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Abstract

It is proved under mild regularity assumptions on the data that the
Navier-Stokes equations in bounded and unbounded noncylindrical re-
gions admit a unique local-in-time strong solution. The result is based
on maximal regularity estimates for the Stokes equations in spatial
regions with a moving boundary obtained in [16] and the contraction
mapping principle.
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1 Introduction and main result

For T' > 0 let Qr = U0 ) x {t} R"*! be a noncylindrical space-
time domain. In this note we consider the Navier-Stokes equations

v—Av+(v-Vo+Vp = f inQp,
Q(t) dive = 0 in Qp,
(NSE) v = 0 on Uy d2t) x {1},
U’tzo = o in Q(O) = QQ,

with velocity field v and pressure p. Here we assume the moving boundary,
i.e. the evolution of the domain Q(t) to be determined by the level-preserving
diffeomorphism

¥ Q% (0,7) = Qr, (&) (z,t) = (& 1) = (6(&1), 1)

such that for each ¢ € [0,T"), ¢(-;t) maps Qo onto ©(t). More precisely we
assume the following conditions on ¢ respectively .
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Assumption 1.1. Let T € (0,0), Q9 C R" be a domain of class C? either
bounded, exterior, or a perturbed half-space. Suppose that the domains
Q(t), t € [0,T], are all of the same type as Qo, i.e. {Q(t)}e)o,r) is either
a family of bounded domains, a family of exterior domains, or a family of
perturbed half-spaces. Furthermore:

(1) For each t € [0,T], ¢(-;t) : Qo — Q(t) is a C3-diffeomorphism. Its
inverse we denote by ¢~!(-;t) (to emphasize that ¢! is merely the
inverse w.r.t. the space variables we use the semicolon notation (;t)
for the argument of ¢ and ¢~ 1).

(2) For ¢ regarded as a function from Q% := Qg x (0, T) into R™ we assume
o QY = {f € C(QY) : OFDIf € Cy(QD), 1< 2% +]a] <
3,k € No,a € NI}, where Cy(Q%) denotes the space of all bounded
and continuous functions on Q%.

(3) We have det Veo(&,t) =1, (€,t) € QY., (volume preserving).

Let us remark that in view of realistic physical situations problem
(NS E)?S}to) should be considered with a certain boundary condition v = b # 0
at Uye(o,r) 92(t) x {t}. On the other hand, by assuming the existence of a
solenoidal field § such that 8 = b, the problem with b # 0 can be reduced
to the case b = 0 as described in [9] and [8]. Therefore we restrict our

considerations to the system (N SE)?E}?

with zero boundary conditions.

Also, note that in certain concrete situations the existence of the diffe-
ormorpism ) is established. For instance in [8] the authors give as a nice
example of a moving domain (¢) a bowl with swimming goldfishes (note
that kisses are not allowed). The existence of ¢ in such a situation is proved
in [12] and [5].

Now define ZP(A) := (X, D(4));_1 ,, for 1 < p < oo, where the latter
space denotes the real interpolation sppace of a Banach space X and the
domain D(A) of a closed operator A in X. For t € [0,T) we denote by

Aaw = —PopA defined on
D(Aq) = WUQ)) N Wy (Qt) N LE(Q(D))

as usual the Stokes operator in the space of solenoidal fields L (Q(t)) =
c @) where €2, (Q(t)) == {u € CX(Q(t)) : divu = 0}. Here
Pogy @ LY(Ut)) — LE(Q(t)) denotes the Helmholtz projection associated
to the Helmholtz decomposition LI(Q(t)) = LI(Q(t)) © G4(Q(t)), where
Gy(Qt)={Vp; pe Wl’q(Q(t))}. Note that the existence of a compatible
family {Pq.¢}ge(1,00) Of bounded projections Po = P : LI(Q) — LE(Q) is
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well known for all types of domains ) considered in this note, see e.g. [7],
[21], [19]. For the above types of moving domains our main result is

Theorem 1.2. Let n > 2, (n+2)/3 < q < oo, and T € (0,00]. Let
the evolution of Q(t), t € [0,T], be determined by a function v satisfying
Assumptions 1.1. Then, for each vy € IP(Aq,) and f € LP((0,T); L9(S2(t)))
there exists a T* € (0,T) and a unique solution (v,p) of problem (NS’E)?S),
such that

vo€ WhH((0,T%); LUQ(t))) N LI((0,T*); D(Ag)),
p o€ LI(0,T%); Whi(Q(1))).

