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Abstract

We prove existence of global regular solutions for the 3D Navier-Stokes
equations with (or without) Coriolis force for a class of initial data ug in
the space FM, s, i.e. for functions whose Fourier image g is a vector-valued
Radon measure and that are supported in sum-closed frequency sets with
distance § from the origin. In our main result we establish an upper bound
for admissible initial data in terms of the Reynolds number, uniform on the
Coriolis parameter ). In particular this means that this upper bound is
linearly growing in §. This implies that we obtain global in time regular
solutions for large (in norm) initial data wg which may not decay at space
infinity, provided that the distance ¢ of the sum-closed frequency set from
the origin is sufficiently large.
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1 Introduction and main results

In this paper we consider the 3D Navier-Stokes equations with Coriolis
force

ou—vAu+Qes xu+ (u-V)u = —Vp in R, x R3,
divu = 0 in Ry xR3, (1.1)
uli—o = uo in R?,

where e3 = (0,0,1)7, v is the viscosity coefficient, and Q € R is the
Coriolis parameter, which is twice the angle velocity of the rotation.



Initial data wug is required to be an element of the space FM, that is the
Fourier transform of M, which is the space of finite C3-valued Radon
measures on R3. By the Riesz representation theorem it is known that
M is the topological dual of

Coo(R3,C3) := {f € C(R3,C?) : f(x) — 0 if |z| — oo}.

Note that FM equipped with the canonical norm || f||ra := || F =L f|lm
is a Banach space, where F~! denotes the inverse Fourier transform.
In particular we will consider initial values ug with Fourier image g
supported in sum-closed frequency sets, which are defined for general
space dimensions n = 1,2,3, ... as follows:

Definition 1.1. We say that FF C R" is a sum-closed frequency set
in R™, if
(i) F' is closed,

(i) 0 ¢ F,
(ili) F+F ={x+y;z,y € F} C FU{0}.

For a sum-closed frequency set with distance § > 0 from zero in the
sequel we write Fs. The class of all sum-closed frequency sets in R"
is denoted by Z#".

Typical examples of sum-closed frequency sets are:

(i) Countable sum-closed frequency sets in R™ for which pairwise dis-
tances between frequency vectors are uniformly bounded from zero.
This case corresponds to almost periodic initial data. The Cauchy
problem for Navier-Stokes equations with almost periodic initial data
was considered in [10] where local in time solvability was proven with-
out restrictions on frequency sets.

(i)

z" \ {0},

or more general
n
F = {Z miag; M = (ml’ s 7mn) € Zn} \ {0}’
j=1

where a = {ay,...,a,} represents a basis of R™. This case corresponds
to periodic initial data. Indeed, suppig is contained in the above F
for some a if and only if ug is periodic. Clearly, this is a special case



of (i).

(i)
{x eR":2; > 6} forje{l,...,n}, §>0.

Note that this example provides non real-valued initial data only.

Now let F5 € .#3. The main aim of this paper is to prove the
existence of global regular solutions to (1.1) for initial data ug € FM
with supp 4y C Fs and norm less than a number M = M (4, ) which
does not depend on the Coriolis parameter €2 € R. Existence of solu-
tions with norms uniformly bounded in €2 in spaces including functions
nondecaying at infinity are essential in studies of statistical properties
of turbulence, see e.g. [16, 19], and in the analysis of fast oscillating
singular limits for system (1.1), see [1], [2] and [6].

As another interesting outcome of our approach, we obtain explicit
dependence of M on the distance ¢ (and v). In fact, we show that

M(6,v) = covd

with an explicitely given numerical constant co. This implies that we
can prove the existence of global regular solutions to (1.1) for large
initial data ug in FM, provided that supp g € Fs with ¢ is sufficiently
large. We also emphasize that in our approach the case (2 = 0 is not
excluded, i.e. all the results presented here are valid for the standard
Navier-Stokes equations without Coriolis force.

We note that in the case 2 = 0 global existence of regular solutions
for small initial data is proved in various function spaces. However,
initial data are always assumed to decay at space infinity or to be
periodic in space. For example, if the L3-norm of initial data is small,
then there is a global regular solution [14, 13, 7]. Although for the
2-dimensional problem it is known that there is a global regular so-
lution for every bounded initial value [12, 17|, it seems that there is
no literature studying global solvability in the 3-dimensional case for
nondecaying and nonperiodic initial data. In the situation of periodic
boundary conditions, Chemin and Gallagher [4] constructed global
regular solutions for system (1.1) in the case of Q = 0 for a certain
class of initial data. Their approach relies on a splitting of the solution
in a 2D part and a part satisfying a perturbed Navier-Stokes system.
Admissible data need to satisfy a smallness condition of nomnlinear
type, which seems to be difficult to verify in general.

