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ABSTRACT. We replace a Fourier type law by a Cattaneo type law in the
derivation of the fundamental equations of fluid mechanics. This leads to
hyperbolicly perturbed quasilinear Navier-Stokes equations. For this problem
the standard approach by means of quasilinear symmetric hyperbolic systems
seems to fail by the fact that finite propagation speed might not be expected.
Therefore a somewhat different approach via viscosity solutions is developed
in order to prove higher regularity energy estimates for the linearized system.
Surprisingly, this method yields stronger results than previous methods, by
the fact that we can relax the regularity assumptions on the coefficients to a
minimum. This leads to a short and elegant proof of a local-in-time existence
result for the corresponding first order quasilinear system, hence also for the
original hyperbolicly perturbed Navier-Stokes equations.

1. Introduction. Let n > 2 and 7,7 > 0. The intention of this note is to examine
the hyperbolicly perturbed Navier-Stokes equations

Tug — pAu+ 7(u- V)ou+ ((tou+u) - V)u+u; = =V in (0,7) x R",
divu =0 in (0,7) x R™,

ult—o = up  in R",

Utlg=o = w3 in R™,

where u : (0,7) x R® — R™ denotes the velocity of a fluid and p: (0,7) x R" — R
the related pressure. System (1) is obtained by replacing a Fourier type law by the
law of Cattaneo. More precisely, we replace the constitutive law for the deformation
tensor given by

(1)

S = g(Vu + (Vu)") (2)
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with viscosity coefficient p > 0 by the relation
S+78i = £(Vu+ (Vu)), (3)

which represents the first order Taylor approximation of the delayed deformation
condition

S(t+7)= g(Vu(t) T (Vu(t))), t>0,

for small 7 > 0. Relation (2) is a Fourier type law. It leads to the well-known
paradox of infinite propagation speed for classical parabolic equations. There are
applications, however, for that it is more reasonable to work with hyperbolic models,
cf. [14] and the references therein. This is also underlined by experiments that
document the existence of hyperbolic heat waves.

Recall that the classical Navier-Stokes equations, determined by Fourier’s law,
are represented by the system

u+ (u-V)u+Vp = div2S in (0,7) x R",
divu = 0 in (0,7) x R™, (4)
U,‘t:o = U in Rn,

where the deformation tensor is given by (2). In this situation the second line in
(4) implies that
div2S(u) = pAu.
On the other hand, by employing Cattaneo’s law (3) we have that
div2(S + 75;) = pdiv (Vu + (Vu)') = pAu. (5)

System (1) is now obtained as follows. Applying 70; to the first line in (4) and
adding the resulting equation to the original line gives us in view of (5) that

0 = 7up+70(u-VIu+7Vp: + (u-V)u+u + Vp — div2(S + 75;)
= Tup +70(u-Viu+ (u-V)u+us — pAu+ 7Vp, + Vp.

Consequently, by introducing the new pressure m = p + 7p;, under the assumption
of Cattaneo’s law the classical Navier-Stokes equations turn into the hyperbolicly
perturbed system (1).

The hyperbolic fluid model (1) was already derived in [3] and [4]. In these
papers on an elementary level the authors discussed consequences and differences
of (1) compared with the classical model.

In [11] Paicu and Raugel consider the classical Navier-Stokes equations including
merely the hyperbolic perturbation 7u for small 7 > 0. The global well-posedness
for mild solutions in two dimensions for sufficiently small 7, and the global existence
for small data and sufficiently small 7 in three dimensions in analogy to the classical
case are proved. In [11] also a number of justifications for their model are presented,
see the references therein. By just adding the term 7uy to (4) the resulting system
remains semilinear and therefore methods for the construction of a mild solution
can still be applied. This, however, is no longer possible for system (1), since due
to the third term in the first line of (1) this system is a quasilinear one. So, from
this point of view system (1) rather differs from the the system considered in [11].

We remark that our new Navier-Stokes system is related to the Oldroyd model
which considers instead of (3) the more general model

7Si+ 8 = (€ + vEy), (6)
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where & := 2(Vu+ VuT), cf. de Aratjo, de Menzenes and Marinho [2] and Joseph
[6]; in comparison to our model we have v = 0 (and p = 1). If v # 0 then, from the
point of derivatives getting involved, S is on a similar level as &, as in the classical
case (4).

In a first step towards the local-in-time existence result in order, as usually we
transform (1) into a first order quasilinear system of the form

Vi+ AVV+BV)V = 0 in(0,7) x R, )
V|t:0 = VO iIl Rn,

with V' := (u,d1u,. .., 0pu, dyu)T. A standard approach, used for standard quasilin-
ear symmetric hyperbolic systems, is to derive a priori estimates in Sobolev spaces
of higher order for a linearized version by means of finite propagation speed and then
to apply a fixed point iteration to the nonlinear problem. This method, however,
seems to fail for the first order system resulting from (1). The crucial point here is
the finite propagation speed. It seems not to be available (and this can be regarded
as a conjecture of the authors) for equations (1) neither for the corresponding first
order quasilinear system or for the associated linearization. The reason for this
conjecture lies in the presence of the pressure gradient in equations (1). Of course,
as in a standard way for Navier-Stokes equations, Vp could be removed by apply-
ing the Leray-Helmholtz projector onto solenoidal fields to the first line of (1) and
then dealing with the resulting system. But either way leads to nonlocal terms in
the equations which indicates that finite propagation speed might not be expected.
(The authors, however, so far have not been able to prove this rigorously.) In case
of dimension n = 2 or n = 3 we can obtain finite propagation speed for curlu, for
instance. This observation is justified by applying curl to (1), since then gradi-
ent terms also vanish and (1) turns into an equation for the vorticity curlu (see
Section 2). From this point of view, problem (1) and the resulting system (7) are
somewhat different from standard quasilinear symmetric hyperbolic systems.

