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Abstract

We prove time-local existence and uniqueness of solutions to a boundary
layer problem in a rotating frame around the stationary solution called
Ekman spiral. We choose initial data in the vector-valued homogeneous
Besov space Bgo’lwg (R?%; LP(Ry)) for 2 < p < oco. Here the LP-integrability is
imposed in the normal direction, while we may have no decay in tangential
components, since the Besov space 5’20,1 contains nondecaying functions
such as almost periodic functions. A crucial ingredient is theory for vector-
valued homogeneous Besov spaces. For instance we provide and apply an
operator-valued bounded H“°-calculus for the Laplacian in 13’2071(]1%”; E) for

a general Banach space E.
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1. Introduction
We study the initial-boundary value problem for the three-dimensional

rotating Navier-Stokes equations in a half-space R3 = {z = (21, 22, 23);
23 > 0} with initial data nondecreasing at infinity:

U+ (U-V)U + ez x U+ veurl?U=-Vp, V-U=0, (1.1)

U(t7x)|3?3=0 = (Ul(tv'r)7U2(t’x)v U3(t7x))|x3=0 = (05070)7 (12)
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U(t, z)|t=0 = Up(z) (1.3)

where x = (21, x2,x3), U(t, ) = (U1, U, Us) is the velocity field and p is the
pressure. In Egs. (1.1) eg denotes the vertical unit vector, v > 0 is a constant
viscosity parameter. The constant {2 € R is called Coriolis parameter and
equals to twice the frequency of rotation around z3 axis. Egs. (1.1)-(1.3)
are the 3D Navier-Stokes equations written in a rotating frame. The initial
velocity field Ug(x) depends on three variables x1, x5 and z3. We require
the velocity field U(¢, z) to satisfy Dirichlet (no slip) boundary conditions
on the plane {z3 = 0}.

Ekman spiral is the famous exact solution (time-independent) of the
full nonlinear problem (1.1)-(1.2). It describes rotating boundary layers in
geophysical fluid dynamics (atmospheric and oceanic boundary layers cf.
[11], [19], [14], [5], [17]). The boundary layer in the theory of rotating fluids
known as the Ekman layer is between a geostrophic flow and a solid bound-
ary at which the no slip condition applies. In the geostrophic flow region
corresponding to large x3 (far away from the solid boundary at x3 = 0),
there is a uniform flow with velocity U, in the z; direction. Associated
with Uy, there is a pressure gradient in the x5 direction. The Ekman spiral
solution in Ri matches this uniform velocity for large x3 with the no slip
boundary condition at x3 = 0. The corresponding velocity field u® (x3) :
U (23) = (UF (23), UF (3),0) depends only on the vertical variable zs:

UE(23) = Uso (1 —e COS(%)) L UP (23) = Use™ 5 sin(%3), (1.4)

where § is the rotating boundary layer (Ekman layer) thickness:

5 (ﬁ;)”. ws)

The corresponding pressure field p¥(x5) depends only on x5 and it is given
by

P (x2) = —QUoos. (1.6)

Clearly, the nonlinear term in (1.1) is zero for U = U¥(23) and, therefore,
the pair of (U (23),p” (22)) which is called ‘Ekman spiral’, is an exact so-
lution of the full nonlinear problem. Remarkable persistent (stability) of the
Ekman spiral in atmospheric and oceanic rotating boundary layers has been
noticed in geophysical literature. Observe that the velocity field satisfies
lim UF(z3) = (Us, 0,0). (1.7)
xr3—+00
We make a trivial remark that will be important for future estimates of
norms. We note that the velocity field corresponding to the Ekman spiral
solution is bounded

U (23)] < 2Use. (1.8)
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In spite of the importance of the Ekman layer in geophysics it seems
that a mathematical treatment of the phenomenon has not been given so
far. Our aim is to give a mathematical theory for time-local solvability of the
nonstationary problem around the stationary Ekman spiral solution. Since
the Ekman spiral has velocity field nondecreasing at infinity, it is essential
in the theory of geophysical rotating boundary layers to study solvability of
(1.1)-(1.3) for initial data in spaces of functions nondecreasing at infinity.

We write

U(t,$1,5€2,1‘3) = UE(JZP,) + V(t,xl,x2,x3), (19)
p(t, a1, @2, 23) = pP(22) + q(t, 21, 22, 23). (1.10)

Since the Ekman spiral is an exact solution of the full nonlinear problem,
the vector field V (¢, 21, xo, 23) satisfies the following equations

B our
OV + (V- V)V + (U"(z3)- V)V+V; 7
3
+0es x V 4 veurl®*V = -V, (1.11)
V.V =0, (1.12)

V(t7l')|x3=0 = (Vl(tvx)v Vz(t,l‘),V?,(t,J?))|x3:0 = (07070)5 (113)

V(t,x)|t=0 = Vo(x). (1.14)
Let J be the matrix such that Ja = e3 x a for any vector field a, i.e.
1

0-10
J=(100]. (1.15)
000

Let P, be the Helmholtz projection operator on solenoidal fields in Ri. We
define the Stokes operator A (v):
AW)V =vP curl®?V = —vP AV (1.16)
on solenoidal vector fields V. The operator P can be represented by
P.f=rPEf. (1.17)

Here, r is the restriction operator to the half-space and P is the Helmholtz
projection operator in the whole space, defined by

P ={Pj}tij=123, Py =0y + RiR;; (1.18)
R;(j = 1,2,3) are the Riesz operators %ﬂ_(—A)_l/2 with the symbols %
(see e.g. [26]). Besides, the operator E is defined as follows:
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Definition 1.1. (1) For a function h(x) on Ri we define an extended func-
tion e*h by
h ] 0
YT LB A
th(z*) ifx3 <0,

where x* = (x1, T2, —x3) for x = (v1,22,23) € R3.
(2) For a vector field f(x) = (f*, f2, f*) onR3. we define an extended vector
field Ef by

(et f1) () for1<i<2,

i~th component of (Ef) (x) = {(e_f?’) (x) fori=3.

That is, Ef = diagle™,e™,e7] (Tf), where diag represents a diagonal ma-
triz, T f 4is a transposed vector field of f.

By employing the Helmholtz projection operator P, we transform sys-
tem (1.11)-(1.14) into an abstract operator differential equation for V,

Vi + A(W)V + 28V + CpV + P (V-V)V =0, (1.19)
V=0 = Vo,

where

E
S=P_JP,, CpV=P, ((UE(wg) V)V + Vg,a;i ) (1.20)
3

and we have used P.JV = P,JP,V on solenoidal vector fields. Let us
compare the situation here with the one in the whole space as treated in
[10]. The main difference between the problem in a half-space R} with the
problem in R? is that the Stokes operator A = A(v) and the operator
S = P, JP, do not commute in Ri and there is an additional ‘Ekman
operator’ Cg in Egs. (1.19). Motivated by real physical applications, where
physical fields are a superposition of non-monochromatic modes having dif-
ferent horizontal wavenumbers (periodicity and almost periodicity in the
variables z; and z2), we consider initial data Vg(z) for Egs. (1.19) in
spaces of solenoidal vector fields nondecreasing at infinity in z1, xo. The
consideration of solutions not decaying at infinity in z1, x5 is essential in
the development of rigorous mathematical theory of the Ekman rotating
boundary layer problem. In view of (1.7) it is natural to consider vector
fields V, which belong to LP, 1 < p < +00 in 3.

The first step in the analysis of the nonlinear problem (1.19) is to show
that the corresponding linear operator generates a semigroup in appropriate
spaces (LP, 1 < p < 400 or L*™). We note that the LP, 1 < p < 400 case
is usually simpler than the L> case due to the fact that Riesz operators
are bounded operators in LP but not in L>*. We recall that for 2 = 0
(non-rotating case) Green’s function of the Stokes operator in R® and R3
(half-space) belong to L'(R3) implying that the corresponding operator
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generates a semigroup in L*°(R?®) and L>(R3). On the other hand, for
2 # 0 Green’s function of the (Stokes+Coriolis) problem in R?® does not
belong to L'(R?) (see [10]). Moreover, it behaves as |z|~3 for large |z| and
the corresponding integral operator is not a bounded operator in L>°(R?).
One needs to restrict initial data on a subspace of L>°(R3) ([10, Appendix
A]). Similar situation of unboundedness in L>(R?) (for horizontal z1, x
planes) holds for the linear (Stokes+Coriolis) problem in a half-space. One
needs to restrict initial data on a subspace of L>°(R?) where Riesz operators
and, consequently, the operator P, JP are bounded. The natural space for
this purpose for initial data V is the space X = B&’I(R2;LP(R+)), the
space of all LP(R)-valued Bgo,l functions in R?. Here, R, := (0,0), and
Bgo,l is the homogeneous Besov space which is strictly smaller than L>°.

Related to the Navier-Stokes equations, the space Bgo’l was first used
in Sawada-Taniuchi [23] to solve the Boussinesq equations for nondecay-
ing initial data. It is known [27] that Vf € B ; if f and V2f are in
L°°, hence, the space Bgoyl contains nondecreasing functions such as al-
most periodic functions of the form °7°, a; exp(v/—1);-z) with {a;}32, €
', {)\;j} C R3\ {0}. Since our space X is an LP-valued Besov space, it in-
cludes functions nondecreasing in tangential direction x1, 2, and decreasing
in the normal direction x3. Moreover, we can prove, as shown in Corollary
2.12, that the Riesz operators are bounded in vector-valued Besov spaces
B;,q(]RN;LP(RJr)) for all indices 1 < p,q < 00, s € R, and every space
dimension N = 1,2,3,.... The boundedness is essentially a consequence of
Theorem 2.5 in Section 2 that is an extension of the Mikhlin type multi-
plier theorem, obtained by Amann [1] in the inhomogeneous Besov spaces
B, q(]RN ; E) for a general Banach space E, to the homogeneous Besov spaces
B3 (RVNE).

In order to estimate the nonlinear term we also employ the spaces
BY, (R"~1; LP(Ry)) and BUC(R™1; LP(R,)), where the latter one de-
notes the space of all LP(R; )-valued bounded uniformly continuous func-
tions on R”~!. Note that we always work in general space dimension n > 2,
as long as the Coriolis and Ekman operators are not involved. The key for the
nonlinear estimate is the embedding between the above spaces (see Lemma
2.3). However, homogeneous Besov spaces are usually defined as a quotient
spaces (modulo polynomials), which are not suitable for the study of partial
differential equations (PDE). This is the reason why we use rather ”script”
Besov spaces, Bi,q(R”_I; LP(R,)) instead of Bfﬁq(R"_l; LP(Ry)) (see Defi-
nition 2.1). The key embedding result (for E-valued functions, where E is a
Banach space) now reads as

Bgo,l — BUC — Bgo’oo.

Here, BUC is the subspace of BUC such that BUC = BUC @ {1}, where {1}
denotes the space of constant functions. By BY, ; ,(R"™!; LP(R,)) we de-

note the solenoidal part of Bgo)l(R"_l; LP(R,)) (see (2.13) and what follows
for the definition).
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In this paper we construct a local-in-time solution of the rotating Navier-
Stokes equations (1.1)-(1.3) in the space BC([0, Tp); BUC,(R?; LP(R.))) un-
der the condition that the initial velocity Vo € Bgo’l(Rz; LP(Ry)),2<p<
+oo. Here, BUC, denotes a solenoidal part of BUC (see definition (2.4)).
Also, we denote by BC(I; E) the space of all bounded continuous E-valued
functions on the interval I € R. In particular, the current work is concerned
with the so-called mild solutions, the solutions of the corresponding integral
equation to (1.19).

For the linear Stokes problem we employ the solution formula derived in
Desch-Hieber-Priiss [7] for the Stokes resolvent in terms of the resolvent of
the Dirichlet Laplacian and certain remainder terms. Detailed information
on the full linear problem (Stokes + Coriolis + Ekman) is then used to
construct a (local-in-time) mild solution to the nonlinear rotating Navier-
Stokes equations in Rf’r. To derive the estimates for the linear part we will
employ theory for E-valued Besov spaces. The main ingredient will be an
operator-valued version of Mikhlin’s multiplier result. It will be the basis
for an operator-valued bounded H°°-calculus for the Laplacian on E-valued
homogeneous Besov spaces, which serves as a useful tool in estimating the
formulas for the Helmholtz projection and the resolvent of the Stokes oper-
ator. The generation result for the Stokes operator and a standard pertur-
bation argument will then lead to the generation result for the full linear
operator (Stokes+Coriolis+Ekman).

