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I. Introduction

Let X be a connected CW complex. Regular coverings {X y}ny<q, where G := (X, zp),
give rise to actions G/N ~ Xy by deck transformations, simply transitive on the fibers of
p: Xy — X, in particular G ~ X on the universal covering.

We seek G-equivariant versions of the concepts considered so far (homology, Betti numbers,

Consider:

(D7L7O) T (X, 1‘0).

Thus, for each n-cell in X there are “G-many” n-cells in X. Hence
CeN(X;C) == Ho (X", X1 0),
and the cellular chain complex has the form
o — (CO)YPr 1t — (CE)F — (CRYFr-t — -

where k,, = |I,,| is the number of n-cells in X. Since X™ = p~(X™) and

X — X

<
X

commutes, we have p(g - )N(”) = p(X”) — X", that is, g- X" C X". For g € G we therefore
obtain

o

g: (X" X = (X7, X7,

and hence, by functoriality, G ~ C:;eu(f( ;C). That is, C’,fe“()N( ;C) is a chain complex of free
CG-modules, since d°!! o (g-) = (g-) o d°®! by naturality.

Idea. Define the nth equivariant Betti number by
b$ (X) = dimeg Hy(X;C),

where “dimcg” is defined for subquotients of (CG)k and satisfies the following two minimal
requirements:

1. dimcg V > 0 and dimeg(CG) = 1.

2. For0 U -V —- W — 0, we require dimcg V = dimeg U + dimeg W.



Example. For X = St v St = (D, G = F3, we have

CN(X;C) = (0 — (CF)? L CF, — 0).

fat
o
e t
- t
T T+
T+
T+

Since X is a tree, every nontrivial finite 1-chain in X has loose ends, that is, d; is injective! In
particular,

0— ((CFQ)2 1, CF, — cokerd; — 0

is exact. By 1) and 2), we therefore have

1 = dimcp, CF, = dimeg, (CF)? 4 dimep, coker dy,

=2 >0
a contradiction (CF5 is not Noetherian!). But:
T
4 -i1——|- N
| —I- i > 1 213 -|-4|
| |
e T
++ 3 =+
I
1
4
+Hr
So let
G = chg:cge(c, Z|cg]2<oo ,
geG geqG
and set

CP(X) = £2G e CN(X; ).
Then ker de) # 0, as desired.

For the 1-chain shown in the figure, we have

9 o (1) |
DoleglP =142 2" () =142} o =3<o0
n=1

geG n=1



We set

N @)
HP(X) = 25~ (10, a®) ) C (G,
1md£z24)r1

where the orthogonal complement is taken in ker d,(f). By construction, HT(LZ) ()~( ) is thus a
Hilbert G-module, that is, a closed, G-invariant subspace of (£2G)*. For Hilbert G-modules,
there is a dimension dimp (g satisfying 1) and 2)!

Definition. _ N
b(z) (X) = dlmR(G) H7(12) (X) S RZO

n

is called the nth ¢2-Betti number.

Applications

Conjecture (Kaplansky). Let G be torsion-free and R an integral domain. Then RG has
no zero divisors:
a-b=0 = a=0o0rb=0.

Theorem. Let G be torsion-free. If bg) (X) € Z> for every regular covering X 2y X with a

connected compact CW complex X and Deck(p) < G, then Kaplansky’s conjecture holds for
G and R =Q.

(“Atiyah conjecture = Kaplansky zero-divisor conjecture”.)

Remark. The Kaplansky zero-divisor conjecture also follows from the Kaplansky unit conjec-
ture: If @ € (RG)*, then a = r - g with r € R* and g € G.

Proof. The zero-divisor conjecture is equivalent to a? = 0 = a = 0 (not entirely easy). Now
let a € RG with a® =0. Then (1+a)(1—a)=1-a?>=1,s01+a=r-g for some r € R*
and g € G. Thus

0O=ad’=(r-g—12=r2-g>—2r.g+1.

If g # 1, then also g? # 1 (G is torsion-free), contradicting linear independence. It follows that
g =1 and hence r = 1, since 0 = (r — 1) € R and R is an integral domain, so a = 0. O

But: [Gardam, 2021]: The unit conjecture is false! (Counterexample for R = Z/2 and G
virtually abelian.)

A topological space X is called aspherical if X ~ {x}.

Conjecture (Hopf). Let M be a closed aspherical 2n-dimensional manifold. Then
(=1)"x(M) = 0.

Conjecture (Singer). If M is a closed aspherical m-dimensional manifold with bg)(ﬂ ) >0,

then m = 2n.

Theorem. Singer = Hopf.

Proof.
(=1)"x(M) = (=1)" %(—1)%;&2)(1‘7) = (=1)" (=" (M) > 0 O
k=0



Relationship between b,(X) and b2 (X)?

Example. b,(T*) = (Z), but b (ﬁ) = 0. Thus there is no immediate dependence, but:

— b(X _
b(2)(X) = (d ), if X — X is regular and d-sheeted, d < co.

Idea. If “ X, 2% X7 for a sequence of d;-sheeted regular coverings

= X — X — s — X,

do we then have

More precisely, we set
) N [e's]
X, 32X = (G={1}
i=1

for the associated subgroups G; := im(m X; — m X) < m X.

Theorem (Liick, 1994). Let G = Gy 2 G1 2 G2 2 --- with G; < G, [G : G;] < oo and
2, Gi = {1}, and let X; — X be the regular covering corresponding to G;. Then, for all
n >0,

(XD )%
iy o (-

Thus bﬁf) ()~( ) detects free homology growth in towers of coverings of X.

Remark. The ¢2-torsion “p?(X)” detects (conjecturally!) torsion growth in homology.



II. Hilbert modules and von Neumann
dimension

I1.1. Hilbert spaces

Definition I1.1.1. A pre-Hilbert space is a C-vector space V with a map (-,-): V. xV — C
such that, for z,y,z € V and a € C:

(i) (x,x) > 0, with equality if and only if x = 0;
(i) (z,y +2) = (z,9) + (2, 2);
(iii) (x,ay) = alx,y);
(iv) (y,z) = (z,y)
Remark.
(az,y) = (y, 0m) = (y, z) = A(z,y).
Examples.

o C" with (z,y) = 37 Tiyi-
o C([a,}];C) with (f,g) = [ f(x)g(x) de.

Now let (V, (-,-)) be a pre-Hilbert space. For x,y € V, x is called orthogonal to y if (z,y) =0,
and {z; : 1 € I} CV is called orthonormal if

L i
(i, z5) = e
0 i#j.

Set ||z|| :== /(z, ).

