SINGULAR LIMITS FOR THE TWO-PHASE STEFAN PROBLEM
JAN PRUSS, JURGEN SAAL, AND GIERI SIMONETT

ABSTRACT. We prove strong convergence to singular limits for a linearized
fully inhomogeneous Stefan problem subject to surface tension and kinetic
undercooling effects. Different combinations of ¢ — o¢ and 6 — §p, where
0,00 > 0 and 0,99 > 0 denote surface tension and kinetic undercooling coef-
ficients respectively, altogether lead to five different types of singular limits.
Their strong convergence is based on uniform maximal regularity estimates.

Dedicated to Jerry Goldstein on the occasion of his 70th anniversary

1. INTRODUCTION

The aim of this note is to consider the fully inhomogeneous system

(O, —cAw = f inJ xR

wE —aAp+00p = g onJxR
Op+ [cOy(v—app)] = h onJxR", (1.1)
v(0) = v in R™L
p(0) = po inR",

which represents a linear model problem for the two-phase Stefan problem subject
to surface tension and kinetic undercooling effects. Here

o(t, @,y) = {

denotes the temperature in the two bulk phases RY™ = {(z,y); = € R*, £y > 0},
and we have set R"+1 = Rﬁ“ UR™" and J = (0,T). The function p appearing in
the boundary conditions describes the free interface, which is assumed to be given
as the graph of p. We also admit the possibility of two different (but constant)
diffusion coefficients c4 in the two bulk phases. The parameters o and § are related
to surface tension and kinetic undercooling. The function pg is an extension of p
chosen suitably for our purposes. Here it is always determined through

U+(t’ Jj’ y)7 y > 07

Uﬁ(tvxay% y<07 velk 7y€R\{O}’tEJ,

(0 —cA)pp = 0 in J x R,
W = P ) on J x R", (1.2)
pE(O) = €_|y|(1_A:n)§pO in RTL—O—l.

Using this notation, let [cd, (v — pg)] denote the jump of the normal derivatives
across R™, that is,

[cdy(v = pE)] = cx70y(vF — pp) — c-70y(v™ — pp),
1
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where v denotes the trace operator. The coefficient a is supposed to be a function
of § and o, that is, ax : [0,00)?2 = R, [(§,0) = ax(d,0)]. It is further assumed to
satisfy the conditions

ax € C([0,00)% R), a+(0,0) > 0. (1.3)

Recall from [10] that the introduction of the additional term ’apg’ with ay > 0
in the situation of the classical Stefan problem is motivated by the following two
facts: for suitably chosen a (depending on the trace of the initial value and dypg)
it can be guaranteed that a certain nonlinear term remains small for small times.
On the other hand, the additional term ’app’ is exactly the device that renders
sufficient regularity for the linearized problem. Note that, concerning regularity,
this additional term is not required if surface tension or kinetic undercooling is
present. However, in order to obtain convergence in best possible regularity classes
for the limit 0,0 — 0, we keep the term ’apg’ in all appearing systems. Since
the data may (in general even must; see Remark 1.3) depend on o and § as well,
a is a function of these two parameters. The natural and necessary convergence
assumption (1.10) then implies that we can assume that ay € C([0,00)2,R). This
continuity will be important in deriving maximal regularity estimates for related
boundary operators; see the proof of Proposition 2.6.

The results of this paper on system (1.1) represent an essential step in the treat-
ment of singular limits for the nonlinear Stefan problem on general geometries.
This will be the topic of a forthcoming paper.

To formulate our main results, let W;(R"), s > 0, p € (1,00), denote the
Sobolev-Slobodeckij spaces, cf. [15] (see also Section 2). Depending on the presence
of surface tension and/or kinetic undercooling we obtain different regularity classes
for p, the function describing the evolution of the free interface. To formulate this
in a precise way we define for J = (0,T) and §,0 > 0,

B3.(5,0) = {p €E3(0,0) : 3lollsg oy +ollpllzz oy <00}, (14)
equipped with the norm

I llez.5,0) == I lz2.0,0) + 81l - llz2.(1,0) + @l - [[E2.(0,1)> (1.5)
and where

EF(0,0) := W/27V2P(J, Ly(R™)) N W, (J, Wy ~P(R™)) N Ly (J, Wy~ H/P(R™)),

E7.(1,0) := W2~V (J, L,(R")) N W, (J, W2~ /P(R")),

E7(0,1) := W27 V2(J, Ly (R™) N W~ 2 (L WH(R™)) N L (J, Wy~ VP (R™)),
equipped with their canonical norms. For the different values of § and o (i.e.,
d=0c=0,ord>0and 0 =0,0r § =0 and o > 0, or § and o > 0) we obtain four
different regularity classes for p. This leads to the following five types of singular
limits for problem (1.1):

(1) (6,0) = (0,0), 6,0>0,
(2) (6,0) = (09,0), for dg > 0 fixed,
(3) (6,0) = (0,00), for op > 0 fixed,
(4) (6,0) = (0,0),
(5) (0,0) = (0,0).
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Our main result, Theorem 1.2, covers convergence results for all these limits.
In the sequel

1, t>0,
sg(t) == 0, t=0,
-1, t<0,

will denote the sign function. Our first main result is on maximal regularity. Here
we refer to Section 2 for the definition of the space of data Fr(d, ). The essential
difference to corresponding results in previous publications is the uniformness of
the estimates with respect to the parameters ¢ and o.

Theorem 1.1. Let 3 < p < oo, R,T > 0, 0 < §,0 < R, and suppose that
a = a(0,0) is a function satisfying the conditions in (1.3). There exists a unique
solution

(’U,p7 PE) = (U(&a)’p(&o)’p(E&’a)) € ]ET<570)
for (1.1)~(1.2) if and only if the data satisfy

(f+9,h,v0, po) € Fr(6,0), (1.6)
0§ = 0 hap + 8 (h(0) = [99y (vg — e MI=2" p)]) = g(0),  (17)
and, if 6 =0, also that
o(h(0) — [ey8yvo]) € W25/2(R™). (1.8)
Furthermore, the solution satisfies the estimate

1w, p; pE)Er(5.0) < C (II(f’gvh, v0, £0)|[£1(0,0) + (0 + )| pollyya-3/ ey
+ 0 [11(0) = [, 0]l 2070y ) (1.9)
where the constant C > 0 is independent of (5,0) € [0, R]*.
Our main result on convergence of singular limits is

Theorem 1.2. Let 3 < p < oo, RT >0,0<§ <6< R,0<o09 <0 <R,
and a = a(d,0) be a function satisfying the conditions in (1.3). Set p = (0,0),
o := (60,00), and Iy := [do, R] X [00, R]. Suppose that

((fﬂ7gﬂ7 h#a Ug) pG))HEIO - FT(M)
and that the compatibility conditions (1.7) and (1.8) in Theorem 1.1 are satisfied
for each p € Iy. Furthermore, denote by (v, p*, p's) the solution of (1.1)=(1.2)
given in Theorem 1.1 that corresponds to the parameter p = (6,0) € Iy. Under the
convergence assumptions that

(F, g% B ol o) = (£70, "0, h#0 ol o) in Fr(uo),  (1.10)
and, if 6o = 0, that
o (h*(0) — [eydyvf]) — o0 (R(0)*0 — [eydyvf°])  in Wg_ﬁ/”(R") (1.11)
and, if 6o = 09 =0 and § > 0, also that
(G+0)phy =0 in Wi 3P(R") (1.12)
on the data, we obtain strong convergence of the solution, i.e., we have that
(W, o, pl) = (010, 0 ) in Er(po). (1.13)
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Remark 1.3. (a) Note that for § > 0 condition (1.8) follows automatically from
condition (1.7).

(b) Conditions (1.10) and (1.12) for the last component are obviously satisfied for
a fixed initial interface in W;_?’/p(R”), Le., if we assume ph = pgy € W;,l_?’/p(R”)
for all p € Iy. But observe that, due to condition (1.7), it is not possible to fix vg

as well.

