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ABSTRACT. We prove that under mild regularity assumptions on the initial
data the two-phase classical Stefan problem admits a (unique) solution that is
analytic in space and time.

1. INTRODUCTION

The Stefan problem is a model for phase transitions in liquid-solid systems and
accounts for heat diffusion and exchange of latent heat in a homogeneous medium.
The strong formulation of this model corresponds to a free boundary problem in-
volving a parabolic diffusion equation for each phase and a transmission condition
prescribed at the interface separating the phases.

In order to describe the physical situation in some more detail, we consider a
domain ) that is occupied by a liquid and a solid phase, say water and ice, that are
separated by an interface I'. Due to melting or freezing, the corresponding regions
occupied by water and ice will change and, consequently, the interface I'" will also
change its position and shape. This leads to a free boundary problem.

The basic physical laws governing this process are conservation of mass and
conservation of energy. The unknowns are the temperature vt and u~ for the
liquid and solid phase, respectively, and the position of the interface I' separating
the two different phases. The conservation laws can then be expressed by a diffusion
equation for ut and w~ in the respective regions QT and Q= occupied by the
liquid and solid phase and by the so-called Stefan condition which accounts for
the exchange of latent heat due to melting or solidifying. In the classical Stefan
problem one assumes that

ut"=u"=0 on T (1.1)

where 0 is the melting temperature.

The Stefan problem has been studied in the mathematical literature for over a cen-
tury, see [50, 45] and [56, pp. 117-120] for a historic account, and has attracted
the attention of many mathematicians.

The Stefan problem is known to admit a unique global weak solution, provided the
given data (that is, the initial temperature and the source terms) have the ‘correct’
signs; see for instance [29, 31, 37] and [41, pp. 496-503]. If the sign conditions are
obstructed, then the Stefan problem becomes ill-posed [20].

In the one-dimensional case the Stefan problem has been extensively studied by
many authors, among them J.R. Cannon, A. Friedmann, C.D. Hill, D.B. Kotlow,
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M. Primicerio, L.I Rubinstein, and D.G. Schaeffer, see [28, 30, 50] for more infor-
mation.

In the current paper we establish existence and regularity properties for solutions
of the classical two-phase Stefan problem. The novelty is that we can prove that
the free boundary I' and the temperature u* are analytic in space and time.

Results concerning the regularity of the free boundary for weak solutions of the
multidimensional one-phase Stefan problem were established in [14, 15, 32, 38, 39],
and continuity of the temperature was proved in [17]. The regularity results were
derived by formulating the one-phase Stefan problem as a parabolic variational
inequality [22, 32], for which the solution exists globally in time. In more detail,
Friedman and Kinderlehrer [32] proved that under suitable (restrictive) assump-
tions on the initial data, the domain occupied by water remains star-shaped and
the free boundary is Lipschitz-continuous for all times. Caffarelli [14, 15] showed
that if for a fixed time ¢y, the point X is a point of density for the coincidence set,
then the free boundary is a C'-surface in a time-space neighborhood of (tg, Xo).
Building on this result, Kinderlehrer and Nirenberg [38, 39] established that the
free boundary is smooth, that is, analytic in the space variables and in the second
Gevrey class for the time variable. In case the water region is star-shaped with
respect to the unit sphere, the authors derived that the free boundary is jointly
analytic in the space and time variables, provided the heat supplied is analytic and
positive. Under a very weak assumption (on the heat source) Matano [43] proved
that any weak solution (in the sense of [22]) eventually becomes smooth, and that
['(t) approaches the shape of a (growing) sphere. In order to prove that the solution
is eventually classical, Matano shows that each point X of the free boundary I'(¢)
has positive density with respect to the ice region if ¢ is sufficiently large. Such
a property does not follow simply from local regularity analysis: a study of the
geometric features of T'(¢) in some global aspect is needed. The main tool involved
is the plane-reflection method.

We note here that the formulation of the Stefan problem as a variational inequality
does not seem to have a natural extension to the two-phase problem.

If the data are sufficiently smooth and satisfy high order (up to order 23) com-
patibility conditions, classical solutions on a small time interval were obtained by
Hanzawa [34]. The approach relies on the Nash-Moser implicit function theorem,
and leads to a loss of derivatives for the solution.

A unique local in time solution to the one-phase Stefan problem in Sobolev spaces
of periodic functions was constructed by Frolova and Solonnikov in [52, 53]. Their
result is based on the contraction mapping principle and on results for a linear
model problem established in [33].

Existence and uniqueness for a one-phase Stefan-like problem was obtained in [23]
by Escher.

Continuity of the temperature for weak solutions of the multidimensional two-phase
Stefan problem was obtained in [16, 18, 19, 57], and continuity of the temperature
distribution for an m-phase Stefan model with m > 2 was studied in [21]. More re-
cently, the regularity of the free boundary for weak (viscosity) solutions was studied
in [3, 4, 5, 40]. In more detail, Athanasopoulos, Caffarelli and Salsa [3, 4] consider
viscosity solutions of parabolic two-phase transition problems whose boundary is
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locally given by a Lipschitz graph in space and time. It is shown in [3] that this
assumption yields Lipschitz continuity for the temperature as well. If the problem
satisfies a non-degeneracy condition, the authors show in [4] that the free boundary
and the temperature are C'. The non-degeneracy condition states, roughly speak-
ing, that the heat fluxes are not vanishing simultaneously on the free boundary. The
authors also show by a counter example that the free boundary may not regular-
ize instantaneously in the absence of the non-degeneracy condition [4, section 10].
(They construct an example where a Lipschitz free boundary stays Lipschitz for
some time, without regularizing.) In some cases, the validity of the non-degeneracy
condition can be verified by global considerations, see Nochetto [46]. In [40], Koch
shows that under the same non-degeneracy condition C'-free boundaries are in fact
C*°-smooth.

Local existence of classical solutions on a small time interval for the two-phase
problem was first obtained by Meirmanov [44], provided that the initial data sat-
isfy high order compatibility conditions. Classical solutions for the two-phase Stefan
problem in Holder spaces and weighted Holder spaces (without loss of regularity)
were obtained by Bazalii, Bizhanova, Degtyarev, Solonnikov, and Radkevich, see
[6, 7, 8,9, 10, 11, 12, 13, 49] for more information.

In this paper we prove under mild regularity assumptions on the initial data that
(local in time) solutions to the two-phase Stefan problem are in fact analytic in
space and time. In order to obtain our results we first establish L,-maximal reg-
ularity results for an appropriate linear problem, that is, we establish the best
possible estimates for the linearized problem. This, in turn, allows us to use the
contraction principle to obtain a unique solution for the nonlinear problem. More-
over, our approach allows us to resort to the implicit function theorem to establish
analyticity. In contrast to the results and techniques in [4, 5, 40], which are con-
ditionally dependent on the ability to verify that a given weak (viscosity) solution
satisfies the 'non-degeneracy’ condition at a given point (tg, Xg) € I', we formulate
conditions on the initial data which allow us to simultaneously prove existence and
regularity properties of solutions.

We should like to mention that the authors in [52, 53] obtain a solution for the
one-phase problem with periodic conditions having the same maximal regularity
properties as in the current paper. However, our approach and our techniques are
different from those in [53], and our regularity results are completely new. It is
clear that the one-phase problem is also covered by our approach.

After these general remarks we shall now introduce the precise mathematical model
we are considering. We will, in fact, look at the special geometry where the free
boundary is represented as the graph of a function.

Let us then consider a family I' = {I'(¢) : t € (0,T)} of hypersurfaces in R"*1
where each individual hypersurface is assumed to be a graph over R"”, that is,

I'(t) = graph(p(t))

for some p(t) : R® — R. Moreover, let QT (¢) and Q= (t) denote the domain above
and below I'(¢), respectively, that is,

QOF(t) := {(z,y) ER" xR : +y > +p(t,z)}.
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We set Q(t) := QF(t) UQ(t) and consider the following problem: Given I'g =
graph(po) and ug : Q(0) — R, determine a family I' = {I'(¢) : ¢ € (0,7} and a

function
u U ({t} xQt)) = R
te(0,T)
such that
(O —cA)u = 0 in Ute(O,T)({t} x Q(t)),
yu = 0 on Ute(o,T)({t} x I'(t)),
Vo= —ledaul  on Uygm({t} x D), (1.2
U(O) = Ug in Q(O),
r'©o) = To,

where v stands for the trace operator, V denotes the normal velocity of ', and v is
the unit normal vector, pointing into Q1 (¢). Given any function v : Q(t) — R, we
write v+ and v~ for the restriction of v to Q*(¢) and Q7 (¢), respectively. Moreover,
we admit the possibility of two different diffusion coefficients in QF(¢), i.e. ¢ is given

*® e, (xy) € QT(2),
ct,zy) = { cJ_r, (x,y) € Q™ (t). (1.3)

Using this notation, let [cd,u] denote the jump of the normal derivatives of u across
I'(t), that is,
[cOu] == cyyO,u’ — c_yO,u~.
Of course, ug is a given initial value for u and I'y describes the initial position of T'.
To formulate our main result, let W, (R"), s > 0, p € (1, 00), denote the Sobolev-
Slobodeckij spaces, cf. [55] (see also Section 3). Then we have

Theorem 1.1. Let p > n + 3. Then there is a number ny > 0 such that the
following holds: Given (ug, po) € W;?—Q/p(Q(O)) X W§_2/p(]R”) with
yuif =0, +uf >0 on QF(0), ai:=38,uT(0,p0(0)) >0, (1.4)
and
”PO”BUCl(R") < 7o, ||81/U(j>E - aiHBUc(FO) < 7o, (1.5)

there exists T = T (ug, po) and an analytic solution (u,T"), where T'(t) = graph(p(t)),
for the Stefan problem (1.2). More precisely, we have that

M= U ({t} xT'(t)) s a real analytic manifold
te(0,T)

and that u* € C (i, R), with Oy == {(t, (z,y)) € (0,T) x R : (z,y) € O (£)}.
The solution ©*u is unique in the class B specified in Section 4, where © is the
transformation defined in Section 2.

Remark 1.2. For simplicity we formulated our results for the case that the free
boundary is given as the graph of a function. We should emphasize that the situa-
tion of a general geometry can be reduced to the geometry of a graph by first fixing
an appropriate reference manifold, and then using the method of localization. It
can then be shown that the smallness condition (1.5) can always be satisfied by a
judicious choice of a reference manifold close to I'g. By the parabolic maximum
principle, the non-degeneracy condition (1.4) persists as long as the solution does
not develop singularities.
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If the interface condition (1.1) is replaced by the Gibbs-Thomson correction
vt =u" =0k on T, (1.6)

where o is a positive constant, called the surface tension, and where x denotes the
mean curvature of I'; then the resulting problem is called the Stefan problem with
Gibbs-Thomson correction or the Stefan problem with surface tension. We refer to
[27] for more information and results.

Finally, we want to remark that this paper also serves as a preparation to a
forthcoming paper of the authors on singular limits for the two-phase Stefan prob-
lem. More precisely, it will be proved that a strong solution of the Stefan problem
with the Gibbs-Thomson correction (1.6) tends for ¢ — 0 to the strong solution of
the classical Stefan problem constructed in this paper.