Lemma II.1.2. Let {z1,...,z,} CV be orthonormal and x € V. Then

n 2

x — Z(azz,@mz

=1

n
lz[* = i, 2)* +
i=1

Proof.

is an orthogonal decomposition.

In particular, ||z]|? > "%, |(xi, z)|? (Bessel’s inequality).



Corollary I1.1.3 (Cauchy—Schwarz inequality). For all z,y € V, we have |(z,y)| <
[ {lyll-

Proof. Clear if y = 0. Otherwise, Bessel’s inequality gives

2 2
le]? > '<yx> _ l@ul 0
Iyl [yl
Lemma II.1.4. (V| -||) is a normed space.
Proof. Triangle inequality: For x,y € V, we have
lz +ylI* = (2, z) + 2Re(z, y) + (y,9)
< (z,z) + 2[{z, )| + (v, 9)
< Izl + 2llz [}yl + lyl* = (el + lyl)?.
O

Thus V is a metric space with d(z,y) := ||y — z||.
Definition I1.1.5. A Hilbert space is a complete pre-Hilbert space.

Examples.

° ((Cn’ <'7 >)
« (B2 Cex, (-,-)) is not a Hilbert space, since the Cauchy sequence (3_j_; ex/k?) =~ does not
converge. Its completion is

2= {(an) tap € C, Z lan|? < oo}
n=1

with ((an), (bn)) = > peq Gnb,. The series converges absolutely, since

|an|2 + |bn’2

[@nbn| = |an||bn] < 5

o Completion of Cla,b]: Set
b
L%[a,b] = 3 f: [a,b] — C: f measurable, / 1f(2)]?d\ < o0 ¢,
where )\ is Lebesgue measure, and (f, g) = [ ; fgdX\. Then
L?[a,b] := L[a, 0] /{f € L?[a,b] : || f]| = 0}
is a Hilbert space with the induced inner product (-, -).

Constructions.

1. If H is a Hilbert space, then every closed subspace K C H is also a Hilbert space with the
restriction of (-, ).



2. If K C H is a closed subspace, then H/K is a Hilbert space via K= = H /K (homework!)
with the orthogonal complement

Kt={zeH:(z,y)=0foralyecK}.

3. For Hilbert spaces {H;}2,, set

e o
i = {(ﬂﬁz‘)?il @ € Hy, z; [EAIFARS OO} :
1=

4. For Hilbert spaces Hy, Hy and 1 ® x2,y1 ® y2 € H1 ®c Ha, set
(71 ® w2,y1 @ y2) := (L1, Y1) H, - (T2, Y2) Hy-
Extending and completing gives H;&®H,. For example,
L2(X1, 1) ®L*(Xo, pg) = L (X1 X Xo, i @ pua)
for measure spaces with countably generated o-algebras.

Definition I1.1.6. Let H be a Hilbert space. An orthonormal basis is a maximal orthonormal
subset of H. (Existence by Zorn’s lemma.)

Theorem I1.1.7. Let H be a Hilbert space with orthonormal basis {z;};cr and z € H. Then
2 2
T = Z<xi7$>xi7 HxH = Z ‘(x“xﬂ :
iel iel
By Bessel’s inequality, for § > 0 there are only finitely many z; with |(x;, z)| > 0, so there are
only countably many i € I with (z;, ) # 0.
Proof. Let x;,,%;,,... be an enumeration of the basis vectors with (x;,z) # 0, and set
Yn = >_p—1{Ziy, x)xi,. For n > m, we have
2
n

= Z ’<xik7w>|27

k=m+1

n

Z <xlk7x>xlk

k=m+1

yn — Z/mHZ =

so (yn) is a Cauchy sequence, since Y32 |(z;,, z)|* < oo (the partial sums are monotone and
bounded by Bessel’s inequality). Let y = lim,, o0 ¥. Since

n
<xij7$ - y> = nli)ngo <xij’$ - Z<‘rlk’ 1">‘r74k>

k=1
= <$ij,$> — <m2-j,ac> =0

and (z;,x —y) = 0 for i € I with ¢ # 4; for all j, the maximality of {«;};cr implies z —y = 0.
Finally, Lemma I1.1.2 gives

2

0= lim
n—oo

n o0
T — Z<x1k’x>xlk = ||$||2 - Z |<xlk7$>‘2 O
k=1 k=1



From now on, we consider only separable Hilbert spaces, that is, I can be chosen to be
countable.

A C-linear map A: Hy — H> between Hilbert spaces is also called an operator. Note: If A is
continuous, there is § > 0 such that ||Az| < 1 for ||z|| < 6. Set C := 2. Then, for y # 0,

0y 2
= |4 () 5100 = ot
[Ay]l 3Tyl sl < Cllyl

that is, A is continuous <= A is bounded.

e Let bounded operators be the morphisms in Hil.
o Ais called an isometry if (Az, Ay) = (x,y), and unitary if A is also surjective.

o If there is a unitary operator u: Hy — Hs, then Hy and Hy are called isomorphic.
Theorem I1.1.8. A separable Hilbert space H is isomorphic to C" or ¢2.

Proof. Choose an orthonormal basis {x;};cn of H in the infinite-dimensional case. Then

H — (2,

z— ((x1,2), (x2,2),...)

preserves the norm by Theorem I1.1.7, so it is isometric by polarization (homework!) and
is surjective because, for (a;) € £2, the series > 72, a;x; converges, as we have seen. The
finite-dimensional case similarly gives C". 0

Example. L?[—7, 7] = (?Z (“Fourier transform”). The set

is an orthonormal basis! Indeed:

T 1, n=
<fn7 fm) = i/ el(mfn)m de — { , nm=m,
n .

27 J_»

Maximality is difficult.
For f € L?[—m, ], the expansion

is called the Fourier expansion of f, with Fourier coefficients ¢, = (fn, f). From Theorem II1.1.7,
we obtain Parseval’s identity

e}

> Jeal = [ 1) e

n=-—o0o0 -

I1.2. Operators and operator algebras

Set B(H, K) = Homy; (H, K).



Theorem II.2.1. If T' € B(H, K) is bijective, then T is invertible.

Equivalently, using

H/kerT

we can state:

Theorem I1.2.2. If T' € B(H, K) is surjective, then T is open.
For T € B(H,K),

is called the operator norm. It gives the norm topology on B(H, K) (complete, that is, B(H, K)
is a Banach space).

Set
B(H) := B(H,H), U(H) ={u € B(H) | u unitary}, H* := B(H,C).

The norm topology on B(H) is too fine for many purposes, hence:

Definition I1.2.3. The strong operator topology on B(H) is the initial topology of the
evaluation maps
{E,: B(H) - H, T+ Tz |z € H}.

