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Theorem
(projectivem

odules)
R

e
c
a
ll

t
h
a
t

a
n

R
-m

o
d
u
le

P
isprojective

if
o
n
e

o
f

t
h
e

fo
llo

w
in

g
e
q
u
iv

a
le

n
t

c
o
n
d
it

io
n
s

h
o
ld

s
:

(i)
W

e
h
a
v
e

t
h
e

fo
llo

w
in

g
u
n
ie

rs
a
l

lift
in

g
p
ro

p
e
rty

:

P

M
N

0

f
÷

f
Õp

(ii)
T

h
e

fu
n
c
t
o
r

H
o
m

M
od

(R
) (

P
,≠

)
is

e
x
a
c
t
.

(iii)
A

n
y

s
h
o
rt

e
x
a
c
t

s
e
q
u
e
n
c
e

0
æ

M
æ

N
æ

P
æ

0
o
f

R
-m

o
d
u
le

s
s
p
lit

s
.

(iv)
P

is
a

d
ire

c
t

s
u
m

m
a
n
d

o
f

a
fre

e
R

-m
o
d
u
le

.
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Theorem
(injectiveobjects)

R
e
c
a
ll

t
h
a
t

a
n

R
-m

o
d
u
le

I
isinjective

if
o
n
e

o
f

t
h
e

fo
llo

w
in

g
e
q
u
iv

a
le

n
t

c
o
n
d
it

io
n
s

h
o
ld

s
:

(i)
W

e
h
a
v
e

t
h
e

fo
llo

w
in

g
u
n
iv

e
rs

a
l

lift
in

g
p
ro

p
e
rty

:

0
M

N

I

i

f
÷

f
Õ

(ii)
T

h
e

fu
n
c
t
o
r

H
o
m

M
od

(R
) (≠

,
I)

is
e
x
a
c
t
.

(iii)
A

n
y

s
h
o
rt

e
x
a
c
t

s
e
q
u
e
n
c
e

0
æ

I
æ

M
æ

N
æ

0
o
f

R
-m

o
d
u
le

s
s
p
lit

s
.
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Definition
(projective

cover)
Foran

R
-m

odule
M

a
p
ro

je
c
t
iv

e
c
o
v
e
ris

a
pair

(
P

,
fi
)

where
P

is
projective

and
fi

:
P

æ
M

is
an

epim
orphism

.D
efine

W
(
M

,
P

,
fi
)
=

k
e
r(

fi
)
.

Definition
(injectivehull)

Foran
R

-m
odule

M
an

in
je

c
t
iv

e
h
u
llis

a
pair

(
I
,
ÿ)

where
I

is
injective

and
ÿ

:
M

æ
I

is
a

m
onom

orphism
.D

efine

W
≠

1(
M

,
I
,
ÿ)

=
c
o
k
e
r(

ÿ)
.
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Theorem
(i)

T
h
e

c
a
t
e
g
o
ry

M
o
d
(
R
)

h
a
s

e
n
o
u
g
h

p
ro

je
c
t
iv

e
s

in
t
h
e

s
e
n
s
e

t
h
a
t

fo
r

a
n
y

R
-m

o
d
u
le

M
t
h
e
re

is
a

p
ro

je
c
t
iv

e
c
o
v
e
r.If

(
P

,
fi
)
,
(
P

Õ,
fi

Õ)
a
re

tw
o

p
ro

je
c
t
iv

e
c
o
v
e
rs

t
h
e
n

b
y

S
c
h
a
n
u
e
l’s

le
m

m
a

k
e
r(

fi
)ü

P
Õ≥=

k
e
r(

fi
Õ)ü

P
.

(ii)
T

h
e

c
a
t
e
g
o
ry

M
o
d
(
R
)

h
a
s

e
n
o
u
g
h

in
je

c
t
iv

e
s

in
t
h
e

s
e
n
s
e

t
h
a
t

fo
r

a
n
y

R
-m

o
d
u
le

M
t
h
e
re

is
a
n

in
je

t
iv

e
h
u
ll.If

(
I
,
ÿ)

,
( Õ,

ÿ Õ)
a
re

tw
o

in
je

c
t
iv

e

h
u
lls

t
h
e
n

s
im

ila
rly

c
o
k
e
r(

ÿ)ü
I Õ≥=

c
o
k
e
r(

ÿ Õ)ü
I
.
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Definition
(stablem

odule
category)