2. THE TRANSFORMED PROBLEM

In what follows we write V, for the gradient with respect to x € R", whereas V
denotes the full gradient with respect to (z,y) € R xR. With the same meaning we
use A, and A. Let T > 0 and set R := R\ {0} and R*! := R" x R. In analogy to
the definition of u® : Q(t)* — R for a function u on 2(¢) we denote the restriction
of a function v : R"1 — R to RT‘I and R™™ by v+ and v, respectively, where
R = {z ¢ R"": 42,,; > 0}. We intent to transform the equations in Q(¢)
into a problem in R"*!. For this purpose we define

0:[0,T] xR"™ - Qr:= |J ({t} xQ(),
te[0,T] (2.1)
Ot,z,y) = (L, ¥(t 2, y)) = (4,2, y + pr(t, 2,9)),
where T'(t) = graph(p(t)) is defined in the last section and pg : [0,T] x R — R

is a suitable extension of p : [0,7] x R® — R, to be defined later. A simple
computation yields

T — : g :

(V) 0 1 0
—01pE . —OnpE 1
1+ayPE 1+8yﬂE 1+8yPE

This shows that suitable conditions on the function pg imply © to be a diffeomor-
phism. For instance, assuming pg € C*((0,T) x R"™1) and [|0ypg| s < 1 results
in

© € Dift*((0,7) x R™",Qr), k€ NU{oo,w}. (2.2)
It is clear that at this point we do not know how regular p and pg are. But in
Sections 4 and 5 we will see that these functions are sufficiently regular to justify the
transformation of (1.2) into a quasilinear system that we are going to present next.
So for the remaining part of this section we just assume that p and the extension
pe are suitable functions, such that the following computations make sense.

We denote the push-forward and pull-back by

u=0,0=0v00"! and v=0"u=uo00O,



6 J. PRUSS, J. SAAL, AND G. SIMONETT

respectively. Note that
OipE
O 0u = Ow— ——F—0yv,
tU 'tV 1 n aypE y’U
0*Vu = ©*VO,v=(Vy) Vo,
0*Au = O*'VIVu={(Vy) TV (V) TVu =: Agu,
where we mean M~T = (M~1)T for a matrix M. In slight abuse of notation we

will also denote the pull-back ©*c of ‘the diffusion coeflicient ¢’ introduced in (1.3)
by ¢, that is, we set

cy, > 0,
c(x,y) { o z<0. (2.3)

Explicitely, the tranformed Laplacian is therefore given by
1+ |Vaepe|? 2, 2V pE|V0,v)

= Aw
v v+ (1+6ypE)2 Yy 1+ 0ypE (2.4)
1 1+ |vsz‘2 2 2<vaE|vxaypE> } .
SN S P o 2721 o,
1+ 9ypE { pet (14 0ypr)? vPe 1+ 9ypE v

where (-|-) denotes the standard scalar product in R"*!. Next let us transform the
Stefan condition. Clearly, the function

X(t,x) := (z,p(t,x)), (t,z)€[0,T] x R",
is a parametrization of T'(¢) and
(=Vap(t, x), 1)
L+ |[Vap(t,z)[?
is the outer unit normal at I'(t) pointing into ;. Thus, the Stefan condition

V = (0X[v) = —(cs7Vut 0 X — c_Vu~ o X|v)

v(t,X(t,z)) =

becomes
p = (OX|(=Vap, 1)) = —(e47Vut 0 X — c AVu~ 0 X|(—Vap, 1))
= (470" Vu" — 70" VuT|(~V.p, 1))
= —(esrVot —caVuT| (V) TH(=Vap, 1))

Here v is the restriction (trace) operator of R onto R® = R™ x {0}. Then
equations (1.2) are formally equivalent to the system

Ov — ng’; Oyv —clAgv = 0 in J x R L
ywt = 0 onJxR",

Bup+ e Vot —c AVo~| (V) (=Tap,)) = 0 onJ x R™,

v(0) = O*i=o u(0) = wo in R

p(0) = po inR"
where J = [0, T]. Finally, we rephrase this system as
(O —cAw = F(v,pg) inJx R
ywt = 0 on J x R",
Op+ [cy0y(v —apg)] = H(v,pg) onJ xR", (2.5)
( ) = o in Rn—&-l,
0) = po in R,
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and we will require that the function pg satisfies the equation

(O —cA)peg = 0 in J x R*1,
W = p - onJ xR, (2.6)
pE(O) = e_lyl(l_Al)ij in Rn-‘rl.

The coefficient a in equation (2.5) is, by definition, given by
RTR(
a(z,y) = { at, Y >0, where ag := Lojg). (2.7)
a_, y<o0, 14 ~09yp%(0,0)
Observe that ax > 0, given in (1.4), implies that also
L= 'Yayvoi(o)

1+ 70,p%(0,0)
Furthermore, we have

[ev0y (v — apg)] = c4y0y (v — app

= 70y (v" —aypl) — ey, (VT —a_pp).

With the help of (2.4) and the requirement that (9; — cA)pg = 0 we obtain

OipE
F 3 = —--
(v, pE) 15 0,pm

T e R
(1+0ypm)* Y 1+ 0,pp
L+ |Vappl? 2V, pp| Va0
_ c {( + |V pEI2 _1> i — (Vapp|V WE)}(%U
1+ 0ypp (14 0ypr) ! 1+ 0,08 1

Using the fact that vV v* = 0, a straightforward calculation also shows that

H(v,pp) = Hy(v,pp) — H-(v, pp) (2.10)

(1+ |V1p0(0)|2)71/ S0, p0(0) > 0. (2.8)

)T =0y (v —app)”

Oyv + c(Ag — A)v

with

1+ VI +2
PRPREDS ((REL. P N
14 v0ypg

By applying a fixed point argument we will prove in section 4 that under appropriate
assumptions on the initial data, the coupled systems (2.5)—(2.6) admit a unique
local-in-time solution (v, p, pg). This result will be based on a maximal regularity
result for the linearized system (2.5), where the nonlinear functions (F,H) are
replaced by functions (f, h) lying in suitable function spaces.

)

Remarks 2.1. (a) The additional term ’app’ appearing in the linearization of
the Stefan condition in (2.5) is essential in our approach in order to get sufficient
regularity for the function p describing the free boundary, see also Remark 4.2 for
additional information. Moreover, due to the fact that the function pg satisfies the
equation (9; — cA)pg = 0, we do not have to consider the term
Oyv

A (5 rpe),

1+ 5y/)E( tPE PE
which would otherwise occur in the first line of equation (2.5).

(b) We refer to [6, 7, 8, 9, 10, 11, 12, 13, 33, 45, 49, 52, 53] for different results and
approaches for the linearization of the classical two-phase Stefan problem.
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(c) It is interesting to note that the classical Stefan problem requires a finer analysis
in order to establish maximal regularity than does the Stefan Problem with Gibbs-
Thomson correction, see [27]. This is, of course, not unexpected since surface
tension is known to have a regularizing effect.

3. MAXIMAL REGULARITY FOR THE LINEARIZED PROBLEM

First let us introduce suitable function spaces. Let 2 C R™ be open and X be
an arbitrary Banach space. By L,(Q;X) and H;(€;X), for 1 < p < o0, s €
R, we denote the X-valued Lebegue and the Bessel potential space of order s,
respectively. We will also frequently make use of the fractional Sobolev-Slobodeckij
spaces W, (€; X), 1 <p < oo, s € R\ Z, with norm

aa /p
lllws ) = oo+ Z ( / / ! |x_y|n+<@ oWl g, d) (3.1)

where [s] denotes the largest integer smaller than s. Let T' € (0, 00] and J = [0, T7.
We set

{u e W3(J; X) : u(0) = u'(0) = ... = u¥)(0) = 0},
s( 7. — ; 1 1
oWy (J;X) =4 if b+ <s<k+1+4,, ke NU{0},
s . : 1
Wy(J;X), if s< rE
The spaces oH,(J; X) are defined analogously. Here we remind that H;f = WI? for

k€ Zand 1 <p < oo, and that W = B, , for s € R\ Z.
In this section we consider the linearized two-phase problem

Oy —cAyw = f inJxRH
ywt = 0 onJxR?
Op+ [cyOy(v —apg)] = h onJxR", (3.2)
v(0) = vy in R*L,
p(0) = po inR",

with ¢, a as defined in (2.3) and (2.7). We will always assume that the function pg
satisfies equation (2.6), which we restate here for future reference

(O —cDprg = 0 in J x R,
WE = p ~ onJ xR, (3.3)
pE(O) = eflyl(lwa)épO in Rn“'l'

Remarks 3.1. (a) (3.2)—(3.3) constitutes a coupled system of equations, with the
functions (v, p, pg) to be determined. We will in the sequel often just refer to a
solution (v, p) of (3.2) with the understanding that the function pg also has to be
determined.
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(b) Suppose p € W, /*(J; L (R)) N L, (J; Wy~ /P(R™)) and pg € Wy~ /P (R")
is given such that p(0) = pg. Then the diffusion equation (3.3) admits a unique
solution

pp € Wy (J; LP(R™™)) N L, (J; W2 (R™)).
This follows, for instance, from [27, Proposition 5.1], thanks to

1 .
e—|y\(1—Az)2p0 c Wg_Z/p(R"—H).

(c¢) The solution pp(t,-) of equation (3.3) provides an extension of p(t,-) to R"t1,
We should remark that there are many possibilities to define such an extension.
The chosen one is the most convenient one for our purposes. We also remark that
we have great freedom for the extension of pyg.

We will first consider the special case that (h(0),vo, po) = (0,0,0). This allows
us to derive an explicit representation for the solution of (3.2)- ( )

Proposition 3.2. Let p € (3,00), T > 0, and J = [0,T]. Suppose that
(h(0),v0,p0) = (0,0,0) and that

f € Ly(J; Ly(R™™))  and
he oW/27Y2(J; L,(R™)) N L,(J; WL HP(R™)).
Then there is a unique solution (v, p, pg) of (3.2)—~(3.3) satisfying
vE oWy (J; LP(R™)) N Ly (J; W (R™H)),
p e W32 (J; Ly(R™)) N Wa(J; Wy Y /2(R™)) N Ly (J; W2~ HP(R™)),
pp € oW, (J: LP(R™H1) 0 Ly (J; W (R™H).
The norm of the solution operator
St (f,h) = (v,p, pE) (3.4)

is independent of the length of J = [0,T] for any T < Ty, with Ty arbitrary, but
fized.

Proof. (i) In order to be able to apply the Laplace transform in ¢, we consider the
modified set of equations

(O +1—cAu = f in(0,00) x R,

yut = 0 on (0,00) x R”,

(O +1)o + [ey0y(u —aocg)] = h on (0,00) x R", (3.5)
u(0) = 0 in R+,
c(0) = 0 inR™

and .
(0 +1—cA)og = 0 in (0,00) x R**!
voi = o on (0,00) x R, (3.6)
op(0) = 0 in R

for the unknown functions (u,o, o). We claim that the system (3.5)—(3.6) admits
a unique solution in the regularity class

we oW (R LP(R)) N Ly(Rys W2RM))
o€ oWIPTV (R L(RY) N W (R W VP ([RY) N Ly (R W2 /P(R™))
o5 € WL R LP(R)) N Ly(Rys WARM))
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for any functions (f, h) with regularity

(f:h) € Ly(Ry; Ly(R™) ¢ (W22 (Ry; Ly (R™) N Ly(Rys Wi~ /P(R™)) ).