The case of 3D Navier-Stokes equations with large initial data
characterized by uniformly large initial vorticity was considered in [1],
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[2] and [6] in the L2-setting in the case of periodic boundary condi-
tions and cylindrical domains. It was shown that for sufficienly large
Q) independent of the size of initial data in L2, weak solutions of the
3D Navier-Stokes equations are in fact global in time strong solutions.
The method of proving global regularity relies on the analysis of fast
singular oscillating limits (singular limit 2 — o0), nonlinear averag-
ing methods and lemmas on restricted convolutions. This leads to the
condition that 2 must be large in order to get global regular solutions
for large initial data. There are no assumptions on 3D initial data be-
sides that (2 is a fixed large parameter. Initial data can have arbitrary
low and high frequency components.

In the present paper we prove global solvability of the 3D Navier-
Stokes equations with initial data in spaces of functions nondecreasing
at infinity based on sum-closed frequency sets provided that the dis-
tance from the origin of support of its Fourier image is sufficienly large.
The latter condition can be interpreted as highly oscillating initial
data. The Cauchy problem for Navier-Stokes equations (2 = 0) with
highly oscillating initial data in Besov spaces is discussed in [3]. The
property that highly oscillating initial data lead to global solutions
to Navier-Stokes equations was implicitly contained in the papers of
Kato and Fujita ([5], [15]). We note that our results on global regu-
larity presented in this paper cover new spaces of functions for initial
data nondecreasing at infinity which also contain almost periodic ini-
tial data. Our approach is based on a subtle splitting of the integral
in the mild formulation of system (1.1), and the fact that the growth
bound of the heat semigroup in FM tends to —oo if we increase the
distance § of the sum-closed frequency set to the origin. In order to get
the independence of our results on 2 we use the fact that the Poincaré-
Riesz semigroup associated to the Coriolis term (2es x w is uniformly
bounded in Q in FM/C3. This result is shown in [9]. There Matsui
and the first three authors of this paper constructed a local-in-time
classical solution to (1.1) uniformly in €.

We proceed with a rigorous statement of our main results. For
Fs5 € .Z3 we define the space

FM, s :={f € FM: div f = 0, supp f C Fj}. (1.2)

Observe that here actually FM = FM?, i.e. f € FM? is a C3-valued
function and we enhance FM? with the norm

3
1 e = O Il /2
1

j=
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However, since it will always be clear from the context what we mean,
in the sequel we will write FM, FM, 5, etc. also for the vector-valued
versions. It is easy to see that FM, 5 is a closed subspace of FM. In
Section 2 we shall give a more detailed discussion of the spaces FM
and FM, 5. In particular we will recall some of the results for the
heat and the Poincaré-Riesz semigroup obtained in [9]. We also recall
that BC(G, X)) denotes the space of bounded continuous functions on
G C R™ with values in a Banach space X.
Now we state main results of this paper.

Theorem 1.2. Letv,6 >0, Q € R, F5 € 3, andug € FM, 5. Then,

if
ol < v6/4K, (1.3)
where
el 3e3/?
K=V3|—+ ~ 12.09433, ! 1.4

there exists a unique global mild solution u € BC([0,00),FM, s5) of the
Navier-Stokes equations (1.1) satisfying

Hu(t) — UQ”FM — 0 if t— 0,

and ,
u()llem < 2¢7 lugllem, > 0.

Relation (1.3) implies that ||uo||pm can be large, provided that the dis-
tance § of Fys from the origin is sufficiently large.

In the same way as in [8] we also obtain

Theorem 1.3. Assume that the conditions of Theorem 1.2 hold and
let u be the global mild solution obtained there. If we set

3
p(t) = Q(=A)"V2(Roul (t) — Riu?(t)) + Z R; Ry (t)u®(t)
Jh=1

for the pressure p, where R; denotes the Riesz operator associated to
the symbol i&; /|| for j = 1,2,3, then the pair (u,Vp) is the unique
classical solution to (1.1).

!This constant can be optimized to K < 2.5; see Remark 3.2 (1).