For
R

-m
odules

M
,
N

let

P
H

o
m

M
od

(R
) (

M
,
N
)
=

Ó
f

œ
H

o
m

M
od

(R
) (

M
,
N
)

|
f

:
M

æ
P

æ
N

Ô

be
the

subspace
of

H
o
m

M
od

(R
) (

M
,
N
)

consisiting
ofm

orphism
s

which
factor

through
a

projective
m

odule.
Then

we
define

the
p
ro

je
c
t
iv

e
ly

s
t
a
b
le

m
o
d
u
le

c
a
t
e
g
o
ry

P
S
t
M

o
d
(
R
)

of
R

to
be

the
category

with

o
b
(
P

S
t
M

o
d
(
R
))

=
o
b
(
M

o
d
(
R
))

,

H
o
m

PStM
od

(R
) (

M
,
N
)
=

H
o
m

M
od

(R
) (

M
,
N
)/

P
H

o
m

M
od

(R
) (

M
,
N
)
.
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Rem
ark
Two

R
-m

odules
M

,
N

are
isom

orphic
in

P
S
t
M

o
d
(
R
)

ifand
only

if
M

ü
P

≥=
N

ü
Q

forsom
e

projective
m

odules
P

,
Q

.
If

M
ü

P
≥=

N
≥=

Q
via

inverse
isom

orphism
s

f
,
g,then

write

f
=

3
f

M
N

f
P

N

f
M

Q
f

P
Q

4
,

g
=

3
g

N
M

g
Q

M

g
N

P
g

Q
P

4
.

Then
the

conditions

g
¶

f
=

id
M

ü
P
=

3
id

M
0

0
id

P 4
,

f
¶

g
=

id
N

ü
Q
=

3
id

N
0

0
id

Q 4

show
M

≥=
N

via
f

M
N

and
g

N
M

.
Stillto

shows:
If

M
≥=

N
there

are
projectives

P
,
Q

as
above.
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Rem
ark
The

procedure
also

works
with

injectives
instead

ofprojectives
(one

then
m

ods
out

I
H

o
m

M
od

(R
) (

M
,
N
))

and
ends

up
with

the
in

je
c
t
iv

e
ly

s
t
a
b
le

m
o
d
u
le

c
a
t
e
g
o
ry

I
S
t
M

o
d
(
R
).

There
is

a
tensorproducton

the
stabe

categories
inherited

from
M

o
d
(
R
).

This
willbe

used
laterin

the
workshop
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Definition
(two

functors)
In

the
projectively

stable
category

we
can

define

W
(
M

)
:=

k
e
r(

fi
)
,

forsom
e

projective
cover

fi
:
P

æ
M

.
In

the
injectively

stable
category

we
can

define
W

≠
1(

M
)

:=
c
o
k
e
r(

ÿ)

forsom
e

injective
hull

ÿ
:
M

æ
I.

N
ote

thatthese
definitions

are
independentofthe

choice
ofthe

projective
cover

fi
resp.

the
injective

hull
ÿ.

W
e

define
m

oreover

W
n(

M
)
=

W
(W

n≠
1(

M
))

,
W

≠
n(

M
)
=

W
≠

1(W
≠

n
+

1(
M

))
.
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Theorem
(functorialty)

T
h
e

a
s
s
ig

n
m

e
n
t

W
(W

≠
1
)

d
e
fi
n
e
s

a
n
d

e
n
d
o
fu

n
c
t
o
r

o
n

P
S
t
M

o
d
(
R
)

(
I
S
t
M

o
d
(
R
)
)
.
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Proof
W

e
exem

plarily
prove

functoriality
for

W
;the

prooffor
W

≠
1

works
sim

ilarly.
Let

f
œ

H
o
m

PStM
od

(R
) (

M
,
N
)

and
considerprojective

covers
of

M
and

N
.

W
(
M

)
P

M

W
(
N
)

Q
N

W
(f

)
“

–

f

—

Since
—

is
an

epim
orphism

we
can

lift
f

¶
–

to
a

m
ap

“
:
P

æ
Q

.
D

efine
W
(
f
)

:=
“|W

(M
) .