Definition I1.2.4. The weak operator topology on B(H) is the initial topology of the “matrix
coefficients”
{Ezy: BH) = C, T~ (z,Ty) | x,y € H}.

If H is infinite-dimensional, these topologies are not first countable. We therefore need nets!

A net in a topological space X is a map
I — X, 11— T,
with a directed set (I, <), and

) for every neighborhood U of x, there is i € I
lmxy;, =2 <— S
il such that x; € U for j > 1.

This gives general characterizations of “closed” and “continuous.”

Lemma II1.2.5 (Riesz lemma). For 7' € H*, there is a unique yr € H with T'(x) = (yr, ).
We have [T = [lyr ||z

Proof. For T =0, take yr = 0. For T'# 0, let z € H \ ker T'. Since T is continuous, ker T is
closed, so there is (homework!) a unique u € ker 7" at minimal distance from z. Set

T
w:z—ue(kerT)J‘ and YT ::ﬁw.
w

The rest is an exercise. O



For T € B(H, K), we define the adjoint operator T* € B(K, H) as follows: For z € K, let
(T, x) € H* be defined by
T, z)(u) = (x, Tu) k.

Set T*x = yy15); thus (T™z,y) = (x,Ty) by construction. We have:
o kerT* = (imT)*, (kerT*)* =imT.

o If T is invertible, so is T*, and (T*)~! = (T—1)*.

e u € B(H,K) is unitary <= v*u = idy, wu* = idg.

e u € B(H,K) is an isometry <= u*u = idpy.

e u € B(H,K) is a partial isometry <= u*u = P is a projection.
o P € B(H) is a projection :<= P = P* = P2

o A€ B(H) is positive :<—= (Azxz,x) > 0 for all x € H. Here we set A < B :<—= B — A is
positive.

o T € B(H) is self-adjoint :<—= T* = T. (Homework: T positive = T self-adjoint.)
o T € B(H) is normal <= T*T =TT*.

B(H) is a x-algebra: T** =T, (TS)* = S*T*.

The commutant of M C B(H) is

M'={T € B(H) | ST =TS for all § € M}.
The bicommutant is M" := (M')'.

Theorem I1.2.6 (von Neumann). Let M be a unital (idyg € M) x-subalgebra of B(H).
Then the following are equivalent:

(i) M is weakly closed.
(ii) M is strongly closed.
(iii) M = M".

Proof. (i)=-(ii): clear.
(iii)=(i): We show more: Commutants are always weakly closed. Let N C B(H), N' C B(H),
To € B(H)\ N, S € N, x € H with

STox — TpSx =y # 0.
Then there is a weakly open neighborhood U of T with
(y, (ST —=TS)x) #0 for T €U,

that is, U C B(H) \ N'.

(if)=(iii): M C M" is tautological. We must show M DO M". Let T € M"”. We must show:
For every neighborhood U C B(H) of T, we have U N M # &. A neighborhood subbasis of T
is

E;Y(B.(Tx))={S € B(H) | ||Sz — Tx| < &} (x € H, € >0),

x

0
U(T;x1,...,xn;6) ={S € B(H) | ||(S—T)xi|| <e¢ for all i}

10



is a neighborhood basis of T in the strong operator topology. We thus seek S € M in this
neighborhood. Set z = (x1,...,2,) € H™.

Through the diagonal action M ~ H", we obtain
M C B(H") = Mat(n,n; B(H))
as constant diagonal matrices. With respect to this embedding, we have
M' = Mat(n,n; M'),

and M" consists of constant diagonal matrices with entries in M” C B(H). Let P be the
projection onto K = Mx.

Claim: P € M'. Proof: Since K is M-invariant by construction, so is K, because M = M*.
If we decompose an arbitrary y € H" as y = yx + yxL, then, for A € M,

PAy = P(Ayi + Ayg L) = Ayx = APy,
that is, P € M’. Since idy € M, we have x € Mx and therefore

Tx =TPx=PTz e K= Mz.

Thus there is S € M with |Tx — Sz|| < &, so in particular |[(S — T)x;|| < € for all i =
1,...,n. L]

Definition I1.2.7. A unital x-subalgebra of B(H) satisfying one (and hence all) of conditions
(i), (ii), (iii) is called a von Neumann algebra.

Remark. A norm-closed x-subalgebra of B(H) is called a C*-algebra.

Examples.
o C-idy and B(H). We have (C-idy) = B(H).
o If M is a von Neumann algebra, so is M’, because, for T € M’ and S € M,

(T*S = ST*)*=8*"T—-TS8" =0,
that is, M’ is a unital x-subalgebra, and M’ = (M")" = (M")".
Let G (here and henceforth) be a discrete countable group. Then

A G — UPG), p: G — U{L*G),
g— (hgh),  g— (h—hg™")

are called the left and right reqular representations of G. These give the algebra representations
(of the same names)

\:CG — B(?G) and  p: CG — B((?G).
Definition I1.2.8. The group von Neumann algebra of G is

R(G) := p(CQR)" C B(*G).

11



Remark. More precisely, R(G) is the right group von Neumann algebra and
L(G) = \CG)'

is the left group von Neumann algebra. We have R(G) = L(G) (homework!).

Let B(£2G)* and B(£2G)” be the von Neumann algebras of A- and p-equivariant operators,
respectively. Clearly,

p(CG) C B(?G)»  and  ACG) C B(£*G)*.
Theorem I1.2.9. We have R(G) = B(£2G)* and L(G) = B(£2G)*.

Proof. By symmetry, it suffices to show R(G) = B(£2G)*. The inclusion “C” is clear because
B(£2G)* is strongly closed.

“D" Let T € B(£?G)* and S € R(G)' = L(G) = AM(CG)", that is,
S = s—'lilm S; with S; € A(CG).
1€

Then TS = ST, so T € R(G)" = R(G). 0

Examples.
o For |G| < 00, we have R(G) = CG, in particular R({1}) = C.

e G =7 = (1): The generator acts on the orthonormal basis Z C ¢*Z by k + k + 1, and,
under the Fourier transform, on L?[—m, 7] by

etk etlk+1)z ) etk
— =ev —.
V2T V2T V2T

Set z = €. Then CZ = C[z, z~!] acts by multiplication on L?[—m,n]. For T € R(G) =
B(2G)* and f € L?[—n, 7], we have f = limy_ o0 pi With py, € Clz, 271,

S0
Tf= lim T(pg-1)= lim pT(1) =T(1) - f.
k—o0 k—o0

Claim: T'(1) € L*°[—7, ]. Proof: We show ||T'(1)||c = ||T||. Suppose there were € > 0 such
that

A=A{TW)] = [IT|| + ¢}
has positive A-measure. Set fa := xa/v/A(A4), that is, ||fa]| = 1. Then

1T > 1T £l =/ TP dh = (IT] +e)?,

XA
. A(4)
a contradiction.