By the just mentioned fact, in this note we developed a different approach to first
order hyperbolic systems, which also covers equations of type (1). On a standard
way by employing Kato’s theory we first prove the existence of strong solutions for
a linearized version of (7) (see Lemma 4.2). However, the essential step is to derive
higher order a priori estimates for the linearized solution, which are required for
the application of a fixed point iteration to (7). Here we choose an approach via
viscosity solutions, i.e., we add a small viscous term to (7) such that the resulting
system becomes parabolic. This method provides a smooth way to justify the formal
calculations that lead to higher energy estimates for the solution of the linearized
equations. A nice outcome of this method is that we can provide such estimates
under minimal regularity assumptions on the coefficients of the linearized operators
(see Theorem 4.5). In fact, the regularity assumptions to be made on the coefficients
are weaker than the regularity of the obtained solution. Minimal in this context
means that we only have to assume the regularity that is required to give sense to
the natural energy estimates. Furthermore, these helpful energy estimates for the
solution are also provided by the method.

This seems to be different and new in comparison to similar results for standard
symmetric hyperbolic systems that are based on finite propagation speed of the dis-
placement. In pertinent textbooks such as [10, Theorem 2.1] or [13, Theorem 5.1],
for instance, always the assumed regularity for the coefficients is higher than the
regularity obtained for the solutions, and it seems to be difficult or even impossible
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to improve this to our results by the methods used therein. In [5] an abstract ap-
proach to quasilinear evolution equations is developed generalizing results obtained
in [7]. But also there the assumed regularity on the coefficients is higher than the
obtained for the solution. Only for the approach developed in [8] this is not the
case. There the coefficients are assumed to be elements of uniformly local Sobolev
spaces. This assumption is enough by the fact that the standard Sobolev embed-
ding and the required algebra properties are still valid. Thus the assumptions in [8]
for the coefficients of the linearized system are comparable to ours. On the other
hand, it is not so obvious whether the approach to quasilinear hyperbolic systems
given in [8] applies to system (1) due to the presence of the presssure term Vr or
the Helmholtz projection respectively.

Based on the linear theory developed here the application of Majda’s fixed point
iteration, cf [10], in order to construct local-in-time strong solutions to (7) becomes
rather short and elegant (see Theorem 5.1). This is due to the fact that by the
quality of the linear results provided here no smoothing of the data, in particular
of the coefficients, for the fixed point iteration is required anymore. By our energy
estimates for the linearized solutions, here we also get immediately upper bounds for
the approximate solutions of the fixed point iteration. This again is in contrast to
[10] (or [13]). There upper bounds have to be derived by estimating the approximate
solutions in an elaborate way employing the structure of the underlying quasilinear
symmetric hyperbolic system. Also continuity (in time) of the solutions (as given in
(41)) immediately follows from the linear results. This is also quite different from
the approach performed in [10] or [13], where exhausting procedures via the strong
convergence in weaker norms and the weak continuity in higher norms have to be
applied in order to prove continuity. This seems to be a futher nice advantage of
our approach in comparison to previous methods.

We want to emphasize that the approach developed in this note is by no means
restricted to first order quasilinear systems arising from equations of type (1). In
fact, it is quite generally applicable, in particular to standard quasilinear symmet-
ric hyperbolic systems. Thus by our approach on a different (perhabs even more
elegant) way we can handle, for example, quasilinear wave equations or systems
arising in thermoelasticity such as treated in [10] or [14]. Moreover, the final re-
sults for the quasilinear systems are of the same quality as the results obtained by
previous methods. On the other hand, obviously the approach presented here is
more general, since we can deal as well with problems of type (1), which might not
produce finite propagation speed. Furthermore, also Oldroyd models such as (6)
can be covered by our approach which is different from the methods used e.g. in [6].

We proceed with the precise statement of our main results. By virtue of the
second line in (1) we define the ground space as

LZ(R™) := {f € L*(R™) : div f = 0}.

Here, as usual in the Navier-Stokes context, o refers to the solenoidality (i.e. divu =
0) of the vector fields. Also note that the symbol C°(£2) stands for smooth functions
whose derivatives of each order k € Ny are also bounded on the set €.

Theorem 1.1. Let n > 2 and m > n/2. For each
(uo,ur) € (H™*(R™) N LZ(R™)) x (H™H(R") N LZ(R™))

there exists a time Ty > 0 and a unique solution (u,7) of equations (1) satisfying
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u € C*([0,T.], H™(R™)) n C*([0, T..], H™ T (R™))
NC(0, T.), H™H(R™) N L (R™)),
Vr € C([0,T.], H™(R™)).
The existence time Ty can be estimated from below as
1
L+ C(lluollgm+2 + l|url[rme+1)

with a constant C > 0 depending only on m and the dimension n.

T, >

As an immediate consequence we also have

Corollary 1. In the situation of Theorem 1.1 additionally assume that

Up, U1 € ﬂ Hk(Rn)
k=0

Then the solution u,p is classical, i.e. we have
u, Vi € Cy°([0, 7] x R™).

Remark 1. We remark that it seems to be anything but obvious how to extend
the above results to domains with a boundary under the assumption of no-slip
conditions. For instance, to the authors it is not clear, wether the methods used
in the proof of higher regularity in Theorem 4.5 can be generalized to a half-space.
Moreover, the fact that the Helmholtz projector P onto solenoidal fields commutes
with derivatives of arbitrary order in R™ is extensively used throughout the paper.
This fact is no longer true if a boundary is present, which at least gives rise to
further technicalities. Based on reflection arguments, an approach to (1) subject to
tangential slip boundary conditions in the half-space R’} is given in [15].

The paper is organized as follows. We start in Section 2 with a remark on finite
propagation speed. In Section 3 we perform the transformation of (1) into a first
order quasilinear system. Section 4 represents the heart of this work and provides
the linear theory. First we prove the existence of strong solutions to a linearized
version of (7). As mentioned before, the essential point then is to derive higher
regularity of this solution. This result is obtained by employing the method of
viscosity solutions. In Section 5 we prove the local-in-time existence for the first
order quasilinear system, which finally results in our main results Theorem 1.1 and
Corollary 1 by the equivalence of systems (1) and (7).