This
is

well-defined:
Fortwo

lifts
“1

,
“2

the
di�erence

satisfies
im

(
“1 ≠

“2 )
µ

k
e
r
—
=

W
(
N
),i.e.

“1 ≠
“2

factors
through

W
(
N
),hence

W
(
f1 )≠

W
(
f2 )

factors
through

P
.
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Definition
Let

G
be

a
finite

group
and

k
a

field.
Then

k
[G

]:=
ngœ

G

k
g

is
called

the
g
ro

u
p

a
lg

e
b
ra

o
f

G
o
v
e
r

k.
If

H
µ

G
is

a
subgroup

we
have

an
inclusion

ÿ
:
k
[H

]
Òæ

k
[G

].
Iffurther

M
is

a
k
[G

]-m
odule,the

re
s
t
ric

t
io

n
o
f

M
t
o

H
is

the
m

odule
M

with
m

ultiplication
h

·
m

:=
ÿ(

h
)·

m
for

h
œ

k
[H

].
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Exam
ple

1
If

R
=

Z
then

M
o
d
(
R
)
=

A
b
G

r
p

is
the

category
ofabelian

groups.
Then

an
R

-m
odule

isprojective
i�

itisfree.
H

ence
two

finitely
generated

Z
-m

odulesare
isom

orphic
in

P
S
t
M

o
d
(Z

)
i�

theirtorsion
partcoincides.

2
If

R
=

k
fora

field
then

M
o
d
(
R
)
=

V
e
c
tk

is
the

category
of

k-vector
spaces.Since

any
vectorspace

is
free

hence
projective

in
P

S
t
M

o
d
(
k
)

all
vectorspaces

are
isom

orphic
to

the
trivialvectorspace.

3
Let

G
=

Z
/

2,
k

a
field

ofcharacteristic
2

and
R

=
k
[G

]
=

k
[x
]/

x
2.

O
ne

can
show

thatforany
R

-m
odule

M
we

have

M
is

p
r
o
je

c
t
iv

e
…

fo
r

a
ll

0
”=

–
œ

k
t
h
e

r
e
s
t
r
ic

t
io

n
M

|È1+
–

xÍ
is

fr
e
e

where
È
1
+

–
xÍµ

k
[x
]/

x
2

is
cyclic

oforder
2

(D
ade,1978).
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Theorem
L
e
t

R
=

k
[G

].
T

h
e
n

a
n
y

R
-m

o
d
u
le

is
p
ro

je
c
t
iv

e
i�

it
is

in
je

c
t
iv

e
,

i.e
.

t
h
e

a
lg

e
b
ra

k
[G

]
is

F
ro

b
e
n
iu

s
.

Proof
The

Kroneckersym
bol

”
g,h

can
be

extended
k
[G

]-linearly
to

a
bilinear,

non-degenrate
and

G
-invariantpairing

k
[G

]◊
k
[G

]æ
k.

This
induces

k
[G

] ≥=
k
[G

] ú
as

k-vectorspaces
and

by
G

-invariance
even

as
k
[G

]-m
odules.

∆
k
[G

]is
s
e
lf-in

je
c
t
iv

e,i.e.
injective

as
a

k
[G

]-m
odule,since

k
[G

] ≥=
k
[G

] ú

is
free

and
thus

projective.
directsum

s
ofinjectives

are
injective

(Bass-Papp)
∆

free
m

odules
are

injective.
P

projective
∆

P
is

directsum
m

and
ofa

free,i.e.
injective

m
odule

∆
P

injective
Sim

ilarly
I

injective
∆

I ú
is

projective,i.e.
directsum

m
and

ofa
free

m
odule.

I
≥=

I ú
∆

I
is

projective.
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Definition
W

e
write

S
t
M

o
d
(
R
)

:=
P

S
t
M

o
d
(
R
)
=

I
S
t
M

o
d
(
R
)

forthe
stable

m
odule

category
ofa

Frobenius
category.

Corollary
T

h
e

fu
n
c
o
t
rs

W
a
n
d

W
≠

1
o
n

S
t
M

o
d
(
k
[G

])
a
re

in
v
e
rs

e
t
o

e
a
c
h

o
t
h
e
r.

(
R

e
c
a
ll:

W
(
M

)
=

k
e
r(

P
æ

M
)

a
n
d

W
≠

1(
M

)
=

c
o
k
e
r(

M
æ

I)
)
.