Remark 1.3. By an inspection of the proof one will realize that the as-
sumption on the family {Q(¢)}/c[0,7], which we intrinsically use, is not the
particular geometric shape of the domains, but the property of having max-
imal regularity of the corresponding Stokes operator Aq) for each fixed
t € [0,T]. Thus, Theorem 2.1 stays true for each family {€(t)}cjo7) With
Q(t) of the "same type” for all ¢ € [0,T] such that Ag() has maximal reg-
ularity. This property for instance is also known to be valid for families of
asymptotically flat layers as examined in [2], [1].

Some special cases of the situation in Theorem 2.1 are considered in
several former works. First investigations of the solvability of (N S’E)?E}tg
can be found in [18]. However, until now there are only existence results
available under the restrictive assumptions that ¢ = 2, i.e. in the Hilbert
space case, and that {€(t)};cjo,r) is a family of bounded domains. In that
situation for instance in [8] the existence of a unique local-in-time solution

of (N SE)?S? is proved. The existence of global weak solutions in L2(€(t))
for the Navier-Stokes equations was already shown in [6] (see also [3]). The
periodic case was obtained in [11], i.e. if ¢t — () is periodic then there exists
a periodic weak solution of the Navier-Stokes equations. A result for more
regular periodic solutions can be found in [10]. Another existence result of
local-in-time strong solutions of the Navier-Stokes equations in LZ(Q(t)) for
bounded €2(t) is obtained in [14]. There the authors could relax a restrictive
decay condition on the right hand side f assumed in [8], but nevertheless
they were able to construct a more regular solution.

We want to remark that the assumptions on the evolution and regularity
of Q(t) differ in the above cited papers. This depends mainly on the method
that the authors use in their works. The approach presented here is closely
related to the method used in [8]. Therefore we have similar assumptions
on 1 (hence also on €(t)) as in [8].

Theorem 2.1 generalizes the above cited results on (N SE)?S? in several
directions. Firstly, we handle L9-spaces for the full scale (n+2)/3 < ¢ < o0



and arbitrary space dimension n > 2, and not only the Hilbert space case
if n = 2,3. Moreover, we prove the existence of strong solutions under mild
regularity assumptions on the data. Secondly, our approach also covers
various families {€2(t)}+c[,7) of unbounded domains.

As we already mentioned, Theorem 2.1 is based on maximal regularity
estimates for the corresponding linear Stokes equations obtained in [16].
Therefore, in Section 2 we recall the main results given in [16] in a slightly
adapted form suitable for our purposes. Utilizing the maximal regularity for
the Stokes equations and the contraction mapping principle in Section 3 we
give the proof of our main result, the unique local-in-time strong solutions
to the Navier-Stokes equations on noncylindrical space-time domains.

We introduce some notation used in the sequel. By C*(Q) we denote
the space of all k-times continuously differentiable functions in an open
subset  of R, and by CF(Q) its subspace of k-times bounded continuously
differentiable functions. As usual W*4(Q) is the Sobolev space with norm
|- kg = (Z?:o [V7 - |9Ye and LI(Q) = W*4(Q) the Lebesgue space of
g-integrable functions. We also make use of the homogeneous Sobolev space
leq(Q), consisting of all locally integrable functions f in Q with ||V f]|, <
0o, modulo constants. Note that we do not distinguish between scalar and
vector valued Sobolev spaces, i.e. we write LI(Q2) for (LI(2))", W*4(Q) for
(Wka(Q))", etc. Furthermore, £(X,Y) denotes the class of all bounded
operators from X to Y and Zsom(X,Y) its subclass of isomorphisms. If
X =Y we set L(X) := L(X,X) and Zsom(X) = Zsom(X,X). The
domain of an operator A in a Banach space X we denote by D(A), its range
by R(A), and its resolvent set by p(A).

2 Maximal regularity for the Stokes equations

For the readers convenience we recall here the basic steps that lead to the
maximal regularity result for the linearized version of (N SE)%Q obtained
n [16]. Also note that we state them in a slightly adapted form as we will
need it in Section 3. In this context we restrict the statements here to the
case of finite 7" > 0, but note that under suitable additional assumptions all
the assertions are still true for T' = co. Employing the notation of the last
section, here we are concerned with the linear problem

Vvt — Av + +Vp = f in QT’
a) dive = 0 in@Qr,
U|t:0 = g in Q(O) =: Q.

