THE PERMANENCE OF R-BOUNDEDNESS AND
PROPERTY (o) UNDER INTERPOLATION AND
APPLICATIONS TO PARABOLIC SYSTEMS

MARIO KAIP AND JURGEN SAAL

ABSTRACT. This note consists of two parts. In the first part
we consider the behavior of R-boundedness, R-sectoriality, and
property(«) under the interpolation of Banach spaces. In a gen-
eral setting we prove that for interpolation functors of type h the
R-boundedness, the R-sectoriality, and the property(«) preserve
under interpolation. In particular, this is true for the standard
real and complex interpolation methods. (Partly, these results
were indicated in [I2], however, with just a very brief outline of
their proofs.) The second part represents an application of the
first part. We prove R-sectoriality, or equivalently, maximal LP-
regularity for a general class of parabolic systems on interpolation
spaces including scales of Besov- and Bessel-potential spaces over
R™.

1. INTRODUCTION

The concept of R-bounded operator families nowadays plays an im-
portant role in the treatment of linear and nonlinear problems. By the
celebrated result of L. Weis [21], it is known that R-boundedness of
the resolvent family A(A+ A)~! for X in a complex sector with opening
angle greater that m/2 implies maximal regularity for a linear operator
A. The maximal regularity, in turn, is fundamental in the treatment
of linear and nonlinear PDEs for various reasons: the construction of
local-in-time strong solutions, of global weak solutions, of real analytic
solutions, uniqueness proofs, and so on.

Also, in combination with a holomorphic functional calculus, a so-
called H*-calculus, the concept of R-boundedness turned out to be
very valuable. It allows for the introduction of a joint H®-calculus
of two closed linear operators A, B, cf. [14]. In particular, it gives an
answer to the question under what circumstances f(A, B) gives rise
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to a bounded operator for bounded real analytic functions f(\, z). In
the simplest case we might have f(\,z) = (A + 2)"', A = d/dt, and
B = —A, for instance. The full strength of such a joint H°-calculus
reveals in the treatment of free boundary value problems, see e.g. [7],
[I7]. This type problems often can be reduced to the boundary, on
which, however, one is faced to a mixed order system. The associated
matrix symbols (Lopatinskii matrix) not seldom have a complicated
structure, but still are real analytic functions and therefore fit into the
framework of the joint H>-calculus developed in [14] or [T1].

In this context also a geometric property of a Banach space (besides
the property "of class HT’) comes into play: the so-called "property(a)’.
In many situations it represents the crucial ingredient for the step from
uniform boundedness to R-boundedness. For instance, if property(«)
for a Banach space X is assumed, the standard multiplier results, if
applicable, yield R-boundedness of an operator family (M), in a pa-
rameter ), instead of uniform boundedness only. For My = A\(A+ A)~*
this leads directly to the R-sectoriality of A or, equivalently, to the
maximal LP-regularity. We refer to [I5, Theorem 5.2 b)| for a multi-
plier result of this type. If an operator has a bounded H*-calculus
on X, it automatically admits the stronger property of an R-bounded
H®>-calculus, provided X has property(«). This is another significant
consequence of property(a). This fact particularly matters for the ini-
tialization and the application of a joint H>°-calculus, cf. [14].

For all these reasons, it is important to know about the behavior of
the notions of R-boundedness and property(a) with respect to other
functional analytic operations, such as the interpolation of Banach
spaces, for instance. In the first part of this paper we clarify this
behavior. In fact, we will show that both properties preserve under in-
terpolation. These results are indicated in [12]. However, their proofs
are just outlined and for readers not so experienced in this topic it might
be hard to follow the very brief argumentation given in [I2]. It also
seems that a rigorous proof so far is not contained anywhere else in the
available literature, although the results are not seldom used in other
works. With the aim to apply them in order to prove R-sectoriality
for a class of parameter-elliptic systems on Besov and Bessel-potential
spaces, here we give a rigorous proof of the results on the interpolation
of R-boundedness and property(«) indicated in [12]. Indeed, we prove
the preservation of these two properties in a very general setting for
exact interpolation functors of type #. This covers the cases of real and
complex interpolation and also generalizes the results indicated in [12].
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The proof of the permanence results under discussion is based on
the characterization of R-boundedness in terms of boundedness in
Rademacher spaces. The Rademacher spaces are complementary in
LP(]0,1], X) if X is K-convex. By these facts the interpolation of
R-boundedness is reduced to the interpolation of X-valued LP-spaces
and to general facts concerning the interpolation of complementary
subspaces. The preservation of property(a) under interpolation then
can be reduced to the obtained results on the interpolation of R-
boundedness. Indeed, property(a) can be regarded as a special form
of R-boundedness on Rademacher spaces. Therefore the results on
R-boundedness apply.

This is also the reason, why we give the proof of the preservation
of property(a) under interpolation here, although this result is not
directly applied in this note. In a forthcoming work it will be applied
in order to prove an R-bounded H*°-calculus for a certain class of
elliptic operators on scales of Besov and Bessel-potential spaces.

In the second part of this note we will apply the results obtained in
the first part in order to prove R-sectoriality for a class of parameter-
elliptic systems realized on interpolation spaces. For classical works
on parameter-elliptic systems we refer to [2] and [19]. Particularly,
we will apply the obtained permanence results to real and complex
interpolation functors. This yields the R-sectoriality on scales of Besov
and Bessel-potential spaces. For this purpose, we first establish the
corresponding result for the model problem (i.e., constant coefficients)
in Sobolev spaces WH"P(R",C") (see Proposition B.I2). This will be
based on a multiplier theorem. Employing a localization procedure
and perturbation arguments, the result generalizes to a class of variable
coefficients (see Theorem [5.28]). This result can be found in [I5] for the
special case k = 0. Interpolation and the outcome of the first part of
this note then imply the R-sectoriality on scales of interpolation spaces
(see Theorem [(.29)).

We remark that the results in the second part seem to be available
also by combining deep results from known literature. For instance,
employing results on R-sectoriality on LP for higher order operators
with top order coefficients in BUC achieved in [6] and classical results
on elliptic regularity, via interpolation one might be able to derive R-
sectoriality of elliptic higher order operators in W*? without localizing.
Moreover, classical results of [5] or results obtained in [I1] show that a
sectorial operator always admits maximal regularity or a bounded H>-
calculus in real interpolation spaces (however, at first with no explicit
information on its domain). Since we want to keep our approach as
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selfcontained as possible, however, we give a direct and elementary
proof of R-sectoriality for a class of parabolic problems, which even
works for general LP-compatible interpolation scales.

The paper is organized as follows. The first part includes Section
todl In Section 2] we clarify the notation. Section [Blincludes the intro-
duction of R-bounded families, the characterization via Rademacher
spaces, and the result on the permanence of R-boundedness under in-
terpolation (Theorem B.I9]). The introduction, the characterization in
terms of R-boundedness, and the corresponding results on the inter-
polation of property(a) are the content of Section @l In the second
part, i.e. in Section [}l we prove the mentioned R-sectoriality for a class
of parameter-elliptic systems realized on scales of interpolation spaces.
The main results here are Theorem and Corollary B.31]

2. NOTATION

Definition 2.1. In the sequel we use the following notation:

o The set {Xo, X1} is said to be an interpolation couple, if X
and X1 are Banach spaces, which are embedded in a Hausdorff
topological vector space X. On X+ X1 we define the norm
HxHXOJer = iankGinonrm:l“(HxOHXO+H‘TlHXJ Jorx € Xo+X;.

o Let {Xo, X1}, {Y0o, Y1} be interpolation couples, then we define

L({Xo, X1},{Yo, Y1}) == {T: Xo + X; — Yo + V1
T linear and Tix, € L(X},Yy), k=0,1}

and L({Xo, Xl}) = L({Xo, Xl}, {Xo, Xl})

e For normed spaces X and Y we denote the existence of an in-
jective continuous linear mapping fromY to X by Y — X. By
L(Y, X) we denote the space of all linear and bounded operators
from'Y into X.

e By Y —,; X we denote the existence of an injective continuous
linear mapping from Y to X with dense tmage in X.

e Let X and Y be normed spaces. The equality X =Y is used
with the meaning that there exists an isomorphism between X
and Y. In particular we have equivalence of the norms in this
case.

e By wirtue of the appearance of various spaces we often want
to make clear in which space an integral or a series converges.
Hence we write “f —odrxy” and fix > ...7 to indicate the con-
vergence in X.
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For the definition of an interpolation functor F we follow [20] 1.2.2].
Particularly we make use of interpolation functors of type h, which
means that we have an estimate as

1T 70, x50 | 7 ({0,511, F (o1 1)
< Ch - 1T x| (x0.v0)> | T | 2xiv))

with a constant Cj, > 0. An interpolation functor is called exact of type
0, if it is of type h(to,t1) := tp %Y with C}, = 1. Important examples
of exact interpolation functors of type 6 are given by the real and
complez interpolation methods, which are defined as in [I, 7.9/7.51].
The proof of the exactness for these two methods can be found e.g. in
[20, 1.3.3 (a)/1.9.3 (a)]. As usually, we denote the real interpolation
space by (Xo, X1)g, and the complex interpolation space by [Xo, X1]o.
We want to mention that in this note we only use the K-method for
real interpolation.

Let (2, 4, 1) be a measure space with a o-finite measure p on 4.
For a Banach space X we denote the Banach space valued LP-space
LP(Q, B, pu, X) by LP(X). For an domain Q@ C R"™ we denote the
Sobolev space of order m € Ny by W™P(Q, X) or W™P(X). Here
and in the following we always consider the case p € (1,00) except
in Section B.Il An interpolation functor F is called LP-compatible, if
we have F({LP(Xy), LP(X1)}) = LP(F({Xo, X1})) for all interpolation
couples {Xo, X1}. In [20] it is proved that real and complex interpola-
tion methods are LP-compatible interpolation functors such that

C']gl)H : H(Lp(XO),LP(Xl))e,p < |- HLP((XO:Xl)&p)
(1) < OO e xo).Loxiyo,
|- Mlizecxoyzecanse = I lze(ixo,x100)

where the constants CS) > 0 and Cf) > 0 are independent of the
spaces Xy and X;.