Proof
fora

projective
cover

–
:
P

æ
M

ofsom
e

k
[G

]-m
odule

M
we

have
an

exact
sequence

0
æ

W
(
M

)
ÿÒæ

P
–æ

M
æ

0
,

i.e.
M

=
c
o
k
e
r(

ÿ).
Since

P
is

also
injective,W

≠
1(W

(
M

))
=

c
o
k
e
r(

ÿ)
=

M
.

Sim
ilarly

W
(W

≠
1(

M
))

=
M

.
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Definition
(triangles)

Let
–

œ
H

o
m

StM
od

(k
[G

]) (
M

,
N
).

Then
–

induces
a

diagram

M
N

I
M

C
–

W
≠

1(
M

)
W

≠
1(

M
)

–

ÿM
—

–

ÿM
“

where
the

uppersquare
is

a
pushoutand

“
exists

by
the

pushoutproperty
of

C
– .

The
triangle

M
æ

N
æ

C
–

æ
W

≠
1(

M
)

is
called

s
t
a
n
d
a
rd.

W
e

calla
triangle

d
is

t
in

g
u
is

h
e
d

ifitis
isom

orphic
to

a
standard

triangle.
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Theorem
S
t
M

o
d
(
k
[G

])
is

a
t
ria

n
g
u
la

t
e
d

c
a
t
e
g
o
ry

w
it

h
s
h
ift

W
≠

1
.

Proof
W

e
willm

ore
generally

show
thatthe

stable
category

ofany
Frobenius

category
(where

injective
and

projectives
coincide)

is
triangulated.

[T1]
By

construction
distinguished

triangles
are

closed
underisom

orphism
s

and
any

m
orphism

indues
a

distinguished
triangle.

M
oreoverthe

identity
1

M
:
M

æ
M

induces
C

1
M

=
I

M
≥=

0
in

the
stable

category,i.e.
M

æ
M

æ
0

æ
W

≠
1(

M
)

is
a

standard
triangle.

[T2]
Given

a
distinguished

triangle
M

æ
N

æ
L

æ
W

≠
1(

M
)

we
need

to
show

that
N

æ
L

æ
W

≠
1(

M
)

æ
W

≠
1(

N
)

is
distinguished.

Restrictto
standard

triangles,i.e.
we

have
a

standard
triangle

M
–≠æ

N
æ

C
–

æ
W

≠
1(

M
).
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ProofStrategy:
"Add"

som
e

injective
I

to
W

≠
1(

M
)

(which
is

an
isom

orphism
in

S
t
M

o
d
(
k
[G

]))
such

that
W

≠
1(

M
)ü

I
identifies

with
the

pushout
and

the
shifted

triangle
is

even
standard

(hence
distinguished).

For
f

:
M

æ
N

consideras
before

0
N

I
N

W
≠

1(
N
)

0

0
M

I
M

W
≠

1(
M

)
0

f
f

Õ
W

≠
1
(f

)

Then
we

define
a

m
ap

F
:
C

–
æ

I
N

be
the

pushoutproperty
ofthe

square
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Proof

M
N

I
M

C
–

I
N

f

f
Õ

F

Then
N

æ
C

–
(F

,≠
)

≠≠≠≠æ
I

N
ü

W
≠

1(
M

)
æ

W
≠

1(
N
)

is
a

standard
triangle

as
desired.
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Proof
[T3]

Situation:I
M

M
N

C
–

W
≠

1(
M

)

M
Õ

N
Õ

C
–

Õ
W

≠
1(

M
Õ)

I
M

Õ

I
f

ÿM

–

f
g

—

W
≠

1
(f

)

–
Õ

—
Õ

–
Õ
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ProofBy
assum

ption
g

¶
–

≠
–

Õ¶
f

:
M

æ
N

Õfactors
through

som
e

projective,
i.e.

through
I

M
,giving

a
m

ap
A

:
I

M
æ

N
Õsatisfying

A
¶

ÿM
=

g
¶

–
≠

–
Õ¶

f
.

Then
the

pushoutproperty
of

C
–

gives
us

the
right

h:

M
M

Õ

I
M

C
–

C
–

Õ

–

ÿM
—

Õ¶
g

–
Õ¶

I
f
+

—
Õ¶

A

h
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Proof
[T4]

O
ctahedron

axiom
.

