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ABSTRACT. In this paper, an accurate model of the spin-coating process is presented and investigated
from the analytical point of view. More precisely, the spin-coating process is being described as a
one-phase free boundary value problem for Newtonian fluids subject to surface tension and rotational
effects. It is proved that for 7' > 0 there exists a unique, strong solution to this problem in (0,7)
belonging to a certain regularity class provided the data and the speed of rotation are small enough in
suitable norms.

The strategy of the proof is based on a transformation of the free boundary value problem to a
quasilinear evolution equation on a fixed domain. The keypoint for solving the latter equation is the
so-called maximal regularity approach. In order to pursue in this direction one needs to determine the
precise regularity classes for the associated inhomogeneous linearized equations. This is being achieved
by applying the Newton polygon method to the boundary symbol.

1. INTRODUCTION

The spin-coating process may be roughly speaking described as follows: it is a method of placing a small
drop of coating material, in liquid form, on the center of a disc, which is then spun rapidly about its
axis. The drop is then driven by two competing forces: centrifugal forces cause the liquid to be thrown
radially outwards, whereas surface tension and viscous forces will work against this spreading. For large
centrifugal forces, the coating material film thins.

Of particular interest is the situation where the coating material is a polymer dissolved in a solvent.
As the film thins, the solvent evaporates and the solution viscosity increases, reducing the radial flow.
Eventually, the viscosity becomes so large that relative motion virtually ceases and the process is
completed by evaporating the residual solvent.

Spin-coating has many applications. The process is used, for example, in manufacturing micro-
electronic devices or magnetic storage discs. In all cases a uniform layer is required and essential.

It has to be stressed that complete mathematical models describing all the above effects do not seem
to exist. Various models describing certain aspects have been developed in the engineering sciences. For
details see e.g. [SRO1], [BW96] and [MWD99].

In order to develop an accurate model and to investigate it rigorously from an analytical point of
view, we describe the spin-coating process as a one-phase free boundary value problem for a Newtonian
fluid subject to surface tension and rotational effects.

More precisely, let T'g be a surface which bounds a region ©(0) filled with a viscous, incompressible
fluid. Denoting by I'(¢) the position of the boundary at time ¢, T'(¢) is then the interface separating the
fluid occupying the region €2(t) and its complement. In the following, the normal on I'(¢) is denoted
by v(t,-), and V(¢,-) and k(t,-) denote the normal velocity and mean curvature of I'(¢), respectively.
Assume that the free surface may be described as the graph of a height function h shifted by a constant
§ > 0. Thus, the region Q(t) occupied by the fluid may be represented as Q(t) := {(z,y);x € R%,y €
(0, h(t,x)+3d)}, where h = h(t, z) is the height function. The boundary of Q2(t) splits into the free surface
on the top part I'"(t) = {(x, h(t,z) + ) : € R?} and the bottom part I'~(t) = {(x,0) : z € R?}, the
interface of the fluid with a solid phase. In the situation of spin-coating it is natural to consider the
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case where I'*(0) is close to a plane, i.e. ['7(0) — ¢ is a graph over R? given by a function ho. Then the
motion of the fluid is governed for u = (v, w)” with v = (u,us)” by the following set of equations:

p(Owu+ (u-Viu) = pAu—Vg—pl2w x u+w X (wx xr(z)(x,y))] in Qt),

divu =0 in Q(t),
~Tv =okv on I'F (1),
(1.1) V =u-v on I'F (1),
' v =c(h+9)*0yv, on '~ (),
w =0 on I'"(¢),

u(0) =g in Q(0),

r+0) =1¢ in T7.

The first equation represents the equation for momentum subject to Coriolis and centrifugal forces given
by 2w x u and w X (w x (x,y)), respectively. Here p and p denote the density and viscosity of the fluid, u
its velocity, ¢ its pressure and w the speed of rotation. Furthermore, since we are interested in modeling
spin-coating on a disc, we neglect centrifugal forces for large R > 0 by introducing a smooth cut-off
function xg. The second equation is the condition that the fluid is incompressible. The third equation
says that there is a jump of the stress tensor T' given by

T = p(Vu+ (Vu)T) — qI

in normal direction at the interface I' which is determined by its mean curvature x and by the surface
tension o. Further, V' denotes the velocity of the free surface I" in normal direction. The fifth and
sixth equations above describe wetting phenomena at the bottom part I'"(¢) of £(¢). Note that the
classical Dirichlet condition holds only for the third component w of the fluid velocity u. In the case,
where a contact line exists and the liquid on a solid substrate spreads and displaces the surrounding
fluid, say gas, it is well known that the classical homogeneous Dirichlet condition for u leads to a
nonintegrable singularity at the contact line, see [HS71] and [DD74]. The singularity can be relieved by
allowing relative motion, i.e. slip, between the liquid and the solid near the contact line. This means
that the condition of no penetration is retained and tangential relative motion is allowed. The Navier
slip condition on '~ demands the velocity at the interface to be proportional to its normal derivative:

v = k(h)0yv.

The function k(-) describes the slip parameter and depends on the height h. In the fifth equation above
we assume that k is of the form k(h) = c¢(h 4 0)®, where ¢ and « are positive constants.

On the top part, our problem differs from known one- or two-phase flow models through Coriolis and
centrifugal force. Well-posedness results in the non-rotating setting for one-phase flows with surface
tension are due to Solonnikov [Sol87], [Sol92], [Sol99], [Sol03a], [Sol03b], [Sol04] and Shibata and Shimizu
[SS07], [SS08], [SS09] and Priiss and Simonett [PS09b]. In the setting of spin-coating it is natural to
consider infinite layer-like domains. Note that the results cited do not cover this situation. An additional
difficulty arising in infinite layers is the localization of the pressure term ¢q. Our approach to circumvent
this difficulty is a localization technique for the reduced Stokes system on two half spaces. Estimates for
the solution of Laplace’s equation subject to various boundary conditions in Sobolev spaces of negative
order will play an important role.

The case of an ocean of infinite extend bounded below by a solid surface and bounded above by a
free surface was treated by Beale [Bea84], Tani [Tan96], Tani and Tanaka [TT95] and Abels [Abe03].

The two-phase problem without rotational effects was investigated by Denisova in [Den91] and
[Den94], by Tanaka in [Tan95] and by Priiss and Simonett in [PS09a] and [PS09b].

Wellposedness results for the spin-coating system on the other hand seem not to be known and are
the objectives of this paper. Our approach is based on a transformation of system (1.1) into a problem
on a fixed domain. Note that our transformation relies on the unknown height function h describing the
free boundary. The keypoint of our approach is to prove optimal regularity properties of the associated
linearized equations. They will be achieved by the so-called Newton polygon technique. Based on these
linear estimates we then solve the nonlinear problem by the contraction mapping principle.
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Our main result says that for any 7' > 0 the above set of equations admits a unique, strong solution
(u, g, h) in the space of maximal parabolic regularity provided the initial data ug, ho and w belong to
certain function spaces and are sufficiently small. Moreover, for large w we show the existence of a
unique, local, strong solution (u, ¢, h) for small data. The precise regularity assertions will be given in
Theorem 2.1 in the following section.

We remark at this point that the approach used by Solonnikov [Sol87], [S0l92], [Sol03al,[Sol03b],
Denisova and Solonnikov [DS96], Tani [Tan95], [Tan96], Tanaka [TT95] and Shibata and Shimizu [SS07],
[SS08], [SS09] for the free bondary value problem for the Navier-Stokes equations relies on the formu-
lation of the system in Lagrangian coordinates. Like this one obtains a transformed problem on a
fixed domain, where the free boundary does not occur explicitely any more. Writing the velocity v in
Lagrangrian coordinates, the free boundary is then described as

F+(t)={§—|—/ o(r,€)dr i T €T}
0

One advantage of our approach is that we are obtaining precise regularity information about the
height function h similarly to the work of Priiss and Simonett [PS09b]; see Theorem 2.1 below. It seems
to be unclear whether the Lagrangian formulation of the problem also could yield this information,
since the regularity on I'*(¢) as described above seemes to be restricted by the regularity of I‘ar. Beale
considers in [Bea84] the ocean problem, i.e. Q(t) = {(z,y) € R? x R: —b(z) < y < h(t,z)}, and shows
C*-smoothness of I' by a boot-trapping argument provided the size of the initial data is adjusted in
dependence of k € N. His approach, as in our case, does not rely on Lagrangian coordinates.

Some comments on our notation and the function spaces used are in order. Let s e R, 1 < p < o0, {2
be a domain in R3 with smooth boundary Q2 = T' and X be a Banach space. Then H, (9, X) denotes the
Bessel potential space of order s. The Slobodeckij space W (2, X) is defined as W (2, X) := H (2, X)
for integer s and W5 (Q, X) := B, (£, X) for non-integer s, where B, (€2, X) denotes the corresponding
Besov space. Moreover, for T € (0,00) set J := (0,T). The homogeneous versions of the above spaces
will be denoted by ﬁ;(Q,X) and W;(Q,X) Moreover, we set Oﬁ;(Q,F) ={pe€ ﬁ;(ﬂ) :yp=0o0nT},
where « denotes the trace operator u — u|p. The trace operator v depends of course on Q,T" and the
smoothness of the underlying space. However, in order to simplify our notation, we always denote the
trace operator by v whenever no misunderstanding may occur.

For more information about the Navier-Stokes equations in fixed domains, we refer e.g. to [Gal94]
and [Ama00] and in the rotational setting e.g. to [CT07], [GHHO06] and [HS10].

Acknowledgements. The authors gratefully acknowledge several valuable comments of the referee.

2. MAIN RESULT

In this section, we formulate our main result. It says that for 7" > 0 the free boundary value problem
describing the spin-coating process, i.e. the coupled problem of the Navier-Stokes equations with surface
tension in the rotational setting on the free surface and the Navier-Stokes equations with Navier’s
condition on the fixed bottom boundary is well posed, provided the data and the speed of rotation is
small enough in suitable norms. Also, the free boundary T'(¢) may be described as the graph of a height
function h(t) over R%. More precisely, we have the following result.

Theorem 2.1. Let p > 5, p,pu,0,0,¢c,a > 0 and for T > 0 set J = (0,T). For hy € Wg_Q/p(R2)
set Tg = {(z, ho(x) +6) : z € R%} and Q(0) := {(z,y) : * € R%,y € (0,ho(z) + 6)}. Assume that
ug = (vo, wo)? € WPZ_Z/”(Q(O)) and ho are satisfying the compatibility conditions

D(up)vg = (—Vho, )T (D(ug)rp)s, divug =0 on Q(0), vy = cd* *(hg + 6)dyvo, wo =0 on R?

with D(Uo) = (VUO + (VUO)T).
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a) Then, for any T > 0 there exist € > 0 such that there exists a unique solution (u,q,h) of equation
(1.1) within the regularity classes

u € Hy(J,Ly(Q1)*) N Ly (J, Hy(2(t))*),
¢ € {reLy(J QW) : yr € W22, L(0* (1)) ) Ly(J, Wi~ /P (T ()},
hoe Wi '2(J,Ly(R?) 0 Hy (J, Wy~ VP(R?)) N Ly (J, W~/ (R?)),
provided the smallness condition
H(u07 hO)||W§*2/P(Q(O))XWS*Q/P(Rz) +w<e.

18 fulfilled.
b) For any w > 0 there exist T,e > 0 such that there exists a unique solution (u,q,h) of equation (1.1)
in J within the same regularity classes as in a) provided the smallness condition

Il (uo, ho)||Wg*2/P(Q(o))xW{,”’W(Rz) tw<e

18 fulfilled.
¢) Let T > 0 and assume that the above compability and smallness conditions are satisfied. Then TV (t)
is the graph of the function h(t,-) + & over R? for allt € J.