To avoid confusion with different definitions of the resolvent set, we
give it here. Under the resolvent set p(A) of a linear and densely defined
operator A : D(A) C X — X we understand the set of all A € C such
that (A — A) : D(A) — X is bijective and (A — A)~! € L(X).

3. R-BOUNDEDNESS AND RADEMACHER SPACES

3.1. Basic properties and definitions. The following definitions
and basic consequences can be found in detail in [I5, Section 2| or
[9, Section 11].
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Definition 3.1. Let XY be Banach spaces, T C L(X,Y), and p €
[1,00). Then T is said to be R-bounded, if there exists a constant C' > 0
such that for allm € N, (Ty)k=1..m C T, and all (x})x=1
have

----------

(2) Z re LT <C Z TkTk
k=1 L ([0,1],Y) k=1 Lr([0,1],X)

Then R,(T) := min{C > 0 : (@) is satisfied } is called R-bound of T .
For k € N the functions ry, : [0,1] — {—1,1},¢ ~ sign(sin(2*nt)) are
called Rademacher functions.

Next we introduce the Rademacher spaces. With their help the intri-
cate definition of R-boundedness can be characterized in a convenient
way.

Definition 3.2. For a Banach space X, p € [1,00), and m € N the
spaces

Rad,(X) = {(xk)keN C X: Zrkxk convergent in LP(]0, 1},X)}
k=1
Rad)'(X) = {(#k)r=1,...m C X},
equipped with the norms
H(ﬂﬂk)kHRadp(X) = H ZW’UICHLP([O,ILX%
k=1
(k) r=1...., mHRadgl(X) = || ZTkl’kHLP([O,I],X)
k=1

respectively, are called Rademacher spaces.

Remark 3.3. (i) The spaces Rad,(X) and Rad}'(X) are Banach
spaces and | J,7_, Rad)'(X) is dense in Rad,(X).
(ii) Let X be a Banach space, p € [1,00), and m € N. Then we
have the following norm preserving embeddings

Radp(X) — Lp([O, 1],X)7 (xk)k — 220:1 TTk,

Theorem 3.4. Let X be a Banach space and p € [1,00). Then there
exists a constant C’,(,K) > 0, such that for all (zy)ren C X we have

1| .
TR || 2 e < [ 2o e
Cp " |kt Li(0,1,x) k=1 7([0,1],X)
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o
E TETy
k=1

Theorem 3.5. Let X be a Banach space and p € [1,00). Then we
have

< Gy

L([0,1],X)

n

E :rjajxj

J=1

n

Z ’T‘jbjl’j

i=1

<2

Lr([0,1],X) Lr([0,1],X)

n C C with |a;| < |bj], and all

..........

Remark 3.6. The proof of the following results can be found in [6].

(i) If T C L(X,Y) is R-bounded for one p € [1,00), then we have
an estimate as (3) for all p € [1,00). The R-bounds can be
estimated as [C’;()K)]_QRl(T) <R,(T) < [CéK’]%(T).

(i) If T,S8 C L(X,Y) are R-bounded, then T +S :={T+S:T €
T,S € S} is also R-bounded with Ry(T +S8) < Ry(R)+R,(S).

(iii) For two given R-bounded families T, C L(Z,Y) and Ty C
L(X,Z) we obtain the R-boundedness of T\Ty = {T\T5 : T}, €
Te,k=1,2} C L(X,Y) with R,(TiT2) < Ry(Th) - Rp(Ta).

(iv) If T C L(X,Y) is R-bounded, then T is also uniformly bounded.
The converse, in general, is only true if X and Y are both
Hilbert spaces.

Remark 3.7. For a given C > 0 we have the equivalence of the fol-
lowing three statements:

(i) For allm € N and (Ty)p=1....n C T we have that

| Tl LRaz () Radr (v)) < C,
where T, is defined by

T, : Rad) (X) = Rad)'(Y), Y reap > Yy riThay.
k=1 k=1

(ii) For all (Ty)ken C T the operator

T : Rad,(X) — Rad,(Y), Zrka:k > Zrka:ﬂk
k=1 k=1

is well-defined and || T||LRad,(x) Rad,(v)) < C-
(iii) 7 C L(X,Y) is R-bounded with R,(T) < C.

Proof. This is obtained as an easy consequence of Remark [3.3] U
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Thanks to Remark 3.7 the behavior of R-boundedness under inter-
polation is completely reduced to the investigation of the interpolation
of the Rademacher spaces. Having this in mind, we next analyze the
corresponding properties of these spaces. To this end, the existence of
projections onto Rad,'(X) and Rad,(X) will turn out to be helpful.
For the space Rad)'(X) we easily obtain the following result:

Theorem 3.8. Let X be a Banach space. Then the operator
m 1
RX . 17([0,1), X) — LP([0,1], X), f Zrk/ 7 (w) f (u)du
k=1 0

is continuous and even a projection onto Rad)'(X).

The existence of a projection onto Rad,(X) is a more involved issue.
The study of this problem requires some knowledge on the geometry
of Banach spaces.

Definition 3.9. A Banach space X is called K-convex if
00 1
(01,00 5 2000, 1o 3 ([ o)
k=1 0

defines a bounded operator. In this case the operator RX is a projection

onto Rad,(X).

Remark 3.10. (i) One can show that K-convexity is equivalent to
"B-convexity’ and ‘non-trivial type’, see for example in [9).

(i) 1t can be shown directly that K-convezity preserves under inter-
polation by LP-compatible interpolation functors. See for exam-
ple in [13, Proposition 5.1| for the real and complex interpola-
tion.

(i) Under use of Fubini’s Theorem it is easy to show that L,(£, X)
18 K-convex if X is K-convex. In particular this yields the K-
converity of Rad,(X) and Rad)'(X) since they are closed sub-
spaces of LP(]0, 1], X).

Another important property of a Banach space X is the continuity
of the Hilbert transform H = 7 '[i{/|¢||# on LP(R, X). If this is
satisfied, X is said to be of class HT (or equivalently UMD), cf. [3,
Theorem 4.4.1]. Here we just cite the following result which is obtained
as a corollary of [I8, Remark 3.1.] and [9, Section 13].

Theorem 3.11. Let X be a Banach space of class HT. Then X is
K-convez.
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3.2. Interpolation of Rad,(X) and Rad,'(X). To obtain a suitable
characterization of the interpolation spaces (Rad,(X), Rad,(Y"))s, and
[Rad,(X),Rad,(Y)]s we will apply the abstract isomorphism result de-
rived in |20, 1.2.4]. The idea to use this isomorphism result is taken
from [12, Prop. 3.7].

Definition 3.12. Let X and Y be Banach spaces. The operator R €
L(X,Y) is said to be a retraction if there exists an S € L(Y, X)) with
RS =idy. In this case S is said to be the coretraction belonging to R.

Remark 3.13. Let X be a Banach space and U C X be a closed
subspace with the standard subspace topology. If there exists a projection
P € L(X) with range(P) = U then it is easy to see, that P is a
retraction with coretraction S : U — X, x — .

Theorem 3.14 (see [20], Theorem 1.2.4). Let {Ag, A1}, {Bo, B1} be
two interpolation couples and let

R € L({Ay, A1}, {Bo, B1}), S € L({Bo,Bi1},{Ao, A1})

such that Rja, € L(Ay, By) and Sip, € L(By, Ay) are retraction and
coretraction (k = 0,1). Then for an arbitrary interpolation functor
F we have that (SR)|r({a0,4,}) € L(F({Ao, A1})) is a projection onto
W = range((SR)|r({a0,4.})) C F({Ao, A1}), where the topology on W
is given by the subspace topology relative to F({ Ao, A1}). In particular,
the mapping S\r((By,B,}) Yields an isomorphism between F({By, B:})
and W.

Proposition 3.15. Assume {Xg, X1} to be an interpolation couple of
K-convex Banach spaces. For p € (1,00) and an LP-compatible inter-
polation functor F of type h with Cy, > 1 we have

F({Rad,(Xp), Rad,(X1)}) = Rad,(F({Xo, X1}),

where the equivalence of the norms is given by
1
Gy M Irady 0. x100) < 1l (Rady 00) Rady x0))

Ch
<o h (IR R 11 | Rady (710,511
the constants C1,Cy > 0 come from the assumed equivalence

Cill - Nl 7qzeqo.1.x0).2e(0.01.x01) < |1+ lze(o..7((x0.x13)

< ol - 70,11, %0), L2 (10,11, X1)}) -
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Proof. The aim is, of course, to apply Theorem B.I4l Therefore we
define the spaces Ay := LP([0,1], X)) and By := Rad,(X}). Let Ry :=
RXx e L(LP([0,1], X}), Rad,(X})) be the projection given through K-
convexity and let Sy € L(Rad,(X}), LP([0, 1], Xx)) be the embedding
that exists according to Remark and Remark (ii). On E :=
LP([0,1], Xo + X1) we define the operators

00 1
R: (AO -+ Al) — (BO + Bl), f = [E Z Tk/ rk(u)f(u)du[xﬁxﬂ
k=1 0

SZ(Bo+Bl)—)(AQ+A1), gr—g.

It can be easily seen that R and S are well-defined and that we have
Ryrr(o,1,x,) = Br and Sjraq,(x,) = Sk- It is also clear that S is norm
preserving. Thus we can apply Theorem B.14l At first this implies that

W = range ((SR)|F((a,,4,))) = range (Riz((Lr(0.1], X0).L(0,1].X1)}))

is well-defined. Due to Remark (ii) we see that F({Xo, X1})
is also K-convex. Therefore we obtain the existence of the projec-
tion RF7{Xo:X1) onto Rad,(F({Xo, X1})). Employing the embedding
LP([0,1], F({ X0, X1})) <= E and the LP-compatibility of F we obtain

W = range (R|Lp([o,1],f({Xo,X1})))
— range (R7(X0X1)) — Rad,(F({Xo, X1})).