(ii) In the following, the symbol ~ denotes the Laplace transform w.r.t. ¢ combined
with the Fourier transform w.r.t. the tangential space variable z. Applying the two
transforms to equation (3.6) yields

(w? 062)01;(3/) = 0, ye R,
{ UEi(O) = 7, (3.7)
where we set
w = w\&§y)=VA+ T+ c(y)lE,

wr = wi(N§) = VA +14 el

Equation (3.7) can readily be solved to the result
Go(y) =e vells. (3.8)

Next, applying the transforms to (3.5) we obtain

(W —coR)iy) = fy), yeR,
at(0) = 0, (3.9)
(A+1)6 + [c0y(t — acg)(0)] = h.
By employing the fundamental solution
1
— —wxly—s|/vex _ g—wx(y+s)//ex 0
ki (yv 8) 2w:|:\/67:i:(e € )7 Y, 8 >

of the operator (w} — ¢+02), we make for 4* the ansatz

/ k+ Y,s ) S, Yy > Oa
(3.10)

l1(1/)—/0 (—y,8)f (=s)ds, y<O.

A simple computation shows that

(o)
9,0t (0) = L e WSV fF(5)ds and
c+ Jo
1 e P
Oyu~(0) = - e W=/ f7 (—s)ds.
- Jo
Inserting this and the fact that 8y@i(0) = FU in the third line of (3.9) gives
6= 1 <iL —/ e~V fF (5)ds —/ e“s/\ﬁf(—s)ds> , (3.11)
m 0 0

with
m=A+14+ay /crwy +a_/c_w_. (3.12)

(iii) In order to show the claimed regularity for the Laplace Fourier inverse of the
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representation (4, 5) let us first introduce some operators that correspond to the
symbols occuring in (3.10)—(3.12). Let

Ke{H W}.

Then by K} we either mean the space Hy or the space W;. Here and in what
follows we make use of the notation and some of the results obtained in [27]. For
instance, in exactly the same way as there it can be shown that the domain of the
operator

Fy=(G+1+ceDy)"? in oHI(R;K5(R™))
is given by
D(Fy) = oHJ T2 (Rys K5(R™)) N oHy (R, K3THR™)), 7,5 >0, (3.13)

and that Fy : D(Fy) — oH, (R4 ;K (R™)) is invertible. Here G denotes the oper-
ator

Gu= 08w, ueD(G)=oH T (Ry;KC5(RY)), (3.14)
and D,, denotes the canonical extension to o H, (R1; K5 (R™)) of —A in K5 (R™), i.e.

Dpu=—Au weD(Dy) = oH(Ry; KST(R)).

According to the results in [27, pages 15-16],

/o eIV FE(s)ds € oWy 2T A (Ry; Ly(R™)) 0 Ly(Ry; Wy~ /P (R™))

= It LRy LRYMY).
(3.15)

And by the same arguments we have as well

| (a)ds € W R Ly (RY) 0 Ly (R WP RY)
0

— f~ e L,(Ry; L,(R")).
(3.16)

Next we show closedness and invertibility of the operator
L::G+l+a+,/c+F++a,\/C,F,, (317)

associated to the symbol m introduced in (3.12), in the space oHj (R, /C;(R™)).
However, here we cannot directly apply the Dore-Venni result as it is done for the
corresponding operator L in [27]. This is due to the fact that we can a-priori not
guarantee that the sum of the power angles of the single operators in L is strictly
less than 7w, which represents the limiting value in the Dore-Venni result. To our
operator L we apply a result of Kalton and Weis [36, Theorem 4.4], as demonstrated
in the next lemma.

Lemma 3.3. Let 1 <p <oo, r,8>0, and K € {H,W}. Then
D(L) = oHIH(R 3 K5(R™) N oHE (R, 5 KT (R™))
and L : D(L) — oHy(Ry; Ko (R™)) is invertible.
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Proof. Let ¢g € (0,7/2) and ¢ € (0,¢0/2). We consider the function
FON2,7) = A7+ ay e /TN +7) + e 22 +a_ e TN+ 7) + c_22,
(A z,1) € Yr_yp, X Xy x [0,00)\ {(0,0,0)}.
Note that arg A > 0 implies that
arg \/r(A+r)+cx22 > —p, (A z,1) € Ep_yy X By, X [0,00).

In view of p < /2 this yields f(\,z,7) # 0 on Tr_p, X Iy, x [0,00) \ {(0,0,0)}
for arg A > 0. On the other hand, we can argue in the same way if arg\ <
0, which gives f(\,z,7) # 0 on T,_,, X S, x [0,00) \ {(0,0,0)}. Recall that
by assumption cy,c_,a4,a_ are stricly positive constants. This implies that the
continuous function | f| is stricly positive on the compact set

K = {()\7,277") € Xrpy X By X [0,00): R:=|\+r

+ @ (VI + Varlel) +ave (VITATE )+ vell) = 1,

Thus |f| > ¢o > 0 on K, which implies

soanl= | (Fa )|
co (N 47+ asyer (VA +7) + erlz])
a v (ViN+r) + el

for all (A, z,7) € ¥r_ypy X Xy x (0,00) by virtue of (R,R,R) e K.
Now, observe that the symbol m of the operator L is given by m = f(-,-,1). The
last estimate implies that the symbols

v

1 A+1 At4/C+ Wt
mo:=—, mp:=——, and mg = ————
m m m

are uniformly bounded for (X, z) € X,_,, X 3y, where wi (A, 2) = /A + 1+ c122.
Furthermore, note that we have

D}/? € H> (o Hjy (Ry; K5 (R™))),

that is, Dy/? admits a bounded H*>-calculus on o, (Ry; Ko (R™)), with H>-angle
qﬁg’l ;2 = 0. (This follows, for instance, from Mikhlin’s multiplier theorem.) Since
thenspace o) (Ry; K5 (R™)) admits property «, [36, Theorem 5.3] shows that we
even have
Dy/? € RH*(oHy (R K5(R™))),
that is, Dp/* admits an R-bounded H>-calculus on o, (R4 5 K (R™)), with RH>-
angle ¢pf% piz = = 0. By the uniform boundedness of m;, j € {0,1,+, —}, this implies
that
R({m;(\,DY?) : X €S,y }) <C, j€{0,1,+,-},

where R(7) denotes the R-bound of an operator family 7 C L(X) for a Banach
space X (here X = oH,(R;K5(R"))). Clearly, mj()\,Drl/Q) commutes with the
resolvent of the operator G, and we know that G € H*(oH,(R4; K, (R™))) with
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¢F = m/2, see [35]. In view of ¢y < 7/2 we may apply [36, Theorem 4.4] to the
result
mJ(GaDrlL/2) 6L(0H£(R+,ICZ(R"))), ] € {031a+7_}
Now set S := mo(G, Drl/2) and recall that
G+1:D(G) = oH}(Ry;K5(R™), Fu:D(Fi) — oH](Ry; K3(R™)
are invertible. By the uniqueness of the Fourier and Laplace transform this yields
(G+1)"'mi(G,DY?) = (ay/cx Fr) 'my(G,DL?) =S on oHL(Ry; K5(R™)),
and consequently
St oHy (R KCp(R™)) — D(G) N D(FY).
Again by the uniqueness of the Fourier and Laplace transform we conclude that
LSf = ffor f e oH)(Ry; K (R™)) and SLu = u for u € D(G) ND(F%). Thus, we
have S = L1, i.e. S is the bounded inverse of the operator L, which in particular
implies that L is closed in oHy (R ; /) (R™)) and that
D(L) =D(G)ND(Fy).
This proves the assertion in view of (3.13) and (3.14). O

Next, we consider the formulas derived in (3.10), and (3.11), and start with the
one for wu.

(iv) Exemplary we will show the desired regularity for u™. It is clear that we can
establish the regularity for «~ in a similar way. Note that u™ is the solution of
(O +1—cyA)u™ = fin Riﬂ with Dirichlet boundary conditions. Therefore it can
be represented in terms of the solution operator (G + 1+ ¢4 D,,11)~! in the whole
space, namely as ut = P4 (G + 1+ ¢4 Dps1) ' Eoqq f+, where Py : R — R
is the restriction operator and
[, y), y >0,
E =
( Oddf)(x7y) { _f(xa _y)a y < 07
is the extension by odd reflection. But then by
Py € L(Ly(Ry; Wy (R™M)), Ly (R Wi (RY)))
and
Eoqq € L (LP(R+; LP(RTrl))a LP(R+; Lp(Rn+l))) ,
for u™ the regularity in question is clear in view of the maximal regularity proper-
ties of the operator (G + 1+ cy D, 1)L
(v) Observe that by (3.15) and (3.16) the terms fooo e Fes/Ver f+(s)ds and
Jo " e t=#/ve= f~(—s)ds belong to the regularity class of the data h. Therefore it
remains to show that L' maps the class of h into the desired class for ¢. Lemma 3.3
shows that
L0 LRy WETMP(RM) — oL (R WP (R™) 0 Ly (R W2 V/P(RP)).
and moreover, that
L7 LRy L(RY) — oH)(Ry: L(R™) N LRy HE(R"))
L7 oWy (R Ly(R™)) — oH) (Ry; Ly(R™)) N o HY (Ry; Hy (R™)).
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By real interpolation we then obtain that L= maps oW,/*~"/*"(R,; L,(R™)) into
W Y2(R L, (R7)) 1 oW (R WL (RY).
Hence
L7h € qW22 Y2 (R Ly(R™) N oW (R WEVP(R™))
M oW, 2720 (R Wy (R™)) 0 Ly (R WP (R™)),

and the regularity assertion for o follows. Here we would like to remark that by
Lemma 6.3, o has exactly the regularity claimed in Proposition 3.2.

(vi) By the trivial embedding
oW (R 5 Ly(R™)) = oW /2P (R Ly(R™))
and the just proved regularity for o we see that
g€ oW, VPP (Ry; Ly(R™)) N Lp(Ry; Wy~ V/P(R™).
Remark 3.1(b) then implies the desired regularity for og.
(vii) Let I be either a finite interval I := [0, 7], or I := R,;. Then we set
oF (1) i= Ly(I; Ly(R™1) x (W/27V20 (1 Ly (R™) 1 Ly (1 WA~ VP (R)) )
and
0Z(I) 1 = oWp(I; LP(R™™)) N L, (I; W2(R™)
x (0W§/2—1/2P(I; Ly(R™) N oWA(I; W VP(R™) 0 Ly (1 Wg—l/P(R")))
x (oW (15 L (®1) 0 Ly (1 WR(R™)).
Let Ty > 0 be fixed, and let J := [0, T] with T' < T. We set
Ri:oF(J) —  oF(Ry)
(f;h) = (e (& f), e (E9)),
where &; is defined in (6.2). It follows from Proposition 6.1 and the fact
(e (&), e (Erg)lgrry) < ||€7t||BUCl(R+)||(5va Erllor(ry)
that there exists a positive constant ¢y = co(Tp) such that
||Rj(fa h)HolF(]R+) < COH(fa h’)HO]F(J)’ (f7 h’) € OF(‘])7 (318)
for any interval J = [0,T] with T' < Tj.
Let (u,0,0r) € 0Z(R4) be the solution of (3.5)—(3.6), with (f,h) replaced by

(RS(f,h)), whose existence has been established in steps (i)—(vi) of the proof. We
note that

H(U, a, UE)” 0Z(Ry) < KHRj(f? h)”o]F(R+) < KCOH(f’ h)HoF(J)
for any (f,h) € oF(J) and and any interval J = [0,T] with T' < Tp, where K is a
universal constant. Finally, let
(v, p,p5) = (Ry(e'u), Ry (e'a), Ry(e' o))

where R; denotes the restriction operator, defined by Ryw := w|; for w : Ry — X.
Then it is easy to verify that

(v, p,pE) € 0Z(J), (v,p,pE) solves (3.2)—(3.3) (3.19)
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and that there is a constant M = M(Ty) such that

1(v; 23 pE) oz < MICS P)lor ()

for any interval J = [0,T] with T < Ty. Finally, uniqueness follows from the
uniqueness of the Fourier and Laplace transform, and this completes the proof. [

We are now ready to formulate our main result on the existence and uniqueness of
a solution for (3.2)—(3.3). By introducing appropriate auxiliary functions, we will
reduce this problem to the situation of Proposition 3.2.