Startwith
three

standard
triangles

M
–≠æ

N
—≠æ

L
Õ

“≠æ
W

≠
1(

M
)

N
–

Õ
≠æ

L
—

Õ
≠æ

M
Õ

“
Õ

≠æ
W

≠
1(

N
)

M
–

ÕÕ
≠≠æ

L
—

ÕÕ
≠≠æ

N
Õ

“
ÕÕ

≠≠æ
W

≠
1(

M
)

W
e

need
to

constructanothertriangle

L
Õ

A≠æ
N

Õ
B≠æ

M
Õ

C≠æ
W

≠
1(

L
Õ)

where
C

=
W

≠
1(

—
)¶

“
Õand

show
thatitis

distinguished
and

all
occuring

m
aps

are
com

patible
in

the
sense

thatthey
com

m
ute

when
arranged

in
an

octahedron.
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ProofThe
pushoutproperty

of
L

Õgives
us

the
m

ap
A

M
N

I
M

L
Õ

N
Õ

—
ÕÕ¶

–
Õ

3rd
triangle

A

M
L

I
M

N
Õ

M
Õ

—

use
I

L
Õ =

I
N

B

M
ain

clue:
W

e
m

odify
the

second
triangle:

Instead
of

N
Òæ

I
N

we
use

the
com

position
N

Òæ
L

Õ
Òæ

I
L

Õ(stillinjective!),i.e.
we

identify
I

L
Õ
=

I
N

.
Then

the
pushoutproperty

of
N

Õgives
us

the
m

ap
B

.
Using

the
com

m
uting

relations
in

the
pushoutsetting

on
shows

that
A

,
B

and
C

satisfy
allthe

required
relations.
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ProofItrem
ains

to
show

that
L

Õ
A≠æ

N
Õ

B≠æ
M

Õ
C≠æ

W
≠

1(
L

Õ)
is

distinguished.
The

identification
I

L
Õ
=

I
N

yields
W

≠
1(

N
)
=

W
≠

1(
L

Õ).
Then

in
the

diagram

I
L

Õ
N

L
Õ

M
Õ

L
N

Õ A

B

both
squares

are
pushouts,hence

the
outerrectangle

is
also

a
pushout,

showing
thatthe

above
triangle

is
standard.
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Rem
ark

(The
stablecategory

and
group

cohom
ology)

Fora
k
[G

]-m
odule

M
choose

a
projective

resolution
P

ú
=

(···
ˆ2
≠æ

P
1

ˆ1
≠æ

P
0

ˆ0
≠æ

M
æ

0).
Then

applying
H

o
m

k
[G

] (≠
,
N
)

we
geta

cochain
com

plex

0
æ

H
o
m

k
[G

] (
P

0
,
N
)

æ
H

o
m

k
[G

] (
P

1
,
N
)

æ
···

Then
E

x
t nk

[G
] (

M
,
N
)

is
defined

as
the

n-cohom
ology

group
ofthis

com
plex

and
H

n(
G

,
M

)
:=

E
x
t nk

[G
] (

k
,
M

)
.

W
e

then
have

the
following

connection:

H
n(

G
,
M

)
=

H
o
m

k
[G

] (W
n(

k
)
,
M

)
.
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Rem
ark

(The
stablecategory

and
group

cohom
ology)

For
n
=

1
this

is

E
x
t 1k

[G
] (

M
,
N
)
=

H
o
m

k
[G

] (W
(
M

)
,
N
)
.

This
already

follows
im

m
ediately

from
the

definition!
Elem

ents
in

E
x
t 1k

[G
] (

M
,
N
)

com
e

from
cocycles

’
:
P

0
æ

M
where

"cocycle"
m

eans
that

itcom
es

frfom
ˆ1 ,i.e.

factors
through

k
e
r
ˆ0

=
W
(
M

).
Sim

ilarly
any

m
ap

’ Õ:W
(
M

)
æ

N
represents

via
the

com
position

’ Õ¶
ˆ1

:
P

1
æ

N
an

elem
entin

E
x
t 1k

[G
] (

M
,
N
).

O
ne

then
shows

thattwo
such

m
aps

’ Õ,
’ ÕÕrepresentthe

sam
e

elem
enti�

theirdi�erence
factors

through
a

projective
k
[G

]-m
odule.
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Thanksforlistening!
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