So far these equalities are only equalities of sets by the fact that on W
we have the relative topology with respect to the interpolation space
F({LP(]0,1], Xo), LP([0,1], X7)}). However, the LP-compatibility of F
yields the topological equality of W and Rad,(F({Xo, X1})). So we
have F({Rad,(Xy), Rad,(X;)}) = W thanks to Theorem B.14

It remains to determine the constants which are involved in the
equivalence of the norms. The LP-compatibility of F and the definition

of [+ [Irad, (F({x0,x1})) vield

1/ IRad, (Ftx0.x3) = I llzeqoanzxoxany
< GaollflFeeo,arx0),Lo 0,0, x0 1)
< CoCull fll F(rady (X0).Rady(x)y) - (f € W).
In the last estimate we used the fact that the Si’s are norm preserving.
In view of Rjrqayapf = f for all f € W and again by the LP-
compatibility we obtain
1/ | 7({Rad (X0 Rad, (X1}
< Ch - h([|1Rolls 1R D) - 1l 72w 0,11, 0), £2(10,17,51)1)
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C
< Flllh(HROHa ||R1||) . ||fHLp([Ovl],]'—({Xo,Xl})) (f c W)

This implies the claimed equivalence of the norms and therefore the

assertion is proved. Il

Completely analogous we can obtain the following interpolation re-
sult for the space Rad,"(X).

Proposition 3.16. Assume {Xo, X1} to be an interpolation couple,
p € (1,00), and m € N. If F is an LP-compatible interpolation functor
of type h with Cj, > 1, then we have

F({Rad)'(Xo), Rady'(X1)}) = Rad,"(F({Xo, X1}),

where the equivalence of the norms is given by

1
m”f“RadZ“(}'({Xo,Xl})) < || fll 7((Radz (x0),Radz (x1)})

Ch
< ah (R IR L Fradz (g x0,x13) -
The constants C1,Coy > 0 are the same as in Proposition [T123.

Corollary 3.17. The results of Proposition[Z13 and Proposition[3.14
in particular hold for the real and the complex interpolation functors.
Let {Xo, X1} be an interpolation couple of K-convexr Banach spaces.
Then we have

(Rad,(Xo), Rad(X1))e, = Rady((Xo, X1)op),
[Rad,(Xo), Rad,(X1)], Rad,([Xo, X1]o)
forpe (1,00) and 0 < 6 < 1.

3.3. R-boundedness and interpolation.

Definition 3.18. Let {Xo, X1} and {Yy, Y1} be interpolation couples
and T C L({Xo, X1}, {Y0,Y1}). Then we define

7TXI¢ = {T‘\X;@ T e T} C L(Xk,Yk)
for k=0,1.
Notation: In the following we set LP(X) := LP([0,1], X).

Theorem 3.19. Let {X, X1} and {Yo, Y1} be interpolation couples
of K-convex Banach spaces. Assume that T C L({Xo, X1}, {Y0,Y1})
and that F is an LP-compatible interpolation functor of type h with
Cp > 1 forpe (1,00). If Tix, C L(Xy,Yx) is R-bounded with R-bound
Ry(Tix,) for k=0,1 then

7\-7({X0,X1}) - L(‘F({Xonl})vf-({}/b’}q}))



12 MARIO KAIP AND JURGEN SAAL

18 also R-bounded with
Rp (ﬁf({Xo,Xl})) < CO -h (||RXO||7 ”RXlH) “h (RP(WXO)7RP(7TX1)) y

C5C3
C1

where Cy := and where Cy,Cy > 0 come from Proposition [T1].

Proof. We use the characterization of R-boundedness given in Remark
B (ii). Let (T;)jen C T be an arbitrary series of operators. We have
to show that

T Rad,(F({Xo. X1})) — Rad,(F({¥s,11})),

[Lp(f({xo,xl}mZWj = [LP(f({Yo,YI}mZTjijCj
j=1 Jj=1

is a well-defined operator satisfying
TN £erad, (F({0.1))).Rady (F{ (Yo 2)})
< Co-h (IR INES) - (Rp(Tixe), Ro(Tix,)

with C as given in the statement of the theorem. We define the oper-
ator

S : Rad,(Xo) + Rad,(X;) — Rad,(Yy) + Rad,(Y1)
f=fh+fH = Tofo+Tif1,
with

Ty : Rad,(X) — Rad,(Ya),  (mo(xy) Y755 o) Y rT55
j=1 j=1

So we get
S = S|]"({Radp(Xo)7Radp(X1)})
€ L(F({Rad,(Xo), Rad,(X1)}), F({Rad,(Yo), Rad,(Y1)}))

with
ISI]£F(tRady (X0, Radty (X1)1), F([Rady (Yo), Rady (V1))
< Ch - b (|| Toll, IT )
< O h (Rp(Tx)s Rp(Tixy)) -

In the last estimate we already used that ||Ty||L(Rad,(x.)Rady(vi)) <

R,(Tix,) for k= 0,1. Hence we have -

ISI| L(Rad, (F({X0.X1})) Radp(F({Yo.¥1}))
_ [c:C
<=

A (IR RS ) | -2 (Ro(Tix)s Ro(Tix,)
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by Proposition B.15 Pick

f =enreox) Y rivs € Rady(F({Xo, X1})).
j=1
Then we have f =(1r(xo1x1)] 22501 7525 € Rady(Xo + X1). In view of
Rad, (F({Xo, X1})) = F({Rad,(Xo), Rad,(X1)})
C Radp(Xo) + Radp(Xl)

we also have

f=fo+t i = [Lrxo) ZTJ(&?]')O +[Lr(X1)] er(xjh
j=1 j=1

Mg

= [r(xo+x1)] Y Til(@5)o + (75)1] € Rad,(Xo + X1)

<.
Il

NN

with z; = (z;)o + (z;)1 and (z;)r € Xi (k = 0,1). Furthermore, we

obtain
SF=Tofo+Tifi = ey D riT5(@s)o +imeony DT
j=1 j=1
= [Lr(F{(Y1}) ]ZTJ (2;)o + 53])]
= Tf.
This yields T = S which completes the proof. U

Corollary 3.20. Let { X, X1} and {Y,, Y1} be interpolation couples of
K-convex Banach spaces. For given T C L({Xo, X1}, {Yo,Y1}), p €
(1,00), and 0 < 0 < 1 we have:
If Tix, C L(Xg,Yx) is R-bounded with R-bound R,(Tx,), k = 0,1,
then

7T(X07X1)9,p - L((XO?X1>9,p7(}/O7Y1)9,p)7

7T[X07X1]9 - L([X()? Xl]@a [Yba }/1]9>

are also R-bounded with

Ry (Tixoxne,) < C [Ry(Tixo)l™ [Ry(Tix)I,
Rp(ﬂ[XmXﬂe) < - [Rp(ﬁXo)}l_e[Rp(ﬁXJ}ea

(2)
and with C = S| X0\ RY |0 and € = |[RY|'|[R¥1|. The
p

constants CS are the same as in @).
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3.4. Maximal LP-regularity, R-sectoriality, and interpolation.

Definition 3.21. A linear densely defined operator A:D(A) C X — X
is called sectorial, if there exists a 6 € (0,7 such that Xy C p(A) and

sup A\ = 4) 71 x) < oc.
AEXy

Here we define g := {z € C\ {0} : |arg(z)| < 0} as an open sector.
The number

@(A) :=sup {9 € (0,7 : g C p(A) A fuzp IAA = A) Hlp) < oo}
€29

is called spectral angle of A.

Definition 3.22. A linear densely defined operator A:D(A) C X — X
is called R-sectorial, if there exists a 6 € (0,7 such that ¥y C p(A)
and such that

AA—=A) "t ey} c LX)
is R-bounded. The number pr(A) is defined as the supremum of all
angles 0 € (0,7 such that we have ¥y C p(A) and the R-boundedness
of INA—=A)"L X e Xy}

Observe that in view of Remark [B.6] R-sectorality implies sectoriality
and we always have pr(A) > p(A). We can now apply the results
obtained in the previous sections to conclude that R-sectoriality is
preserved under interpolation.

Theorem 3.23. Let p € (1,00) and F be an arbitrary LP-compatible

interpolation functor of type h. Let Xy, X1 be K-convex Banach spaces
such that Xo N Xy —q F({Xo, X1}). Furthermore, let

AO : D(Al) C Xo— X(),
Al : D(AQ) C X1 — Xl:

be linear operators with the compatibility conditions Agu = Aju for all
u € D(Ag) N D(A)) —4 XoN Xy and

3) (A=A 'u=—=A)u, A€ p(Ao) Np(Ai),u € XoN Xy
If Ay and Ay are R-sectorial, then the operator
B:D(B) C F({Xo, X1}) = F({Xo, X1}),
D(B) := F({D(Ao), D(A1)})

with Bu = Agug + Ajuy for u = ug +u € D(B) — D(Ay) + D(A)
is also R-sectorial. Note, that D(Ay) is equipped with the graph norm
| - |4, Moreover, we have pr(B) > I?_lénlgon(Ak).
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Proof. The operator B is densely defined in view of
D(Ap) N D(Ay) =4 Xo N Xy =4 F({Xo, X1})
and since
D(Ag) N D(Ar) = F({D(Ao), D(A1)}) = F({Xo, X1}).