2. Remark on finite propagation speed. For the local solution obtained in
the previous section, we can prove the finite propagation speed for the vorticity
v := curlu = V X u. Namely, v satisfies the differential equation

TV — AV v+ (Tu- Vv, + {(u~V)v—|— (Tur-V)v+(2—n) (1 + 70¢)J (Vu)v) } =0,

(8)
where J(Vu) denotes the Jacobi matrix of the first derivatives of u. The part in
brackets {...} involves at most first-order derivatives of v. Therefore, the general
energy estimates for hyperbolic equations of second order — after transformation
to a first-order symmetric-hyperbolic system — apply as described in [13], and give
the finite propagation speed. As mentioned before, note that this can still not be
expected for u due to the presence of the pressure terms.
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3. Transformation into a symmetric system. We start by introducing some
notation. Note that we use standard notation throughout this note, for the appear-
ing function spaces see e.g. [1]. Let X be a Banach space and Q@ C R™ be a set.
Then LP(£2, X') denotes the standard Lebesgue space of p-integrable X-valued func-
tions for 1 < p < oo. For p = oo, L>®(Q, X) denotes the space of all (essentially)
bounded functions equipped with the standard norm esssup,cq|| - || x. Accordingly,
for k € Ng = NU{0} and 1 < p < oo the symbol W*P(Q, X) denotes Sobolev space
of k-th order with norm

1/p
Jallp = lulwer = lullwer@x = | 3 10%ulZ0x
jal <k
In the case k = 0 we also write || - ||, for the norm. Moreover, we set H*(Q, X) :=

W*2(Q, X). In this paper from the just introduced spaces only L?(Q, X), H*(Q, X),
L>=(Q, X) and Wk (Q, X) will appear. Also note that if X = C™ or X = R™ we
write just L2(Q), H*(Q), etc. We will also make use of the homogeneous Sobolev
space

H'(R") :={ue L, : Vue L*R")}/C,
which is equipped with the norm ||V - 2.

We also use standard notation for spaces of continuous functions. For k& € Ny U
{00}, C*(Q2, X) denotes the space of k-times continuously differentiable functions
and we write C(, X) if k = 0. If the functions in C*(2, X) are additionally
bounded, we use the symbol C¥(€2, X) and its subspace of compactly supported
functions is denoted by C¥(€, X). The (X, X’) dual pairing we denote by (-, -) x, x'-
To obtain consistency with the scalar product if X is a Hilbert space, observe that
the second argument in (-, -)x x+ is defined with complex conjugation, i.e., we have

(z, $/>X7X’ = x/(f) (z € X, s X/)a

if 2/(x) denotes the standard dual pairing. If H is a Hilbert space we write (-, ).
From time to time we also omit the subscript and just write (-, -), if no confusion
seems likely. The space of linear bounded operators from X to a Banach space Y
is denoted by .Z(X,Y).

Suppose (u, p) with u : RT‘l — R"andp: RT‘l — R is the solution of sytem (1).
In this section we transform equations (1) into a first order quasilinear hyperbolic
system for the vector

V = (u,01u,...,00u,0u)" € (R")"2 = R™(7+2)

As for the classical Navier-Stokes equations the pressure term Vp will be eliminated
by employing the Leray-Helmholtz projector onto solenoidal fields

P:L*R") = LZ(R") = {v e L*(R") : divv=0}.
Observe that C§%, (R™) := {u € C§°(R™) : divu = 0} is dense in LZ(R™). Also note
that P is determined by
Pu:=u—Vm,

where 7 € H L(R™) is the unique solution of the weak Neumann poblem
<V7T’v@>L2 = <U7v<p>L2 (p € Hl(Rn))'
This leads to the well-known orthogonal decomposition

L*(R") = LZ(R™) &1 Ga2(R™),
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where Go(R") := {Vr : 7 € H'(R")}. Applying P to the first line of (1), this
system is formally reduced to
Tug — pAu +7P(u- V)ou + P(TOu+u) - V)u+u, =0 in (0,7) x R™,
Ult:() = U in Rn, (9)
ut‘t:() = U1 in Rn,
considered in the space L2(R™). For the development of the linear theory it will be

convenient to get rid of the 7 in front of u;; and p in front of Awu. For this purpose
we introduce the dilated function

v(t,z) = u(\/71t, \/ux).
Then u solves (9) if and only if v solves

vt — Av+ /7/puP(v - V)

+ P((/TOw +v) - V)v/\/E+ v /T =0 in (0,T") x R,
R (10)
V=0 =wo in R",
Vtlg=0 =wv1 inR",

with 7" = T'/\/T, vo = ug, and vy = /Tu;. System (10) will be the one which is
considered in the sequel and which we transform into a first order system.

For j =1,...,n we define the symmetric matrices
0 --- e e 0 0
0
Aj(V) — . .. . —Ofn c (Rnxn)(n+2)><(n+2)7 (11)
0 --- e e 0 0
o -~ 0 —-I, 0 --- 0 MV)

with I, the identity in R™ and where —I,, represents the (j 4+ 1,n + 2)-th and the
(n+2,j + 1)-th entry of A;(V). The operator M; is defined as

M](V) =V T/M(Vl)j Ay =y T/ij I

and corresponds to the quasilinear term in (10). We also define the (n x n) - ((n +
2) X (n 4+ 2)) matrix operators

0 . . 0 -1,
_ : . : 0
B(V) = : - : : (12)
0 0 0
0 Bi(V) - Bn(V) IL,/J7
with B;(V) := #(ﬁ(vnﬁ)j +(VH) I, = #(ﬁaﬂﬂ +v7) - I,, and
I, 0 .0
0
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Finally, we set
AWV)=P> A;(V)9; and  B(V):=PB(V).

Then, it is easily checked that (10) is equivalent to the first order quasilinear hy-
perbolic system

{VZJrA(V)VJrB(V)V = 0 in(0,T)xR",

V|t:0 = VO ian, (13)

with V := (v,01v,...,0,v,0:)T and Vj := (vg, D100, . . ., Opvo,v1)T. Observe that
the difference to standard quasilinear symmetric hyperbolic systems lies in the pres-
ence of the projector P. In the next two sections we will develop the required linear
and quasilinear existence theory for systems of the form (13).