Theorem 3.4. Let p € (3,00), T € (0,00), J =[0,T].
(i) There exists a unique solution (v, p, pg) to (3.2)—(3.3) with
v € Wy (J: LP(R™)) 0 Ly (J; W (R™H),
p € W22 (T; Ly(R™) O Wy (F; Wy~ VP (R™) 0 Ly (J; WP (R™)),
pp € Wy (J; LP(R™F1)) 0 L,y (J; W (R™H)),
if and only if the data satisfy

(a) f € Lyp(J; Lp(Rn+1))7

(b)  he W27V (T Ly(R™)) N Ly (J; Wy /P (R™)),

(¢) wo € Wy 2/P(R™),

(d) po€ W, *P(R"),

(e) ~yvo=0.

(ii) If (h(0),v0, po) = (0,0,0), then the norm of the solution operator
St (f,h) = (v,p, pE) (3.20)

is independent of the length of J = [0,T) for any T < Ty, with Ty arbitrary,
but fized.

Proof. It follows from the trace results in [27, Section 5] that the conditions listed
in (a)—(e) are necessary.

Suppose we had a solution (v, p, pg) of (3.2)—(3.3) as claimed in the statement of
Theorem 3.4. Let uy be the solution of the two-phase diffusion equation

(8 —cA)yu; = 0 inJx R
yuE = 0 onJxR
u(0) = wvp in R*HL

7 the extension function of Lemma 6.4(ii) with

1
(00,01) = (po, h(0) — [ev0y(vo — ae_lyl(l_A”)QPO)O ’
and let ng be the solution of (3.3), with p replaced by 1. Then it follows from
[27, Proposition 5.1], Lemma 6.4(ii), and Remark 3.1(b) that
ur,ng € Wy (Js P (R™F) 0 Ly (J; W (R™))
0 € W22 (T Ly (R™) O Wy (F; Wy VP (R™) 0 Ly (Js WP (R™)).
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One readily verifies that (u, 0, 0g) := (v, p, pg)—(u1,n,nE) solves the linear problem

(O —cAu = f in J x R+,
yut = 0 on J x R",
0o + [ev0y(u —aocg)] = h—0m—[cy0y(u1 —ang)] on J x R™,
u(0) = 0 in R+,
c(0) = 0 in R,
(3.21)
and
(0, —cA)op = 0 inJx R,
yof = o onJxR" (3.22)
op(0) = 0 inR"!

in the required regularity classes.
Reversing this argument we see that it suffices to consider the reduced system
(3.21)—(3.22). To this end first observe that

0y (w1 — an)] € W27 2P (T Ly(R™)) 0 Ly (J; W,y ~HP(R™)).
Thanks to the properties of 1 we conclude that
h—8im — [0y (ur — ang)] € oW, 12 (J; Ly(R™)) N Ly (J; Wy~ V/P(R™)).

Therefore we may apply Proposition 3.2, which yields the existence of a unique
solution (u,0,0g) of (3.21)—(3.22) in the desired regularity classes. It follows that

(v, p,pE) = (w,0,08) + (u1,7,1E) (3.23)

is a solution of (3.2)—(3.3) possessing the regularity properties claimed in the theo-
rem. The uniqueness of the solution follows from Proposition 3.2, and the proof is
now completed. O

4. THE TWO-PHASE PROBLEM, LOCAL EXISTENCE

Recall that V, and A, denote the gradient and the Laplacian, respectively, with
respect to x, whereas V and A denote the corresponding operators with respect to
(z,y) € R™* x R.
From now on we assume p > n + 3 and
Vol = HVpEHLOO(Jx]RnJrl) <1/2,

and consider the full two-phase Stefan problem in the transformed form (2.5). Here
pE is the extension of

p € W21 (] L (R™)) N WE(J; WEYP(R™) N Ly(J; W27 (R™)
satisfying equation (2.6). The above assumption is meaningful in view of
PE € W;(J, Lp(Rn-‘rl)) N Lp(J; W;(Rn+l)) AN BUC(J; W;—2/p(Rn+l))7

see Proposition 6.2, and since, due to Sobolev’s embedding theorem and p > n+3,
the last space is continuously embedded in BUC(.J; BUC!(R"*1)). Note that in
space we applied the Sobolev embedding theorem separately on ]R:L_H and R™HL.
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We will frequently make use of the fact that for fixed Ty > 0 there is a constant
co = co(Tp) such that

[ullgucqo,mpuct @y < Collullywa oz, @msynL, qomwzanay — (41)
for all u € oWL([0,T]; Ly(R"*1)) N L, ([0, T); W2(R™1)) and all T € (0,Tp], see
Proposition 6.2.

In the following we set Fr = Fx. x F% for the regularity class of the data (f,h),
that is,
Fi : = Lp(J; Ly(R™)),

2 1/2—1/2p n 1-1/p(pn (42)
F} 1 = W/ 13(J5 L(R™) N Ly(J; WP RY))
Moreover, we set Ep := EL x EZ for the regularity class of (v, p), that is,
Ep : = W, (J; Ly(R™1) N Ly (J; W (R™H), (43)

B 0 = W27 2R (5 Ly (R™) N W, (J; Wy ~HP(R™)) N Ly (J; W~ HP(R™)),
and E, 7 := E;T x E2. with
IE}%T = {u €RL: yut =qu = O}.

By oEr := oElT X OEQT, oy 1 = OE#,T X OIE%, and OF% we mean the corresponding
spaces with zero time trace at t = 0. Furthermore, we set for b > 0

Bty = {w € Ep : [Vl _(srgnsry < b}
Clearly, E}, is an open subset of Ef.. Suppose v, w € Ez. Then we define

lvDullz, = lyDu™ |l + |7Du” ller

[vDulloo = [[YDut || Lo (xrmy + VDU Ly (rxrmy, € {v,w}, (4.4)
[ ol e ool * 2 |
1+ ~y0,w oo 1+ ~y0,w™ Loo (JXR™) 1+ ~y0,w~ Loo (JXR™)

where D € {0;,0,,V,V,}.

We will now list some properties for the nonlinear mappings (F, H). We remind
here that

1 2 2
F(v,w) =c (+ [Vl — 1> 00 — C—<V1w|vxayv>
(14 0yw)? Y 1+ 0w (4.5)
. dyv 1L+ |Vew* 1) 82w — 2(V,w|V 0yw) ’
1+ 0w (14 0,w)? Y 1+ 0yw
whereas H was given by
H(va) = H+('U,w) _H*(vvw) (46)
with
1+ |yVew®|?
Hi('l),'u)) = C4+ {(1 — W 'Vay'l)j: — ai’)/aywi . (47)
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Proposition 4.1. Let p > n+ 3. Then we have

(a) (F,H) € C*(E} x BL |, Fh x F3.).

(b) Let DF(v,w) and DH(v,w) denote the Fréchet derivatives of F and H at
(v,w) € EL. x EL, 1/2- Then

(DF(an)7DH(an)) € L( O]E%“ X OE%“a F%‘ X O]F%)v (48)
and there are constants Ch1 = C1 (o, Tp) and Co = Co(a, 5, Ty) such that
IDF(v,w)] < € [olly + ey + [ Tul)

and

Y0y
108w, w)l < oIyl +InVwles + Vel + | 7250 —al] )

for all (v,w) € EL x E; 12 With |0yvllp_ (jxgnsry < o [[70yvllpz < B
and oll T < Ty. Here |DF(v,w)| and ||DH(v,w)|| denote the respective
operator norms in the spaces indicated in (4.8).

Proof. In the following, we will repeatedly use the fact that multiplication
Loo(J; Loo (R™1)) % Ly (J; Ly(R™)) — Ly(J; Ly(R™)),  (f.9) = fg
is continuous and bilinear (and hence also real analytic), with norm equal to one.

(a) We first note that [[Vw||_ ;ygns1y < 1/2 implies

<2, jeN (4.9)

1
H (1 +0yw) [[,_ (sxrnsr)

Hence we deduce that
(0 Gy © O (Bhuyo Lo L)
for k =1,2. From the representation (4.5) it is then easy to see that
F € C*(Ep X B /9, F7).
Next, trace theory implies that
((v,w0) — (y0v=,v0w™)) € L(E} x ET., F7. x F3) (4.10)

where 0 stands either for 9;, j =1,...,n, or 0,. Applying Lemma 6.6(ii),(vi) and
(4.10) we may conclude that

((w,w)
and hence also that

((v,w) = H(v,w)) € C*(E} x Eq 15, F).

(1 L+ yVewtP

) ) <o <2

For further use we note that
H1+|V swl|? H B H|wa|272(k—1)8yw7(8yw)’“H
1+ dyw) B (14 9yw)*k

< OVl (411)



ANALYTIC SOLUTIONS FOR THE CLASSICAL STEFAN PROBLEM 19

for w € ElT,1 /2 and k = 1,2. Also, we will frequently make use of the trivial fact
that the norm of the trace operator v : BUC(R"*!) — BUC(R") equals 1, which
implies

||7Vwi||Loo(Jan) < ||vw||Lm(JXRn+1) <1/2,
and therefore also that

|

Moreover, it follows from the identity

- L4+ WVewt?  yo,w® — [yVew*?
1 +~y0,w* 1 +~yoyw*
and Lemma 6.6(iii),(v) that
1+ |yVew®|?
L L
1+ ~y0,w*

YVt
1+ y0,w+

<1, weEq, . (4.12)
Loo (JxR")

< C’H’waiHFzT, w e E’},l/Q : (4.13)

F7

(b) Let (v,w) € oEL x oEL be given.
We will first consider the term
1+ |V,w|? 9
F =|—F—5—-1] 0.
I(an) ((1 + ayw)z yv
A straightforward computation shows that

(2(wa|vmw> 2(1+|wa|2)6yw) 9
: o,v

A+ o,w? ~ (1+0,u0)
1+ |wa|2 2
+ <(1 T+ 0,0)? 1) 8yv.

Observing that all terms of DF} (v, w)[v,w] are made up of products of functions,
with one factor always belonging to EL and the remaining factors being in BUC(J x
R™*1), and using in addition (4.9), (4.11), we readily obtain that

IDF (v, w) [0, @llley, < C(llvlley, + Vwlloo) ([0],ms + V@ ]l0)
< C(Ivlley, + IVwlloo) (Iollgrs, + 2]l g,)

DF (v, w)|[v,w)

(4.14)

where C is a universal constant for (v,w) € EL x IEITJ/2 and (v,w) € oEL x oEL
which is also independent of T € (0,7p) for a fixed Ty > 0. We remark that
we used in the last step property (4.1). For the second term of F, Fy(v,w) =
—2(V,w|V0,v) /(1 + 0yw), we obtain

B 2(V,w|V,0,0) + 2(V, 0|V ,0yv) n 2(V,w|V ;0yv)0yw

DF. v, W] =

2(an)[v7w] 14+ ay,w (1 + ayw)g
As above we conclude that

IDE> (v, w) [, @]||gs, < C(|[vllgs, + [Vwlloo) ([9]],g2, + @]l xs.)- (4.15)
‘We consider now the last term

Oyv 1+ |Vew|? 2(V,w|V0,w))
F: =2 1) P Ew b
3(v,w) 1+ oyw {((1+8yw)2 vt 1+ 9oyw
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Here we observe that the expression in the curly brackets can be restated as
Fi(w,w) + Fo(w,w). Similar arguments as above then show the existence of a
universal constant C' = C(«, Tp) such that

|DFs(v,w) (o, @llley, < C(wlley, + 1Vwlloo ) (Il + I0lleg ) (4.16)

whenever (v,w) and (7,w) satisfy the assumptions of the proposition and
T € (0,Tp). Summarizing all the estimates in (4.14) and (4.15)—(4.16) yields the
estimate for ||[DF (v, w)]|| asserted in the proposition.

