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I. Basic Concepts of Topology

I.1. Topological Spaces

Definition I.1.1. A topological space is a pair (X, Q) consisting of a set X and a collection
O of subsets of X (called the open subsets) such that:

1. If {U;}ier is any family of open subsets, then J;c; U; is open.
2. If Uy and Uy are open, then so is U; N Us.
3. The sets @ and X are open.

e We call O a topology on X.
o A subset A C X is called closed if X \ A is open.

Examples.

e On any set X, both O = {@, X} (the indiscrete topology or trivial topology) and O =
P(X)={U:U C X} (the discrete topology) are topologies on X.

o Let (X,d) be a metric space. Then
O(d) ={U C X : for every p € U there is an € > 0 such that B.(p) C U}

is the topology induced by d on X. Here B:(p) = {x € X : d(x,p) < €}.

Verification of the axioms: 1.) and 3.) are clear. 2.) Let p € Uy NUs. For i = 1,2, there is an
g; with Be,(p) € U;. Then Bping., 3 (p) € U N Us.

For X = R" with de(z,y) = /(y1 —21)2+ -+ (yn — z1)2%, we call O(d.) the standard
topology on R"™. We have Oivial € O(de) S Odiscrete (7 > 1). Note that (1,51 By/,(0) = {0}
is not open.

Question 1. Is every topology induced by a metric? No: let X = {p,q}. For every metric

d on X, the set {p} is open, since B,(p) = {p} for r = d(p,q) > 0. Thus (X, Ogivial) is not
metrizable.

Question 2. If a topology is induced by a metric, is that metric unique? No: take X = R"
with d,(z,y) = max{|y1 — z1],- .., |yn — Tnl|}-



Claim. O(d,,) = O(d.).

Proof. Be(p) for de; B:(p) for dy,:

O

Remark. Unlike in a metric space, in a topological space we can no longer express how close
two points z,y € X are to one another. We can, however, still express that a sequence (z;)52,
of points z; € X approaches a point y € X arbitrarily closely:

For every open set U C X with y € U there is

limz, =y <= ) .
i—00 an iy such that z; € U for ¢ > 1.

Definition I.1.2. Let (X, O) be a topological space, p € X, and B C X.
e A subset V C X is called a neighborhood of p if there is an open set U C V with p € U.

e The closure of B is the smallest closed set containing B, that is, B := ADB closed A-

e The interior of B is the largest open set contained in B, that is, B := UuvcB open U-

Definition I.1.3. Let (X,0) be a topological space and B C X a subset. Then O|p :=
{UNB:U C X open} is the subspace topology.

Example. Let X = R with its standard topology and B = [0,2). Then [0,1) = (—1,1)N]0,2)
is open in the subspace topology on B, but not in X.

[001) _ [0,1) with respect to O|p,
’ (0,1) with respect to the standard topology.

[0,1) =[0,1] with respect to both O|p and the standard topology.

Definition I.1.4. Let (X, O) be a topological space. A collection of open sets B C O is called
a basis (respectively, subbasis) for the topology if every open set U is a union of members of B
(respectively, of finite intersections of members of B).

Examples.

e B={B.(p):e>0, pe R"} is a basis for the standard topology on R", and B’ = {B.(p) :
e € Qs0, p € Q"} is a countable basis.

o B={{x}:2 € X} is a basis for the discrete topology on X.
Let X be a set and S a collection of subsets of X. Then

O(S) ={U C X : U is a union of finite intersections of members of S}

is the topology generated by S, with subbasis S.



Definition 1.1.5. Let (X, O) be a topological space and zp € X. A collection U of neigh-
borhoods of xg is called a neighborhood basis at xq if every neighborhood V of x( contains a
neighborhood U € U.

Example. If (X,d) is a metric space and zg € X, then U = {B,(x9) : 7 € Qx0} is a
neighborhood basis at x¢. Thus metric spaces satisfy the

First countability axiom: Every point has a countable neighborhood basis. As we saw
above, (R",d.) even satisfies the

Second countability axiom: The topology has a countable basis.

Definition I.1.6. A topological space (X, Q) is called separable if it has a countable subset
A C X that is dense, that is, A = X.

Lemma 1.1.7. Second countable = separable.
Proof. Let B be a countable basis. Choose one point in each & # U € B, obtaining a set

A C X. Since X \ A is open and B is a basis, there are U; € B, i € I, with X \ A = {J;¢; Ui.
Thus U;N A =@, so U; = &, and hence X \ A = &. O

1.2. Sums and Products

Let X UY denote the disjoint union of the sets X and Y.

Definition I.2.1. Let (X, Ox) and (Y, Oy) be topological spaces. Then (X UY,O(OxUOy))
is the topological sum of (X,Ox) and (Y, Oy).

Note. X,Y C X UY are both open and closed.
X Y

Definition I1.2.2. The product of (X,Ox) and (Y, Oy) is

(X xY,0U xV:U € Ox, V € Oy})).

Note. We have (U3 x V1)N (U x Vo) = (UiNU2) x (ViNVa), 80 {U XV :U € Ox, V € Oy}
is a basis, but in general not a topology.

,,,,,,,

Now let (X;,0;), i € I, be an arbitrary family of topological spaces.



Definition 1.2.3. The topological sum of (X;, O;)icr is (Uicr Xi, O(Uier Oi))-

Definition 1.2.4. The product of (X;, O;);er is

(Hxi,o (') U€0; ic I})) ,

iel

where pr; : [[;c; X; — X; denotes the projection onto the ith factor.

Note. For I = {1,2}, we have prl_l(Ul) = U x Xo, pI‘Q_I(Uz) = X1 x Uy, and U; x XoN
X1 x Us = U; x Us, so we recover the previous definition.

Why not use O" = O({I1;c; Ui : Us € O;})7 Later: the universal property of the product. For
now:

Example. Let X; = ({0,1}, Ogiscrete), ¢ € N. Then O’ contains the singleton subsets of
[L;en{0, 1}, so it is discrete. Thus the sequence zj, = (1,...,1,0,0,...) does not converge with
———

respect to O'.
In the product topology, the cylinder sets

{Uy x Uy x -+ :U; € Oy, Uy =X, for all but finitely many i}

form a basis, and hence limg_, 2z, = (1,1,...).

I.3. Continuous Maps

Definition I.3.1. A map f: X — Y between topological spaces is called continuous if the
preimage f~1(U) C X of every open set U C Y is open.

Theorem 1.3.2. A map f: M — N between metric spaces is continuous with respect to the
induced topologies if and only if it is continuous in the -9 sense.

Proof. Let f be continuous as above, let x € M, and let ¢ > 0. Then U := f~1(B.(f(x))) C M
is open and z € U, so there is a 6 > 0 with Bs(x) C U. Hence f(Bjs(x)) C B:(f(x)).

Conversely, let f be continuous in the e-0 sense and let V' C N be open. We must show
that f~1(V) C M is open. Take z € f~1(V). Then f(z) € V, and there is an ¢ > 0 with
B:(f(z)) € V. Thus there is a § > 0 with f(Bs(x)) C B:(f(z)) C V, that is, Bs(x) C
F7Hv). [

Lemma 1.3.3. Let B be a subbasis for Y. Then f : X — Y is continuous if and only if
f~1(U) is open for every U € B.

Proof. Let U CY be open. Then U = UJ;¢; Uuin---n Uﬁbi for suitable U; € B, and f~1(U) =
Uier 71U N -0 f7H(U}) is open. 0



Homework. Further characterizations.
Let f: X - Z and g : Y — Z be continuous. Define

z e X — f(x),

fUg:XUY — Z, {
yeY — g(y).

Let U C Z be open. Then (fUg)~Y(U) = f~Y({U)ug 1 (U) C X UY is open, so f g is
continuous.

The inclusions ix : X — X UY and iy : Y — X LY are also continuous: iy (UUV) =U.

This proves the universal property of the topological sum (all maps are continuous):

XI_IY<—Y
\al
v

Let f: Z— X and g : Z — Y be continuous. Define
fxXg:Z— X XY, z+— (f(2),9(2)).

Let U C X and V C Y be open. Then (f x g)"' (U x V) = f~}(U)ng~ (V) C Z is open, so
f X g is continuous.

The projections prx : X XY — X and pry : X XY — Y are continuous. Universal property
of the product:
Z

2

X XV i ¥

Infinite version: for {f; : Z — X;} there is a unique f : Z — []; X; such that

Z
% lf
Xi Prx,

Further properties.

e If f: X Y and g: Y — Z are continuous, then sois go f: X — Z.

o If X is a topological space, then idx is continuous.

o Constant maps are continuous.

e Let X bea topologlcal space, B C X,and f: X — Y continuous. Then f|p: B — Y is
continuous. (f|p = fo1)

e Amap f: X > Y is always continuous if X is discrete or Y is indiscrete.

Definition I.3.4. A continuous bijection f : X — Y whose inverse is continuous is called a
homeomorphism.

If there is a homeomorphism f: X — Y, then X and Y are called homeomorphic (notation:
X =2Y). Examples:



~ 1 1
. (O,l):(l,oo),xwg,ynﬁg.

e (0,1) = (—00,0), x + tan(m(x — %)), T %arctan(y) + %
o S :={rc R |z =1}. S\ {(1,0,...,0)} = R",

X1 T,
(wo,xl,...,xn)»—> yeeey y
1—3}0 1—1’0

s2—1 2 2Un
24+17824+17 7 77s24+1

(yl,...,yn)>—>< ) WherGSQZy%+~-—|—yz.

“Stereographic projection.”

x1
120‘
n=1 x
N
NP

Warning. A continuous bijection need not be a homeomorphism. Examples:
° idIR : (R7 Odiscrete) — (R7 Otrivial)-
e [0,1) — S, t — exp(2mit).

I.4. Connectedness

Definition 1.4.1. A topological space @ # X is called connected if it cannot be written as a
disjoint union of two nonempty open sets.

(& Exactly two subspaces, namely @ and X, are both open and closed.)

Examples.

e R is connected (see below).

e R UR is disconnected.
Theorem 1.4.2. Let I C R. Then [ is connected < I is an interval.

Proof. “=": Suppose I C R is not an interval. Then there are a < s < b with a,b € I and
s ¢ I. Thus ((—oo,s)NI)U((s,00)NI) expresses I as a disjoint union of nonempty open sets.
“«<": Suppose I = AU B, where A,B C [ are open in I, A, B # @&, and AN B = &. Choose
a € Aand b € B, WLOG with a < b, and set s := inf{x € B : 2z > a}. Let U be a
neighborhood of s. Then U N B # @. We also have U N A # ©&: indeed, s > a, and if



s > a, then (a,s) N B = @; since (a,s) C I = AU B, it follows that (a,s) C A. Thus s is an
accumulation point of both A and B. We have s € I = AU B, WLOG s € A. Since A C [ is
open, there is an open set U C R with A =U N 1. Since s € U, we have U N B # &, so there
isablleUNBCUNI= A, that is, ¥ € AN B, a contradiction. O

Definition I.4.3. A topological space @ # X is called path-connected if, for every z,y € X,
there is a continuous map + : [0,1] — X with v(0) = x and (1) = y.

Theorem 1.4.5. X path-connected = X connected.

Proof. Let X be path-connected. If X is not connected, then X = AU B with A, B C X open,
A,B # @, and ANB = @. Choose a € A and b € B. There is a continuous map v : [0,1] - X
with 7(0) = @ and y(1) = b. Then v~1(A) U~~1(B) expresses [0, 1] as a disjoint union of
nonempty open sets, contradicting the previous theorem. ]

Remark. The converse is false in general: Let
S = {(x,sin(1/2)) : x € (0,1} U{(0,y) : y € [-1,1]} CR?

be the closed topologist’s sine curve:

Lemma 1.4.6. Let X be a topological space and A C X connected (in the subspace topology).
Then A is connected.

Proof. Suppose A= U UV with U,V C A open and U NV = @. We must show that U = @
or V = @. There are open sets Uy, Vy C X with UyNA = U and VyNA = V. Thus
(ANUy) U (ANVy) expresses A as a disjoint union of open sets. Since A is connected, WLOG
ANUy = @. Since V C A is closed, there is a closed set V; C X with V = V; N A. But
A=ANVy CANVy=V =ViNACV,. Since V; is closed, it follows that A C V4. Thus
V=VinA=A,s0U = @. O

Lemma 1.4.7. Let f: X — Y be continuous and X connected (respectively, path-connected).
Then f(X) C Y is connected (respectively, path-connected).

Proof. Suppose f(X) = (UNf(X))U(VNf(X)) is a disjoint union with U,V C Y open. Then
X = f~YU)uf~Y(V) is a disjoint union of open sets, so WLOG f~}(U) =2 = UNf(X) = 2.

Let z,y € f(X). Choose 2/,y' € X with f(z') =z and f(y') = y. Choose ~ : [0,1] — X with
v(0) = 2" and v(1) = ¢/. Then f o+ joins x to y. 0

o For f:(0,1] — R2 x> (x,sin(1/z)), we have S = £((0,1]), so S is connected.
1

« Suppose there were a continuous map = : [0,1] = S with v(0) = (0,1) and (1) = (3,0).
Set s :=sup{t € [0,1] : v(t) € {0} x [—1,1]}. Since y is continuous, there is a 6 > 0 with

Y([s,5 +9]) € Byya(v(s)). (*)



Let pry,, : R? — R denote the projections onto the z/y-axis. Then pr, oy([s,s + §]) is
connected, hence an interval I, and [0, z] C I with z := pr (y(s + J)) > 0. But this implies
pr, o¥([s, s +d]) = [~1, 1], contradicting (x).