Our main result reads as

Theorem 1.2. Let 2 < p < oco. For each Vo € B | (R? LP(R,)) there

oo,l,0

exist To > 0 and a unique mild solution 'V of (1.19) such that

(t— V(t)) € BC([0,Ty); BUC, (R?; LP(R4))), (1.21)
(t — tY2VV(t)) € BC([0,Ty); BUC(R?; LP(Ry))). (1.22)

Furthermore, the solution V satisfies
t1/2||vlv(t)”BMC(]R2;LP(]R+)) — 0 as t—0. (1.23)
Here, V' = (0yy, Ox,)-

Remark 1.3. (i) As lower estimate for existence time Ty we get for every
o € (0,27) and every ¢ € (0,1/2] that

1 (2 =S D)
Ty > min 4 1, . (1.24)
<C¢0,5=P€2w1|V0||B&11(R2;LP(R+))>

Here, the constants Cy, 5, > 0 and w; > 0 are determined in Proposition
4.5 -Lemma 5.1 and Proposition 4.5, respectively, and depend on the Coriolis
parameter 2 and |[|U”||y1.00, where W™ = WL (R3) := {u € L®(R%) :
Vu € L= (R3)}.
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(i) If we assume that VIV, € BUC for some positive integer j, then the
solution V satisfies

VIV, 112V € BO([0, Ty); BUC(R?; LP(R,))).

For j = 1 this fact can be shown by applying V to the corresponding integral
equation to (1.19) and using (1.22). The inductive procedure j — j + 1 is
similarly shown by applying V7 to the integral equation.

(iiil) We also get higher regularity on the interval [e, Tj) with arbitrary small
€ > 0, namely that

VAV € BC([e, To); BUC(R?; LP(R,))) for any positive integer k. (1.25)
This follows by an iterative use of remark (ii) and (1.21)-(1.22).

Note that in general we do not expect the solutions of the nonlinear
equations to be an element of the space of initial data Bgo’l(RQ; LP(Ry)).
This is essentially due to the fact that normal derivatives act merely on
the LP part of the space BgO’l(RQ; LP(R,)) (see Remark 4.2). To overcome
this problem we apply the contraction mapping principle in the larger space
BUC(R?; LP(R.)). The unboundedness of the Helmholtz projection in that
space is handled by using a splitting of P, J3 in a term with pure nor-
mal derivative and terms containing only tangential derivatives and Riesz
operators. This leads to the slightly technical Section 4.

In what follows we write vector fields in small letters as u, v instead of
U, V except the Ekman spiral solution UZ.

The plan of the paper is as follows. In Section 2 we prepare the definition
of the vector-valued homogeneous Besov spaces Bﬁ’q(R”*I; LP(R4)) , and
ensure boundedness of the Helmholtz projection in this space by modifying
Mikhlin’s theorem for the inhomogeneous spaces obtained by Amann [1].
We also set up the notion of an operator-valued bounded H°°-calculus in
the vector-valued Besov spaces Biq(R”*l; E) for a general Banach space
E, and prove that the Laplacian admits this property. The operator-valued
bounded H°-calculus will play a key role in Section 4. In Section 3 we will
give resolvent estimates for the full linear part (Stokes+Coriolis+Ekman)
based on estimates for the resolvent of the Stokes operator and a standard
perturbation argument. The resolvent estimates for the Stokes operator are
obtained by applying the results of Section 2 to an explicit representation
for the Stokes resolvent. As a consequence, the full operator is proved to
generate a holomorphic semigroup in our vector-valued Besov space. In the
technical Section 4 we first collect some basic facts about the Laplacian in
the considered spaces. Using this, we then proceed by providing estimates for
the semigroup generated by the full linear operator, which will represent the
basis for the application of the contraction mapping principle. In Section 5
we prove Theorem 1.2 utilizing the estimates obtained in the sections before.
Finally, in the appendix we give a characterization of the vector-valued
solenoidal Besov space defined in Section 2 and an estimate for fractional
powers of the Laplacian applied to the heat kernel.
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2. Basic ingredients

In this section we define E-valued homogeneous Besov spaces and provide
the required basics for the treatment of the linear and nonlinear problems
in the subsequent sections.

In standard monographs, see e.g. [28], the homogeneous Besov space
Bf’q(RN) for N € N is defined as

B2 (RY) = {f € Z/RY): |fllg, ey < o0

g 1/q
where || f] By (RN) = (ZjeZ(2éJH¢j * fHLT(RN))q) for 1 < r,qg < oo,
s € R. (see also [3]). Here Z'(R") denotes the topological dual of

ZRY) = {f e SRY): D*f(0) =0, a € N :==NU{0}},

where D := 0g}...0¢N for a = (a,...,ay). By Z we denote the set
of all integers and by N the set of all natural numbers. The space Z/(R™N)
can be identified with S'(R") modulo all polynomials in RY, where S’(RY)
denotes the dual of the Schwartz space S(RY). Hence B.'f’q(RN) is a space of
equivalence classes whose elements in general possess different derivatives.
This leads to the fact that it is not appropriate to construct solutions of a
concrete PDE in such a space. In such a situation it is desirable to have a
space of functions, which motivates the alternative definition given below.
Recall that a Littlewood-Paley decomposition is given by a family of
functions ¢; € S(RY) satisfying Yiez gﬁ;(f) =1 for £ € RV \ {0}, where

,(€) == 60(277€) and 0 # ¢y € S(RV) such that suppgo C {1/2 < [¢] <
2}. Moreover, for a Banach space E, we denote by S’(R™;E) the space
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of all E-valued linear continuous functionals on S(RY), i.e. 8'(RV;E) :=
L(S(RYN);E). Note that then

S(RY;E) — LYRY;E) — S'(RV;E), ¢ € [1,00].

Being aware of these facts we can proceed with a rigorous definition of E-
valued homogeneous Besov spaces. The authors are not sure about the fact
of who introduced these spaces first. Our definition follows the approach for
inhomogeneous E-valued Besov spaces of Amann in [1]. The inhomogeneous
versions were introduced first by Grisvard [12] and Muramatu [18].

Definition 2.1. Let E be a Banach space, 1 <1r,q < 00, s € R, and {¢;};ez
a Littlewood-Paley decomposition. If

either s < N/r or s=N/r and q=1, (2.1)

then the E-valued homogeneous Besov space B’ﬁ’q(RN; E) is defined by

B: (RN E) :=
{F €S RYE): Iflls, mve <00 f=D ¢ f inS'RYE)},
’ JEL
where
1/q
[ f] Bs ,(RNE) *= 2(25j||¢j * f”LT(]R";E))q

JEZ
On the other hand, if E is additionally the dual space of a Banach space F,
seR, 1<r,qg<oo, and

either s> N/r or s=N/r and q#1, (2.2)

we set

B} (RYE) = (B, (R F))". (2.3)

Remark 2.2. (1) Definition 2.1 relies on the fact that under condition

(2.1) the series >, ¢; * f converges in S'(RNE) for f € S'(RN;E) with

[fllgs (r.gy < 0c. For E = C, the set of all complex numbers, a proof of this
r,q ’

fact can be found in [3], [16]. We omit the proof here, since the one given in
[16] directly transfers to the E-valued case. Note that | f]

not sufficient for the convergence of ZjEZ ¢;* f in S'(RN; E), if the param-
eters s,r, q satisfy the inverse condition (2.2). Therefore we used definition
(2.3) in that case. Also note that the first ones who made use of definition
(2.2) in the case E = C for the space Bgo’l(RN ) related to the Navier-Stokes
equations were O. Sawada and Y. Taniuchi in [23] and O. Sawada in [22].

By ,(RN;E) < 0018

(2) By standard arguments it can be easily shown that Bﬁ’q(RN ;E) is a
Banach space.

(3) Requiring f to have the representation f = > ., ¢; * f ensures that
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(E-valued) constants are not element of 32071(RN ; E). This yields the con-
tinuous embedding
B2 1 (R;E) — BUC(RY;E).

Observe that ”CHB‘;OYI(]RN;E) =0 for c € E!)

2.2) with r =1 or ¢ = 1. Therefore we skipped a proper definition of those

(
(4) In this work we do not make use of B%(RN; E) for r, ¢, s satisfying
(
spaces.

(5) In the scalar-valued case E = C for all values of the parameters s,7,q
as in Definition 2.1 the space B (R") is isomorphic to B (RY), see [3],
[16].

The embedding in Remark 2.2 (3) is of crucial importance for estimating
the nonlinear term in Section 4. But, since the Helmholtz projection P is
expected to be unbounded in BUC(R?; LP(R.)), it is necessary to employ
the larger space Bgo’oo(RQ; LP(R,)), which admits the boundedness of P.
For this purpose we define

BUC(RN;E) := {f € BUCRN;E); f = Y ¢ * f in &' (RY;E)}.
JEZ
Since the series Y, ¢;* f converges in S’ (RN E) for f € BUC(RY;E) this

space is well-defined and it is isomorphic to BUC(RY; E) modulo constants.
We also define the solenoidal part of BUC by

BUC,(R™;E) := {f € BUC(RY;E);divf =0, flopy = 0}. (2.4)
An essential ingredient for the calculations in Section 4 will be
Lemma 2.3. Let N € N and E be the dual of a Banach space F. Then
B2, 1 (RN E) — BUC(RN;E) — BY,  (RY;E).

Proof. The first embedding can be proved along the line of Remark 2.2(3).
It remains to prove the second embedding. To this end let f € BUC(RY;E)
and ¢ € BY | (RV;F). Since BY ; (RY;F) C L*(RY;F), we can form the dual
pairing of f and ¢ and compute

ol =1 [ (e, s+ vloree
<3 [ M@l » lallecs

3 [ P p—
Thus, by definition, f € Bgom(]RN; E) and we have

“f”BgQ LRV E) = . sup |<f7 50>‘ < ||fHBZ/{C(]RN;E).
, APGB?,I(]RN§F)aH<PHB?,1(RN;F):1
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O

Next we state some density results of certain subspaces of smooth functions.
This will turn out to be helpful in proving the strong continuity of the
semigroups derived in Section 3.

Lemma 2.4. Let n € N, 1 < p <00 and D CR be an open set. Let E be a
Banach space and s,r,q be as in condition (2.1). Then

(1) {we B; (R™E) : D € By (R™E), a € N3} < By, (R™E).
. d .-

(2) By y(R" Y Nyen, WHP(D)) = B (R*; LP(D)).

(3) {u € B (R"Y, L7(D)) : D*u € B (R""1; LP(D)), a € Ng}

< B (R L7(D)).

Proof. (1) Choose a mollifier ¢, i.c. p-(z) = L po(z/e) with 0 # ¢o €
CP[R™), po > 0, and [p, go(x)dz = 1. We claim that ¢, * u — u in
Bf’q (R™E) if ¢ — 0 for each u € Bf’q (R™; E). Indeed,

HQOE *U— U| Bf«,q(Rnf)
k+2 "
<D0 220 * b5 — ¢5) * bi * ull Lagrn i)
k€Z \j=k-2
k2 "
< Z 25| g, * ul| Larnie) Z lpe * 5 — GjllLrwny |+ (25)
keZ j=k—2

where we applied the vector-valued version of Young’s inequality, see [1, page
13]. Since 32552, o * 65 — djlliny < Sita_o(llee * ¢yl + 16501) <
10|l¢oll1, € € (0,1), it is easy to see, that the series in (2.5) converges
uniformly in € € (0,1). Thus, we may interchange passing to the limit and
summation, which yields ¢. * u — u, due to ||o: * ¢; — ¢;l|p1wn)y — O if
¢ — 0. This implies (1) in view of

r

k+2
1D%pe * ullg, (@ne) < ST D 2706, D¥eellllgn * ull Lanie)
kez \j=k—2

< slldoll D e i llull, angy € NG

(2) First suppose D = R. Here we choose a mollifier in the last component,
i.e. a function ts := %1/10(9:71/5) with 0 # 9y € C*(R), ¥ > 0, and
Jz Yo(xy)dz, = 1. By similar arguments as in the proof of (1) we obtain
Y g, u— uin Bg (R"™Y; LP(R)) if § — 0 for each u € BZ ,(R"~1; LP(R)),
(here #,., denotes the convolution w.r.t. the last component z,,). For u €
Bﬁﬁq(R"_l; LP(D)) we set
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us = 15 %0, Eou € By y(R*™ Y My, WHP(D)), 6> 0,

where rp : R™ — D is the restriction and Ey : D — R"™ the trivial extension.
We compute

lus —

B ,(Rn=1;LP(D)) = ||7”D7/)5 *z, FBou — TDE0U| B ,(R"=1;LP(D))

< |95 *a, Eou = Eoullg, @n-1.0@y) — 0
if 6 — 0, which yields (2).