We will now turn our attention to the nonlinear function H(v,w), and we will
focus on the term HV(v,w). Without fearing confusion, we will in the following
just write H instead of H*, and (v, w) instead of (v, w™). Moreover, we also set
ar = a and ¢y = 1. A straightforward calculation shows that

[ —2(vVw|yV,w) Y Vaewl? +[1] _
DH (v,w)[v,w] = ( T+ 0,0 A+ 10yw)2 YO, W | YOyv

1 2
1+ ~y0,w

> YO U — ayOyw.

We first observe that the derivative DH (v, w)[v, w] is made up of products of func-
tions, where one factor always has zero time trace at ¢ = 0. This implies that
DH (v, w)[v,w] lies in oF%.

The identity

/(1 + ’Yayw)2 = —0yw/(1+ yﬁyw)g +1/(1 +y0yw)

yields
o 2(yVwyVew)  |[yVaw|? — yo,w _
DH ,w] = — 0 0
(v,w)[v ’LU} ( 1+~y8yw (1+'y6yw)2 y’LU Y y’U
1+ |yVwl|? _ YOyv _
l————— |70 — Oyw.
+< 1 +~y0yw VoU 1 +~y0,w “) %
By applying Lemma 6.6(iv) first for
270, wy0,;w
=0 dh="2"—
9= 7%y an 1+ ~y0,w
and then for
Y0;w _
=— d h =~0;
g 1 + ')/ayw7 an Y Jw
and afterwards using Lemma 6.6(v) in order to estimate H I:ng , we obtain
YOyW || g2
9w ~y0;w 9
[rove P | s = 2 (n2lse + 10yl

“(In05wllse + 10jwllgz, + NOywlles ) 1405 ez,
CInVwlloe + Iy Vewlles ) 9]l g,
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with a universal constant C' for all (v,w) € EL x EL 172 With [¥9yv]lec < @ and
[vOyvllrz, < B, and all T' < Tp. It follows that

H”ay“ (2<szlwzw>

Fl ) | < vl + Tl ol - (@)

A similar argument involving (4.12) also yields

|YVew|* — yd,w _ _
—_— < 2 1. .
HVayv ( 1 9y w)>2 Y0y H01F2T C(IWVw| s + ||nyw||FT)||w||O]ET (4.18)

It follows from Lemma 6.6(iv) and (4.11)—(4.13) that

1+ yV,w 2 _ _
[ (1- 5% ) v0,0] L, < CUnTulle + 13Vl 00,0l
T

1+~0yw (4.19)
< C(IVwllss + Vuwllez ) 9]l ez,
Finally, we conclude from Remark 6.7 and Lemma 6.6(v) that
) o]
——— —a | y0,w
H (1 + YO, w Yo lorz. (4.20)

YOy v _
<c (HH;’ayw —a||_+Ihd,vlle; + ||73ywllwg> ey,
Combining (4.17)—(4.20) yields the assertion for | DH (v, w)||, thus completing the
proof of Proposition 4.1. O

Remark 4.2. On the previous page we used the framed in order to highlight
where the second smallness condition of Theorem 1.1, or of Theorem 4.3, is used.
First we remark that the term v9,v/(1+ v9,w)? can only be made small under
appropriate smallness assumptions on v, the temperature. However, the likely
assumption that the uniform norm of 79, v be small leads to an unnatural restriction
for the initial temperature vg. In contrast, the condition that the expression

YOy v 0y 0 (0)
————— —a), where a=-—"—"7""— 4.21
(1 + 0w ) 1+ v0ywo(0) (4.21)
be small follows from a smallness assumption on (11%:200 — a), which can always

be achieved for the Stefan problem by a judicious choice of a reference manifold
and by a localization procedure (as will be shown somewhere else).

Having pointed out that subtracting the quantity a from vd,v/(1 + v0,w) is ad-
vantageous in achieving smallness of the term in (4.21) — which is necessary for
the fixed point argument — we now emphasize that the resulting effect of adding
the number a > 0 to the left side in (2.5)—(2.6) is actually exactly the device that
renders sufficient regularity for the linearized problem.

We are now ready for the main result of this section.
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Theorem 4.3. Fizp > n+3. Then there is a number n > 0 such that the following
holds: Given (v, po) € W,?_?/p(]R”H) X WI?_Q/p(R”) with

yoE =0, 4vi>0on RET, ap >0, (4.22)
and
+
YO,
||P0||BUCI(Rn) <mn, H1yaoi —ax <n/2, (4.23)
+70ywo BUC(R")
where
3 vy (0
’]_UO = ei‘y‘(lfAJ.)ZpO’ a’:l: = ’y y,UO ( ) (4.24)

- 1+'Yang:(0),

there exists T = T (vo, po) and a unique solution (v,p) € Er for (2.5)—(2.6).

Remarks 4.4. (a) Note that p > n + 3 implies that
po € W7 ?/P(R") — BUC'*#(R™)

for some @ > 0. Next, the interpolation inequality

« 11—«
lullpueree ey < Cla B)[ullgens o 1l boei gy, u € BUCTHP (&),

for 0 < a < (8 shows that there is an a > 0 such that

llpollsuct+e@mny < Cn.
Thus, the conditions on pg imply that

[ERECESE

||w0||BUcl+a(Rn+l) = pO||BUcl+a(Rn+1) <cn

for some constant ¢ = c(||p0||W272/p(Rn)) > 1. We will assume that 7 is chosen small
p
enough so that

||Vw0\|LW(Rn+1) <cn< 1/8 (425)

(b) Tt is clear that (4.25) and the conditions yvi = 0 and v > 0 on R already
imply that ax > 0, but in general not that ax > 0.

Proof. (i) It will be convenient to split the solution in a part with zero time trace
at t = 0 plus a remaining part taking care of the non-zero traces. For this purpose
we employ Theorem 3.4, which gives us a solution (v*, p*) for the linear problem
(3.2) with given data

(f7 hvaapO) = (07 h*7v07p0) where h*(t) = etAIH(U()?wO)'

Note that the data in the line above satsify the assumptions (a)—(e) of Theorem 3.4,
since for small ||Vwy|leo we have H(vg,wo) = H(v,w))|t=0 € Wplf‘s/p(R”), and
therefore

h* € Wy 27122 (T, Ly (R™) N Ly (J; W~ V/P(R™)).
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Consequently, (v*,p*) € Er is well-defined and it suffices to study the reduced
nonlinear problem

(0, —cA)o = Fy(o,w) inJ xR,
ot =0 on J x R",
Op + [cy0y (v —aw)] = Hp(v,w) onJ xR, (4.26)
5(0) = 0 in R+,
p(0) = 0 in R,

Fo(v,w) :=F(0+v", 0 +w*), Ho(v,w):=H(@+v",w+w")—h" (4.27)
where
w and w* are extensions of g and p*, respectively, satisfying (3.3). (4.28)

Here we observe that Ho(v,w) € oF2 for all functions (v, w) € ¢EX x (EL with
w=w+w* € EL 1/2° Thanks to this and Theorem 3.4(ii), the reduced nonlinear
problem (4.26) can now be rephrased as a fixed point equation

(v.p) = Ko(v,p) := Sr(Fo(v,w), Ho(v,w)) in oEr, (4.29)
where St is the solution operator of the linear problem defined in (3.20).

(ii) By applying the contraction mapping principle we will show the existence of a
unique fixed point for equation (4.29). The advantage of applying the fixed point
argument in the zero trace space oEr lies in the fact that the embedding constant
of the embedding
oEr — (BUC(J; BUC'(R"*!))

does not depend on the length of the time interval J = [0, T}, i.e. there is a constant
co > 0 with

lull,sucsBuct @ney) < colluller, T < To. (4.30)
This enables us to choose T' as small as we wish for without having the embedding
constant blowing up. Moreover, according to Theorem 3.4(ii), the norm of the
solution operator St is independent of T as well, that is, there exists a number

M > 0 such that
||ST||L(F%r>< OF%70]E},,T>< oEZ) <M, T < To. (4'31)

(iii) In the following, we let ¢B%.(0,7) be the closed ball of radius 7 centered at 0 in
oE% with i = 1,2. Moreover, we set

BL(v*r) :=v* + oBL(0,r), BL(w* r) :=w* + oBL(0,r).

Here we remark that » and T are independent parameters that can be chosen as
we please. We first choose r in such a way that

loll,s, + 170,82 + 1@ lzs + IV Vllsz + V@], puomuognsy < e (432)

for all (v,w) € ¢BL(0,7) x oBL(0,4N7), where N is defined in (4.43). We also pick
T € (0,Tp) small enough such that

0" les, + 7Oy v™ llez, + llw*lles, + 17 Vw'llez, + [V llgucswinsy < 3en. (4.33)
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Indeed, by the fact that w*(t) — wo in Wi 2/P(Rn+1) — BUCH(R"*!) for ¢t — 0
and by (4.25) we obtain
IVw*|lguerpuc@n+y) < 2cn for small T
Since v* and w* are fixed functions, all the remaining terms in (4.33) converge to
0 as T'— 0. We note that (4.25) and (4.32)—(4.33) imply
IVl (guiniy < 1/2, w € Bp(w' 4Nr). (4.34)
Thanks to (4.30) it is also clear that there is a number o > 0 such that
10yl 1 (0 10) xRr+1) S @ v E Bf, (v*, 1). (4.35)
We can assume that the numbers r and T" have been chosen small enough such that
YOyv H < 71 x 21 %
—_— = 4 B B NrT). 4.36
H 1+ y0,w “ BUC(JxRn+1) — m (vw) € Br(v',r) x Br(w’, Nr) (4.36)

Indeed, an easy calculation shows that
19,0() R0 10,0 ()19, (1)

T+70,uw(t) 1+ y9w(t)  (1+~8,wt)(1 +vd,w*(t))
( VOyut(t) a)
1 + y9,w*(t) ’
By (4.30) and (4.34)—(4.35) the first two terms can be made small by choosing
small. Note that v(t) — vo and w(t) — wy in W,?_z/p(R”H) < BUC!H(R"1) for
t — 0, implying that also
YOy v*(t) . YOy
1+~0,w*(t) 14+ ~y0,wo
This and assumption (4.23) then yield the existence of a number T such that
H 10,0" (t)
1+ 79y w*(t)
and the estimate in (4.36) follows. Combining (4.32)—(4.33) and (4.36) we obtain

in BUC(R") for t — 0.