Remark 1.4. (a) We note that the condition (1.3) can be written
in terms of nondimensional physical parameter known as Reynolds

number Re:
[[wollpm

v
The Reynolds number defined by (1.5) is based on velocity scale for
initial data ||ug|/pm, viscosity v and a characteristic length scale 1/§
(1/0 is a length scale since ¢ is a distance from the origin in frequency
space). The above theorem establishes global solvability provided that
initial Reynolds number satisfies the condition Re < 1/4K, where K
is a nondimensional constant given by (1.4).

Re =

< 1/4K. (1.5)

(b) Let ||ug|[rm be given. Then representation (1.4) allows an exact
numerical determination of the distance ¢, i.e. how far 4y must be
supported from the origin, in order to get global regular solutions.

(c) It is clear that in the case = 0 all the results remain true for
arbitrary dimension n € N, modulo changing constants. This is even
true for Q # 0, if we replace the rotation matrix J by a suitable skew-
symmetric matrix.

(d) Observe that £ € suppug C F implies that —¢ € suppug C F,
if the initial data wug is real-valued. Thus, the consideration of such
initial data requires that —F = F for the related sum-closed frequency
set F. By the fact that F' has a positive distance from 0 a simple
argumentation shows that F must be a periodic lattice of the form
given in example (ii) right after Definition 1.1.

Let us discuss two examples of (possibly “large”) initial data covered
by our results:

(1) Let h € L'(R3) such that supph C Fs := {z € R?: 13 > §}. Set
ug := PF'h e FM,; 5, where P denotes the Helmholtz projection in
R3. Then, by Lemma 2.2(i) we have

luollpat < [IF = hllpae = [1All1.

Thus, if
§ > 4K ||h||1 /v = 10||h||1 /v, 2
there exists a global regular solution of (1.1) to wug.

(2) Next, for any d > 0 we see that F := dZ3 \ {0} € .#3. We set

2Here we took the optimized K obtained in Remark 3.2 (1).



ug = Pv, where
o0
V= E a; Nt reR3 N\ €F
.— i 9 Y ] d7
j=1

and (a;)jen can be any sequence in R3 such that > lag| < oo
Then,

0= (2m)*2Y ;66— ;) and uolen < (2m)*2 ) ayl,

J=1 Jj=1

where here ¢ denotes the Dirac delta distribution. Thus ug € FM, 4.
Furthermore, we see that we can get global regular solutions of (1.1) for
the initial values of the form uy = Puv, if the vectors of the frequencies
)‘j = ()‘j,la )‘j,2, )\j,g) satisfy

D
\//\j1 A2, 402, > AR /v, j=1.2,.
=k

We organized this paper as follows. In Section 2 we list basic prop-
erties of the spaces FM and FM, ;s and for the linear operators asso-
ciated to (1.1). In particular we recall from [9] estimates for the heat
semigroup, the Poincaré-Riesz semigroup, and the Helmholtz projec-
tion in the spaces FM. By utilizing these estimates, in Section 3 then
we prove our main results Theorem 1.2 and Theorem 1.3.

2 Preliminaries

Here we recall some of the basic results on the space FM and the linear
operators associated to (1.1) obtained in [9]. As an easy consequence
of these results at the end of this section we will state the cruicial
exponential decay rate estimate for the heat semigroup on the space
FM; 5.

By the Riesz representation theorem it is well known that each
linear form L on C(R",C) can be represented as

L(f)= [ fvdn,
R

where v : R” — C is an n-measurable function satisfying |v(x)| = 1,
x € R”, and 7 is a finite positive Radon measure on R™. Recall that
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1 is a finite Radon measure if it is a positive Borel-regular measure
satisfying n(R™) < oo (see [18]). Therefore, the element p of the space
M associated to L is given by

w(O) = / vdn, O CR" open,
(@]

and the norm on M, that is

s = sup {1 [ sl £ € ClE), o < 1.

is called the total variation norm, where C.(O) denotes the space of
continuous functions with compact support in O. Now, for p € M let
7, be the associated finite positive Radon measure and let v, be the
associated 7),,-measurable function satisfying |v,(x)| = 1. For a n,-a.e.
bounded and Borel measurable function ) we may define

ul(0) = /O Yvudn., O CR" open.
Since this can be written as

1l (0) = /O (tgws0y — X s Ve 1

it is clear that p|yp € M. If B C R™ is a Borel set and ¢ = xp is the
characteristic function then we simply write p| B for | xp. The total
variation measure |p| of € M is defined by

() =sup { [ poatls £ € CL0) 1 < 1.

for open O C R". It follows easily from the definition that we have the
relations =y, [y, [ul = nu, e[y < [pll|¢], and (p[¥)[¢ = p|(Ve),
if ¢ is another |ul|-a.e. bounded Borel measurable function.