(3) This follows by combining the mollifier arguments in the proof of (1)
and (2), i.e. here it can be shown that ¢, *, 7ps *x, Eou — u if (€,0) — 0
for each u € B; (R"~'; L*(D)). O

The following operator-valued Mikhlin type multiplier result is funda-
mental for the treatment of the linearized equations in Section 3. Although
it is not explicitly included there, essentially it is a consequence of results
obtained by Amann in [1]. (Observe that Amann does not deal with homo-
geneous Besov spaces. The dotted spaces appearing in [1] have a different
meaning.)

Theorem 2.5. Let N € N, E be a Banach space. Let s e R, 1 <r,q <
be satisfying condition (2.1). Furthermore, let m € CNTY RN \ {0}, L(E))
such that

= lad|| pe < o0. 2.6
mll ey \a@?vﬁlgeﬂi}él\){o}"s' [D*m(&) 2y < o0 (2.6)

Then F~ImF is a bounded operator on Bﬁ’q(RN; E) and we have
H.'F_lm.?:HE(B;q(RN;E)) < C’HTn”M(E% (27)
where C' = C(n) > 0 is independent of r,q,s and m.

Remark 2.6. If E is the dual of a Banach space F, by definition the assertion
is also valid for B5 ,(RY;E), if s, 7, ¢ satisfy condition (2.2).

A function m : R™\ {0} — L(E), satisfying the assumptions of Theorem 2.5,
is called an operator-valued multiplier on Bﬁﬁq(RN ;E). Easy examples of
operator-valued multipliers are given by scalar-valued multipliers, i.e. func-
tions m : R™\ {0} — C that satisfy the assumptions of Theorem 2.5 with
E = C. Indeed, by the identification m = m - I, where I is the identity on
E, it is easy to verify that m is also an operator-valued multiplier. The key
for the proof of Theorem 2.5 is the following lemma.

Lemma 2.7. [1, Lemma 4.2(i)] Let N e N, s e R, 1 <r,qg < oo, and E
be a Banach space. Given j € Z, suppose that m € CNTHRN \ {0}, L(E))
such that

o | D
= max su m < 0. 2.8
Hj e 2j‘1S|€f)S21+1 1€1" ] (f)”E(E) (2.8)
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Then f‘l(mq/i)\j) € LY(RN; L(E)) and

NF T (méi)llLrwyicey < Chy
where C' = C(n) > 0 is independent of m and j.

ProoAf of Theorem 2.5. Since ZjeZ qBj = 1 (except at 0) and suppgﬁ; n
suppoy = 0 for |j — k| > 3, we calculate

o0

B wnve = D @Ik s (FImEN|L)"

k=—o0

|7~ mF |

oo k+2

< 3 2« FmES) < bl

k=—o0 \j=k—-2

It follows from ¢; x (FImF[f) = ¢; * (Ftm)* f = (ffl(mggj)) * f that

0o k+2 1

%ﬁ)q(RN;E) < DD 2PNy = (F T mey) x f o+ ol

k=—o0 \j=k—2

|F = mFf|

Lemma 2.7 and again Young’s inequality in the general form as given in
[1, page 13] yield

|7~ mF |

q.
B; (RN E)

) k+2

ST DS 2 IFE T me)le ey e lf * oxllr

k=—oco \j=k—2

IN

0o k+2 1

S ST 2 cmmlis el |

k=—oc0 \j=k—2

IN

where 41 is defined by (2.8). Since assumption (2.6) implies that sup;¢ p1; <
|[m|ar(g), we have

oo

_ s 1
IF = mF fllg, e < 5CM)mllae (S @5[1f = éxll))*

k=—o0

< 5Cn)|Imla e llf|

B (RN;E)"

We have proved Theorem 2.5. O
In the sequel we will also make use of the following type of an operator-
valued bounded H*°-calculus.
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Definition 2.8. Let N € N, ¢ € (0,7), and E be a Banach space. Let s € R,
1 < rq < oo be as in condition (2.1). Let A be a sectorial operator in
Bfnvq (RN:E), i.e., A is a closed operator in Bﬁ,q(RN; E) with a dense domain
D(A) and dense range R(A) satisfying

A+ A) @ SC/AL, AE Xy

for some 0 € (0,7) with C > 0 independent of \, where Xy is the sector
{z € C\{0}; |arg 2| < 0}. We say that A admits an (L(E)-) operator-valued
bounded H>-calculus on B (RN E) if there exists a Cy > 0 such that

1P s vy < CollbllLe (e (2.9)

for allh € H®(X4;Ka(E)) :={h: Xy — Ka(E) : h bounded and

holomorphic}, where
Ka(E):={T € LE):TA+A) =N+ A)"'T, X p(—A)}. (2.10)

We denote the class of all operators admitting an operator-valued bounded
H®-calculus on B (RN E) by Hgop(Bﬁ,q(RN; E)). The angle

¢op(A) :=inf{¢ € (0,7) : there is a Cy > 0 such that (2.9) holds}

is called the (operator-valued) H* -angle of A in BZ,q (RN E).
We would like to note the following facts about this definition.

Remark 2.9. (a) For a comprehensive introduction to an operator-valued
bounded H*-calculus we refer to [15] and [13], for the scalar-valued case
see [4] and [6]. But we also emphasize that Definition 2.8 is different from
the definition in [15] and [13]. There operator-valued means on the whole
space X (here X = B; (RN E)), whereas in our definition operator-valued
is just with respect to the E part of the space. Of course the definition
in [15] and [13] is more general but therefore also stronger in our specific
situation (estimate (2.9) has to be satisfied for a larger class of bounded
holomorphic functions).

(b) Tt is clear that the definition above extends to arbitrary E-valued Banach
spaces.

(¢) Setting E = C, we see that A € H%‘;(B’%(RN; E)) in particular implies
a scalar bounded H*-calculus, i.e. A € H™ (B;?’q(]RN)).

(d) Set g(z) := z°, s € [0,1]. Then g : Xy — Xy for ¢ € (0,7). This
shows that ho g € H®(Xy;Ka(E)) for h € H>®(X4;Ka(E)). Assuming
that A € H%op(Bﬁ7q(RN; E)), it is not too difficult to see that A® = g(A) is
sectorial on ij’q(RN; E) (see e.g. [6]) and that h(g(A)) = h o g(A). Thus

19NN sy, vy = 170 9(A)l 23y, vy
< CyllhogllLes(z,:c(E)
< Cyllhll o (24:2(6))
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for h € H*®(Xy; Ka(E)). Consequently we see that the property of having
an operator-valued bounded H°°-calculus transfers to fractional powers,
Le., A€ HZ, (B, (RY;E)) implies A° € Hg,(B; ,(RY;E)) with ¢, (A°) <
¢35, (A) for s € [0, 1].

Note that for

h e Hy?(Xy; Ka(E)) := {h € H®(X4;Ka(E)) :

Ih(2)]lzE) < C<1+Z||Z|)25,z € XYy, for some C, s > 0}
the operator h(A) is defined by
1
h(A) := — [ h(A\)(A—A)71dA,
211 r

where I' is the path I' := {re’;00 > r > 0} U {re=%;0 < r < oo} for
6 € (0,¢), passing from ocoe’® to ooe™®. This representation explains the
restriction of the values of the functions h to the subalgebra C4(E). Other-
wise there would be a second, possibly different, way to define h(A), namely

by the integral
1

— -1
h(A) := 5 F()\ A)T h(N)dA.

This differs from the scalar-valued case, where these two definitions always
coincide. Thus, in order to obtain a compatible definition for the operator-

valued case it is reasonable to use this restriction.
By the additional decay in 0 and oo it is obvious that h(A) belongs to the
class E(B;yq(RN; E)) for h € H§®(X4; Ka(E)). To define h(A) for arbitrary
h € H®(X4;Ka(E)) we take z — g(z) := z/(1+2)? € H®(Xp; Ka(E)) and

set
h(A) == (hg)(A)g(A)~!

initially defined on D(A) N R(A). Since the convergence lemma (see [4])
is still true for operator-valued holomorphic functions (see [13]), as in the
scalar-valued case it suffices to prove (2.9) for all h € H§(Xy; Ka(E)) in
order to obtain the validity of (2.9) for all h € H>®(Xy; K4 (E)).

Examples of operators that admit an operator-valued bounded H°°-
calculus on Bﬁ,q(RN ;E) are in order. The first one is the Laplacian A =

ZN 82 6j:8/63:j.

j=1"3>

Proposition 2.10. Let N € N and E be a Banach space. Let s € R, 1 <
r,q < oo satisfy condition (2.1). The Laplacian —A in Bﬁ’q(RN; E) with
domain D(—A) = {u € B ,(RN;E) : D%u € B5 (RY;E),a € NY, |a| < 2}
admits an operator-valued bounded H-calculus on Biq(RN; E) with H*>-
angle ¢3,(—A) = 0.

By duality, estimate (2.9) still holds for A = —A, if E is a dual space and
s,7,q satisfy (2.2).



16 YOSHIKAZU GIGA ET AL.

Remark 2.11. Observe that this result can not be obtained as a trivial
consequence of results in the previous literature, as for instance the results
proved in [6]. This is due to the fact that related to Mikhlin type estimates in
[6] the authors, forced by their theoretical approach, always have to assume
that E is a space of class H7 (or equivalently that E is a UMD space),
whereas in our situation E is an arbitrary Banach space with no further
restriction. Moreover, in [6] there are no results on Besov spaces.

Proof. Note that the sectoriality of —A in BS (]RN E) with spectral angle
¢_ =0 is an immediate consequence of Theorem 2.5 and Lemma 2.4 (1).
Indeed, it is well-known that FA(X — A) = F~1 = A\(A+ |£|?) 7! satisfies the
scalar Mikhlin conditions also for |a] < N + 1 (instead of |a| < [N/2] + 1)
and for all A € X_,, and arbitrary ¢ € (0, 7).

Now let ¢ € (0,7) and h € HG®(X4; K4(E)). Taking Fourier transform
yields

Fh(=2) = oo [ BOFO = (-) T = -,
r

211

and by assumption obviously

sup [|h(I€*)ce) < C.
§ERN\{0}

We will prove now that & — h(|¢]?) satisfies the Mikhlin condition of Theo-
rem 2.5. To this end one can copy the proof for scalar valued h (i.e. E = C,
see e.g. [20]) verbatim, simply replacing absolute value | - | by the operator
norm || - || z(g). But for the readers convenience we give the proof here.

We have to calculate D®h(| - |?) for any multi index « satisfying |a| <
N + 1. By induction we deduce for arbitrary m € N

%]
Di"h(I€) Zakh“" DleP)er T, € eRNA{0}, j=1,...,N,

with certain coefficients aj, € Ny for k € {0, ..., [%]}, where [r] := max{¢ €
No : £ < r} for r > 0. For an arbitrary multi index a € Név iterative

application of D® then leads to
Dh(|¢]*) = D -+ D3> DY h([¢]*)
= > aghllelTI9N(gP)e8 e e RV A\ {0}, (211)
p<[s]

where 3 < a and [a] for multi indices a, 3 € NY¥ has to be understood
componentwise. In order to estimate the derivatives of the holomorphic
function h we define

r(t) == %sin(@, t € (0,00).
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Then the ball B,)(t) is contained in the sector Xy for each ¢t € (0, 00).
Thus, by Cauchy’s formula we may conclude
KO @) loe) < O ma [1(2)]
— X
EEO =T (0F oi=rte £®

C(k, ¢
< %Hh”w t € (0,00), k € Ny,

where we put || - Hoo = ||+ |z (z4:c(E)) for simplicity. This fact applied to
(2.11) for D*h(| - |?) yields

€MD () |2y < Clibllos Y aglél*ljg 720100 go=25)

p<[5]
==
< Ol|h| Z aﬁ|§|‘a| 28]
= Clh]ls Z ag < Cllhllo, € €RY\ {0}, (2.12)

p<[s]

since |o—20| = |a|—2|| for 3 < [§]. Hence, the conditions of Theorem 2.5
are satisfied and in view of (2.7) and (2.12) we obtain

1A= 22, mve)) = IFR( - P)F £ L&) S Ol
for all h € H°(Xy; L(E)) which proves the claim. O

By the preparations above we are in the situation to give an elegant proof
of the boundedness of the Helmholtz projection on B ,(R™~*; LP(R)).

Corollary 2.12. Let n e N, n > 2, 1 < p < oo. Let s e R, 1 < r,g <
oo be as in Definition 2.1. The Helmholtz projection P4 is bounded on
By (R LP(R,.)).