~a <2, osism

(HU”ElT + [1VOyvllez. + lwlles, + [V Vwlipz, + IVl sxgnrr
(4.37)
< 8cn

s =l i)
1+ ~yo,w Loo (JxRN+1)

for all (v,w) € BL(v*r) x BL(w* Nr). We can now conclude from (4.35), (4.37),
the definition of (Fp, Hy), and Proposition 4.1 that
IDFy(0, )| + | DHo(v, @)|| < K7,  (0,@) € oB7(0,7) x oBr(0,N7), (4.38)

where K := 8cmax{Ci(a,Tp),Cao(c,1,To)}. Moreover, we assume that T was
chosen so small that

[[E6(0, 0)|[gs, + [[Ho(0, 0) | 3. < /(2M), (4.39)
where M is the constant given in (4.31). We will in the following assume that r
and T have been fixed such that (4.38)-(4.39) holds with
1
Kn< ————
T=oMA T NY
where the constant N is introduced in (4.43).

(4.40)
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(iv) Let (9;,w;) € oBL(0,7) x oBL(0, Nr) be given, where i = 1,2. It follows from
the mean value theorem and from (4.38), (4.40) that
|(Fo, Ho) (01, @1)—(Fo, Ho)(v2, W2) || s
1 (4.41)

< m“(@hwl)—(@%@ﬂnm;x oEL -

In particular we obtain

1

| (Fo, Ho) (v, w) — (Fo, Ho)(0,0)|lor < m”(@w)nom;x oEL

for all (v,w) € (BL(0,7) x ¢BL(0, N7). This together with (4.39) yields
1 - T r
< g O Oeem + gy <57 (42

1o Ho) (7,0l M
for all (v, ) € oBL(0,7) x ¢BL(0, N7).

(v) Given p € (E%, let pp € oEL be the extension of p satisfying (3.3). According
to Proposition 3.2 there exists a constant N > 0 such that

and it follows readily from (4.31) and (4.41)—(4.43) that Ky = St (Fo, Hy) maps
the set
()E%((LT) X ()IB%’(O,T) C OET

into itself, and that K is a contraction. The assertion of the Theorem is now a
consequence of the contraction mapping theorem. ([

5. ANALYTICITY

Throughout this section (v, p) denotes the unique solution to (2.5) on J = [0,T]
with initial value (vo,po) € W§_2/p(R”+1) X Wg_z/p(R”). Recall that I'(t) =
graph(p(t)). Our goal is to show that

M= |J (&} xr@)

te(0,T)

is a real analytic manifold and that (v, p) is in fact an analytic solution to (2.5).
Again we will see that the property of maximal regularity for the linearized problem
is of crucial importance.

Here the regularity classes are still denoted by Er, Fr, oEr, etc., i.e. we make
use of the notation introduced in the previous section.

Given p € R™ and g € §(R™), the Schwartz space over R", let 7,9 be the
translation of g by p, i.e.

(1.9)(z) ==g(z +p), x€R™

It is not difficult to verify that 7, € L(§(R™)) and by duality, 7,, extends to a
mapping, still denoted by 7,,, such that 7, € L(§'(R™)). We first prove the following
result, cf. [24].



26 J. PRUSS, J. SAAL, AND G. SIMONETT

Lemma 5.1. Assume that
Xe{W;R"):s€R, pe(1,00)}.

Then {7, : p € R™} is a strongly continuous group of contractions on X, satisfying

1
Tpd = Tuod = /Tuo+5(u—uo)<ﬂ —wolVg)ds in X
0

for any g € §(R™).

Proof. If X belongs to € {W}F(R"): k € Z, p € (1,00)} the assertion follows from
the transformation theorem for Lebesgue’s integral and the mean value theorem. If
X belongs to the Slobodeckij scale {W;(R") :s €R\Z, pe€ (1,00)} the assertion
follows from the W}-result by interpolation. O

We need some further preparation. For this pick T* € (0,7) and choose § > 0
such that A\t € J for A€ (1 —6,1+46) and ¢t € I :=[0,T*]. Given g : I — §(R")
and (A, u) € (1 —0,146) x R™, let

Iru(t) == Tiug(Nt) for t e I.
Then we have

Lemma 5.2. Given hgy € W;73/p(R") let h*(t) := e'®=hg. Then there is a neigh-
borhood A of (1,0) in (1 — 6,14 &) x R™ such that

(A, ) = h3,) € C¥(A, W22 (1 Ly (R™)) N Ly (I; Wy /P (R™)).

Proof. The proof of this result can be found in [27, pp. 39-40]. It is based on
maximal regularity and the implicit function theorem. [

As in the proof of Theorem 4.3 we set h*(t) := e!®+ H(vg, wp), t € J, and we denote
by (v*, p*, pi) € Er x EL the unique solution of

(8, —cAw =0 in JxRL

vt =0 on JxR",

Oip+ [cy0y(v —apg)] = h* on J xR", (5.1)
v(0) = vy in R
p(0) = po on R",

with pj}, the extension of p* satisfying equation (3.3) with p replaced by p*.
Given u € R" and f € L,(R™1), let 7, f be defined by
(ruf)(@,y) = fle+py),  (w,y) e R
We note that the functions
v () =T, 0" (), p} () =T pt (M) and  wy =T pp(ME) (5.2)
are well-defined for all (A, u) € (1 —4,1+6) x R and all ¢ € I.
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Proposition 5.3. There exists a neighborhood A C (1—0,146) xR™ of (1,0) such
that

(A, p) — (v;‘\ij’wwj’u)} € C*(A,Ep- x EL.).

Proof. (i) Let A C (1 —6,140) x R™ be the open neighborhood of (1,0) obtained
in Lemma 5.2. We will first show that

(V3 s P Who) € Bre X By (A, 1) € A (5.3)
Let (A, i) € A be fixed. As in the proof of [27, Lemma 8.2] one verifies that
W, € WAL Ly(R) 1 Ly W), u e fu,w),

and

d * d * *

3 (1) = M ) + (Vg (0), € {o, 0} (5.4)
in L,(R"*') a.e. on I.
Moreover, we also have

Piu € Wy (LW, VP(R™) 0 Ly (I, Wy~ /P (R™)), (5.5)
and
d * d * *k
%p)\,u(ﬂ = )‘Tt;;%p ()‘t) + </~L|va)\,u<t)>? (5.6)
a.e. on [.

In order to verify that p} , € W;’/z_l/Qp(I; L,(R™)) it suffices to show that

P € Wo/2=12 (I Ly (R™)).

Equation (5.5) and Lemma 6.3 yield p3 , € Wpl/Z_l/Zp(I; W, (R™)). Thus, thanks
o (5.6), it remains to show that

(t = Tp* (A1) € Wy 2720 (I Ly (R™)),

where we set p* := % p*. In order to do so we use, as in section 4, the intrinsic
norm

1/p
lg(t) = g(s)I15, sy
||9||W1/2 Y221, (R™)) HQHL (I;L,(R™)) T (// [t = sp/2r /2 dsdt .

We have

183, (8) = 23X (N, < CllTan(p™ (M) = AL, + 17t — To)p™ (As)IL,)
< C(llp (M) = p* AL, + (T = 7s) 2" (AL,

and, recalling that p* € W1/271/2P(I; L,(R™)), we readily conclude

o™ (At) )‘S)HL »(R™)
// \t—s|1’/2+1/2 dsdt < 0o

Using Lemma 5.1 and interpolation theory we obtain

(e = T6)B* Az, my < C 1t = 8| CP 15" A8) 170 2y
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for allmost all s € I. Thus
[(Tep = 7o )™ (As )Hzfip _ -
/ |t — s[p/2+1/2 dsdt < C//“ - 5|(p/2 3/2)”.0 ()\8))”;/;71/1’ dsdt

<C’/||,0 As)) Wi/ (g )ds<oo.

Combining all the steps we arrive at (5.3).

(ii) Next we observe that 7,,(Af) = A(r, f) and 7,,[0y f] = [0y(7u, f)] for any
po € R™ and f € W7(R™*'). Combining these facts with (5.4) and (5.6), we
conclude that (u,o,w) = (03 ,,p3 ,, w3 ,) is a solution of

(O — AeD)u = (u|Vyu) in I xR
yut = 0 on I xR",
0o + Aeydy(u—aw)] = A}, + (u|Veo) on I xR", (5.7)
u(0) = wo in Rt
a(0) = po on R",
and
(0 — AeDNw = (u|Vyw) in IxR
ywt = o on I xR", (5.8)
1 .
w(0) = e WO-2)25(0) in R

(iii) Given (o, A, ) € E2.. x A, let w = 7 (0, A\, ) be the solution of (5.8). Then
one shows that
[(07 )\7#) e T(Ua )‘7!‘[’)] € CW(]E%* X AaE%"*)7 (5 9)
D17 (0,1,0)[6] =6, '

where, as usual, 6 is the extension of & satisfying (3.3), and where D17 denotes
the derivative of 7 with respect to 0. The proof can, for instance, be based on
maximal regularity and the implicit function theorem.

We now define the mapping

U By x A — Gpe = Fpe x W§72/P(Rn+1) % W;fz/p(R”)

(O — AcD)u — (p|Vyu)
W((u,0), (A, ) = 0o + Aley0y(u — aT (o, A, )] = ARY , — (u| Vo)
u(0) — v
a(0) = po
It follows from (the sufficient part of) Theorem 3.4 and from Lemma 6.3 that ¥
is well-defined. Moreover, Lemma 5.2 and (5.9) imply that ¥ is analytic. Further,
writing D1 ¥ for the derivative of ¥ with respect to (u,o) we find

Dy (", p*), (1,0)[i, 5] = (9 — cA)i, 05 + 70, (@ — a5 )], (0), 5(0) ).
Since D1 ¥((v*,p*),(1,0)) € L(E4 7+, Gp+) we infer from Theorem 3.4 and the open
mapping theorem that

D ¥ ((v*, p*),(1,0)) € Isom(E, 7+, Gr+).

Since ¥ ((u, o), (A, 1)) = 0 holds true if, and only if, (u, ) is a solution in Ep« to
(5.7), the implicit function theorem gives the assertion for (v} ,,p3 ,) for an open
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neighborhood of (1,0) in A, which we will again denote by A. Finally we observe
that w} , = T(p3 ,, A p), and it follows from (5.9) that [(A, ) — w3 ] is analytic
as well. (]

Theorem 5.4. There exists an open neighborhood A of (1,0) in (1 —6,1+0) x R™
such that
[(A7u) = (vk,;up)\,/uw)\,u)] S OW(A7ET* X E’}*)

where (v, p) is the solution of (2.5), and w = pg.

Proof. (i) It follows from the proof of Theorem 4.3 that the solution (v, p) of (2.5)
admits the representation

(va) = (Evﬁ) + (U*,p*) with (777ﬁ) € O]B’;(Oa 'I") X U]E%(O?T%

where (9, p) is the solution of (4.26) and QB%(O,T) C OIEZ;F, j = 1,2, denotes, as
before, the closed ball with radius r and center 0. Using Lemma 5.1 it is not difficult
to verify that there is an open neighborhood A of (1,0) in (1 —§,1 +6) x R™ such
that

(Uxs Pap) € 0BT (0,2r) X oBZ.(0,2r), (A, p) € A.
Let w = T (0, A, 1) be the solution of

(0 — AeA)w = (u|Vyw) in T xR
ywt = o on I xR"™,
w(0) = 0 on R"™.