In order to define multipliers with symbols not necessarily contin-
uous at 0 we also introduce the space

Mo := {p € M; pu[{0} = 0},

ie. 4 € My has no point mass at the origin. Since p|{0} = 0 is
equivalent to say that lim, o |u|(B,(0)) = 0, where B,(0) denotes the
open ball with radius r and center 0, it is easy to see that My is a
closed subspace of M.



The space

M" ::{H:(Mla---aun): MjGM, ]:1,,71}

with norm

ll” = sup{[(p, £)]; £ € (Ce(R™)™, [ flloe < 1}, (2.1)

where
n

(. f) = plf;

=1
we call the space of finite vector-valued Radon measures. For our
purposes it will be more suitable to enhance M with the norm

. 1/2
Il = | D el
j=1
If we fix the vector-valued | - || norm in (2.1) as
. 1/2
o= | D15 |+ fe @E®RY)",
j=1

then the relation between the two norms on M is

"< Il < v/l - )

For simplicity in the sequel we will write M for M™, || - ||m for || - ||mn,
C.(R™) for (C.(R™))™, etc.
The Fourier transform on the Schwartz space S(R™) we denote by

FO) =710 = s [ e w)dn, e S®Y),

(27[.)11/2 R

and its extension to the space of tempered distributions S’(R™) is
defined in the usual way. Since M as the dual of Cs(R™) can be
regarded as a subspace of S'(R") we may define the space

FM:={u: ueM}.
Equipped with the norm

1 llene == 1F Tl = 17 £l
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FM is a Banach space and we have that FM C BUC(R"™), where
BUC(R") denotes the space of bounded uniformly continuous func-
tions on R™. An important closed subspace of FM is

FMy = {f; f € Mo}

Note that this space is isomorphic to the quotient space FM/C". In
fact FM = FMy @ C". Furthermore, in [9] it is proved that FM,
is even a subspace of the homogeneous Besov space Bgo’l(R”). For
o = (o) € [C(R™\ {0}) N L>®(R™)]™™"™ we define

(Op(o-)f)J = f_lzﬁtgjk’ .] = 17"'ana f € FMO (22)
k=1

As an immediate consequence of the definition of FM and FM, we
obtain the following multiplier result, which is essential for the uni-
formness of our main results in the Coriolis parameter §2.

Lemma 2.1. [9, Lemma 2.2] Let 0 = (o) € [C(R"\ {0}) N
L>e@R™)|™*™. Then Op(c) as defined in (2.2) is bounded on FMy
and we have

10p(@) fllem < [[ollloollfllEm,  f € FMo,

where |M| := sup,egn |[My| for a matriz M € R™™ and | - | denotes
the Euclidean norm in R™. Furthermore, if o is also continuous at the
origin, then the operator Op(o) is a bounded operator on FM and the
above estimate holds for oll f € FM.

From now on we restrict our considerations to 3 space dimensions.
Note that in the context as introduced above the Helmholtz projection
is given by

3
(Pf)y=F 1> Filo(P)jw, j=1,2,3, f€FM,,
k=1

where o(P) ;i = (05 — %), the heat semigroup as

oAf =F N (Jle ), e,
and the Poincaré-Riesz operator by

Sf:=PJPf, feFM,,
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where
0 -1 0
J=]11 0 0
0 0 O
Observe that o(P) is orthogonal, o(S) is skew-symmetric, and thus
o(et®) is unitary on C3. As a consequence of Lemma 2.1 we therefore
obtain the following estimates (see [9, Lemma 2.5, Lemma 2.9]).

Lemma 2.2. (i) The operators P, S, and e*® are bounded on FM.
In particular we have

IPfllem < [Ifllem,  f € FMo,
e fllem < Iflem,  t €R, f € FM,.

(ii) The family {e'®}i>0 is a bounded holomorphic Co-semigroup of
contractions on FM and FMy. Moreover, it satisfies

052 fllem < (2te) V2| fllem, fEFM, t>0, j=1,2,3.