Remarks 2.2. a) Note that u € H,(J, L,(Q(t))*) N Ly (J, H2(Q(t))?) by definition if and only if
wo @1 e HA(J, LR x (0,6))%) N Ly (J, HA(R® x (0,6))°),

where © is defined as in Section 3 by O(¢,x,y) = (t,z,y(h(t,z) +6)/d) for t € J, z € R? and y € (0,9).
b) The spaces for ¢ are defined in a similar way.
¢) Due to our assumption p > 5 we have

h € C(J,BUC*(R?)) and d;h € C(J, BUC*(R?)).

This implies that the normal of Q(t), the normal velocity V of I'"(¢) and its mean curvature are well
defined and continuous. In particular, the equations on the free boundaries given in (1.1) can be
understood pointwise. For u we have

u(t) € BUCH(Q(t)) and Vu(t) € BUC(Q(t)), teJ.
d) If in addition to surface tension also gravity acts on the fluid, the condition on the free boundary
needs to be replaced by
~Tv = okv + gpyv on T'T (),

where g denotes the gravity constant and y the vertical component of a point on I'*(¢). We note that
our approach may be extended to this case yielding a solution within the same regularity class as above.

Remarks 2.3. Some comments on our approach how to prove the above result are in order.

a) First, by applying the Hanzawa transform to problem (1.1), we obtain a set of equations on a fixed
layer-like domain D := R? x (0,d) of fixed height § with top and bottom boundaries ' = R? x {§} and
'~ =R? x {0}. In section 3 we will verify that the set of equations for p = u = 1 on the fixed domain
D are of the form

ou—Au+2wxu+Vqg =xrw X (wz)+ F(u,q,h) inJ x D,
divu = Fy(u,h) inJx D,
—T(u,q)vp — cAzhvp = Gy (u,q,h) onJ xTIT,
(2.1) Oth —yw = H(u,h) on J xI't,
’ yv —yed*0yv = G_(u, h) onJxI'~,
yw =0 onJ xI'™,
uli—o = ug in D,
h|t:() = ho in RQ,
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for certain functions F, F5,G4,G_ and H. Splitting the normal stress into its tangential and normal
component, the linearization of (2.1) leads to the following linear inhomogeneous problem

Oy —Au+2wxu+Vqg =f1 inJxD,
divu =f; inJxD,
YOv +9Vw =g, onJxIT,
V20,w —vq—ocAzh =g, onJxTIt,
(2.2) Oh—vyw =f, ondJxIT
YU —ycd*Oyv =g- onJxI7,
yw =0 onJ xI'~,
uly=0 =wo in D,
h‘t:o = ho on RQ.

Secondly, we show maximal L,-regularity for the linearized problem (2.2) in Section 4. To this end,
we split the original problem into two model problems defined on half spaces, use the equivalence of
the Stokes problem and the reduced Stokes problem explained in Appendix B as well as the Newton
polygon technique explained in Appendix C. Finally, a fixed-point argument yields the existence of a
unique solution (u, g, k) to equation (1.1) belonging to the regularity class described in Theorem 2.1.
b) A second comment about the regularity class seems also to be in order. First, note that the space
oW, (J, X) are defined for s > 0 with s — 1/p ¢ No, by
{ue Wy(J,X):u(0) = ... =u®™(0) =0}, if s € (k+ 2,k + 1+ 1) for k € N,

oW (J, X) ::{ s . 1
P Wy (J,X), if 0<s<.

~ ~ !/
The spaces oH3(J, X) are defined in an analogous manner. We also set oH, '(Q,T) := (O e (Q,F)) :

Assume now that the linear problem (2.2) admits a solution (u, g, h) satisfying
we HY(J,L,(D)*) N Ly(J, HX(D)®),  q¢€ Ly(J,H:(D)).
Then the right hand sides fi and f; need to satisfy f1 € L,(J x D)3 and
fa € Hy(J,0H, (D)) N Ly(J, Hy(D)),

since the operator div maps L, into ffp_l. By trace theory, ug necessarily belongs to (Wp2_2/p(D))3.
Moreover, the trace of u on I'"™ belongs to the class
Yo i= Wyt (J, L,(T)%) N L, (J,W2=/P(DH)3),
and that of Vu to
Y1 i= W2, Ly (0)P9) 0 L (WP (0 )P9).
Thus g, € Wp/> 2P (J, L,(T'H)2) N L,(J, W, "/P(I'F)2). The equation for h is defined on
W, 22 (J, Ly(T)) N Ly(J, We~"/P(T*+)); hence h should naturally belong to
W22 (J, L, (D)) N Hy (J,W2=1/P (D).
The fourth equation above is defined in W;/zfl/zp(J, L,(TT)) N Ly(J, Wplfl/p(F"‘)) and contains the
term A,. Thus h should also belong to Ly (J, W;’_l/p(I‘*)) and the natural space for h is
W2, Ly (TF)) 0 Hy (J, W VP(00) 0 Ly (4, W) /P(0)).
This also implies hy € Wy~ 2/P(R2). If in addition vq € Ya 1= W/ 2~/ (J, L,(T+))NL,(J, Wy~ /P(T'+)),
then also g,, € Ys.

Having thus observed that the above regularity for h is necessary for u and ¢ solving (2.2) and
belonging to the above regularity classes, our main result shows that under these assumptions the
nonlinear problem admits a unique solution in the above regularity classes.
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3. HANZAWA TRANSFORMATION

In this section we transform the problem (1.1) to a problem on the fixed domain D = R? x (0,6) for
§ > 0. The top and bottom boundary of D are given by I't = R? x {6} and '™ = R? x {0}, respectively.
To this end, we define for J = (0,7)

y(h(t,z) +9)

0:JxR*x(0,0) — U{t} x Q(t), O(t,x,y) == (t,x, 5 )

teJ

as well as 0(t,z,y) := (z,y(h(t,z) + 6§)/5). Thus O(t,x,y) = (¢,0(t,z,y)) for all t € J, z € R? and
€ (0,9). We then define the transformed variables by

(©%u)(t, 2,y) := u(O, z,9)),

)= | (et ]
q(©

w(t, z,y) = (0%us)(t,z,y) == us(O(t, z,y)),
m(t,2,y) = (0%¢)(t,2,y) := ¢(O(t,2,y)).
Then, the Jacobian of © and its inverse are of the form
1 0 0 0 1 0 0 0
S T T P
yOoth/d yoih/6 yOah/d (h+6)/0 h+53t —h%ré@lh h+682h 0/(h+9)

By means of this coordinate transformation we obtain for j = 1, 2:

wo o v Yy
- Y
@@u-@(w) h+56( >8h

@*3?“—6?(;},) ~25050,0, <U)ajh+ 7 :5)235( >(8jh)2 —yay(;’) <(h+5>(i?ig;(ajh)2>’

h+
N 0 v
O 0yu =550 <w>
52 v
*02 2
0= e <w)
62

O Au=[A, + (h+6)26§]<> 2h+5 a()v h+(h2)Vh|82(w> hiéa <U>Awh
250 () O
oo () st
Ceme () stsnelC)

The fourth equation of (1.1) is transformed via the outer normal v given by
B 1 ( th)
V1+|Veh]2\ 1
Oth = ©*V,\/1+ |V h|? = 0"y ( >\/1+V h|2 ==V, h v+ w.

into
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In order to compute the transformed stress tensor on I'", we note first that the outer normal v at the
free surface and the outer normal vp = (0,0,1)7 at 't are related through

= et ()

,From the calculations above we see that the transformed stress tensor on the upper boundary is given

by
0T (u, ) — ( héz v y) (Z;) ; [( héz v y) (Z))}T—hié 0, (Z;) ((V.h)T0) + (Vgh) (3, (Z))T} In
Therefore, we obtain
o - oz (O -
1

T
S — —W(”)vxh—(( Ve )v) Voh+ —2— ay(”>vxh2
V14 |Veh|? w w50y h+06 " \w

y Vzih Vih Vih
s Vel 3y”)( 0 ) h+5ayw< 0 >+ﬂ( 0 ) ‘

The mean curvature k is given by

2
eV, <w> S R LY

Tt [V.h|? T+[VLhP A= (1+|V.h2)E

The transformed Navier-slip condition on the lower boundary reads as

v = O (“1) = c(h +6)*©" (“1) =c(h+ 5)“%4_5@,1; = cd(h+ 6)* "0,

u2 U2

Summarizing, the equations (1.1) read in transformed coordinates for p = =1 as

O — Au+2w X u+Vr = xpw X (wx (x,y)) + Fi(u,m,h) inJx D,
divu = Fy(u,h) in Jx D,
YT (u,7)vp — cAzhvp = Gt (u,m, h) on J x Tt
(3.1) Oth —yw = H(u,h) on J xTI't,
‘ yv —yed*Oyv =G~ (v, h) onJxI',
yw =0 on J xI'7,
ult=0 = Up in D,
hli=o = ho in R?,

where the functions on the right hand side above are given by



8 R. DENK, M. GEISSERT, M. HIEBER, J. SAAL, AND O. SAWADA

2

Y 2 2 _ _ 2
Fy(u,m, h):= s (Oyu)0ih + (67/(h + ) 1)8 U 2h 6VI8tumh+ (h+0)? 5| Ve h|? oyu
)
2, Y T _ (. _ 9 gnT
h+5(8 WA, h+2(h+5) Oy0)|Vohl? + 525 (0,m)(Voh, 0)7 = (- (Vi 750,)
+ h+5(a wv -V, h+(1—5/(h+5))(0,0,8y7r) ,
Fy(u,h) = (1—5/(h+6))8w+h 50,0 Vah,
2
) = (1 o\ (L _ohdh o
Gt (u,m,h) :=(1 5/(h+6))8y<2w>+0< e 1)A h-vp— ; (FAD 3/28 Oxh - vp
2
o 0;hokh (V h)
———Azh — — L —=——0,;0xh Ve Vh—i-tha
/1+|Vxh|2( j;11+|vmh|2 k ) 0 [ U | |“0yu
_((hisa >v) Voh = s ( ; )+h+5(vzh~6yv)< ; >+w( : ) :
H(u,h):= -V, h-v,
G~ (v,h) == cb[(h +6)*"! = 5*"19,v

4. MAXIMAL REGULARITY FOR THE LINEARIZED PROBLEM

It is the aim of this section to prove maximal regularity estimates for the linearized problem (2.2). To
this end, we introduce the function space F associated with the right hand side of (2.2) as

F(J, D) :=Fy(J, D) x F4(J,D,T) x G (J,T+) x H(J,['T) x G_(J,T7) x I3 (D) x I(I't),

where
Fy(J,D) := Ly(J,L,(D)?),
Fd(‘]aD7F+) = H;;(‘LOHp_l(DaF—F))mH;/Q(JaLP(D))mLP(JaH;(D))v
G (LTF) = W27V (g, L,(TF)%) N Ly (J, W, /P (TH)?),
H(JLTY) = Wy V2 (J, Ly(TH) N Ly (J, Wy~ /P (T),
G-(J,T7) = Wp/2712(J Ly ((17)%) N Ly(J, W, ~H/P(I7)?),
L(D) = Wg *?(D)?
(") = Wy 2/P(r),
as well as the solution space
E(J, D) := Ey(J, D) x Eo(J, D, TT) x E3(J,TT),
with
Ei(J,D) = H,(J,Ly(D)*) N L,(J, H;(D)?),
Ey(J,D,T%) = {me L,(J,H (D)) :ym € WL/2"V22(J, L, (D7) N Ly(J, WP ()},
Es(J,T%) W22 (], L,(T) N HE(J, W20 0)) N Ly (J, WE=H/P(TT)).
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Theorem 4.1. Let T >0, J:= (0,T), p € (1,00) with p # 3/2,3. Then there exists a unique solution
(u,m,h) € E(J, D) of the problem

ou—Au+2wxu+Vr = fi  inJxD,
divu = fg inJxD,
YO v +4Vew = g, onJxTT,
290yw —yp —olAzh = g, onJxTT,
(4.1) Oh—~yw = fr  onJxTIT,
Y —cé*v0v = g- onJxI7,
yw = 0 onJ xI'™,
u(0) = wuo inD,
h(0) = hg onT—,

if and only if (f1, fa,9 = (Gv, Gw)s fn, 9—, U0, ho) belong to F(J, D) and satisfy the compatibility conditions

90(0) = v9yv0 +yVowg on T and g (0) = yvg — c6*yOyvo on T, p>3 and
ywo=0 on T~ and fq(0) =divug in D, p>3/2.