As in Proposition 5.3, one verifies that

(0, A, 1) = T (o.M, )] € C¥ (B2 x A, oEL.),

5.10
D17 (0,1,0)[0] = 7E. (5.10)

Moreover, for a suitable neighborhood A C (1 — 4,1 + ) x R™ we have
IT(o, X gy, <2Nlollez, , o €oBZ, (A p) €A, (5.11)

where N is the constant introduced in (4.43). Due to (5.11) and (4.34) we may
assume, by possibly making A smaller, that

(u+3 ,, T (o, A\ p) + w3 ,) € E}/’T* X EIT*’I/Q (5.12)

for all (\,p) € A and all (u,0) € OIB%’T* (0,2r) x oB2.(0,2r), where v}, and wy
are defined in (5.2).
Given (\, i) € A and (u, o) € o(BL. (0,2r) x oBZ. (0, 2r) we set
By p(u,0) = AF(u+03 ,, T (0, A\, 1) +wy ) + (| Vau),
Hy u(u,0) = AH(u+ 03 ,, T (0, A\, p) +wy ) =AY, + ([ Vo).
It follows from (5.10), (5.12), Proposition 4.1(a), Lemma 5.2, and Proposition 5.3
that
[((u70)7 ()‘7/1“)) = (FA’#(U7U)7H>\,M(%U))] (5 13)
€ C¥(oBL. (0,2r) x oB2.(0,2r) x A, oFr-). '

(ii) As in the proof of Proposition 5.3 one shows that (u, o, w) = (Ux,u, Pa,u, W)
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is a solution of

(8 —AeA)u = Fy,(u,0) in I xR
ywut =0 on I xR"™
0o + AeyOy(u—aw)] = Hyy(u,0) on I xR, (5.14)
u0) = 0 i R
o(0) = 0 on R,
and
(0 — AeA)w = (u|Vew) in T xR
ywt = o on I xR"™ (5.15)
w(0) = 0 on R"

Indeed, the assertion follows from equation (4.26) since A, [¢yd, ] and the nonlinear
mappings (F, H) commute with translations, i.e. we have

TuAv = AT, TuleyOy (v — aw)] = [ey0y T, (v — aw)],
7. F(v,w) = F(1,0, T,w), 7. H(v,w) = H(tyv, Tyw),
for (v,w) and p suitable.
(iii) Next, we introducde the nonlinear mapping
Wo : 0Bl 1. (0,2r) x B (0,2r) X A — oFr-
(0r — AcA)u — Fy ,(u, 0) )

Yo((u,0), (A, 1)) = ( 00 + Neydy(u — a7 (o, A, )] — Ha pu(u, 0)

We infer from (v} ,(0), w3 ,(0)) = (vo,wo), (u(0),0(0),9:(0)) = (0,0,0) and the
definition of h* that Wo((u,0), (A, u)) € oFr«, and this shows that ¥y is well-
defined. Tt follows from (5.10) and (5.13) that

o € C¥(0B) 7+ (0,2r) x oBF.(0,2r) X A, oFr-). (5.16)
Next, writing D, ¥ for the derivative of ¥y with respect to (u, o) we find
D1Wo((v, p), (1,0))[a, 6] = Ula, 6] — (DFo(v, p ), DHo(0, p)) [0, 5 ]
for (@,6) € gE p+, where
Ula, 5] == ((0r — ¢A)a, 8,6 + [cy0y (4 — a5 ,)]),

and where the mappings (Fp, Hy) are defined in (4.27). It follows from Theorem 3.4
and (4.31) that

U e Isom( OE’y,T*a O]FT*)a HU71HL(UFT*70]};%T*) = ”ST* HL(UFT*,OJE%T*) < M.
(5.17)
Next we obtain from (4.38), (4.40), and (4.43) that
[(DFo(0,52). DHo(0. 5 )l ..oy < L/ (2M). (5.18)
Combining (5.17) and (5.18) yields
Dl\Ilo((@, ﬁ), (170)) S ISOIH(()IE%T*7 OFT*)-

) is a solution to

Again it is easily verified that (u,0) € oB) 7. (0,2r) x oB7. (0,2r
) = 0 holds true.

(0,2
the system (5.14) if, and only if, the equation Uo((u,o), (A, u)
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Thus the implicit function theorem implies that there exists an open neighborhood
of (1,0) in (1 — 0,14 ¢) x R™, again denoted by A, such that
(A 1) = (x5 Pa )] € C¥ (A, 0Bpe ).
Observing that wy , = T (pa,u, A, ) we obtain from (5.10) that
[\, ) =y ,] € C¥(A, BT ).
(iv) Combining the results in step (iii) with Proposition 5.3 yields the assertion. O

As an immediate consequence we get the following result.

Corollary 5.5. The function p belongs to C*((0,T) x R™).
Proof. Pick (tg,z0) € (0,T) x R™. From the embedding E2.. — C(I; BUC(R"))

and Theorem 5.4 we conclude that
[(A, ) = pau) € C¥(A, C(1; BUC(R™)).
Thus
(A 1) = p(Ato, zo + top)] € C¥(AR)

and this implies the assertion. O

Proof of Theorem 1.1: Theorem 4.3 guarantees the existence of a unique solution
(v, p) € Er of (2.5)—(2.6) and Corollary 5.5 implies that

M= U ({t} x I'(t)) is a real analytic manifold. (5.19)
te(0,T)
Moreover, Corollary 5.5 and well-known regularity results for linear parabolic equa-
tions show that the solution pg of (2.6) is analytic, that is,
o5 € ((0,7) x RET). (5.20)

This information, in turn, can now be used to conclude that v is analytic as well.
Indeed, we observe that v solves the linear parabolic equation

ow* — ATt = 0 in (0,7) x REH,
wE = 0 on(0,T) xR,
vE(0) = o in R

where
+ 1+ Vol 2 2AVap5|Vady )
A :ciA_ci<i_1>ay+ciiy
(14 0ypz)? 1+ 0ypy
cx 1+ Vol 2 v 2AVapp|Vedyrs)
+ = £ 1 9y0E — T 9y
1+ 9ypg (1+9ypg) 1+ 9ypg
is an elliptic differential operator with analytic coefficients. Hence we conclude once

more from regularity theory for linear parabolic equations that

vE e ¥ ((O,T) x @) . (5.21)




32 J. PRUSS, J. SAAL, AND G. SIMONETT

It follows from (2.1)—(2.2) and (5.20) that

o € Diff* ((0,7) x R, Q7). (5.22)

F1
(0,T)xR'}

Let u := ©,v. The assertions of Theorem 1.1 are now a consequence of Theorem 4.3
and of (5.19)—(5.21). O

Remark 5.6. The idea to introduce parameters and use the implicit function
theorem to obtain regularity results for solutions of parabolic equations was first
conceived by Masuda [42], and later rediscovered independently by Angenent [2].
Translations were first introduced in Escher-Simonett [24] to obtain spacial regu-
larity for solutions to a free boundary problem. This approach has been generalized
in various directions [25, 26].

6. APPENDIX

Here we establish some basic and important facts about extension operators and
embeddings that we used in our calculations in the previous sections. We start with
a result on the existence of an extension operator £ : (W, (J; X) — oW, (Ry; X).
The cruical point here is the independence of the norm of the operator of the length
of the interval J.

Proposition 6.1. Let X be a Banach space. Suppose Ty > 0 is a fized number
and r € (1/p,1]. Then there exists an extension operator

&t oW (J;X) = oW (Ry; X)
and a constant co = co(r,p,To) such that
||5J,TUH0W;(R+;X) < 00||UH0W,;(J;X) (6.1)

for every uw € (W (J;X) and T' < Ty, where J = [0,T]. The family {1+ }re(1/p]
is compatible, i.e. for r,s € (1/p, 1] we have

Erru=Esu, ue Wy (J;X)NoWy(J; X).

Proof. Let T € (0,7p) and u : J — X be given. We set

u(t) if 0<t<T,
Eu(t) :==&ru(t) =< u@2T —t) if T <t<2T, (6.2)
0 if 27T <t.

It is clear that ||Eul|L,r, x) < 2[|€ullL,s;x) for u € Ly(J; X). Let u e oWy (J; X)
be given. In order to prove the assertion for r € (l/p, 1) we only need to show that

(EW 1 tarp / 1€u(t) = Euls)llx 4,4

= s|1+w

T u(t) — u(s)IIf
Jult) — uls)lix
<co/ / |t—s|1+rp dsdt

for Iy = I = R4, see (3.1). It is clear that
(EWrxrrp = (Wixgrp for I=J and I=(T,2T). (6.4)

(6.3)
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An easy computation shows that

) T Jutt) — u
(Eu)(0,1)x(T,2T),rp = |t+s—2T|1+Tp

6.5
/ /T )~ (o)l o
|t _ S|1+7p
Next we have
Nu®)l L7 u())%
<gu>(0 T)x(2T,00),r,p / / |t — 5‘1+rp dsdt < E yron dt. (66)
Moreover
[Ju(®)|%
(Eu) (T 27) % (2T,00) rp / /T Tt a7 dsdt
(6.7)

()% LT a5
S g TSy T 9

We now suppose that  is smooth with compact support contained in (0,7]. Then

1/p
1 Podt
(/ Il dt) (/ [ ut=utsieas+ [ uless| i
tp/p » 1/p T 1 t P 1/p
/ pruws /||u s)||% dsdt | + /OM[/O ||u(s)de} dt
) —wl)li g g R ? dsdt "
t_s‘m«p T\, @@ [[u(s)|l’ ds

where we first used Minkowski’s inequality on (0,7T) with respect to the measure
dt/t(+7P and then Hélder’s inequality on (0,¢) with respect to ds in the second
line. For the last term we may use Hardy’s inequality to the result

(/{)Tt(li)p M u(s)||de]p dt>1/; m (/OTtipHu( )& dt)l/p

and combining the last estimates yields

T 1/p Ty 1/p
(/0 t%’”“( % dt) < (1‘|‘7’ 1/;/1) (/ / ” |t_s|1+rp||x ds dt) (6.8)

provided that r» > 1/p. By an approximation argument inequality (6.8) remains
true for every function u € oWy ([0, 7], X) with r > 1/p.

By symmetry it is now clear that the estimates (6.4)—(6.8) yield (6.3). The case
r = 1 is not difficult to verify, and this completes the proof. O
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Proposition 6.1 is an essential ingredient in order to prove the independence
of the embedding constants on J in the following embeddings in case we assume
vanishing time trace at ¢t = 0.

Proposition 6.2. Suppose Ty € (0,00] is a fized number, and I := [0, Tp].
(a) Letr € (1/p,1] and let X be a Banach space. Then
W (I; X) — BUC(I; X)
and there is a constant co = c¢(Ty) such that
lull qpucs;x) < collull ywyix) (6.9)
for every u € W) (J; X) and T < Ty, where J = [0,T].
(b) Let Q C R™ be a smooth domain. Then
W, (15 Ly () N Ly (I; W () — BUC(I; W, */7(9))
and there is a constant co = co(To) such that
||U|| OBUC(J;W5_2/I’(Q)) < CO”uHOW;}(J;LP(Q)ﬂLp(J;WPQ(Q)) (610)
Jor everyu € oW, (J; Lp(Q))NLy(J; W2()) and T < Ty, where J = [0,T].
(¢) Letp>mn+3. Then
W, /27120 (I Ly (R™)) N Ly (I; W~ H/P(R™)) — BUC(I x R™)
and there exists a constant co = co(Tp) such that
Hg”BUC(Jan) < COHQ” oWo/ 2T (L, (RM))AL, (J; W, /P (R)) (6'11)
for every g € OW;/Q_l/zp(J;Lp(R")) N L,(J; W;_l/p(]R”)) and T < Ty,
where J = [0, T].