(¢) In analogy to (a) note that for dg > 0 assumption (1.11) follows automatically
from (1.7) and (1.10). Also observe that in the case 6 = dp = 09 = 0 condition
(1.12) follows automatically from conditions (1.7) and (1.10).

(d) In the case dp = o9 = 0 conditions (1.11) and (1.12) express that ||p| and
|h(0)* — [yOyvE]| might blow up in W;,l_?’/p(R”) and W§_6/p(R") respectively, but
slower than ¢ and J tend to zero. This seems to be natural in view of the fact that
we do not have ,0,(30’0) =p00), € W;)L*B/p(R”) and

h(0)F0 — [ey8,v"] = 8,00,y € W2O/P(R™)

from the regularity of solutions in the situation of the classical Stefan problem.

The Stefan problem is a model for phase transitions in liquid-solid systems that
has attracted considerable attention over the last decades. We refer to the recent
publications [5, 10, 11, 12, 13] by the authors, and the references contained therein,
for more background information on the Stefan problem.

Previous results concerning singular limits for the Stefan problem with surface
tension and kinetic undercooling are contained in [1, 16]. Our work extends these
results in several directions: we obtain sharp regularity results (for the linear model
problems), we can handle all the possible combinations of singular limits, and we
obtain convergence in the best possible regularity classes.

Our approach relies on the powerful theory of maximal L,-regularity, H°°-
functional calculus, and R-boundedness, see for instance [2, 8] for a systematic
introduction.

2. MAXIMAL REGULARITY

First let us introduce suitable function spaces. Let 2 C R™ be open and X be
an arbitrary Banach space. By L,(€;X) and Hj(€;X), for 1 < p < oo and
s € R, we denote the X-valued Lebegue and the Bessel potential space of order s,
respectively. We will also frequently make use of the fractional Sobolev-Slobodeckij
spaces W, (€; X), 1 <p < oo, s € R\ Z, with norm

/p
10°g(x) — 0°9(y) % '
lgllw @:x) = gl g x) + > </Q 0 Jo— gD dzdy |, (2.1)

| =[s]

where [s] denotes the largest integer smaller than s. Let T € (0, 00] and J = (0, 7).
We set

{u e W;(J,X):u(0) = (0) =...=u®(0) =0},
s = 1 1
oWy (, X) =4 if b+, <s<k+1+, ke NU{0},
s : 1
Wy (J,X), if s<.
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The spaces o H,(J, X ) are defined analogously. Here we remind that H;f = WZ’f for
k€ Zand 1 <p < oo, and that W = B, for s € R\ Z. We refer to [14, 15] for
more information.

Before turning to the proofs of our main results, we add the following remarks
on the linear two-phase Stefan problem (1.1) and the particularly chosen extension
pr determined by equation (1.2).

Remarks 2.1. (a) (1.1)—(1.2) constitutes a coupled system of equations, with the
functions (v, p, pg) to be determined. We will in the sequel often just refer to a
solution (v, p) of (1.1) with the understanding that the function pg also has to be
determined.

(b) Suppose p € Wy Y/ (J, L,(R™)) N L,(J, W2~ /P(R™)) and po € W2 */P(R")
is given such that p(0) = pg. Then the diffusion equation (1.2) admits a unique
solution

pp € Wi(J, LP(R™™)) N Ly(J, W2(R™)).
This follows, for instance, from [5, Proposition 5.1], thanks to

1 .
e*|y‘(1*Am)2p0 c W}?*Q/p(anLl).

(¢) The solution pg(t,-) of equation (1.2) provides an extension of p(t,-) to R™*1.
We should remark that there are many possibilities to define such an extension.
The chosen one is the most convenient for our purposes. We also remark that we
have great freedom for the extension of py.

Let T € (0,00] and set J = (0,T). By Fr we always mean the space of given
data (f, g, h,vo, po), i.e., Fp is given by

Fr = Fh x F2. x F3. x F} x F.(6,0),

where
F%‘ = Lp(J7Lp(Rn+1))7
Fio = Wy V(1 Ly(R™) N Ly(J, Wy~ VP (R™)),
Fj = W2 V2(J,LR™) N Ly(J, W~ /P(R™)
F; = W7 /PR
]F?p(é,a) — W5—2/p+sg(5+fr)(2—1/p)(Rn)_

Analogously, we denote by Er the space of the solution (v, p, pg). As was already
pointed out in the introduction, we have, depending on the values of § and o, four
different type of spaces. For this reason we set

Er(0,0) = B x B2(5,0) x B (6,0 > 0),
with . .

Ep = W, (J, LP(R™™)) N L, (J, W (R™),
and with E2.(8, ) as defined in (1.4) and equipped with the parameter dependent
norm given in (1.5). Note that then the norm in E¢ (4, o) is given by

10, p, pE)EL(5.0) = (Vs 25 PE) B (0,0) + OllPllEZ.(1,0) + O llollE2.0,1)
for (v, p, pr) € Er(d,0). For fixed §,0 > 0 by interpolation it can be shown that
E3.(6,0) = Wy~ /?P(J, Ly(R™)) N Ly, (J, Wy~ /P (R™))
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in the sense of isomorphisms. We remark that E2(d, o) is the correct regularity class
for the free surface if both, surface tension and kinetic undercooling are present.
The space E%(0,0) or E2(8,0) is the proper class if just surface tension or just
kinetic undercooling, respesctively, is present. Finally, E2(0,0) is the correct class
if both of them are missing, i.e., E2(0,0) is the regularity class in the situation of
the classical Stefan problem.

The corresponding spaces with zero time trace at the origin are denoted by (F.,
oL, oE2(6,0), and so on, that is,

oFF = oW, V2P (J, L, (R™) N Ly(J, W, /P(R™))  or
oEr = oW, (J, LP(R™1) N Ly (J, Wy (R™)),
for instance. Moreover, we set
oFr = Fr xoF7 x oFr,
oEr(0,0) = oEL x oEZ4(5,0) x oEf.

2.1. Zero time traces. We will first consider the special case that
(h(0>7 g(o)a Vo, PO) = (07 07 07 0)
This allows us to derive an explicit representation for the solution of (1.1)—(1.2).
Theorem 2.2. Letp € (3,00), T,R>0,0<6,0 <R, and set J = (0,T). Suppose
that
(f7 g, h) S OFT

and that the function a = a(0,0) satisfies the conditions in (1.3). Then there is a
unique solution

(U, P pE’) = (’Uﬂa P“» P%) € OET((S’ U)
of (1.1)—~(1.2) satisfying

1(v, s pE)lomr (8,00 < CI(S5 95 1)l oEr (2.2)
with C > 0 independent of the data, the parameters (§,0) € [0, R)?, and T € (0,Tp)
for fixed Ty > 0.

Proof. (i) In order to be able to apply the Laplace transform in ¢, we consider the
modified set of equations

(Or4+K—cAu = f in(0,00) x R*H
yut — oA+ 50 +k)n = g on (0,00) x R,
(O + K)n+ [evdy(u —ang)] = h on (0,00) x R", (2.3)
u(0) = 0 in R
n(0) = 0 inR",

and

0 in (0,00) x R™1
n on (0,00) x R™, (2.4)
0 in R

(Or + Kk —cA)ng
g
ne(0)
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for the unknown functions (u,n,ng) and for a fixed number £ > 1 to be chosen
later. We claim that system (2.3)—(2.4) admits for each (f,g,h) € (Fs a unique
solution

(u,1,18) € 0Foc(6,0)
satisfying inequality (2.2) in the corresponding norms for T = oc.
(ii) In the following, the symbol ~ denotes the Laplace transform w.r.t. ¢ combined

with the Fourier transform w.r.t. the tangential space variable x. Applying the two
transforms to equation (2.4) yields

0, yeR,

B0 = @, (2:3)

—
©
o

|

@)
<R
5)

H-&
&

|

where we set

wA €l y) = VA +r+c(y)lE]?
wi (X, [€]) = VA + K+ cxl€]?.