Conversely, multiplication by any function g € L>[—, 7| defines an operator T € B(£?G)>.
We have thus shown:

Theorem 11.2.10. R(Z) = L*>®°[—x, 7] = L*°(S1).
Remark. Similarly, we see that R(Z™) = L>(T™).

More generally: Every commutative von Neumann algebra is isomorphic to L>°(X, ) (standard
Borel space), and every commutative unital C*-algebra to C'(X) (X compact and Hausdorff).

12



Definition I1.2.11. The enlarged group von Neumann algebra is
B((2G)") = My(MCGY) = M, (R(G)).

(Here G acts diagonally through A.)
Open question. R(F,) = R(F,,) = n=m.

I1.3. Trace and dimension

Definition I1.3.1. The von Neumann trace is
trr): R(G) — C, T — (e, Te),
where e € £2G is the identity element.
Lemma I1.3.2. trg(q)(ST) = trgq)(TS).
Proof. For g,h € G,

1, g=hl,
trr(c) ((-9)(-h)) = (e, gh) = {0 otherwise

= (e, hg) = trr(e) ((-h)(-9))-

Thus the claim follows for S,T € p(CG), and hence, by weak continuity, also for S,T €
R(G). O

The same holds for
trr(q): Mn(R(G)) — C, A— > trr(a) Aiis
i=1

because
tr(AB) = tr((AB)T) = tr(BTAT) = tr(BA).

Example. In R(Z) = L>®[—mr, |, we have

trf:217r/7r Fda.

—T

If A C [—, 7] is measurable, then x4 = Xa = x4, that is, x4 € L[, 7] is a projection, and
trxa = A(A)/(27) € [0, 1] can be arbitrary. Hence there is p € M, (L*°[—m, x]) with arbitrary
trp € [0,n]. Note that trp € {0,1,...,n} for a projection p € M,(C).

Let H be a Hilbert space with a unitary action G ~ H and T € B(H)%. We want to define
“trr(q) T To do so, we assume that we have an isometric G-embedding

i: H < ((°G)"

(with respect to the diagonal action G ~ (£2G)™ through )). Here pr;( ) denotes the orthogonal
projection onto i(H), followed by i~

13



Proposition I1.3.3. The linear functional
B(H)G — (C, T+— tr'R(G) (ZOTOpI'Z(H)>
is independent of the choice of 7.

Proof. Let j: H < (2G)™ be another embedding; without loss of generality, n = m. By
Theorem 11.2.1, we obtain a unitary transformation

joil: i(H) — j(H),

which we extend to a partial isometry u on (£2G)". Since j = uoi, taking adjoints gives Prj(H) =
pry(sy ou”. Thus, if Pz denotes the orthogonal projection onto i(H) as an endomorphism of
(£2G)", we have

O

Definition 11.3.4. A Hilbert L(G)-module (Hilbert G-module, Hilbert module) is a Hilbert
space H with a unitary action G ~ H such that there is an isometric G-embedding H < (£2G)"
for some n.

(For T € L(G), let T = s-lim;e; T; with T; € A(CG), and, for x € H, define T-x = lim;e;(T;-x).)

o The category L£(G)-Mod has bounded G-operators as morphisms.
e H is called free if i: H — (¢2G)" can be chosen to be unitary.

» By Proposition I1.3.3, we obtain trgg) on

End.q)(H) = B(H)“.
Theorem 11.3.5. Let H be a Hilbert £(G)-module.
(i) trr(g) is C-linear.

(ii) trr(q) is weakly continuous.

(iii) For S,T € B(H)%, we have
trr(c)(ST) = trr(e)(T'S).
(iv) For T € B(H)%, we have
trtr@e)(T*T) =0 <= T =0.
(v) For S,T € B(H)® with § < T, we have
trr(c)(S) < trr(a)(T).

In £(G)-Mod, we have the following constructions:

e A submodule K < H is a closed G-invariant subspace.
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o If K < H is a submodule, then H/K = K is a factor module or quotient module.
e Direct sum Hy ® Hs.
e The tensor product Hi ® Hs is a G1 x Go-Hilbert module:

ij: Hy — ((2G5)™, j=1,2,

gives
11 Ri9: HH @ Hy — (£2G1)n1 &® (€2G2)n2 = (ﬁz(Gl X GQ))mn2.

For Gp < G with [G : G| < oo, we have
resg, : £(G)-Mod — L£(Go)-Mod

(restriction); use
resg, (2G = (£2Go)!Fc0l.

Theorem I1.3.6.

(i) Let
0 H K L 0
0 H K L 0

be a diagram in £(G)-Mod. Then trs = trr+ trt.
(ii) For s € B(H1)%, t € B(H3)“?, we have

tr(s ®t) = tr(s) - tr(t).
(iii) For s € B(H)® and [G : Gg] < 0o, we have

tr(resg, (s)) = [G : Go] tr(s).

o~

Proof. For (i), use u: H ® L — K and
wsus |,

Definition I1.3.7. The von Neumann dimension of a Hilbert G-module H is

dimg () (H) = trr()(ida).

Examples.
. dlmR({l}) (H) = dim@ H.
o |G| < o0

dlmR(G) H = ‘G’ = ‘G’ )

independently of G ~ H!

15



o G =7Z: For a measurable set A C [—m, 7], we have LA C L?[—m, n] & (?Z and

dim poo [ 7] (L7 A) = trpoo(_p 7 (ida)
1A
By 11.3.6(i),

dimLoo[_ﬂ-Jr} ((L2A)n) =n- )\éz;l) S [0, n]

Definition IL3.8. H 5 K & L in £(G)-Mod is called weakly ezact if ker p = imi.

morphism s: H — K is called a weak isomorphism if

0—H3K-—0

is weakly exact.

Theorem I1.3.9.
(i) dimgq) *G = 1.
(ii) f 0 - H - K — L — 0 is weakly exact, then

dimR(G) K = dimR(G) H + dimR(G) L.

dimp (G, x6,) (H1 ® Hz) = (dimg(g,) H1) (dimg(g,) H2).

dimR(Go) resgo H = [G : Go] dimR(G) H.
(v) Regularity.

This completes the connection with the introduction.
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I1I. /*>-Betti numbers of CW complexes

II1.1. G-CW complexes

Definition III.1.1. Let X be a CW complex. An action G ~ X is called cellular if, for every
open cell £ C X and every g € G, the following hold:

(i) gE is again an open cell (< g: X — X is cellular).
(ii) If gE N E # &, then g = x for all x € E.