Proof. (a) The first assertion is a consequence of Sobolev’s embedding theorem,
and the uniform estimate in (6.9) is obtained by the following commutative diagram

WI(5X) L gWI(R;X)

! | (6.12)
oBUC(J;X) &L (BUC(R,;X)
where &; is the extension operator of Proposition 6.1, and R; denotes the restriction
operator.

(b) The first assertion can, for instance, be found in [1, Theroem II1.4.10.2], and
the uniform estimate in (6.10) can be proved along the same lines as in (a), with
oW} (I; X) replaced by oW, (I3 Lp(2) N Ly(I; W3(S)) for I = J, Ry.

(c) The first assertion is contained in [27, Remark 5.3(d)], and the uniform estimate
in (6.11) can, once more, be obtained by an analogous argument as in (a). O

Lemma 6.3. Let J =[0,T]. Then we have the following embedding
Wi (J; Wa/P(R™)) N Ly, (J; W2TVP(R™)) — WE2Y22 (1, WHR™).  (6.13)



ANALYTIC SOLUTIONS FOR THE CLASSICAL STEFAN PROBLEM 35
Proof. (i) We will first assume that J = R. Let £ € {H, W} and let r € R. Then
we define the operators A, B in X := L,(R; K, (R")) by
Au:=(1-A)"%u,  weD(A) = L,(R; K, (R™))
Bu : = (0; + 1)u, u € D(B) = W, (R; K (R™)).
It is well-known that A, B € BIP(X) with power angles 84 = 0, 05 = 7/2. Thus,
by the Dore-Venni theorem, see for instance [47, Theorem 8.4],
A+ B: Wy (R; K (R™)) N Ly (R; K HHR™)) — Ly (R; K (R™)) (6.14)
is an isomorphism. Choosing KL = H we also have
D(A%) = [X, D(A)]a = Ly(R; [Hy (R"), Hy ' (R")]a) = Lp(R; Hy ¥ (R™)),
D(B) = [X, D(B)la = Hy (R; H;(R"))
see [47, Theorem 8.1]. The mixed derivative theorem [27, Lemma 9.7], and the
invertibility of A : D(A) — X and B : D(B) — X now yield
. . < s . . < 1—s ps
Iy @myro-o @y = OB, @ o-0 @) < CIATBullx
< Cl(A+ B)ullx < Cllulloaynps)-
In particular, we have
Eo := HI(R; HP(R™) N Ly(Ry; HIHL(R™) — HIO(R, ; HA(R™)),
By o= HI(R 5 HI(R™) 1 Ly(Ry s HIHU(R™) < HY (R, 5 HY(R™)).
By interpolating these embeddings by the real method (-, -)1/2, With 1o = r — ¢
and r;{ = r + € we obtain
(EO,E1)1/2,p — W;(]& H;(Rn))~ (6-15)
We can now infer from (6.14) and interpolation theory that
A+ B: (Eo, Ev)1j2p — Lp(R; W (R™))
A+ B WHR WS (R™) 0 Ly (R; W (R™)) — Ly(R; W (R™))
are isomorphisms. Consequently,
= (A+B)" (A+ B) : (Eo, E1)i/2, — W, (R; W, (R™)) N Ly (R; Wy TH(R™))
is an isomorphim as well, and we conclude from (6.15) that
W (R; W) (R™)) N Ly(R; W THR™)) — W (R; W, (R™)). (6.16)
Choosing r = 1 — 1/p and using that
WP (R Wiy (R™)) — W, /2720 (R W (R™))
we obtain (6.13) for J = R.
(i) Suppose now that J = [0,T] and let
R e L(F,(J; X), F, (R; X))

be an appropriate extension operator, where F € {H,W}, X is a Banach space
and, say, 0 < s < 1. Then the result for J = [0, 7] follows by first extending the
functions to I = R, using (6.16), and then restricting again to J. g
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The reduction of problem (3.2)-(3.3) to the case of vanishing times traces at
t = 0 in the proof of Theorem 3.4 was based on the following result.

Lemma 6.4. Let 1 <p < oo, T € (0,00], and J = [0,T].
(i) For each o € szfz/p(R”) there exists an extension
m € W22 (5 L,(R™) N Wy (J; Wy /P (R™)) N Ly, (J; W22 (R™))
such that n1(0) = o9 and, if p > 3, also that Oy (0) = 0.
(ii) Suppose p > 3. Then for each oy € WI?_Q/I)(R") and o1 € W;_3/p(R”)
there exists an extension 12 with the same reqularity properties as 1y satis-
fying 12(0) = o¢ and 9n2(0) = o1.

Proof. (i) Let 1 < p < co. We claim that
1 1
M) = (2011787 — o 21780025 (6.17)
satisfies the properties asserted in (i). We have
1
e MU=AD2 60 € W (J; W, VP(R™)) N Ly(J; Wy~ /P (R™))
for £k = 1,2. By Proposition 6.3 we know that the latter space is continuously
embedded in W,/*~"/?"(.J; W} (R™)). This implies that
1 1
Qe MI=8)% 5y = (1 — A,)Fe MU=A)2 5y € WI/2Z1/20( ] L (R™)).
Consequently,
m € Wy 2 V2 (J; Ly(R™) N Wy (J; W~ VP(R™) 0 Ly (J; WP (R™)).

Obviously 71 (0) = og. If p > 3, the time trace at t = 0 of 9y, is well defined and
we also have 9;11(0) = 0. This proves (i).

(if) Now suppose p > 3. We set

Na(t) := my(t) + (et 7A2) _ =2t (1=8a)) (1 — A ) Loy, (6.18)
Since (1 — A,)7toy € W;’*g/p(R"), we obtain

e MU=A) (1 — Ay) oy € Wy (J; Wy~ HP(R™) N Ly(J; Wi~V /P(R™))
for k = 1,2. Furthermore,
Ao (t) = By (t) + (20721 8a) _ 7 t(1=Ra)y5
It follows from
o MU B gy € W22 (J; Ly (R™)) N Ly (J; W, " VP (R™)),
see [27, page 23], and from the regularity for 7, that
Oyma € W27 (1 L, (R™)) N Ly(J; Wy~ YP(R™)).

Moreover, 12(0) = o¢ and 9;72(0) = o1, which proves (ii). O

Remark 6.5. We would like to mention that the extension n was motivated by
[53, Lemma 1].

Finally, we collect some basic facts about the space F%, introduced in (4.2) and
frequently used in Section 4.
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Lemma 6.6. Let p >n+ 3. Then
(i)
FZ — BUC(J x R™). (6.19)

In particular, if we replace F% by oF2, then there is a constant co = co(Tp)
such that

HgHBUC(JxR") < Co||9||01F2T7 g€ 0F2T7
for all T < Ty.

(ii) The space F% is a multiplication algebra.
(iii) The set
F7p :={9 €F7 : llgll(gxrmy <b}, b>0,
is open in F2 and
lghlles, < max{a,b} (lgllez + lhllez),  (9.h) € F7 4 x F7,
(iv) There exists a constant co = co(Tp) such that
lghllez. < co(llglloo + llgllez ) I2llez,  (9,1) € FT x oFF,

for all T <Tj.

(v) We have

[t = 20alg + 2alnlig), @) € P x

for any b <1/2.
(vi) [(g.h) = g/(1 +h)] € C¥(FF x FZ. 15, F7).

Proof. (i) The assertion follows from Proposition 6.2(c).
(ii) Recall that the norm in W (J; L,(R™)) for r € (0,1) is given by

]FZ

19llrp.2, = l9llwg i,y = l9llp +(9)rp.L,

where ||, = ll9llz, (7L, &n)) and
1/p
lg(t) ||L »(R™)
r,p,L (/ / |1+rp dtds :
By writing

g(t)h(t) — g(s)h(s) = (g(t) — g(s))h(t) + g(s)(h(t) — N(s)),
we deduce for r = 1/2 — 1/2p in view of (i)

thllr,p,Lp < ||9H00||h||p + ||h||00<g>ﬁppr + ||9||00<h>r,p,Lp
< Orlgle llhllsz,  g,h € F7.

(6.20)

A

As the norm of L, (J; W (R™)), the second space of F2 for s = 1—1/p, is given by

1/p
o,z = ([ (a1, o + 02,) )
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tx/)|p 1/p
o= (L] R )

an analogous calculation as above gives

lg@®OrDllwy@nyy < lgllocllBOlp + [2lloc{g())s,p + [|glloc (2(£))s,p, (6:21)

which implies

where

||gh||L,,(J;W;(Rn)) < CT||9||JF2T||hHF2T’ g9,h € F7. (6.22)
Combining (6.20) and (6.22) we arrive at (ii).

(iil) Tt is easy to see that the set F%b is open in F%, and the estimate in (iii) follows
from the first line in (6.20) and from (6.21).

(iv) By (i) we immediately get
IPlBucxeny < C(To)|hllg2, he oF7, T <T.

But then (iv) as well is a consequence of the first line in (6.20) and of (6.21).
(v) In order to see (v) note that h € F7,, with b < 1/2 implies

=l
Hence for r = 1/2 — 1/2p we may compute

S RN P
— < A= ¢ — 1 @Drpr, + 9l { —
L+ hll, o, L+h| " [T+ h| P L+h/,or
1
< 2ol to {55) -
P;Lp 1-|—h oLy
Moreover,
1
< 1 > B —h) | datas )"
1+h 9, Lp JJJ h(t))(1 + h(s)) Lp(R™) |t — s|ttrP

I s < 4 G,

which implies

<2(lgllrpr, +2al0llrpL,), (9,h) € Ffo xFpy.  (6.23)

7.,

Similarly we can obtain

llg(t ||L (R™ )+H1+hH

Il

gl (2
9lloo L+n(t)/,,
2 (Jlg()llw ey + 2all A0 vy ) -

H 1 +h(t)HW;(Rn)

IN
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Consequently,

<2 <||9||Lp Jws®ny) + 2allhl L, (W @n (6.24)
H1+h s (W3 En)) s

for all (g,h) € FT,a X F%,b. The relations (6.23) and (6.24) then yield (v).

(vi) A formal calculation, based on the geometric series, shows that

9 __9 . 9 i(_l)k(h—ho)k
L+h Thy L+ hy & 1+ ho

for ho, h € IF%UQ. Given k € N, k > 1, we define

h1 hk 2
Pi(hi,...,hg) = hi,...,h F7.
k( 1, 3 k:) (1+h0> <1+h0)7 1, yhi € T
An inspection of the proof of Lemma 6.6(v), and (6.19), (6.22) show that there is
a constant M = M (T, hg) > 0 such that

1Pl i)z, < MF ]l - ill, B, By € B

This shows that the mapping Py : IFQT XX IF%« — IF% is well-defined, k-multilinear,
symmetric, and continuous. Moreover, it shows that the series converges in FZ%,
provided [[h — hollpz, < r with 7 sufficiently small. We can now conclude that

[h - i(—nk (T;—Z(f)k} € C*(B(ho,7),F7),

where B(ho, ) is the ball of radius r centered at hg in F%. Using Lemma 6.6(ii),(v)
we obtain that

g g g k h — ho\F W (T2 2
_ S (-nF (e F2, x B F2.).
[<g’h) 1+h 1+h0+1+h0k=1( ) (1+ho) } € C*(Fr x Blho,7), Fz)

Since analyticity is a local property, the assertion follows. O

Remark 6.7. Let d be a given number. An inspection of the proof of Lemma 6.6(ii)
shows that

(g + d)hllrz. < co(llg + dllss + lgllez ) IRllez,  (9,7) € FE x oF7,

where the constant ¢y is independent of T for T' < T.
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