with ¢(y) = ¢4 for (£y) > 0. Equation (2.5) can readily be solved to the result

M5 (y) = e~ Ve, (2.6)
Next, applying the transforms to (2.3) we obtain
(2~ coDily) =
a®(0) + ol€]*) + 6(A + K)i)
(A + £)0 + [0y (@ — ang)(0)] =
By employing the fundamental solution
1

- 2w:|:, /C+

of the operator (w} — c+d7), we make for 4* the ansatz

S
|

W+

(), yEeR,
, (2.7)

|
FwQQ) ~,

ke (y, s) . e—wxly=sl/vex _ e—wi(y+8)/\/@)7 y,5 >0

at(y) = /0 ke (y,8) [T (s)ds — e“t¥/VF (ol + SN+ k)i — §),  y >0,

a(y) = ko (—y,8)f " (=s)ds — ¥V (0l¢PR+ S(A+ K)7 — §), v <O
0
(2.8)
A simple computation shows that
1 [ A w
9,0t (0) = — [ eV fH(s)ds + ——(c|€PA+ 0N+ K)H — § and
i (0) o ) (s) \/@( i (A+£))—3)
- _ _i > —w_s/\ T f—(_ W 2 N
0, (0) =~ [ e F ()5 = S=olePi+ 00+ )i — ).
Inserting this and the fact that 8y77]§i(0) =F \‘;ciif] in the third line of (2.7) yields
1 . o0 R o0 R
i <h */ eV (s)ds — / e IV (—s)ds
m 0 0

(2.9)
+ \/aw+§ + ng),
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with

m\ L) = Atk (0l€? + 80 + k) (Verwr (A [€]) + vemw- (X, [€])
+tapy/erwe (A [€]) +amyemw (A [E]) (2.10)

(iii) In order to show the claimed regularity for the Laplace Fourier inverse of the
representation (i, 7)) we first show regularity properties of the symbols involved. To
this end let us introduce the operators that correspond to the time derivative and
the Laplacian in tangential direction. Let r, s > 0 and

F.Ke{H W}
Then by KJ we either mean the space H, or the space W;. On the space
0F p(Ry, K5 (R™)) we define
Gu=0w, ue P(G)=F, " (R, K3(RY)), (2.11)

and

Dpu=—Au u€ D(Dy)=oF,(Ry, KT (R")),
that is, D,, denotes the canonical extension to oJ, (R, K;(R™)) of —A in IC5(R™).
Note that

G € RH™(oFL(Ry, K5(R™)))  with 5™ =1/2 (2.12)
and

Dy, € RH®(0F}(Ry, K5(R™)))  with ¢ =0, (2.13)

i.e. both, G and D,, admit an R-bounded H*°-calculus with RH>-angle g,oo =
/2 and ¢g’f° = 0, respectively. Recall that an operator A admits an R-bounded
H>-calculus with RH>°-angle gbﬁ’oc, if it admits a bounded H*°-calculus and if

R({1(A) : h € H=(Sy), [l < 1}) < o0

for each ¢ > gf)f{”oo, where R(T) denotes the R-bound of an operator family 7 C
L(X) for a Banach space X, see [2, 8] for additional information.

The inverse transform of the occuring symbols can formally be regarded as func-
tions of G and D,,. We first consider the symbol wy. The corresponding operator
is formally given by

Fi = (G+k+ceD,)V2 (2.14)
Lemma 2.3. Let 1 <p < oo and r,s > 0. Then we have that
Fy: D(Fy) = oF Ry, K5 (R™))
with
D(Fy) = oF 2Ry, K5 (R™)) N o Fp(Ry, KHH(R™)),

is closed and invertible, where we set F = H in case 2r € N.

Proof. The assertion follows from [9, Proposition 2.9 and Lemma 3.1]. |
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Next we show closedness and invertibility of the operator

L :=G+k+(0Dy+0(G+r)) (e Fy 4+ Jc—F_)+aq\/cyFr+a_\/c_F_, (2.15)

associated with the symbol m introduced in (2.10), in the space oF, (R, ;) (R™)).
We will prove invertibility of L and derive uniform estimates with respect to the
parameters (d,0) in various adapted norms. In view of (2.12), (2.13), and by the
Theorem of Kalton and Weis [7, Theorem 4.4] it essentially remains to show the
holomorphy and the boundedness of the symbols regarded as functions of A and
|€]2 on certain complex sectors.

In order to obtain these estimates, the following simple lemma will be useful.

Lemma 2.4. Let G C C" be a domain. Let f1, fo : G — C be functions such that
f1(z) #0 for z € G. Then the following statements are equivalent:

W -1 ¢ 2o,

(ii) There exists a co > 0 such that
111(2) + f2(2)] 2 co([1(2)| + | f2(2)]), 2 €.

Proof. We set

— 1)+ ()]
|f1(2)] + | f2(2)]
which is a well defined function. Observe that (ii) is equivalent to saying that

0 € g(G). By contradiction arguments it is not difficult to show that this relation
is equivalent to condition (i). O

g:G—=R, g(z) z €@,

Remark 2.5. The assumption fi(z) # 0 for z € G is just for technical reasons and
can be removed.

Now we prove closedness and invertibility of L.

Proposition 2.6. Let 1 < p < oo, 1,8 > 0, R > 0, (§,0) € [0,R])?, and F,K €
{H,W}. Suppose that a is a function satisfying condition (1.3). Then there is a
number k > 1 such that

@(L) — 0]:;+1+sg(5)/2(R+) ’C;(Rn)) n 0]_-;+1(R+, ’C;+Sg(6)(Rn))
N 0F 2 (R, K255 (R1) 0 0 Fp (B 250 )

and L : P(L) — oF, (R4, K5 (R™)) is invertible. Furthermore,

ol| Dy (G + 1)V2L o + 0| DY/2L7 o

+0ll(G + DL lo + 81D (G + DL o + L7 < €
with C > 0 independent of (8,0) € [0, R]?, where || - ||o denotes the norm in

Z (oF (R4, K5 (R™)))

and || - ||1 the norm in

Z (oF (R, K5 (R™)), 0F (R, K5 (R™)) N 0F (R, KHH(R™)))
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Proof. Let ¢y € (0,7/2) and ¢ € (0,99). By a compactness and homogeneity
argument it easily follows that

we (A, 2)]|

[VA+ K+ crz]
co (VIAT+ VA + exv/[4]) (2.16)

for all (A, z,k) € ¥r_ypy, X Xy X [1,00) and some ¢ > 0.

In the following we let ¢y € (7/3,7/2) and ¢ € (0,99 — 7/3). Note that by
condition (1.3) on a there exist 0*,0* > 0 and M, ¢y > 0 such that

as(6,0) > co ((8,0) € [0,6%] x [0,07]) (2.17)

Y

and
las(0,0)] <M ((6,0) € [0,R] x [0, R]). (2.18)

First assume that (2.17) is satisfied, i.e., that (§,0) € [0,8*] x [0,0*]. Let m be
as given in (2.10). We consider the function
fiEap X Xp % [0,0%] X [0,0%] x [1,00) = C,
(N z,0,0,k) = f(N\ 2,0,0,k) :=m(\ 2) = f1i(\ 2,0,0,K) + fa(N, 2,0,0,K),
with

fi(\ z,0,0,K) (A + k) [6(y/erwi(N, 2) + Je—w_ (A, 2) + 1],
fa(\ z,0,0,8) = m(\z)— fi(\ 2,0,0,K)
= oz (yeqrwi(A 2) + e—w_ () 2))
+ a4 (0,0)\/Crwi (N 2) +a_(0,0)/c_w_(A, z).

Note that by our choice of the angle ¢ for (X, z,0,0,k) € Y,y X Xy % [0,0%] x
[0,0%] x [1,00) with arg A > 0 there exists an € > 0 such that

- 3 3
T— o> " 2%+<p2argaz\/mzf?@zf%+g+g,

if 0 > 0, and that

W_;DO >arg\/A+K+crz > —g.

