢*), ¢ +1 = Py(¢*) and
¢**+q¢"+1 = ®3(¢"), it is enough to use the first three cyclotomic polynomials
to write the orders of universal Chevalley groups as a product of cyclotomic
polynomials and powers of ¢.

Therefore, we have

|G : Cala)| = q”]i szl (I)li(qm,li)
¢V T2y @i (g®)
where N is the number of positive roots in ¥, [; € {1,2,3}, @, is the [;-th
cyclotomic polynomial and d; are positive integers.
First, we need a simple inequality:
Claim: t'3/8 > ¢t + 1if t > 2.
Consider f(t) = t'3/% —t — 1. Now f(2) > 0. Since f'(t) = 13¢5 —1 > 0,
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f is increasing, so the inequality holds for all ¢ > 2.
Now, if t > 2, then the following holds:
Oy (t7) =t"— 1> (t— 1) = (®1(2)"
Do(t') = 7+ 1 > 7 = (£13/3)31/13 5 (¢ 4 1)31/13 = (Dy(1))¥/13,
Oy(t") =t + 17+ 1> 17 = ()5 > (P +t+1)5 = (s(t))>/?.
Now, since r is coprime with |G| which is even, r is necessarily an odd

prime, hence r > 3. For [ € {1,2,3}, for all ¢ > 2 and r > 3, we proved that
®,(t") > (®,(t)) 5. Then, whenever r > 5 we have;

rN ™ rd;

¢ T2, Puld"™)
G:Cqla)| = —
I I )

(r= 1NH (@1, (¢%)) )1 since ®;(t7) > (Py(¢)) T holds,

OO

¢ 1)NH (P4, (q (35)-1 gince r > 5,

('r INH q)l
2Nl_[ = |Co(a)l*,

since we have r —1 > 2 and > 2. Hence, the inequality holds when r > 5.

oa‘\l

Since 7 is necessarily greater than 2, we have only to show that the inequality
holds when r = 3. But since r must be coprime with |G|, we need to consider
the cases where G is a universal Lie type group whose order is not divisible by
3. By Remark 4.2.6, we know 2By (¢?) is the only universal Chevalley group
whose order is not divisible by 3. Therefore, when r = 3, GG is necessarily
isomorphic to 2By(q?). In this case, Cg(a) = ?By(q) by Lemma 4.2.3, so

¢°(¢° +1)(¢° — 1)

(¢ +1)(g—1)

=¢"(q" — ¢+ 1)(¢" +q+1).

|G = Co(a)] =
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2:

Now, since |Cq(a)]* = ¢*(¢*> + 1)*(q¢ — 1)?, to show the inequality we need to

verify that

¢'(q" =" +1)(¢* +q+1) > ¢'(¢* + 1)’ (¢ — 1)
Since ¢* > 0, it is enough to show that (¢*—¢*+1)(¢*+q+1) > (¢*+1)*(¢—1)%
Define h(z) = (2 — 2> + 1)(2* + 2 + 1) — (z* + 1)*(z — 1)%. Now h(z) =
3x° — 3 + 323 — 32?4+ 3z = 32 (z — 1)+ 32*(z — 1) + 3z. So, h(z) > 0 for all
x > 1. Therefore, since h(q) > 0 the inequality (¢* —¢*+1)(¢*+q+1) > (¢*+
1)%(¢—1)? holds for all ¢ > 2. Hence, it is shown that |G : Cg(a)| > |Ca(a)|?

holds when « has order 3, which completes the proof.
O

4.3 Main theorem

Theorem 4.3.1. Let Q) be a quasi-simple group and let A be a non-trivial
group of automorphisms of Q) such that the orders of Q) and A are coprime.
If |Q: Co(A)| = n, then |Q| < n®.

Proof. We need to show that A acts on )/Z(Q) non-trivially. Assume the

action is trivial. Then

QA <Z(Q)

Q,A, Q] =1and(A4,Q,Q] =1

Q,Q, Al = 1 by Three Subgroup Lemma
=[Q, A] = 1since Q' = Q

[
=]
=]
[
which is not the case.

Hence A acts on QQ/Z(Q) non-trivially. Now, since |A| and |Q| are co-
prime, A necessarily consists of outer automorphisms. By Table 2.4 we

know that the outer automorphism group of a sporadic group has order
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1 or 2. Consider the alternating groups A, where n > 5. By (3.2.17) in
28], we know that Aut(A,) = S, except for n # 6. Since Z(A,) = 1, and
Inn(A,) = A,/Z(A,) = A, Out(A,) = Aut(A,)/Inn(A,) is isomorphic to
Zy for n # 6. If n = 6, by (3.2.19) of [28], |Aut(As)/Inn(Ag)| = 22. There-
fore the outer automorphism group of an alternating or a sporadic group is
a 2-group. But since order of every non-abelian simple group is necessarily
even and (|A]|,|Q|) holds, we have A = 1, which is not the case. Therefore
Q/Z(Q) is a simple group of Lie type.