In order to prove Theorem 4.1, we consider first the problem

Ou—Au+Vr = fi inJxD,
divu = fg4 inJxD,
YO v +V,w = 0 onJxTIT,
290w —ym —yoAzh = 0 onJxTT,
(4.2) Oh—~yw = 0 onJxTT,
Yy —cd*v0,v = 0 onJxI~,
yw = 0 onJ xI'™|
tutmo = 0 in D,
hlt=o = 0 on I'™

Then the following result holds.

Lemma 4.2. Let p € (1,00), p # 3/2,3 and for 7 > 0 set J, = [0,7]. Let f1 € F1(J,D) and
fa € Fy(J,D,T'") satisfying falt=o = 0 if p > 3/2. Then there exist T > 0 and a unique solution
(u,m,h) € E(J-, D) of (4.2) in J, satisfying

1(u, 7, W)lecs,,0) < C (I f1lleys,.0) + I falleacs, .p,0+)) -

In order to prove Lemma 4.2 it suffices, thanks to Proposition B.1, to consider the reduced Stokes
problem defined by

Ou — Au+ VTh(u,h) = fi inJx D,
YO +4Vyw = 0 onJxIT,
vdivu = g, inJxIT,
(4.3) Oh—~yw = 0 onJxTIT,
’ Yo —c0*yO,v = 0 onJxI~,
yw = 0 on J xI'7,
ulg=o = 0 in D,
hli=o = 0  onR?,

where f1 € F1(J, D), g, € GT(J,T'") satisfying g.(0) = 0 if p > 3. Here

GT(J,TT) == W)/2 V2 (], L,(TT)) N L, (J, W, ~/P(T')),
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and Ts(u, h) is defined by Ty (u, h) := p2, where py € H}(D) is the unique solution of
Ap=20 in D,
(4.4) ¥Oyp = Y (Au—Vdivu) onI7,
vp = 270, w — o Azh on I't,
which is guaranteed by Proposition A.5 provided (u, h) € E; x E3. Here v, u := v - u.
In order to construct a solution for equation (4.3), we employ a localization procedure to transfer the

reduced Stokes problem to two problems in a half-space. More precisely, consider in D~ := Ri the set
of equations

Ou—Au+VTy (u) = f- inJxD™,

Y —c6*y0v = 0 onJxI™,

(45) yw = 0 onJ xI'~,
u(0) = 0 in D™,

where T, (u) is defined by Ty (u) := p; , where p; € I;T; (D7) is the unique solution of the equation

{ Ap =0 in D™,

(4.6) YOyp =70, (Au—Vdivu) onT~.

Note that by Proposition A.1 and Proposition A.4, T, is well-defined due to the assumption on u.
The following lemma is a consequence of Lemma 5.1 and Proposition B.2(2).

Lemma 4.3. Let p € (1,00), p # 3/2,3. Then there exists C > 0 such that for f_ € Fi(J, D) there
exists a unique solution u_ € By (J, D7) of equation (4.5) satisfying

lu—g, 7.0~y < Cllf=lr,s.0-)-

Similarly as above, we consider the reduced system also in DT := R? x (—o0, ). It reads as

ou — Au+VTy (u,h) = f inJx DY,
YOyv +4Vaw = 0 on JxIT,
ydivu = g, on JxTIT,
Oth—yw = 0 inJxI'T,
w(0) = 0 in DT,
h(0) = 0  inD+,

(4.7)

where Ty (u, h) is defined as T (u, h) := p3, where pJ € ﬁ;(D"’) is the unique solution of

(4.8) Ap =0 in DT,
: vp =27y0yw—ocAzh  onTT.

By Proposition A.1 and Proposition A.4, T, is well-defined. Finally, Theorem 5.2 and Proposition B.1
imply the following result.

Lemma 4.4. Let p € (1,00), p # 3/2,3. Then there exists a constant C > 0 such that for f €
Fi(J,D%) and g, € GY(J,T'") satisfying g(0) = 0 in the case p > 3, there exists a unique solution
(uy,h) € E1(J, D) x E3(J, ") of equation (4.7) satisfying

s lley (g,04) + IRllgs ey < C (1 f+ 04y + lgrlla+ o)) -

Proof of Lemma 4.2. Let x_ € C*°(R) be a cut-off function satisfying 0 < xy_ < 1 such that

{ 1 for y<4§/3,

X-(y) = 0 for y>26/3,
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holds. Moreover, set x4+ := 1 — x_. It follows from Lemma 4.4 and Lemma 4.3 that for f € Fy(J, D)
and g € Gt (J,I'") there exist unique solutions (u4,h) of equation (4.7) and u_ of (4.5), respectively.
Inserting u = xyu4 + x—u— in (4.3), we obtain

Opu — Au+ VTa(u,h) = f+S(f,g) inJx D,
YO +yVw = 0 on J x 't
Oh—yw = 0 in JxI'T,
ydivu = g on J xI'T,
Y —cd%y0yv = 0 onJxI'~,
yw = 0 on J xI'7,
w(0) = 0 in D,
h(0) = 0 in R?,

where S(f, g) is given by
S(f,9) ==V Ta(u,h) = X+ VT (up, h) = x=VTy (u—) — (Ax)us — (Ax-)u—
= 2(Vx=)(Vu-) = 2(Vx4)(Vuy)
= [v (TQ(U> h) - X+T2+ (u+7 h) - X,T{ (’U/,)) }
+ [— (Ax+)us = (Ax—)u— = 2(Vx-)(Vu-) - Q(VX+)(V“+)]
+ (V)T (uges ) + (V- )Ty (u-)]
::Sl(fmg) + SQ(f7 g) + SS(fu g)
By Holder’s inequality and Sobolev’s embedding theorem, for T > 0 there exist § > 0 and C' > 0,
independent of T' < Ty, such that
152(f 9)lle 0.7,0) < C (Huflle(o,T;H;(D» + IIU+HLP<0,T;H;<D>))
< CT? (||u+le, 0,7,0) + lu—ll&y 0,7,1)) -
Hence, by Lemma 4.4 and Lemma 4.3, we obtain
1S2(f, Dlles 0.7.0) < CT? (|| £lley 07,0y + lglla+0,m0+)) -

In order to estimate S;(f,g), note that ¢ defined by ¢ := To(u, h) — x+ Ty (uy, h) — x_ Ty (u_) solves
the equation

Ap = —divV(x+To(us, h) + x-T3 (u-)) in D,
YOy = 0 onI'~,
v =0 on I't.

It follows from Proposition A.5 that
||<P||Lp(0,T;H;(D)) <Ol = divV(x+Ta(uy, h) + X—TQ_(U—))||Lp(o,T;0H;1(D,p+))-
For a test function 9 € Oﬁ;, (D,T'") we estimate the above right-hand side further as

(div V O To(ug, h) + x-Ta(u-)) , )|
= [((Ax)Ta(us, h) + 2(Vs ) (VT2 (ug, 1)), ) + ((Ax-)Ta(u-) + 2(Vx-) (VT2 (u-),9)]

<C (”T;(“% h)HLP(O,T;H;(WX(6/3,25/3))) +T (u—)HLP(O,T;fI},(]sz(6/3,26/3)))) 1¥llL, p)-
Consider the solutions of (4.6) and (4.8). Their Fourier transforms are given by

p(&y) = (ié—‘ay@,(g,o) +|€la— (&, 0))e—|g|y,

56 y) = (2ayw+(g, 5) + U|§|z;1(§)> ef\f:usfy)é.
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By Mikhlin’s multiplier theorem there exists a constant C' > 0, independent of u, u_ and h such that
1T (u*)”Lp(O,T;I?I;(R"’><(6/3,26/3))) <C (\Wayuf||Lp(07T;Lp(R2)) + ||’YU7||Lp(07T;Lp(R2))) )
T3 (uges W)l 0,750 (82 x (573,26 /3))) < C (100t ||, 0.7:L, (00+)) + 1Azl L, 0.7:L, ®2))) -
Hence,
lwllz,0.7:11 (D)) <C(IV0yut || L,y 0,13, 00+)) + IVe=IlL, 0.7:L, 22))
+ IV0yu—llL, 0,51, ®2) + 1Al L, 0,751, R2)))-

By similar arguments as above we obtain

IN

151(f: 9) I, 0.7:0) CT? (| £, 0.7,0) + l9lla+0,1,0+)) -
185(f, Dlles0,r0) < CT? (Il flev0.7.0) + lglla+o,z.0+)-) -

N

Summarizing, it follows that
1
1S(fs 9, 0,7,0) < §||f\|IF1(0,T,D) + ll9lle+o,r,r+))

provided T is small enough. The assertion thus follows by a Neumann series argument. O

Proof of Theorem 4.1. Step 1: The case w = 0.

Suppose that the data fi, fi, 9v, Gw, fn, g—, uo, ho satisfies the assumptions given in Theorem 4.1. In
a first step we show the existence of a triple (@, 7, ﬁ) € E(J, D) satisfying the last seven equations of
(4.1). Keeping the notation introduced in the proof of Lemma 4.2, we define further cut-off functions
X1, X2 € C(R) satisfying

() = 1 for y>
)= 0 for y<

0,
0.

1 for y<2

and  xa(y) = { -
6

0 for y>

D= W=

By [DPZ08, Theorem 2.1] (see also [DPZ08, Example 3.7]), there exists (w4, h) € E1 x E3 satisfying

8t'lU+ — A’(U+ =0 in J x D+,
oh—wy = fn on J x It
WIywy —aAh = ePe (yd,wo — 0Ayhg)  on J x T,
wy(0) = xawo in D¥,
h(0) = ho on I't.
Here e®+ refers to the time variable t. We further set

Tt a,y) = e VIR (g, — oA (30w — oA ho) ) (1),

Then (w4, 7, k) is a solution of the equation

Oh—wy = fu on JxTIT,
2y0ywy —ymy —oAgh = gy on JxTI'T,
wy(0) = xiwo in DY,

h(0) = ho on I'*.
Furthermore, denote by vy the solution of the equation

8,51}4,_ — AU+ = 0 in J X D+,
YOyvy = gy —yVewy on J X r,
v4(0) = x1v0 in DT.
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Note that here we needed the compatibility condition g¢,(0) = v9yvo + YV,we on I'. Hence, by
construction the triple (uy = (v4,wy), 74, h) satisfies the equation

6t?l —wy = fh on J x F+7
’Yayv+ + ’Yvrw-‘r = v on J X F+7
290wy —ymy — 0Ah Juw on JxTIT,
u(0) xiuo in DT,
h0) = ho on I't.

Furthermore, by [DHP07, Theorem 2.1] there exists a function u_ satisfying

Ou— —Au_ = 0 in Jx D™,
Yo— — YO = g- on JxI'~,
yw— = 0 on JxI'™,

u-(0) = xoup in D7,

provided ywy = 0 on I'" if p > 3/2 and vy — c6*y0yvo = g—(0) on I'~ if p > 3.

Setting @ := x4uy +x_u_ and 7 := y,m4 and choosing h as above, we see that the triple (@, T, B) €
E(J, D) satisfies the last seven equations of (4.1). Moreover, given fi, fg as in Theorem 4.1, it follows
from Lemma 4.2 that there exists a solution of (4.2) in some small time interval J, = (0,7). By
repeating these arguments, we obtain a solution of (4.1) on an arbitrary time interval J.