S3 A not cellular
S A cellular

Choose pushouts for X; then

Examples.

xm\x"t= ] D~
JE€In

By (i), we obtain G ~ J,,. Set I, = J,,/G. Then

x"\x"'= ] G/H; x D"

ie]'"/

(a G-homeomorphism by (ii)). We call G/H x D™ an n-dimensional G-cell.

Theorem III.1.2. Let X be a CW complex with G ~ X. The following statements are
equivalent:

(i) G acts cellularly.
(ii) The skeleta X™ are G-invariant, and there are pushouts in G-Top:

[1G/H x 5" ——— xn!

i€l,
J r

[ 6/H: x D" —— X
iel,

17



Proof. (ii)=(i) is clear. For (i)=-(ii), see the discussion above. We have pushouts

[1 G/ x " ——— xn!

icly
J r

Il ¢/ x D" ——— X
iely,

in Top. We must show that these are also pushouts in G-Top.

[1G/H x " ——— xn!

i€l,
J r

Il ¢/H x D" —— s X7
icln, ™

Since every x € X" lifts to [[;c; G/H; x D" or X1 w is also G-equivariant. O

Definition ITI.1.3. A G-CW complex is a CW complex X with a cellular action G ~ X. Tt
e is of finite type if, for each n, it has only finitely many n-dimensional G-cells;

e is finite if it has only finitely many G-cells;

o is called proper if all the H; in (ii) are finite;

e is called free if all the H; are trivial.

Remarks.

o X is finite <= G\ X is compact (<= X is cocompact).
e NJG = N\X isa G/N-CW complex.

e For Gy < G, we obtain
res, : G-CW — Go-CW.

Example. Let X be a connected CW complex and p: ¥ — X a regular covering. Then Y
is a G-CW complex with G = Deck(p). Conversely, if Y is a connected free G-CW complex,
then p: Y — G\Y is a regular covering with Deck(p) = G.

II1.2. The /?>-completion of the cellular chain complex

Let X be a G-CW complex. Every g € G defines a cellular map g: X 5 X , and we obtain
functorially

g: CV(X;2) 5 OV (X, ),

18



that is, C¢W(X;Z) is canonically a chain complex of left ZG-modules, and CEW(-;Z) defines
a functor
G-CW — ZG-chain.

Definition II1.2.1. The (cellular) ¢?-chain compler of a G-CW complex X is the CG-chain
complex

CP(X) = PG @y CCNX; 7).
Let G-CW}™P be the full subcategory of proper G-CW complexes of finite type.
Theorem II1.2.2. The ¢?-chain complex defines a functor
CcP?(): G-CWP™P — £(G)-Mod.
Proof. We consider only a free G-CW complex X of finite type. Then, for all n,
C(X:Z) = (2G)
(by choosing an n-cell in each G-orbit of n-cells). Thus

C(X) = (a)*,

n

and this algebraic isomorphism makes c? (X) a free Hilbert £(G)-module (independently

of the choice, since any two isomorphisms are unitarily conjugate). The differentials d7(12)
are represented by right multiplication by matrices in Mat(k,, k,—1;ZG) and are therefore
bounded G-operators. The same holds for

72 P (x) — CR ),

n

induced by f: X —» Y. O
Thus, for a free G-CW complex with k, n-dimensional G-cells,

-INCY, k, -INCT
—, Yo

CLQ) (X) o < RN (€2G)k"+1 (€2G (€2G)k"—1 . )

with INCS € Mat(ky, kn_1; ZG).

I11.3. /*-Betti numbers and how to compute them

Definition IT1.3.1. Let X be a proper G-CW complex of finite type, and let (C£2) (X), dg))
be the associated ¢2-chain complex. Then the nth (reduced) ¢%-homology of X is given by

HP(X) = kerd? /imd?),.

Remark. By Theorem III.2.2 and our discussion following Theorem II.3.5, ,(12)(X ) is a
Hilbert £(G)-module.
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Definition II1.3.2. Let X be a proper G-CW complex of finite type. The nth ¢2-Betti

number of X is
b2 (X) = dimp(q) H{P (X) € Rxo.
o We also write bg)(G ~ X).

e For a regular covering p: Y — X, we set

e In particular, N N
b2 (X) =P (m X ~ X)

for a connected finite CW complex X.

I) If |G| < o0, every G-CW complex X is proper, and X is of finite type if and

Examples.
only if X™ is compact for all n > 0. We obtain

CP(X) = G @26 CV(X) = CG 976 CTV(X)
= (C @z ZG) @z¢ CEV (X)

~ C®z (G @76 CEWV (X))
=~ Cay COV(X) = V(X5 0),

so H?) (X) = Hp(X;C), and Theorem I1.3.9(iv) gives
dimc res$ , H,(X:;C
b (X) = dimp(g Hn(X;C) = —— {’1(;‘ X0 _ bn’(G)’( ).

n

In particular, b (X) =bp(X) if G={1}.
IT) Let S' = O and let X = 5! be the Z-CW complex

>
>

pe)
0 (7)) : 2(Z)

O (X) -
%l(Fourier l{E

128" — > 178",

Thus every f € ker d?) must have constant Fourier coefficients. The ¢? condition implies f = 0,
that is, ker d§2) = {0}. Moreover, (de))* = (271 = 1), so we also have

0 = ker(d?)* = (imd?)*,

and hence im d§2) = 62)(X). It follows that H” (X)=0foralln >0, so b,(f)( ) =0 for all

n >0 (X is £2-acyclic).
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IIT) Let

0

X' — X
J’_ J
X ——Y

OO

with a G = Z x Z/2-action.
We have

with X as in II, so

s (ot (B2

Since X CY and X° =Y we again obtain im dgz) = (()2)(Y), so b(()Q)(Y) = 0. Thus

2 d'? ZXZ/2
0 — kerd? — 2(Z x7/2) 2 \62({0}><Z/2> —50

is weakly exact. Moreover, by 11.3.9(iv),

Zx7)]2 1 1
. 2 o . 9 B
dlm’R(G) K ({(]})(Z/Q) = 5 dlm'R(Z) E 7, = 5’
that is,
. 1 1 1

There are no higher-dimensional G-cells, so bP) (Y) =0 for n > 2.

IV) Now let Z =

N N NN NN
NN N AN

Then
(2)

c?(z) = ( — 0 — (X(Z x 7./2) &,

(T x7)2) ® €2< {f}XXZZ//Z) 4 £2< {f}XXZZ/ /22>>

(*)

Again, ng) has dense image, and d§2) is injective (the identity in the first component). Since

dimp ) (A(Z x Z/2) ® (((Z x 2/2)/ ({0} x Z/2))) = g =1+ %

= dimp ) (*(Z x Z,/2) + dimp ) (> ((Z x Z/2)/({0} x Z/2)),

(%) is weakly exact, so Z is £?-acyclic.
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Instead of arguing with the £2-chain complex, one uses:

Theorem II1.3.3 (Computing /2-Betti numbers).