Let « be a non-trivial element of A of prime order r. Recall that the
Schur multiplier of a simple group of Lie type is the direct product of groups
of orders d (diagonal or canonical part of the Schur multiplier) and e (ex-
ceptional multiplier). The diagonal multiplier extends the adjoint group to
the corresponding universal Chevalley group. The exceptional multiplier is
always a p-group, and is trivial except in finitely many cases. We have to
consider the cases where the exceptional part of the Schur multiplier of @ is
trivial and non-trivial seperately.

First consider the cases where the exceptional part of the Schur multiplier
of Q/Z(Q) is non-trivial. There are 18 cases which are shown in Table
2.2. Since order of every non-abelian simple group is necessarily even, and
(JA[,1Q|) = 1, we can omit the cases where Out(Q/Z(Q)) is a 2-group.

o If Q/Z(Q) is isomorphic to A;(4), then according to Table 2.2 e = 2,
p=2f=2qg=4,d=(2,¢q—1) =1, and g = 1. So the outer auto-
morphism group of @)/Z(Q) has order dfg = 2, hence Out(Q/Z(Q)) is
a 2-group.

o If Q/Z(Q) is isomorphic to A;(9), thene =3, p =3, f =2, ¢ =09,
d=(2,¢q—1) = (2,8) =2, and g = 1. So the outer automorphism
group of Q/Z(Q) has order df g = 4, that is, Out(Q/Z(Q)) is a 2-group.

o If Q/Z(Q) is isomorphic to A3(2), thene =2, p=2,¢=2, f=1,n=
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2d=(n+1,g—1)=(2,1) =1, and g = 2. So the outer automorphism
group of Q/Z(Q) has order df g = 2, that is, Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to Ay(4), thene =4% p=2,q=4, f =2,n =
2d=(n+1,q—1)=(2,3) =1, and g = 2. So the outer automorphism
group of Q/Z(Q)) has order df g = 4, that is, Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to A3(2), thene=2,p=2 f=1,¢=2,n=
2d=(n+1,q—1)=(2,1) =1, and g = 2. So the outer automorphism
group of Q/Z(Q) has order df g = 4, that is, Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to 2A43(2), thene =2, p=2,¢=2,p/ =¢* =
4,0 f=2,n=3,d=(n+1,g+1)=(4,3) =1,and g = 1. So
the outer automorphism group of )/Z(Q) has order dfg = 4, that is,
Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to 243(3), then e = 32, ¢ = 3, p = 2, p/ =
?=9s0f=2n=3d=(Mn+1,q+1)=(4,4) =4, andg=1. So
the outer automorphism group of @/Z(Q) has order dfg = 8, that is,
Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to 245(2), thene =22, p =2, ¢ =2,p/ =¢* =
4,50 f=2,n=5,d=(n+1,q+1)=(6,3) =3, and g = 1. So the
outer automorphism group of Q)/Z(Q) has order dfg = 6. Therefore,
A divides 6. By Table 2.3, we know that |?A5(2)| is divisible by both 2
and 3, so (|Al,[*45(2)]) = 1 implies A = 1 which is not the case.

If Q/Z(Q) is isomorphic to By(2), then e = 2, p =2, ¢ = 2, ¢ = p/,
sof=1,n=2d=(2,9g—1)=(2,1) =1, and g = 1. So the outer
automorphism group of Q/Z(Q) has order dfg = 1. That means A is

trivial, which is impossible.
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If Q/Z(Q) is isomorphic to B3(2), then e = 2, p =2, ¢ = 2, ¢ = p/,
sof=1,n=3d=(2,¢q—1) =(2,1) =1, and g = 1. So the
outer automorphism group of QQ/Z(Q) has order dfg = 1, that is, A is

necessarily trivial which is not the case.

If Q/Z(Q) is isomorphic to B3(3), then e = 3, p =3, ¢ = 3, ¢ = p/,
sof=1,n=3d=(2,g—1)=(2,2) =2, and g = 1. So the outer
automorphism group of Q/Z(Q) has order dfg = 2, so Out(Q/Z(Q))

is a 2-group.

If Q/Z(Q) is isomorphic to C3(2), then e =2, p =2, ¢ = 2, ¢ = p/,
sof=1,n=3,d=(2,9g—1)=(2,1) =1, and g = 1. So the outer
automorphism group of QQ/Z(Q) has order dfg = 1, so A is necessarily

trivial which is not the case.

If Q/Z(Q) is isomorphic to Dy(2), then e = 22, p =2, ¢ =2, ¢ = p/,
sof=1,n=4d= 4q¢q"+1) = (4,17) = 1, and ¢ = 6. So
the outer automorphism group of @Q/Z(Q) has order dfg = 6. Then
|A| divides 6. Now, since |D4(2)| = 2'2.15.3.15.63 is divisible by 6, if
(|A],1Q/Z(Q)]) = 1 then A must be trivial which is not the case.

