NONLINEAR STABILITY OF EKMAN BOUNDARY LAYERS
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ABSTRACT. Consider the initial value problem for the three dimensional Navier-Stokes equations with
rotation in the half-space Ri subject to Dirichlet boundary conditions as well as the Ekman spiral
which is a stationary solution to the above equations. It is proved that the Ekman spiral is nonlinearly
stable with respect to L2-perturbations provided the corresponding Reynolds number is small enough.
Moreover, the decay rate can be computed in terms of the decay of the corresponding linear problem.

1. INTRODUCTION

Consider the the initial value problem for the three dimensional Navier-Stokes equations with rotation
in the half-space Ri subject to Dirichlet boundary conditions, i.e. the set of equations

ou—vAu+Qesxu+ (u-Vju+Vp=0, ¢>0, z€R},
. — R3
(1.1) divu=0, t>0, zeRy,
u(t,r1,22,0) =0, ¢>0, 1,22 €R,
u(0,2) = ug, x€ Ri,

where v = (u!,u?,u?) denotes the velocity field and p the pressure of an incompressible, viscous fluid.
Here, e3 denotes the unit vector in x3-direction, v > 0 the viscosity of the fluid, and the constant 2 € R
is called the Coriolis parameter which is equal to twice the frequency of rotation around the x3 axis.

It is well known that the above system has a stationary solution which can be expressed even explicitly
as

(1.2) up(rs) = teo(l — e 23/% cos(z3/d), e/ % sin(x3/4),0)7,

1.3 pe(x2) = —Queoxsa,

where § is defined by & := (2)1/2 and us > 01is a constant. This stationary solution of equation (1.1) is
called in honour of the swedish oceanograph V.W. Ekman, the Ekman spiral; see [8]. It describes math-
ematically rotating boundary layers in geophysical fluid dynamics (atmospheric and oceanic boundary
layers) between a geostrophic flow and a solid boundary at which the no slip boundary condition applies.
Moreover, ¢ denotes the thickness of the layer. In the geostrophic flow region corresponding to large 3,
there is a uniform flow with velocity us in the x; direction. Associated with u, there is a pressure
gradient in the xy-direction. The Ekman spiral in Ri matches this uniform velocity for large x3 with
the no slip boundary condition at z3 = 0, i.e. we have ug(0) =0 and

up(x3) — (tc0,0,0) provided z3 — oo.

In this paper we are interested in stability questions for the Ekman spiral. More precisely, we consider
perturbations of the Ekman spiral by functions u solving the above equation (1.1). To this end, set

w:=u—ug, and ¢q:=p—pg.
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Since (ug,pE) is a stationary solution of (1.1), the pair (w, q) formally satisfies the equations

(1.4)
dw — vAw + Qes X w+ (ug - V)w + w3dsup + (w-V)w+Vg = 0, t>0, z€R3,
divw = 0, t>0, z€R3,
w(x1,22,0) = 0, t>0, x1,29 €R,
w(0,2) = wy, xeRY,

where wg = ug — ug.

It is natural to conjecture that there exists a critical Reynolds number Re. with the property that
if Re < Re., then the perturbed nonlinear flow is stable and that the flow is unstable provided Re >
Re.. Here Re = us.0v~! denotes the Reynolds number of the given fluid. It seems that there is no
mathematical proof of this statement so far.

Considering the linearized version of our problem, i.e.

ow —vAw + Qez x w+ (ug - V)w +w?dsug + Vg = 0, >0, z€R3,
: _ 3
(1.5) divw = 0, t>0, zeRy,
w(r1,22,0) = 0, t>0, r1,722 €R,
w(0,z) = wy, xRy,

we remark that linear stability results for the Ekman spiral can be obtained fairly easily by energy
methods, again of course for small Reynolds number. Results on linear instability of w for large Reynolds
number are more difficult to obtain. It was shown in [7] that in the case of flows between infinite layers,
there exists a sequence of approximate solutions to (1.4) which is nonlinearly unstable for sufficiently
large Reynolds numbers in the sense of [7].