For this system in [16, Theorem 2.1] it is proved



Theorem 2.1. Letn > 2,1 < qg< oo, and T € (0,00). Let the evolution of
Q(t), t € 10,T], be determined by a function ¢ satisfying Assumptions 1.1.
Then problem (SE)?S) has a unique solution t — (v(t),p(t)) € D(Aqq)) x
/Wl’q(Q(t)), t € [0,T]. Furthermore, this solution satisfies the estimate

T
/0 1O 0y + 10O B2y + ITPOR 0] at

T
< ) (Il [ 15O ot 1)

for all vg € IP(Aq,) and f € LP((0,T); L1(QAt))). If vo = 0, then the
constant C(T) in (1) is uniformly bounded from above on finite intervals,
more precisely there is a Ty > 0 and a C(Ty) > 0 such that C(T) < C(Tp)
for ol T < Tj.

The proof of this result relies on a transform of (SE)?S) via ¥ to a
problem on the cylindrical domain Q¢ x (0,7"). The price we have to pay
is that we are then left with a nonautonomous system of partial differen-
tial equations, i.e. the coefficients of these transformed equations depend
on space and time in general. Here Assumption 1.1 (2) assures that they
are at least continuous. Another important point is that the transformed
functions belong to the solenoidal space L&(€), which relies essentially on
Assumption 1.1 (3). More precisely this condition assures that the operator
div is invariant under the chosen transform.

Similar to the autonomous Stokes equations this will give us the pos-
sibility to formulate an associated abstract Cauchy problem with opera-
tors acting in LZ(Qp). The idea here is to use the family of projections
Po,(t) : LY(Qo) — LI(Qp), which are exactly the transformed Helmholtz
projections Pg ).

First let us list some obvious consequences of Assumption 1.1. In view
of det Vo(&,t) =1 and (€, t) = (6(&;1),t) we also have det Vi = 1. More-
over, Assumption 1.1 (2) implies ¢ € C’g ’I(Q%;R”“). In virtue of the im-
plicit function theorem we therefore have ¢~! € Cg’ ’1(QT;R”+1) and since
(2, t) = (¢~ (x3t), 1), (z,t) € Qr, also ¢~ € CYH(Qr; R™).

We transform (SE)?g) to a system on a fixed domain as follows. For a

function v : Qp — C" set

B(E, 1) == v(B(E: 1), 1), (6,8) € Qo x [0,

Then
(Va0)(8(&:1),t) = [(Veg) T Ved] (€,1), (2)



where M7 denotes (M7)~! and M7 stands for the transposed Matrix.
Now define

(&, 1) == (@) (€ 1) == [(Ved) '0] (6,8), (61 € x [0,T].  (3)
Assumption 1.1 (1), (2), and (3) on ¢ imply that

() € Lsom(WHIQ(E)), WH(Qp)) N Lsom (W (2(1)), Wy ()
for k =0,1,2 and ¢ € [0,T], and we even have the uniform estimates

(@) vllwrry) < Crllvllwrreyy < C2llR@)0llwrr ) (4)

for all v € WkP(Q(t)), t € [0,T], k = 0,1,2. It is also easy to see that v(x,t)
is the outer normal at 9$2(t) in x if and only if (&, t) = (V)T (&, t)v(9(&,1))
is the outer normal at 02 in . This implies v-v = 0 if and only if p-Pv = 0.
Furthermore, under Assumption 1.1 (in particular (3)) in [8, Proposition
2.4]1 it is proved that

diveu(é,t) = divv(o(€:1),t),  (€,t) € Qo x [0,T].

This implies that ®(t) : LE(Q(t)) — L&E(Qp) is an isomorphism as well.
This property of ®, which is essential in what follows, is the reason why we
have to choose the special transform given in (3). On the other hand note
that this transform is responsible for the fact, that we have to assume C?
boundary instead of C? only.

In view of (2) it is clear that ®(¢)A,®(t)~! has a representation as

B(1)AD(t) " = > aal(-,t)D* (5)

|| <2

led ___
with certain matrices a, € Cl‘f{" 2 (Qx(0,T))™™, |a] < 2. Explicitly we
have

[D(6) A (1) u] (&, t)
= [(Ved) 1 (Ved) Ve - (Vi) T Ve(Veo)ul(§, 1)

= Y [0 D@0 0] (&0

i7j7k7£7m:1

' [(3@ 0,0, " )u™ + (O, 0, ¢") O, u™

+ (O¢, g, ") O u™ + (35m¢k)35z3@um] (&,1). (6)

! Actually in [8] only bounded Qg are treated. But since it is a pointwise condition the
proof given there applies to each Q C R".