Proof. We use the representation
P, =r(I+ RRTE

as given in (1.17) and (1.18). Obviously r € L(BZ ,(R"~%; LP(R)), Bs , (
R"~1: LP(Ry))) and E € C(Biq(R"_l;LP(RJF)),Bﬁ)q(R”_l;L”(R) ). It re-
mains to prove the boundedness of R = (Ry,..., Ry) on Bﬁ’q(Rn_l; L?(R)).
For j =1,...,n— 1 we write formally

R; = 9;(=2)7"? = Rjh(-4"),
where R/ :=8;(—A’)~!/2 is the tangential Riesz operator and

h:%y— K_a(LP(R)), h(z):=[z2(z — A,)"}/?
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for some ¢ € (0,7) and A, := 9. Theorem 2.5 easily yields R} =
Fl [l’gl I}f € L(B% (R LP(R))), since 15
Mikhlin conditions. Furthermore, from well-known resolvent estimates for
the Laplacian —A,, on LP(R) we obtain

satisfies the scalar

I2(z = An) "oy < Cpr 2 € Ty

(This is easily proved by applying the standard Mikhlin’s theorem.) This
implies h € H®(Xy, K_a(LP(R))) and therefore h(—A’) € L(Biq(R”*l;
LP(R))) by Proposition 2.10, which proves the boundedness of R; for j =
1,....,n—1.

In the case j = n we directly write R, = g(—A') with

g: 5y — K_a(LPR)), g(2) =0n(z — A,) V2

Again by well-known estimates for —A,, we deduce g € H>(Xy; K_a/(
LP(R))) implying R, € L(BY, ,(R*~'; LP(R))) and the proof is complete. [J

Corollary 2.12 allows us to define the solenoidal part of Bi JR"LLP(RY))
as

Bl (RHLAR,)) = Py (Bl (RS LAR,).  (213)
Since P is a bounded projection, this is a closed subspace of
B; (R LP(Ry)). At least for the most important case in this note we
will prove in the Appendix (Lemma A.2) the validity of the usual charac-
terization

B 1o R LP(RY))

={ue B’go’l(R”*I; LP(Ry));dive = 0,u - v|gry = 0}

for 1 < p < oo. The crucial step will be to give a meaning to the trace
u- I/|31R1 = 0.

As another consequence of Proposition 2.10 and Remark 2.9 (c) we ob-
tain the following operator-valued bounded H*°-calculus for the Poisson
operator. It will turn out to be the key-ingredient in the proof of the resol-
vent estimates of the Stokes operator in Theorem 3.1.

Corollary 2.13. Let N € N, E be a Banach space, and s € R, 1 <r,q < 00
be as in (2.1). The Poisson operator |V| := (—=A)Y? admits an operator-
valued bounded H-calculus on BS (RN E) with H>-angle ¢35,(|V|) = 0.
By duality, estimate (2.9) still holds for A=1|V|, ifEis a dual space and
s,7,q satisfy (2.2).
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3. The linear problem

In this section we consider the linear problem (Stokes + Coriolis +
Ekman):

0@ — VAD + Qey x ® + (UP(a3) - V)@ + 8,20 = _vr,
V-e = 0, (3.1)
®(t,2)|es—0 = 0,
q)(t’x)|t:0 = (I)O(x)v

for x € R and t € (0,00). After applying the Helmholtz projection P,
the above equation (3.1) can be written in operator form as follows

B+ AP+ 2S® + Cp® =0, B(1)]—0 = P, (3.2)

where A is the Stokes operator in a half-space, S = P JP is the Coriolis
operator in Rf_, and Cg is the Ekman operator. Most of the results below
are stated in arbitrary dimension n > 2. Only if the Coriolis and the Ekman
operators come into play we restrict dimension to the case n = 3. Since the
results here are based on the results in Section 2 the proofs work simulta-
neously in all homogeneous Besov spaces B;q (R*=L LP(R,)) as defined in
Definition 2.1. Therefore, throughout this section we assume 1 < p < oo
and s,7,q to be given as in condition (2.1) or condition (2.2) and set for
simplicity X = B (R";LP(Ry)) and X, := B:, ,(R"" L LP(Ry)) =
P+(B’ﬁ7q(R”*1; LP(R,))). We start by stating the generation result for the
Stokes operator. Without the loss of generality we may assume v = 1 for
the viscosity parameter. By the equality (A +vA)~! = %(% + A)~ 1! all the
proved results for A easily follow also for the operator vA and any fixed
v > 0. Hence the Stokes operator is given as

A =Ap: =-P. A,
D(A)=D(Ap)N X,
={ue X : D% € X,a € Nj,|a] < 2,ulsrr =0} N X,,
where Ap denotes the Dirichlet Laplacian in X and o € Nj is a multi index.
By a standard perturbation argument we will show afterwards that also
A=A+ 0P, JP, +Cg
D(Ag) = D(A)

is the generator of a holomorphic semigroup on X, .

Theorem 3.1. The Stokes operator A is the generator of a bounded holo-
morphic semigroup on X, which is strongly continuous if condition (2.1) is
satisfied. For each @o € (0,m) there is a Cyp, such that we have the resolvent
estimates
2
SAFRIVIEA+ A) o) € Cppr ANE Zrpye (33)
k=0
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The proof of this result requires some preparations. First let us recall a
suitable representation for the solution of the Stokes resolvent problem

A=Au+Vp = wugin RY,
(SRP)yyr Veu = 0 in R7,
u = 0 in R" L

In [7] (see also [21]) it was shown that u = (A + A)~1ug can be represented
as

u' = (\— Ap)tuf — R'v,
u" = (A — Ap) tuh + v,

where R' = (R},..., R),_;) and the Fourier transform of the remainder v is
given by

. e_w(lgl‘)wn — e—\§l|9¢n
o(¢ xp) =

e EDsgp (e’ s)ds,  (€,2,) € RE,
S e o) (Gom) €
where w(|¢']) = /A + |¢/|?. Furthermore, the Fourier transform of the re-
lated pressure p is given as

€ ) = for - SN it 7 cmettehng e s

{1 )) 0
(&,2,) €RT. (3.4)

In order to estimate these formulae we follow the arguments in [21], i.e. we
will prove

IVpllx < Cllfllx- (3.5)

Then, by plugging over Vp to the right hand side of (SRP); it can
be regarded as a resolvent problem for the Dirichlet-Laplacian with data
ug — Vp. The estimates for the solution of this problem, which are proved
first, in combination with (3.5) then yields the assertion. The essential in-
gredient for estimating the formulae for u and p in [21] is the bounded H°-
calculus for the tangential Poisson operator |V'| := (—A")Y/2 = F=1|¢'||F
on LI(R™~1). The corresponding ingredient in the situation considered here
will be the stronger property of an operator-valued bounded H*°-calculus
for |V'| on Bﬁyq(R”*; LP(R,)) as provided in Corollary 2.13. This is due to
the fact that here we have to deal with E-valued spaces in contrast to [21].

As a further application of Proposition 2.10 we start with proving the
desired resolvent estimates for the Dirichlet Laplacian Ap.

Proposition 3.2. Let ¢y € (0, 7). There is a Cy,, > 0 such that the Dirich-
let Laplacian Ap with domain D(Ap) ={u € X : D*u € X,a € Njj, |a| <
2,ulory = 0} admits the resolvent estimates

2
STNFRIVERA = Ap) Mlex) € Cppr A E Zrgy
k=0
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IfX = B.iq(R"_l;Lp(RJr)) is such that condition (2.1) is satisfied, then
Ap is densely defined.

Proof. Observe that the resolvent of Ap can be represented as
AN=Ap) 'f=r(A=A) e f (3.6)

with 7 the restriction on R”}, e™ as given in Definition 1.1, and A = Ag~
the Laplacian on R™. Therefore it is sufficient to prove the corresponding
statements for A on the space Bﬁ’q(Rn_l; L?(R)).

We have to estimate D*(\ — A)~! for « € N, |a| < 2. For this purpose
we write DY as DY = DPoF with || + k = |a| < 2, where D? contains
tangential derivatives only. Next observe that the resolvent of A can be
written as

(A =24)7 = A+ (=4) = A7,
where — A’ denotes the tangential Laplacian, regarded as an operator in the
LP(R)-valued space Bf ,(R"~*; LP(R)), and A, the Laplacian in the normal
component, i.e. in LP(R). Hence we can rephrase D%(\ — A)~! formally as
DY\ —A)"L = DPOF N+ (=A") — A,) 7!
- Dﬁ(fA/)flﬂ\/2h/\,57k(,A/),
with
hage(=A") = 05 (= AWIP (N 4 (=4") = A,) 7

In the proof of Corollary 2.12 we already showed R; € E(Bﬁ,q(R”_l; LP(R)))

~172

for the tangential Riesz operators R} = 0;(—A4") ,7=1,...,n—1. Hence

we may estimate

[D*(A = A)_lH.C(BI;Q(R"*HLP(]R))) < Cllhase (A 2 ess , mn10 )
Now let ¢ € (0, ¢o/2). Obviously

hagk s X — LILP(R)),  p— hagr(p) = 05(w) 1PN+ = A,)71,

is holomorphic and we have

C(gpo) /1?12

sup |\hxgrk(p P(R)) S SUP — o

ME%H a6l (e r)) P Dy u P
C(SDO,(;S)

= ae-lahz’ AN E Xryo, Bl +k=la| <2,
by well known results for A, on LP(R), and since Rey/A + 11 > ¢y, (v/JA] +

Kl) Ior A € 2ip_py, U E , and a certain c,, > U, by our choice ¢ €
for A € Xr_, Yy, and tain ¢y, > 0, b hoice ¢
(0,00/2). Let us remark, that this choice of ¢ is admissible, since we have
¢°O°p(—A' ) = 0 according to Proposition 2.10. Thus, we conclude

ID*(A = 2) " g wnrizo ()
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< CHh/\,B,k(_A/)”c(B’i,q(Rﬂfl;LP(R)))

C

_ %0
S pjaanzz A€ Tr—eos lal S 2,

which proves the first assertion.
Thanks to the item (3) of Lemma 2.4,
D(4) = {u € By, (R LV (R)) :
D € B: ((R" 5 LP(R)),a € N%,|a| < 2}

lies dense in Biq(R”_l; LP(R)), if condition (2.1) is satisfied. This implies

AMA=A)7 f — f in Biq(R"*l;LP(R)) if A — oo.
Thus, by (3.6) it follows that also

AMA=Ap)'f sref=f inX if A — oo,

which proves D(Ap) to be dense in X. O

With the above preparations in hand we can turn to the proof of the
generation result for the Stokes operator.

Proof of Theorem 3.1
Regarding (SRP),,.» as the problem

A=AQu = wug—Vpin RY,
u = 0 on R,

Proposition 3.2 yields formally

2
Y INERIVE T ulx < Cpolluo = Vpllx, A€ Zr.
k=0

So, if we can show
IVplx < Cpolluollx, A€ Xr—py,

the resolvent estimates for A follow. But this is an immediate consequence
of the next lemma for 6 = 0. To complete the proof it remains to show that
A is densely defined in case that condition (2.1) is satisfied. To this end we
write

MM+ A)tug = A\ — Ap) " Hup — S(N)ug), (3.7)

where

S(Nug :=Vp, wug € X, (3.8)
and p is given by formula (3.4). So, if we can prove

S(Nug — 0 in X, if A — 00 (3.9)
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for ug € X, we deduce in view of Proposition 3.2,
AMAFA)Tf = f in X, if X — oo,
which yields the assertion. But (3.9) follows from the next lemma as well.
For later purposes we state the estimate for the pressure term, i.e. forD
S(Nug = Vp
in a more general form.

Lemma 3.3. Let ¢y € (0,7) and 6 € [0,1/p'], where 1 = %—&—ﬁ. Then there
is a constant C' = C(6, po) such that

_ C
VIS M2y < npE A€ T (3.10)

Furthermore, if r,q, s,p fulfill condition (2.1), then
SN f—=0 inX if \ > o0
for f e X,.