Recently it was shown in [12] that the nonlinear equation (1.4) admits a unique, local mild solution
for all non decaying initial data belonging to a certain Besov space. In this paper, we consider the
problem of global weak solutions to (1.4) and study also their nonlinear stability behaviour for initial
data belonging to L2(R3).

We show in our first main result that there exists a global weak solution to the above set (1.4) of
nonlinear equations provided the Reynolds number Re = uo,6v ! is small enough. Secondly, assuming
this condition, for every initial data wy € LP (Ri), there exists at least one global weak solution w to
(1.4) such that

Jim Juo(t)]l2 =0,

which shows in particular that the Ekman spiral is nonlinearly stable with respect to L2-perturbations.
Moreover, it is even possible to estimate the decay rate. Indeed, roughly speaking, if Re is small enough,
0 <a<%andwye LE(RY) satisfies

et 4seEwy )l = O(E®),

then there exists at least one global weak solution w to the nonlinear problem (1.1) having the same
decay rate. A similar result applies for arbitrary o > 0. Here e~*4s¢® denotes the semigroup on L2 (Ri)
generated by the Stokes-Coriolis-Ekman operator in L2 (R% ) defined in the following section.

Our approach is inspired by the methods developed by Miyakawa and Sohr [15] and Borchers and
Miyakawa [3],[2] in order to construct weak solutions to the Navier-Stokes equations — without rotational
effects — on exterior domains. For more information on the Navier-Stokes equations with rotational effect,
we refer to [13] or [1] and [4]. Although the assertions of our two main results are stated completely
within the L2-framework, our proof needs so-called maximal LP-regularity estimates for the Stokes-
Coriolis-Ekman operator in the halfspace Ri for p # 2. We sketch the proof of these estimates in
Section 3.
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2. PRELIMINARIES AND MAIN RESULTS

For 1 < p < oo denote by P the Helmholtz projection from LP(R3) to LE(R3). We then may rewrite
equation (1.4) as an evolution equation in L?(R3) of the form

w + Ascpw+ P(w-V)w = 0, t>0,
(2.1)
w(0) = wo,
where the Stokes-Coriolis-Ekman operator Ascp in LE(RY) is defined by
(2.2) Ascpw = P(—vAw+ Qes x w+ [(ug - V)w +w3dsug]) = (As + Ac + Ag)w
' D(Ascp) = W?P(RL)NWyP(RY) N LE(RY).
It follows for example from the results in [6] that the usual Stokes operator Ag, = —PA generates a

bounded analytic semigroup e~ *4s» on L (R3) for all p € (1,00). By standard perturbation theory, we
see that the Stokes-Coriolis-Ekman operator generates also an analytic semigroup e "t4s¢&» on LP (Ri)
In particular, after possible rescaling, the square root (Asc E,g)l/ 2 of Age B,2 is a well defined operator
in L?(R3). This allows us to define a weak solution to (1.4) as follows. For simplicity of notation, we
omit the index 2 and write in the following Ascr = Asck,2-

Definition 2.1. Let wo € L2(R?) and f € L*((0,T); L2(RY) forall T > 0. We callw : [0,00) — LZ(R%)
a weak solution of equation (1.4) if for all T > 0,

) wel=(o.1) L2(®3)) N L2((0,T); D(AYCR)) and
T T T
7/ <w,¢>h’(t)dt+u/ <Vw,v¢>h(t)dt+/ ((ug - V)w, pYh(t)dt
0 0 0
—|—/ (wg-aguE,q§>h(t)dt+Q/ (e3 x w, P)h(t)dt + (w - Vw, d)h(t)dt = (wo, p)h(0),
0 0

holds for all ¢ € D(A]S/C%E) and all h € C1([0,T],R) with h(T) = 0.

Note that the sixth term on the left hand side above is meaningful since the dimension of the underlying
space is 3.

We are now in the position to state our main results concerning global weak solutions of (1.4) and
nonlinear stability of the Ekman spiral.