4. Linear theory. Let T' € (0, 00]. Here we consider a linearized version of system
(13). To be precise, we assume that A; and B are matrices of the form given in
(11) and (12), where M; (V) and B;(V') are replaced by a;I, and b, I, respectively,
with given functions a;,b; : [0,T) x R™ — R. Formally we define for each ¢ € [0,T)
the operator A in the space

H o= Ly (R™")"H!
by

A(t) = zn:PAj(t’ )05,

D(A) = 2(At)) = {V cH: V"2 e HY(R"), Piajvf“ € LQ(}R”)}.

j=1

Observe that it is well-known that in R™ the Helmholtz projection is bounded on the
entire scale of Sobolev spaces, that is, we have P € Z(H™(R"™)) for every m € Z.
This, for instance, follows easily by its symbol representation

T
p=F" [In—&z}f
iy

and Plancherel’s theorem, where F denotes the Fourier transformation. In this spirit

the last expression in the definition of 2(A) makes sense, due to E?Zl o;Vitl g

H~L(R™). In this section we aim for the well-posedness and higher regularity of the
linear nonautonomous first order hyperbolic system

{ Vi(t) + AV (8) + BO)V() = 0, t€(0,T),

Vieo = Vo (14)

For this purpose we start with the following result for the 'principal’ linear part A.
Lemma 4.1. Let T € (0,00) and let A be as defined above. Assume that
(a;)7—, € C([0,T),L*(R")), div(a',...,a")=0.

Then for every t € [0,T] the operator A(t) is skew-selfadjoint, i.e., we have A(t) =
—A(t).
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Proof. By the definition of A; we have that
A;0;,V = (0,...,0,—0;,V"2.0,...,—0;VIT! 4 q;0,V" )T,

This yields

n n n T
PY AoV = (o, — VR =0,V =Py VIt Pzajajv"+2> :

Jj=1 Jj=1 Jj=1

(15)
This shows that A(t) : Z(A) — H is well-defined for each t € [0,7]. Now, let
(Vi) € 2(A) such that Vj; — V and A(t)Vy — W in H. Then the first n + 1
components in (15) imply that V"+2 € HY(R") and that V;*** — V"2 in HY(R").
By the last component in (15) this, in turn, yields that P Z?:l o; Vi i converges
in L2(R™). By the fact that V;, — V in H, we also obtain

Py oVt Py 9,V in H'(R™).

Jj=1 Jj=1

Since the convergence in L? is stronger as the convergence in H ! we conclude that
Py 5 9;VIth € L*(R™). Consequently, V € Z(A) and A(t)V = W which shows
that A(t) is closed for each t € [0, T.

Next, for V € Z(A) and U € H we have

(@ V2, U7 — (PY 0, VIT U

j=1

(AOV,U) = —

-

Il
-

’ (16)

+ (aj aj anJrQ7 Un+2)

-

I
-

J

By the symmetry of P on L? and since we use the same symbol for the Helmholtz
projection on H™ for different m, we also have P’ = P if P is the projection on
H™. For U € 2(A) we therefore can continue the above calculation as

n

(AMV, U) = Z (PV™F2, 0;07H) i gy — <Zajvj+lv PU™) g1

j=1 j=1
+ Z(ajaj Vn+2’ Un+2)
j=1
= (V"2 Py U 4 Y (VI 0,0 ) = Y (VR a; 0,0 )
j=1 j=1 j=1
= (V, —A)U),
where we used the fact that div (a!,...,a™)” = 0 in the second equality. This shows

that A(t) is skew-symmetric and that Z(A(t)) C Z(A(t)).
For the converse inclusion we pick

Ue2(AM))={UecH; AW eH YV € D(A): (V,W) = (AL)V,U)}.
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First we choose V € Z(A) such that V¥ = 0 except for k = ¢ + 1 with fixed
¢€{1,...,n} and such that V/*! € C5°(R"™). In view of (15) we then obtain

(VELWED = (VW) = (A1V, U)

n
= (Y POVITL UM = (VL U2
j=1
This shows that 9,U"?2 has a representant in L?(R") for every £ € {1,...,n}. Thus
U™t2 ¢ HY(R"™). Next we choose V € Z(A) satisfying V¥ = 0 except for k = n + 2
and V"2 e CF5, (R™)<% L2 (R™). By the fact that U"+2 € H'(R") we can calculate

(Vn+27 Wn+2) - <V’ W> - <A(t)v7 U>

= =) (V"R U 4> (Pa;o, ViR UM
j=1

Jj=1

= (V" P> 0,07 )y oy — (VP2Y D Pa;;U?).
j=1 j=1
Thanks to W"*2, 377 | Pa;0;U™** € L*(R™), this shows that also P Y-7_, 9;U7%"
belongs to L?(R™). Consequently, U € 2(A) and we conclude that Z(A(t)") C
P(A(t)). The assertion is therefore proved. O

The full linear operator can now be handled by a perturbation argument.

Lemma 4.2. Let T € (0,00), A be defined as above, and let M = PM with an
(n+2)n x (n+ 2)n matriz M € Cy([0,T] x R™). Assume that

(aj)j—y C LIP([0,T],L>(R")), div(ai,...,a,)=0.
Then A+ M is the propagator of an evolution family
(U(t,s))o<s<t<r C L (H).

Proof. By Lemma 4.1 for every ¢ € [0,T], A(t) is skew-selfadjoint on H. Stones’s
theorem implies that A(¢) is the generator of a unitary Cp-group of contractions
on H. Clearly, we also have 2(A(t)) = 2(A) for every ¢t € [0,T]. The Lipschitz
continuity assumption on (a;)’_; in ¢ then implies that

(t— A(t)) € LIP([0,T], 2(2(A), H)).

Thus, (A(t))iefo,r) is a CD-system. By [9, Section 1.2] (see also [12]) therefore A is
the propagator of an evolution family on H. By the fact that M € C([0,T], £ (H)),
a standard abstract perturbation argument (cf. [9, Remark 1.1(c)] or [12]) implies
that A + M is still the propagator of an evolution family on H as claimed in the
lemma. O

Let now B be defined as in the beginning of this section with coefficients b; €
Cy([0,T] x R™). Then for M = B Lemma 4.2 implies the well-posedness of the
problem

{atV+AV+BV = 0 in(0,7), (17)

Vico = Vo
on H. In other words, for each Vp € Z(A) we obtain a unique solution

Ve CY([0,T],H) N C([0,T], Z2(A)).
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This follows from standard theory, cf. [9] or [12]. However, in order to prove a local-
in-time existence result for the full quasilinear system, higher regularity in Sobolev
spaces for the linear problem is required. For this purpose we employ the method
of viscosity solutions.