(i) Let f: X = Y be a G-homotopy equivalence of proper G-CW complexes of finite type.
Then
b (X) =02 (Y)  foralln>0.

(ii) Let X # & be a connected proper G-CW complex of finite type. Then

1 1
B (X) = — ('th_0>.
0 ( ) ’(;‘ Wil 00
(iii) Let X1, X5 be proper G1- and Go-CW complexes of finite type, respectively. Then X7 x X5
is a proper G1 X Go-CW complex of finite type, and

B(X1x Xo) = Y bP(X1)bP(Xa).
p+Hg=n

(iv) Let X be a proper G-CW complex of finite type and Gy < G with [G : Gg] < co. Then
resgo X is a proper Go-CW complex of finite type, and

b2 (resZ, X) =[G : GolbP(X)  forn > 0.
Definition II1.3.4. Let X be a finite proper G-CW complex. Its ¢2-Fuler characteristic is

XA (X) =3 (1) (X) e R.
n>0

The ¢2-Euler characteristic x(?) is a G-homotopy equivalence invariant (IT1.3.3(i)).

Theorem I11.3.5 (¢2.-Euler—Poincaré formula). Let X be a finite proper G-CW complex,
and let {H;};cs, be the family of stabilizers of the equivariant n-cells of X. Then

KOX) = (-1 Y

n>0 i€l | Hil

Proof. See Topology 1, IV.2.8! Apply dimg(g) to

4@ —
0 — kerd? — CP(X) ™ imd? — 0

and

0 — imd?), — kerd? — HY(X) — 0

(both weakly exact) and use
O (X) = P (G Hy).
i€lp
It remains to show that dimg ) ¢*(G/H) = 1/|H|. To this end, consider
1
v *(G/H) — ?°G,  gH +— ﬁ(ghl + -+ ghy)

with H = {h; = e, ha,...,hy} (well-defined, isometric, and G-equivariant). Then

1
prie(a/m) = (bt et ha)

and hence .

dimg ) *(G/H) = trr(c) Pre(c/m)) = o
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Corollary ITI.3.6. Let X be a finite free G-CW complex. Then

X (X) = x(G\X).

In particular, x(X) = x® (X) for a compact connected CW complex X.
This proves the implication “Singer = Hopf” from Chapter I.
We revisit Examples II-IV:

e (X)) = b2 (V) =P (Z) = 0 follows from TI1.3.3(ii).

e Since 0 = x(S!) = x@(X) = b (X) — b (X), we obtain b{”(X) = 0.
e By I11.3.5, we have xD(Y) = 3 —1= -1 s0 b (v) = L.
e Since Z ~¢ X, Z, like X, is £?>-acyclic.

Theorem II1.3.7 (/?-Poincaré duality). Suppose the topological space M carries both
the structure of an orientable n-dimensional manifold and that of a finite free G-CW complex.
Then

b2(G ~ M) =0, (G~ M).
Example. Let g > 1.

e We have b5? () = bP(Z,) = 0 and

e Let 3, 4 be the surface with d > 0 holes,

d
Sea =2\ | D;.
=1

Then ¥y g ~ Vgg"fd_l St

1=

Thus o)
1-(2g+d—1) = x(Zga) = xP(Zg,0)

2),& 2) /& 2) /&
= bé )(Zg,d) _bg )(Eg,d) + bé )(Eg,d) .
=0 =0

Here m13g 4 = Fogra—1, and Xy 4~V S has a model without 2-cells. That is,

b (Sya) =29 +d—2=d+2(g—1).
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I11.4. Atiyah’s question and Kaplansky’s conjecture

Let

B® = {b € Rs : There exists a finite free connected
G-CW complex X with b2 (G ~ X) = b for some n > 0}.

Question (Atiyah, 1974). Is there a b € B® with b ¢ Q?
Theorem (Austin, 2013). The set B is uncountable.

Theorem (Grabowski, 2014; Pichot—Schick—Zuk, 2015). We have B(?) = R>o.

Let B® C B® be the subset obtained by additionally assuming that 7 X = {1}, so that
X — G\X is a universal covering. Since

{finite connected CW complexes}/~

is countable, B® is also countable. However, B (21 contains all x € R>o with a computable
binary expansion (that is, Q NRxo C B@® reecB3® . .. ).

We want to characterize B® and B® without recourse to cell complexes.
Proposition III.4.1. Let (C£2), dg?)) be a chain complex of Hilbert modules. Set
AR = dP*d® +d?) d);.

Then

C’T(?) = ker A$12) @ im d512-|)—1 @ im d’gl2)*7

and the canonical map
ker Aq(f) = H7(L2)(C£2))

is an isomorphism (¢2-Hodge-de Rham decomposition).

Proof. We have
C? = kerd? @ (kerd'?)* = kerd® @ im dd.

Moreover, it follows from

2)*
APz, ) = |dDz|? + d);2||?,

n n+1
that
ker A®) = ker d? N ker df}j
= kerd'?) N (im df_)H)L.
Thus _
ker d? = ker A @ imd? |,
which also yields the second assertion. O

Thus every b € B is given by
b = dimpq) ker(-A)

with A € Mat(k, ¢; ZG). Conversely:
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Proposition IT11.4.2. Let A € Mat(k, ¢; ZG), and suppose that G is generated by r elements.
Then there exists a free G-CW complex X with k£ 3-dimensional G-cells, ¢ 2-dimensional
G-cells, r 1-dimensional G-cells, and one 0-dimensional G-cell such that

d®
o (x) —2— P (X)

ﬂ f

(PG ——— (2G)

and hence ng) (X) = dimp g ker(-A).

Proof. First let k =/¢ =1 and

N
A= (zjl asws(g1, ce ,gﬂ)

Z =8V St
Jj=1

and Y = D3 U, Z with ¢: S? — Z given by

collapse
SQ

N
1 N Zasws(gla-"agr) =7
s=1

with G = (g1,...,9r). Set

collapse
A
L9

Consider mY — G. Its kernel defines a regular covering p: X — Y with Deck(p) = G and
SV 76 A 76
by construction. In general, start with
¢ r
z=\/5*v\/ s
and attach k 3-cells. O

If G is even finitely presented, we can attach finitely many additional 2-cells to Y corresponding

to the relator words. The universal covering is then a simply connected G-CW complex with
d§WV = -(A0).
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For aring Z C R C C, we set
BR(G) = {dimpc) ker(-4) : A € Mat(k, ; RG) } .
Then Proposition I11.4.2 gives

B = |J BY@G) ad BP= |J BY).