First we consider the relation of the resolvents of Ay, A, and B. Let
A € p(Ap) N p(Ay) then we can define
R)\ : XO + X1 — D(Ao) + D(Al),
To+ T1 — ()\ — Ao)ill’o + ()\ — Al)ill’l

due to (@) and get

[Ralx, = (A = Ap) 7
[RA]\]:({XO,Xl}) S L(‘F({XWXl})?f({D(AO)a D(Al)}))

With this we can prove A € p(B) and (A — B)™' = [Ry]|7({xo,x,})- For
0<6< ]?_111%907%(141@) we have Yy C p(A;) N p(Az) and therefore also

g C p(B)
By assumption the families

76 = {[R)\]XO A E 29} - L(XO),
71 = {[R)\]Xl A€ 29} C L(Xl)

are R-bounded. Thus Theorem yields the R-boundedness of
{)\()\ — B)_l A E 29} = {[RA]\}—({XO,Xl}) A E 29} C L(./T"({X,Y}))
This proves the R-sectoriality of B with pr(B) > 1?311% or(Ak). d

Remark 3.24. Let {Xo, X1} be a couple of Banach space of class
HT (c¢f. Theorem [311). Then the characterization of maximal LP-
reqularity by R-sectoriality with R-angle bigger than 5 allows for corre-
sponding results on mazximal LP-reqularity. The characterization men-
tioned above can e.g. be found in [15].

Remark 3.25. The results of Theorem hold for interpolation
functors of the real and the complex method, by the fact that they are LP-
compatible and since we always have XoNX1 —q F({Xo, X1}). A proof
of the density of the last embedding can be found in |20, 1.6.2,1.9.3], for
example.
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4. PROPERTY («)

Our first aim in this section is to interpret property(a) as a special
form of R-boundedness. With the help of this interpretation we will
show that also property(«a) carries over to interpolation spaces provided
that the interpolated Banach spaces are K-convex.

4.1. Fundamental facts about property(«). First we recall the def-
inition of property(«) from [I5, Section 4.9]. This property is important
in the context of an operator valued Fourier-multiplier theorem proved
by L. Weis, cf. [I5, Section 5.2 or Theorem 4.13]. Another application
can be found in [I5, Theorem 12.8] and [I4, Theorem 5.3|, where the
authors proved, that the bounded H*-calculus is equivalent to the a
priori stronger property of an R-bounded H°-calculus, if the underly-
ing Banach space has property(«). The H*-calculus is a powerful tool
in the treatment of parabolic and elliptic partial differential equations.
For more information on this topic we refer to [6] and [10], for instance.

Definition 4.1. A Banach space X has property () if there exists a
constant C' > 0 such that for all n € N, (0yj)ij=1,..» C C, |ay;| <1,

and all ()i j=1...n C X we have that
> rilu)rs(v)aga;

1 1
/0/0 ig—1
1 41
(4) SC// dudwv.
o Jo
X

In this case we set C, :=min{C > 0: estimate () holds}.

dudv
X

Z ri(w)r(v)w;

By virtue of the following Lemma 3] (1) with p = 2 and the orthog-
onality of the Rademacher functions we see that Hilbert spaces have
property(a). Let X be a Banach space with property(«) then every
closed subspace Y C X has property(a). The cartesian product of Ba-
nach spaces with property(a) has also property(a). These results can
be use to show that the Sobolev space W™?(Q, X') has property(«a) for
1 <p<ooand m € Ny if X possess property(a). This follows easily
from the theorem of Tonelli for m = 0 and the fact that W™?(Q, X)
(m > 0) is isometric isomorphic to a closed subspace of (LP(£2, X))".

Definition 4.2. We set
I Rad?(X) — Radzz(X)

($z)z=1m — (aixi)izl,.,.,m



THE PERMANENCE OF R-BOUNDEDNESS UNDER INTERPOLATION 17
form € N and a € C™. Additionally, we define the family
T ={T" acC" |u| <1,i=1,...,m}.
Lemma 4.3. Let X be a Banach space. We have the following equiv-
alences:
(i) X has property (a).
(ii) (p-independence) For all p € [1,00) there exists a constant C' >

0 such that for all n € N,(cvj)ij=1,..n C C, |agj| <1 and all
(Tij)ij=1,... C X we have

.....

P 1/p
1|l
/ / Zri(u)rj(v)aij:rij dudv
0 J0 lij=1 x
T » 1/p
(5) <C / / Z ri(w)rj(v)a;||  dudv
0 70 lij=1 x

(iii) For all p € [1,00) there exists a C' > 0 such that we have
Ry(T™) < C in L(Rad)'(X)) for all m € N.

Proof. The equivalence of (i) and (%i) is an immediate consequence of
the inequality of Kahane (Theorem [B.4]). In fact, it yields

—2
[CYOT ™ 1(€nkllraay (raap )y < 1€kl radg (Racy ()
2

for (&) € Rad("(Rad!"(X)).

“(ii)=(111)": Here we can use the characterization of R-boundedness
by Remark [3.7] (). For this purpose, we set Y;, := Rad’(X) (m € N),
choose arbitrary (Tg}j))j ey C T™, and define the operator

Tn : Rad;(Ym) — RadZ(Ym), (l’j)jzl .... n ( $j>xj)j:1 77777
with Oé(j) = (Oéij)izl
we get

..........

1T ()l Radz (Vi) < Cll(%5);l|Radr (vin)

for all n,m € N and (z;); € Rad;;(Y;,). So, we have ||T,||LRadz(v,)) <

C for all n,m € N. Now Remark B implies (ii).
“(iii)= (i1)”: Can be done in an analogous way. O
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4.2. Property («) and interpolation.
Lemma 4.4. Let X be a K-convexr Banach space and letY C X be a
Banach space such that ||.|ly = ||.||lx on Y. Then we have
(1) ||R§HL(LP([O,1},X)) < 2”§XHL(LP([0,1},X))7 m € N,
(i) Bl Lezrqoayy < MR oeoa.x))
for all p € (1, 00).
Proof. This follows easily by the contraction principle of Kahane (The-

orem [3.5]). O

Theorem 4.5. Let {X,Y} be an interpolation couple of K-convex Ba-
nach spaces, p € (1,00), and let F be an LP-compatible interpola-
tion functor of type h. If X and Y have property (o) with constants
CX >0 and CY > 0, then also the interpolation space F({X,Y}) has
property(a) with

CTUXYY < My - h (M, CX, M, CY)
for some constants My, My > 0.
Proof. The family 7™ = {T" : a € C™,|oy| < 1,4 = 1,...,m} can
easily be interpreted as an subset of L({Rad;”(X ) Radg(Y)}). Then
we define 77" 1= Tl ymy for Z € {X,Y,F({X,Y})}. Thanks to
Lemma [£.3] we already know, that the families 7¢* C L(Rad;'(X)) and
Ty C L(Rad'(Y)) are R-bounded uniformly in m € N with

Ry(T) < [CH]" CX and R, () < [C90] Y.
Therefore we obtain the R-boundedness of
T a6y oy © L(F({RAdZ(X), Rad?(V)))

by Theorem and Remark (iii). Additionally, this leads to an
estimate of the R-bound

Ry ([Tm]|]:({Radgl(X),Rad;"(Y)})> = C - h (Rp(TX"): Rp(Ty™))
with O™ .= Cé—?%‘h (|| BBz ||, || RRa4" )|} Proposition BTGl yields
[Tm]\J-'({Rad;"(X),Radz’,"(Y)}) - [TmhRad;”(]-'({X,Y}))
C L(Rad)" (F({X,Y}))).
Thus we can consider the R-bound of 7™ in L(Rad)"(F({X,Y}))) and

obtain

R, <[7'm]|RadZ‘(]:({X,Y})))
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C,C?

< [ R IRD] R (1T o)
O, C?

< { (thh (2HRX||,2HRY||)} Ry ([Tm]|]-‘({RadgL(X),RadgL(Y)}))

/

_.cr
by Lemma[.4] (7). Due to Rad’(X) C Rad,(X), Rad'(Y') C Rad,(Y),
Remark B3] and Lemma 4] (47) we have

IR™ )| Lo o,11,Raaz 2))) < IR | Lpo0,1),Rady(2)))

<oo (méeN)
for Z € {X,Y}. Hence there exists an upper bound for (C™),,c:
(m) 02 CEL Rad* (X) Rad*(Y)
o =—gh (R RSO

C,C3 a a /
< S (RO R0 = € (m € N).

1
Summarizing results in

Rp([TmhRadgl(f({X,y}))) < Moy-h (MlCo)f, MlCﬁf)

: e o (K) 4 e (K) 4
with My := C'C" |Cp and M, = |Cp . Due to Lemma [4.3] the

assertion follows by the proved R-boundedness in Rad'(F({X,Y})).
U

Corollary 4.6. Let {X,Y} be an interpolation couple of K-convex Ba-
nach spaces. If X andY have property () with CX >0 and C¥ >0,
then the real and complex interpolation spaces (X,Y)g, and [X,Y]y
also have property(a) forp € (1,00), 6 € (0,1). In this case we have

C((XX,Y)Q,p < M, [CX} 1-6 [CY] 0
CLX,Y}Q S M// [Cé(] 1-6 [C;/}Q
for some constants M', M" > 0.

5. APPLICATION TO PARABOLIC SYSTEMS

In this chapter we consider realizations of parabolic differential equa-
tion systems in higher order spaces over R". For example we define the
Laplace operator on Sobolev spaces as

Agp: D(Ag,) C WEP(R™) — WHP(R™), f s Af,

with D(A4,) = Wk2ZP(R") (k € Ny). Similarly, we can define re-
alizations on interpolation spaces such as Besov and Bessel-potential
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spaces. In the following we show that the realizations of parabolic sys-
tems on Sobolev spaces are R-sectorial. The case k = 0 is proved in
[15]. Here we generalize this result to the case £ € N. Basically we
follow the proof given in [15] for the case k = 0. However, due to the
lack of differentiability of some cut-off functions used in [I5], here we
are forced to adapt the localization procedure at some places suitably.
Applying the interpolation results of the previous chapters, we then
will obtain R-sectoriality for realizations on certain scales of interpo-
lation spaces. To handle the parabolic problems under consideration
we make use of Fourier multiplier methods. For this purpose and for
the definition of Bessel-potential-spaces, here we recall the notion of a
Fourier multiplier.