Lemma 4.3. Let g € Ny, Vo € HT™2(R™")N'H, and let a,b € Cg°([0,T] xR™). Then
for each € > 0 there exists a unique solution V¢ of

{atvseAVEHA+B)VE = 0 in(0,T), (18)
Veli=o = W
satisfying
Ve cl([0,T], HY(R™) nH) N C([0,T], HI2(R™)). (19)

Proof. Tt is well-known that €A is the generator of an analytic Cy-semigroup on
HI(R™) NH. Note that by our regularity assumptions on a,b the nonautonomous
operator (A4 B) represents a lower order perturbation of A regarded as a propaga-
tor on H?(R™)NH. By standard abstract perturbation results (cf. [12]) we therefore
obtain that —eA + .4+ B is the propagator of an evolution family (U (¢, s))o<s<i<T
on H1(R™) NH such that V(¢) := U(t,0)V} satisfies (18) and (19). O

In the proof of the next Theorem we will also frequently make use of the following
estimates, which are often quoted as “Moser-type inequalities”. For a proof we refer
to [13, Lemma 4.9)].

Lemma 4.4. Let m € N. There is a constant C' = C(m,n) > 0 such that for all
f, g€ Wm2(R") N L®(R") and o € NF, |a| < m, the following inequalities hold:

10°(f9)llz < CllfloclV™gll2 + llgllco V™ fll2), (20)
10°(fg) = f-0%llz < CUVFlloIV™" gl + gl V" fll2),  (21)

where V™ denotes the entirety of all m-th order derivatives of a function u.

The next result provides higher regularity of the solutions of (17) under, and
this is essential, in a certain sense minimal regularity assumptions on the data and
the coefficients. In particular, in Sobolev spaces of higher order these regularity
assumptions are weaker as the obtained regularity for the solutions. This will be
very helpful for the construction of time-local strong solutions for the full nonlinear
problem in Section 5.

Theorem 4.5. Let T € (0,00), m € N, m > n/2, Vo € HN H™(R"), b €
Cy([0,T] x R™), and let the coefficients a = (ax,...,an) satisfy the assumptions of
Lemma 4.2. Assume additionally that

a,be L' ((0,T), H™*H(R™)) N C([0,T], H™(R™)). (22)
Then the unique solution V- =U(t,0)Vy of problem (1/) satisfies
Ve CY([0,T], H™(R™) nH) N C([0,T], H™TH(R™)). (23)

Furthermore, the evolution family U satisfies the estimates

0,5 Vol s < Calilgess 0 (o [ () 00D, + 1)) (28

|0t 0)Vallam < CullVoll e ([(at), (1)), +1)

exp (cz /0 (1) b)) +1) dr) (25)
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for all0 < s <t < T with constants Cy,Cy > 0 depending only on m and the
dimension n, and where we put

|(@(r),b(r))],,,y = lla() [ zrmss + (150 121

Proof. The proof is splitted into five steps.
Step 1: construction of suitable approximate solutions Vj ..

We denote by JEf and Jif the convolution of a function f with the Friedrichs
mollifier in the variable x and ¢, respectively. We set

Vo = JiVo € HIP2(R"), qeN,
ajk = J}éEOJ,fajho,T] € Cgo([O,T] X Rn),
bir = JEoJibjlor € Co([0,T) x R)

for j=1,...,n and k € N, where E; denotes the trivial extension by 0 from [0, T
to R. Then we readily obtain

Vor — Vo in H"™HR™)NH, (26)
arp = (a1, ank) — a in LY((0,T7),H™)nC([0,T],H™), (27)
divay, = 0 (k S N),

b= b1k, bng) — b in LY(0,T), H™™)ynC([0,T), H™).  (28)

We fix ¢ > m + 1 and denote by A and By the operators being defined as A
and B with coefficients aj, and by, respectively. Due to Lemma 4.3 for every k € N
and ¢ > 0 there is a viscosity solution, denoted by Vj ., of the system

0 in (0,7),

{ atvk,e - EAV]C,E + (-Ak + Bk)Vk,e (29)
Vee(0) = Vox
satisfying
Vk,s € Ol([ov TL Hq(Rn) N H) N C([Oa T]v Hq+2(Rn))' (30)

Step 2: uniform boundedness of V..

Let o € N} such that || < m + 1. Since m + 1 < ¢, we may apply 0* to (29) to
the result

{ 6,&8“1/;%5 - 5A30‘Vk,s + AkaaVkﬁ = F(Vk75) in (O,T), (31)

Vie(0) = Vio
with

F(Vie) = enpa {Pz (070 Vi = ayp 00,V 4+ 00,1
j=1

+ aav,gjj? /ﬁ} + elaav,gf:?,

where e; = (0,...,0,1,,0,...,0) for i € {1,...,n+ 2} denotes the i-th unit matrix
in (R™)"*2. Inequality (21) applied on the terms involving the a;x’s and (20) on
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the terms involving the b; ;s yields

1E(Vi,e) (@)l 2

n

< C(nm) (Z [laj,kosnWl,oonvk,e(t)nmﬂ ; ||aj,k<t>||Hm+1||vk,a<t>Wl,oo}

j=1
+y° [Hbj,k(mmo [ Vie,e ()| rmtr =+ 05,5 ) | zrms1 [ Vi,e (8) | Lo + |Vk,s(t)||Hm+1:|)~
J=1

In view of the Sobolev embedding and by our assumption m > n/2 we can continue
this calculation to the result

1 (Vie) @)z < C(n,m)(llak(t)llmﬂ + ok Ol s + 1) Vie (Ol zrme

< ) (I@x O8]y 1) IOl (2 € 0.7,
(32)
Forming the dual pairing of (31) with 9*V}, . implies
1d
2
< ) (10x 050, 1) 1V