Thus S is not path-connected. In particular, the closure of a path-connected set need not be
path-connected.

Proposition 1.4.8. Let {A;};c; be a family of connected (respectively, path-connected)
subspaces of a topological space X, with (;c; 4; # @. Then (J;c; A; is also connected
(respectively, path-connected).

Proof. Choose x € (;c; A;. Consider J;c; Ai =UUV. WLOG z € U. Let y € V and y € A;,.
We obtain A;, = (Ai, NU) U (A;, N V). The path-connected case is clear. O

Definition 1.4.9. Let X be a topological space and z € X. The union of all connected
(respectively, path-connected) subspaces containing z is called the connected component
(respectively, path component) of x.

Note. Every space is the disjoint union of its connected components, and also of its path
components.

The space S has one connected component and two path components.

1.5. The Hausdorff Axiom

Definition I.5.1. A topological space X is called Hausdorff if any two distinct points in X
have disjoint neighborhoods.

Examples.

o Every metric space (X,d) is Hausdorfl: if x,y € X with x # y, then d(z,y) :=r > 0 and
Br/2(x) N Br/Q(y) = 4.

o Every discrete space is Hausdorff.

Counterexamples.
o If | X| > 2, then (X, Oivial) is not Hausdorff.
e Let k be a field. The closed sets of the Zariski topology on k™ are

{{zek™:p(x)=0forallpe S}:S Cklry,...,xn)}.

~ Algebraic geometry.

Note.

e In a Hausdorff space, a convergent sequence has a unique limit: neighborhoods of two limits
contain all but finitely many terms of the sequence, so they are not disjoint.

o If X is Hausdorff, then so is every subspace A C X.
e Let XY # &. Then the following are equivalent:



1. X,Y are Hausdorff.
2. X UY is Hausdorfl.
3. X x Y is Hausdorff.

I[.6. Compactness

Definition I.6.1. A topological space is called compact if every open cover has a finite subcover.
(If X = U;er Ui with the U; open, then there are iq,...,i, € [ with X =U;, U---UU;,.)

Examples.

e (0,1] and [0, 00) are not compact:

UG- 1= (01], LJ10,n) = [0,0).

n>2 n>1
o Let X be discrete. Then X is compact < | X| < oco.

o (X, Ogivial) is compact.

o The unit interval [0, 1] is compact.

Proof. Let [0,1] = U;c; Ui We claim that there is a § > 0 such that every subinterval I C [0, 1]
of length ¢ is contained in some U;. If not, let x,, be the midpoint of a subinterval of length %
that is not contained in any U;. By Bolzano—Weierstrass, limy_,o ©n, = . But z € U;, € [0, 1]
with U;, open, a contradiction. Now choose a finite cover of [0, 1] by §/2-balls. We obtain
[0,1]=Ui1U"'UUin. ]

Compactness often allows us to deduce a global property from its local counterpart:

Lemma I.6.2. Let f: (X,0) — (Y, d) be continuous and X compact. Then f(X) is bounded.

Proof. For each z € X, there is an open neighborhood U, with f(U,) C Bi(f(z)). Since
X=U, U---UU,, for some x1,...,x,, we have f(X) C Bi(f(x1))U---UBi(f(zy)). O

Theorem 1.6.3. Let X be a topological space.

(i) If X is compact and A C X is closed, then A is compact.
(ii) If X is Hausdorff and A C X is compact, then A is closed.

Proof. (i) Let A = U;er(UiN'A) with U; € X open. Then X = X \ AU U;¢; U; is an open
cover of X.

(ii) Let A C X be compact. Choose z € X \ A. For each y € A, let U, and V}, be neighborhoods
of z and y with U, NV, = @. Consider A = {J,c4(Vy N A). Since A is compact, there are
Y-y €EAwith ACV, U---UV,, . Set U=U, N---NUy, and V =V, U---UV,, . Then
UNV = @; in particular, U N A = @. Thus z is an interior point of X \ A. Since z € X \ A
was arbitrary, X \ A is open, so A is closed. O



Theorem 1.6.4. Let f : X — Y be continuous.

(i) If X is compact, then so is f(X).

(ii) If f is bijective, X is compact, and Y is Hausdorff, then f is a homeomorphism.
Proof. (i) Let f(X) = U;er(Us N f(X)). Then

X=Ur'wy=r"w,)u---uf U, =fU,U---UUy),
i€l

so f(X) = (Ui, N f(X))U---U (U, N f(X)).
(ii) Let f be bijective. Then:

! continuous <<= (A C X closed = f(A) CY closed).

Let A C X be closed. Since X is compact, A is compact, so f(A) is compact. Since Y is
Hausdorff, f(A) is closed. O

Note. Let X,Y # @&. Then the following are equivalent:

1. X,Y are compact.
2. X UY is compact.
3. X x Y is compact.

Proof. 1.) < 2.): clear. 3.) = 1.): apply the last theorem to pry : X x Y — X and
pry : X xY =Y.

1.) = 3.): Let X xY = U;c;Ui. For each (z,y) € X x Y, there are i(xz,y) € I and
open sets Vi) C X, W,y C Y with (z,y) € Vig) X Wiy € Uj(ey). Fix 2. Then
Y =Upey W) = Weapi(@) V- YI Wiagn, (@))- S8 Ve = Vieya@) 0 N Viayo, (o)) Then
X=UpexVe=Vy U---UV,, and

XxY:UUZVmZ.xW(
i=1j=1

xi,y; ()"
O

Remark. For an infinite family {X;} of compact spaces, the product [];c; X; is also compact
(Tychonofl’s theorem).

Theorem (Heine—Borel) 1.6.5. Let K C R"™. Then the following are equivalent:
(i) K is compact.
(ii) K is bounded and closed.

Proof. (i) = (ii): Theorem 1.6.3(ii) and the lemma with f = ||-||.

(ii) = (i): For r > 0, we have K C [—r,r|". By the example, the note, and Theorem 1.6.3(i),
the set K is compact. O

10



I.7. The Quotient Topology

Let “~” be an equivalence relation on the topological space X. We want to equip the set X/~
of equivalence classes with a topology satisfying the following universal property: If f: X — Y
is continuous and f(x1) = f(x2) whenever x1 ~ x5, then

x sy
il
pl T (All maps continuous)
AT
X/~

Thus X/~ must carry the finest topology for which p : X — X/~ is still continuous, that is,
UC X/~open <= p Y(U)C X open,
because

e p must be continuous (so the topology cannot be finer).

o (The topology cannot be coarser either.)

X4p>)qw

| A

X/~

Observation. Let f: X — Y be continuous and surjective. Then z; ~ x5 :< f(z1) = f(x )
defines an equivalence relation on X for which f is a continuous bijection. Moreover, f is
homeomorphism if and only if Y carries the quotient topology:

Theorem 1.7.1. For a surjective map f : X — Y, the following are equivalent:
() F: X/~ S Y.
(ii

(iii

)
) For every map g : Y — Z of sets, g o f is continuous if and only if g is continuous.
) UCY isopen & f~1(U) C X is open.

(iv) ACY is closed & f~1(A) C X is closed.

Definition 1.7.2. A surjective map f : X — Y satisfying one (and hence all) of these
properties is called a quotient map, or an identification map.

Proof. (iii) < (iv): clear. (i) = (ii): Let g : Y — Z be a map of sets. If g is continuous, then
sois gof=go fop. If go f is continuous, then so is g o f by the universal property. Thus
g=(gof)o f ~!is continuous. (iii) = (i): By (iii), f is continuous, so f is a continuous
bijection by the universal property. Let U C X/~ be open. Then V = p~1(U) C X is open
and f~1(f(V)) =V, so f(U) = f(V) CY is open by (iii).

(i) = (iii): Consider (Y, Oy) and (Y, O} ), where O is defined by (iii). Since we already know
(iii) = (i) and (i) = (ii), condition (ii) also holds for (Y, Oy). Applying (ii) to g = id(y,0,) and
g= id(y’og/) shows that f is continuous for both topologies. Thus idy of = f is continuous for
both idy : (Y, Oy) — (Y, 0% ) and idy : (Y, 0% ) — (Y, Oy). By (ii), both identity maps are
therefore continuous, that is, Oy = Oy O

Note. Injective quotient maps are homeomorphisms.

11



Examples. 1.) Gluing spaces.

For AC X and f: A — Y continuous, let “~” be the finest equivalence relation on X UY for
which a ~ f(a) for every a € A. Then

XUpY :=XUY/~
is obtained by attaching X to Y along the attaching map f.

Example. S"'CD"={zeR":|z| <1}, f: 5" Y.

s

F(sm) £(57)
“Attaching an n-cell”
Lemma I.7.3. There is a canonical inclusion Y C X Uy Y (but in general not X C X U;Y).
Proof. Injective v/ Continuous v'. Let U C Y be open. We must show that p(U) C p(Y)
is open. Since f~1(U) C A is open, there is an open set V C X with f~1(U) = V N A.

Thus p*(p(VUU)) = VUU C X UY is open, so p(V UU) C X LY is open, and
p(U) =p(VuU)NpY). O

2.) Collapsing a subspace to a point. This is the special case of attaching with Y = e.
Notation: X/A:= X Uy e with f: A — e.

Example. We claim that [0,1]/{0,1} = St

Proof.
0,1 Ue . 51
t>—>62”’i/ 7
P /,/’%
[0,1]/{0, 1}

f is a continuous bijection.
o [0,1]/{0,1} = p([0, 1] U ®) is compact.
e S! C R? is Hausdorff.

Similarly, D"/S"~1 =~ §n,
Note:

o For zp € X, we have X/{zo} = X.
o X/@ = X Ue; in particular, &/@ = e.
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3.) Mapping tori and self-identifications. Let f: X = X bea homeomorphism. Then
Ty = X % [0,1]/ (1)~ (f(2).0)

is called the mapping torus of f. Examples:

o f = id[—l,l]a Tf = “cylinder.” o f = - id[—l,l]a Tf = “Mobius strip.”
o f=idgi, T} = torus. o [:SY= S () (—ayy), Tr =

“Klein bottle.”
(=D )

Self-identifications are usually represented schematically:

Torus Klein Mobius strip RP?
bottle
D?/§150n—azest = 5% /pn—y = RP? (Boy’s surface).

4.) Orbit spaces of group actions.

Definition 1.7.4. A topological group is a group G that is also a topological space, such that
both G x G — G, (g1,92) — 9192, and G — G, g +— g~ ! are continuous.

Remark. One usually also requires the space to be Hausdorff.

Definition I.7.5. An action G ~ X of a topological group G on a topological space X is
called continuous if G x X — X, (g,z) — gz is continuous.

For x € X, the set Gx = {gz : g € G} is called the orbit of z. “Lying in the same orbit”
defines an equivalence relation “~” on X, and

X/G =X/~
is called the orbit space of G ~ X.

Example. SO(2) ~ S? by rotation about the x3-axis:

T3

g2 P8 11

7
P
-
-
.
.

52/S0(2)

(LD
WY

R\
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For x € X, the subgroup G, = {g € G : gx = z} is called the stabilizer of x.

Lemma I.7.6. Let G be compact and X Hausdorff. Then G/G, =N Gz, gG, — gz.
Proof. Well-defined: v* Surjective: v' Injective:
gr=hr = hilgg=z = hlgeG, = ¢G,=hG,.

Continuous: consider G — G/G, — Gz, g — gz, and apply part (ii) of the theorem above.
Now G/G, is compact and Gz C X is Hausdorff. It follows that G/G, = Gx. O

Warning 1. Compactness, connectedness, and path-connectedness pass to quotients; the
Hausdorff property generally does not.

Warning 2. A quotient map need not be open or closed. For example, f : [0,3) — S*,
t = exp(mit) is a quotient map. But f([0,1)) = f([2,3)) C S! is neither open nor closed.

14



II. Manifolds and Surfaces

II.1. Manifolds

Definition II.1.1. An n-dimensional manifold is a second-countable Hausdorff space M that
is locally Euclidean: every p € M has a neighborhood U, C M with U, = R".

Remark. 1.) We have

T
1=zl

o

2.) A homeomorphism ¢ : U, — R" is called a chart around p. Another chart 9 : V, SR s
smoothly compatible with ¢ if

Yop !

{:UGR”:||$||<1}5>R”, x—

o POV — w(U N V)

is a diffeomorphism, that is, smooth (C°°) with a smooth inverse. An atlas is a collection
of charts covering M. A smooth structure on M is a maximal atlas of smoothly compatible
charts.

~ differential topology

Theorem (Kervaire—Milnor). There are 28 essentially different smooth structures on S”.

A smooth structure allows us to define the tangent bundle, on which we study geometric
structures (Riemannian metrics, symplectic forms, ...) ~- differential geometry.

Examples.
1. Every discrete space with at most countably many points is a 0-dimensional manifold.
2. R and S' are 1-dimensional manifolds.

3. Let M be an m-dimensional manifold and N an n-dimensional manifold. Then M x N is
an (m + n)-dimensional manifold.

5 x 81 = (2
4. If M and N are n-dimensional manifolds, then M LI NV is an n-dimensional manifold.

Counterexamples.

1. S is not locally Euclidean.
2. (R, Ogiscrete) is locally Euclidean and Hausdorff, but not second-countable.

3. RUR/,, (2)~ia(a) for 220 18 locally Euclidean and second-countable, but not Hausdorff.

{ 1
L\l U
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Theorem II1.1.2. RP" is an n-dimensional manifold.