We also have

d(z,t) = 8 [(Ved)ul (97 (x31),1)

n

= Z (6t¢_1)j(.%'; t) [(aﬁzaﬁj¢)ul + (8&(?)85]211] ((b_l(x; t): t)

ij=1
+ ) [0, 00)u’ + (9, 9)0uu’] (¢ (w3 1), 1). (7)
=1
Thus
D(HOP(H) =0+ Y ba(t (8)
18I<1

with certain bg € CQW‘ lﬁ'(Q x (0,7))™™, 18] < 1. If we set F' := ®f and
ug == ®(0)vy, as Well as VO(t) :== (Veo(t))1(Ved(t))"TVe and p:= po1h,
the transformed equations on Q% = Q x (0,T) become

ur+ Y ig<1 bpD u = Fjgj<o 6D+ VO()p = F in Qf,
divu = 0 in QY,

u = 0 ondQx(0,T),
uli=o = wo in Q.

We call this system (T,S’E)QO Since ®(t) is an isomorphism, clearly (u,p)
satisfies (TSE)%“U if and only if (v, p) fulfills (SE) e ) Obviously

Po,(t) :== q)(t)PQ(t)q)(t)*l s LY(Qo) — LLI(Q), te]0,T],

is again a projection, where Py denotes the Helmholtz projection on

L%(Q(t)). Note that
Gy(t) = (I = Pag (1)) L(Q0) = {VO(t)(m 0 )7 € WH(Q(1))}.

Thus, Pg,(t) is not the Helmholtz projection on L?(£) in general. As G4(t)
depends on ¢ we see that also the projection Pq,(t) does, although its range
LE(Q) is independent of ¢. Defining

Aq,(t) = —Pq,(t) Z ao(-,t)D* on 9)
laf<2
D(Ag,(t)) = ®(t)D(Aqq) = W>(Q0) N Wy () N LL(Qy)
= D(Agq,), tel0,T],
and
= Po,(t) > bs(, t e 0,77, (10)
|B1<1



the system (TS E)%OUO can be rephrased as the nonautonomous Cauchy prob-

lem

(CP)RUO{ U’(t)+(Ano(t)+B(t))5((8 - fo(f)’ Le (0.7

on the space LZ(€). Observe that Ag,(t) = CID(t)AQ(t)q)(t)_l, ie. it is
exactly the transformed Stokes operator on §(¢) for ¢ € [0,7]. Moreover, we
see that the domain of Ag,(t) does not depend on ¢ and equals the domain
of the Stokes operator Ag, in L& ().

For T' € (0,00) and p € (1,00) we denote by MR, (X, K) the class of all
operators (and propagators) A(-) having maximal (LP-) regularity on X with
a maximal regularity constant not exceeding K, i.e. there exists a unique
solution ¢t — wu(t) € D(A(t)) of the (eventually nonautonomous) Cauchy
problem

/ :
{ v+ A(u = f, in (0,7), (1)
u(0) =y,

satisfying the estimate

[ lweo.1):x) + 1Al o 0,m9;x) < K Uflzeo,m)x) + luollzecacoy))

for f € LP((0,T); X) and ug € ZP(A(0)).
Based on two abstract results for nonautonomous systems (see [16, Teo-

rem 1.4 and Theorem 2.5]) the following result is obtained in [16, Theo-
rem 3.5].

Proposition 2.2. Let T € (0,00). Let Qq, ¢ be as in Assumption 1.1 and
the families {Aqq,(t) }ejo,r) and {B(t)}epo,r) be defined as in (9) and (10),
respectively. Then for u > 0 large enough we have

11+ Aqy (8) + B(t) (1 + Ay (s) + B(s) " lexy <€, tos €[0,7). (12)

and Ag, (") + B(-) € MR(LL(Q), C(T)).