Theorem 2.2. Assume that u.dv™ ' < ﬁi Then the following assertions hold.

a) There exists a weak solution to (1.4).
b) For every wy € L2(RY) there exists at least one global weak solution w of (1.4) such that

T Ju(t)]}2 = 0.
c¢) Assume that for wg € LZ(R3) and some o > 0
le™tAseEwg [l = Ot ™).
Then there exists at least one global weak solution w of (1.4) such that

ot ), a<i,

t =
ol ={ o1 oSt
3. TOOLS FOR THE PROOF

Let 1 <r < oo and for f € L"((0,T), L% (R%)) consider the inhomogeneous equation

{u’+Au = f, te€(0,7),
0

(3.1) w0) = 0,
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). We say that A admits maximal L"-regularity if there
)NL"((0,T); D(A)) satisfying (3.1). In this case, there

associated with a sectorial operator A in L7 (R
exists a unique function u € W ((0,T); L" (R
exists a constant C' > 0 such that

3
+
3
+

HU/HLT(O,T;L;,(M)) + ||AU||LT(0,T;L;(R1)) < C||f||Lr(0,T;L;(R1))

holds. It is well known that the Stokes operator Ag in L7 (R?) admits maximal L"-regularity; see e.g.
[17],[6], or [10]. In order to prove that this holds true also for the Stokes-Coriolis-Ekman operator, we
show that Agcp — Ag is relatively bounded with respect to Ag and apply Proposition 4.3 of [5]. Observe
that there exists a constant p > 0 such that

R{AN+ p+ ASCE)_l CAE D} < o0,
where ¥y := {z € C\{0} : arg z < 0} for some 6 > 7 and R denotes the R-bound of a family of bounded
operators on L;(Ri) Thus, Proposition 4.3 in [5] implies the following proposition.

Proposition 3.1. Let 1 <r < oo, f € L"((0,T); LL(R)) and Ascp in LL(R3) be given as in (2.2).
Then there exists > 0 such that Ascg + p admits maximal L -regularity on LS(R?}_) In particular,
there exists a constant C' > 0 such that

W'l Lr 0,7 nm2 ) + (Asor + mullpro,mpr @)y < Cllf Lo n w2 )
holds.

Besides the above maximal L"-estimates for our evolution equation, we need the following simple
lemma on interpolation of LP-spaces.

Lemma 3.2. If1<p<gq <r <oo, then LP(R}) N L"(R%}) C LY(R%) and

-1 1

_ g —r
ullg < lullgllully—®, where o = s p—
In fact, taking Holder’s inequality with exponents 0%1 and m yields the claim.

4. THE STOKES-CORIOLIS-EKMAN SEMIGROUP ON LZ(R%)

In this section we show that the Stokes-Coriolis-Ekman operator generates a contraction semigroup
on LZ(R%) provided the Reynolds number Re = usdv~" is small enough. To this end, consider the
Stokes-Coriolis-Ekman operator Agcp in L2(R3) defined by

(41) Ascpw = —vPAw+ QPJPw+ (P(ug - V)w+ Pwsdsug) = (As + Ac + Ap)w
' D(Ascs) = H(RL)N HYRY) N L2(RY).
Then the following result holds:

Theorem 4.1. The Stokes-Coriolis-Ekman operator Ascr generates an analytic Cy-semigroup Tscg

of contractions on LZ(R3.) provided

Uoo O 3
4.2 — < —.
(4.2) N

Note that by the results of the previous sections we already know that T§. is an analytic Co-
semigroup on LZ(R3) for 1 < p < oo. The uniform boundedness of Tscp in L2(R?) will be essential in
the following.

Lemma 4.2. Letp € [1,00], ¢ € [1,00) and o > 0. Then there exists a constant C' > 0 such that
—(Y/a _ d
le=*w ()| Lo (w,) < Ca' Uq“””@“’”Lq(Rg

Jor all w e Wy (Ry).
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Proof. Note first that it suffices to show the assertion for w € C°(R.). In this case the result then
follows from the representation

e/ w(s) = e_s/o‘/ w'(t)dt, s> 0,
0
and the fact that the function s — e~/ belongs to LP(R,) for all p € [1, 00]. O

Proof. of Theorem 4.1. For wy € LZ(R3) set w(t) := Tscp(t)wo. Then w satisfies

w 4+ Ascpw = 0, t>0,
w(0) = wo.