By these two estimates we see that in any case we obtain

3 —
w > arg f1(M, 2,0,0,K) > —%.
and
3
T — o > fa(\2,0,0,K) > _2f > —% + g +
Consequently,
2w % fQ()‘v Z, 57 a, "{) 3300 ™ 3(7T - 900)
il s areg20 DM 5 990 8 T F0 .
R TN R T e

A similar argument holds for the case that (X, z,0,0,k) € Xr_,, x Xy, x [0,0%] x
[0,0%] X [1,00) with arg A < 0. Here we obtain
2 fa(\ 2,6,0,K)
= EaAShihsheha VAP Y
3 =8 fi(\, z,0,0,K) =TTe
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This implies that

T2
f

Lemma 2.4 now yields the existence of a ¢; > 0 such that

—1 & S 2= (Breye X By % [0,6%] x [0,0%] x [1,00))

‘fl(/\vz757av H) + fg()\,Z,(S, g, KJ)‘ = cl(|f1()\,z,5, g, KJ)‘ + |f2(>\,2,5, g, R)D
for all (A, 2,0,0,K) € ¥r_yy X Xy x[0,6%] x[0,0%] X [1,00). An iterative application

of Lemma 2.4 on the summands of f; and fo and an application of inequality (2.16)
then result in

If N, 2, 0,8, 8)]
> C2{|A|+ﬁ+a|z| (\/W—&-\/E—i— Verlz + c,|z|)

+ 6(IM + ) (VIN 4+ VE + Ver 2l + Ve 2]

t+ay (VI + VE+ Verlal) + o (VI + Vi + VeIl |

for all (X, 2,0,0,Kk) € r_y, X 3y x [0,0%] x [0,0*] x [1,00). This implies that the
functions

1 Atk vz o2Vt K
mo = —, mip:= , Mo = —(—, M3 = ———
A f
3/2 3/2
my = sz , My 1= 76()\ Jrfﬁ) , Mg i= 750\ +f[4;)\/2

are uniformly bounded on X_,, x 3, x [0,0%] x [0,0*] x [1,00).

Now consider the cases R>§ > 6*>0o0or R> o0 > o* > 0. We set

g\, z,0,0,Kk) = f(\ 2,0,0,k) —ay(0,0)/crwi(N\ z) —a_(d,0)/c—w_ (A, z).
The argumentation above shows that

1 Atk ozV/A+k 0232 S(ZN+ k)2 SN+ R)VzZ

g g g g g g

are still uniformly bounded functions and this even on X, _,, x X, % [0, R]? X [1, 00).
The aim now is to show that the term a, (0,0)\/cywi (A, 2) +a_(6,0),/c—w_ (A, 2)
can be regarded as a perturbation of g, if  is assumed to be large enough. Indeed,
if 6 > ¢* > 0, by using (2.18) we can estimate

ay(0,0)/crwy CM |5\ + Kk)ws
g T 0 A k| g
C C
< - < Z
- N+r T ok
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for (X, 2,0,0,K) € Xr_ypy X Xy X [0, R] x [0,R] x [1,00). On the other hand, if
o > o* >0, we deduce by virtue of (2.16) that

at(d,0)\/crws CM | AN+ K+cyz
g jw| g
- c ('/\Jr/@ N 1 ozx/m>
RV g o* |V A+ K| g
< ©
Wk

for (X, 2,0,0,k) € Xr_py Xy x [0,R] x [0*, R] x [1,00). Hence, for fixed x chosen

large enough we see that we can achieve

a4 (9,0)\/cxwy +a_(0,0)/c_w_
g

to be valid for (A, z,0,0) € ¥r_, X By, x [6*,R] x [0, R] or (X, 2,0,0) € Xr_yy X
Y, x [0, R] x [¢*, R]. Thus, we may represent 1/f as

Lol (1 + a4 (8, 0)\/Crwy +a- (5, a)\/cfw_>—1,
g

f g

1
<
-2

f

and therefore the functions my, ..., mg are uniformly bounded for all (X, z,0,0) €
Sy X Xy X [0, R]%

The remaining argumentation is now analogous to the proof of Lemma 2.3. Em-
ploying (2.13) we obtain

R<{|mj()\,Dn,6, M zorr®y cs@n))) + (A, 0,0) € Tn_gy X [OvR]Q}> <C,
for 7 =0,1,...,6. Consequently,
[m(G, Dy 6,0) || 2o 71y sz @ny)y < O ((6,0) € [0, RJ?),
by virtue of (2.12) and [7, Theorem 4.4]. The invertibility of the operators
G+ 1) 2 g F PR R™) = o F (R, K5 (R™)),
D241 o oFpRy, KyHHR™) — o Fp(Ry, K5 (R™),

(see for instance Proposition 2.9 and Lemma 3.1 in [9]) then yields the assertion,
since L' = mo(G, D,,,0,6), and by employing the fact that h +— h(G) is an algebra
homomorphism from H*(X;_,,, #c(X)) into Z(X) for X = oF (R, 5 (R™))
and where

He(X):={BeZ(X):Blu—-G)'=(u—-G)"'B, uepG)}

O
(iv) We turn to the proof of the corresponding regularity assertions in Theorem 2.2

for (u,m,nE). According to the results in [5, pages 15-16],

/ €7F+S/\/af+(5>ds - OFio < f+ S LP(R-I—a Lp(RiJrl)) (219)
0
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By the same arguments we also have

/OOO e F=s/VEm = (—s)ds € oF2, <= f~ € L,(Ry, L,(R™™)). (2.20)
Next, note that by Lemma 2.3 we have that
Fy € Tsom(oF% , o F2). (2.21)
Indeed, we obtain
FLU0FS) = oW, V2P (Ra, Ly(R™) N oW,/ 22 (R, W) (R))
N oH /> (R, WP (R™) 0 Ly (R, W)™ /P(R™))
= oF%,

by virtue of the embedding
oF2, < oWL/2T12P (R WEHR™) Mo H,/?(Ry, Wi H/P(R™)),
which is a consequence of the mixed derivative theorem. Thus all the terms inside
the brackets on the right hand side of (2.9) belong to the space ¢F2,. In the same
way as we clarified the invertibility of Fi : (F2, — (F2_ by applying Lemma 2.3, we
can see that L : gE2_(8,0) — oF3, is invertible by an application of Proposition 2.6.
For instance, if 4,0 > 0, this follows from the embedding
OEgo((S» U) — 0H2/2(R+7 Wpl_l/p(Rn)) n UWpl_l/Qp(R+7 W;?(Rn))v
which is again a consequence of the mixed derivative theorem. Furthermore, Propo-
sition 2.6 implies the estimate
127 L2 or, om2, 0.0)) + OIL T L2 or omz, (o)) + 1L Lo, oz2 01)) < C
for 0 < 4,0 < R. Altogether this gives us

Imlloez, 5.0) < C (Iflles, + llgllorz, + [IAllr2, ) (2.22)

for (6,0) € [0, R)?, which yields the desired regularity for . Observe that u now
can be regarded as the solution of the diffusion equation

O +r—cAu = f in (0,00) x R*1
yut = g+0oA.n—6(0+k)n on (0,00) x R,
u(@0) = 0 in R*+1,

A trivial but important observation now is that this equation itself does not depend
on ¢ and o, but only the data. Therefore also the corresponding solution operator
is independent of 6 and o. By well-known results (see e.g. [5, Proposition 5.1]) and
in view of (2.22) we obtain

e, < C(Ifllry + llgllorz, + 0lnlloez, 1.0 + olnlloez, 01)
< Cl(f;9:Mller (0< 6,0 < R).