Definition 5.1. Let X,Y be Banach spaces, 1 < p < oo, and
m € L>®(R", L(X,Y)). Then we define
Tn: (R X) — L®R"Y)
f = FmZf
The symbol m is said to be an LP-Fourier-multiplier, if there exists a
Cp > 0 such that
(i) Tonf € LP(R™Y) for all f € ./ (R", X),
(i) 1 TnfllLe@nyy < Coll fllr@n x) for all f € Z(R", X).
In this case there exists a unique continuous extension of T,, from
LP(R™, X)) to LP(R™,Y") which, for simplicity, is also denoted by T,,.
Remark 5.2. Let X be a Banach space of class HT and k € N. We
define (€) := (14 [£]*)Y? and
Ay LP(R™, X) — WFEP(R™, X); = Tiey-riay S
Ay WFP(R?, X) — LP(R™, X);  frs F [<5>’f idx} Zf.
By standard arguments we get
[A_i]jwin@n x) € LIW/P(R™, X), W/TEP(R", X))
fO’I“j c No and (A_k)_l = Ak.

5.1. Besov- and Bessel-potential-spaces. Next we recall some ba-
sic facts on Besov- and Bessel-potential spaces, which can be found e.g.

in [1, 7.30-7.34| and [20, 2.3-2.4]. The Banach space-valued case can
be found in [4].

Definition and Remark 5.3. Let X be a Banach space and 1 <
p,q < o0o. Then
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(i) By, (R", X) := (LP(R”,X),W’“’?’(R”,X))%& with s € (0,00) N
[k — 1,k) and equipped with the interpolation norm is called
Besov space,

(i) H*P(R", X) = {u € S'(R", X) : F71(&)’ Fu € LPF(R", X)}
with s € R>g is called Bessel-potential space, where the norm is
gwen by [[ull gsr@n x) = [|F 7 (§)” Full Lo@n x)-

Note that we also have the following representations.

(i) Let m,s,7 € Ng with 0 < m < s < j and X\ € (0,1) such that

s=(1—=Xm+ X\j. Then we have
B (R, X) = (W™P(R", X), W"P(R", X))\ 4

(iv) Let X be of class HT and m,j € Ny with 0 < m < s < j and
s=(1—-0)m+40j for a® € (0,1). Then we have:
H*([R", X) = [W™(R",X), W"R" X)]
WHEP(R" X)) = HFP(R™ X), (k€ Ny).

Remark 5.4. Let s € Ry, 1 < p,q < o0, and X be a Banach space
of class HT .

(i) The spaces By (R™, X) and H*P(R", X) are of class HT, too.
(ii) If X has property(), then B; (R", X) and H*P(R", X) have
property(a), too.
The last statement can be seen easily by a retraction argument.

5.2. Parabolic systems of differential equations. In the following
we always assume that 1 < p < co. Furthermore, we set

Az, D) = Z aq(x) D,
laj<m

for a, : R* — CV*N m, N € N, and for D% := (—i)l*l9*. We define
the “W"*P-realization” of the formal differential operator A(z, D) by

Agp: D(Ag,) € WEP(R™, CN) — WEP(R™, CN)

with D(Ag,) = WH™P(R" CV) and Ay, f := A(z,D)f for all f €
Whtmp(R™ CV). For an interpolation functor F the “(F, k, p)-realiza-
tion” of A(x, D) is defined by

(6) Azpp: D(Arg,) C F(LP,WHP) — F(LP, WkP)
with
F(LP, WhP) = F{LP(R",CN), WkP(R™ CM)}),
D(AFkp) F{Wwmr(R",CY), WHmP(R", CV)})
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and Ar g9 := A(z,D)g for all g € D(Ary,). In particular, we define
the “LP-realization” of A(z, D) by A, := Ag,.

In order to obtain well-defined operators we need to assume some
regularity for the coefficients. For the well-definedness of the WH?-
realization it is sufficient to assume that

kp > n,

o0, otherwise

(1) aa€ WH=R",CVY), pyim {p’

for all & € N? with |a| < m. Here we define WH>(R? CV*V) =
{f € L¥R",CN*N) . DFf € L®(R",CN*N) |3| < k}. As in [I]
Theorem 4.39] the Sobolev space W*? has the algebra property in case
of kp > n. Let K* > 0 such that

[wv || wep@n oy < K |ullwepo @e,omy [0l wer @e o)
for all u € WhP=(R" CV) and v € WFP(R™, CV).
Remark 5.5. Let s € (0,00) N[k —1,k), k€N, and 1 < g < co0. If

F is the real or the complex interpolation functor, Ar ., represents the
Besov or Bessel-potential realization of A(x, D):

(i) For “F = (.,.)s 4" we have

B . B s n N s n N
AB . D(AB ) c B: (R",CN) — B (R",CY),

s’p7q : s7p7q
D(AS, ) = BS™MR",CY), AT, = Arpy.
(ii) For “F =[.,.]=” we have
k

AL D(AY)) c H*P(R",C") — H*?(R",C"),
D(AY,)) = H*7™P(R™,CN), AT = Ay,

Remark 5.6. Our approach to obtain R-sectoriality for Besov- and
Bessel-potential space realizations is a sort of ’decent method’. The
reqularity assumption W¥P= for the coefficients, of course, is not op-
timal for the interpolated operators. On the other hand, notice that by
a standard perturbation argument the reqularity for the coefficients of
the interpolated operators can always be reduced to close to optimal. In
I8, Section 5|, for instance, this argument is used for a reduction from
smooth to Hélder continuous coefficients. However, optimal conditions
on the coefficients is none of our purposes here. Therefore we will not
carry out this argument in what follows.

Definition 5.7. The symbol of A(x, D) is defined by
a(r,€) = > an()E* (1,§ €RY).

|| <m



THE PERMANENCE OF R-BOUNDEDNESS UNDER INTERPOLATION 23
The principal part of A(x, D) is defined as
Ao(z, D) == > an(x)D".
|a|=m
The principal symbol of A(z, D) is then given by the symbol of the
principal part, i.e. by ag(x,§) == 37,1, @a()E for (z,€) € R" x R™.
Definition 5.8. Let A(x, D) be the formal differential operator given
above.
(i) The operator A(z, D) is said to be parameter-elliptic in Y, if
there exists a constant Cp > 0 such that we have
| det(ao(2,€) — N)| = Cp(€|™ + A"
for all x € R™ and (&,)) € (R™ x ) \ {0}.
(ii) The operator A(z, D) is called parabolic, if A(x, D) is parame-
ter-elliptic in Yz )s.

Remark 5.9. If we consider a parabolic A(z,
cients a, (|la| = m), then there exists a 6 € (

D) with bounded coeffi-
2. m) such that A(z, D)

is even parameter-elliptic in 2g.

5.2.1. The model-problem. In this section we consider the model prob-
lem, i.e., we assume the matrix-valued coefficients of A(x, D) to be
constant and that A(x, D) is just a principal part, that is A(z, D) =
Ap(z, D). Hence the formal differential operator is of the form

(8) A(D) = Y anD®, with a, € CV*N,
|a|=m

Lemma 5.10. Let v : R" — C be a function such that 2 € Cl*(R")
and o € {0,1}". We set

|al

M(ea) =< (B1,.-.,Ba) € (N : Zﬁk =«

Then it is easily seen, that there are constants C(f1,...,B) € Z for
(P15 Bla)) € M(a) satisfying |C(B1, ..., Bla)| < |a|! and such that
we have

|al

1 1
D= = > C(Br,- -, Bap) [ [ (D).

v
(B1yems 5\a|)€M(a) k=1

Proof. This result follows by induction over |a|. O
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The next result is proved in [I5, Theorem 6.2] for the case |5| = m.
We need the following extension in order to handle diagonal operators
in a suitable way.

Lemma 5.11. Let A(D) be given as in (8) and assume that it is
parameter-elliptic in Sy for a 6 € (0,7) and a constant Cp > 0. Fur-
thermore, let M > 0 such that 3, _,, |aal|cx<x < M, and for [B| < m
let

m—|] 1

mg : (R" % Zg) \ {0} = CVN, (€ 2) = €A77 (A = ao(€))”
Then we have
(i) that mg(-, \) is a Fourier multiplier for all X € 34\ {0},
(ii) that the families
T = {Tnpen 1A €S0\ {0}} € LA (R",CY))
Tso = ATmsn A€ Yo} C L(LP(R™,CY))
are R-bounded. Moreover, the R,-bounds of Tz and Tgo can be
estimated from above by a constant only depending on p, n, m,

N, M, and Cp.
(iii) For every k € N we also have the R-boundedness of

'Tﬁk = {[Tmﬁ(.7)\)]lwk,p(Rn7CN) CAE 2_9\ {0}} C L(Wk’p(Rn, (CN)),

and again Rp(Tﬁk) 1s bounded from above by a constant only
depending on k, p, n, m, N, M, and Cp.

Proof. Let g € Ny, |8] < m, and define the function

gt (R X Tg/m) \ {0} = CVN, (€,q) = P V(g™ — ag(§) .
By the homogeneity of mgz and the version of Michlins multiplier the-
orem given by [I5 Theorem 5.2 b)|, we obtain the R-boundedness of
{Tr,.0) : ¢ € Soym}y C L(LP(R™,C")). Thus, it remains to prove an
estimate for the R-bound as asserted. To this end, we derive explicit
estimates for £*D%mg \(€), a € {0,1}", and where mg  := mg(-, AY/™).
Here we use the representation of the inverse matrix (A — ag(£))™! by

.....