10°Ve eIz + el 0 VVi ()72 = (F(Vie)(B), Vie (1))

Summing up over |a| < m + 1 and integrating over ¢ then yields

Ve O

< Vo lfpmns + Clnm) [ t(\(akw),bk(rnimﬂ 1) IVl Par
where

Ve O = e+ I Vee () mnrdr, € [0,7]

Thus, applying Gronwall’s lemma and taking into account (26)-(28), we end up
with

t
Vi (0) 2 + / I Vi ()2l
0
t
< Cy(n, Vol 2rms1 Ca(n, / b 1)d )
< C(n,m)|[Vo sl 3ms eXP( 2(n.m) | (an(r). b))y 1) (33)

t
< Cutn ) Vallnsex (Cotirn) [ (|(alr), 0001, +1) )
0
< Cy(n,m,Vo,a,0,T) (t€]0,T], k€N, €>0).

This shows that Vj . is uniformly bounded in L°°([0, 7], H™*1(R")) and that eVVj .
is uniformly bounded in L?([0,T], H™*1(R")). Again by an application of (20) we
therefore obtain that (Ay + Bk)Vi e is uniformly bounded in L>°([0,T], H™(R™)).
From that, the uniform boundedness of eAVj, . in L%([0, 7], H™(R™)), and equations
(29) we infer that also 9;Vj . is uniformly bounded in L2([0,T], H™(R™)). Thus,
we have proved that V. is uniformly bounded in the class

HY([0,T], H™(R™)) N L>°([0, T), H™(R™)). (34)
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Step 3: weak® convergence of Vj . to the solution V' of (14).

The outcome of step 2 implies the existence of a subsequence of Vj, ., for simplicity
also denoted by Vj ., converging weakly* in the class (34) for k¥ — oo and ¢ —
0. Denote by U its limit. Then U also belongs to (34). Thanks to the Sobolev
embedding we also have

U e H'Y(0,T], H™(R"))—C([0,T], H™(R™)). (35)
Next, we show that U solves (17). In fact, multiplying
¢ € CH([0,T),C(R™)), dive"™ =0
to (29) and integrating by parts gives us

0= / (0 — €A+ Ag(t) + By(t)) Vi (1), ()t
T
_— / (Viee(t), (0r + Au(t) — Bu(t))o(t))dt

T
— [ 0helt), At = (Vo o(0))
Due to (27), (28), and m > n/2 we have
[(Ax = By, — A+ B)elliay < C(llak — alle + bx = bllr<) Il )

= 0 (k— ).

This shows that
(0r + Ap — B})p — (0; + A— B¢ strongly in L'([0,T],H) (k — 00).

Since Vi, . — U weakly™ in L>°([0,T], H) we obtain

T T
| et @+ A= Bppv)at > [ W), 0+ A= B)pv)a
0 0
as k — oo and € — 0. The boundedness of Vj, . in L>(]0,T],H) also yields

T
5/ (Vios Ap)dt = 0 (k — 00, £ — 0).
0

Thus, letting £ — oo and € — 0 implies

/0 (U ), 0+ A— B)p(t))dt = — (V. (0)).

Thanks to the fact that U belongs to (34) and in view of (35), we can reverse the
integration by parts to the result

T
/O (@ +A+B)U(L), o(t))dt = (U(0) = Vo, 9(0)). (v € Cy([0,T), C5°(R")NH)).

Choosing ¢ € C3((0,T),Cs°(R™) NH) shows that
(O +A+B)U =0 ae.

This, in turn, implies that U(0) = V;, hence that U solves (14). By virtue of (35)
and by the assumptions on a, b, the fact that U solves (14) also yields

UecCHo,T), H™ H(R™) N H). (36)

Since we assumed that n > 2, hence that m > n/2 > 2, we obtain that U is a
strong solution of (14). Consequently, U is unique and therefore coincides with
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V =U(-,-)Vh, where U is the evolution family given by Lemma 4.2.
Step 4: proof of estimates (24) and (25).
Note that by (33) and the fact that U =V, we obtain

HV(t)HHerl S lim inf ||Vk,€(t)HHm+1
k—o00, e—=0

< Ol m)Valeesexp (Catnm) [ ()00, + 1)

for t € [0,T]. Hence estimate (24) is satisfied for V and s = 0. In order to get the
general case we fix s € [0,7] and set

U,0) = U(t+s,s),
a(t) = a(t+s),
b(t) = b(t+s)

for t € [0,T — s]. If A and B denote the operators corresponding to the coefficients
a and b respectively, we see that V' :=U(t,0)Vp solves

{at17+(fl+l§’)f/ = 0 in (0,7 —s),
Vo) = Y

for Vo € H™T1(R™). By the just proved facts for the solution of this system we
deduce

A (t + s, 8)Vollms = IA(E, 0) Vol s

< Gt Vollmes o0 (Catnm) [ (1GOVHO,,,, + 1))
< CxmmVlgees e (Catmm) [ (a6, +1) )

hence (24). The estimate for the time derivative of & now easily follows by

10U, 0)Vollam = [I(A®) + B(£))U(t, 0)Vol|
< C(n,m) ([(at),b(®)],,, +1) UL, 0)Voll grmss (¢ € [0,T]),

where we applied once more Lemma, 4.4.
Step 5: continuity of V' in time.

From step 4 and our assumptions on a, b we immediately see that
Ve Whee([0,T], H™ (R™)) N L([0, T, H™FH(R™)). (37)

It remains to show that in (37) W1 and L can be replaced by C' and C,
respectively. To this end, we will employ the variation of constant formula.
Thanks to (35) and (36) we have

V =U(t,0)Vy € CH[0,T), H™ (R™)) N C([0,T], H™(R™)) (38)

for arbitrary Vo € H™1(R™). In view of m > 2, we may apply 9% for |a| < 1 to
(14). This leads to

{ 0, 0%V + (A+ B)o*V F(V) in (0,7T),

8av|t=0 — 804%. (39)
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with

F(V)=—en2Py {(aaaj)ajvn+2 + (0%b;) VIt
j=1

Very similar to the calculations that lead to (32) we can derive

IEWV)®)llzzm < Clnym)[(a(t), b)), IV llzzmsr (¢ € [0,T)).