We turn to the proof of the maximal regularity result for (S E)?E}tg

Proof. (of Theorem 2.1)
Observe that in view of (12) and the equivalence of the norms || - [|2,, and

| - HD(AQ0 (0)+B(0)) We have

' [ (@®)]F + lu(®)]5, ) dt < C(T)
[ ) (/

T
PO+ ||uO||§p) 1)



This yields

T
/ (u@ £ be@)u®IE + fue)L, + IIV¢(t)ﬁ(t)!\Z>dt

18I<1

< o) ( / @+ uuouép) |

for the solution (u,p) of (TSE)%OUO. In view of (4), (8), and since
{®(t) }+epo,r] is a family of isomorphisms, this implies estimate (1) for

the solution of the original equations (SE)?(JO If vo = 0 and f €

L9((0,T); LE(2(t))) we may extent f trivial to the interval (0,7p), where
we denote the extended function by f. Let (u,p) and (u,p) be the solu-
tion to problem (SE)?S) and (SE)?(S), respectively. The uniqueness of the
solution implies (,p)|o7) = (u,p).’ By this fact it easily follows that the
constants C'(T) in (1) can be dominated by a constant C'(Tp) for all T' < Ty.
This completes the proof. O

3 Strong solutions for the Navier-Stokes equations

Utilizing the maximal regularity for the Stokes equations, in this section we
prove our main result Theorem 1.2. In order to estimate the nonlinear term
in (N SE)?SL), a further main ingredient in the proof will be the following
embedding.

Lemma 3.1. Let T >0, J = (0,T), a > 2, and ¢ > % + 1. Then we have
Wh(T; LAQUE))) N LT WAQ(1))) — LT W @D (1)),

If we replace WH4(.J; L1(Q(t))) by Wol’q(J; L1((t))) on the left hand side,

then there exists a Ty > 0 such that the embedding constant is governed by

a constant C(Ty) > 0 for all T < Ty.

Proof. Note that (4) and Assumption 1.1 (2) imply that

O € Tsom(W5(J;WhI(Q(L)), WEP(J; WEA(9))
N Lsom(WyP (J;WHI(Q(#))), Wy (J; W9 (9)))

for {=0,1, k=0,1,2, and 1 < p,q < co. In particular we have

1]l wer(rwray)) < Crllvllwerrwraey) < Call®vllwesrmwraq)
(14)



for allv € WOP(J, Wk4(Q(t))), £ = 0,1, k = 0, 1,2, with Cy, Cy independent
of T' > 0. Therefore it suffices to prove the embedding

Wha(J; L9(Q0)) N LA(T; W>(Qp)) — L(J; Wt/ = (Qq)),

and that this embedding is even valid with an embedding constant indepen-
dent of T' < Ty, if we assume zero time trace at t = 0.
It is a known fact that

WhI(J; LA(Q0)) 0 LT W2(Qg)) < WH(J; W20-a(0q)), s € [0,1],

(15)
This follows e.g. by an application of the mixed derivative theorem [20] (see
also [15]) for J = R and Qg = R™. Employing suitable extension operators in
space and time it can be seen that this embedding is still valid for J = (0,T)
and our )y, even with an embedding constant independent of T' < Ty, if we
assume vanishing time trace at t = 0. (see e.g. [15, Proposition 6.1] for the
existence of such an extension operator). According to ¢ > = —1 we can find
an € > 0 such that ¢ > 2 —14¢. Now set s := (1 +¢)/2¢. Since 1 —sq >0
and 2¢q < q/(1 — sq) the Sobolev embedding implies

||U||L2q(J;WQ(lfs),q(QO)) < C||U”Ws,q(J;WQ(lfs),q(QO)).

Furthermore, we have n —sq > 0 and aq/(a —1) < ng/(n— (1 —2s)). Thus,
we may apply the Sobolev embedding also in space to the result

IN

”UHLQ‘I(J;WW/(“—U"I(QO)) CHUHL?q(J;W?(l—sM(QO))

IN

CHUHWS#I(J;W?U—S)AI(QO))

for v € W4(J; W21-9)4(Qp)). In combination with (14) and (15) this
yields the first assertion. The additional assertion follows by the fact that
also the embedding constant of the Sobolev embedding in time can be chosen
independently of T < Ty, if we assume vanishing time trace at t = 0. O

Finally we prove our main result by employing the contraction mapping
principle.