(A —ao(&));; is the (N —1) x (N — 1)-matrix that results from deleting
row j and column 7 in (A — a¢(§)). Then we obtain

£*D%mg (§)

m—|B| A
O =T (e gy €70 wl))

<«
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by the Leibniz rule. The equivalence of norms in C¥*¥ yields
N
1€7 DV = ao(€))#[levxn < C(N) - Y [€7D7 det(A — ao(€)) -
ij=1

For every 1 < ¢,7 < N the Leibniz formula for the determinant implies

N—-1
€7DV det(A — ag(€) ;1 < D [&DY [T = ao(©) ko] -
ceSN_1 k=1

Since [(A — ao(§));ilko is just a component of the matrix X\ — aq(¢)
and by [£PDA¢x| < €] and |¢#DP )| < |)|, we obtain

€7 D[(X = ao()lk.otm] < CIN,M)(E™ + A (8 < 7).
Altogether we therefore have
(10) [IE7DY(X — ag(€))* [lewxx < C(N, M,ym) - (€™ + AN

for v € {0,1}". In order to estimate fa‘WDO‘”WiO@), we apply
Lemma [5.10], the parabolicity condition, and again the Leibniz rule to
obtain

ga—'yDa—'y 55
det(A — ag(§))

(11) < Z |€(a—v)—5D(a—v)—5§B}

o<a—vy

1

4 Mo
D0 w0 (@)

|§|Iﬁ|

SC(m,n,N,M,CP)W-

Now (@), (I0), and () imply
1€% D% A (&) | cr

(12 e
C N,M,C

< (n7m7 ) 5 P) (‘€’m+|)\‘)

€]+ A

(€™ 4 |A])

Note that the operator T}, ) commutes with A, and therefore

< C(n,m,N,M,Cp)( < C(n,m,N,M,Cp).

[Lnge ] weo@nevy = AgTng . x)Ak-

Assertion (1) now follows immediately from (ii). O
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Proposition 5.12. Let A(D) be given as in (8) and assume that it
is parameter-elliptic in g for a 0 € (0,7) and a constant Cp > 0.
Furthermore, assume that we have 37, _ ||aallcy<v < M for an M >

0. Then, there hold the following assertions for the WP~ realization
A,IW, (k? c No) Of A(D)
() S0\ {0}  plAr,). 3
(ii) For every 5 € Ny with 0 < |B| < m we have, that {A%HDB(A—
Arp) ™t X € 3p\ {0}} € L(WHEP(R™, CN)) is R-bounded. In

addition, we have )xm:n‘mDﬁ()\ — Ap)™! = [T, ljwew@n cny

for maa(€) = AT — ap(€)F (A € Ty \ {0},€ € R").
Furthermore, the Ry-bound is bounded from above by a constant
only depending on k,p,n,m, N,Cp and M. In particular, this
yields the R-sectoriality of Ay, with pr(Ax,) > 6.

(iii) For all X € 3y \ {0} there exists a constant Cy > 0 depending
on k,p,n,m,N,Cp, M such that

||()\ - Ak7p)_1||L(Wk,p(Rn7CN)7Wk+m,p(Rn7(CN)) S C)\
Proof. For A\ € 34\ {0} and 0 < || < m we define
Ton 1= [Ty Jjwinen,cvy € LWEP(R™, CY), wHEm=Pho(R™, CV)).

Then it follows easily A(A — Ax,,) "' = To\ or rather

m—|B]

A DP(N— Agy) ™t =Tha

Therefore we proved (i) and

—18]

NI DAN - AT A €T\ {0} = T

By Lemma [B.TT] (iii) assertion (i) follows.
To prove (i), we use A(A — A,)~' = Tp and (ii) to obtain the
estimate

|| (/\ - Akm)_l HL(Wkap(Rn,CN),WHm,p(Rn,(cN))
C

< — T n

=1 lg@gll §5m07AHL(LP(R CNY)

< CNC(p,n,m,N,Cp, M) =: C,.

Hence the assertion is proved. Il

By means of interpolation this results extends to the model-problem
of the (F, k, p)-realization of A(D).



THE PERMANENCE OF R-BOUNDEDNESS UNDER INTERPOLATION 27

Corollary 5.13. Let p,q € (1,00) and let F be an Li-compatible
interpolation functor of type h. If A(D) is parameter-elliptic in g
(0 € (0,m)) with constant Cp > 0, then the (F,k,p)-realization of
A(D) is R-sectorial with or(Arkp) > 0, provided that

WHP(R™, CY) =y F({LP(R",C"), W*P(R",CY)}).
Proof. For simplicity we set

X = LP(R™,CY), D(Ap) == W™P(R",CV),

X = W"P(R",C"Y), D(A) == WF™P(R", CV).
According to Remark [5.4] the spaces X, and X; are of class HT.
Setting Ay := A, and A; := Aj,, Proposition yields the R-
sectoriality of Ay and A; with min;—o; ¢r(A4;) > 6. Hence we obtain
the R-sectoriality of the (F,k,p)-realization by Theorem B23] Note
that we use graph norms on D(A;) in Theorem 323l On the other
hand, we have the equivalence of the graph norms and the Sobolev
norms by the fact that Ay € L(W™P(R",CV), LP(R",C")) and A, €
L(Wktmp(Rr CN), WhP(R", CV)). Theorem also yields the rela-
tion pr(Ark,) > 6. 0

Remark 5.14. In particular, Corollary[5.13 holds for the real and the
complex interpolation method. This follows directly from Remark[3.23.

Corollary 5.15. The result of Proposition[5.12 and Corollary (213 is

also true for a 0 > 7, if we regard parabolic model problems. This

follows immediately from Remark[29.

Example 5.16. Let X, € {B; (R"), H*?(R")}. For all s € (0, 00),
1 < p,q < oo the Laplace operator A : D(A) C X, — X, with
D(A) := X449 is R-sectorial on X, and we have pr(A) = 7.

5.2.2. Perturbation results. To handle the case of slightly varying co-
efficients we provide suitable perturbation results for R-sectorial oper-
ators. The following notation as well as Theorem [(£.20] are taken from

[15].
Definition 5.17. Let A: D(A) C X — X be an operator on a Banach
space X. For 1 < p < oo we define

Or(A) ==
{6 €(0,7m): 29 Cp(A) AR,({AN— A)™' C L(X): XA € Ty}) < 00}

It is obvious that A is R-sectorial with or(A) = sup Og(A) provided
that O (A) # 0. For 6 € Ox(A) we define

Ny(A) = sup{ A — 4)loexy A € S},
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Fopl(A) = Ry(INA = )71 1 X € ),

Nol(4) 1= sup{ll A — A) o : A € S},
Rop(A) = R,({AN— A)71: X e Bg}).

Of course (0, pr(A)) C Or(A), but pr(A) € Or(A) in general.

Remark 5.18. It can be easily seen that Rg,(A) < 1+ Ry,(A),
ngp(A) S 1+ R@jp(A), N@(A) S R97p<A) and Ng(A) S RgVP(A).

The next lemma is an obvious consequence of the definition of R-
sectoriality.

Lemma 5.19. Let A : D(A) C X — X be an R-sectorial operator
and 0 € Or(A), p > 0 be arbitrary. Then we have Egjp(A —p) <
Ch + CyRy,(A) and therefore the R-sectoriality of A — u : D(A) C
X — X with constants Cy, Cy > 0 only depending on 0. Furthermore,
0 €Or(A—pu) and pr(A—p) > 0.

Theorem 5.20. Let X be a Banach space, A : D(A) C X — X be
an R-sectorial operator, and suppose that § € Or(A). Assume that
B:D(B) C X — X is an operator satisfying D(A) C D(B) and

[Bzllx < allAz|[x +bljzllx  (z € D(A))

- - 1
for some a,b > 0 such that a < <N9(A)(C'(§ + CgR&p(A))) (Cy, Cy

from Lemmal213). Then there is a constant
bN@(Ak,p)(C(; + CGE@,p(Ak,p»
1= aNo(Arp)(Ch + CoRo p(Akp))

such that for all > C(a,b,0,A) the operator A+ B — u : D(A) C
X — X is R-sectorial with § € Og(A+B—p) and pr(A+B—pu) > 6.
Moreover, for all X € ¥y the resolvent is represented through

(12) (A= (A= p+B) " =t p— A (1= B+ p— A))!
and we have

11 =BA+p—=A4)")

- (1 ~ [af\?a(A) + b%NQ(A)} Ry (A~ M))l

Cla,b,0,A) ==

Lemma 5.21. Let k € N (k # 0) and A(D) = 2, _,, aaD" be

parameter-elliptic in Xy with constant Cp > 0 and constant coefficients
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ao € CN*N such that > loj=m l@allexxy < M. Then there ezists a
constant C = C'(k,m,n,p, N,M,Cp) > 0 such that

HDafHsz—l,p(Rn’(CN)
1 1
< CW " ||Ak‘,pf||W’“’P(R",(CN) + C|)\|1 " ||f||W’9vP(IR”,<CN)
for all f € WFmP(R™ CN), |a| =m, and X € 3y \ {0}.

Proof. Let f € WFme(R™, CN), |a] = m, and A € $y\{0} be arbitrary.
Choose any 3 € N§ with || =m —1and §; < a; foralli =1,...,n.
Proposition yields A € p(Ay,,) and therefore

Do f = A pes [AL;'B' DA — At (= A ) f
According to Proposition (71) there exists a constant C' > 0 only
depending on p,n,m, N, M,k and Cp such that maxg—,,_; Rp(TBk’) <
C'. In view of |f| = m — 1 and the triangle inequality we then deduce

1D fllwr-10 (e ey
181=m
< O (AL lTwrr@n ony + ([ Ak p f lwee e cvy)-

g

We are now in position to handle perturbations of the principal part
of a parameter-elliptic differential operator with constant coefficients.
Notation: In the following context the constants k,m,n,p, N are
always fixed. So, we do not mention the dependence of them explicitly.

Proposition 5.22. Let M,Cp,7 > 0, k € Ny, 1 < p < o0, and
0 € (0,m). There exist constants e(M,Cp,0) > 0, K(M,Cp,0) > 0,
and p(M,Cp,7,0) > 0 such that for all A(D) := 3, _,, aaD* and
S(@, D) := 3 0= Salx) D™ with
(i) A(D) parameter-elliptic in $q with constant Cp and a, € CN*N
such that 37—, llaallcvxn < M,
(i) 8o € WFe(R™, CN*N) satisfying > laj=m I8alle <€
and in the case of k # 0 additionally that

max |1D7salloo <7
0<|y|<k,|a|=m

we have that
Ry p(Arp + Skp — 1) < K.