By virtue of our assumptions on a, b and since
V e L>([0,T], H™TH(R™))
we observe that
F(V) e L'((0,T), H™(R™)).
On the other hand, by applying the Holder inequality we can also estimate as

IEWV)®)]l2 < C(IVa(t)||4 + IIb(t)||4> IVV@)lla (£ €[0,T]).

Since m — 1 > m/2 > n/4 for m > 2, the Sobolev embedding implies that
H™ 1(R") < L*(R™). Hence the above inequality gives us F(V) € L*>((0,T),H).
By our asumptions on @ and b and in view of (38), F'(V) is even continuous in time.
So, altogether we obtain

F(V) e L'((0,T), H™(R")) N C([0, T], H).
According to HY(R™) N H—2(A), [9, Remark 1.3] therefore implies that 9>V is
the unique strong solution of (39) given by the variation of constant formula

FR%0) :L{(t,O)ao‘Vo—i—/tu(t,s)F(V)(s)ds, te0,7). (40)
0

Here U still denotes the evolution system generated by the propagator A + B.
From our assumptions (22) on a, b and step 4 we know that U satisfies the
estimate

U@ s).z@mminn < C1(T) (0<s<t<T),
for some C; > 0. Since U is an evolution system on H we also have
U, s)| 2y < Co(T) (0<s<t<T),
for some Cy > 0. Interpolating these two inequalities yields
24t $)|| (e, m10m),) < C(T) (0<s<t<T),

with C' = max(Cy, C2) and where [-, |9 denotes the complex interpolation space for
6 € (0,1). By the fact that H is complementary in L?(R"), [17, Theorem 1.17.1.1]
implies that

[H, H"* N H]p = [L2R"™), H" g N1 = HIHD(RY) N,
Consequently, for § = m/(m + 1) we deduce
U, s)llzEman <CT) (0<s<t<T).
From this we immediately gain the estimate

[U(t, s)E(V)(s)|m < CDFV)($)|[am (0<s<t<T).
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Inserting this into (40) while taking the H™-norm and keeping in mind continuity
relation (38) and that F(V) € LY((0,T), H™(R™)) then gives us

[0°(V(t) = Vo)llerm < II(U(tO)—I)@a%IIHm+C(a,b7T)/0 1E(V) ()l rrm ds
— 0 (t—0, o] <1).

This shows that ¢ +— U(t,0) is strongly continuous in ¢ = 0 w.r.t. the H™*1-norm.
The fact that U is an evolution family then implies the continuity on [0,T]. So, we
have proved

Ve C([0,T], H" T (R™)).
The assertion that V € C([0, 7], H™(R™)) then follows again by 9,V = —(A+B)V
and by our assumption a,b € C([0,T], H™(R™)) on the coefficients. The result is
therefore proved. O

5. Quasilinear local existence. Based on a fixed point iteration here we con-
struct local-in-time solutions to the first order quasilinear system (13). The idea
of this fixed point iteration goes back to Majda [10]. However, by the strength of
our linear result Theorem 4.5 the proof of the quasilinear local-in-time existence
performed here becomes much more elegant compared to the methods used in [10]
or [13].

Theorem 5.1. Let m € No, m > n/2, and let Vo € H N H™L(R"). Then, there
exists a T > 0 and a unique solution

Ve ([0, 7], H™(R") nH)n C([0,T], H™ " (R")) (41)
of system (13). The existence time T can be estimated from below as
1
Tr> ———— 42
1+ Cl[Vollgroms (42)

with a constant C > 0 depending only on m and the dimension n.
Proof. Step 1: existence.
Let Vo € H™L(R™) NH be an initial value. Set

Vo(t,z) :=Vo(z) ((t,z) € [0,T] xR")

and for k € Ny let Vi1 be inductively defined as the solution of the initial value
problem

Vin(0) = Vo (43)

{ O Vit1 + (A(V) + B(Vk))Virn = 0 in (0,7),
By the fact that

c((o, 7], H™(R™)) n C([0, T], H™ T (R™))

— C([0,T]), H™(R™)) N L*((0,T), H™(R™)) N LIP([0, T], L*°(R™)),
we see that Theorem 4.5 (i.p. (22) and (23)) implies that every solution belongs to
the class of the coefficients for the next step. Hence, Vi1 is well-defined for every
k € Ny. Next, we will prove the following uniform bounds.

Lemma 5.2. There exist R, L, T, > 0 such that for all k € Ny we have

(Z) ”VkHLOO([o,T*LHerl) < R7
(it) ”ath”LOO([o,T*]’Hm) < L.
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Proof. We use induction over k € Ny. For k = 0 we have
Vol zo< (o, 77,5 +1) = [Vollgm+1 < R,

which is to understand as a first condition on the size of R. In view of 9;Vy = 0 we
see that L is still arbitrary.

Now, assume that the assertion holds for £ € Ny. Estimate (24) in combination
with (22) and the induction hypothesis imply

IN

Vi1l (0,77, 7rm+1)

T
Cl||VOHHm+1 exp <CQ/ (||Vk(T)||Hm+1 + 1) d?")
0

C1|Vollgrm+r exp (C2(R+1)T) (T > 0).

IN

We choose
R = R(IVollsnst) = Ca|Vall g exp(Ca) = Clm m)||Vol o
Then for

1 1
T, < -
SR+1 1+ Clnm)|Volgms

we obtain
Vis1llze=(o0,1,),5m+1) < R.

This leads to estimate (42) for the size of the existence time.
Similarly, for the time derivative of V11 we employ estimate (25) in combination
with (22) to the result

10 Vil o o,y < CullVollarmer (Vi Loe o, 77, mrm+1) + 1)

exp (@/0 (Vi) g +1)dr>

< CilVollgm+ (R+1)exp (Co(R+1)T) (T > 0).
Thus, again for T, < 1/(R+ 1) we deduce
10:Vir 1l oo o,1.],5my) < R(R4-1) =: L.