Similarly we can proceed for ng. Since it satisfies equation (2.4), we deduce
Inelloes, < Clinllorz, -
By virtue of gE2,(0,0) < oF2% and again (2.22) we conclude that
Inelley, < ClI(f 9 M)l (0 < 6,0 < R).
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(v) Let Ty > 0 be fixed, and let J := (0,T) with T" < T. We set
Rj: oFr — oFw,
(fa g, h) — (eint(SJf% eiﬁt(ng)a eiﬁt(g‘]h)%
where & is defined as

(2.23)

ul(t) if 0<t<T,
Eu(t) ==& pu(t) =< w2l —t) if T <t<2T,
0 if 2T <t

It follows from [10, Proposition 6.1] and the fact
1™ (& 1), (7" (&rg), ™" (Erh) lopee < lle™ lBuct i) I, Erg, E1h)loF

that there exists a positive constant ¢y = ¢o(Tp) such that

HR;(fvga h)”()]Foo < CO”(fug?h)HoFT ((fvgvh) 6OIFT) (224)
for any interval J = (0,T) with T' < Tj.
Let (u,n,nE) € 0Ex(d, o) be the solution of (2.3)—(2.4), with (f, g, k) replaced by
(RS(f,g,h)), whose existence has been established in steps (i)—(iv) of the proof.
We note that
”(uananE)HoEm(&U) < K”Rj(f’g?h)HO]Foo
S KCO||(f7gah)H0]FT
for any (f,g,h) € oFr, 0 < 0,0 < R, and any interval J = (0,7T) with T" < Ty,
where K is a universal constant. Now, let
(’1}7 P pE) = (RJ(emtu% RJ(eKtn)7 RJ(eﬁtnE)>
where R; denotes the restriction operator, defined by Ryw := w|; for w : Ry — X.
Then it is easy to verify that
(v, p,pE) € 0ET(d,0), (v,p,pE) solves (1.1)-(1.2) (2.25)
and that there is a constant M = M (T}) such that

H(va7 pE)||o]ET(§,0') < M”(faga h)H(J]FT

for 0 < 9,0 < R, and T' < Ty. Finally, uniqueness follows by a direct calculation
which is straight forward and therefore omitted here. This completes the proof. [

We proceed with convergence results for the case of zero time traces. To indicate
the dependence on the parameters § and o we label from now on the corresponding
functions and operators by u, as e.g. Ly, v*, where u = (0,0).

Corollary 2.7. Let 1 <p < oo, R>0,0< <6< R, and 0 <09 <0 <R.
Suppose that a is a function satisfying the conditions in (1.3), and let L, be the
operator defined in (2.15) corresponding to the parameter i := (3,0). Then we have

(0 —00)L, " =0 stronly in  ZL(oF2,,0E2,(1,0)), (2.26)
(o — UO)L;1 — 0 stronly in L (oF2,oE2 (0,1)), (2.27)

and
L;l — L b stronly in ZL(0F2,, 0E2, (ko)) (2.28)

as p — po, where po = (do,00).
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Proof. As pointed out in part (iv) of the proof of Theorem 2.2 the domain of the
operator Fy in oF3,_ is ¢F% . This implies that

D(FL) = W5 2 (Ry, Ly(R™)) N Ly(Rye, Wy~ /P(R™)) = 0B, (1, 1).
Now pick f € Z(F?}). From Proposition 2.6 we infer that

1L 2 (oms, B2 (0,0) < C (n€[0,R]?). (2.29)
This yields

(6 — 50)L;1f”oE§o(1,0) < C(0—0o) (”(G + /5)3/2-[/;1][”W;/271/2p(R+7LP(R”))

+ (G + K)L;lfHLP(R+,w§*1/P<Rn>>>
< C(0—00)l fllorz, (1,1
= 0 (pu— po)

Since Z(F}) is dense in oF3,, the uniform boundedness of ||L; || 2(,rs_ ,E2, (1)) D
p € [0, R]* (which yields uniform boundedness of (6 — o)L, " |2 (ors_ o2 (1,0)) for
d € [0, R], o € [0,R]) implies (2.26). In a very similar way (2.27) can be proved.
In order to see (2.28) we write

Lo —L;' = L (Ly—Lyu)L,"
= L {((6 = 00)(G + r) + (0 = 00) D) (Ver iy + /oo F-) } L
Ly {4 (1) = a4 (o)) Ve Py + (a- () — a-(po))v/e=F-} L,

In view of L1 € L (oF2,,0E2 (1)) this representation shows that (2.28) is ob-
tained as a consequence of (2.26)-(2.27), and (2.29) in conjunction with the conti-
nuity of a4. O

Based on this result we will now prove convergence of solutions of problem (1.1)-
(1.2).

Theorem 2.8. Let 3 <p<oo, RT>0,0<0g<d<R, and0<o09<o0<R.
Suppose that a is a function satisfying the conditions in (1.3) and that
((fﬂvgﬂv hu))ue[ﬁo,R]X[ao,R} C oFr.

Furthermore, denote by (v*, p*, p's) the unique solution of (1.1)-(1.2) whose exis-
tence is established in Theorem 2.2 and that corresponds to the parameter p = (6, 0).
Then, if
(fﬂ’gﬂ,hl‘*) - (f,UfO’glLO,hHO) in OFT (lu — .u“O)v (230)

we have that

(0, 0, ) = (07, 00, ) in oEr(io)  (u— o)y (231)
where po = (00,00). In particular, if

St (f,g,h) = (V7 ", o)

denotes the solution operator to system (1.1), we have that

S;l — 5;01 strongly in L (oFr, oEr x o0B2 (1) X oEx) (= po). (2.32)
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Proof. In view of the arguments in part (v) of the proof of Theorem 2.2 the
solution (v*, p#, ply.) can be represented by

(0", o, py) = (Ry(eu), Ry (e"n"), Ry (€™ nlp)), (2.33)

where R; denotes the restriction operator and (u#,n*,n%) is the solution of (2.3)—
(2.4) with right hand side (R§(f*,g",h")) and RS as defined in (2.23). Hence we
see that it suffices to prove convergence for the vector (u*,n*,n). Clearly, (2.30)
implies that

(Ry(f*, 9", h")) = (RG(f0, 9", h*)) in oFoe (1= pio)-
Therefore, and for simplicity, we simlpy write (f#, g*, h*) for the data instead of
(R§(f*, g*, h*)) in the remaining part of the proof.

Next, recall from (2.9) that n* is given by
=L, (1 € [60,00) x [09,00))
with

o= [Ty s — [TV () (-s)as
0 0

+ i Figh + \JcZF_g".
According to (2.21) we know that F € Isom(oF2% ,oF2,). This fact and relations
(2.19) and (2.20) then imply, by virtue of assumption (2.30), that
0= 0ol < O (I = ol + g — 9" lles, + I — Bl e )
- 0 (1= po)-

By the uniform boundedness of ||L;1||$(0F%70E2T(u)) in p € [0, R] X [0, R] (see
Proposition 2.6) and because (§ — do)L;,* — 0 strongly in .2 (oF%, 0E%(1,0)) and
(0 —00)L,; ' — 0 strongly in Z(oF5, 0EF(0,1)) (see Corollary 2.7) this results in

(6 —do)n* =0 in (E2(1,0) (2.34)
and
(0 —ao)n" =0 in (EZ(0,1). (2.35)
Now, denote by
Up o (") = (f*, g%, h*)

the operator that maps the solution to the data corresponding to system (2.3).
From part (iv) of the proof of Theorem 2.2 we infer that

U, € Isom(oEL, x oE2 (1), 0F o) (1 € [0o, R] X [00, R)). (2.36)
Furthermore, observe that we have
(u!, ") = (", n'*°)
= U, (" g8 1) = Uyt (F1o, gt hio)
fr — fHo
= U;Ol gt — gt + (0 — o9) Axmt — (0 — 60) (0 + K)nH
h#t — hto + [ey0y (a(p) — a(po))ngl
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Relation (2.36) applied for u = o then yields
[1(u, ) = (!, ")l oEL, xoE2, (o)

< cv(n<f“,g“,h“>—-<f“°,g~0,h“°>n0FM)+—<6-—5o>nn“noﬁ@(Lo>

+W—U®MWﬂgmrﬂﬂw—aW®W@h%)