Thus the W*P_realization App + Skp — 1t s R-sectorial and we have
0 € Or(Akp+ Skp— ), i.e., in particular that or(Apk+ Spr— ) > 6.
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Furthermore, for all X\ € Xq there exists a constant Cy(M,Cp, ) > 0
such that

(13) ||()\ — (Ak,p — U + Sk,p))_l||L(W’“’P(R",(CN),Wk+m*p(RN,(CN)) S C)\-
Proof. We define m(€) := £%a(£)~" with |a| = m. Due to the homo-
geneity of m,, this symbol is a Fourier multiplier. Note that

(14) T, A(D)g =Ty, F 'aFg=F ¢ Fg= D".

Thanks to T}, € Tao Lemma G111 () yields

(15) max || T, || o @n,cvy <1

|a|=m

for a constant n(M,C,) > 0 that does not depend explicitly on the
coefficients a,.

According to Proposition b.12 we have the R-sectoriality of Ay, with
0 € Or(Ay,p) and a constant (M, Cp) > 0 with

NG(Ak,p)a NG(Ak,p)a ]?5977,(141”)), Rﬁ,p(Ak,p) < ’C/Q-
In the following we aim for an application of Theorem Thus we
have to show that
(16) | Skpf lwrr@rcny < all Appf lwer@ecny + Ol f [lwrr e cny
for
a:=a(M,Cp,0) = (K(Cj+ CoK))™!
< (No(Arp)(Ch + CoRop(Arp)) ™"

and a b(M,Cp,7) > 0.

Step 1: Proof of estimate (1G]).

Here we will only give the proof for the case k > 1, since the case k = 0
is given in [15]:

Let g € WFP(R™ CV) with |a| = m. Then we have thanks to assump-
tion (i) that

Isagllwesnon) < c{z||sa||oo||Dﬂg||Lp<Rn,cN)
|B]1<k

(17) 1 30 D LIS N A7 e
[BI<k~<pB
< Clisallsllgllwres e eny + C(T)lgllwe-10@n cn).-
Summing up, we obtain for f € W*+mr(R? CV) that
1Sk.pf llwrr@n oy < C‘gllgﬁllsalloo Z 1D fllwrp@n cny

laf=m
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+C(7) Z D fllwe—1p@n ony-
la]=m

Now we have to find estimates for the expressions || D f|lyx—1®n cn)
and || D f|lw#.pmn cvy. By applying ([4) and (&) we can conclude

(18) 1D fllwro@ncvy < nll Ak fllwen e ey
For [ D®f|lwr-1s@ncyy we have by Lemma B2T] for A\g > 0 and a
constant C(M,Cp) > 0 that
1
(19) [ID* fllwr-ro@ecryy < C(M,Cp)Ag " [|Appfllwrs@ncn)
+ C(M, Cp, M) || fllwrr@n cny-

This results in
| Skp f lwer®n,cny

1

(20) < |Cn) max [salloo + C(M, Cp, 7, )N ™ | [[Akpfllwres@n o)
—+ C(M, CP, T, )\0) . ”fHWk»P(R”,(CN)'

Step 2: Application of Theorem

We set (M, Cp,0) := %C‘(ln) > 0 and fix A\g > 0 such that
1

C(M,Cp,T)\y ™ < 5@

with a as be given before. Since the choice of Ay only depends on the
variables M, Cp, T and 6 we obtain that b := C(M,Cp, T, \g) does not
depend explicitly on the coefficients aq and sq. Since 37, _, [[Sallc <€
we obtain
1Sk lwro@ncvy < al| Axpfllwrsgn ey + bl f lwrs@n cv)-

By the fact that K/2 > Ny(Ar,), K > No(Ar,), Ro(Ar,) and since

bIC(C) + CyK)
1—a(Ch+ CyK)

BNy (Arp)(Cy+ CoRop(Ar,p))
1 — aNy(Akp)(Ch + CoRyp(App))

we obtain the R-sectoriality of Ay p,+ Sk, —p with 0 € Or(Ay,+ Sk, —
w). Observe that we have u = 2bK(C) + CyK). Moreover, Theorem
yields the estimate

/’L(Mu OP: T, 9) =

Y

Ry (Ak,p - N)

Rop(App + Skp— 1) < - -
e ’ 1 — [aNp(Akp) + by No(Arp)] Rop(Arp — 1)
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RG,p<Ak,p - M)
1~ Sla+b1](Cy + Cok)
< 414 C)+ CyK) = K(M,Cp,0),

where we used that ﬁ@};,(ékhp — 1) < Ch 4 CyRop(Ary) < Ch+ CoK

and Rop(App — 1) <1+ Rop(Ary — 1)
The proof of ([I3) with A € 3y follows directly from

(1 = Skp(A+p— Ak,p)_l)_lHL(W’“P(R",CN))
~ 1 - -1
< (1 - {GNH(Ak,p) + b;NG(Ak,p)} RG,p(Ak,p - M)) <4

and the representation of the resolvent in (I2) and Proposition .12
(111). 0

5.2.3. Some helpful facts on diagonal-operators. To prove our main the-
orem for parabolic systems we next establish some facts on diagonal op-
erators. Diagonal operators appear in a natural way during the process
of localization. The proof of the following results is rather elementary
and therefore omitted.

Lemma 5.23. Let (1))en be a sequence of operators on a Banach
space X with D(T}) :=Y for another Banach space Y — X. If there
additionally hold the conditions

(i) T; € L(Y, X) for alll € N,

(i) supien 171l 2(v,x) < o0,
then the diagonal-operator

A:DA) X=X, (w)ien = (Tiw)ien

with X := P(N, X)) and D(A) :=Y = (P(N,Y) is well-defined and we
have A € L(Y,X).

If the T;’s are densely defined, then A is densely defined as well and
we have

p(A) = {)\ e()p(T):3Cy>0: SlngH()\ —T) Mlzxy) < CA} :
€

=1

Furthermore, we obtain for all X € p(A) and (w;)eny € X the represen-
tation

(A= A) " Hw)ien = (A= T1) 'ug)ien.

Lemma 5.24. Assume that (1}); is a sequence satisfying the conditions
of Lemma[2.23. Then the diagonal-operator A is R-sectorial with 6 €
Or(A), if there exists a 0 € (0,7) such that we have:
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(i) T; is R-sectorial with 6 € Ox(T;) for all | € N.
(ii) There is a 1 < p < oo such that there ezists a K, > 0 with
supjey R, (11) < K.
(iii) For all A € Xy there exists a C\ > 0 with

sup (A — 7)) < Cn.
leN

In particular, we have pr(A) > 0 and Ry ,(A) < K, in this case.

Proof. Thanks to Lemma and condition (77i), we have ¥y C p(A)
and

(A= A)Hwher = (A= T1) "w)ier
for all (u;)ier € X and A € .
[t remains to prove the R-boundedness of {\(A—A)~: X\ € 3}. Let

M e N, (Ak)kzl,...,M C 29, and let ($k)k:1,...,M C X with T =: (ul(k))leN.
Then we obtain

M
Z Tk/\k(/\k — A)_lxk
k=1 LP([0,1],X)
S 1| M P 1/p
_ <2/ >N — T) dt)
1eN 70 | k=1 X
S oM P 1/p M
< (Z Kg/ Zrk(t)ugk) dt) =K, Zrkxk
leN 0 |l k=1 X k=1 Lr([0,1],X)
This implies R,({\(A — A)™': X € 3y}) < K, and pr(A) > 6. O

5.2.4. Main result on parabolic systems of differential equations. First
we make a preliminary remark on the approach we use in this section:
our first aim is to prove R-sectoriality of the W*P-realization of a
parabolic system. To this end, we essentially follow the approach given
in [I5 Chapter 6. However, since we deal with Sobolev spaces of
arbitrary order we need differentiability of the localized coefficients,
which is not required for the localization in LP as performed in [I5]
Chapter 6]. Therefore, we have to slightly modify the method used in
[15, Chapter 6] by introducing a smoother localization that assures the
well-definedness of the localized operators on the Sobolev space WP,

Our second aim is the transference of R-sectoriality to the realization
of a parabolic system on certain interpolation spaces. This, in turn,
is then obtained as an easy consequence of Theorem As a well-
known fact we first have
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Lemma 5.25. For allr > 0 there ezists a p € Cg°(R™) with0 < ¢ <1,
suppy C (—r,7)" and

ngf(x) =1 for all z € R".

ler
Here we set I' :==rZ" and ¢, :== ¢(. — 1) for alll € I". Additionally, we
have suppp; C 1+ [—3r, 2r]™.
Definition and Lemma 5.26. Let

X = (T, Wr(R" CY))

forl <p<oo, NeN, and k € Ny with I' = rZ, r > 0. Let the
sequence (@y)er be as given in Lemmal2.23 and define the ’localization-
operator’

J: PR, CY) = Xo, [~ (@uf)ier
and the ’patching-together-operator’

P:Xo— LP(R™,CY),  (fi)ier — <x = apl(x)fl(x)> .

leT
For k € Ny we have

J\W’W’(R",(CN) S L(ka(Rn? CN)7 Xk)a P|Xk < L(Xku Wk’l)(Rnu CN))?
G/ﬂd PJ = ide(Rn’((:N).
Proof. Follows easily by the smoothness of ¢. O

Next we recall an interpolation inequality for CV-valued functions.
The scalar case is proved in [I, Theorem 5.2|, for instance. The C¥-
valued case follows directly from the scalar case. We will apply this
inequality later to verify the conditions of the perturbation result.

Lemma 5.27. For every m € Ny and each €y > 0 there exists a con-
stant K(p,n, k, N,e9) > 0 such that for all € € (0,&0] and j € Ny with
0<j<kandue WkP(R", CN) we have

lullwsr@ecny < K(ellullwrs@ncony + €/ lul po@n ony).