Finally, the uniqueness of the solution to (4.1) follows by the following duality argument. To this
end, assume that (u, 7, h) satisfies

ou—Au+Vr = 0 inJx D,
dive = 0 inJx D,
YO u+yVew = 0 onJxIT,
290yw —ym —olAzh = 0 onJxIT,
(4.9) Oth—~vyw = 0 onJxTDT,
v —cd*v0,v = 0 onJxI7,
yw = 0 ondJxI'7,
u(0) = 0 in D,
h(0) = 0 onI*

and for f € I let (@, 7,h) be the solution of the dual backward problem

—di—Au+Vrc = f inJxD,
divi = 0 inJxD,
Y0y0+ 4V, = 0 onJxIT,
290, —yF —aAzh = 0 onJxTH,
(4.10) —O0h—~y = 0 onJxTT,
Y0 —cdv0,0 = 0 onJxI7,
ywo = 0 onJxI7,
@(T) = 0 inD,
h(T) 0 onIt

Integration by parts yields

0 :<atu — Au+ Vﬂ—77“~L>J><D = <u7 _atﬂ - Aﬂ4>J><D + <u(s)vﬂ(s)>D|g - <’78yuv'ya>J><F+
— (yu, Y@) g F (YU, YOy ) g+ + (YU, YOy U) g + (YT, YD) gt + (YT, YD) gxr-
=1 +...+ 1.

Since u(0) = a(T) = 0, we have I = 0. The two equations on I'™ imply Iy + Is + Is = 0. Moreover,
the equations describing the tangential stresses on I'", integration by parts, and the divergence free
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conditions yield
Is + Iy =(y0,70y0) yxr+ — (YOuv,70) yxr+ + (YW, Y0y0) s+ — (YO, w, YW) yxr+
=(y0, =YVa®) yxr+ + (YVaw, ¥0) yxr+ + (Yw, Y0y0) yxr+ — (YOyw, Y0) s+
=(YV20,70) s+ — (YW, YVa0) sxr+ + (YW, Y0y0) s+ — (YOyw, YW) yxr+
= — (YOyw, yW) 71+ + (YW, ¥OyW) sxr+ + (YW, YOyW) s xr+ — (YO, w, YW) s+
{(yw, 290y W) yxr+ — (270yw, V) yxr+ -

The equations for the normal stress on I't, the equations for the normal velocity of I'T as well as
integration by parts yield

I5 + Is =(yw, ¥ + 0 A'R) yur+ — (ym + 0 A h, yid) yur+
=(Yw,¥7) yxr+ — (YT, VW) yxr+ + <athaUAxiL>J><F+ + (0Azh, atiL>J><F+
=(yw,y7) yxr+ — (YT, 7W) g0+ — (0eVah, 0Vah) yurs + (0V20ih, VA) yur+
=(YWw, ¥7) yxr+ — (YT, YW) s+
Summarizing, we obtain
0 =(u, =it — Al jxp + (YW, V%) yur+ = (0, =0yt — A+ V) jxp = (u, flsxp, f€F,
which implies that «w = 0. Now, it is not difficult to show that h =0 and = = 0.
Step 2: The case w # 0.
Let To > T, p € (1,00) with p # 2,3 and let L,, € L(E(0, Ty, D), Feomp(0, Ty, D)) be the linear operator
represented by the left hand side of (4.1), where Feomp(0,To, D) denotes the subset of F(0,Tp, D)
satisfying the compatibility conditions given in Theorem 4.1.
By perturbation theory for the maximal regularity for the Dirichlet Laplacian in L, (D), for (0,0, 0,0, ug,0) €
Feomp(0,Tp, D) there exists (u,0,0) € E(0,Ty, D) satisfying
Ou—Au+2wxu = 0 in (0,7p) x D,
yu = 0 on (0,Tp) x T,
u(0) = wup inD.
Hence, it suffices to show that L., € Isom(f[ﬂ(O,To7 D), ]l:“comp((), To, D)), where

E(0,To, D) := {(u,m, h) € E(0,Tp, D) : u(0) = 0},
Feomnp(0, To, D) := {(f1, fa, 9, fu: 9-, 0, h0) € Feomp(0, To; D) : ug = 0}
In order to do so, we write L, = Lo(Id + Lngw), where By, (u,m, h) := (2w X u,0,0,0,0,0). Then, by
Step 1 and Sobolev’s embedding, we obtain
”Lale(uvﬂ’h)”]ﬁ(o,T,D) < C’||Bw(u,7r,h)||]1;~(0’T7D) < C”U”LP(O,T,LP(D)) < CT%HUHLOO(O,T,LP(D))
< OT#||(u, 7, W) g1y ). (w7, h) € B(O,T, D), T € (0, Tp).
Note that thanks to u(0) = 0 for (u,7,h) € E(0,T, D), the embedding constant is independent of
T € (0,Tp). Now, the theorem follows by a Neumann series argument. O
5. ANALYSIS OF MODEL PROBLEMS IN THE HALF-SPACE

We start this section with the model problem related to the bottom boundary. Similarly as above, by
Proposition B.2, the reduced Stokes problem (4.5) is uniquely solvable if and only if the problem

ou—Au+Vn = fi1 in JxD™,
divu = fg in JxD7,
(5.1) Yo —cé*y0yv = 0 onJxI7,
yw = 0 on JxI'",
ulg—g = 0 in D7,
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is uniquely solvable. It was shown in [Shi07, Theorem 5.1] that, given 5 > 0 and (f, f3) € F1(J,D7) x
G~ (J,T'7) with f5(0) =0 if p > 3, the system

ou—Au+Vrn = f; in JxD™,
0

dive = in Jx D™,
(5.2) Byv—~y0v = f3 onJxI,
yw = 0 on JxI7,

=g = 0 in D™,

admits a unique solution (u,7) € Eq(J,D™) x L,(J, }AI;(D_)) satisfying (5.2) and a constant C' > 0
such that

(5.3) lulle, + N7l ay) < CUAlE + 1 f3lle-)-

To be precise, in [Shi07, Theorem 5.1] only the case 8 = 0 was considered. However, by a perturbation
argument similar to the one employed in the proof of Proposition 4.2, the result cited above extends to
the case 3 > 0.

Consider now (f1, fa) € F1(J, D7) x Fgq(J, D™, 0) with f4(0) = 0 if p > 3/2. It is well known that
there exists a unique solution (uy, 1) to the half space problem with pure Dirichlet boundary conditions

ou—Au+Vnm = fi in JxD™,
divu = fg inJxD7,

(5-4) yu = 0 on JxI'™,
ulg—g = 0 in D7,

satisfying

(5.5) [ulle, + NIl a2y < CUL ey + [l falle,)-

for some C' > 0. Furthermore, let (u2,m2) be the unique solution to (5.2) with right hand sides f; =0,
f3 = v0yu1, and with 8 = cé%' Then (u, ) := (u1,m) + (uz, m2) solves the system (5.1). Summarizing,
we have the following result

Lemma 5.1. For every (f1, fa) € F1(J, D7) x Fy(J, D~,0) with fq(0) = 0 if p > 3/2, there exist a
unique soltion (u,m) € E1(J,D~) x Ly(J, H}(D™)) to equation (5.1) satisfying (5.5) for some C > 0.

In the following, we consider the model problem related to the top boundary. More precisely, we aim
to give a proof of Lemma 4.4. By Proposition B.2, it suffices to show that for every fi € Fy(J, DT)
and fy € Fq(J, DY, T'") satisfying the compatibility condition f;(0) =0 if p > %, there exists a unique
solution (u,m,h) € Ey(J, DT) x Eo(J, D, T'") x E3(J,T'") of the equations

Ou—Au+Vr = fi in Ry x Dt
divu = f; in Ry x DT,

YO v+4Vyw = 0 on Ry xI'T,
(5.6) 290w —ym —oAzh = 0 on Ry xT't,
Oh+yw = 0 on Ry xI'T,

w(0) = 0 in DT,

R(0O) = 0 on I'F.

The transformation y — § — y, w — —w yields the following boundary value problem in the half-space
R3
+

8{[1, — Au +Vnr = f1 in ]R+ X Ri_,
divu = f; in Ry xR3,
YOy +9V,w = 0 on Ry x R?
(5.7) 290yw —yr —oAzh = 0 on Ry x R?,
Oh—~yw = 0 on Ry xR
uw(0) = 0 inR3,
h(0) = 0 onR2
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In order to formulate the main result of this section, we introduce the spaces oF1(J, R%), oFa(J, R, R?),
oE; (I, Ri) for j = 1,2,3, (G (J,R?), G~ (J,R?) and (H(J, R?) of zero time traces at the origin and
set

oF(J,RY) :=¢ F1(J, R3) x oF4(J, B3, R?) x oG*(J,R?) x oH(J,R?) x oG~ (J,R?) x {0} x {0}
as well as
0E(J,R3) := oE, (J,R}) x Eo(J, R, TH) x oE5(J,T'F).
Then the following result holds true.

Proposition 5.2. Let 1 < p < oo and p # 3/2,3. Then, for every (f1, fa) € F1(J,R3) x oFq(J,R3,R?),
equation (5.7) has a unique solution (u,, h) € oE(J,RY) satisfying

[(w, ™, ) [[errs) < C (L falle, + | falles) -
for some C > 0.

By classical results, for every (fi,fs) € Fi(J,R%) x oFq(J,RY,R?), there exists a unique solution
(u,7) € E1(J,R3) x Ey(J, R, R?) of the classical Stokes problem

ou—Au+Vr = fi ianRi,
divu = fg inJX Ri,
YO, v +YVaw = 0 on J x R?,
290w —ym = 0  onJ x R?
u‘t:() =0 in Ri_
Note here that yw € (H(J,R?). Considering u — % and 7 — 7, we see that (5.7) is uniquely solvable if
and only if

oiu—Au+Vr =0 inJ><R§)’H
divu=0 inJxR3},

Oh+~w = f, onJxR2
(5.8) ¥Oyv +YV,w =0 on J x R?
290,w —yr —oAzh =0  on Jx R?

u(0) =0 inR3,
h(0) =0 on R?

has a unique solution. Therefore, Proposition 5.2 is a consequence of the following result.
Proposition 5.3. For every f, € oH(J,R?), equation (5.8) has a unique solution (u,m, h) € oE(J,R?).

We subdivide the proof in several steps.
(1) Symbols of the solution operators.
Applying Laplace transform in ¢ and partial Fourier transform in 2 € R?, we obtain the following system
of ordinary differential equations in y for the transformed functions 4, p and h.
Wt — 20+ (i€, 0,)"F =0, y>0,
€0+ 0,w=0, y>0,
(59) N4 i = i,
Y0y 0 + 1€y = 0,
298, — 7 + o|¢[2h = 0.

Here we have set w := w(|¢], A) := /A + [£|2. Multiplying the first equation with (i£, d,) and combing
it with the second one yields (—|¢[? + 85)7? = 0 for y > 0. The only stable solution of this equation is
given by

w(&y) =p(Oe ¥, ¢eR? y>0.
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To solve the above system we employ the ansatz

(5.10) 0(€,y) = _/O k_ (&, 8)i&r (€, 5)ds + ¢ (E)e™, EER? y >0,
(5.11) w(,y) = _/O ki (€,y,8)0y7 (€, 8)ds + du (e, E€R?, y >0,
with

1
ha(y,s) i= oo (eml sl et}

17

Here the initial values p1 (&) and ¢(€) = (¢ (€), dw (€))7 still have to be determined. It then follows that

(5.12) YO, = —woy on R and i€ -yh =if- (sz(g) on RZ
Formula (5.11) for & implies
. > R 2 &l /OO —ws €] ? el .
1 —0=— k d w = — ws 5d w = ————— w-
(5.13) W|y=o /0 +(&,0,5)0yp(s)ds + ¢ L ; e “e s+ ¢ w(w+|£\)p1+¢
In view of O,k_(&,0,s) = e~“* we see that
. it

5.14 OyV)y=0 = —wWoy, — ———1P1.

( ) Y yv|y 0 W(b w+|£‘p1

Inserting (5.12)—(5.14) into the last four equations of (5.9), we obtain

(515) ZE ! (ng - wi’w = 07

; [ N
5.16 b+ ¥y =
210 S e
o w—lel

5.17 —Wpy — 16—~ P1 + Py =0

(5.17) o= e P

(5.18) —2wey, — P1 + olé?h = 0.