G finitely G finitely
generated presented

Grabowski and Pichot-Schick—Zuk considered lamplighter groups:

G=7/207 = (@Z/2> X Z.
VA

e Connection to Turing machines.
e Unbounded torsion.
Conjecture IT1.4.3 (Atiyah, Liick—Schick). Let Z C R C C be a ring and G a group

whose finite subgroups have bounded order. Let lem(G) be the least common multiple of the
orders that occur. Then

BY(@) C (@) 220

For torsion-free GG, the conjecture thus asserts that
By (G) C Zso.

Conjecture I11.4.4 (Kaplansky). Let Z C R C C be a ring and G a torsion-free group.
Then RG has no zero divisors.

Theorem 111.4.5. If G is torsion-free and satisfies 111.4.3 with coefficients in R, then II1.4.4
also holds for RG.

Proof. Let a,b € RG with a-b=0. If a = 0, we are done. Otherwise, for a € RG C £?G, we

have
0 # a € ker(2G % 2Q)

and hence
0 < dimp ) ker(-b) < 1.

By II1.4.3, it follows that dimgg)ker(-b) = 1. Since (3G = ker(-b) & ker(-b)*, we obtain
ker(-b) = £2G; in particular, 0 = e¢-b = b. O

Recall from Chapter I:
Theorem. Let G be torsion-free. If b (X)) € Z> for every regular covering
X5 X

with a connected compact cell complex X and Deck(p) < G, then the Kaplansky conjecture
holds for G and R = Q.
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Proof. Let a,b € QG such that a-b = 0. Since

a:Zagg and b:Zbgg

geG geG

are finite linear combinations, there exists a finitely generated H < G with a,b € QH.
Proposition 111.4.2 gives Bg)(H) C Z>p. But then BS) (H) € Z>q as well, since

ker(-A) = ker(-cA) for all A € Mat(k,¢;QH) and ¢ € Zo.

The assertion follows from Theorem I11.4.5. O

Remark. By Homework 3.5.1, the Kaplansky conjectures on nilpotent and idempotent
elements then also hold for QG.

Let &€ be the smallest class of groups that is closed under taking subgroups, quotients, extensions,
and directed unions and such that £ contains all finite and all abelian groups. A group G € £
is called elementary amenable.

Let C be the smallest class of groups that is closed under directed unions, contains all free
groups, and contains all groups G in

1 N G A 1
with N € Cand A € €.

Theorem I11.4.6 (Linnell, 1993). Let G € C be such that the finite subgroups of G have
bounded order. Then G satisfies the Atiyah conjecture (II1.4.3) with coefficients in R = C.
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IV. /*-Betti numbers of groups

IV.1. Classifying spaces for families

Definition IV.1.1. A family of subgroups of G is a set F of subgroups H < G such that
e« Hc F =g 'Hge Fforall g €G;
e HKe F=— HNK e F.

Examples.

Triv = {{1}},
All= {H < G},
Fin={H < G: |H| < o0},
Veye = {H < G : There is a cyclic subgroup K < H with [H : K| < co}.

Recall. For a G-space X and H < GG, we have

XH={zeX :hx==xforall he H}.

X is called weakly contractible if, for n > 0, every map S" ! — X extends:

sl X

o
.
.
.
.
"3
.
.
.
P
.

D’n,

This is equivalent to X # &, X being path-connected and simply connected, and 7, (X,-) =0
for n > 2.

Theorem IV.1.2. Let F be a family of subgroups of G, and let E be a G-CW complex with
all stabilizers in F. Then the following are equivalent:

(i) For every G-CW complex X with stabilizers in F, there is a G-equivariant map X — E
that is unique up to G-homotopy.

(ii) For every H € F, the space E¥ is weakly contractible.

Proof. Each H € F defines a functor

G-Top — Top,
X — XH,
(f: X =Y)— (flxm: X7 = YH),
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Its left adjoint functor is

Top — G-Top,
X+— G/H x X,
(f: X—=Y)— (dxf:G/HxX - G/HXY).

The Hom-set adjunction is given by
Homg.mop(G/H x X,Y) = Hommoep (X, YH),
(f:G/HxX =Y)— (x— f(H,2z)),
((gH,2) = gh(x)) +— (h: X — YH).
Now (i)=(ii). Let H € F. By (i), we obtain a G-map f : G/H — E. In particular,
hf(H) = f(hH) = f(H) for h € H,
that is, f(H) € B, so EH # @. For n > 1, every f: S"~! — EH defines a point in
Hommop(S™ !, ) = Home rop(G/H x "1, E).

This is a homeomorphism in the compact-open topology. The latter space is path-connected
by (i). Thus we find a path from f to a constant map S"~! — E¥ | that is, a null-homotopy
of f in E¥ or, equivalently, an extension of f to D™ — E'.

(ii)=(i). Let X be a G-CW complex with stabilizers in F. We need to construct a G-map
f X — E, unique up to G-homotopy. We proceed by induction over X". For

X~ T[] G/H;

i€lp

we have Effi £ @ by (ii). Choose x; € EHi. This determines fy : X° — E by fo(H;) = =;.
Given f}) : X° — E, set o} := f}(H;). Then x;,x; define a map

h,:G/H; x S° — E.

By (ii), the adjoint map S° — EHi extends to D' — E*i| and taking adjoints gives
hi:G/H; x D' — E.

Then h = [[;cj, hi is a G-homotopy fo ~ f;.

Now let f,_1: X" ! — E be given. Consider

I ¢/H: x 577" ——— Xt

i€l
J r

Il ¢/H: x D" ——— Xx»
iel,

————————— > E.

The dashed map from the disjoint union of the cells exists by (ii). Uniqueness is proved as in
the case n = 0. 0
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Definition IV.1.3. A G-CW complex ErG with stabilizers in F that satisfies (i) and (ii) is
called a classifying space of G for F.

Theorem IV.1.4. For every group G and every family F of subgroups of G, there is a
classifying space ErG, unique up to G-homotopy equivalence.

Proof. Existence: Set

(ErG):= [] G/H.
HeF

Suppose (ExG)"~! has already been constructed. For each H € F, choose a map

st — ((ErG)" )"

in each homotopy class and attach G/H x D™ using the adjoint map to obtain (ExG)"™.

Uniqueness: Abstract nonsense. There are maps

ELG % EXG,  E:G L ELG,  Wop~id, gou~id.