From Theorem 2.2 we know that Hn‘éHOWT is uniformly bounded in p € Iy. Thus,
by (1.3), (2.34), (2.35), and assumption (2.30) we conclude that

(u,n") — (u,n"0) in oEL x oEZ (o) (1 — po)-

The convergence of nf, is easily obtained as a consequence of the convergence of
n*. Recall that nf, is the solution of (1.2) with p replaced by n*. Denote by T
the solution operator of this diffusion equation which is obviously independent of
. Then by [5, Proposition 5.1] we obtain

Ine — P& lles, = I7(0,n* = 1", 0)[[,E,
< Clln* =nllgrz,
< Cln* - ﬁlmuolﬁgo(o,o)

- 0 (1= po), (2.37)

by the just established convergence of n*. Representation (2.33) then implies (2.31).
Obviously (2.31) is still true for fixed data, i.e., if

(ff, 9" h*) = (f,g,h) € oFr  (n € [bo, R] X [00, R]).
Hence (2.32) readily follows from (2.31). O

2.2. Inhomogeneous time traces. Next we consider the fully inhomogeneous
system (1.1)—(1.2) and we will prove Theorem 1.1. By introducing appropriate
auxiliary functions, we will reduce this problem to the situation of Theorem 2.2.

Proof. (of Theorem 1.1.) If § = 0 = 0 this result is proved in [10, Theorem 3.4]*.
So, we may assume that 6 > 0 or o > 0 which implies that pg € W;,l_s/p(]R").
Furthermore, it follows from the trace results in [3] that the conditions listed in
(1.6)—(1.8) are necessary.

Suppose we had a solution (v, p, pg) of (1.1)—(1.2) as claimed in the statement
of Theorem 1.1. Let vy be the solution of the two-phase diffusion equation

(O —cA)vy = f in J x qu’
e A 239
wu(0) = w in R,
with

1Actually with g = 0. But by obvious changes in the proof one can obtain the result also for
0#g¢€ IF%
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Observe that by compatibility assumption (1.7) we have

C=(0Azp—030:p)|i—o. (2.40)
Next let p; be an extension function so that
Clyl(1=A, )2
(p1(0),01p1(0)) = (po, 1(0) = [e7Dy (v — aeWIA=2p) ) | (2.41)

as constructed in Lemma 3.2, and let p; g be the solution of (1.2), with p replaced
by pi. For the solvability of (2.38) and the existence of p; we have to check the
required regularity and compatibility conditions for the data. By construction we
have that ¢(0) 4+ ¢ = yvp and by the regularity assumptions on g and vy we deduce
¢ =vo — g(0) € W¥/P(R™),

hence that

e~ (-8t c T2, (2.42)
Then it follows from [5, Proposition 5.1] that there is a unique solution v; € EL. of

(2.38). Furthermore, if § > 0, we may use compatibility condition (1.7) to obtain
that

_ _ 1/2 1 _ n
1(0) = [eDy(vg — ae™WIE=22)7 o )] = 59(0) = w0+ 0lupo) € WP (R™).
If 6 = 0, we may impose o > 0 which gives

c*yayae_lyl(l_A“)l/zpo = Fea(l — A,)?pg € ng_g/p(Rn) — W;?_G/p(Rn)

4

in view of py € W), _3/p(R"). Assumption (1.8) then implies that

1(0) — [ey0y (vo — ae~WIA=2 p)] € W2=6/p(R™),
Thus, in any case we can satisfy the assumptions of Lemma 3.2 which yields the
existence of p; € E2.(8,0) as claimed, and of p; g € EL by virtue of Remark 2.1(b).
Now we set
(v2; 2, p2,8) = (v, p, p5) — (V1,p1, PLE).

It is clear that py g is the extension of ps given by (1.2) with p replaced by pa.
Thus, (va, p2, p2,E) satisfies

(O —cA)yvg = 0 in J x Rt
Yy — 0Dapa+00ip2 = 0Dgp1 —00ipy — e 172 on J x R™,
Op2 + [0y (v2 —ap2p)] = h—0p1 — [ev0y(v1 —ap1,p)] on J x R",
v2(0) = 0 in R+,
p(0) = 0 in R™,
(2.43)
and
(0 —cA)pap = 0 inJx R
*ypiE = pz onJxR" (2.44)
p27E(0) = 0 in Rn—&-l_

By construction, p; € E2(6,0), and by (2.42) one may readily check that
O'Ampl — 58”)1 — 67(17Aw)t< S OF%’

and that
h = 0ip1 — [0y (v1 — ap1,g)] € oF7.
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Thus, by Theorem 2.2 the reduced system (2.43)—(2.44) is uniquely solvable. This
allows us to reverse the argument. In fact, since the solution v; of (2.38) and the
extension p; depend on the data only, the right hand side of (2.43)-(2.44) so does
as well. Theorem 2.2 now yields a unique solution (v, p2, p2.5) € oEr(d, ) and

(U»P,PE) = ('UQa ,02,p2,E) + (Ulvplvpl.,E) (245)

then solves the original system (1.1)—(1.2) in the reguarity classes required. Tt
remains to verify estimate (1.9). Observe that by Theorem 2.2 we know that

[(v2, p2, p2,8) lEr (5,0)
<C <||UAa:p1 —60ipy — e~ A g2 A+ (| — Depr — [evy (v — aﬂl,E)]]HoFg)

with C' > 0 independent of §,0. By |a(u)| < C for p € [0, R)? and the facts pointed
out above we can continue this calculation to the result

[ (v2, p2, p2,E) loEr(5,0)
<C (UHAmPlHWT +0118eprllez, + 1€l 2270 gy + [1lls,
+ 9uprlsy. + llor = apr pllsy. )
< O (l[(v1, 1, p1,8) e (5.0) + 1(0, 95 2,00, 0) £ (0,0)) - (2.46)

Hence we see that it remains to derive suitable estimates for (v1, p1,p1,£). Observe
that equation (2.38) does not depend on §,0. By [5, Proposition 5.1] we deduce

lorle, < € (Wl + llg + =@ 2"Cllgz + ol )
< C (Il + lgllez + lwollss ) (08,0 <R).  (247)

By the same argument we also have

N

_ —A, 1/2
loLelle, < C(llm\lmﬂle pli=ae) pong—z/p(Rwl))

c (”le]E%(0,0) + ||p0||W372/p(R")> (0 <d,0 < R)v (248)

IN

where we used Remark 2.1(b) and the embeddings Wi_Q/p(]R”) — W§‘3/p(R”)
and E%(0,0) < F2. Lemma 3.2 implies for py,

||P1 ||0E;(o,o)

< C (1902270 gy + 10(0) = [e10y (09 — ae™ 10 =22)

1/2

polly-5/0 g )

< C (11polly2-2/s gy + IRl + loolles, + 10 = 20)2p0]lg1-0m g )

< C (190220 gy + IAlzs, + ool ) (2.49)
and

U||P1||OIE2T(0,1)

< C (1190ly3-5/0 gy + T A0) =[98y vy — ae™¥1A=42)

1/2

/)O)]] ”Wg*G/P(Rn))

< O (olpollya-s/n o + l1B0) = 99y v0] 2070 ) (2:50)
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as well as
5HP1||0]E2T(1,0)
<C <§HPOHW§’3/;J(R”) + 0[|h(0) — [eydy (vo — ae_lyl(l_A’)l/zpo)]]Hszfa/p(Rn))
< C (8lpollyys-o gy + lgllzz, + olles, + olpollyya-2/v g ) (2.51)

for 0 < 6,0 < R, where we used in (2.51) once again compatibility condition (1.7).
Inserting (2.49) into (2.48) we obtain by (2.47)—(2.51) that

[(v1, p1, p1,E) [Er (500 < C (”(faga h,vo, po)llFy(0,0) + (0 + 0)||p0HW§_3/p(Rn)
+ 0[12(0) — [e3Dyvol ly2-/e e ) (2.52)

for 0 < 4,0 < R. Inserting (2.52) into (2.46) we can derive exactly the same esti-
mate for (vg, p2, p2, ). Combining the estimates for (v1, p1,p1,1) and (ve, p2, p2,E)
we finally arrive at (1.9) and the proof is complete. O

Next we prove convergence for the solutions of problem (1.1)-(1.2), that is,
Theorem 1.2.