Proof. Second-countable: p : S® — RP™ is open, since for open U C S, the set p~!(p(U)) =
U U —U is open. Continuous open surjections f : X — Y map bases to bases: let B be a basis
of X and let U C'Y be open. Write f~*(U) = Uyepcp V. Then

U= w) =Urw).
1%

Hausdorff: let [z], [y] € RP"™, [x] # [y]. Then there are disjoint open neighborhoods U,V C S"
of ,y such that £U, £V are disjoint, so p(U), p(V) are disjoint neighborhoods of [z], [y].

Locally Euclidean: let = (zg: 21 :---: x,) € RP™. Then there is an ¢ with x; # 0, and

U={(yo:--:yn):yi #0}

is an open neighborhood of z.

Claim: .
go:UiR”, (yoz--~:yn)»—><y0,...,yz,...,y">.
Yi Yi Yi
Proof: well-defined v'. Since U C RP" is open, U carries the quotient topology induced by
plp-1()- Defining

SO/:p*l(U)_>RTL’ (y07‘°'7yn)’—> ( b

gives @ o pl,-1) = ¢, Since ¢’ is continuous, ¢ is continuous by Theorem 1.7.1. The inverse
map
o LR — U, (X1, ymp) — (1ot i@y et Ty

is also continuous, since it is the composite

R — {zecR""ig;=1} — {zeS:z, >0} B U

O
Theorem 11.1.3. Every connected 1-dimensional manifold is homeomorphic to either R or
St
Proof. [David Gale, The classification of 1-manifolds] O

I1.2. Surfaces

Definition II.2.1. A 2-dimensional manifold is also called a surface.

Constructing surfaces: consider a word, for example
w = arbyay 'by tagbaag 'by !

e in an alphabet of n letters,
e in which each letter occurs exactly twice,

e with arbitrary choices of exponents +1.
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Label the boundary of a 2n-gon with this word.

ba
a a2

by bo

a az
b1

Fact I. The resulting quotient is a connected compact surface.
Fact II. For every connected compact surface F', there is a word w as above with F' = F,,.

(Choose a triangulation, order the triangles so that each new one adjoins the preceding ones,
and glue along just one edge at each step to obtain a 2n-gon.)

Theorem I1.2.2. (Classification of surfaces) The surfaces F,, associated with the following
words w form a complete set of representatives of the homeomorphism classes of connected
compact surfaces:

1. aa™ 1,

2. arbya; byt .agbgaglbgl (g>1),
3. araragay...agay (g >1).

Pictures:

< - - g holes,
,,,,,,, =T24 . #T? T?=8'x5"!

M # N = connected sum = remove open n-balls from M and N, then glue the boundaries.
Orientable surface of genus g. Notation: ¥,.

a

a b Y
3.g:1:<> RPZ2,  g=2 ;

RP%2# ... #RP?> g copies,

Nonorientable surface of genus g. Notation: Ny.

Proof. Two words w and w’ are called equivalent (w ~ w') if F,, = F,s. The following
operations produce equivalent words:

1. Cyclic permutation, for example abc™! ~ be~'a,

2. Taking the inverse: abc ~ ¢ 1b~la™!,

17



3. Inverting a fixed letter everywhere, for example

ab~tebab™! ~ abeb~ab,

4. Deleting (proper) subwords of the form aa~!, for example

baa " te ~ be.

Claim: Every word w can be replaced by an equivalent word w’ for which all vertices are
identified.
-1

Proof: Let w have no subword of the form “aa™".” Let P, Q be adjacent vertices in different
equivalence classes,

~ the ()-class gains one point, and the P-class loses one point. O

—1»

We may therefore assume that w is reduced (no “aa™"” subwords, all vertices identified).

Make pairs of sides of type I (...a...a...) adjacent:

b P Pc P

(all points remain
identified; we can
reduce again.)

Claim. If w has at least four letters and a type II pair of sides (...a...a"'...), then w has

the form
b.oooa. b a7t

Proof: We have the following 2n-gon with B,C # & (w is reduced).

Q a P
B e
| |
Q a P

If there were only one type II pair of sides, no edge in B would be identified with an edge in
C, since type I pairs are adjacent. Thus P # @, a contradiction. Hence B and C' must each
contain an edge with the same letter and opposite exponents. O
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Claim: ...b...a...b7 .. .at i~ . babta"1...

Proof:
b
A //<(%\ D
———--- If A, B,C, D are empty, we are done.
af 1@ WLOG, let A # @. Cut along c,
) glue along b, and reduce.
B “T C
c
a a
m If BA is empty, invert ¢ and we are done.
B! d 1 C Otherwise: cut along d, glue
Lo L/ along a, and reduce.
A AN - s D
‘i/‘c_\d
A TC Invert d and we are done.
B - D
C
U
Thus we can transform w into a product of squares and commutators.
Claim: aabeb™'c™'D ~ aabbceD.
Proof:
a a
b c Cut along d, glue
along a.
¢ b
b c
d d Slg‘; al;)ng e, glue
D) e
b c
b e
)
d e Cut along f, glue along b.
b d
f e
Make the e-edges adjacent as above.
f e Permute cyclically and
rename d, e, f as a, b, c.
d d
O

By cyclic permutation, we can place commutators after squares and replace them by three
squares as in the last step. We thus obtain one of the words in 1.), 2.), 3.). The corresponding
surfaces are all distinct — fundamental group, see Section VI.3. O
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III. Homotopy and the Fundamental Group

I11.1. Homotopy, Homotopy Equivalence, and Deformation
Retracts

Set I :=[0,1].
Definition III.1.1. Let X,Y be topological spaces. Continuous maps f,g : X — Y are
called homotopic if there is a continuous map
H:XxI—Y
with H(z,0) = f(z), H(z,1) = g(z) for all x € X.
o The map H is called a homotopy from f to g. (Notation: f ~p g, or simply f ~ g.)
e Fortel, let H : X - Y, z+— H(x,t).
e We can think of H as a “movie” that continuously transforms f into g.
Ezample. (Homotopies of paths)
e Let X =81 Y = T2 Then wy,ws, w3 : X — Y are not homotopic. (Proof later)

(J05]
e Any two maps f,g : X — R"™ are homotopic, since f ~y (X — R", z — 0) with
H(z,t)=(1—1t)- f(x), and similarly for g. Moreover, we have

Lemma III.1.2. “~” is an equivalence relation on

C(X,Y)={f:X — Y : f continuous}.

Proof. Reflexivity: f ~py f with H(x,?) = f(z). Symmetry: if f ~p g, then g ~ f with

H(z,t) = H(z,1—1).
Transitivity: let f ~y g and g ~g h. Then f ~g» h with

H(z,2t) telo, 3],
H'(z,2t—1) te[3,1

H”(:U,t):{

Note.

1. Let f1,f2:Y = Z, 91,92 : X =Y, fi @5 f2, 91 g g2. Then fi 0 g1 ~p» f2 0 g2, where
H! = H, o H..
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2. Let fi,fo: X =Y, 91,92:Z = W, f1 ~g fa, 1 ~m g2. Then for fi x g1, f2 X g2 :
X xZ =Y x W, we have f1 X g1 ~p» fa X go with H/' = Hy x Hj.

Definition ITI.1.3. A continuous map f : X — Y is a homotopy equivalence if there is a
continuous map g : Y — X (a homotopy inverse) such that

go f ~idx and fog~idy.
o If such a homotopy equivalence f : X — Y exists, X and Y are called homotopy equivalent.
(Notation: X ~Y.)
e “X ~ Y is an equivalence relation, and X ~Y and X’ ~ Y’ imply X x X' ~Y x Y.

e Special case: if f: X — Y is the inclusion of a subspace and ¢ : Y — X is a retraction, that
is, go f =idx (not just go f ~idy), and f o g ~p idy, then X is called a deformation
retract of Y, and H is a deformation retraction. If, in addition, H(x,t) = x for z € X and
t € I, then X is a strong deformation retract, and H is a strong deformation retraction.

e A topological space X is called contractible if a point in X is a deformation retract of X
(in particular, X # @). Equivalently: X ~ e.

Examples:

o {0} — R™ is a strong deformation retract:

H:R"xI— R" (x,t) —> t-x.

More generally: if U C R™ is star-shaped, that is, there is an xy € U such that {z¢+t(z—1z0) :
te I} CU forall x € U, then {z9} — U is a strong deformation retract.

Sn=1 <y D™ is not even a retract: there is no continuous map D" 5 S"~! with 705 = idgn-1.
(The proof for n = 2 comes later, and for n > 3 in Topology I.)

St <y D™\ {0} is a strong deformation retract

H:(D"\ {0}) x I — D"\ {0}, (x,t)Ha—t)-xH-H%H.

o For "1 C D"\ {0} and ¢ : S 1 = Y, let (D™\ {0}) U, Y be the result of attaching an
n-cell “with a hole” Then Y C (D" \ {0}) U, Y is a strong deformation retract.

iy
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e Let M be the Mébius strip. Its core circle S C M is a strong deformation retract.
M = [-1,11%/(1.0)m (1=
J: Sl = [_17 1]/{—1,1} — M, [CC] — [(.%',0)],
riM— St =[-11/r 1y, @) — 2]

Tils ||

roj=idgi, jor~pgidy, H([(z,y)]) = [(x,t-y)].

strong \ / strong

deformation retract deformation retract

:

o T2\ {point}

I11.2. The Fundamental Group

Definition III.2.1. Two continuous maps f,g : X — Y are called homotopic relative to
A C X if there is a homotopy f ~pg g with H(a,t) = f(a) = g(a) foralla € A, ¢t € I. Notation:
f~ag If A={xo}, then H is called a pointed homotopy.

If X =1, A={0,1}, then H is called a homotopy relative to the endpoints.

-

[~
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e A continuous map v : I — X is called a path. If two paths ~1,v : I — X satisfy
’71(1) = ’)/2(0), then

7 (2t) for ¢ € [0, 1]
1

I — X, t— ’
e {72(215—1) forte[%, ],

is called the concatenation of v, and ~s.

gi!
/\%
A path v : I — X with v(0) = (1) is called a loop.

Theorem III.2.2. Let X be a topological space and let ¢y € X be a basepoint. Concatenation
defines a well-defined group structure on the set

(X, w0) ={y: 1 = X :7(0) =~(1) = xO}/Z{o,l}

of homotopy classes relative to the endpoints of loops in X starting and ending at xg. We
call m1(X, zg) the fundamental group of X at the basepoint z.

Proof. « Well-defined. Let v1 ~¢0.1} 71, 72 {01} V2>

SO Y172 0,1} M2
Observation: for every continuous map ¢ : [0,1] — [0,1] with ¢(0) = 0 and ¢(1) = 1, and
every v : I — X, we have v >~ 1} 70 ¢ via

H:IxI—X, (s,t) —>v((1—=1t) - s+t-p(s)).
(Rescaling the time parameter)

o Associativity. Rescaling the time parameter gives (v172)73 ~0,1} 71(7273)-

2 12 Y3

I ] ] ]
i T T 1

NN

I ] ] ]

Y3 ! Y2 73

o Identity. Let ¢y, : I — X, t — x, be the constant path. Then c,,y ~g 7 =~ ez, -

rescale
-~
f } { ~ U —
To Y Y
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o Inverses. For v: I — X, let 7:1 — X, t— (1 —1t).

~v(2ts) for s € [0,
v(2t(1 —s)) for s € [3,

O-0-C-t -

VY = Coy =H VT, Hy(s) = { |

O]

Let A C X and B C Y be subspaces. A map f: X — Y with f(A) C B is called a map of

pairs of spaces (notation: f: (X, A) — (Y, B)). In the special case A = {zo}, B = {yo}, we

write f: (X, z9) — (Y, yo) for a pointed map of pointed spaces.

Proposition IT1.2.3. A continuous map f : (X, zg) — (Y, yo) induces a group homomorphism
m1(f) : m (X, 20) — m1(Y, 90), [v] > [f ol

Proof.

T (N)([[B]) = m(f)([aB]) = [f o (aB)]
= [(foa)(fep)] =feallfep]=m(f)a))m(f)[B)-

O]

Proposition IT1.2.4. Let (X, ) EN (Y,40) 2 (Z, %) be continuous maps. Then (g o f) =
m1(g) o m(f)-

Proof.
mi(go f)([V]) =[(go florl=[go(fov)] =

= m1(g)([f o)) = m(9) (m (F)([V])-

O
Proposition II1.2.5. m1(id(x z,)) = idr, (x,20)-
Proof. m(idx,e0) (1)) = idx.ag) 09] = B =
Proposition II1.2.6. Let f,g: (X,z0) — (Y, y0), f 21{5;0} g. Then 71 (f) = m1(g).
Proof. Let [v] € m (X, zo). Define
H':IxI—Y, (s,t) — H(7(s),1).
Then H] = fo~v, H =go~, H'(0,t) = HY(1,t) = yo for all ¢ € I, that is,
forv=pu 907 < [ferl=lger] <= m(NN]) =mlg) W)
O
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Proposition ITI.2.7. Let A be a strong deformation retract of X, with inclusion j : A — X,
and let a € A. Then N
m1(j) : (A, a) = m (X, a).

Proof. Let r : X — A be the retraction with roj =id4 and jor ~4 idx. Then 71(r)omi(j) =
idﬂ.l(A,a) and 7r1(j) ] 7T1(7°) = Fl(idx) = idﬂ.l(Xﬂ). ]

Ezample. m(R",0) = 71({0},0) = {1}.

Proposition IT1.2.8. If f: (X, z9) — (Y,yo) with f: X =N Y, then 7 (f) is an isomorphism.
Proof. Exercise. O
We define (X, xg) x (Y,y0) := (X x Y, (0, y0))-

Proposition I11.2.9. 71((X,z0) x (Y, y0)) = m1(X,z0) X m1(Y, yo)-

Proof.
(v:I—= X xY)r— (prx oy, pry ov),

I—XxY )

(y:I—= X,y :T1=Y)r— (WW/: t— (v(1),7' (1)

Example. We will show later that (S, e) = Z, so

1

T (T, @) = ((St,8) x - x (S, @) = 7.