This fixes L and the lemma is proved. O
The just obtained uniform boundedness of (Vj)ren was the essential step in
proving suitable convergence of (Vi )ren such that we may pass to the limit in (43).

In fact, first Lemma 5.2 implies convergence in C([0,T],H). This can be seen by
considering

Wi :=Vitp = Vi (k€N)
for fixed p € N. Since (A + B)(V) is linear in V', we observe that W}, satisfies
OWit1 + AViap) Wi = = (A + B) (W) Vies1r = B(Vierp) Wi 1.

Multiplying by W1, integrating over R™, and utilizing the structure of A, B and
the Sobolev embedding we obtain

d
Wi ()13

< C(IIWk(lﬁ)2||VVk+1(f)|2||Vzc+1(75)||Hm+1 + ||Vk+p(t)||Hm||Wk+1(t)5)-
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Integrating with respect to time implies

t
Wit 1 (D13 < Ol Wil L o.1),22) | Wl 22 (0,7),12) + C/O Wit (s)[3ds
(t€[0,T.], k € N),

where we have used the boundedness of the sequence (Vj)ren in L([0, T.], H™1)
proved in Lemma 5.2. Applying once more Gronwall’s lemma gives us

Wit 1l (0.1 ,22) < CulWasa s 0., Wil (o, 12)¢ 7™
from which we conclude

Wil (o,1.),22) < COT, 2T

WillLee(o,1.),02) (k €N).

Hence, if not already small enough, we choose T,e“2™= < (/2 to achieve W), — 0
and therefore that Vi, — V strongly in C([0,T.],H) for some V € C([0,Ty],H) as
k — oco. Thanks to the interpolation inequality

Fllzoe rrey < CUFINEE oy £ Too () (F € L((0,7), H™ )
with a = s/(m+1) we obtain V}; — V strongly in C ([0, T.], H®) for all 0 < s < m+1.
By virtue of C([0, %], H®)—Cy([0, T3] x R™) for s > m this fact immediately implies
that

(A+B)(Vi)Vig1r = (A+B)(V)V (k= o0)
strongly in C([0,T],H). Due to equations (43) we then also have
ath — 8tV (k’ — OO)
strongly in C([0, 7], H). Thus we can pass to the limit in (43) which yields that V'
is a solution of (13).

To see that V satisfies (41) we argue as follows. By the boundedness of (V4)ien
there is a weak* limit V* in W1°°([0, T.], H™) N L>=([0, T\], H™*!). The function
V* is also a weak™ limit in L°>°([0,T.],H). But there we know V;, — V. Thus
V* =V, which particularly implies

Ve whe([0,T.], H™) N L>=([0,T.], H™ ).
Next, observe that we have
whee ([0, T.], H™(R™))— LIP([0, T.], H™(R™)).
In view of Sobolev’s embedding this implies
V € L2(0,T.], B (R") 1 C([0, T.], H™(R)) 0 LIP(0, T.], L= (R™)).
By this fact we may regard (13) as the linear system
oU + (A+B)U 0 in (0,Ty),
uo) = W

(44)

with fixed coefficients

1
a:=\/1/pV1, b= —(/TV"T2 4 V.
/ ﬁ< )

Theorem 4.5 implies the existence of a unique solution
U e CH0,T.), H™"(R") N H) N C([0, T.], H™ 1 (R™)).

Obviously U is a strong solution of (44). On the other hand, by the discussion
above we know that

Ve CH[0,T.],H) N C([0,T.], Z(A)).
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Thus, V is a strong solution of (44) as well. By the uniqueness of strong solutions
of the linear system (44) we obtain V' = U, hence (41).

Step 2: uniqueness.
Let

U,V € CH[0,T],H) nC([0,T], H*(R™)) N L>([0, T], W (R"))
be solutions of (13) to the initial value V. Then W := U — V solves

oW+ AU)W = F in (0,T.), (45)
w() = 0,
with
F=(AW)+ BW))V + B(U)W,
where we used the fact that V — A(V) and V — B(V) are linear. Our assumptions
on U,V yield
VIl o fo,71,wr00 (&) + [1U ]| Loe (0,7 xRm) < C-

Thus we can estimate F' as

IE@) 1% < CIW @l IV @O)llwree + U@ [2) < CIW (D)2 (E € [0,T]).

Forming the dual pairing of (45) with W gives us

1d

sHIWOIL = (F@), W#) < CIWEz (t<[0,7)).
Consequently, W = 0 by Gronwall’s lemma. This completes the proof of Theo-
rem 5.1. O

We conclude with the proof of our main result Theorem 1.1.
Proof. Let (ug,u1) € (H™2(R") N LE(R™)) x (H™(R™) N L2(R™)). Then we
have Vo := (vg, D100, - - -, Onvg, v1)T € H™THR™) NH, where (vo,v1) = (ug, /Tu1).
If V is the solution of system (13) in (0,7") we set v := V1. Then by construction
of A+ B we readily see that v satisfies equations (10). Regularity relation (41) and
the fact that V = (v, 01v,..., 0y, 0v) imply
v € C¥([0,T], H™(R")) n C*([0, T}, A (R™)) N C([0, ], H™*(R™) N L7 (R™)).
Setting T, := /7T then gives the claimed regularity for u(t,z) := v(t/\/7T, x/\/1t),
the solution of (9).

A further application of Lemma 4.4 and the regularity of u show that

T(u-V)ou, (10u+u)-V)u € C([0,Ty], H™(R™)).

(This can also be seen by the construction of V.) Thus, we may recover the pressure
term via

Vr =T —=P)(—7(u-V)ou— ((10ru+ u) - V)u))
=1+70)I - P)(u-V)u.
This yields that (u,7) is the unique solution of (1) with the claimed regularity. [J

(46)

Corollary 1 now is easily obtained as follows

Proof. Assuming ug,u; € (oo H*(R™) implies that u € C?([0,T.], H™(R")) for
every m € N. By applying 0; iteratively to equations (9) and taking into account the
boundedness of P on every H™(R™), we even obtain that v € C*°([0,T.], H™(R"))
for every m € N. From representation (46) we then deduce the same regularity for
V. The Sobolev embedding finally yields the assertion. O
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