Next, for F5 € %3 let FM, s be defined as in (1.2). It is clear
that this is a closed subspace of FMg and that it is invariant under
the operations P, S, and ¢/®. The main results in this paper rely
essentially on the following two facts. Firstly,

supp f,suppg C F5 —> supp fg C Fs U {0}, (2.3)

which is a consequence of the definition of sum-closed frequency sets
(in particular of property (iii)). This property will be important for
applying the contraction mapping principle in the next section. Es-
sentially it implies that the space FM, s is also invariant under the
nonlinear operation arising from the convective term in system (1.1).
Secondly, it relies on the following exponential decay rate estimate for
the heat semigroup depending on the distance § of F5 from the origin.

Lemma 2.3. Let Fs € .#3. The family {em}tzo 15 a bounded holo-
morphic Cy-semigroup of contractions on FM, 5 satisfying

52
12 fllem < e 7\ fllems  f € FM,s, t > 0.
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Proof. By virtue of supp ]/”\Q Fs we obtain
I Fllen = 1L = [Fle | ()
< AL im) = [ eralf
Fs
< | fllen,  f € FM,p.

0

Remark 2.4. Of course the solenoidality is not essential for the as-
sertion, i.e. Lemma 2.3 remains true if we replace FM, ; by FM;s :=

{f € FM : supp f C Fs}.

3 Global solutions

We proceed with the construction of global mild solutions to problem
(1.1). To this end we define for T" > 0,

G BC([0,T), FM*?) — BC([0, T), FMy),
t
Gf(t) = /Pdive(t_s)(”A_QS)f(s)ds,
0

where FM?*3 is equipped with the norm
1/2

3
Ao o= D0 Wuldn | - f € FMPS,

J,k=1

Observe that G is well-defined, since by the presence of the operator
div we may always replace f by f —F 1(f|{0}) € FMy. The crucial
step is to prove

Proposition 3.1. Let F5 € #° and let f € BC([0, 00), FM?*3) such
that supp f C F5 U {0}. Then

2 K 2
sup [l ! G f (1) |lrm < — sup €27 £(£) | pn, (3.1)
t>0 Vo >0

with K given in (1.4). Moreover, we have

IGFOli —0 i t—0. (3.2)
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Proof. One key for the proof lies in a splitting of the integral in the
term ¢”**tG f(t) into an integration over the two subintervals [0, 3t/4]
and [3t/4,t]. We denote the two resulting (sub-) integrals by I; () and
I5(t), respectively.

First we estimate . For this part observe that by Lemma 2.2(i)
and (ii) we obtain

t
”IQ(t)HFM < eu52t// HPefﬂ(tfs)SdiV e(tfs)I/Af(s)HFMds
3t/4

eVt ot 1 52 52
< V3 Te s Vi 8672” *[le®%72 f(s)[lrmds
V 3t/4 VU —
V3 et 22 [ 1 206?
< V3——=e" / dssup||e®° ° f(s)|lpm
- [ sl o)
1 2 2
< VB—= Ve VT2 sup €207 £ ()| lpum 3.3
= up 257 (5] 33)
1 2 2
< V3 sup <\/¥e—u5 t/2> sup [[€29°% £ (s) |
V2ve t>0 s>0 H ( )”

\/gefl U652
= sup [[e** £ (s) | ra

V206 550

Next consider I;. Here we pick r > 0, to be fixed later, and assume
first that ¢ > 4r. We will see that the introduction and the right
choice of r will be another key for the proof. Again an application of
Lemma 2.2(i) and (ii) yields

3t/4
Il < e [ dive2es A (5 myds
0

V2t 3t/4

V3 e
vV2rve Jo

Note that always ¢t —s —r > 0 for s € [0,3t/4] when ¢t > 4r. Thus,
employing Lemma 2.3 this calculation continues to the result

IN

o772 £ (s) |paads.

o8t 3t/4

V2rve Jo

eu52r 3t/4

1Ll < V3 o (bmsmrvd? =207 20075 () | pnpds

e V955 sup HeQV‘SQSf(s) len-

V2rve Jo >0

In order to avoid growth in § the last line shows how we have to choose

V3

IN
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r, namely e.g. as r = 1/2v§%. This implies

1— 6731/5225/4

V30

sup [ f(s)[lpm (3.4)

Ii(t
LACI® s

IN

3
< £ sup |]ez”528f(s)\|FM, t>2/vé%.
V0 >0
The case where ¢t < 2/v6? is easily estimated as