Proposition ITI.2.10. Let zg,z; € X and let a : I — X satisfy a(0) = 29 and «o(1) = ;.
Then N
D, m (X, z0) = m (X, 21), [v] — [@yal.

Zo
Z1

Proof. Well-defined v'.

Homomorphism:

D0 ((VI[Y]) = @al[vy]) = [@rya] = [ayaay'a]
= [ayd][@y'a] = @a([7])@a([7])-

Inverse: [y] — [aval. O

Definition IT1.2.11. A topological space X is called simply connected if X is path-connected
and 7 (X, zg) = {1} for some (and hence every) zy € X.
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Theorem II1.2.12. For n > 2, S™ is simply connected.

Lemma ITI.2.13. (Lebesgue) Let (X, d) be a compact metric space with an open cover U.
Then there is a § > 0 such that every subspace A C X of diameter < § is contained in some
Uel.

Proof. Consider X = U,cx Be) (), With Bo.(y)(z) € U; for some U; € U. Obtain X =
Uiz1 Be(a,) (i) and set § := min{e(z1),...,e(xp)}. If a ball B C X of radius < ¢ were not
contained in any of Bo.(;)(71), - -, Bac(z,)(¥n), its center would lie outside (i Be(y,)(7i) =

X, a contradiction. ]
Such a ¢ is called a Lebesgue number for (X,U).

Lemma III.2.14. Let n > 2 and « : (1,{0,1}) — (S™,x0). Then there is a nonsurjective
map 7' : (1,{0,1}) = (S", o) with v ~¢ 1) 7.

Proof. Let U be the cover of S™ by open hemispheres. Choose a Lebesgue number ¢ for
(v(I),U|y(r))- Since ~ is continuous on a compact space, it is uniformly continuous. Hence
there is an m € N such that
kE k+1
7({ +})§Uk€b{ for k=0,...,m—1.

m’ m

diameter<d
Let yy : [£, EtL] — R™H1 be the line segment from (%) to v(%£EL). Define H : I x I — S™ by

U=l Hme) g, o[£ B2
(1 =1)v(s) + t(s)] m’ m |’

The denominator is # 0, since v and 74 lie in the same open half-space. Then +' := Hy is not
surjective for n > 2, and y ~¢ 13 7. O

H(s,t) =

Proof of Theorem I11.2.12. For [y] € m1(S™, x0), let 7' ~(o1} v and yo ¢ im(y’). Consider

S\ {yo} —L— "

I
We have _
M =01=l""T"="mG'D) =1,
since
stereographic
n projfe\(/:tion n HI;%.IO n IH.g.?
(5" \{wt.z) = mR%z) = m@ER",0) = 1,

so [ =1. O

Since 71 (T?, 8) = Z? but (52, 8) = {1}, we indeed have

SHE
SHE)

(We still owe a proof that 71(S*, e) = Z — next chapter).

and, a fortiori,
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IV. Covering Spaces

IV.1. Fiber Bundles and Covering Spaces

Observation. A map p: X — Y induces a disjoint decomposition X = UJ,cy pi(y) of X
into the fibers p~1(y) over y € Y.

e p surjective: Every fiber contains at least one element.

e p injective: Every fiber contains at most one element.

Definition IV.1.1. A fiber bundle consists of a surjective continuous map p: E — B (the
bundle projection) and a topological space F' (the fiber) such that for every b € B, there are

an open neighborhood U C B of b and a homeomorphism ¢: p~1(U) =, U x F such that the

diagram

S

1%

p~H(U) UxF
Pl —1k A
’ U

commutes (the local triviality condition).

o A fiber bundle is called (globally) trivial if there is a commuting diagram

S

EFE——————— BxF

A

Il

p
B

! ’
- - - -

trivial nontrivial trivial nontrivial

o Examples:

The space E is called the total space, and the space B is called the base space of the fiber
bundle.

Proposition IV.1.2. The bundle projection of a fiber bundle is an open quotient map.

Proof. Homework.
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Definition IV.1.3. A covering is a fiber bundle p: ' — B with discrete fiber F'.

—_— )
D @] —
- = @
| > -
| | | |
- - - =D

Note. The number |F| € {1,2,...} U{oo} is called the number of sheets of the covering.

Example. For n € N, the map p: C\ {0} — C\ {0}, z +— 2", is an n-sheeted covering. For
z = rexp(2mip) € C\ {0}, we have

The map p: S — S, z — 2", is an n-sheeted covering.

e The map p: R — 81, t s exp(27it), is an oo-sheeted covering.

e Finite products of coverings are coverings, for example

p: R = T"  (t1,...,tn) — (exp(2mity),...,exp(2mity,)).

o p: S" = RP", (xg,...,Tpn) — (xo: - :xy). Forx = (zg: - :x,) € RP", assume WLOG
that 29 # 0. Then U = {(z( : --- : @) : {, # 0} is an open neighborhood of z, and

p Y U) = {(z0,...,2,) € 8" : 29 < 0} U {(z0,...,2,) € S™: zg > 0},

so p is a two-sheeted covering.

« For g > 1, there is a covering p: RZ — Y.
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« The covering space theory of S Vv S! is particularly rich:

IV.2. Lifts

Let p: Y — X be a covering. The lifting problem for paths:

(Y7 yO)

vp
X
Proposition IV.2.1. For every path v: I — X with v(0) = ¢ and every point yy € Y with

p(y0) = xo, there is exactly one path ¥: I — Y with (0) = yp and po 5y = ~.

Proof. Uniqueness. Let 7': I — Y with 4/(0) = yo be another path with 7'(0) = yo and
po?y =~. Then the sets

{tel:7) =7 1)} and {tel:5(t)#7 ()}

are both open, since v(t) € X has an open neighborhood U C X with

p~H(U) UxF

X pry
U
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Thus the U-coordinate is locally determined by the lifting condition p o ¥ = -, while the
F-coordinate must remain constant because F' is discrete. Since I is connected and 0 € {t €
I:35(t)=7'(t)}, it follows that ¥(¢t) = 7(t) for all t € I. FEzxistence. Let

to=sup{t€l:35:[0,t] =Y, 3(0) =yo, poy =~}

Local triviality gives o > 0. We must show that {5 = 1. Suppose tg < 1. Let

Il

p~1(U) UxF

X pPry
U

be a local trivialization around (tp) € X. Then there is 0 < § with y([tg — d,t0 + d]) C U.
Let 7: [0,tp — 0] — Y with 4(0) = yo. Set f := prp(¢(5(to — 9))). Then

A

[to—6,t0+68] =Y,  t—=o (Y1), )
extends the lift ¥ to [0,¢o + d], a contradiction. O

The lifting problem for homotopies:

Zx{0} ——

— Y
[ 22 l
ZxI] —— X

H

For Z = e, this is the lifting problem for paths. For z € Z, set
H?: 1 — X, t— H(z,t)
and let H” be the unique lift of H* with H?(0) = Ho(2).

Proposition IV.2.2. The map H:ZxI—Y, (z,t) — lEIZ(t)7 is continuous; that is, the
lifting problem for homotopies has a unique solution.

Proof. For t € I and € > 0, let I.(t) = (t — e,t + &) N I. Observation: Suppose that, for a
neighborhood U C Z of z € Z, the image H(U x I.(t)) lies in a neighborhood V' C X of
H(z,t) over which p is trivial. Then, for P~I|UX1€(,5) to be continuous, it suffices that FI|UX{,5/}
be continuous for some ¢’ € I.(t). Indeed:

V x F
V lp=prv
U x I.(t) V.

H

We see that pry, oH = H is continuous and prp oH is independent of the time coordinate:
for 2/ € U, the map prp(H(Z',-)) = prp oHZ/|IE(t): I.(t) — F is continuous and F is discrete.
Hence (2/,t) — prp(H (2, t)) = prp(H(2',t)) is continuous as well. Now consider

JU x I.(t), VCX, t’eI()-
T=<(tel|HUXI()CV, plp-1y) trivial,

H| {4y continuous
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By the observation, T' is open, and 0 € T because the given map E[() is continuous. It
remains to show that T is closed. Let t € T. Since H is continuous, there is U x I.(t) with
H(U x I(t)) €V and p|,-1y) trivial. Choose ¢’ € I.(t)NT. Then there is U’ C Z with z € U’

such that ﬁ|U’><I€,(t’) is continuous. It follows that H((UNU’) x I.(t)) CV and j:I|(UmU')x{t’}
is continuous, so t € T'. O

Lemma IV.2.3. (Monodromy lemma) Let vi,72: I — X be paths with v1(0) = 72(0),
(1) = 72(1), and 31 ~ff 1, 72. Let yo € Y with p(yo) = 71(0) = 72(0), let 31,72: I =Y be
the unique lifts with 5; (0) = 72(0) = yo, and let H be the unique lift of H with initial lift ;.
Then 4, 2{6,1} Y2 and, in particular, 71 (1) = F2(1).

Proof. The map H solves the lifting problem

Ix{0} > vY

a7
e p

Yo

homotopic paths nonhomotopic paths

We have p o H;(0) = H(0) = 71(0) = 42(0) =: zo for t € I. Thus we obtain I — p~!(x),
t — Hy(0). Since the fiber p~!(xg) is discrete, this map is constant, so Ho(0) = H;(0).
Similarly, Ho(1) = H;(1). Hence H,(0) = Ho(0) = 71(0) = o and po Hy = Hj = .
Uniqueness of path lifting gives H; = 5. Therefore 3(1) = Hy(1) = Ho(1) = 71(1). O

Now let p: (Y, y0) — (X, x0) be a pointed covering.

Note. The homomorphism 71 (p): m1 (Y, yo) — m1 (X, xo) is injective.

Proof. 1f a loop 7v: (1,{0,1}) — (Y, yo) satisfies ¢y, :f{% 1} P, then the lift H starting at Cyo

shows, by the monodromy lemma, that cy, zf{) 137 O
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Definition IV.2.4. The subgroup

G(Y,yo) := im(m(p)) < m1(X, z0)

is called the associated subgroup of the pointed covering p. We now wish to solve the lifting
problem

(M)
J! v
P,

(X7 $0)

-
-

(ZvZO) T’

A necessary condition is

Goal: Find a condition on Z under which this criterion is also sufficient.

Definition IV.2.5. A topological space is called locally path-connected if every neighborhood
of every point contains a path-connected neighborhood of that point.

1

Example. (The topologist’s comb)

=
Wl

e path-connected

e not locally path-connected

o Every manifold is locally path-connected.

Theorem IV.2.6. (Lifting criterion) Let Z be path-connected and locally path-connected.

Then a map f: (Z,20) — (X, o) has a unique lift f: (Z, 20) = (Y, y0) with po f = f if and
only if im(m1(f)) < G(Y, vo).

(Y %0) m1(Y, o)
3! ,/’Y lp — a7 l ®)
e //// m
(Z, 20) — (X, x0) m1(Z, o) 0 m1(X, 20)

Proof. Uniqueness: Let f’ be a second lift. For z € Z, choose v: I — Z with v(0) = 29 and
~v(1) = z. Then foland f’07 are two lifts of the path f o~ starting at yo. Hence foy = f’Ofy
and, in particular, f(2) = f(+(1)) = f/(v(1)) = F'(2).
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FEzistence: For z € Z, choose v: I — Z with y(0) = 29 and (1) = z as above. Let f/S/y: I—-Y
be the unique lift of f o~y with m(O) = yo. Set f(z) = m(l). This is well-defined: if
y': I — Z is another path with 7/(0) = 29 and /(1) = z, then [f o (v7/)] € G(Y,40), and
therefore

—~— e~

fo(ry)=(fon(for)
is a loop. Thus m(l) = m(l). Moreover,

~ —~—

po f(z) =p(for(1)) = for(1) = f(2).

It remains to prove continuity. Let z; € Z, and let U C Y be a neighborhood of f(z;), WLOG
small enough that p|y is a homeomorphism. Then there is a path-connected neighborhood
V of z; with f(V) C p(U). Fix a path v: I — Z, v(0) = 29, v(1) = z1. For z € V, choose
v I —=V,4(0) =z, v (1) = z. Then

f(z) = Fory(1) = (For(plg'(F o)1) € U.

O]

Example. Let g > 1, n > 2. Then every map S™ i> Y4 is null-homotopic (that is, homotopic

111.2.12

to a constant map). Since 71 (S™, o) {1}, we have the diagram

=
(R?,0) (0,0)
35 l L
s i

(57, 0) —> (Z5.0)

SOf:pof:poidRQOfﬁpOiOTof:COnSt.

IV.3. Classification of Covering Spaces

Let (X, xo) be path-connected and locally path-connected.

Goal. Find all path-connected coverings p: (Y,yo) — (X, x¢) up to basepoint-preserving
isomorphism:

o

(X, J)o)

(Y, 90) Y, 50)

Desired correspondence.

O: {p: (Y,y0) — (X, z0) path-connected} /= RN {G <mi(X,20)},
[p: (Y,y0) = (X, 20)] — G(Y, y0).

33



Theorem IV.3.1. (Uniqueness theorem) Let p: (Y, yo) — (X, 2z0) and p': (Y, y() — (X, o)
be path-connected coverings. Then:

Y, p)

) (
S — GYip) = GV ).
(X, 20)

(“=": @ is well-defined; “<": ® is injective.)