Proof. Fix ¢ € (0,7) and ¢ € [0,1/p']. Let ¢ € (0, po/4) and define
for f € LP(Ry),

(@) i= (14 55 ) 40
T e f()d S, 20 > 0.
></0 e f(s)ds, z€ Xy, , >0

Then, by representation (3.4) we see that |V'|~%(S(A\)ug)™ can be written
as

V/I72(S(Nuo)" = =R~ ha(IV' upy,  uo € X.
We already know that R’ € L£(X). Therefore, in view of Corollary 2.13,

it remains to show that hy € H*>(Xy; L(LP(R4))) with the upper bound
given in (3.10). But for f € LP(R) we have

Z — —2Tp > —w(z)s
()]l oy < \(H(z)) 270 e o / )% £(s)|ds

<c|(r o)
<o (|

SiE 1/p|||<3""(z)5

||LP'(R+)||f||LP(R+)

1
(Z)|6 ||fHLP(R+)~

’ w
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Our choice ¢ € (0,¢p/4) (which is possible in view of P = 0) implies

the existence of a ¢; = ¢1(po) > 0 such that Rew(z) > ¢1(\/|A| + |2]) for
A€ Xr_yy, 2 € Xy Then, it easily follows

z
‘w(z) < Cﬁﬂov A€ Eﬂ-,@g, z € E(z,,
and . o
- ¥o
EOR < /2 AE Xr_ gy 2 € Xy

Hence, since § € [0,1/p'], i.e. % -0 >0,

C
x| e @y)) < |/\‘S§?2, NE Zniuy, 2 € Xy,

Employing Corollary 2.13 we finally may conclude
n—1
V172 (S(Nuo)"llx = IR - ba(IV Dugllx < €D a1V Dupl x
j=1
< (n=DC|hal| Lo (2,0 @y lluoll x
< Co A2 luollx, A € Zrog, w0 € Xo

By the equality
a1 ig
i€'p = 2l€lp = — 72 0nb,
i 'l
we have

V|2 (S(\uo)" = —R'|V'|~°(S(A)uo)".

Again in view of R’ € L(X), we see that the corresponding estimate for
|V/|=2(S(A)ug)’ is reduced to the just proved estimate for |[V/|=°(S(\)ug)™.

In order to see the second assertion note that for § = 0 the function Ay
can also be written in the form

(ha(2)f)(zn) =

0o 1/p
B —w(z)s (2
(14 55 ) wters e [T () spas

for z € Xy, x, > 0. Consequently, by following the lines of the proof above
we derive the estimate

ISV fllx < CI(=AY2' (A= A) 72 f| .
The operator on the right hand side can be written as
(AN A= A)TY = (A + (=AM (A = A)TH(=A) YA+ (=AN) )T

with o = 1/2p’. Now, in view of Proposition 2.10, (A* 4+ (=A")*)(A—A")~®
is bounded on X, even with an upper bound independent of \. Moreover,
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since the sectoriality of —A’ in X, implies also (—A")* to be sectorial in
Xy (with ¢(—arnye = 0), we have
(=AY (o + (—=AN) " f -0 if 0— o0
for f € X,. Consequently
IS Fllx, < ClI=AE AV 4 (AN |y, — 0 A= oo

for f € X,. O

The boundedness of the operator P on X and of the Ekman spiral
solution UF now allows us to employ a standard perturbation argument for
proving the generation result for the full linear operator A . Here we give
the detailed calculation, since we are also interested in the dependence on
2 and UF of the shift of the growth bound of the semigroup e *A# and
also since we would like to refer to some of the appearing formulas in the
following sections.

Theorem 3.4. Let ¢y € (0,7/2]. There are constants K1 = Ky(pg) > 0,
Ky = Ks(po) > 1 such that for wg = wo(po) := 2K max{1,[K1(2 +
[UF]1,00)]%} we have

Yr—po € p(—(Ap +wo))
and
2
STAFPIVERF A+ Ap +wo) o) € Coor A€ Zrgys
k=0

for some Cyp, > 0. Hence, Ag is the generator of a holomorphic semigroup
on X, with growth bound wa, < wo(n/2). If s,r,q satisfy condition (2.1),
this semigroup is strongly continuous.

Proof. Set B := 2P JP, + Cg. For wy > 0 the resolvent of Ap + wp =
A + B + wg can be written as

A+ (wo+A+B) = N4+w +A)HT+BA+we+ A (3.11)

Next we estimate |[B(A +wo + A) ™| z(x). Since U¥ depends only on
we obtain

1CEO + w0+ A) oo < c(|uE||oo||v<A oot A) e

+ 110, U7 |oo | (A + wo + A)‘1||c<x>)
Ctpo

L
VA F wol

[UP 100, [A+wol > 1,



26 YOSHIKAZU GIGA ET AL.

where we applied (3.3). This implies by the boundedness of P, on X

IBOA+wo+A) Hix)

\/ ‘)\—l-wo‘

[100)s  [A+wol 21, (3.12)

_ 1
< Co, <9||(A +wo + A) e + IUE||1,o<>>

Ky

B oy ur
|>\+w0|

where K; = K;(po) depends on upper bounds for ||P|[zx) and [|[A(X +
A)7!z(x) only. Note that there is a constant Ky = K3(po) > 1 such
that |\ + wo| > K;lwo for all A € X _,, and wy > 0. Now we set wy :=
2K, max{1, [K1(2+]|UF||; »)]?}. Then we may employ the Neumann series
obtaining

[VF(A+ (wo + A+ B))zx)
[IVFOA 4+ wo + A) oo I +BA+wo+ A) 72

c ) 17277
< > adl
- ‘)\+w0‘(2_k)/2 - 2K2‘)\+W(]‘

IN

7=0
< C 1
> ‘)\ +w0‘(2—k)/2 1— (1/2)1/2
C

S W7 )\6271'7@07 ke{0’1,2}’

where we applied again estimate (3.3) for the Stokes operator A.

The assertion about the strong continuity is obvious, since D(Ag)
D(A).

o

4. Estimates for the nonlinear term

In this section we estimate the nonlinear term by utilizing the linear
estimates obtained in the last section. The goal of this section is Propo-
sition 4.5. To prove this result we will employ the Neumann series repre-
sentation obtained in the proof of Theorem 3.4. The difficulty is that the
normal derivative terms combined with Riesz operators as P19, f cannot be
estimated in the same way as the corresponding terms involving tangential
derivatives. As mentioned in the Introduction, we overcome this difficulty by
using a certain splitting of P 0, f as it will be introduced in (4.5). We start
with some basic estimates for the semigroup associated to the Laplacian.
By BUC* (RN E) for an arbitrary Banach space E and N € N we denote the
space of all E-valued BUC functions whose first derivatives belong to BUC.
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Lemma 4.1. Assume n > 2, 1 < ¢ < p < o0, 6 € (0,1/2]. Then the
following four estimates hold for f € BUC'(R™~; L4(R)) N BUC(R™;
WH4(Ry)) such that flory = 0.

(1) ||€tADajf||Bgc71(Rn71;Lp(R+))

_§_1(1_1
<C(0)t 2(3-7) (\|f||Bgom(Rnfl;Lq(R+)) + ||V/f\|3gcm(Rnfl;Lq(R+))>

forj=1,..n—1and anyt > 0.
(2) |22 0 f| Loo @100 (R4 )) < Ct_é_f(a_;)||f||L°°(R“*1;W1'q(R+))
for any t > 0.

_1_1(1_1
(3) 110522 fll g, mn-r1o(myy) < Ct 2 4 p)”fHBgcm(R"”;Lq(Rﬂ)
forj=1,..n—1and anyt > 0.

_1_1(1_1
(4) 1022 fllpm(r-1izr(ryy) < O3 3G f]] po o ms )
for any t > 0.

The constants C(6),C > 0 do not depend on f.

Remark 4.2. (a) Note that the trace flory always makes sense, due to

the fact that f(z’,-) € WH4(R,) — BC(R;) and the trace operator acts
on the normal component only. Note also that here and in the sequel we
need the assumption f \3]1{1 = 0 in order to ensure the validity of

Ed,f = 0,Ef. (4.1)

Here E = diagle™, et,e] and E = diag[e—, e, et], see Definition 1.1.

(b) In the normal derivative case we cannot expect regularizing effect since
the normal derivative 0, acts on the third component (LP-part). Hence we
cannot replace the estimates (2) and (4) by B2, (R*™ 1 WHI(Ry)) —
BY (R LP(Ry)) and B, ((R™SLI(Ry)) — B (R LP(Ry)),
respectively.

(c) Since 9; and AP commute for j = 1,...,n — 1, the estimates (1) and
(3) remain true for 9;e!4P f and et4r9; f, respectively.

(d) The properties of the Dirichlet Laplacian Ap we use in the proof of
Lemma 4.1 are known also for the Neumann Laplacian Ay. Hence all as-
sertions of Lemma 4.1 are valid for Ay as well.

(e) Combining (c) and the fact that 0,et4? f = e!4~ 0, f and 2P, f =
OnetAN f the estimates (2) and (4) are still true for 9,e*4? f and et4r 9, f,
respectively.

Proof. (1) Since d; for 1 < j < n—1, —A’, and €' act only on the
tangential direction we have

A
1220, 1l o, , @n—1:10 )

o0
= > gk % €220, flrom,)llLoe@n-1)

k=—o0
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Z 11(=A")e' g x €420 05 (= A) 7 £y |oc

k=—oc0

where we used the splitting Ap = A’+Ap ,, and Ap ,, denotes the Dirichlet
Laplacian in the normal component. Note that ¢ = ¢ (1, 22) for all k € Z,

i.e. the convolution is with respect to the first two components. Multiplying
1 =37 &%, it follows from e'20.n (¢  f) = ¢y * e"20n f that

tA
|le* 2P0, ifllso, | mn1iLo @)

o e br ok gk e 2P 05 f oo

k,leZ,|k—1|<2

Yoo =AY gy x e P (G5 Dy (= A) 7 )l oo

k,leZ,|k—1|<2

Then vector-valued Young’s inequality yields (see page 13 in [1])

A
€40, ll g, a-sa0(5,

< D (=AY G

kl€Z,|k—1]|<2
x|t 2P (g % 05 (= A") 70 )| Lo 110 (2 )))-
Hence, we obtain

12205 fll 3o, | (rn-1:0 o))
< slug et 20 (¢ % 0j(—A") ™ 6f)||L°°(R"*1;LP(R+))
€

% Z A, 5 tA ¢k||L1(R” N

k—1<2
=5 sup |le" 22 (¢y % 9;(—A") ™0 F)| oo (mn-1;10 (R )
S

x> |[(—A") e il | 1 ).

kEZ
The LP — Li-estimate of the operator e!4r-» yields
1427 (1 % 9)l| Lo rn-1;10 () = II €542 (1 % 9)plloc
< Gt 2G| [ x glollos
= 0138|161 % gl e @120 )- (4.2)

On the other hand, it follows for ¢ > 0 from Lemma A.1 (1) that

Y N=AY Y il @n-1my = D (=AY Gela') bl s mn-1m)

kEZ kEZ
= 1= G (@) sy < O
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Thus we conclude by applying (4.2) for g = 9;(—A")~° f that
|‘etADaj.ﬂ|B&)1(R"*1;LP(R+))

_5—L1(1_1 —
<ot 03 p)slugu@*aj(_m 8 fll Lo (R-1:La(R, ) (4.3)
€

_5—1(1_1 _ 1_
= o G0, (- AN T A=A gy mesipaes)

<o 3G A e metiages )
where we used R} € L(BY,  (R"~'; L9(R,))) for the tangential Riesz op-
erator R, = 0;(—A4A' )~/2 in the last inequality. By Proposition 2.10 the
operator (—A')27%(1 — A')~Y/2 is bounded on Bgo_roo(Rnfl;Lq(RQ) for
§ € |0, %] Moreover, by general results for fractional powers of sectorial
operators we know that the norms ||(1 — A’)!/2
1/2

gy, L @rerizae, ) and
II- \|B-UOO,OO(RW,1;LQ(R+)) +|(=Aant/=. ”B'QO,OC(R"*;LQ(RQ) are equivalent. This

implies
1_
I(=4")2 ‘5f|\3g0100(Rn71;Lq(R+))
=[|(=A)7 (1 = A)PA = AV g meorpazyy

< O (Ifllsy, -z + 1 (=22 lgy,_g-tizazny) -
Combining this with (4.3) it remains to show
H(_A,)l/ZfHB.go’OQ(Rn—l;Lq(]RJr)) S CllvlfHB.gc,oo(R"*l;Lq(R+))'

But this estimate follows easily from the representation (—A’)Y/2
Z?z_ll R}0; by applying once again R € E(BQO,M(R"*; LY(R,))).