Proof. (of Theorem 1.2.)
We employ the decomposition

pr=p ok
as given in (2.45). We have to show that
(i) (Uiﬂpllﬂp/li,E) - (Uii07pllmvpllt,0E) in ET(N0)>
(i) (v§,p5,ph ) — (V5% ph%, ph%s) in Er(uo).

(i) We start with proving convergence of p{'. This function is according to (2.41)
an extension of the traces

(1(0),9:07(0)) := (05, 40 »
where we set
qb = h*(0) — [eydy (vl — ae_ly‘(l_A‘”)l/ng)]]. (2.53)

Since the extension operator in Lemma 3.2 is linear and independent of u we can
estimate for all u € Iy,

108 = A2y < C (k= o6 g oy + N5 — ab Ny )+ (254)
where
FS. (uo) == WI}‘?’/I’(R”) N W;g(oo)@—ﬁ/p) (R™) N W;g(5o)(2—3/17) (R™).

It is clear by (1.10) that the first term on the right hand side of (2.54) tends to
zero. In order to see the convergence of the second term we distinguish the three
cases 0g = g9 = 0, and dg > 0,09 > 0, and dg = 0,09 > 0.
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The case dp = 0p = 0: Here we have F5 (o) = W;fB/p(R”) and we obtain by a
direct estimate and (1.10) that

”qg - qgo ”WZ}*?’/P(Rn)
< C (10 = 1 lleg, + lof = 062 s, + 1105 = o ly2-5/0 )
=0 (1= po)-

The case §g > 0,00 > 0: Then FS.(110) = Wy */P(R™). In this case we can employ
compatibility condition (1.7) in Theorem 1.1 which results in

||QGL - QGLO ||W§*3/P(Rn)

1 1
500 =+ aAaph) — 5 @O ol + o)

Wi )

) .(2.55)
F5. (110)

In view of 6y > 0 observe that p!' — ph in F3(ue) = Wy */P(R™) by (1.10). This
yields

1
M Ho
Vg — =Y
0 0
50

5 +

Fr

"

1 1
< — gt — Mo
_C<H(Sg 507

F7

g

o g0
< Ft = Mg + (5 = 52) 1 e

F5. (ko)
- 0 (1 — po)-

In the same way we see that the first and the second term on the right hand side
of (2.55) vanish for u — pg.

The case g = 0,09 > 0: Since 6 — 0, here we cannot apply compatibility condition
(1.7). This leads to condition (1.11) in the statement of the theorem. In fact, here
we obtain

gt — a8° ly -0 gy < C (1B (0) = [0y — 10 (0) + [erDyof Yy 2-0m g

+ ||pg - pSOHW;’*WP(Rn)) .

It is clear that for og > 0 condition (1.11) implies that the first term on the right
hand side vanishes, whereas the second term tends to zero again by (1.10).

Also here the convergence of p‘fv  follows by the convergence of p{' in view of the
fact that pf g is the solution of (1.2) with p replaced by p'. If T denotes again the
solution operator of this diffusion equation, by [5, Proposition 5.1] we obtain

(1A Y —1/2
ot 5= P%lles = (0, pf — i, e I3 (0t — o) I,

— — —1/2
C (It = phllzg, + lle™ 1027 (of — )|y )

< O (ot = A llzz00) + 1195 = 26 2505 s
-0 (1= ho), (2:56)

IN

by the just proved convergence of pf and (1.10).

Observe that v}’ is, according to (2.38), the solution of the same diffusion equa-
tion with right hand side (f#, g" +e~(1=2)t (yul — g#(0)), vf) for p € Iy. Moreover,
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we have that
lle= (=2 (v — g(0) = o5 + 9" (0)) 2,
< Cllvwg = g*(0) = 7v5” + 9" (0)lyy2-2/v (g
< C (Iof = ot lley, + g™ = 92, ) -

Hence we obtain

o = vl < C (0 = 72y, + llof = o6 g + 19" = 9l )

- 0 (1 — po)

by (1.10), and (i) is proved.

(ii) Note that (v, ph, ph ;) is the solution of (2.43)-(2.44). According to Theo-
rem 2.8 it therefore suffices to prove convergence for the corresponding data. To be
precise, it remains to show that

gt =g i oF%  (u— po), (257)
where
G = oA — 50y pl — em T RSICH,
and that
= b in oFS (u— o), (2.58)
where

R = h* — 9y ph — [eydy (vl — a(w)py g)l-

First we estimate
i = Rl < C (IR = B gy, + o} = v ey
+ lla(u) ot 5 = aliuo)oilles, + 105 = Az 009 )

and we see that (2.58) follows from (i), (1.3), and (1.10). For g* we have

1g" = g"llez. < C (HCSPT = 00p1° lg2.(1.0) + llopY — 0P [lE2.(0.1)
H __ KO
116# = ¢ lyya-srm g ) - (2.59)

By employing the convergence assumptions also here we will prove that each single
term on the right hand side of (2.59) tends to zero for p — pg. In view of (2.39)
and (1.10) the convergence of the third term in (2.59) is clear. The first two terms
are more involved. In fact, this is the point where assumption (1.12) enters. In
analogy to (i) we again distinguish the three cases o = 09 = 0, and §y > 0,09 > 0,
and 50 = 0,0’0 > 0.

The case dp = 0p = 0: Note that in this case condition (1.7) for o turns into

yoi® — ¢"°(0) = 0. (2.60)
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By using this fact, Lemma 3.2, (1.7) for u, and recalling that ¢} still denotes the
function defined in (2.53) we obtain

\|5Pﬁ‘||rﬁ%}(1,o)
< C (8168 -2y + 818 2270 gy
< C (8118 a5y + 119(0) = 0l = 9#0(0) + el + 0Ll 570
< C 6+ 0ok lya-srm oy + 10 — "l + 10§ ey )
In view of (1.10) and (1.12) we conclude that
165 1E2.(1,0) = O (1 = po)-
For the second term in (2.59) Lemma 3.2 yields

loot ez o) < C (1P llya-aroggny + ol 2 o g )

IA

€ (68 -5 gy + 011(0) = [30, 0Ty s )
Hence, if § > 0, it follows

ooy llez 0,1y = 0 (1 — po) (2.61)
by (1.11) and (1.12). If § = 0, we have oA, pff = yvfj — ¢g*(0). This yields

ok gy < C (ol lwz-2on, + 1o Aeblyz-s/oa))

A

< C(lPhllyz-2rggny + 9" — 9 lleg + llof — 5, )

where we used again (2.60). Observe that | p} is uniformly bounded in

lwa-2rv gy
i € Iy by assumption (1.10). Thus, in this case (2.61) is obtained as a consequence
of (1.7), (1.10), and (1.11).

The case o = 0,09 > 0: Here we have
Yui? — o Agph® = g"°(0). (2.62)

In a similar way as in the previous case we deduce, if § > 0, that

||5011L||]E%(1,0) <C ((SHngW;L—B/p(Rn) + ||0'/)g - Uopgo‘lwﬁfs/p(ﬂ@n) (2.63)

+llg = g gz, + Iof = vh°lsy.) -
Note that in the case oy > 0 we also have that
ph = 6 in Fa(uo) = W, ~¥P(R") (1t — o).