€I

(Y, Yo

X,I‘O

Proof. “=": G(Y,yo) = im(m1(p)) = im(m1(p’ 0 p)) = im(m1(p")) = G(Y", yp)).
‘e

(Y, y5) (Y, y0)
e 7 Ay 7
f/ lp’ j/,)/ lp
(Yvyo) T’ (Xa xO) (Ylvyé) T’ (va())
(Ya yO) (Y/a y(l))
op 7T l pop 7 l
//// p ///// p/
(Y,y0) —5—> (X, 20) (Y, 9p) — (X, z0)

Note: If X is locally path-connected, then so is Y. Uniqueness of lifting implies 1) o ¢ = id(y,,,)

and @wo 1/} = id(Y’,y(’))' 0

Now let G < 71(X,zg) be given. For z € X, set

Yo i={y: I = X :7(0) =20, v(1) = z}/~,

where 7 ~ 4 <= [y7'] € G. Let Y := [[,cx Yy and define p: Y — X, y > z for y € Y,
and yo = [cz,]. Then p(yo) = o, and p is surjective. To do:

1. Define a path-connected topology on Y.

2. Show that p is a covering (continuous, locally trivial, with discrete fibers).

3. Show that G(Y,yo) = G.
1. For y := [y] € Y and an open path-connected neighborhood U C X of z := (1), let
V(U,y) ={[ya]~:a: I - U, a0)==x}.

X

This is well-defined, since [y9/] € G implies
[yay'e] = yaay] = [y7] € G, so [ya] = [yal.

We declare V' C Y to be open if every y € V admits a set V (U, y) as above with V (U, y) C V.
This defines a topology: &,Y are open, unions of open sets are open, and the intersection
of two open sets V1, V5 is open. Indeed, if y € Vi1 NV, and V(Uy,y) C Vi, V(Usa,y) C Vs,
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then U; N Uy contains a path-connected neighborhood of p(y) because X is locally path-
connected. By construction, the sets V (U, y) form a neighborhood basis at y. The space
Y is path-connected, since for y = [y]. € Y the map

I-Y, t—=[I—-X, s—>v(s-t)]~

is a continuous path from yg to y.

. The map p: Y — X is continuous: for y € Y and a path-connected neighborhood U of
p(y), we have p(V(U,y)) = U. We now wish to show that p: ¥ — X is locally trivial with
discrete fibers. The latter condition means that for every x € X and y € Y,, there is an
open path-connected neighborhood U C X of x with Y, NV (U,y) = {y}. Thus, for y = [7]~,
we require [ya]. = [y]~ for every a: I — U with a(0) = a(1) = z; that is, [ya7] € G.

For this to hold even when G = {1}, for every € X, there must be a neighborhood U C X
of x such that every loop based at x in U is null-homotopic in X. We call such a space
semilocally stimply connected.

Lo

e The Hawaiian earring is not semilocally simply connected.

©

e The cone on the Hawaiian earring is semilocally simply connected, but not locally simply
connected.

¢

e Manifolds are even locally simply connected.

From now on, assume that X is semilocally simply connected. For sufficiently small U, we
then have yay >~ 1} ¢z, 80 [ya7j] = 1 € G. Such an open set U also has the following
property: if

zeV({UynVUY) foryy €Ye, y=Nl~ v =[]~

that is, z = [ya]~ = [Y'd/]~,
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then [y]~ = [¥']~, so y = ¢/. Consequently, V(U,y) NV (U,y') = @ for y # y'. Moreover, all
sets V (U, y) are open, and ply (7, is a continuous open bijection, hence a homeomorphism.
We therefore obtain a homeomorphism

)= U vy = [V =UxY,,
yeY, YeEY,

taking p|,-1(¢y to pry.

3. For [y] € m(X,xzg), we have [y] € G(Y,yp) if and only if the lift ¥ with 7(0) = yo also
satisfies Y(1) = yo. Since J(1) = [y]~, this is equivalent to

D~ =t~ = NeleG = hleG
We have thus proved:

Theorem IV.3.2. (Existence theorem) Let (X, zg) be path-connected, locally path-connected,
and semilocally simply connected. Then every subgroup G < m1 (X, o) admits a path-connected
covering p: (Y, yo0) — (X, zo) with G(Y, ) = G.

(® is surjective if X is also semilocally simply connected.)

Remark. As we already know, this covering is unique up to pointed isomorphism. It is also
locally path-connected and semilocally simply connected (by lifting a null-homotopy).

IV.4. Deck Transformations and the Galois Correspondence

Definition IV.4.1. Let p: Y — X be a covering. A deck transformation of p is a homeomor-
phism ¢: Y — Y with po o = p.

A

Y Y

1%

N

X

The set D(p) of deck transformations clearly forms a group under composition, called the
deck transformation group (or the automorphism group of p).

Examples.

DR—SHY=7Z  DR"—=T")=Z"  D(S"—RP")=7/27.

p( &) ) =zsz

D(aQéOa%)NZ/2Z
b

D(A -0 ) ~ (1}
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(All of these are stated without proof for now.) We have an action D(p) ~ Y given by

D(p) xY =Y, (@ y) = o(y).

If Y is path-connected and locally path-connected, then this action is free (G ~ X is free <=
gx # x for every x € X and every g € G\ {1}): If ¢(y) =y for some y € Y, then ¢ = idy by
the uniqueness assertion of the lifting criterion:

(Y, y)

For each x¢ € X, restriction gives D(p) ~ Yy, := p~(z0). Let yo,y1 € Yz, By the uniqueness
theorem,

IR{6

(Y, y0) (Y,91)

A

(Xv xO)

there is ¢ € D(p) with ¢(yo) = y1 if and only if G(Y,y) = G(Y,y1). Let ¥: I — Y with
7(0) = yo and (1) = y;. Set v := p o7 to obtain

(Y, y0) Lj’ (Y, y1)

m)| @)

1
(X, 20) 0 (X ).

Thus G(Y,y1) = []72G(Y,y0)[7]; that is, y; lies in the D(p)-orbit of yo if and only if [7] lies
in the normalizer of G(Y,yp).

Definition IV.4.2. Let G be a group and H < G a subgroup. Then
Ny :=NG:={geG:g 'Hg=H)}
is the normalizer of H in G.

Definition IV.4.3. A subgroup H < G is called normal, or a normal subgroup, if Ng =G
(notation: H < Q).

Examples.

. {1},G<CG.

e H < NG <G (NG is maximal with this property).

e If G is abelian, then every H < G is normal.

 For every field K, we have SL,,(K) < GL,,(K).

o The subgroup {id, (1,2)} < Ss3 is not normal; {id, (1,2,3),(1,3,2)} < Ss.
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Lemma IV.4.4. For a homomorphism ¢: G — H, we have ker ¢ < G.

Proof. Let go € kerp and g € G. Then (g gog) = ¢(g9) ' 1-¢(g) = 1,50 g~ 'gog € kerp. O

Note. In general, im(yp) < H is merely a subgroup. For H < G, let G/H = {gH : g € G}
denote the set of left cosets of H. The number [G : H] := |G/H]| is the index of H in G. If
H <G, then gH = Hg, so

(1 H)(92H) = g1(Hg2)H = g1(92H)H = g192H,
that is, multiplication in G induces a well-defined group structure on G/H, and the group

G/H is called the factor group, or quotient group, of G by H.

Theorem IV.4.5. (First isomorphism theorem) Let ¢: G — H be a homomorphism. Then
?: G/kerp —imyp,  g(kerp) — p(g)
is a well-defined isomorphism.
Proof. Well-definedness: For ¢ € ker ¢, we have ¢(gg1) = ©(9)¢v(91) = ¢(g). Homomorphism:
clear, since ¢ is a homomorphism. Injectivity:
Plgkerp) =1<= p(g) =1 <= g € kerp <= gkerp = ker .
O

Theorem IV.4.6. Let p: (Y,y0) — (X, z0) be a path-connected and locally path-connected

covering, and let G := G(Y,yy). For [] € Ngl(X’xo), let ¢},; € D(p) be the unique deck
transformation with ¢(,;(yo) = 7(1). Then

Na — D(p), V] = ¢

defines a homomorphism, which induces an isomorphism Ng/G = D(p).

Proof. We have

uniqueness of
path lifting

1o (P15 (¥0)) = (10 © B*)(1) Pl ®o) (1)

=5 0(1) = aB™ (1) = playe (w0)-
The uniqueness assertion of the lifting criterion gives @45 = ¢[a] © ¥[g]- The homomorphism
is surjective: for ¢ € D(p), take ¥: I — Y with 7(0) = yo, (1) = ¢(yo), and let v := po 7.
Then [y] € Ng and ¢ = ¢|,). Moreover,

Py = idy <= 7"(1) = yo <= ] € G,
that is, G is the kernel of the homomorphism. O
Theorem IV.4.7. For a path-connected and locally path-connected covering p: ¥ — X, the
following are equivalent:
(i) For every x € X, the action D(p) ~ Y, is transitive (that is, for any two points y1,y2 € Yy,
there is ¢ € D(p) with ¢(y1) = y2; equivalently, the fibers Y, are the orbits of D(p) ~Y').
(ii) For every y € Y, we have G(Y,y) < m1 (X, p(y)).

Proof. As we have already seen, there is ¢ € D(p) with ¢(yo) = y1 if and only if, for y: I — Y,

v v = w1 (X,x
7¥(0) = yo, ¥(1) = y1, we have [po7] € NG1(§/,yo)0)' -
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Definition IV.4.8. Such a covering is called regular, normal, or Galois.

Corollary IV.4.9. For a regular covering p: (Y, y0) — (X, zp), we have

(i) D(p) = m(X,20)/G(Y,%0),
(ii) [Yzo| = [m1(X, 20) : G(Y,%0)],
(i) Y/D(p) = X. O

Examples.

: Y
e b e . . ékaj\aﬂé.

b
regular regular regﬁlar
D(p) 2 Z/2Z D(p)=Z D(p) = Fy

@ga@a\a@ ngﬁbz
o Ny @@ %,bkybby

nonregular regular regular

D(p) = {1} D(p) = Z/5Z D(p) = Dy

For the third example: D(p) = F» (see Chapter V). For the last example:

D(p) = Dy = (r,s | 14,82, (rs)?) 2 Z/4 x Z)2 (see V.5).

Theorem IV.4.10. We have 7(S!,1) = Z.

Proof. For the covering p: (R,0) — (S', 1), t = exp(2mit), we have G(R,0) = {1} < 71(S%, 1),
so m1(S*,1) = D(p). But

T:7Z — D(p), n— (x—x+n)

is an isomorphism, since 7' is
e a homomorphism: clear.
e injective: x = x 4+ n implies n = 0.

o surjective: Let ¢ € D(p), so po ¢ = p, that is, exp(2wip(x)) = exp(2miz), and hence
x—p(xr)=ny, €Z. But R - Z, x — n, = x — p(x), is continuous and therefore constant.
Thus there is n € Z with p(z) =z +n, so T'(n) = ¢.

O]

We have now proved that S™ 2 T for n # 1.
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Definition IV.4.11. A path-connected and locally path-connected covering p: ¥ — X is
called universal if Y is simply connected.

Examples.

« R— S,

« R" T,

e RZ5 3%,

¢ R? — K (Klein bottle),

o RxI— M (Mobius strip),
e« S — RP" for n > 2.

<=0

Terminology. We call a topological space X well-connected if it is path-connected, locally
path-connected, and semilocally simply connected.

Corollary IV.4.12. Let X be well-connected and 2o € X. Then there is exactly one universal
covering (X, Zg) — (X, x9) up to pointed isomorphism.

Why universal? Let (Y1,41) 2% (X, z0) and (Ya,y2) 22 (X, 20) be path-connected coverings
of a well-connected space (X, xg). Suppose G(Y1,y1) < G(Ya,y2).

(}/27 y2)
| 7
= Jj// lPZ

-
-

(Yhyl) i (nyo)

Proposition IV.4.13. The map f: (Y1,y1) — (Y2,y2) is a covering, and it is regular if and
only if G(Y1,y1) < G(Y2,y2).

Proof. Since m1(Ys,y2) = G(Y2,y2), the second part of the statement has already been proved.
The subgroup 71 (p2) H(G(Y1,71)) < m1(Y2,y2) corresponds to a covering ps: (Y3, y3) —
(}/27 y?)

(Ylvyl) T’ (Xa .’Eo)

Let g be the lift of f along p3, and let h be the lift of ps o p3 along p;. Then
p2opsogoh=pyofoh=pyops and piohog=propsog=prof=pi.

Thus g o h is a lift of ps o p3 along ps o p3, and h o g is a lift of p; along p;. Uniqueness of
lifting gives g o h = id and h o g = id. Hence the homeomorphism h identifies the map f with
ps; that is, f is a covering. O
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Thus, if G(Y1,y1) < G(Y2,y2), there is a commutative triangle of coverings

(Yhyl)
b1 (}/273/2)

(Xv xO)

In the special case G(X,Zo) = {1}, we obtain:

Theorem IV.4.14. (Universal covering) Let (X, z) be well-connected. Then (X, Zg) is, in a
unique way, a regular covering of every other path-connected covering (Y, yo), with

(X, Zo)

\
(Y, 90)
=

(Xa 1’0)
In particular, every path-connected covering (Y, yo) is obtained as

(X, %0)/G(Y,y0) — (X, 7o) /m1 (X, x0)

with G(Y,y0) < m(X,z0) = D((X, %) = (X, 20)).

Conclusion. For a well-connected space (X, x¢), there is a Galois correspondence between the
directed system of subgroups of 71 (X, zp) and the directed system of pointed path-connected
coverings of X. It takes subgroup indices to numbers of sheets and takes precisely the normal
subgroups to normal coverings. The whole group 71 (X, zg) corresponds to the trivial covering,
and the trivial subgroup corresponds to the universal covering.
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Example. (X, z9) = Ss.