Multiplying (5.17) by i¢ from the left and inserting the product into (5.15), we obtain

2
e, = =l
Inserting this expression into (5.16) and (5.18) yields
A+ c1(&,\)p1 = fn,
al¢[*h — e2(€, \)pr = 0,
where ¢; and ¢y are defined as
€] 1% (w — 1€]) €l

AN = ST T et DR 6D T A 20

o 20EP(w — €D WP €]+ Bwle?
@A 8= T @ em T e 2en)

Hence, we obtain the following representation formulas for h, p1 and ¢?w
2(A§) ; w® + AJ¢] + 3w|é]? ;. oma(\ €] g

(519 b= S + olePatng " = AP+ N+ 3wleP) - oleP@ 1D " T malh )
(@ D+ Rl

(5.20) pP1 = m1(>\, ‘€|) h7
5, _ [P —lehole? ;-

wmy (A, [€])
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(ii) Mazimal regularity for the related solution operators.
In the following, we show maximal regularity for the solution operators defined above. Our strategy
to do this relies on the joint H°-calculus for the Laplacian and the time derivative, see e.g. [KWO01],
[DHPO03]. As the symbols mq (X, |£]) and ma(A, |£]) are not quasi-homogeneous with respect to A and &,
we will apply the theory of the Newton polygon which, for the convenience of the reader, is summarized
in Appendix C.

First, we collect some basics on the weighted space F} p(J, X), which will be used frequently in the
sequel. These spaces are defined for r € Ny and p > 0 by

Fr (1, X) = {u €D'(J,X): xpp(%)ku €Ly,(J,X) (0<k< r)}

equipped with its canonical norm ||u|| Fr (J,X) defined by

T d k
Hu”p]:;’p(‘i’x) = kz: H\Il (dt) ”p (J,X)*
=0

Here the operator U, is defined by multiplication with e~#*, that is,
(5.21) U,u(t) :=e Pu(t), te.d.

For r € Ry \ N the spaces F p(J, X) are defined by complex or real interpolation, respectively. More
precisely, if 7 = H we set

(5.22) Fr (LX) = H (J,X) = [H}:L(J,X),H}:L“(J, X)} .

and, if F = W, we set

(5.23) Fp oI X) = Wy (4, X) = (HEL(, X), HYE () o
T—\T[,P

where [r] := max{k € Ny : k < r}. Moreover, we set L, ,(J, X) := H) ,(J,X). The assertions of the
following lemma may be verified easily.

Lemma 5.4. Let1 < p < oo, r,p,w > 0, and X be a Banach space. Further, let T € (0,00), J = (0,T),
and F € {H,W}. Then the following holds:

A) I llz,,ox) <l lz,wux) < elp=)T|. Iz, ,0x) (I'>0,0<w<p).
(ii) ¥, € Isom(F, ,((0,Tp), X), F;((0,Ty), X)) for each Ty € (0,00]. Furthermore, the norms
|| : ||Wpryp((0,T0),X)7 ||\IIP ! HW;(((LTO)}X)a and || ' HH;[:];:((O,TOLX) + <<\Ilp(d/dt)[T]u>>r—[r]7p7X

are equivalent, where

0%g(x
{9 =[x = | ;] (/Q ) | |mg( ;|n+ [(]))de dy)

(iit) Fp ,(J, X) = F}(J, X) for T < oo with equivalent norms.
(v) 7y LR, X) o Tpp(Ry, X) for 0 <w < p.
(v) there exists an extension operator

E:F (X)) — F (R, X).

(vi) The assertions (i) to (v) remain valid if F is replaced by oF.
(vii) For reflezive X statements (i) to (v) remain valid for F, (R4, X) := (F}, (R4, X)), r > 0.

In the following we often use the equivalence stated in (iii) without further notice. We further define
related operators on the space oF), ,(K;) := oF, (R4, K (R")) for 1 <p < oo and r,s € R. Here

F,.K e {H W},
i.e., by K7 we mean either the space H, or the space W;j. We define
Gu:= 0w, ué€ P(G):= 0.7:;;1 (K,)
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and
Dyu = (—A)"?u, we 2(Dy) = oF, (Ki).
We recall from [DHPO1], [DHPO03], [KWO01] or [DSS08] that
G, Dy € RH™®(0F, ,(K3)), 66> =7/2, ¢p" =0,
ie, G and D, admit an R-bounded H>-calculus on oF)}, ,(K;) with RH>-angle R0 — 7/2 and

R, 00

o =0, respectively.

The following lemma is crucial for the proof of Proposition 5.3. It establishes closedness and invert-
ibility of the operators that correspond to the symbols w, m1, ms on their natural domains.

Lemma 5.5. Let 1 < p < oo and r,s > 0. There exists pg > 0 such that for all p > py the following
assertions hold.

(i) w(Dn,G) € Isom (2(w(Dy,G)), oF} ,(K3)) , where
P(w(Dn, G)) = oFp L2 (K5) N 0T, (K55H),
(ii) m1(Dyp, G) € Isom (Z(myi(Dy, G)), oF, ,(K3))), where
P(w(Dy, G)) = o F 2 (K3) Mo Fy ,(KiT),
(iii) mo(Dn,G) € Isom (Z(ma(Dy, G)), oF,, ,(K5))), where
P(w(Dn, G)) = oF 572 () 0035 UG ) Moy, (K H).

»)
(

Proof. We intend to apply Corollary C.3. To this end, let ¢g € (7/3,7/2), ¢ € (0,7), and set
Sepo = (Zp \ {0}) x (Br—p, \ {0}).-
Adopting the notation of Appendix C, we need to show that
(5.24) Ph(zA) #0  ((,)) € Ty, R> 0,5 =1,2,3),
where PJ(z,\) = lim, o, o=1r(P) Pi(gR) 52) and where P! := w, P2 :=my, P? := my, and dp(P?)
is defined as in (C.2).
(i) In this case I = {(0,0,1)}, i.e., N(P') = conv{(0,0), (0,1/2),(1,0)}. This implies that

1, 0<R<2,
dR(Pl)_{ R/2, R>2.

From this we easily calculate that

z, 0<R<2,
Ph(z,)) =< VA+22, R=2,
VA, R>2.

It is also obvious that for ¢ € (0, ¢p/2) we deduce

VA+22#0 ((z,A) € Ep ) -
Thus, condition (5.24) is satisfied for P'. Corollary C.3 then implies (i).
(ii) Also here the related Newton polygon is still a triangle. We have I = {(2,0,1), (1,1,0),(0,0,3)},
ie.,
N(P?) = conv {(0,0),(2,1/2), (3,0), (1,1),(0,3/2)} = conv {(0,0),(0,3/2),(3,0)},
since (2,1/2) and (1, 1) lie on the line connecting (0,3/2) and (3,0). This gives us
23, 0<R<2,
Pi(z,\) =< mi(z,)), R=2,
N2 R>2.
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Obviously condition (5.24) is fulfilled for P% and R # 2. We denote the three summands of PZ by Py",
k=1,2,3, and pick (z,A) € £, ,, such that arg A > 0. Then,

—p<argVA+ 22 < % < %’
and hence

3 —
—3p < argPQZ’k(z,/\) < w <m (k=1,2,3).

Choosing ¢ sufficiently small, say @ < 3‘0%7”, yields that

—3p < arng(z,A) < M <7

as well. This implies P§(z,\) # 0 for all (z,)) € Z, ., satisfying arg A > 0. If (2, \) € ,, ,,, such that

arg A < 0, we obtain completely analogous that

3(m — o)
2

which yields P$(z,A) # 0 also in this case. Thus, condition (5.24) is satisfied for P3 and Corollary C.3

yields (ii).

At this point we remark that w and m; are homogeneous symbols, i.e. the Newton polygon is a
triangle. Therefore the proof of assertions (i) and (ii) can also be based on a compactness argument.
This is no longer possible for ma, since there the related Newton polygon has four (real) vertices.

(iii) Similar geometric observations as above show that here

N(P?) = conv {(0,0),(0,5/2),(3,1), (4,0)},
since (2,1/2) and (1, 1) lie on the line connecting (0,3/2) and (3,0). This gives us

2024, 0<R<1,
3X23+202%, R=1,

3¢ > arg PZ(z,\) > — > -,

Pi(z,)\) = 33, 1< R<2,
Ama(z,A), R=2,
N5/2 R > 2.

If ¢ is chosen as in (ii), we already know that
Pg(zv/\) #O ((Z,)\) € 2307500)

for R = 2. Observe that all other cases are obvious except the case R = 1. For R = 1 again pick
(2,A) € £y, such that arg A > 0. Then,

—4p < arg(3)\z3 + 2024) <7 —o+3p <.

Consequently, choosing ¢ < min{(3pg — 7)/6, ©o/7} we obtain P?(z,\) # 0. Arguing in the same way
for (z,\) € ¥y, o, satisfying arg A < 0 finally results in

P3(z,\) #0 ((2,A) € S 0) -

Thus, the assertion follows from Corollary C.3.
O

The mapping properties derived in Lemma 5.5 allow us to finish the proof of Proposition 5.3. For the
remaining proof we denote by o, , and oF; , the weighted versions of the spaces of solutions and right
hand sides, respectively.

Proof of Proposition 5.3. Let pp as in Lemma 5.5 and choose p > po. Applying Lemma 5.5(iii) for
n = 2, we obtain

ma(Dn, G) " o € WP (R, Ly(RY) N Wi, (R, HY(R™) N oW, P (R, HA(R™))
(5.25) N oHY2(Ry, W2TVP(R™) NoH), (Ry, WS HP(R™)) N Ly, (R, WETH/P(R)).
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Next, Lemma 4.3 of [DSS08] implies
W2, WE/PRM)AL,, (R, WO VP(RM)) < o HE (R, W2 Y/P(R™)) N HY2(R y, WE1/7 (R™)).
By virtue of Lemma 5.5(ii) these two embeddings yield
mi1(Dy,, G)Yma(Dy, G) 7 fi € 0E3 (R4, R?).
By representation (5.19) we see that h € ¢E3 ,(Ry,R?). Next, by virtue of (5.19) and (5.20) we obtain
pr = 0(w(Dy,G)+ Dy) (w(Dy,G)?* + D2) Dimi(D,,,G) "1
Analogously, from (5.25) and by the fact that (see again [DSS08, Lemma 4.3])
oHL (R, W22 (RM)A L, ,(Ry, WIV/P(RY)) o gWL1/2P(R  HE(R™)) W /2~1/20 (R, H(R™)
it follows that
p1 € G (R4, R?).

Given fp,,9;h € oH,(Ry,R?), let (u,p) € By ,(R4,R) x oEy (R4, R, R?) the solution of the Stokes
equations with Neumann boundary conditions

Ou—Au+Vp=0 in Ry xRY,
V-u=0 in Ry x R},
(5.26) yw = fr, —O:h on R, x R?,
Y00y + ¥V = 0 on R, x R2,
u(0) =0 in RY.