If Q/Z(Q) is isomorphic to G5(3), then e =3, p=3, ¢ =3, ¢ = p/, so
f=1n=2d=1, and g = 2. So the outer automorphism group of
Q/Z(Q) has order dfg = 2, so Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to G5(4), then e =2, p=2, ¢ =4, ¢ = p/, so
f=2,n=2,d=1, and g = 1. So the outer automorphism group of
Q/Z(Q) has order dfg = 2, so Out(Q/Z(Q)) is a 2-group.

If Q/Z(Q) is isomorphic to Fy(4), then e =2, p=2, ¢ =4, ¢ = p’/, so
f=2,n=2,d=1, and g = 2. So the outer automorphism group of
Q/Z(Q) has order dfg = 4, so Out(Q/Z(Q)) is a 2-group.
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o If Q/Z(Q) is isomorphic to 2Eg(2), then e = 22, p =2, ¢ = 2, ¢ = p’,
sof=1,n=6,d=(3,3) =3, and g = 1. So the outer automorphism
group of Q/Z(Q) has order dfg = 3. Then A divides 3. Since |?Es(2)| =
236,(212 — 1)(2° 4 1)(28 — 1)(2° — 1)(2° + 1)(22 — 1) is divisible by 3, if
(|A],1Q/Z(Q)]) = 1, A is necessarily trivial which is not the case.

o If Q/Z(Q) is isomorphic to 2By(8), then e =22, p=2,¢=38, ¢ = 2/,
so f =3, n=2d=1,and g = 1. So the outer automorphism
group of Q/Z(Q) has order dfg = 3. Since |*By(8)| = 64.65.7 is not
divisible by 3, for any subgroup A of the outer automorphism group,
(JA],1Q/Z(Q)|) = 1. Therefore, Q/Z(Q) is necessarily isomorphic to
2By (8).

This analysis demonstrates that if the exceptional part of the Schur mul-
tiplier of )/Z(Q) is non-trivial, then necessarily @)/Z(Q) is isomorphic to
2By(8). By Table 2.2, observe that |*By(8)| has order 64.65.7 = 29120 and
Schur multiplier of ? By(8) has order 4. Since Q/Z(Q) is isomorphic to 2By (8),
(Q,7) is a central extension of 2By(8) where 7 : Q — Q/Z(Q), the canon-
ical homomorphism . By Theorem 14.4.1 in [7], ?By(8) is simple. Hence, it
is necessarily perfect, so by Theorem 2.5.11, the universal central extension
(G,0) of 2By(8) exists. Then there exists a unique morphism of central
extensions A : (G,0) — (Q, ). Therefore, A : G — Q is an epimor-
phism with ¢ = Ar. Since ker(w) = Z(Q) < ker(o) which has order 4,
we conclude |Z(Q)| < 4. By Lemma 4.2.3, Cg/z()(a) is isomorphic to
?By(2) which has order 20. Now, since |Q/Z(Q) : Cg/z(a)] < |Q/Z(Q) :
Coz(A)|, if |Q/Z(Q) : Cq/z(A)| < n, then n > 29120/20 = 1456. Since
n® > 3086626816, and |Q| = 116480, the required inequality holds.

Now we may assume that the exceptional part of the Schur multiplier
of @ is trivial. By [9, page xv], the diagonal multiplier extends the adjoint

type group to the corresponding universal type group. So () is a quotient
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of the universal Lie type group of the same type. Let G be the universal
Lie type group such that @) is the quotient of G by a central subgroup Z,
that is Q@ = G/Z. By Lemma 4.2.4, « extends to an automorphism of
G which has coprime order to G and stabilizes Z. Since (|al,|G]) = 1
and Z is an a-invariant normal subgroup of G, by Lemma 1.7.7 in [10],
we have Cg(a) = Cg/z(a) = Cq(a)Z/Z. Since Cg(A) < Cg(a), we have
Q: Cola)] < 1Q : Co(A)] < n. Now,

n2>1Q: Cla)| =|G/Z : Cgyz(a)
=|G/Z : Cqla)Z/Z|
=|G: Ce(a)Z|

We have |Cg(a)Z : Cq(a)| < |Z]. Since Z is a central subgroup of G,
|Z| < |Z(G)|. Since G is a universal Lie type group, it is the universal
covering group of a simple group of Lie type, that is, G is quasi-simple.
So, by Theorem 4.2.1, |Z|*> < |Z(G)|?> < |G|. Then |Cg(a)Z : Co(a)| <
|Z| < |G|'3. Since G is a universal Lie type group and « is a coprime
automorphism, by Theorem 4.2.12, we have |Ce(a)|? < |G : Cg(a)|. Now,

1Ca(a)]? < |G : Cqla)| = |G : Cala)Z||Cala) Z : Ca(a)] < nlZ| < n|G|V2.

So, we have
Cala)| < n'?|GIVS.

Therefore |G| = |G : Ca(a)||Cq(a)| < n3/2|G|"/2, which implies |G| < n®.
Since @ is a quotient of G, |Q| < n3.
O
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