{id}

{id, 3, 1)} {id,(1,2,3),(1,3,2)}

{id, (1,2)}

(X((2,3)),%3) (X((1,2,3)) T4)

Number of sheets

Since S® £ RP" is a two-sheeted universal covering for n > 2, it also follows that
T (RP™, x0) = D(p) = Z/27.

Lemma IV.4.15. We have (RP3, o) = (SO(3),id).
Proof. Let ¢: D3 — SO(3) be the map with ¢(0) = id that sends v € D3\ {0} to rotation
about the axis Rv through the angle |v|- 7 (right-hand rule). This map is surjective, and since

©(v) = @(—v) for v € S2, it induces a continuous bijection g: RP3 — SO(3). Because RP? is
compact and SO(3) is Hausdorff, ¥ is a homeomorphism. O

Thus 71(SO(3),id) = Z/2Z, which can be illustrated by the belt trick.
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V. Introduction to Category Theory

V.1. Categories

Many mathematical concepts, such as products “X x Y,” are introduced in exactly the same
formal way, whether we are dealing with groups, vector spaces, topological spaces, and so on.

— Find an abstract definition that yields these special cases.
— To define “X x Y,” however, we must specify that X and Y are two “instances” (objects)

of the same “type” (category).

Definition V.1.1. A category C consists of a class of objects Ob(C) and, for each pair of
objects X, Y € Ob(C), a class of morphisms (or arrows) Home(X,Y). We write (f: X = Y) €

Home(X,Y) and call X the source and Y the target of the arrow f. The following conditions
must hold:

(i) For f: X - Y and g: Y — Z, there is a specified arrow go f: X — Z, the composition
of f with g, and we have (hog)o f =ho(go f).

(ii) For X € Ob(C), there is an arrow idx € Home (X, X), the identity on X, such that
foidy =fforall f: X Y andidxog=g forall g: Y — X.

Notes.

o We use “class” rather than set because of logical difficulties (“the set of all sets”!?).
o For X € Ob(C), the arrow idx € Hom¢ (X, X) is unique. Proof: idy = idy oidy = idx.
e Arrows of the form f: X — X are called endomorphisms.

e Anarrow f: X — Y is called an isomorphism if it has an inverse g: ¥ — X with go f = idx,
fog=idy.

o If f has an inverse, it is unique. Proof:
g =g oidy =g'o(fog)=(g'of)og=idxog=y.

o If f is both an endomorphism and an isomorphism, f is called an automorphism.
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Examples.

Category Objects Morphisms Isomorphisms
Set Sets Maps Bijections
R-mod R-modules R-linear maps R-isomorphisms
K-Vect K-vector spaces K-linear maps K-isomorphisms
Group Groups Group homomorphisms Group isomorphisms
Ab Abelian groups Group homomorphisms Group isomorphisms
Top Topological spaces Continuous maps Homeomorphisms
Top, Pointed topological spaces Basepoint-preserving Basepoint-preserving
continuous maps homeomorphisms
HoTop Topological spaces Homotopy classes of Homotopy classes of
continuous maps homotopy equivalences
HoTop, Pointed topological spaces Pointed homotopy classes of Pointed homotopy classes of
basepoint-preserving basepoint-preserving
continuous maps homotopy equivalences
Top(Q) Pairs (X, A) of topological ~ Continuous maps Homeomorphisms
spaces with inclusion preserving the distinguished restricting to
ACX subspaces homeomorphisms

Thus, a category is a directed graph with loops and multiple edges

+ associative composition

+ identities

.

o~ >id
id

Definition V.1.2. Let C be a category. Its opposite category C°P is given by Ob(C°P) = Ob(C)
and Homeop (X, Y) = Home (Y, X)), with the composition f o g in C° given by go f in C.

V.2. Functors

Definition V.2.1. A (covariant) functor F': C — D from a category C to a category D assigns
an object F'(X) € Ob(D) to each X € Ob(C) and a morphism F(f) € Homp(F(X), F(Y)) to
each f € Home(X,Y), such that

(i) F(fog)=F(f)oF(g),

(ii) F(idx) = idp(x)-

A contravariant functor F: C — D is a covariant functor from C°P to D; that is, for f: X — Y
we have F'(f) € Homp(F(Y), F(X)) and F(fog) = F(g)o F(f).
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Examples.

(i) Every category C has an identity functor ide.
(ii) Forgetful functors K-Vect — Ab, Ab — Group, ...

(iii) The fundamental group defines 71 : Top, — Group. For f: (X, z9) — (Y, 30), we obtain
m(f): m (X, z0) = m(Y, 0)-

(iv) We have functors Top — HoTop and Top, — HoTop, that send f to [f].

(v) We have already seen that the functor m factors through HoTop,:

HoTop,

T

Top, Group.

(Here we use the fact that functors F': C — D, G: D — £ can be composed to give
GoF:C—¢)

(vi) Abelianization is a functor ( - )an: Group — Ab that sends G to the abelian group G/[G, G],
where [G, G] < G is generated by all commutators g1g29; 192— . Clearly, [G,G] 9 G and
f(G,G]) C [H,H] for f: G — H, so we obtain fan,: Gap — Hap.

(vii) The free vector space is a functor F': Set — K-Vect that assigns to a set X the vector
space of formal K-linear combinations

F(X)= {Z A Mg € K, Ay = 0 for almost all x € X}.
rzeX

Thus, X C F(X) is a basis, and f: X — Y induces F(f): F(X) — F(Y) by unique
K-linear extension.

(viii) Dualization is a contravariant functor D: K-Vect — K-Vect with D(V) = V* =
Homg (V, K), and for f: V — W we have D(f): W* = V* d— o f.

(ix) Fix a K-vector space W. Then (-)®xg W: K-Vect — K-Vect is a covariant functor. For
f:V —=>U,weobtain fidy: Vg W - U®g W with f @idy(v@w) = f(v) @ w
for elementary tensors v®@w € V @x W.
F(V xW)
< (A + pv, w) = Au, w) — p(v, w), >

Construction: Vg W =

(v, M+ pw) — A(v,u) — p(v, w)

Slogan. A functorial construction must be independent of choices.

V.3. Natural Transformations

Let V be a finite-dimensional K-vector space. Choosing a basis B C V gives the dual
basis B* C V* defined by b} (b;) = d;5, and b; — b} defines an isomorphism V' — V*. An

isomorphism V' =V exists “naturally,” without making any choices:

evy: v (V' = K, §— 6(v)).
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The advantage is that, for every K-linear map f: V — W, the diagram

v —f sw

evvl levw

VA W**,

f**

commutes, since for § € W* and v € V' we have

eviv (f(v))(6) = 6(f(v)) = evy (v)(f*(0)) = f* (evy (v))(9),
that is, eviyy of = f** oevy.

Definition V.3.1. Let F,G: C — D be functors. A natural transformation n: F — G
assigns to each A € Ob(C) a morphism 74 € Homp(F(A), G(A)) such that, for every arrow
f € Hom¢ (A, B), the diagram

commutes in D.

We call n4 the component of n at A.

Examples.
(i) We have just seen n = ev: idg.vect — DD = (- )**.

(ii) A group G defines a category G with exactly one object “” and Homg(e, ) = G, with
group multiplication as composition and ide =1 € G. A G-action G ~ X is now the
same thing as a functor F': G — Set. The set is X := F(e), with action g -z := F(g)(z).

We need to show:
1) g-(h-x)=(g-h) -z 2)1-x=u.

L) g-(h-2)=g-(F(h)(z)) = F(g)(F(h)(x))
= F(gh)(z) = (g-h) - z.
2.) 1-ox=F(1)(r) = F(ide)(7) = idp(e)(z) = idx (7) = 2.

For F,G: G — Set, a natural transformation n: F' — G is an equivariant map: for x € X,

the identity (e 0 F'(9))(z) = (G(g) © me)(x) means precisely that ne(g-x) = g - ne(x).
Definition V.3.2. A natural isomorphism n: F =, G is a natural transformation whose
components are isomorphisms.

Trick question. Isev: idg.vect — (-)** a natural isomorphism? No, since V** 2V when
V is infinite-dimensional. However, ev is a natural isomorphism if we restrict id and (- )** to
the category of finite-dimensional K-vector spaces.

Definition V.3.3. An equivalence of categories consists of functors F': C — D and G: D — C
such that G o F' and F o G are naturally isomorphic to id¢ and idp.
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Example.

o Cov(x,zy) = Subr (x40) (se€ homework)

o Let L/K be a finite Galois extension.

Intermediate fields; /g — Subga(r/K);
Z+——{o€Gal(L/K) :o|z =idz},

Subgai(z k) — Intermediate fieldsy, /k, H— L7,

L/} L CL,
<H0mlntermediate fieldsy, / (La L/) = {{ / } - )

%} otherwise.

V.4. Adjunction

Given a forgetful functor G: D — C, we ask for the most general and efficient construction in
the reverse direction.

Example.

o K-Vect — Set ~~ Free vector space (Example (vii))

o Ab — Group ~~» Abelianization (Example (vi))

These functors F': C — D are “left adjoint” to G.

Definition V.4.1. Let F': C — D and G: D — C be functors. Then F is called left adjoint
to G (and G is called right adjoint to F') if, for every A € Ob(C) and B € Ob(D), there is a
bijection )

Homp(F'(A), B) = Hom¢ (A, G(B)), fr—1f
that is natural in A and B.
“Natural in A”: for fixed B € Ob(D), the functors Homp(F'(-), B) and Hom¢( -, G(B)): C°P —
Set are naturally isomorphic. Here (and elsewhere) we assume that C and D are locally small;

that is, Hom(X,Y) is always an actual set. Thus, for f: A’ — A in C and ¢ € Homp(F(A), B),
we have

pof=poF(f)
“Natural in B” means that, for fixed A € Ob(C), g: B — B’ in D, and ¢ € Homp(F(A), B),

we have
G(g)op=gop.

The term “adjunction” comes from the formal similarity to Hilbert space operators:

(f (), w) = (v, f*(w)).

Example.

e The free vector space functor F': Set — K-Vect is left adjoint to the forgetful functor
G: K-Vect — Set:

HomK-Vect(F(X)a V) = HomSet(X7 G(V))v pr (P‘X-

This is a bijection by unique K-linear extension. Naturality follows from the formulas
above.
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e The free group functor F': Set — Group is left adjoint to the forgetful functor G: Group —
Set. For a set S, let F(S) consist of all words, such as a*b~2aab >b°¢c, in the alphabet S,

subject to the obvious identifications, for example aa~'b = b, c?c™3 = ¢!, ... Composition
“ b

is given by concatenation. The identity element is the empty word “1” or “e” A map
f: 51 — S has a unique extension F'(f): F(S1) — F(S2),

F(f)(abe™>b) = f(a)f(0)f(c) > f (D).

The functor properties are clear, and the natural bijection of Hom-sets follows in the same
way.

For every group H, we obtain a group homomorphism
eg: F(G(H)) — H,

that restricts to idz on the alphabet H. This defines a natural transformation e: F'oG — idgroup
(the “counit” of the adjunction). We obtain an isomorphism

Eu: F(G(H))/kerey — H,
that is, every group is a quotient of a free group!

Definition V.4.2. Let S be a set and R C F(S). The pair (S, R) is called a presentation of
the group G if
G = F(S)/(R),

where ((R)) denotes the smallest normal subgroup of F'(S) containing R. Notation: G = (S | R).
By means of &g, every group H has a presentation. We seek efficient presentations, however;
for example,

7% = (a,b | aba" b1,

Proof. By the adjunction, a — (1,0), b — (0,1) extends to a surjective homomorphism
p: F({a,b}) — Z2%, and {{aba=b1})) < ker p. We therefore obtain

p: F({a,b})/{({aba™"b~"}) — 22
We need to show that p is injective. Let x = [a]™[b]™ - - - [a]™[b]"™* € ker p. Then p(z) =0
implies
ni+--+ng\ (0
my+ -+ my 0)’

50 & = [a] e [p] Tt = 0

V.5. Limits and Colimits

Recall that we seek a categorical definition of the product “X x Y.” Observe that we have
projections
XxY

pr:/ Yiy

X Y.
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Definition V.5.1. Let C be a category and X,Y € Ob(C). A product of X and Y is an object
P € Ob(C) with arrows pry: P — X and pry: P — Y satisfying the universal property

Iy

=
N DT Q
~

X Y

That is, given fx: Q@ — X and fy: @ — Y, there is exactly one arrow f: Q — P with
fx =prxof and fy =pryof. Notation: f = fx x fy or f = (fx, fv).
Products need not exist, but when they do, they are unique:

P/
|
|

pr'y Lf pry-

v

P
|
g

prx % Pry
P/
A h
X Y

The uniqueness clause in the universal property implies g o f = idp/. Similarly, f o g = idp.
(“Abstract nonsense”)

Example. In Set, Group, K-Vect, R-mod, Top, and HoTop, the categorical product is the
usual product.

Caution. In Top®, we have (X,A) x (Y,B) = (X x Y, A x B), but some authors write
(X,A) x (Y,B) for (X xY,(X x B)U(AxY)).

Products are special cases of fiber products.