For a finite time interval J = (0,7) and f;, € oH,(J, R?) we know in view of Lemma 5.4(v) and (vi) that
there exists an extension fh € oH, (R, R?). Let (u, 7, h) denote the restriction of the solution (, %,ﬁ)
to fj to the interval J. Then, we obviously have (u,,h) € oE,(J,R%) and (u,m, h) solves (5.8) on J.
Moreover, (u, 7, h) depends continuously on f,, since the extension operator given in Lemma 5.4(v) is
continuous. This proves the result for p > pg. On the other hand, by Lemma 5.4 (iii),(vi) the norms
on the weighted spaces oE; ,(J, D), j =1,2,3, and ¢F; ,(J,D), j =1,...,5, are equivalent for different
weights e7PPt, p > 0. Thus, the assertion of Proposition 5.3 is true for all p > 0, hence in particular for
p=0.
Finally, the uniqueness assertion can be proved by similar arguments as in the proof of Theorem 4.1.
O

6. THE NONLINEAR PROBLEM

In this section we construct a unique, strong solution to the spin-coating system described in (3.1) by
an application of the contraction mapping principle. To this end, we rewrite this system as
where & = (u,m, h), f =(f1,0,0,0,0) with f; € F1(J, D) and L is the linear operator representing the
left hand side of (3.1). The nonlinear operator N is given by
N(®) = (Fi(®), Fa(u, h), G*(®), H(u, h),G™ (u, h)),

where the functions Fy, F;, GT, H and G~ are defined as in (3.1).

Applying L~! to equation (6.1) with initial data satisfying suitable compability conditions (described
precisely in (6.4)), our problem (6.1) is transformed into a fixed point problem in a suitable subspace
of E(J, D). In order to solve this latter equation by the contraction mapping principle, we first derive

suitable estimates for the nonlinearity N. For doing this, the following embedding properties will be
helpful.

Lemma 6.1. Let p > 5 and J = (0,T) for some T > 0. Then the following assertions hold.
(i) Ei(J.D) — Hy/*(J.Hy(D)).
(ii) Ei(J, D) — BUC(J,W2~%?(D)) — BUC(J, BUC!(D)).
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(il) E4(J,T+) < BUC(J, Wo~2/P(R2?)) — BUC(J, BUC?(R2)).
(iv) H(J,TF) < BUC(J, W2 */?(R2)).
(v) GT(J,T+) < BUC(J, Wy */P(R2)) — BUC(J x R2).

)

(vi) The space G := W;/Q_l/Qp(J, L,(R?) N Ly(J, W;_l/p(RQ)) is an algebra with respect to the
scalar multiplication of functions. In particular,
g
— <C h
25| < O sl + i)

for any g € G and any h € G satisfying ||h||L_ (7xr2) < 1/2.

(vil) The assertions of (v) also hold for the space H(J,I'T).

(viii) The space H;/Z(L Ly(D)) N Ly(J,H}(D)) is an algebra with respect to the multiplication of
scalar functions.

Proof. The first assertion follows by the mixed derivative theorem (see e.g. [DHPO07, Prop.3.2]), whereas
embedding (ii) follows from [Ama95, Theorem I111.4.10.2] and Sobolev’s embedding due to our assump-
tion p > 5. The assertions (iii) and (iv) and the first embedding in (v) follow from a general trace
results, see e.g. [DSS08, Lemma 4.4]. The second embedding in (v) is then a consequence of the
Sobolev embedding and our assumption p > 5. Relation (vi) is proved in [PSS07, Lemma 6.6]. Us-
ing the fact that H(J,I't) — G — BUC(J x R?), we may copy the proof of (vi) given in [PSS07,

Lemma 6.6] verbatim to obtain (vii). Since H;/Q(J, Ly(D)) N Ly(J, H)(D)) embedds continuously into
W,}/Q_E(J, Ly(D)) N Ly(J, W, ~¢(D)) for small enough e > 0, assertion (viii) follows by the same argu-
ment as described in (vii). O

Next, we establish the desired mapping properties of the nonlinearity. To this end, set
Fy(J,D) :=F1(J, D) x Fg(J,D,TT) x G, (J,TT) x H(J,TT) x G_(J,T'7).

Lemma 6.2. Let T > 0,J = (0,T),p > 5 and B,(J,D) := {® € E(J,D) : yw = 0 on J X
'™, | ®|lgcs,p) < o). Then there exists > 0 such that

N(B,(J,D)) — Fx(J,D).
Moreover, N € C*(B,.(J,D),Fn(J, D)) and
N(©)=0, DN(0)=0,
where DN : B,.(J,D) — Z(E(J,D),Fx(J, D)) denotes the Fréchet derivative of N.

Proof. Observe first that by Lemma 6.1(iii) and by Sobolev’s embedding we obtain ||h|je < C|lh||g, <
Cr. Choosing r > 0 such that Cr < §/2 yields

(6.2) 17+ 6lloc 2 [0 = [|Plloc| = 0/2.

In a first step we show that Fy (B, (J, D)) — Fy(J, D). To this end, by (6.2) and Lemma 6.1(ii), the first
term of F) can be estimated as

Y
55 @vw)ihllL, 2,00 < Cllulli=wy @y ke, < Cl@]E-
Similarly, by writing ﬁ —-1= —’EZI}QL‘;Q , we obtain for the second term of Fj
62
||(m - 1)8Zu||Lp(J,LP(D)) < Cllulle, ([IBI%, + Ihlls) < Cll2|E

where we assumed that » < 1. All the other terms of F; may be estimated in a similar way, which
proves that Fy(B,(J, D)) — Fy(J, D).
In order to show that H(B,(J, D)) — H(J,T") note that

v Vohlla < ClIVahlrlvlla < Cllhlle, ullz, < Cll2[F
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follows by the fact that H(J,I'") is an algebra thanks to Lemma 6.1(vii).
Next, we consider the embedding G*(B,.(J, D)) — G*(J,I'"). Writing the first term of G as

-

m)a (v 2“’)

_h
0. 9w
we obtain by Lemma 6.1(vi)

) h
_ 1 <

In order to estimate the terms of GT involving the square root /1 + |V h|?, we employ the Taylor

expansion VI +s = 1+ g(s) with g(s) = Y po, (*/?)s*. The above series converges absolutely for
|s| < 1. Hence,

75 leldyulle, < Clhlclloyulle. < Clle]E.

H @ HG
lg(IVahlP)lle, < Z IVahllE:, < o2
2 r? 1

lg(IVah®lloe < Nla(IVah)le, < C7 2 S 3
provided r is small enough. Writing \/m —-1= m —1=1= +g, we obtain for the second term of
G™ that

g g
llog +9AthDIIG+ < Cll5 g||G+||Ath|G+ < Cligle, Ihle, < Cll®J5-

Analogously, we estimate the third term as

2 2

0;hOkh Oxh
—8-8 h < 0;0rh
%: e LHViW H1+Ham26+’k”®
G
< ¢ (oshle, + lolc.) (Nkhlis, + IV:hIE, ) Az,
Jk=1
< Cllolk.

The remaining terms of G may be estimated in a similar way, where for the last term we use the fact
that m € Eo(J, D,I'") implies that 7|p+ € G4 (J, D).
Recalling that ||h|lg_ < ||hllg; < 7 < §/2 we may write

(h+5wP—&¥1:5a1§;<akl><g>é

This yields

a— a— = h
lel(h+8)2~t = 8*Moyulle. < CY_II5lE 10yullec < Cliblle_lulle, < Cl2|E.

In the following step, we consider the corresponding embedding relations for the function Fj, i.e.
Fy(B,(J,D)) — Fyq(J,D,TT).
Consider first the space H(J, ngl(D)). In view of OH;, <%, L, we have L, — OH;1. This implies
Fd(uv h) €L (‘LL ) — L (JaoHil(D))a

by using the fact that 1 — §/(6 + h) as well
derivative of the first term of Fy, we write

s Vah belong to Loo(J x R?). In order to treat the time

dh
(§+h)2

5 9k
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By similar arguments as above we see that the first and the third term of the right hand side of (6.3)
belong to L,(J,L,), and hence to Lp(J,ngl). For the second term on the right hand side of (6.3),

pick p € °H Il,,. Integration by parts in y yields

/ <5 h(“) (“)tw> pdx = / m hatwa pdz,

where we used the fact that w|,—o = 0. This ylelds

h(t) _
Hé—i—h( )5 yOw () s oy = su

H‘PHOHI (D),l

duu(t )aywd‘ CH (1) H 10tz

5+h t) 3+t ||

and hence \|Hih8y8tw||Lp(J70H;1) < C||®||2. The H)(J,0H,")-norm of the second term of Fy can be
estimated similarly. In fact, the first and the second term of the time derivative

8<h 681} Vh) o 681} V:0:h (h 6) ——0:h0yv - Voh + ——(0,0v) - Vh

h 0

belong to L,(J, L,) and hence to Ly (J, OH;I). For the third term we again employ integration by parts,
which yields
Gtv
chpdr = — -Vh d
[ 750,00 Vohoto = = [ b+ 90,000
The fact that 0yv € L,(J, Ly), V h/(h +6) € Loo(J xR™), and ¢ + y0yp € Ly (J, Ly ) then results in

(9y0rv) - Vah| »(JoHpY) < CH‘I’H]E

”h +6
Summarizing, we obtain
VFa@)l, ) < ClIOI2.

In order to obtain the same estimate for the £ = H;/Q(J, Ly(D)) N Ly(J, H)(D)-norm, note that by
Lemma 6.1(viii) also this space is an algebra. Furthermore, since h/(d + h) does not depend on y, we
deduce for this term that

h/é
S+h h 14+h/0 |y
in virtue of Lemma 6.1(vii). This 1mphes for the first term of Fy
0 h
1— — _°
I h+46 o+h

by Lemma 6.1(viii). Similarly ||[yV h/h| g < C||®||g and thus also the second term of Fy belongs to E.
Summarizing, we arrive at

< C|hllg; < C||®|x

o,wls < C H H 1oyulle < ClIIE,
E

Fy(B,.(J,D)) — F4(J,D,TT).
Finally, the additional assertions for N follow immediately from the structure of N. In particular,
DN(0) = 0 follows from the fact that N contains only nonlinear terms of second or higher order. The
proof is complete. d

The above Lemma 6.2 allows us to to prove the following existence and uniqueness result for the system
(3.1). For t > 0 and (x,y) € D, we set

filts (,9) = xrw X (W X (2,9))-
Moreover, for (ug, hg) € I set
7o := —G (o, ho) — 0 Ahg + 20,wo
and define the compability conditions for the initial data (ug, ko) as
(6.4)  Oyvo + Vywg = G (ug, mo, ho), wo = cd(ho + 6)“_1(%1)07 wo =0, div ug = Fy(ug, ho),

where G} and G}, denote the two first and the last compenent of G, respectively.
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Theorem 6.3. Let p > 5 and for T € (0,00) set J = (0,T). Then there exists an € > 0 such that for
each (f1,ug, ho) € F1(J, D) x I; x Iy satisfying the compability conditions (6.4) as well as the smallness
condition

||(f1’ Uo, hO)”Fl xIp xIy < €,
there exists a unique solution (u,m, h) € E(J, D) of system (3.1).