For (2), since et4p = ¢t4'etApn and et4png, = 9,et4Nn | with AN
the Neumann Laplacian in the normal component, we see

!
1€°42 Oy fll Lo v2; 20 (R, ) = 1One™ N €™ f| Lo (rr-1,10 (k)
= || [OpetANmetS flee@ ) llLoe ®n-1)-

tAN,n

The LP — Li-estimate of the Neumann Laplacian e yields

1 1

—_il_1,1_ 1 4
‘|6tADanf‘|Lm(Rn71;LP(R+)) <Ct 2 2(q p>H ‘6tA f|L‘1(R+)||L°°(R”71)'

tA

Since e*“ is a positive operator, we get

_1_1(1_1 /
€542 0 £l e 1,0y < O3 EGTD)] 2 | g o (o)
1 1

_1_1(1_ 1
< 0t 5 2G| f| pe @ 1n0gey s > 0. (4.4)

On the other hand we can directly estimate

1

1" 22 0y | Lo (Rr—1, 10 (R, y) < ct~:G=3) [0n fllLoe (Rr—1;L0(R )
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1

< Otié(aié)||f‘|L°°(]R”*1;W1=(I(R+))a t>0.

Combining the above two estimates results

_s—Li(i_1
1420, £ Lo Rn1,00 (R, ) < C° G p)||f||L°°(R"‘1aW1'“(R+))’ £>0.

The remaining two inequalities (3) and (4) are consequences of estimates
we already derived above. Indeed, setting 6 =1 /2 and having in mind that
R € L(BY, (R"™!; LI(R,))), it follows easily from (4.3) that

105€"22 fll po_ wnrimoy ) = 1€ 05 1150, mnrimo, )

1

—1_1(1_1
<Ct 3 3 (3 p)||f||Bgcyoc(R“*1;Lq(R+))

for j=1,....,n—1 and t > 0. Furthermore, in the same way as we obtained
(4.4) we can show (4) in view of 9,6 *4P = e~*4~(, and by interchanging
the roles of Ap and Ay. This completes the proof. O

From Lemma 4.1 we will derive estimates for terms of the form 0; etArP f
for 1 < j < n. The crucial term here is the one with normal derivative 9,,.
The idea is to split P9, and 0,P into a normal derivative term without
Riesz operators and terms including only tangential derivatives and Riesz
operators.

Lemma 4.3. Letn > 2,1 < g<p<o0,6 € (0,1/2], and f € BUC* (R*1;
LY(R4)) N BUC(R™ L, WH4(Ry)) such that florn = 0. Then there are con-
stants Cs,C > 0 independent of f such that for j = 1,...,n — 1 and
k=1,...,n we have

(1) 1e"2PPL8; f|| oo rr—1;10 (R ))
< Cst 702G 3) || f I @ootizama s £ >0,
(2) 2P P4 O f | oo mr—1510 (1)

_S_1(1_1
< o5t~ 24 P)<||f|Lw(Rn1;Wl=Q(R+>>

+ ”f”WLOO(R"—l;L'I(RJr)))a t>0,

(3) |0ke PP || oo (mr-1,10 (R, )
< 0t 5 3 G| f|| peantnoqey ), > 0.
Proof. In the case that 1 < j <n —1 we have P_0;f = 0;P f. Moreover,
by Corollary 2.12 the operator P is bounded on BY, . (R"™*; LP(Ry)).
Hence, Lemma 4.1 (1) implies for ¢ > 0,

1627 P10, fll g0, (mn-1520(22))
1 1

_s—i(i_1
< G5t 3) <||f|‘Bgo,oo(R"—1;Lq(R+)) + Hvlf||Bgo,oo(R"—1;Lq(R+))> ;
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yielding (1) in virtue of Lemma 2.3.
In order to see (2) first recall that P, = rPFE by (1.17) and (4.1). Now
we use the following splitting of P 0, f:

P.0,f = rPEd,f = rPO,Ef
n—1

= 1o, ((Ef),0) + > rO;R(R,(Ef)) +

n—1
(VL O)RL(ES)" = Y 10 R Ra(Ef)"en
j=1
n—1
= 0.Quf +>_0;Q;f (4.5)
j=1

= I+1I,
where the operators Q;, j =0,...,n — 1, are defined by
Qug =r((Eg)',0) = (4,0, (4.6)
Qg = rR(R,(Eg)’) + rR;(Eg)"e; — rR;Rn(Eg)" ey

Here we denote by e; the unit vector whose j-th component is 1 and Rh =
(R1h, ..., R,h) for scalar function h. To derive (4.5) we also used the facts
that

IR = 0,0;(—A) V% =9,0,(~A) V2 =0;R,, 1<j<n

n—1
2 _ 2
R-1- YR,
7j=1

where I denotes the identity operator. By the boundedness of T,E
and in view of R € K(Bgo’oo(R"_l;Lq(R))) this implies that Q; €
L(BY, o (R"LL4(R,))), j = 1,...,n — 1. Applying Lemma 4.1 (2) to
I and Lemma 4.1 (1) to I1 then yields

" 2P POy || Lo (1,10 (R )

n—1

< ||etADanQ0f||L°C(R"—1;LP(]R+)) + Z ‘|etADanjf||Bgo)1(]R"*1;LP(R+))
=1

s_1(1_1
< Cst™ :(i3) [||Q0f|L°°(JR”1;W1=q(R+))

n—1
+ <||ij||39.o,oc(w%Lq(ﬂh)) + ||ij/f||330,m<whm@mﬂ)]
=1

< Oét_é_é(a_g) (11 f 1 Lo @n—1;wra,y) + [1flwioe ®n-1,La(r, ))) -
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For 1 < k < n — 1 inequality (3) is an immediate consequence of
Lemma 4.1 (3), Py € L(BY, . (R*; LI(Ry))), and Lemma 2.3. In order
to see (3) for k = n we use 9,e!*PP, f = !4~ 9, P, f and the splitting
n—1
0Py f = On(f',0) + 3 _ OjrR(Ru(Ef)') + (V' 0)r B (Ef)"
j=1
n—1

— Y 0;rR;R,(Ef) ey,
j=1

n—1
= 8n(QOf + Zanjf7

i=1
with Qj, j=1,...,n—1, as defined in (4.7) with E replaced by E. After
applying e~ | the first term of the right hand side can be represented by
OnetAP(f',0), using etV 9, = 0,e*P again. Hence, Lemma 4.1 (4) yields
the desired estimate for this term. Employing Lemma 4.1 (3), Remark 4.2
(b), and Qj € E(Bgo’oo(R”_l; L1(R4))), j=1,...,n—1, we obtain for the
other terms

n—1 n—1
||etAN Z8ijf||B§’.o,1(Rn*1;Lq(R+)) = ||ajetAN Z ijHBOQC_’l(Rnfl;Lq(RJr))

J=1 =t
_1_1(1_1
<35 P)IIf\IBgc,oo(Rnfl;m(me £>0,

which proves (3) in view of Lemma 2.3. O

Lemma 4.4. Let g € (0,7), 2 < p < o0, and B= 2P JP, + Cg. There
is a C = Cy,, > 0 such that
_C
A
1 C
2) IVA=Ap) SWMfllgo (rr) S —1—=
00,1 |/\|2 3p
C

(3) IBOA=2Ap)" ' SN fllgo, ey < FWHB&,ALW?)

(1) I~ Ap) SN flls 1 < £l oo

||f‘|80007oo(Lp/2)

for N€ Zn_gy, [N 21, f€BY (LP/?).
Proof. We write the operator under consideration as

VE = Ap)TIS() = (AR = Ap)TH(=4) TS ()
for £k =0, 1. Observe that

— _k
||vke tADHE(B'gC’l(LP)) <Ct 2, 1> Oa
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due to Proposition 3.2. By Lemma A.1 (2) with a = 1/4p" and the LP — L9-
estimates for Ap ,, we therefore deduce

||vk(_Al)1/4p/e_tADfHBgoyl(Lp)

_ HvkeftAD/g(7A/)1/4p/eftA’/2eftAD,n/2fHBO (L)
oo,1

_k_ 1 _
e

<OEW I fllgy oy, £>0, E=0,1.

This implies for the resolvent

/ _ C
an—A@”@<A—AD>1ﬂ@gﬂyqs[i;gff—fwﬂmgm@wa

4p T 2p
for A€ Xr_,,, k=0,1. In combination with Lemma 3.3 this yields

195 (A = Ap) ' SO fllgo. o)
C

: W”(‘A/)_IMP SN flls. _er
" 2p ’

< |)\|1fﬁ||f||z%go,m(1;p/2)
for A € Xr_,, k=0, 1. This shows (1) and (2). In view of the boundedness

of P4 in Bgo’l(Lp ) and the function U, relation (3) is an easy consequence
of (1) and (2). O

The next proposition contains the crucial estimates that allow us to
construct solutions in the space BUC(R?; LP(R,)). Note again that due to
the fact mentioned in Remark 4.2 (a) we are not able to carry out the
iteration in the space Bgo’l(RQ; LP(Ry)).

Proposition 4.5. Let 2 < p < o0, ¢g € (0,7/2), § € (0,1/2], and wy =
wolpo) as in Theorem 3.4. There exist C = C(pp,d) > 0 and w1 > wy such
that

| Ve HABFTIP L0, fl oo (r2iLp (v )
_£_ 1 _ _
< Ot 7m0 (|| fllypnce e,z ) 1o 2wz, ) (48)

fort>0,¢=0,1,57=1,2,3, and
f € BUC!(R?; LP/2(Ry)) N BUC(R%; WIP/2(Ry)) with florn = 0.

Proof. For simplicity we omit the R notation in the spaces, i.e. we write
Wheo(Lr)y = WhHee(R? LP(Ry)), L°°(LP) = L*°(R?; LP(R,)) and so on in
the sequel. We will prove the corresponding estimates for the resolvent of
AE, i.e.

IV + w1+ Ag)"PL0; fll L (Lr)
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C
< - (ILf [lv1oo (zor2y + 1F I poe (wrinrzy) (4.9)

for j =1,2,3,£=0,1, \ € X, and f € BUC'(LP/?). Then (4.8) easily
follows by the representation

1
e tABtw) _ 7/ efw‘(/\—le _‘_AE)*ld)\.
211 r

Now fix ¢g € (0,7/2) and set u := A+ w;. We already pointed out that the
resolvent of the Stokes operator A can be written as

(n+A)" = (n—Ap) (I - 5(u)), (4.10)

where S(11) is defined as in (3.8). Thus, according to (3.11) the resolvent of
A g is represented as

(W+Ap) = (u—Ap) "I =S +B(p+A)~"~"

Let us first consider the easier case of tangential derivatives. Since 0; com-
mutes with P and all parts of Ag for j = 1,2, in this case we have

11+ Ap) P8 fll Lo (Lr)
=Cll(u = Ap) 7' 0;(I = S(u) + B+ A) 7P fllgo (1)
C i
< ig (CEEIES- RSN S SEP
H° 2p s
F I = ST+ B+ AP Sy i)
c ,
< Hl_f_é (11 poe (zorzy + IV Fllpoo (por2))
plt

C
< Wﬁ”f”wlm(m/z)a (4.11)
/j, P

where we applied Lemma 4.1 (1) as well as the boundedness of S(u), [I +
B(p + A)7'7!, and P, in the space BY . (LP/?) given by Lemma 3.3,
by w1 > wp and our choice of wy (see Theorem 3.4), and Corollary 2.12,
respectively. Applying Lemma 4.1 (3) instead of Lemma 4.1 (1) we can
obtain in an analogous way

_ C
10:( + Ap) P05 flliw o) € =105 fll e zor2y

|2 %
for i =1,2 and j = 1,2, 3. Since

10 fll oo (nrr2y < N fllwoe o2y ifj=1,2,
105 fl|Loe (Lrr2y < | f Lo wrvr2ys
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we conclude

10i(n + Ap) " P18, fll oo (1r)
C
< | |f_l (I1f Iy 1oe zorzy + 1 f L oo (rrorey) - (4.12)
D

The case of normal derivatives is more involved. Here we employ the
Neumann series and use the representation of the form

o0

(n+Ap)™ =D (u+A) ' Bu+A)
k=0

In order to estimate this expression we need

Lemma 4.6. There are constants K = K(pp) > 0 and w1 > wo such that
(1 + A) " [B(+ A) " PO f| oo (1r)

K 1\*
S s \Va (1 e oy + 1l qwrry)  (4.13)

and
10s(1+ A) ' B(p+ A) P05 f |l e (1r)

K 1\F
< 7| iz NG (Lf [lvrroo (zorzy + f I poe (wrierey) (4.14)
M P

for all p—wy € Tn_yy, § =1,2,3, k =0,1,2,..., and f € BUC*(LP/?) N
BUC(W2/2) with, f|ogn = 0.