3t/4
L@l < e /O Idiv €97 f(s) [ pards

evd°t  3t/4 1

_ops2 82
< \Gﬁ ) —e 2007812975 £ (s) || pads
2"t 3/ 52
< \/3\/%7 Sl>118H62 IOy (3.5)
S
3\/§€3/2 2052
< - vors .
< 3 iuglle f(s)llem

Observe that V3 < 3v/3¢%2/2 implies that sup;,.q||I1(t)|rm =
sups<1 /2062 [[11(¢)||Fm. Hence, taking supremum on the left hand sides,

ie. on [|etGF(t)lem < | 11(8)|em + [ 2(2)||pas over & > 0 we arrive
at (3.1). Relation (3.2) is an easy consequence of the estimates (3.3),
(3.4), and (3.5). Hence the proposition is proved. O

Finally we turn to the proof of Theorem 1.2. Let Fy € .#3, ug €
FM, 5, and set

Bug,s := {u € BC([0,00), FMg5) : [|ulls < 2[juollem},

where ||ul|s := sup;s l|e*9*tu(t)||pp. By applying the Helmholtz pro-
jection we rewrite system (1.1) in the operatorial form

u|t:0 = ug.

Observe that the existence of a (mild) solution to (3.6) is equivalent
to the existence of a fixed point for the nonlinear map H defined by

t
Hu(t) := et(”A_QS)uo—/ P div =8 "A=29), (6)y(s) T ds
0

= "Puy— [GluuD))(t), u € Byys-
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Note that supp uu’ C F5U{0} by virtue of (2.3). Thus, Lemma 2.2(i),
Lemma 2.3, and Proposition 3.1 imply

262t

K
[Hulls < HUO\\FMJr—SugHe u(s)u(s)” e
s>

120

K 2
< il
< Jluollpm + V5HU||5
< Juollen + s lluolBy, € Bugs,

and we observe that H (B, s) C By, s whenever the relation |lug|rm <
v§/4AK is satisfied. To see that H is a contraction we again employ
estimate (3.1), which yields that

|Hu — Hol|s
< % sup e (u(s)u(s)” — v(s)o(s)")llrm
t>0
= % e s 162 (u(s) (uls) — v(s)) T + (u(s) — v(s))o(s)")[Fa
< %(IIU(S)II& + [[o()]15) | (uls) = v(s)) s

< huollenlts) = vls)ls.

Hence, H is a contraction in B, s if
luollent < v6/4K (3.7)

is satisfied. Therefore, if F5 € #™ and ug € FM, s, such that relation
(3.7) holds, the contraction mapping principle yields the existence of
a unique fixed point v € B, s of H. As an obvious consequence of
(3.2) and Lemma 2.2(ii) we also have that u(t) — ug in FM. Thus the
proof of Theorem 1.2 is now completed.

We conclude this note with two remarks and an announcement.

Remark 3.2. (1) The constant K in (1.4) is not optimal. For in-
stance, if we split the integral in the proof of Proposition 3.1 at «
instead at 3/4 and set r = (3/2v6% instead of r = 1/2v6%, we can
obtain

_ _ P [T s &2
K‘K(O“’m_\/;<e 21 e {\/Be V=o' VB
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for (o, 8) € (1/2,1) x (0,00). Minimizing this expression with respect
to (a, ) yields
K <25.

(2) Similar results to Theorem 1.2 and Theorem 1.3 can be obtained,
if we replace FM, 5 by the corresponding subspace of the homogeneous
Besov space BgO,l(R‘?), i.e. the space

{f € B, (R%) :div f =0, supp f C Fy}

for F5 € #3. Indeed, all the assertions remain true with the only
exception that the constant K in (1.4) then depends on 2, and it is
expected that K () — oo if Q — oo.

(3) An inspection of the proof of Theorem 1.2 shows that the crucial
ingredient in our approach is the increasing exponential decay rate
of the heat semigroup. This gives rise to the conjecture that this
approach might work in much greater generality. In fact, it can be
shown that the pair (FM, 5, —A) can be replaced by many other pairs
(X5, As) such that As is a Stokes operator on the space X satisfy-
ing similar properties as —A on FM, s, in particular an increasing
exponential decay rate for § — oo. Another concrete example for X
might be the scale L5 (Ds), where Dy denotes a layer with thickness
0. A detailed discussion of this issue will be part of the content of
the forthcoming paper [11]. There we will even demonstrate how our
approach extends to more general semilinear equations.
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