Multiplying the above equation with w and taking into account the skew symmetry of the second and
third term of Agcr we obtain

1d
-—— lw(t)*dz + l// |Vw(t)|*dz Jr/ w(t) - (w3(t) - Ogug)der =0, t>0.
2 dt R3 R3 R3
+ + +
Since
2 . .
/ w- (s Ozup)dr <Y 2 (@zup Y w’||2fle” 20w .
R3 .
+ Jj=1
and since
Y cos(x3/d) + sin(x3/9)
dsup(r3) = %e_ms/é cos(x3/d) —sin(x3/d) |,
0
we see that
@3) 1€/ @sup s < VI =)

The above Lemma 4.2 implies

. 2 .
le= 2w < \@ﬂwgwflz, j=123.

Combining these estimates, we finally have

2v/2
/ w - (ws - Ogup)dr < iuoo(SHVng.
R3 3
+
Thus

d

EHw(t)H% <0

for all ¢t > 0, provided
3v
Ul < ——

2V2

Therefore
[Tsce(t)woll2 = lw(t)|2 < [lwoll2, >0,

and the assertion is proved.
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5. EXISTENCE OF GLOBAL WEAK SOLUTIONS

In this section we prove the existence of a global weak solution to problem (1.4) or to problem (2.1)
in the case where the Reynolds number Re = us,dv~! is small enough. We therefore assume throughout
this section that

UooO

Re=——X<
v 2

E

S

We subdivide the proof into three steps.

Step 1: Approximate local solutions
We start by constructing first approximate solutions to our problem. To this end, we introduce smooth-
ing operators Ji given by

Jo=1+k"Ascp)™", keN.

Since Agcp is dissipative in L2(R3), see Theorem 4.1, Jj is a bounded operator in LZ(R?) with
||Jk||Lg(]Ri) <1 for all k € N. By Sobolev’s embedding theorem we have

(5.1) [ Tkulloo < C(K)[ull2.
Moreover, if 1 < p < oo, then there exist kg € N and C' > 0 such that
(52) iullzzwt) < Cllull oy k> ho.

Indeed, this follows from the fact that Ascp generates analytic semigroup on LP(R3) and general
properties of sectorial operators. We now set

wok := Jrwo and Frw := —P(Jpw - V)w

and construct approximate solutions wy, to equation (2.1) by solving the integral equations
t
(5.3) wy(t) = e HASCE g, —|—/ e~ =9 Ascr B (5)ds.
0

To this end, consider for T' > 0 the Banach space X := C([0,T7; D(A]S/C%E)) equipped with the norm
1/2
lullr = sup (lu(t)ll2 + [| 455 zu®)]2)
0<t<T
and for M > 0 and k € N the closed set
Sk, M,T) :={u e X,u(0) = wo, ||u]|r < M}.

as well as the nonlinear operator I'y, defined on S(k, M, T) by
t
Lru(t) := e tAsCE gy, +/ e~ (=) Asce [y (s) ds.
0

Note that || Frul2 < C(k)|ull2][Vul)2. Since D(Ag/gE) = H{(RY) N LZ(R3) and therefore

1/2
(5.4) IVulle < flulle + | AZE gulle
we see that
1/2
(55) 1Fculla < COR)(lull3 + llull2ll A pull2).
Since e~*45CF is an analytic semigroup of contractions we also have

Ve t4scry|, < Ct 2wl ¢>0.
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We thus may estimate I'yu(t) as follows