Before proving Lemma 4.6 let us complete the proof of Proposition 4.5 first.
From (4.13) we immediately conclude

(ke + AE)_1P+a3f||L°°(LP)
1\F
Z (Hf”leOO(LP/?) + Hf”Loo(Wlm/?))
Iul <\/§>
C‘Po
< Hl_ﬁ (1f lwroe (porzy + 1 | oo wrnszy) -
l’L P
On the other hand (4.14) implies
105 (1 + Ap) P10, fl oo ()

1 k
l,00(,p/2 + co 1,p/2
<3 20 (75) lwnann + W)
Ctpo

T_1 (||f\\leoo(sz/2) + ||f||L°°(W1=P/2))
I
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for 5 = 1,2,3. Combining these two inequalities with (4.11) and (4.12),
estimate (4.9) and thus the assertion of Proposition 4.5 follows. O

Proof. (of Lemma 4.6)
We apply induction over k. For k = 0 an application of Lemma 4.3 (2) and
Lemma 4.4 (1) implies

1+ A) P B fll ooy = 18— Ap) ™ (I — S(u)P105 fl| v 10y

1
<cC P (I1f 100 (zor2y + 1f | oo (wrirzy)
H %

1
+ |7H83f||L°°(LP/2)

ul' ==
K
- | \17%—5 (”f”leOC(LP/?) + ”fHLOC(leP/?))
M P

for p —wy € X, and some K > 0. Instead, if we employ Lemma 4.3 (3)
and Lemma 4.4 (2), we obtain completely analogous

_ K
105(1n+ A) " P15 f || Loe(Lr) < Fﬂajfﬂmo(m/z)
7 P
K
< —— (Ifllwreeorzy + 1l Lo wrinrz))
T
for p—wy € Xr_y, and j = 1,2, 3. For the step & — k+1 we first consider
again (4.13). Note that we have to make sure that the constant K, while
doing this step, is not increasing. We compute by using (4.10)

(n+A)"'Blp+A) ) PLosf
= (p+A) ' B(u+A) ' B(u—Ap) PO f
—(p+A) " [B(u+A) " B(u— Ap)S(w)P1Os f
=: 11 + I5.

We start by estimating I. According to (3.12) we have |B(p + A)‘l
lzego [ (Ley) < 1/v/2. Consequently

2| oo (Lry < C||I2||Bgo,1(m)

c(1\"
< — (| —=) IB(p—Ap) 1S()PLIsf| o
< G (25) 1Bl = 30) S0P+ uS sy, o

By using Lemma 4.4 (3) we can continue the calculation, concluding
c 1 1\"
allicin < =t () P2 Ousliy o
|/*L‘ |NJ‘1—% \/i oo,oc( P )

c 1 1\"
< A <\/§> 103 fllgo, _(Lor2)
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Cy 1 1\"
< \/mmpfﬁ <\/§> ||f||L°°(W1,p/2)7 n—wi € Eﬂ’ﬂﬂo' (4.15)

Here, we used the boundedness of P in BgO’OO(Lp/Q) and Lemma 2.3. The
term I; we split in further two parts by recalling B = Cg+ 2P J. Note that
in order to avoid another splitting, we write here P J instead of P JP_.
This is possible, since P JP is a priori applied on solenoidal fields only.
This yields

L= (p+A)"'B(p+A)""Cr(p— Ap) 'PL8sf
+ Q2+ A) T Blp+ A)TPLI(n— Ap) T PLOs f
=: I11 + ©o.

In order to estimate 111, note that the Ekman part Cg can be written as

Cpv = P+(UE . V)’U + P+U333UE

2
=P, Y UPou+P, UV -v)+ P 05U vs), (4.16)
j=1

if dive = 0. Observe that we can employ this representation before our
splitting in I; and I3, since then this divergence condition is fulfilled. Now
consider the first term of Cg which contains tangential derivatives only.
Since UF depends only on z3, we can pull out its supremum obtaining

2
1P ZU]Eaj(N - AD)71P+53fHBgCY1(Lp)
j=1
2
< CIU" o D 1105(n = Ap) P05 Sl (e
j=1
C
< —— UP)aclP 403 fllgo. _(por2
( )
|72 =
C C
< —5 5 10sfllgo. _(ror2y £ ——IfllLee (wrwr2y,
|27 = IZ
where we used Lemma 4.1 (3) in the second inequality. Hence, by
B, 1 (LP) — L*(LP) we have for the first term of (4.16)

2
1+ A) B+ A) Py U (i Ap) P B f o 10y

j=1

C 1 k 2
<—(—) |P UP0,(n— Ap) 'PLosf|| 5 »
< T (\/?) | +j; i 0in—=Ap)"" P13 fllg0 (L)

Csy 1 1\*
S \/mm <\@> Hf||L°°(W1=p/2).
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We omit the details for the second part of (4.16). As it also contains only
tangential derivatives, we deduce in a completely analogous way

(e + A) " B(u+ A) T "PLURY - (p = Ap) ' P105) ) Loe (L)

C 1 1\*
G ( ) TP
VW\M

For the third addend of (4.16) we conclude by applying the assumption of
induction

1+ A) " B+ A) PPy (U [(u— Ap) P f - es]) o

K 1\" _
(55) (10710 = 40)"Pons - exllimurnor

Tl AV

OB — Ap) P 0y f - eg]nWl,m(W))

Cy 1 1 \*
< \/ﬁ”l_ﬁ <\/§> (HfHWl,oc(Lp/z) + ||f||Loo(W1,P/2)) :
|tz

where we used Lemma 4.3 (2) in the last estimate and set e3 = (0,0, 1).
In order to see the estimate for I we split P ds5f as in (4.5) and get

EHImHLw(LP)

< (4 A) 7 Bu+A) P LI(n— Ap) ' 05Qo f || L (v

2
+ Z (e +A) ' B(p+A) " PLI(n— Ap) 1 9;Q; fll e (e

2
= AO + ZAJ
j=1

For j = 1,2 we obtain
Ay < l(u+ A B+ A) PRI — Ap) T 0,Qu0 s
1.1
< Cr ()"l = Ap) 1 9;Q; fll g0 (1w
ul"v2 T

Applying Lemma 4.1 (1) and the boundedness of Q; on Bgo,oo(Lp/Q) yields

1 1 1
A < C—(—)p——
! mﬁvi)“m—ﬁﬁ
1

Co. 1,
< |H|(\/§) P ‘1_7_5||f”W1°°(LP/2)

(1Qfl1gs, _uwry + 1RV Fll o)

For Ay we use

J(pu—Ap)'95Qof =9I (1 — An) ' Qo f (4.17)
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to get by the assumption of induction that

1 1
Ag < K———(—=)*(||1T(n — An) 1 P
0= |u|1—ﬁ_5(\/§) <| (1= AN)" Qo Sl (w2

+ [T (e — AN)lQOfHWl«w(Lp/z))-

By definition (4.6) obviously Qy is bounded in L>(W1?/2). Applying well-
known estimates for the Laplacian with Neumann boundary conditions then
yields

1 1,1

Ap < K————(—7=)" =C (I1fllpeewrorzy + | fllwroe (ror2y)
=20 V20l
1 P
Cr 1 1
< mﬁ(ﬁ)k (11l oo sy + | Fllwezmray) -

Thus, setting Cpax := max{Cy,...,C7} and choosing w; large enough,

we can achieve \/|p] = /A Fwi| > 8CmaxV2/K, A € Yr—y,- Conse-

quently,
105 (1+ A) " [B(p+ A) PO, f o (1)

K 1 k+1
< % (\/§> (1f 1o wrrmrzy + I fllwrs.oe (ror2y )

for p—wy € X;_,, and (4.13) is proved.
Since it is very similar, we will be brief in details in demonstrating the
step k — k + 1 for (4.14). We use again the splitting

O3+ A)"'[B(p+ A) PO f
— O+ A) B+ A) B (i — Ap) P, 0;f
— Oyl + A) (Bl A) " B(u — Ap) L S(u)P 10 f
= J1+ Jo
and deduce in the same way as in (4.15)

cr 1 1\"
J oo yo) <7ﬁ —— 8 oo y2
Welle=an = a2 (ﬁ) 1957w ceormy

C 1 1\"*
< \/CTH ‘%_% (\/i) (”fHWl,oo(LpM) + ||f||Loc(W1,p/2))
12 P

for p —wy € Yr_y, and j = 1,2,3. The term J; we split again as

Ji = O5(p+ A) ' B(u+ A) M Cr(n — Ap) PO, f
+003(p+ A) T B(u+ A)TPLI(u - Ap) T PO f
=: J11 + Jio.



40 YOSHIKAZU GIGA ET AL.

In this case we can use for Cg the representation
Cpv =P diviv @ UF + UP g v).
Then we can apply directly the assumption of induction, which implies

11l oo (Lor2)

K 1\" .
< 7‘ Tees NG (U 1,00 { [(t = AD) " P10 fllwr.o0 (Lrr2)
M P

- AD>1P+ajf||Lm(W1,p/2)>

Cs 1 1\"
< \/m“”%fﬁ (\/5) (||fHW1v°°(Lp/2) + ||f||Loc(W1,p/2))

for p—wi € Xy

We turn to the term Ji5. In the same way as we applied Lemma 4.1, the
boundedness of P, and Lemma 2.3 several times above, the cases j = 1,2
can be handled. Therefore we restrict our considerations to the case j = 3.
Splitting P, d5 f yields

1
—||J oo (Tp
QH 12| Loe (L)

< [|0s(p+ A) T B(p+ A) T PLI(u— Ap) T 93Qo fl| L (1r)
2
#3100+ &) B+ A) P I (u - Ap) 0,0y o)
j=1
2
= BO + Z Bj
j=1

By (4.17) and the assumption of induction we obtain analogously to the
estimate for Ag that

By< (1 )k (||J< An)1Quf|
0> T 1 M — AN 0J [[wt.eo(Lr/2)
Iz \V2

[ - AN>1Qof|mW1‘p/2>)

Cs3 1 1\"
ST\ hd oo s .
=14 |u|%_% (\/5) (Hf”Wl (Lv/2) T Nfllz (Wl.p/z))

Furthermore, similarly to the estimates for A;, j = 1,2, we deduce

c [ 1\"
Bj < —— P J(u—Ap)'0;Qfllzo (v
J = TU| (\/5) || + (:LL D) JQJf||Boo,1(L )
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<C(1)k||< A '9,Q, 1,
_\/m /2 H D J=i ) 1IBY, | (LP)

c 1\ 1
< 7= (7)) Tl

Cy < 1 >’“ 1
< == ) ——=fllne(zrrzys
>~ |/,1/| \/§ |M‘%7%H‘f||L (Lp/2)

where we simply applied Lemma 4.1 (3) instead of Lemma 4.1 (1) this time.

Summarizing, and by choosing w; large enough we can again achieve
\/m > SCmaxﬂ/K, A=p—wy € Xr_y,, where Crax := max{C1,...
,C4}. Consequently,

103(p+ A) " [B(p+ A) T PO, fll e (1)

I 1\ k1
< m (\/?) (I Fllwre rorzy + 1 Fll oo qwrnrey)

for p —wy € Xr_y,, 7 =1,2,3, and the lemma is proved. O

5. Nonlinear problem - local existence

In this section we prove Theorem 1.2.

For vy € Bgoylﬁ(Rz;Lp(R_k)) choose K > 20%6“’1||v0||8&,1,U(R2;LP(R+)).

Here C,,, is the constant appearing in Theorem 3.4.
Put Y := L°°((0,T); BUC(R?; LP(R,))). For T > 0 let
Xrx = {v(z,t) €Y; t'/2Vo(x,t) € Y, divo =0, v|orn =0, [[v]|x, < K},

where

ollxy = sup |[v]|zee oy (t) + sup ¢72|[Vo]| oo (1) (1)
0<t<T 0<t<T

Next define F' by
(Fv)(t) := e APy 4+ N(v,v)(t) for v € Xr i,
where

N(v,w)(t) := — /0 e~ =982 P div(v @ w)(s)ds.

To apply the contraction mapping principle we prepare the following esti-
mates derived from Proposition 4.5.
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Lemma 5.1. Let p, ¢o, 6 and wy = wo(po) as in Proposition 4.5. There
exists a constant C = C(pg, d,p) > 0 such that

N(v,w)(#)|| oo (o) < Ce™ { Mt ™% 70 4 Mpt™ 2 0F2} (5.1
(L)
VN (0, w) ()| ey < Ce™ {Myt37% + Mat ™%} (5.2)

fort > 0 and all v,w € Xy . Here, My = M,M,, and My = MM, +
M, M , where

My = sup ||ul|pe(rey(s) and M = sup 81/2||vu||Loo(Lp)(S)
0<s<T 0<s<T

forue Xr .