Proof. (of Theorem 1.2) First let us introduce some notation. We set

E:E1XE2, F:F1XF2

with
Ey = WH((0,7); LYQ(t))) N LU(0,T); D(Aqq)),
Ey = LU((0,T); Wh(Q(t))),
Fi = LP((0,T); LY(Q(t))),
Fy = ZP(Agq,).
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Also, denote by Eqg and F( the corresponding spaces with vanishing time
trace at t = 0, that is Eg = Eq ¢ x Ep with E1 g := Wol’q((O,T);Lq(Q(t))) N
L((0,T); D(Aq))) and Fy := F1 x{0}. Now let Ly be the solution operator
of the linear problem (S E).S?.(t) and observe that according to Theorem 2.1 we

have Ly € Isom(E,F). Then problem (N SE)?E}? can formally be rephrased
as

LT(’U,p) = (f +F(v)71}0)’ (16)

where F'(v) := —(v - V)v. For further purposes it will be convenient to split
off the part corresponding to the data f and vg. To do so let (v*,p*) be the

solution to (SE)?E,?7 ie.

(U*ap*) = Lj_“l(f7 UO)'

Moreover, we set v := v — v* and p = p — p*. By this notation (16) turns
into

LT(gvﬁ) - (f—i_F(T)—"_U*)vUO) _LT(U*ap*)
= (F(v+v"),0) =: Hyo(v,p),
and therefore the fixed point equation reads as
(v,p) = Ly Ho(v, D),
where v and Hy(v,p) now have zero time trace by construction. Next sup-

pose a > 2 and that
n
q > E + 1. (17)

Then Lemma 3.1 implies By < L2(J, L*/(¢=1(Q(t))). For u,w € E; we
therefore deduce by applying first the Holder and then the Sobolev inequality
(in space)

[(w-V)wlle, < lullp2a(s,zaa@ey) IVl 20 (g, Laar@-1 (o))

<
< CHUHLQQ(J,WL‘"I/(a—l)(Q(t))) HwHL%(J,WLaq/(a—l)(Q(t)))- (18)
Observe that the above application of the Sobolev inequality requires a
second condition on ¢, namely that

a
> . 19
¢>n— (19)

Since relation (17) is decreasing in a and (19) is increasing in a, the best
possible value for ¢ is reached at the intersection point of the graphs of the
two equations y = = + 1 and y = n“Td, which is

(a,y) = (n?ill , (n+ 2)/3) :

11



Thus, by the assumption ¢ > (n+2)/3 and by setting a = % the two condi-
tions (17) and (19) are satisfied, which justifies the application of Lemma 3.1
and the Sobolev embedding in estimate (18).

Now fix Ty > 0. Let B,.(0) C Eqg be the ball around 0 with radius r, and
(v,p) € B,.(0). Applying (18) to Hy(v,p) yields

[1Ho (v, p)llw (@ + v")[ry

<
< C(lIolag + ollaglvllaq + 1v715,)

where || - ||, denotes the norm of the space L24(J; Whea/(a=1)(Q(t))). Ap-
plying Lemma 3.1 to the terms involving v results in

1Ho (0, p)lle < C (10, D), + (2, D)lIz0 0" laq + I07II2,4)  (20)

for all T' < Ty in view of (v,p) € Eg. Note that by definition Hy € L(Eg, Fy).
According to Theorem 2.1 we have HL;l”E(FO,EO) < C(Tp) for all T < Ty.
Hence, there exists a constant Cy > 0 independent of T' < T such that

17 Ho(0.p)lls < 1L | i o) | Ho (0, 9) 12
< Co (1@ D)E, + 1@ D)lEo v llag + I07112.4) -

Observe that v* is a fixed function only depending on the data (f,vg). Hence
we may choose r > 0 small so that r < max{1,1/3Cy} and then 7' > 0 small
such that
N r
10" la,g < 3Gy
This implies that

| Ly Ho(,p) |y < 1,

that is L' Ho(B,(0)) C B,(0). To see that L;'Hy is a contraction observe
that

|Ly Ho(v1,p1) — L7 Ho(02, P2) |[g,
HL;l”L(FO,Eo)HHO(@vﬁ) — Ho(v,p)lr,
C(To) (H[(Ul —02) - V]v*[|p, + [|(v* - V) (01 — 92)]|F,

IN

IN

+ [l[(@1 = 02) - V]ou[lr, + [[(22 - V(01 — 02)HF1>-
By applying (18) and Lemma 3.1 we obtain in a similar way as above that

|L3" Ho(v1,p1) — Ly Ho (2, P2) ||k,
< Co<||v*||a,q @0l + ||(772,172)||IE0> 151 — 2, 51 — 52 g
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with a constant Cy > 0 not depending on T" < Tj. Consequently, if we
choose T',r > 0 such that r, ||[v*||,,, < 1/(6Cp), we see that L' Hp : B,(0) —
B,(0) is a contraction and the assertion follows by the contraction mapping

principle.
O
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