1/2
ITeu@® e < worlls + 1A gwor 2
t

t
1/2
+ sup { [ C(k)|ul3 ds} + sup {/ C(k)lullo| AZE pullz ds)
0<t<T Jo 0<t<T Jo

t t
+ sup ([ e HCWul dsh+ sup ([ e HCWulla ALzl ds)
0 o<t<T Jo

0<t<T

IN

[worll2 + | A¥apworllz + CL(k)M?(T + T%).
Furthermore, since

[|[Frur — Fruzl|2 [ JkuaV (ur — ug)|l2 + [[(Jeur — Jrua) Vurl|2

<
< CM||U1—’LL2||T, ul,uQGS(k,M7T).

we obtain
ITkus (t) = Trua(t) | < Co(k)M (T + T%)|uy (t) — uz(t)]|7-

Fix now M in such a way that ||wog |2+ ||A13/02Ew0k |2 < X and then T such that Cy (k) M?(T+T32) < 4
and Cy(k)M (T + T2) < 1. Then Ty is a strict contraction in S(k, M,T) and by Banach fixed point
theorem, there exists a unique wy, in S(k, M, T) satisfying (5.3) for ¢t € (0,T).

Step 2: Approzimate global solutions

In the following we prove a priori bounds for wy(7T") and Als/c% pwi(T) for all T > 0. To this end, recall
that wy is the solution of the equation

(5.6) wy,(t) + Ascpwy, = Fywg, t € (0,T).
Multiplying (5.6) with wy and integrating by parts yields
1 d
gaﬂwkll% + (Ascpwy, wi) = (Frwg, w).
Since ((ug - V)wg, wi) = Q{(e3 x wg), wx) = (Frwg, wg) = 0 it follows that
1 d
gaﬂwk”% + (Asw, wi) + (Wr3d3up, wi) = 0.

Theorem 4.1 implies

1 d
(5.7) §E||wk||§ + ||Vl <0

for some C' > 0. Integrating with respect to t yields

T
(5.8) (T2 + / Vi (s)|[2ds < Clluwolla.

Next, forming the dual pairing of (5.6) with Agcpwy, we obtain

(W, Aswr) + (W), (upg - V)wg) + (wy, wizdsup)

+(wy, Qes x w)) + (Ascpwr, AscEwk) (Frwk, AscEwg).

Substituting wj, = —Ascrwi + Frwy leads to
(Wi, Aswy) + |Ascrwill3 = (Ascr, (up - V)wy, + wisdsup + Q(es x wy))
*<kak7 (uE . V)wk + wi3O3uE + Q(eg X wk)> + <kak7 ASCEwk>~
Hence,

(wh, Aswi) < C(llwr 13 + [ Vwrl|3) + C (k) w31 Vw13 < C(llwoll3 + [IVwr12) + C (k) w31 Vw3,
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and the contractivity of Ji. Finally, since (w},, Aswi) = 1L Vwy||3, integrating with respect to ¢
yields together with (5.8)

IVw(T)[13 < C(Tlwoll3 + [lwol3) + C(k)lwoll2 + [|Vworl[3-
As D(Als/gE) = H}(R3) N L2(R3) the estimate

where the second inequality is due to the fact that ||w |3 < ||wkol|3 < |Jwo||3 which follows from (5.7)

1/2
|AYZ sulls < llullz + | Vull2

holds. Combining this with the estimate given in (5.8) we obtain an a-priori bound for ||wg]||r for every
T > 0.

Step 8: Weak convergence
In this final step we show that the approximate global solutions wy constructed above converge in the
weak sense to some function w satisfying the equation

t
(5.9) w(t) = e tASCEy, — / e~ (t=s)Ascs p(y . Vw(s)ds.
0

We fix some time interval [0,7]. Since

T T
/|Mwﬂ%mﬁ%34 wuﬂ@HwW@@wsﬂm@@+A|wW@mw
the above inequality (5.8) implies
wy € L*(0,T; D(AY2y)) N L®(0, T; LE(R3)) = Y = Vi NYs, keEN

and that (wy) is even a bounded sequence in Y. Since Y7 is reflexive, there exists a subsequence of
(wy) converging weakly in Y7. Further, by Alaoglu’s theorem, (wy) possesses a weak-star convergent
subsequence in Y2 and thus there exists a function w € Y with (wy) converging weakly to w in Y7 and
(wy) converging in the weak-star topology to w in Ya.