Proof. We have by Proposition 4.5
t
||N (v, w) ()| oo Ly = || —/ e~ =IAEP_ div(v ® w)(s)ds|| Lo (1r)
0
t
< et [ e AP v 8w)(5) 1 1
0

t
1
< Cpy s pet™ / (t— )5 (o ® wllwre (1
0
—|—HU®’U)||Loo(W1,p/2))(S)dS.
Since

(Ilv ® wllyr.oe (rorzy + [[v @ Wl oo (wrimr2)) ()
< O (v @ wllpoe(Lorzy V(0 @ )| oo (£or2) + 1105(0 @ W[ oo (1/2)) (5)

< c(||v||mm||w|mm BRI T,
+ ||v||L°C(LP)||vw||L°°(LP)>(8)7
we get
t B s
N (@, ) (0| oy < c%,é,peml{MUMw IR
0
t
+ (MM, + MUM{U)/ (t — 5)211055_1/2(13},
0

which implies (5.1). For (5.2) we similarly estimate by Proposition 4.5
IV (v, w)(#)]| oo (v

t
< etwr / Hve—(t—S)(AE"‘wl)P+diV(v @ w)(8)|| Lo (Lr)ds
0

t
_1_ 1
< Oy et / (t— )" 3% ([0 ® wllyre (12,
0
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+|v @ wl|poe (w1pr2y) ()ds
t
< C¢075’pet“1{Mva/ (t— s)_%_%ds
0

L

t
+(M{,Mw+MUM;U)/ (t—s) 2 25" 1/2gs).
0

Finally we turn to the proof of our main result.

Proof of Theorem 1.2
First we show that F': X7 g — X7 i for K > 2C,,e“!||vo]| 50 | (R%LPRY))

,o

and T' > 0 small enough. Assume v € X7 g. Applying Theorem 3.4, Lemma
5.1, and Lemma 2.3 results for t > 0

1ol Lo (1) < e 50l Lo (1) + [N (0, 0) ()l e 1)
< Nl %ol oy + 1IN, 0) (Ol (1)

< CwoetMHUOHBgo’l(Lp) + C¢O7§’petw1K2(t17ﬁ75 + t*ﬁ*&r%).

Here, we used the fact that the constants M7 and M in Lemma 5.1 are not
larger than (M, + M))(M, + M) = K2. Similarly we obtain

2|V F | o (o) < Copoe™ [voll g0, (1)
+Clpy s pe™ K22 (1275 +17%).

Our assumptions 2 < p < oo and § € (0, i) imply the powers of ¢ to be
positive. Consequently,

_ 1 _ 1
[[Fv]|xr < 20¢06Tw1|\vo||39w1(m) +4C,, spe KT 20t

w . w 22— —0+3
< 2Ce 1||UO||BgCY1(Lp) +4C,, 5pet KT 2 2

SK;

for small enough 7" > 0. More precisely we have to demand

1

w . 1 1

K —2C,¢ 1|\U0||320,1(Lp) R
4C¢0,57pe‘”1K2

T <min{ 1, ( (5.3)

Clearly, divFv = 0 and Fv|aR1 = 0. Thus we have proved Fv € X7 k.

Next we show that F' is a contraction. Let v,w € X7 g. Noting that
Fv— Fw= N(v,v)(t) — N(w,w)(t) = Nv,v —w)(t) — N(v—w,w)(t), we
get by Lemma 5.1

[[Fv — Fwl|pe (Lr)
<IN (v, v —w)(#)]|poe (zry + [N (v — w,w)(t)]| Lo ()
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< Clop 5.p€™ {My Myt 7% =0 4 (M M,y + M, M, _, )t~ % 3
My Myt =370 4 (M, My + My— M)t 5042
< 204 5pe" Ko — w||xy (tliﬁﬂs + tiﬁf‘wé),
and similarly
2|V Fo — VFwl|geo(rr)
< HPVN (0 = w) )l (ne) + VN (0 = w,w) ()] 0 1)
< 2005 Ko — wll, 1203 17),
This yields

Fv— Fuw||x, <8C,. s KT 2% 0 2 ||y — X
T $0,0,P T

Hence the operator F' is a contraction if

T < min{ 1 : R (5.4)
min < 1, 80 s K . .

The contraction mapping theorem now implies unique existence of a mild so-
lution v of (1.19) such that v € Xp g for K > QCV’OGM||UO|‘320,1,0(R2%LP(R+))
and T > 0 satisfying (5.3) and (5.4). It is easy to see the time interval
determined by (5.3) and (5.4) is largest, if we choose K = 4C, 5 ,€**
X |[vollgo_ vy, Which gives the lower estimate for existence time (Remark
1.3).

Finally, let us show that the local-in-time solution v obtained above is
continuous in time. By the strong continuity of ¢ — e *A# on X, it follows
immediately

lv(t) = vollBucw2Lrryy) — 0 if t—0. (5.5)

This follows easily by using the representation v(t) = Fv(t). In order to see
that ¢ — wv(t) is continuous on the entire existence interval we have to prove
the continuity of ¢t — Fu(t). To this end let t > tg > 0 and consider

[ F'v(t) — Fo(to)ll suc(zr)
< [l(e7HAE — e AR Yoo || syerr)

to
+/ [[(e= =A== A=) div(v(s) ® v(s))||suc(rr)ds
0

t
+ [ e "TAEP div(v(s) ® v(s)) | suc(Lr)ds
to

= I (t) + LI2(t) + I5(2). (5.6)

Here the problem becomes clear. Obviously, I1(t), I5(t) — 0 if ¢ — to.
But although we know the continuity of t — e ‘4% in X, it is a pri-
ori not clear, whether Iy(t) — 0 if ¢ — tp, since we construct solutions
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in BUC(R?; LP(R,)) and we may not assume that {e7*42},5 is strongly
continuous in that space. We do not even expect e *# to be bounded in
BUC(R?; LP(R)) in general. Nevertheless, we have the estimates in Propo-
sition 4.5, which show that in this situation it is better to deal with the
operator

T(t) == e t+Ae)p 9, j=1,2,3, t > 0.

For this operator the desired continuity can be proved.

Lemma 5.2. Let 2 < p < oo. Then
(t = T(t)f), (t = VIVT(t)f) € C((0, 00); BUC(R?; LP(R+)))
for f € BUCH(R?; WP/2(R,)).

Proof. Observe that by Theorem 3.4 the operator Apg is the genera-
tor of a holomorphic semigroup on B&’W(RQ;LP(RQ). Since P, 0;f €
B&7M(R2;LP(R+)) if f € BUCH(R?;WHP/2(R,)), we therefore may write
for wy; > 0 large enough

1
T()f = 5 [ 0= @1+ AR) PN =123 >0,

with I' := {re??; 00 > r > 0}U{re=;0 < r < o} and a proper 0 € (0,7/2).
Applying estimate (4.9) this yields for ¢ty > 0,

IV(T () = T(t0)) fllsuc(zr)

<O [ e =TI = (@1 + Ar) P40 Flauciondr
0

2p

0o |e tA 7e*t0)\|
< O/O mdrHf”BMC(WLP/?)HBZ/{Cl(LP/?)

for ¢ =0,1,6 € (0,1/4), and A = re**®. Note that o := 1—£—ip—(5(1—€) <
1. Furthermore,

|eft)\ _ e*to)\| _ |ef|t7t0|)\ _ 1|e7 min{t,to}rcos _ 2~ min{¢,to}r cos 6

ro ro ro

and for each r € (0, 0)

eft)\ _ eftOA

Lebesgue’s dominated convergence theorem then results
IVE(T(8) = T(t))fllsucczsy — 0 if ¢ —to

for £ = 0,1 and f € BUC(R?; WP/2(R,)) N BUC'(LP/?), which yields the
assertion. O
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Now we turn to the proof of the continuity of our solutions. Lemma 5.2
implies that I»(¢t) — 0 if ¢ — ¢ in (5.6). Hence ¢t +— Fu(t) is continuous
and by similar arguments we see that also ¢ — /tV Fu(t) is continuous on
(0, 00) with values in BUC(R?; LP(R.)).

For the continuity of first order derivatives of our solution v at ¢ = 0, it
is easy to see that the nonlinear term t'/2||VN (v, v)(t)||suc(») goes to 0
as t | 0, thanks to (5.2). However, it seems difficult to show that the linear
term t'/2[[05e A2 vg||ye(rr) tends to 0 as ¢ | 0, since 8, and e~*A# do
not commute. This is the reason why we show (1.23) only for tangential
derivatives. For (1.23) we claim that for any f € Bgo)l(RQ;LP(R+)) there

exists a sequence {fe}eso C Bgo’l(R% LP(R.)) such that

|‘f5_f||BgC=I(LP)—>O ase |0, and (5.7)
9 Fellss oy < C= 11 fll,_ ooy (53)

In fact, we may set f. = ¢2 f. Then (5.7) is clear and (5.8) follows from
Lemma A.1 (2). The commutativity of the tangential derivatives and the
semigroup e~ *A# implies that

IV e v lsuceny < IV 5wl g0 (1)
< 2| Ve A8 (wo = v5) g0 1wy T 11V A5G g0 (1)
< Ctl/zfl/zuvo _ USHBgOJ(Lv) 4 tl/z‘|eftAEv’v3||Bgo11(Lp)
< Cllvo = villgo_,omy + V"Gl (20)

< Ce+ Ct1/2€71/2||f\|8goyw(m)'

Since || - ||32c,oc(Lp) < - llzeeoey < - [lgo_ (1ry 1s finite (Lemma 2.3), we
send ¢ | 0 to see that the RHS tends to 0 after putting ¢ = ¢'/2. The proof
of Theorem 1.2 is thus complete. O

Appendix A. Appendix

Appendiz A.1. Heat kernel estimates

We claim the following estimate which was used in Lemma 4.1 and
Lemma 4.4. The proof can be found in [10].

Lemma A.1. Let n € N and a > 0. Then there ezists Co, = C(a) > 0 such
that

(1) I(=2)"Ca(@) |, ooy < CE2,

@) I(=2)*e" fll 5o, @n) < Ct ISy, _mn)

fort>0and f BSOM(R").
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Appendiz A.2. Characterization of B, , (L)

00,0,0

It is well-known, that in the LP-case, 1 < p < oo, there is the character-
ization

LE(RY) = P (LP(RY)) = {u € LP(RY) : diva = 0,u - vlory =0}, (A.1)

where v denotes the outer normal and the trace is understood in the sense of
the generalized Gauss theorem. More precisely, this result yields a bounded
operator 7, : EP(R") — W~V/P(9R7), where EP(R?) = {u € LP(R?}) :
divu € LP(R%})} equipped with [lu[[, + [[divu]/,, such that y,u = u - v|srn
for smooth u. As it is also well-known, this fact remains true for a wide class
of domains 2 C R™, as for instance bounded or exterior domains of class
C* (see e.g. [8], [9] for the details). Since in certain applications it can be
helpful to have characterization (A.1), instead of having the very implicit
definition (2.13) only, we would like to briefly explain how one can obtain
such a characterization for the space BY, ; ,(R"~'; LP(R;)) as defined in
(2.13), and which is the most important one in this note. So we intend to
show

Lemma A.2. Let 1 < p < cc.
B, (R IV(R,))

00,l,0
={ue By ;(R"LP(Ry)) : divu = 0,u - v]ory =0} (A.2)

Proof. Of course, here we first have to give a meaning to the trace
U - u|aR1 = 0. It is not clear how to define a global trace operator =, act-

ing on Bgo,lva(Rnfl; LP(R,)), since this space contains certain nondecaying

functions. However, at least it can be defined locally. For this purpose we
consider K in the class

M :={K C R} : K bounded and of class C*, u(0K N dR'}) # 0},

where 11 denotes the boundary measure on dR’}. Since the restriction u|x
of a function u € BY, | (R"~!; LP(Ry)) satisfying divu = 0 in R} belongs to
EP(K), the trace 7, xu|k is well defined as we explained above. And in that
sense we can give a meaning to u - v|gry = 0 for u € B;, (R LP(Ry)).
To be precise we set

u - 1/|3R¢ =0 <= (’YU7K(U|K))|6KHBR¢ =0 for all K € M.

Now, if u € B9, ,(R"';LP(R})), obviously divu = 0, and since
(PEu)™ is an odd function we obtain by using representation (1.17) that
(Vo,x (Pyulk))|oxnory = 0 for all K € M. Thus "C” is proved in (A.2).
In order the see the inverse inclusion we use again representation (1.17).
Observe that in view of u - v[srn = 0 a straight forward calculation
shows that d,e " u"” = et0,u" with e*,e” as given in Definition 1.1.
This implies divEu = e*divu = 0. Hence PEu = FEwu, which yields

P.u = rPEu = rEu = u, and we conclude u € 32071,0(R"’1;LP(R+)).
O
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