Theorem 5.28. Let 1 < p < oo, k € Ny, and the differential operator
Az, D) := 3, 1<m @alx) D™ be given. Furthermore, assume that the
coefficients satisfy the following reqularities:

a, € BUC(R™, CMNMyn CF(R™, CNN) for |a] = m,
o € WHPe(R™ CN*N) for |a] <m
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(see [@) for the definition of ps ). If A(x, D) is parabolic with constant
Cp > 0, then there exists av > 0 such that the W"P-realization Ay, ,—v
is R-sectorial with (A, —v) > 7.

Proof. 1. Localization (“Freezing the coefficients”):

First, Remark yields a ¢ € (3, 7) such that we even have the pa-
rameter-ellipticity of A(x, D) in 3y, For M := > lal=m laalle let € =
e(M,Cp,0), K = K(M,Cp,0) > 0 be the constants as given in the
statement of Proposition By the uniform continuity of all a,
with |a| = m there exists a 0 > 0 such that

D llaa(@) = aa®)llevxy <& (z,y €R", |z —y| <J).

laj=m

Next, we choose r > 0 such that diam (—r,r)" < §. For this r we
choose a ¢ € C§P(R") as in Lemma Furthermore, we choose
X € Ci°(R™) satisfying y(z) = 1 for ||z| == > o] < £, x(2) =0
for ||z]|; > 1, and 0 < x(x) <1 for all x € R™.

Then we define for [ € I' :== rZ the localized differential operator

Az, D) = Z ' (z)D*
jal=m

with coeflicients

ol (2) = an (z +x (33 - l) (z 1))

() e =1 < §r
=9 %l(l) M=t =7,
a,(Z) for some T € Q); , otherwise

for || = m,l € T, and @Q; := | + (—r,r)". Next, we analyze the
structure of these coefficients. For @, : z +— [+ y () (z — ) € Q; we
have ®; € C;°(R™,R) and there exists a constant C,(r) > 0 such that
foralll e I', v € Nj with 1 < |y| < k we have || D7®,||» < C. Thanks
to a, € CF(R™,C™") (Ja|] = m) the classical chain rule applies and
we obtain that a!, € CF(R", CV*N). Moreover, there exists a constant
7 > 0 only depending on x, 7, and maxo<, < || D7 @ql|s such that

laf=m

max ||D7d || <7 foralll €T, |a] =m.
0<|y|<k

As before, let A  be the W"P-realization of A'. Due to Lemma (.23
we can form the diagonal-operator

App: D(Ary) C Xy = Xpy  (whier = (A} w)ier
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with D(Ak’p) = ch—f—m-
2. R-sectoriality of A, — u:
For the formal differential operator A'(z, D) we have the decomposition

Az, D)= > [d(z) — aa()] D"+ Y au()D".
|oe|=m |o|=m.

J/ J/

g

—.A'(z,D) —A7(D)

Note that the second part A”(D) is parameter-elliptic in X, with the
same constant Cp. For all [ € I', we have

D llaa@llever <M, Y flag () = aalD)lleo <,

|a|=m |a|=m
max ||D7(al,(-) — aa(]))|leo <7 for k #0.
s

Applying Proposition 522 yields a constant u(M,Cp,7,60) > 0 inde-
pendent of [ € I' such that A} + A} —p = Aﬁw — i is R-sectorial with
0 € Or(A},—n) and Ry, (A}, —p) < K. Since K according to Propo-
sition 5.22 only depends on C'p, M, and ¢ and since these constants are
uniformly in ¢, we obtain

Rop(AL, - ) <K (£eT).
Additionally, Proposition yields

SluIP H ()\ + ILL - A§€7p>71HL(Wk,p(Rn’cN)’Wk#»nL,p(Rn’(CN)) S C)\,
S

where the constant C'y only depends on A\, M, C'p und p. Thus, Lemma
L.24l implies the R-sectoriality of A, — p with

0 e @R(Ak,p — ,u) and R97P(Ak7p — u) < K.
3. Determination of JA;, — A;,J and A ,P — PA; ,:

In essentially the same way as in [15], we obtain

(21> (JAk,p—Ak,pJ)u = Bk,pju,

(22) (Ak,pP_PAk’,p)(Ul)leF = PDk,p(ul)leFa

where we set D(Bg,) = Xirm-1, D(Dk,) = Xipm—1, Alow(z, D) :=

A(x, D) — Aop(z, D), and where the operators By, and Dy, are defined
as

Bk,p : D(Ek,p) C Xk — Xk,
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(wier = | Aow(@, D)+ > (p1A(z, D) = Az, D)) (pjuy) |

jer:
QN ler
]D)k,p : D(]D)k’p) C Xk — Xk,
(w)ier = | Awow(@, D)ur+ Y @i(Alx, D)g; — @;A(x, D))u;
jel™:
QJ?QGQ#@ ler

Observe that in By, and Dy, there appear only derivatives of order
less or equal to m — 1.

4. Perturbation of A;, — u:
Our aim is to apply Theorem [B.20 to the operator A(“) =Ay, —

combined with the perturbation B, and to A,(f“ , combined with Dy .

-1
At first we have 1 € p (A,&“;) and <1 — A,&’g) € L(Xy, Xppm) due to
Lemma [5.231 Next we set g9 := 1 and choose 0 < & < 1 such that

—1
(W)
' (1-40)
L(Xp Xpqm)

< (% (a) (e (42)))

with Mpp := max{|Bpl L,y 15005 Dkl L1 41 300 } AR With K>
0 from Lemma[B27 For (u));er € Xgym-—1, LemmaB27 and the bound-
edness of By, and Dy, yield

||Bk,p(ul)ler||xk}

Dk (u)er ||,

a = EIK:M]B’]D)'

o' ||(w)ier|x,..., + V'l (w)ier l|x,

< a/||(ul)ler||Xk+m + bl”(ul)lGFHXk

for o' == 'KMpp and bV := KMpp - (¢ ’)7(k+m71). By virtue of

—1
lwerl,, < H — A%)

L(Xp,Xpgm)

" u<uz>z€ruxk)

’ (HA%(UZ)EF
Xk
we conclude

||Bk,p(ul)l€F||Xk} <a H(

Dk p (u)ier ||,
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G (1 - A,‘jﬁ) [ w)ierlxy.-
L(X,Xkgm)

Hence, from Theorem B.20] we infer that there exists an n > 0 such

that A,(C’f; + By, — n and A,(C’Z + Dy, — n are R-sectorial with 6 €

Or (A +Bry = 1) N Ox (AL + Dy, — 1),
5. Determination of the resolvent (A, — (u+7)) '

Let A € ¥y and v := p+n > 0; Due to ([2I) and [22)) we obtain a left
inverse of A — (A, — v)) in form of

-1

—1
(23) P </\ - <A182 + Bkm)) Siwso@n,cv)
and a right inverse given as

-1
(24) P(An— (A1 +Diy))  Jwssen vy,

Hence (23) and (24) coincide and we have A € p(Ay, — ). The R-

boundedness follows directly from
—1
MO = (A —v)) = P [A ()\ - (A,ﬁf‘; 4Dy, — 'rz)) } J (e

and the fact that Py, € L(Xy, WFP(R",CY)) and Jyyro@ncy)y €
L(Wk»P(R",CV),X}). Consequently,

Ryy (A = v) < C(P, ) Ryp (L) +Diy =),

k.p
which implies Ay, — v to be R-sectorial with R-angle pr(Ag, —v) >
0> 7. O

With the help of Theorem [B.23] the above result generalizes to para-
bolic systems realized on interpolation spaces.

Theorem 5.29. Let k € Ny and A(z, D) = >, ., aa()D* be a
formal differential operator, where we assume the coefficients to have
the following regqularities:

a, € BUC(R™, CV*NMYy 0 CF(R™, CY*N) for |a| = m
o € WHP=(R™ CN*NY for |a] < m.

Let 1 < p,q < oo and F be an Li-compatible interpolation functor of
type h such that

WEP(R™, CY) —q F{LP(R",CY), WHP(R",CY)}),
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and let Ar ., be the (F, k,p)-realization of A(x, D) as defined in (@).
If A(z, D) is parabolic, then there exists v > 0 such that Az, — v is
R-sectorial with or(Arpy, —v) > 5.

Proof. By the assumed regularity of the coefficients the LP- and W»-
realizations A, and Aj, are well-defined. Theorem yields the
R-sectoriality of Ay := A, — v and A; := Ay, — v for a v > 0 with
or(Ap —v) > 5 and pr(Ar, —v) > 5. We set

Xo := LP(R*,C"), D(Ap) :== W™P(R",C"),
X = WHP(R™,CY), D(A;) := WF™P(R”, CN).

By the same arguments as in Corollary b.13] we obtain in combination
with Theorem [B.23] the R-sectoriality of the operator

A]—',k,p —V: D(A]:’k’p) — ]:({Lp(Rn, (CN), Wk,paRn’ (CN)}),
D(Azpp) = FUWE(R", CY), WEmP (R, CY)}),
(A]-',k,p — I/)f = (A(.Z', D) — V)f, f € D(A]-',k,p)-

Moreover, Theorem B23 yields or(Ar i, —v) > 5, hence the assertion
is proved. O

Corollary 5.30. The parabolic system described in Theorem [5.29 has
mazimal LP-reqularity on the space F({LP(R",CN), Wkr(R" CN)}).

Proof. The characterization of maximal LP-regularity by R-sectoriality
with R-angle bigger then 7/2 yields the assertion. This characteriza-
tion can be found in [21], [15], or [6]. O

Corollary 5.31. Assume the situation of Theorem [5.29 to be given.
Then the Besov- and Bessel-potential-space realizations ASB,M and A?;fp
as defined in Remark [13 are R-sectorial on the spaces By (R",CN)
and H*P(R",CN) with pr(AS,, —v) > 5 and pr(A¥Y, , —v) > I,
respectively.

Proof. This follows directly from Theorem £.29] and Remark B.251 [
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