Definition V.5.2. The fiber product or pullback of the diagram

~

<«
~~

N

X S

in C consists of P € Ob(C) and arrows px: P — X and py: P — Y such that

2%
—_—

>~<

P
o]
X S

<«
-

N



commutes and is universal, that is,

Iy
¢ =Y P—Y
N Notation: i - l
pY
P Y X — 7
Px lt “Cartesian square”
X —— 7
As above, fiber products are unique.
Example.
e Fiber products always exist in Set. For
Y
lt we have P = {(z,y) € X xY :s(x) =t(y)}

Y

and px = pry|p, py = pry|p. For X <f—X Q f—) Y, the map is f: Q — P, q —
(fx(9), fr(q))-

e In Top, use the same construction with the subspace topology inherited from the product
topology.

Homework: if p: F — B is a fiber bundle and f: B’ — B is continuous, then p’: f*E — B’
in

f*E ——> E

C
p’i p
B —> B

f
is a fiber bundle (~ a functor f*: Covg — Covp).
We seek a further generalization of fiber products.

A category is called small if its class of objects and its classes of morphisms are all sets.

Definition V.5.3. A diagram in C is a functor D: I — C from a small category I (the index
category).

Example.

O<«—

|

S o <«— 0 D7
S o <«— 0 D7
im
Q<—x

e Let P e Ob(C).
1{;:[—)0,
X +— P,
(f: X =Y)—idp.
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Definition V.5.4. A cone over the diagram D: I — C consists of an object P € Ob(C) and a
natural transformation n: 15 — D.

idp

T

°
W<~—"

Thus, a cone consists of its apex P and arrows from the apex to every object of the diagram,
such that all triangles (the sides of the cone) commute.

Definition V.5.5. A limit of D: I — C is a universal cone 7: lfp — D: for every other cone
n': 15, — D, there is a unique arrow f: P/ — P with n} =n; o f for all i € I.

33!
IEL
P

\

By abstract nonsense, limits are unique up to unique isomorphism. Notation: P =lim D =

@D.

Example.

o The product of X,Y € Ob(C) is the limit of the diagram
o o2 (X Y).

o The fiber product of X = Z &V is the limit of

° Y
D
l—> ..
e —> @ X )Z

Categorical concepts have dual concepts, obtained by “reversing all arrows.”

Example. A cocone over D: I — C is a natural transformation n: D — 1L.

B

N

A—7——"——>C

NS

P

o1



Definition V.5.6. A colimit of D: I — C is a universal cocone 7: D — 15

D(2) D(j)

P
iEI!
J !
P

Again, a colimit is unique up to unique isomorphism. Notation: P = colim D = hﬂ D.
Example.

o The colimit of (e ) 2, (X Y) is called the coproduct of X and Y. Notation: X I1Y.
Thus, X ITY comes with morphisms X =5 X 1Y <X Y satisfying the universal property

X Y
XY Notation: f = fx II fy.
Ix 5 Iy
J !
Q

Example.

e In Set, the coproduct is the disjoint union.

In Top and HoTop, the coproduct of spaces X and Y is the topological sum X I1Y = X UY.

In Top, and HoTop,, the coproduct (X, zg) LI (Y, yo) is the one-point union (or wedge sum)
(X VY, e).

e In R-Mod, we have M II N = M & N. Note that M & N = M x N, but for infinite I we
generally have @;c; M; 2 [L;er Mi.

Lemma V.5.7. Coproducts exist in Group. The coproduct of G and H is called their free
product (notation G x H), and for G = (S¢ | Rg) and H = (S | Ry) we have

G*H:<50HSH’RG'HRH>.

Proof. We verify the universal property:
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The homomorphisms f and g are determined by their restrictions to Sg and Sy (the
Group <> Set adjunction). By the universal property of the coproduct in Set, we obtain
SISy — K and hence, by the Group > Set adjunction, u: F(SgIISy) — K. Since f and g
factor through (S | Rg) and (Su | Ru), respectively, we obtain u: (SqI1Sy | RelIRy) — K.
Moreover, @ is uniquely determined by u|s. s, , and thus by f and g. O

The colimit of a diagram

o ——> o A—>Y
D

l =

hd X

in C is called an amalgamated sum or pushout. Thus, it consists of a Z € Ob(C) and arrows

XX z&y satisfying the universal property
A——>Y

Y

X —Z

[5:¢

S

fx

Lemma V.5.8. Pushouts exist in Top and are given by
A ¢ Y
r

X —> (XIIY)/~,

where “~” denotes the finest equivalence relation on X I1'Y for which s(a) ~ t(a) holds for all
ac A

Proof. We need to show:

By the universal property of the coproduct, there is a map fx I fy: XIIY — @, and we have

(fx T fy)(s(a)) = fx(s(a)) = fy(t(a)) = (fx I fy)(t(a)).

By the universal property of the quotient topology, we obtain fx II fy: (X IIY)/~ — Q as
desired. If g: (XIIY')/~ — @ is another arrow as above, it factors fx II fy- through (XIIY')/~,

so g = fx II fy by uniqueness in the universal property of the quotient topology. O

If s: A X is the inclusion of a subspace, then (X ITY")/~ is obtained by attaching X to Y
along ¢.

A ! Y A—> o
r r

£ l In particular: £ i

X —> XUy Y. X — X/A
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Special cases:

CcX

X

“mapping cylinder” “cone”

The inclusion i: X — CX of the base shows that every space embeds in a contractible space.
Moreover, f = ryoiy; that is, every continuous map f is a composition of an inclusion and a
homotopy equivalence.

CX
x 1 .y
r
| l @
CX4>Cf

“Mapping cone” (“an improvement on Y/im f”)

Proposition V.5.9. Let K be a compact Hausdorff space. If

id
APy Axk Py ok
r r
fll g» 1is cocartesian in Top, then so is flxidl Jgﬂid
X — 7
g1

XXK ——— ZxK.
g1 xid

Proof. By the previous lemma, g1 [l go: X 1Y — Z is a quotient map. By Problem 2 on
Problem Sheet 4/5, so is

g1 Xidg gy xidg: X x KIIY x K — Z x K.

Let ~ be the equivalence relation on X IT1Y generated by fi(a) ~ fa(a) for a € A, and let ~p
be the equivalence relation on X x K I1'Y x K generated by

(fila), k) ~k (f2(a), k) (a€ A, keK).
For u,v € X II'Y, we have
(uvkl) ~K (2}, k;Z) <— wu~wvandk; =ky:

Every finite chain of generating identifications leaves the K-coordinate unchanged; conversely,
every such chain in X II'Y lifts to a chain in the product at fixed k. Thus, the ~g-classes are
exactly the fibers of the quotient map above. We therefore obtain an induced homeomorphism

(X xKINIY x K)/~g = Z x K.

The lemma now completes the proof. O
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Lemma V.5.10. Pushouts exist in Group and are given by

I

—— (GxH)/N,

where N = ((s(a)t(a)':a€ A) <Gx*H.

Proof. We need to show:

By the universal property of the coproduct, we obtain
f*xg:GxH — Q.

Since (f * g)(s(a)t(a)~!) = f(s(a))g(t(a))~! = 1, we obtain

fxg: (GxH)/N — Q.
As above, uniqueness follows from the universal property of the quotient group.
Thus, for G = (S1 | R1) and H = (S2 | R2), we have

(G H)/N = (S;11Sy | Ry 1T Ry T {s(a)t(a)™" : a € A}).
In the special case where s and ¢ are inclusions of subgroups,
(GxH)/N =:Gxs H

is called the amalgamated (free) product of G and H.

Example. 7Z/6 %z, Z/4 = SL(2;Z).
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VI. Computing Fundamental Groups

VI.1. The Fundamental Groupoid

Definition VI.1.1. A groupoid is a small category in which every arrow is an isomorphism.

Definition VI.1.2. Let X be a topological space. The fundamental groupoid of X is the
small category II(X) with Ob(II(X)) = X and, for z,y € X,

Hompyxy(z,y) ={v: [ = X :7(0) =z, v(1) = y}/~q0,1}

with concatenation as composition (for x I, Y el z, we have [y2]o[y1] = [y172]) and identity

morphisms id, = [¢;] for z € X.

Note.
W =Rl Hompxy(zo,zo) = m1(X, x0).

Definition VI.1.3. A category is called connected if any two objects can be connected by a
zigzag of arrows:

A B C D

(Hom(A, D) = @ is allowed; for groupoids, however, Hom(A, D) # & follows.)
Note. II(X) is connected <= X is path-connected.

Lemma VI.1.4. Let G be a nonempty connected groupoid and let x € Ob(G). Then the

inclusion functor
I,: Autg(z) = Homg(z,z) — G

o —
g:x—>xr+—g:x—>2x

is an equivalence of categories.

Proof. Choose f,: x — y for every y € Ob(G) (using the axiom of choice and the fact that G
is small), with f, = id,. Define

R: G — Autg(z) y g .
— @
e N
g:y—)z'—>fz ogofy x
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We have R o I, = idpygg(z). Moreover, f: I o R — idg is a natural isomorphism, since for

g:y — z we have

fy g =
x > Y z x
e |5
Y g z.

O

Corollary VI.1.5. Let X be a path-connected topological space. Then the inclusion functor
m1 (X, o) — II(X) is an equivalence of categories. O

VI1.2. The Seifert—van Kampen Theorem

Let Groupoid be the category of groupoids with functors as morphisms. We have functors

( ): Group — Groupoid, IT: Top — Groupoid.

Theorem VI.2.1. (Seifert—van Kampen—Brown) Let X be a topological space and let O be
an open cover of X such that UNV € O for all U,V € O. Regard O as a small category with
inclusions as morphisms. Then restricting IT to O defines a diagram Il|p: O — Groupoid, and
II(X) = colimII|p.
Note. Writing “colimyep U” for “colim(O < Top)” and “colimyep II(U)” for “colimII|pn”,
the theorem states that

IT (colimpep U) = colimyep II(U),

which is a “cocontinuity property” of the functor II.

Proof of the theorem. Clearly, the inclusions II(U) — II(X) define a cocone ¢: II|p — 1%()()'

We must show that for every other cocone n: II|p — 18 there is a unique functor F': II(X) — G
such that ny = F oy for all U € O.

U) —> 1(X)
N lr
g

For x € X, choose U € O with x € U and set F'(z) = ny(x). This is well defined: for V € O
with x € V, we have UNV € O and

(V) ~—— U NV) — II(V)

N l”%

g

thus ny(r) = nuav(z) = nu(x). Now let [y] € Hompx)(z,y). To define F([y]) €
Homg(F(x), F(y)), choose a Lebesgue number § for the open cover {y }(U)}yeo of the
compact space I. Subdivide I into n intervals of length < § to obtain a concatenation

Y=7172 T
with im(~;) C U; for some U; € O. Set

F() = no.(val) 0 - - - o nu (Im))-
We must show that F'([v]) is independent of
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(i) the subdivision v = ~v; - - - 7, and the choice of Uy, ..., Uy,

(ii) the choice of representative vy of [7].

For (7). We show that F([y]) remains unchanged when we refine the subdivision and change
the U;. To this end, let v = v1y2 with im(y) C Uy and im(v;) C U;, i = 1,2. Then

Ug

U,

nu, ([v2]) © nuy ([11]) = nuanue ([12]) © nuynu, (1))
= 1w, ([v2]) © nue (1)) = 1wy (2] © [])
= 1w, ([1172]) = 1w, (1)

For (ii). Consider y ~f 7' with H: I x I — X:

/

v

v

Choose a Lebesgue number § for {H~1(U)}pyeco and subdivide I x I into squares of diameter
< . We obtain a sequence of paths homotopic relative to their endpoints:

Two consecutive paths have the form v4v1ve and yay2vE, With 71~ 1} 72 in some U € O.
It follows that

F(lyayel) = ---eonu(iml)o---=---onu(lr]) o = F([yareyel).

By construction, F' factors the cocone 7 through ¢+ and is uniquely determined by 7. O

Theorem VI1.2.2. (Seifert—van Kampen — group version) Let X be a nonempty topological
space, let g € X, and let O be a cover by open path-connected sets such that x¢y € U for
every U € Oand UNV € O for all U,V € O. Regard O as a small category with pointed
inclusions as morphisms. Then restricting m to O defines a diagram 71|p: O — Group, and
m1(X,z0) = colimmi|p. Equivalently:

™ (COlim(U,mg)eO(Ua xo)) = colim(yy z)eo0 ™M (U, 20).

o

T
Clearly, X is path-connected, so I: 71 (X, z0) — II(X) is an equivalence of categories. We

Proof. The inclusions define the cocone i: m1|p — 1 (X,20)" We must show that ¢ is universal.
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prove only the case |O| < co. For every y € X, choose a path v, : 9 — y within (ﬂUay U) €O,
with v, = ¢g,. A quasi-inverse to I is given by

—1
R([v:y%z]):[xgw—y)yiszo]

and similarly we obtain Ry : II(U) — 71 (U, ) for every U € O, such that

H(U 4’ 7T1(U .%'0)

l l

(V Tv> 7T1(V LU())

=

commutes for U C V. Thus R: II|o — 71| is a natural transformation. Now let n: 7|0 — 19
be any cocone. It induces the cocones

n: milo —>l8, QOR:H\g—)lg.
The groupoid version of the theorem gives a unique functor F': II(X) — G with nyoRy = Fouy:

RU nu

H(U) E—— 7T1(U,.’L‘0) — G
LUl /
II(X)

We extend the diagram to

I R n
(U, z0) —> T(U) =5 71 (U,z0) = G

N

71'1(X7.7J0) 7> H(X)

Now let f: m(X,z9) — G be the group homomorphism with f = F o I. Since Ry o Iy =
idr, (U,20), We have ny = f o iy for every U € O, as desired. For uniqueness, the diagram

) 2 70U, 20) —2> @

) oA

H(X) T) 7T1(X,JJQ)

gives go R = F, since g o R factors the cocone 7 o R through ¢, and F' is the unique such
factorization. Precomposing with I yields g=Fol = f,s0 g = f. O

V1.3. Examples of Fundamental Group Computations

Consider the simplest nontrivial case of the theorem: O = {U;,Us,U; N Us}, z9 € Uy N Us.
Then
71 (U1 N Us, 29) —> w1 (U1, 7o)

| i

’/Tl(UQ,xo) 7T1(X,.’E0).
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Examples.
o Let X = S™ with n > 2. Choose zy = (1,0,...,0) and
Uy =8"\{(0,...,0,-1)}, Us =S"\{(0,...,0,1)}.