Proof. For (ug, ho) € I satisfying (6.4) with 7y defined as above, we define

X(J, D) = {® € E(J,D) : & = (u, 7, h), u(0) = g, 7(0) = 7m0, h(0) = hoy 7w = 0 on J x T .
Then L is a continous mapping from X(J, D) into the space Feomyp(J, D) consisting of all (f,0,uo, ho) €
Fn(J,D) x {0} x I (D) x I5(I'") satisfying the four compability conditions of Theorem 4.1. By The-
orem 4.1, the operator L : X(J, D) — Feomp(J, D) is invertible and thus, applying L=! to (6.1) yields
the fixed point problem

@ = L (N(®) + 1.0, uo, ho) =: K(®)

in the space X,.(J, D) defined by X,.(J, D) := {® € X(J,D) : ||®||gs,p) < r} for some r > 0 defined
in Lemma 6.2. Note that due to (6.4), (N(®) + f,0,u0, ho) € Feomp(J, D) for & € X(J, D). Setting
|Z7H| = 1L 2(F ooy (J,D),%(J, D)) W DOW choose r > 0 small enough such that

1
sup DN[]|| & < o0
vEB,.(J,D) IDN]ll @r) 2| L7

which is possible since DN € C(B,(J, D), Z(E(J,D),Fn(J,D))) and DN(0) = 0. Proposition 6.2 and
the mean value theorem then imply

K@)z < ||L1||(|<N<<I>>N(O)HFN+||<f1,uo,ho>||mxﬂ)

< 1L ( sup  [[DN]|| g@rn) 1Pl + ||(f1,w)7ho)||1mﬂ>
vEB,.(J,D)
< ZHIL7Me,  PeX.

By choosing € < r/2|| L™}, we conclude that K(X,) C X,.. To see that K is contractive, observe that

[K(®1) — K(®2)lle < [[LTIN(®1) — N(®2)|[r
< LY sup  IDN[¥]||2@rn P — Pole
VEB, (J,D)
1
< 5”‘1)1 — ®yg, ¢y, P, €X,.

Consequently, K is a contraction on X, and the assertion follows by the contraction mapping principle.
O

Remark 6.4. Note that our assumptions ensures that fi is small either by choosing T or w sufficiently
small.

Proof of Theorem 2.1. First, it is clear that the above regularity and mapping properties proved above
for the case p = pu = 1 carry over to the general case p,u > 0. We notice then that the compability
conditions of Theorem 2.1 are satisfied if and only if (6.4) is satisfied. The mapping ©p, defined by
Oh, (z,y) := (2, y(ho(x) + 6)/3) defines for hy € Iy a C?-diffeomorphism from D onto (0) with inverse
@,:01 = (x,yd/(ho + 9)). Thus, there exists a constant C(hg) such that

C(h0)71||uo\|W§—2/p(Q(0)) < ||U0|||W372/p(D) < C(hO)HUOHWj*WP(Q(o))'
Hence, the smallness condition in Theorem 2.1 implies the smallness condition in Theorem 6.3. This
theorem then yields a unique solution (u, 7, h) € E(J, D). Finally, applying @,:01 to (u, 7, h), the assertion
follows and the proof is complete.
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O

APPENDIX A. THE LAPLACE-EQUATION AND THE HEAT-EQUATION IN NEGATIVE SOBOLEV SPACES

In this first section of the appendix we present regularity estimates for the Laplace and the heat equation
in Sobolev spaces of negative order. They will be useful in the treatment of the reduced Stokes equation
in Appendix B. Many of the results given below are well-known in the elliptic case. For the parabolic
case, this is less true. Hence, for the convenience of the reader, we give a sketch of the corresponding
proofs.

Proposition A.1. Let Q =R3 D", or D™.
(a) For f € ﬁp_l(Q) there exists a unique solution u € ﬁ;)o(ﬂ) of

—Au = f inQ,

(A1) u = 0 ond,

i.e. (Vu,Vo)a={(f,¥)a, ¢ € ffg,’o(ﬂ). Moreover, there exists C > 0, independent of f, such
that

lull 1) < ClFll ;@)

~

(b) For f € I?p_é(Q) = ( ;,(Q))’ there exists a unique solution u € }AI; () of

—Au = f inQ,
dou = 0 ondQ,

ie. (Vu,Vo)a =1 (f,0)a, ¢ € I-AI;, (Q). Moreover, there exists C > 0, independent of f, such
that

lull 1 @) < ClF a2 0)-
(c) For f € L,(Q)? there exists a unique solution u € ﬁ; (Q) of

—Au = divf in €,
ou = f-v on 0f,

ie. (Vu,Vo)a=/{(f,Ve)a, p€ PAI;,(Q) Moreover, there exists C > 0, independent of f, such
that

||u||ﬁé(g) < Clfllz, -

Proof. Without loss of generality we may assume 2 = Ri. By the theory of singular integrals, it is easy
to see that for f € H, ' (R?) there exists a solution @ € H}(R?) of

—Aa=f inR%.
Since C2%(2) = {g € CX(Q) : [,9 = 0} is dense in PAfp_l(Q) and ff;&(ﬂ), it suffices to consider
f € C%(Q). In that case, the existence of a solution of (A.1) or (A.2) follows by extending f odd to R?
or even to R3, respectively. The uniqueness follows from a standard argument for harmonic functions.
Finally, (c) follows easily from (b) since (f, V)a < [|fllz, @ ll¢ll 71, q)-

O

The crucial part in the proof of the proposition above is that the odd extension to R? of some f €
H;'(RY) is always contained in H,"! (R?). Note, however, that the even extension of some f € H,*(R3)

is not contained in ﬁp_ L(R3), in general, whereas the even extension of some f € ﬁ; é (R3) is contained
in ﬁgl(R?’). By the equation (Vu,Ve)q = (f,¢)a, ¢ € ﬁ;,(Q), we also see that f € ﬁgé(Ri) is a
necessary condition in the latter case.
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Some remarks about the trace in (A.3) are in order. Multiplying (A.3) by ¢ € ﬁ;, (Q) and integrating
by parts, we end up with

(Vu,Vo)o = (f, Ve)a = (Ovu— v, 0)oa
If u is a solution of (A.3), we thus have
(Ovu—f-v,0)o0=0, ¢eHLQ).
Hence the trace in (A.3) is well-defined. However, note that this procedure does neither allow to define
Oyu nor f-v but d,u — f-v only.
In the following Ly, ,, H& o etc., denote the weighted Sobolev spaces as introduced in Section 5.
Proposition A.2. Let p>0 and Q =R3, D", or D~.

(a) For f e L, (R, flp_l(ﬂ)) there exists a unique solutionu € Ly, ,(Ry, H) o(Q))NH, (R4, ﬁ;l(ﬂ))

of
Ou—Au = f inRy xQ,
(A4) u = 0 onRyx0Q,
u(0) = 0 inQ,

i.e. (Qru(t), pya+ (Vu(t),Veya = (f(t),p)a, t >0, p € I/i\';/yo(ﬂ).
(b) For f € Ly ,(Ry, H, () there exists a unique solutionu € Ly, ,(Ry, HY(Q))NH} (Ry, H, ()
of
Ou—Au = f inRy xQ
(A.5) du = 0 onRy x0Q,
u(0) = 0 inQ,
e. (Oult), p)a + (Vu(t), Ve)a = (f(t), 9)a, t > 0, p € HL (D).
(c) Forf € Ly p(Ry, Ly(2)?) there exists a unique solution u € Ly, ,(Ry, Hy(Q))NH, (R, H;é (Q))
of
Ou—Au = divf inRy xQ,
(A.6) ou = f-v  onRyx0Q,
u(0) = 0 in £,
e. (Drult), p)a + (Vu(t), Voo = (f(1), o, t > 0, ¢ € HY(Q).
Proof. Again, it suffices to consider the case where Q = R3. We start with the problem
dii— At = f inRy xR3,
@(0) = 0 inR3,
where f € C(R,,CS >0(€2)). By the joint H*-calculus of d; and A, it follows that @ := (0; — A)Lf

satisfies ||u||Lpp Ry ,L (R3)) < CHfHLP SR B (RE)) and

(A7)

lallL, , @, ay@s) < Cl(=A A2 (0 = A) 7 L, ey 2))
= Cll(=8)% (@ = &) (=A)2 (~A) % e, = L, ()
< O-A) 4 Flz, ety < Ol o, i oy
Now, integration by parts yields
(@0i(t), p)rs = (F(1), p)ms — (ViU(t), Vo)ps, ¢ € Hy (R?), t>0.

Hence, 0yt € L, ,(Ry, H L(R3)). Therefore, extending f in the same way as in the previous proposition

to R3, the assertion of the proposition follows.
O

Proposition A.3. Let p > 0 and Q = RS,Ri, D% or D™. Then the following embeddings hold true.
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(a) Lyp(Ry, HY () NHL (Ry, Hy 1 (Q)) — HE,(Ry, L(Q)).

p

(b) Lyp(Ry, HY(Q) N HY (R, Hy 3(Q)) — H p(Re, Ly(€)).

Proof. We start with the case R3. By the joint H*-calculus of d; and A, we obtain
102 ll1, sy = 198 ()3 (@ — A) 7 (0 — A)(=A)Falls, xs o)
< C (10:(=8)Fille, @, 1m0y + 1(-B) ¥, 0, 2,00 )
< Cllally, @, my@syams, @, 8y @):

Now, the proposition follows by extending u to R? in the same way as before. O

Proposition A.4. Let Q=R3,D; or D_.
1—1 ~
(a) Forge W, "(dQ) there exists a unique solution u € H) () of

-Au = 0 inQ,

(A-8) u = g ondQ.

(b) Let p>0. Forge Wy, * (Ry, L,(R?))NL, ,(Ry, W;_E(RZ)) satisfying the compatibility con-
dition gli=o = 0 if p > 3 there exists a unique solution u € Ly ,(Ry, Hy(Q)NH, ,(Ry, H, ' (Q2))N
1
Hy p(Ry, Lp(€)) of

Ou—Au = 0 Ry xQ,
(A.9) u = g onRy x0Q,
u(@0) = 0 inQ.

Proof. Again, we consider the case R? only. (a) The solution of (A.8) is given by u = e~V B2y
Hence, it follows from interpolation theory for analytic semigroups that

[ull g1 sy < CllV—ArzullL,@y) < C”g”(D(m%Lz’(R?))l,%,p < C||9||W:—%(R2)-

(b) The joint H*-calculus of 9; and Ag: yields that
\ Bt - A]Rz : D(\/ Bt - A]Rz) — Lp,p(]Ri,Lp(Rﬂ)’

1
DV = Bgz) =0 Hi (R, Ly(R2) 0 Ly (R, HL(R?))
generates an analytic semigroup on L, ,(R, L,(IR?)). Since the solution of (A.9) is given by u =
e VI As2 g, it follows in a similar way as above that

< CH VO — AR?U”L,,(Ri) < CHQH(D( /at—Amz),Lp(R"’)l,L,

uf| 1 -
[ HHpQ’p(R+,LP(Ri))ﬂLPYP(R+,H;(]R3+))

<Clgll 1-1 )
quﬂ (R+1LP(R2))mLp,p(R+7WP

p

1 .
P (R2))

Now, integrating by parts equation (A.9), we obtain u € H}, (R, ﬁ;l(R3)).
O

_1
Proposition A.5. For g € Wp1 "(T), fr € (H, (D) and fy € Ly(D)? there exists a unique solution
ue H)(D) of

—Au = fi+divfs in D,
(A.10) Y o= g on T'T.
You = Yfo onT~.

For a proof we refer to [Abe06].
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Proposition A.6. Let 1 < p < oo, p # 3/2,3, f € Ly(J,o H, (D)) and g € G*(J,T'") satisfy the

compatibility condition gli—o = 0 if p > 3. Then there exists a unique solution w € Fy(J, D,T'}) of the
initial and boundary value problem
(O —Aw=f inJxD,
yw=g onJxIT,
(A.11)
YO,w=0 onJxI",

’LU|t:0 = 0 mn D,
i.e. (Orw(t),o)p + (Vw(t),Veyp =—(f,Ve)p,t >0, p € 0H;(D) and yw =g on I'T.