Next, we write wy(t) = w,g )( t) + w,(f)(t) where

wl(cl)(t) = e tAsoEyy,,
t
w,(f) t) = /0 e~ (=) Asce [y (s) ds.

Performing the same calculations which led to (5.8), we now obtain
1 1 1/2 1 1
i (8) =i (1)1 + /ﬁmém (wi(5) =i (1)[13ds < Cllwor — warlls, k.1 €N.

Since wor — wo in LE(R3) as k — oo we see that (w (1)) and (w (2)) are bounded sequences in Y.

n+2

Next, we set r = for n = 3. By Lemma 3.2, H6lder’s and Sobolev’s inequalities

[Fxwi ]l < Cll Tkwk | 2eea [[Vwrll2 < leoell3 ™ 1V T 57 [ V.
Since ||V Jxvell2 < [|AYe5vkll2 + okll2 by (5.4), we see that
P 1/2 2
[ Erwllr < Cllwoll3 Sk (1 A5 g2 + lwoll2)*
Further, since (wy) is bounded in Y5, it follows from (5.8) that
T T
bz a2
| 1Bedza < )T [T (14K gl + unlo)at < O + 1) o 5

Hence, (Fjpwy) is a bounded sequence in L"(0,T; L7 (R3)). By construction, w,(f) is a solution of the
Cauchy problem
w;c(t) + ASCEwk (t) = kak(t), t Z 0,
w(0) = 0.
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Thus our result on maximal L"-regularity for Asc g, i.e. Proposition 3.1, implies that (w,(f)) is a bounded
sequence in L"(0,T;D(Asce,)) N WH(0,T; L% (R3)). The operators Ji, are uniformly bounded
on L7(R3) in k > ko; see (5.2). Thus (ka](f))kzko is a bounded sequence in L"(0,T; D(AscE.r)
NWLT(0,T; L% (RY)) as well.

Since (wy) is a bounded sequence in Y by (5.8) and since (wy) and (Jywy) are bounded in the space
of maximal regularity, if follows from theorem III.2.1 in [18] and lemma 1.4.6 in [14] that (w,(f)) and
(kaz(f))kzko are relatively compact in L?(K x (0,7)) for any fixed compact set K C R3. It follows
that (w,(f)) and (ka,(f)) converge in L?(R3. x (0,T)). Therefore, wi(s) — w(s) and Jrwi(s) — w(s)
for a.a. s € (0,T) for some function w € Y.

Finally, we need to verify that function w constructed above is in fact a weak solution of our problem
(1.4). To this end, note that by the weak convergence of (wg) in Y7 we have

T T
lim —(wy, pYh" dt = / —{w, p)h’ dt,
k—oo 0 0
T T
klim (Vwy, Voyh dt = / (Vw,Vyh dt,
— Jo 0
T T
dim [ (s Do oh e = [ (e Vo at
— 00 0 0
T T
khm <’wkg . 63’LLE, ¢>h dt = / (w3 . 63’LLE, ¢>h dt,
— Jo 0
T T
klim wles X wg, Pyh dt = / wies X w, P)h dt,
— 00 0 0
since all these terms are linear. It remains to show that
T T
klim (Jrwy - Vwg, ¢)h dt = / (w- Vw, ¢)h di.
— 00 0 0

Let xn : RY — {0, 1} be given by

[ 1, zeRINB(O,N),
X (@) = { 0, otherwise

where B(x,n) denotes the ball with center x and radius n and consider

T T T
/ (kak - Vwg, ¢>h dt = / (kak - Vwg, XN¢>h dt + / <kak - Vwg, (1 — XN)¢>h dt.
0 0 0