Then
7T1(U1 QUQ,SIJO) {1}

| l

{1} ————— m(5",20),

that is, m1(S™, z9) = {1} (as a quotient of {1} * {1} = {1}). Note that for n = 1, the

intersection Uy N Us is disconnected!
« X=5S'v§S 1,

B —
| l

Z ——> m(S'V S e),

U1ﬂU2:><20,

hence 71 (S' Vv S, ) 2 Z x Z = F,. By induction, 71(\//, S, e) = F,.

Note:
a
b COK ey
a

is a two-sheeted covering. Thus

(b,a®,aba™) < F({a,b})
—_—
~F3 =Fy
and [Fy : F3] = 2. More generally, let [F,, : H] = e. Then the covering space X of
X =V, S!is a graph with e vertices and e - n edges. Collapsing a spanning tree shows
that H = F,,, withm=e-n— (e—1) =e(n — 1) + 1 (the Nielsen—Schreier formula).

. X=3,

a c Ulzle
| S-S0 L
‘}//m\ UyNUy ~ St
b

K3

tHHle aibia;lb-ﬁl
= <G,1,b1,...,(lg,bg>

{1} ™1 (3, 8)
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It follows that
(X4, 0) = <a1, bi,...,ag,bg

g
H aibiailbil>
i=1
for the surface group of genus g. Similarly,
m1(Ng,®) = (a1,...,aq4 | a%'--ag).

Note:

(g, @ap 7Y, w1 (Ny,@)ap X2k (2,....2)T k€ Z) 2 27\ G Z)2L.
These abelian groups are pairwise nonisomorphic.

~» This completes the proof of the classification theorem for surfaces (see Chapter II). O

~~ The classification up to homeomorphism agrees with the classification up to homotopy
equivalence. O

~> Note that there are compact connected 3-manifolds M and N with M ~ N but M 2 N
(— lens spaces).

e Let X be the space obtained by attaching a Mobius band to a torus with an open disk

removed.
O e
P ——x Y )

Let U; and U be the neighborhoods of T2 \ D? and M in X obtained by thickening each
by a collar. Then the diagram

m (U NUy,0) —— 71(Uy, )
i l

71 (Uz, @) (X, e)

becomes

<t> t—aba— 11 <a7 b>

) |

(s) ———> (a,b,s | aba=1b~1s72).

Since 1 (X, ®)ap = Z2 & 7,/27Z, it follows that X = Nj.
V1.4. Cofibrations

Definition VI.4.1. A continuous map i: A — X has the homotopy extension property with
respect to a space Y if

i
A—"> AxT

61



In words: for every homotopy H: A x I — Y and every initial condition f: X — Y with
f(i(a)) = H(a,0) for all @ € A, there is an extension H': X x I — Y such that H'(z,0) = f(x)
for all z € X and H'(i(a),t) = H(a,t) for all a € A and ¢ € I. Thus we require only the
existence, not the uniqueness, of H'.

Definition VI.4.2. A continuous map i: A — X is called a cofibration if it has the homotopy
extension property with respect to every space Y.

Remark. The left-hand diagram expresses the homotopy extension property; the right-hand
diagram expresses the dual homotopy lifting property.

f

S

Y X Y E
e e
eVoT d Tl zé’l e lp
% -
YI <7H A Y x1 T B

A map p: F — B with the homotopy lifting property for all Y is called a fibration. The most
important examples are fiber bundles.

We will show that if i: A — X has the homotopy extension property with respect to its own
mapping cylinder M;, then ¢ is a cofibration. Consider

%0

A[_*’ AxT
ok
X .

_J . m

=

If 7 is an embedding, then s is a continuous bijection onto its image X x {0} U A x I. If ¢ is
the inclusion of a closed subspace, then s is a homeomorphism onto its image, hence also an
embedding. By part (iii) of the following proposition, this also holds when i is a cofibration.

Proposition VI1.4.3. Let i: A — X be continuous. Then the following are equivalent:
(i) 4 is a cofibration.
(ii) 7 has the homotopy extension property with respect to M.
(iii) There is a retraction r: X x I — M; such that r o s = idy,.

Proof. (i) = (ii): Trivial. (ii) = (iii): The homotopy extension property with respect to M;
gives
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Combining the defining diagrams for r and s gives

The uniqueness clause in the universal property of the pushout implies that r o s = idyy;,.
(iii) = (i): Suppose we are given a homotopy extension problem H: AxI =Y, f: X - Y,
foi=Hoif. We obtain
— > Ax T
.

i

o

> M.

A
|
X

<

Combining this with the defining diagram for r gives

A—0 s AxT

|

so g or is an extension of H with initial condition f. O

Theorem VI1.4.4. A cofibration i: A — X is an embedding. If X is Hausdorff, then A C X
is closed.

Proof. Let it : X — X x I, x + (x,1). The final map i;: A — M; of the homotopy
i1 A x I — M; satisfies

i1(a) =i(a,1) = r(i(a),1) = roif oi(a) forac A. (%)

Claim: iy is an embedding.

Proof: iy is a continuous bijection onto its image. We must show that if B C A is closed, then
so is i1(B) C M;. By the construction of M;, the map jUi: X LU A x I — M; is a quotient
map, and (j Ui)"1(i1(B)) = B x {1} is closed in X L A x I. Hence i1(B) C M; is closed. O
Equation (x) first shows that i is injective. Using 7;': im(7;) — A, we obtain the continuous
inverse i; ! o (r o i)];a): i(A) = A. Thus i is a homeomorphism onto its image. For the
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second part of the theorem, applying s to (x) shows that the maps soro zf and z{( agree on

i(A). Conversely, if z € X satisfies soro i (z) = i (x), then (z,1) € im(s). Since the second
coordinate is 1, we have (x,1) € im(s o) =im(:i x id), so x € z(A). Thus

SO’I’OZ{(

A—s X 7 XxI

x>
1

is an equalizer (see Problem Sheet 13, Problem 1), and therefore i(A) C X is closed if X is
Hausdorff (Problem Sheet 3, Problem 2). O

From now on, we therefore regard cofibrations as pairs of spaces (X, A) and can usually assume
that A C X is closed.

Theorem VI.4.5. Let (X, A) be a pair of spaces. Then the following are equivalent:
(i) The pair (X, A) is a closed cofibration.
(ii) There is a retraction R: X x I — X x {0} UA x I, and A C X is closed.
(iii) There are a continuous map w: X — I and a homotopy H: X x I — X such that
(1) u™'(0) = 4,
(2) H(z,0) =z forall z € X,
(3) H(a,t) =aforalla e Aand t €I,
(4) H(x,1) € A for all z € X with u(x) < 1.
By (iii), the restriction H|y«; deforms the open neighborhood U := u~1([0,1)) into A = u~1(0)

within X, while fixing A pointwise. A closed cofibration (X, A) is also called a neighborhood
deformation retract pair.

Proof. (i) = (ii). The homotopy extension property gives:

A—— AXxI

b

X x{0fUAXI

(iil) = (i). Let H: Ax I =Y, f: X =Y, H(a,0) = f(a) be a homotopy extension problem.
We have already seen that, since A C X is closed, s: M; — X x {0} U A x I, so the square on
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the left is a pushout. Then H' = F o R solves the homotopy extension problem.

iy
A = AxT
zl lixid
X i’

—— X x{0}UAXIT

(ii) = (iii). Define H: X x I - X by H =pryoR. (2) v/, (3) v'. Define u: X — I by

u(e) == ma It pr,(R(z, )]

Then A C u=1(0). Conversely, if u(x) = 0, then pry(R(z,(0,1])) C A. Since A is closed,
it follows that pry(R(x,0)) € A4, so u=1(0) € A. (1) v'. Now suppose that u(z) < 1.
In particular, |1 — pry(R(z,1))| < 1, so R(z,1) = (a,t) for some a € A and ¢t € I. Hence
H(z,1) =pryx(R(z,1)) =a € A, giving (4) v'. The continuity of u is elementary.

(iii) = (ii). Define R: X x I — X x {0} U A x I by

IS

R(z,t) = {(H(x’ Gh0)  foru(@) >4,

(H(z,1),t —u(x)) for u(x) <t.
i —
X|U AI
12 —
) 0 !
Again, continuity is elementary. O

Example. For f: X — Y, the inclusion iy: X — M/ is a closed cofibration. Thus every
arrow in Top factors as a composite f = r; oi; of a cofibration and a homotopy equivalence
(dually, of a homotopy equivalence and a fibration — model categories).

.

F(X

S~—
S
X
~

K
o

In particular, for every space X, the pair (CX, X) is a neighborhood deformation retract pair,
since X C CX is the inclusion if: X < CX for f: X — e. Taking X = S"~! shows that
(D", S"~1Y is a neighborhood deformation retract pair.



Theorem VI.4.6. Let i: A — X be a cofibration and let f: A — Y have the factorization
My
RN
7 Y.

A

Consider the two pushouts

7
Aty A —> My
r r
zl lj zl ljf
f if

Then there is a unique homotopy equivalence ¢: Z = Z such that

A & M;
\ i
Tf
ida X vl
idx 3
A U E
|
\ \ |
i 1
Y
X _ z

commutes.

&

oO——
I\
O

/|

o



Proof. We obtain ¢ from the upper pushout, as shown below. It remains to show that c is a
homotopy equivalence, that is, to find a homotopy inverse d.

A— M;
\ jf
rf
id g X %f Z
A / Y i:!(’,
=
{ |
Y
X 7 Z

The idea is shown below. The problem is that the maps Zf and j o jo do not form a cocone

onX<&Aaly.
if

A My
\ Jo Jf
Tf
id 4 X gf Z
/ | 4
idx e %
A ! Y 3ld
i
? |
X — Z

f

However, jf o joo f ~ps iy oi, where H = j;o H o (iy x id;) and joory ~py idps,. By the
homotopy extension property for i, the homotopy Hj_, with initial condition Ef extends to
H": X xI— Z.Set e=H{. Then eoi= H} = jojyo f. Thus the cocone consisting of e
and j o jo induces a map d: Z — Z. By the proposition in V.5, we obtain the homotopies
cod~idz and doc~id; from the pushout diagrams

AxI&dYxI
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if><id
AxT — M¢x1I

-
ixid{ ij Xi

Zf><id_
XxI— ZxI

For two maps X <£ A f—2> Y, the pushout of X & A2 M t, has the symmetric description

fa2 (a,lft)

Ax] ———> My,
r
fl(ayt)l l
Mfl Mf1,f2

and My, y, is called the double mapping cylinder of fi and fo. If
f

A5y
fll g2 (*)

X — 7
is homotopy commutative, that is, g1 o fi ~g g2 o fa, then g1 and H(a,t) induce the map
c1: My, — Z, while go and H(a,1—t) induce the map co: My, — Z. Finally, ¢; and ¢y induce
the comparison map c: My, 5, — Z. If ¢ is a homotopy equivalence, the square (x) is called
homotopy cocartesian, and the cocone X By 7 &Y s called a homotopy pushout.
Example. By the preceding theorem, a cocartesian square

ALY

-
fll lg2

in Top is homotopy cocartesian if f; (or f2) is a cofibration, since ¢ is the comparison map for
the constant homotopy g1 o f1 >~ g2 o fo.

VI.5. Fundamental Groups of Adjunction Spaces

Theorem VI.5.1. (Seifert—van Kampen — pushout version) Let

ALY

-
f1l lg2

be a pushout of path-connected spaces, and let ay € A. Set zy = fi(ap), yo = f2(ap), and
20 = g1(f1(ap)). If f1 or fy is a cofibration, then the following square is a pushout of groups:

m1(f2)

1 (A7 (10) - > T (Ya yO)
r
7r1(f1)l lﬁl(m)
m1 (X, o) m1(Z, 20)

m1(91)
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Proof. Set ij = My, \im(iy,) for j = 1,2. Then O = {Mfl,]\ZfQ,A x (0,1)} is an open cover
of My, ,. All vertical arrows in

A x(0,1) My,
\ \
My, My,
AxIT My,
\ \
pra My, My, 1,
A Y
\ \
X Z
are homotopy equivalences. Applying 7 reduces the proof to the group version. O

Examples.

A'_4>o
I
X — X/A

If 7 is a cofibration, then

m(X/A, AJA) = m(X)/ (im (i)

Theorem VI.5.2.

g =131 29

gl Hi:l a;bia; " b; \/ gl
r i=1
D? DM
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Wl(zg,O) = <a1,b1,. . .,ag,bg

g
H aibiailbi1> .
i=1

Conversely, let G = (S | R) and consider

\/SlL\/Sl

reR I seS

: l

\/ D? —— > Xg.
r€R

Then 71 (X¢,®) = G. The space X is called the presentation complex. 1t is a 2-dimensional
cell complex, with the closure-finite property and the weak topology.

VI.6. What Comes Next?

e Homology: simplicial, singular, cellular

Hy(X) = k-cycles/k-boundaries

° HI(XSZ) = 771(Xa .)ab
« Degree of a map f: S — S% ~ Hy(f):

Ha(s?) 2YL f s
Z— L

e Cell complexes and uniqueness of ordinary homology
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