Proof. Let p > 0, f € CX(Ry,C(D)) and g € GH(J,T'F). Without loss of generality let § = 1. We
define f by

~ f(xay)7 O<y<1,l’€R2’
flx,y) =< —flz,2—y), l<y<?2 zeR2
0, 2 <y, v €R2

Then, f € L, ,(R,, H;é (R?%)) and by Proposition A.2 there exists a unique solution @ € L, ,(R, H, (€2))N

H) (Ry, ﬁp_é(Q)) of (A.5), where the right-hand side f is replaced by f. Thus a solution u of (A.11)
is given by u = w + u, where w solves

Ow—Aw =10 in Ry x D,

yw=g—~vyi onRy xIT,

(A.12) _
yOyw =0 on Ry xI'™,
W|t—o = 0 in RY.
In the following, we construct a solution w to (A.12) by semigroup theory. More precisely,

A= /0¢ — Age,
D(A) = OHPE’P(R—H Lp(Rz)) NLy,(Ry, H}%(R2))a

is the generator of an analytic semigroup (e=4¥),~¢ on X := L, ,(Ri,L,(R?)), see the proof of
Proposition A.3(b). Since the growth bound w(e™4¥) of (e=4¥),¢ is strictly negative, we may de-
fine § = (14 e 24)~1(g — v@t). Then, w defined by

w(t,a,y) = (e +e 2 )g) (¢, 2)
is a solution to (A.12). Hence, it follows by interpolation that
1
w € Ly p(Ry, Hy (D)) N Hg p(Re, Ly(D)) = Ly p (R4, D(A)) N Hy (R, L(D))
if and only if g € (X,D(A)),_1 ,. Since (1 + e 24)~1 is an isomorphism from (X,D(A)),_1, onto

itself, we obtain

L
2

g€ (X, D(A),_1, =g € (X, D(A),_1 , = Ly(J. W, /P(TF) N Wy, ¥ (J. Ly(T'T)).

Integrating by parts yields w € H}) ,(Ry,oH, '(D,T'")). Finally, the uniqueness of w follows from by a
duality argument. O
APPENDIX B. THE REDUCED STOKES PROBLEM

In this section, we rewrite (4.2) as a reduced Stokes problem which is equivalent to (4.2). Applying
divergence to the first equation in (4.2) we obtain

(B.1) Ap =div f1 — (0y — A) fa
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in the sense of distributions. Noting v, 0;u = dyyw = 0 on '™, we apply 7, to the first equation in (4.2)
and obtain y0,p = v, f1 + v, Au on I'". It is now advantageous to insert the term 9, (fq — divu) =0
into the boundary condition on I'". On the upper boundary I't, we use the condition written in (4.2).
Then,

7P = 270w — o Ah on I'",
YOyp = Yo f1 + Y (Au — Vdivu) +v0, fg onT~.
To solve (B.1)—(B.2), we split p = p; + p2 where p; satisfies
Apr=divfi — (O —A)fa inD,
(B.3) yp1 =0 onT™,
YOyp1 = 11+ 70y fa onI'",

and po satisfies (4.4). Note that p; and ps are well-defined by Proposition A.5 and the fact that
div (Au — Vdivu) = 0. Defining the solution operators T4 (f1, fa) := p1 and Ta(u,h) := py for the
boundary value problems (B.3) and (4.4), respectively, we may formulate the following proposition.

(B.2)

Proposition B.1. Let p € (1,00), p # 3/2,3. Then the following statements are equivalent:
(1) For every f1 € F1(J, D) and fq € Fgq(J, D,T") satisfying falt=0 = 0 if p > 3/2 there exists a
unique solution (u,m,h) € Eq(J, D) x Eo(J, D,T") x E3(J,T") of (4.2).
(2) For every fi € F1(J, D) and g, € GT(J,T'") satisfying gr|t=0 = 0 if p > 3 there exists a unique
solution (u,h) € Eq(J,D) x E3(J,T") of (4.3).
Proof. (2)=(1). We set f; := f and choose f; as the solution of the problem
(0 —A)fg = divf inJxD,

via = gr on I't,
YOyfa = —wf onl7,
falt=o = 0 on D.

Here the unique solvability is guaranteed by Proposition A.6. Solving (4.2) with fl, fd, we see that p
satisfies Ap = 0 with boundary conditions

Yo = 270,w —olAgh on I't,
YOyp = Y (Au—Vdivu) onI".
Thus, p = ps = Ta(u, h) by definition of T5 and Proposition A.5. Moreover, we have
ou— Au+VTy(u,h) = fi= fi inD,
~vdiveu = ~vfy= g onTT.

Therefore, (u, h) is a solution of (4.3).

(1)==(2). Thanks to f4|t=0 = 0 we have g,|;=o = 0 for p > 3. Therefore, there exists a solution
(u,h) of (4.3) with f := f1 — VT1(f1, fa) and g, = vfq on 't Setting 7 := T1(f1, fa) + To(u, h), we
see that (u,m, h) € E(J, D) solves all equations of (4.2) except the second line by construction. To show
that also the second equality in (4.2) holds, we note that divu satisfies

(0 — A)divu = div fy — div VTy(u, h) = div f1 — AT (f1, fa) — ATa(u, h) = (0; — A) fa
with boundary conditions

ydivu = vfg on I't,
YO divu = ~,Vdivu =, fi + 70y fa + wAu —v0yp =0y fa onTT.

The unique solvability of this boundary value problem, see Proposition A.6, implies divu = fy.

The following proposition can be proved in a similar way as Proposition B.1.

Proposition B.2. The following statements are equivalent:
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(1) For every f1 € F1(J,DT) and fy € Fy(J, DV, TF) satisfying fali—o = 0 if p > 3/2, there exists
a unique solution (u,m, h) € By (J,DT) x Eo(J, DT, TT) x E3(J, DT) of (5.6).

(2) For every fy € Fy(J,D%) and g, € GY(J,T'") satisfying grli—o = 0 if p > 3 there ewists a
unique solution (uy,h) € Eq(J, D7) x Eg(J,DT) of (4.7).

Moreover, the following statements are also equivalent:

(1) Forevery fi € F1(J,D7) and fq € Fq(J, D™, 0) there exists a unique solution (u, ) € Eq(J, D7)x
EQ(J,D_,Q)) Of (51)

(2) For every f_ € F1(J, D7) there exists a unique solution u_ € Ei(J,D™) of (4.5).

APPENDIX C. ESTIMATES FOR INHOMOGENEOUS SYMBOLS

For fixed € € (0, %) and 6 € (0,7) we will consider polynomial symbols P: ¥, x £y — C of the form

(C.1) P(z,\) = Z Aapr 2 Nw(z,\)T ((2,)) € Ze x Tp)
(e.Bm)ED

with aag, € C\ {0}, w(z,A) := VA + 22, and I C N} being a finite set of exponents. To analyze this
symbol, we will follow the Newton polygon approach described in [GV92] and [DMV98].

For this, we define the Newton polygon N (P) C [0,00)? as the convex hull of all points (a+, 6+ %)
with («, 8,7) € I, their projections onto the coordinate axes, and the origin. Denote the vertices of

N(P) by vy := (0,0),v1,...,v541, numbered in clockwise direction. Then for v; = (p;,¢;) the vector
1 ) .
7\/@(1,7“]) with

BT G )

Tj =
4j+1 — 95

is an exterior normal to the edge [v;v;41] connecting v; and vj41.
For simplicity, we assume that N(P) has no edge parallel to the coordinate axes but not lying on the
axis. More precisely, we assume

re>rg > >1ry > 0.

In this case N(P) = conv(I) with
L= {(0,0)} U{(a+ 7,8 +7/2), (@, B,7) € I}.

The main idea of the Newton polygon approach is to deal with different inhomogeneities by assigning
a weight r > 0 to the co-variable A with respect to z, i.e. to set |A\| = |z|". In a natural way, for » > 0
the r-degree d,.(P) is defined as

(C.2) d,(P) := max{a + rf8 + ymax{l,7/2}, (o, 8,7) € I}.
Note that in the same way for w(z, \) = /X + 22 the r-degree is given by
wo={b, 153
The r-principal part of P is given by
P.(z,A) := plLH;O p~ P Ppz, p"\) ((2,X) € Ze x ).

Obviously the “leading exponents” for weight r are given by

I’r = {(a76a’7) S I,a+rﬁ+7max{1,7‘/2} = d"(P)}?

and we get

(C.3) P.(z,\) = Z Aoy 2 N W, (2, \)?
(e, 7)€Ly
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with
VA, r> 2,
Wr(2, ) = VA+ 22, r=2,
2, r< 2.

Geometric observations show that

I - {(a,B,7v) e I, (a+7,6+3%) € [vjuj]} ifr=r; (j=1,...,J),
{(,8,7) €I, (a+7,8+3) =v;} ifrjig<r<r; (j=1,...,J+1).
Here we formally have set ¢ := co and ;41 := 0.
In the next result we show how symbols satisfying a non-degeneracy condition (see (C.4)) give rise

to isomorphic operators on their natural domain arising from the vertices of the Newton polygon. To
this end, let r,s > 0 and

F.Ke{H W}
Then by K we either mean the space H; or the space W,,. For notational convenience we set
oF5(K2) = oF3 (R, K5 (R™)).

In [DSS08, Theorem 3.2] the following result is proved.
Theorem C.1. Let1l < p < oo, p,r,s > 0, and let A, B be resolvent commuting operators such that for
each v,0 >0,

(i) 2(A) = oF] (K1) and 2(B) = oF; 11 (KD),

(ii) A, B € H*(oF, ,(K})) with X = 0 and ¢F < .
Furthermore, let P be a symbol as defined in (C.1) and let v; = (¢, 0;), 5 =0,...,J +1 be the vertices
of the Newton polygon corresponding to P. Suppose that P satisfies
(C.4) P (z,A)#0 (z€ X\ {0}, A€\ {0}, >0).
for some € > 0 and 0 > ¢%. Then there exists a Ao > 0 such that

P(A, B+ Xo) : 2(P(A, B + X)) — oF, (R4, K (R™))

is invertible, where
J+1
P(P(A, B+ X)) =[] oFpH (K He9).
j=1

In our applications, the operator B will always be the time derivative. For this reason we recall the
following well-known fact.

Lemma C.2. Let 1 <p < oo, r,p>0,F € {H,W} and X be a UMD space. Let G be the operator
defined in the space oFF,, (R, X) by

d
(C.5) Gu=—u, uweD(G):= o, PHR ., X).

Then G € H*(oF, ,(Ry, X)), i.e., G admits a bounded H*>-calculus on oF,, ,(Ry, X) with H*>-angle
b = 7/2.

By employing the shift e"*o* and Lemma 5.4 we immediately obtain the following result.

Corollary C.3. Let r,s,p > 0 and 1 < p < oo. Let G be the time derivative operator as defined in
(C.5) and A an operator such that for each v,o >0,

() 2(4) = oFy (R, K1),

(ii) A€ H>(F, ,(Ry,K))) with ¢ = 0.
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Furthermore, let P be a symbol satisfying the assumptions of Theorem (C.1). Then, if Ao is the constant
obtained in Theorem C.1, for w > Ao the operator P(A,G) : 2(P(A,G)) — oF; "(J,R™)) is
invertible, where

p,w+p'~p

J+1
2(P(A,G)) = () oFot (1 KchTe).
j=1

p,w+p

Proof. Denote by G, the time derivative operator in the space oF,, ,(J,K,(R"™)). Then

()‘_Gw)wglu:\yzl()‘_p_c*‘p)“ (u e D(G))),

which implies that

A=Gu) =9 (A~ (Gp+ w)) ',

By the Cauchy integral representation for the bounded holomorphic function A + P(A, \)~! this implies

P(A,G,) ' =V 'P(A,G, +w) 1T,

By the assumption w > Ao, the result then follows from Theorem C.1 with B = G,, Theorem C.2, and
from the fact that

v, € Isom(IF (R+7X)v]F;,p(R+7X))a

T
p,ptw

which is an obvious consequence of Lemma 5.4(ii). O
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