By this fact it is easy to see that the first two terms in (2.63) vanish for (u — po),
whereas the convergence of the last two terms follows again by (1.10). That the
second term in (2.59) tends to zero here follows easily from the inequality

o —0p

o
ot = o0pi llez 0. < -llPY = P1° ez 0.00) + 127" I&2.0,00)

and the convergence of pi in E2(ug) = E2(0,0¢) proved in (i). Observe that the
last argument also implies convergence for the case § = 0, since then the first term
in (2.59) vanishes completely.
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The case dg > 0,09 > 0:  Here the convergence of the first term in (2.59) follows
completely analogous to the convergence of the second term in the previous case. If
we suppose that also g > 0 the convergence of the second term in (2.59) follows by
the same argument. In the case that oy = 0 also here an application of Lemma 3.2
implies

loot ez o) < C (1o llya-sroggny + ol 2o g )

Moreover, we still have F5.(ug) = W;ig/p(R"), which implies oHp’o‘HW;fg/p(Rn) -0

for 4 — po by (1.10). For the second term on the right hand side of the above
inequality note that from the case dp > 0,0 > 0 in (i) we know that ¢} — ¢/ in

W]D2 —3/p (R™). This implies that this term vanishes as well for p — ug. Hence also
in this case we have that

allpf[lez 0,1y = O (1 — po)-
The three cases together show that
(nguvﬁu) — (07gM07BM0) in O]FT (FL — /14())7

and therefore Theorem 2.8 implies (ii). O

3. APPENDIX

The reduction of problem (1.1)-(1.2) to the case of vanishing traces in the proof
of Theorem 1.1 was based on the following two results. Observe that the asser-
tions in Lemma 3.1 follow directly from the general trace result [4, Theorem 4.5].
However, for the sake of completeness and for a better understanding of the proof
of subsequent Lemma 3.2 we give its proof here. In the following we adopt the
notation of Section 2.2.

Lemma 3.1. Let 1 <p < oo, T € (0,00], and J = (0,T).
(i) For each ny € W;ig/p(R") there exists an extension
n € E7(1,1)

such that 11(0) = oo and, if p > 3, also that d;m (0) = 0.

(ii) Suppose p > 3/2. Then for each ny € W;,lf?’/p(R") and 1y € ngg/p(R”)
there exists an extension n € E%(1,1) satisfying n(0) = no, dn(0) = n; and
the estimate

Il 11 < € (Im0llya-57e gy + Iy ey ) -

(iii) Suppose p > 3. Then for each 1y € Wﬁ_g/p(R") and 1 € Wg_G/p(R”)
there exists an extension n € E2(0,1) satisfying n(0) = no, 8;n(0) = n; and
the estimate

Illez 0,1y < € (I0lyy-0m gy + 1270 gy ) -
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Proof. (i) Let 1 < p < oco. We claim that
1(t) 1= (2071 0=80) _ g=201=B0) )y, (3.1)
satisfies the properties asserted in (i). We have
e MU=8a)ny € W (J, W= P (R™) N Ly, (J, W, ~H/P(R™))

for £ = 1,2. It is a consequence of the mixed derivative theorem that the latter
space is continuously embedded in W, e (J,W2(R™)). This implies that

e FU By = — k(1 — Ay)e MUI=Bng € W=V (], Ly(R™)).
Consequently,
ne W2 V(] L,(R"))
and we have that
1l 21720 5., ey < Cltlliwa g wz=12 @nyyan, (w17 @ny) -
The maximal regularity of (1 — A,) on W, —i/r (R™) and the embedding
EZ(1,1) < Wi (J,W2~Y/?(R™))
then yields
Il 1.0 < Clltollys-s/s g

Obviously 7(0) = no. If p > 3, the time trace of 9;n is well defined and we also
have 9yn(0) = 0. This proves (i).

(ii) Now suppose p > 3/2. Here we first set
(t) = (e7 7 8e) — e I8y (1 — A ) ™hyy, (32)
Then for 1y € ngs/p(R") we have that
e FU=82)(1 — Ap) "l € WA(J, W2TVP(R™)) N Ly (J, W, /P (R™))
for k = 1,2. By virtue of the embedding
Wy (J, WP (R™) 0 Ly (J, Wy~ VP(R™)) — W~ /2P (J, W2 (R™))
we obtain
Ope HU=R) (1 — A,) iy € WY/ (J, L, (R)),
hence that
e FU=R) (1 — Ay) iy € W2TYP(J, L, (R™)).

By the same arguments as in (i) we obtain the estimate
1llez 1,1y < Cllmllyyz-s/0 gny-
If 77 denotes the extension constructed in (i), then
ni=0+
satisfies the regularity assertions in (ii). That 7(0) = ng and 9:n(0) = n; is obvious.

(iil) Now we set

i(t) 1= (e P(1-8e) _ o= 200-82)%) (1 _ A )2y, (3.3)
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We have to check that e *F(1=2:)°(1 — A )2y € E2.(0,1). In view of 7 €
ngG/p(R") we have that

— - 2 - - n - n

e FOA=8(1 — A,) ™21 € Wi (J, W22/P(R™)) N L, (J, W2/ (R™)).

From the embedding

Wy (LW 2/P(R™) 0 Ly (J, W27 (R™)) <= W27 V2P (1, W (R™))
we infer )

Ope FO=2 (1 — A,) 2 € W/271/22 (], L,(R™),
and therefore that
e MU=A) (1 — Ay) "2y € WRI27V2P (], Ly(R™)).

Then 7 := 7 + 7 satisfies all the assertions claimed in (iii), where 7 denotes again
the extension obtained in (i). O

Lemma 3.1 in conbination with [10, Lemma 6.4] yields the following result which
provides a simultaneous extension for different regularity assumptions on the traces.

Lemma 3.2. Let 3 < p < oo, T € (0,00], and J = (0,T). For ng and ny there
exists an (simultaneous) extension function 1 such that n(0) = ng, 9n(0) = 11, and

Illez 0.0) < C (I0lly2-2rm gy + Il -270 gy )
if (mo,m) € Wi~ /P (R™) > Wy~ VP(R™),
Inllez 0,1y < € (Imollyya=sr gy + I llyy2-sro gy )
if (mo,m) € Wy~ */P(R™) x Wi /P (R™), and
Illez. 1,1y < € (I0lly-om gy + 1 lly2-370 gy )
if (no,m) € W;L*B/p(R”) X szfs/p(]R"), with C > 0 independent of ng and 7.

Proof. The idea for obtaining a simultaneous extension function as stated in the
lemma is to employ a combination of the extension operators we used in Lemma 3.1.
More precisely, we claim that

4o t1-Ay) (e—t(l—Am)2 _ e—2t(1—Am)2) 1- Az)_2771

satisfies all the properties asserted. Observe that (e=#*(1=42)"),5 is a bounded
Co-semigroup and (1 — A,)~® is a bounded operator on Wy (R") for all 7, a, 3 > 0
and 1 < p < co. Hence,

—Bt(1-A,) —« s (TN
for all s,r,a,f > 0and 1 <p < oo. If (no,m) € W,?_Q/p(]R”) X W,}_B/p(]R”), we
therfore may estimate

(||(2€—t(1—Am)1/2 _ e—2t(1—Aw)1/2)

Inlg2.000 < C noll&2.(0,0)
T T

+ IIe’t“*A“)mIIE;(o,O)) .
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By [10, Lemma 6.4] the remaining extension operators are known to lift the traces
into the class E2(0,0), which implies

Illez 0.0) < € (I0lly2-2rm gy + 1 ly-370 gy ) -

Hence the first estimate is proved. If (1o,m1) € Wy “/P(R") x Wi /P(R"), we
interchange the roles of the semigroups in the definition of 7. In fact here we
obtain as in Lemma 3.1 (iii),

ez o < C (|I2e7 074 — 2=y, B2 (0, 1)

p— p— 2 p— — 2 p—
(et o2 A) (1 AL )2, B3 (0,1))

< C (Inollygs-2/oggmy + Imlly2-o/o g ) -

Analogously we proceed in the third case. Here we treat the terms of type
e~ P12 in front of ny and the terms e~#t1=22)" and (1 — A,)~! in front
of 11 as bounded operators and gain the desired regularity by the remaining opera-
tors as in Lemma 3.1 (ii). A straight forward calculation also shows that 7(0) = ng
and 0yn(0) = . O
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