Assume first that w € D(Ag/czE) N L. Then

T

T
Nlim (Jrpwg - Vwg, xno)h dt = / (w-Vw,xn¢)h dt

since xnv is bounded and has bounded support. If v &€ L take J,w € D(Als/gE) N L°° and pass then

to the limit N — oo.
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Since n = 3 we obtain by Holder’s and by Sobolev’s inequality with r = (% + %)_1 = % as well as by

the Gagliardo-Nirenberg theorem that

T T
| / (Jiwe - Ve, (1— xx)@)h df] < C / i - Vel | (1 = xn)@l2- dt
0 0

IN

T
C/ [ Tswillnl|Vwr|l2ll (1 = Xn)Pll2- dt
0

IN

T 1 1
C/ l[ww[|3 IV Jewi |3 [[Vwg [l (1 = xw)ll2- dt.
0

Since ¢ € D(Ag/gE) and D(Ag/gE) < L?"(R%), we obtain

T
lim |/ (Jrwy - Vwg, (1 — xn)oyh dt| = 0.
0

N—oo

Since our choice of T' was arbitrary, there exists for every T' > 0 a weak solution w € L?(0, T D(A}S/g 2)N
L>(0,T; LZ(R3)) of (2.1).
|
6. PROOF OF THE STABILITY ESTIMATES
In this section we prove assertions a) and b) of Theorem 2.2. Note first that the solution of problem

(2.1) is given by

t

w(t) = e tAsCEy, — / e~ (t=8)Asce Py . V)w(s)ds.
0

In order to estimate the nonlinear term, recall that

IVemt4semully < Ot ullz, u € LE(RY).

The same estimate is of course also valid for the adjoint operator Agcg*. This implies

le™ 452 P(w - V)wllz = sup [(e" AP P(w-V)w,¢)] = sup [(w®w, Ve 455 ¢)]
léll=1 lolla=1
< s fw@wla|| Ve eE gl
lol=1
< Ot zfjwl.

Since w € D(Ag/gE) = D(A;p), it follows that

3/8 1 3
lwllf < CIAY w3 < Cllwll3 Vw3

and thus we may estimate the nonlinear term as

1 1 3
(6.1) le~*4se2 P(w - V)wllz < Ot 2 w3 [|Vuwl3.
Hence,
¢ 1 1 3
(6.2) lw(®)ll2 < lle™ <= wll2 + C/O (t =)z [lwl3 Vw3 ds.

By (5.7), -%{|w(t)[|2 < 0 for all ¢ > 0. Therefore

d m m
@I + Sl < 5wl

for every integer m > 0. Multiplying this inequality by ¢™ and applying estimate (6.1), yields
d

t t
7 (" lwll2) < mtm et S Ewg |y 4 Cmt™ / (t—s)"2[w]3 ds)3( / (t—s)72 || Vul)3 ds)?.
0 0
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Denoting the second term on the right hand side above by F'(t), we obtain after integrating in ¢ and
dividing by t™

t t
[|w(®)]]2 < tfm/ me71||eftASCEw0||2 dr + tfm/ F(r) dr.
0 0

Furthermore, we set

t t
) ::/0 (t— )~ ]2 ds and F>(¢) ::/0 (t — 5)~ 3| V|2 ds

and estimate

g / F(r)dr < Ct™™ / mrm =L (Fy (1) (Fa(r)} dr
< cmt—l(/o Fi(7) df)%(/o Fy(7) dr)%
< Cm(t™? /0 Fi(r) dr)i(t! /0 Fy(7) dr)i.

Recall that -3 [|w(t)[|3 + C||Vw||3 < 0 for all ¢ > 0. In particular, [|w||2 € L*(R4) and

t
t—l/ Fi(r) dr < Ct?
0

and also ||[Vwl|2 € L*(R4) with

t
t_l/ Fy(r) dr < Ct™3.
0

Summing up, we proved that

(6.3)

t
[w(®)]l2 < t_m/ me_1||e_tASCEwO||2 dT+Ct_%_
0

In order to prove assertion i), we only have to observe that lim; ., |[e"t45¢Ewg||2 = 0. The assertion
then follows from the estimate (6.3).
Finally, assume in addition that |le " *4s¢Ewyg||s = O(t~*) for some o > 0. The estimate (6.3) implies

that =™ fot mr™ e tAsCEyy||o dT = O(t™%), too, which proves assertion ii) of our theorem.
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