O]
Set
EG = EFinG, EG = ETrivGa BG = G\EG
Quiz 1.
G BG EG EG
St R R
k
F}, \/ s! % *J:F*
i=1
Z]2 | RP* = colim,, RP" S0 o
Do | RPSVRPY | CEDEED | R
SOO

IV.2. /?-Betti numbers of groups

Definition IV.2.1. A group G is of type Fy, if there is a G-CW model for EG of finite type.
It is of type Foo with respect to F if there is a G-CW model for ExG of finite type.

Definition IV.2.2. If G is of type F (or of type F, with respect to F with F C Fin), we
set, respectively,

b2(@) :=b(EG)  or  b(G,F):=bP(EFQ).
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Theorem IV.2.3 (without proof).

b2 (@) = bP (G, Fin).
Thus we can set b2 (G) = bg)(G, Fin) if G is of type Fu with respect to Fin, even if G is not
of type Fo.

Quiz II.
G ‘Z‘Zk‘ Fy, ‘ 7./2 ‘Doo
2@ o] o n=n 2 n=0 1,
0 otherwise 0 otherwise
Theorem IV.2.4. We consider groups of type Fio.
) 2 2 2
DG x Ga) = > bP(G1) b (Go).
p+g=n
(i)
b2 (G + Ga) = b2(G) +bP(Ga)  (n>2).
If G1 and G4 are nontrivial, then
1 1
B2 (G # Go) =1+ 0P(Gr) — — +b2(Gy) — —,
|G| |Ga|

and b(02)(G1 * Ga) = 0.
(iii) For Gy < G with [G : Go| < 0o, we have
b (Go) = G+ Gl bP(G).

Proof. (i) E(G1 x G2) = EGy x EGsy. Apply the Kiinneth formula II11.3.3(iii).
(ii) B(G1%*G2) = BG1VBG2 and E(G1xGa) = BGlf\\//BGz. Apply Mayer—Vietoris (technical).
(ili) EGo = resg EG. Apply I11.3.3(iv). O

Why is bﬁf)(G) = b,(f)(EG) or H,?)(G) = H? (EG) the right definition for £2-group homology?

Recall (Topology II).
H,(G) := Tor2%(z, 7).

Fundamental theorem of homological algebra: There is a projective resolution P, — Z of the
trivial right ZG-module Z, and

7G
Tor’C Z : Z ) = Ho(P, ®26 Z).
trivial right module trivial left module

If BG is a classifying space for G (that is, BG = EG ~ o) with BG = e, then
i — CSWV(EGQ) — CPWV(EG) — CSW(EG) =226 S 7
is a free (in particular, projective) resolution of Z. Hence
Hy(G) = Hy(CPV(EG) @16 Z.)
= H,(CSY(BG)) = Ho(BG),

bn(G) = ba(BG)  ~ (@) =bP(EG).
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IV.3. Group-theoretic applications

Definition IV.3.1. A group G is called finitely co-Hopfian if G is not isomorphic to any of
its proper subgroups of finite index.

Example. |G| < oo. Counterexample. G = Z.

Theorem IV.3.2. Let G be of type Fi, and suppose bg)(G) > 0 for some n > 0. Then G is
finitely co-Hopfian.

Proof. Let H < G with 2 <[G : H] < 0o and H = G. Then
bP(G) = bP(H) = (G H]bY(G),
S0 b7(12)(G) =0. O

Thus F}, is finitely co-Hopfian for & > 2. However:

/\
~
This is a regular covering with Deck(p) = Z/2, that is, F3 < F, with [Fy : F3] = 2.

Remark. The same proof establishes Theorem 1V.3.2 for any multiplicative group invariant,
for example, x(G). But b%z)(G) for n > 0 is finer!

Let P = (S | R) be a finite presentation of a finitely presented group G. Set g(P) := |S| and
r(P) :=|R|.

Definition IV.3.3. The deficiency of a group G is
def G := max {g(P) —r(P)}.

P finite

For a finite presentation P of G, let Xp be the presentation complex. By attaching higher-
dimensional cells, we extend Xp to a model for BG with (BG)? = Xp. The inclusion
j: Xp — BG induces

0 — CQ(XP) — Cl(Xp) — Co(Xp) — 0

T

1%
Il

Thus we obtain isomorphisms
Hi(Xp) = Hy(BG) fori=0,1
and an epimorphism
Hy(Xp) - Ho(BG).
Hence
g(P) —r(P) =1—x(Xp)

=1- bo(XP) + b1<Xp) — bQ(Xp)

=b1(Xp) — b2(Xp) < b1(G) — ba2(G),
so also def G < b1 (G) — ba2(G).
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Example.

Indeed, “>” holds because
Z" = (x1,...,Tn | [z, zj] (1 <j))
and “<” because

b1(Z™) — bo(Z") = by (T™) — ba(T™) = n — (Z)

Example. Let G be a one-relator group, that is, there is a presentation P = (z1,...,24 | 1)
with r # 1 € F,. If G is torsion-free, it is known that Xp ~ BG. Therefore

g—1<defG <b(G) —b(G) = —x(G) +1
=—(1-g+1)+1=g-1,

sodefG =g —1.

Theorem 1V.3.4.
def G < 1-52(G) +82(@) - 2(Q).

Proof. The same argument! O

Remark. This bound may be better or worse than by (G) — ba(G) (or equal to it).

Theorem IV.3.5. Let G be a nontrivial torsion-free one-relator group with g generators.
Then ng)(G) =g —2and béQ)(G) =0.

(Already seen, specifically for surface groups.)
Proof. BG = Xp has no 3-cells, so
HP(G) =ker(d? : €5 (Xp) — C{P (Xp))
and C’éz) ()Z'p) >~ (2@. Since r # 1 € F, by definition, we have de) 2 0. Therefore
0<bvP (@) < 1.

By [Jaikin-Zapirain, Lépez-Alvarez; 2018], G satisfies the Atiyah conjecture I11.4.3 (with
R = C), and hence b{?(G) = 0. Thus

b(@) = —x(G)=-(1—-g+1)=g -2
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V. Liick’s approximation theorem

V.1. Functional calculi

Let H be a separable Hilbert space and T' € B(H). For a “function” f, we want to define
“f(T) .77 If

f(z) = z": arz® € C[z],
k=0
we can set f(T) = S¢_oapTF. If
fz) = arz® € C[[2]]
k=0

converges in U = {z € C: |z| < ||T|| + ¢} for some £ > 0, then

m m
SooaTH| < S Jal T,
k=n-+1 k=n-+1

so (XrooarT k)n is a Cauchy sequence in the Banach space B(H), so the following exists:
oo
F(T) = ap T
k=0

e Recall: A power series converging in U defines a holomorphic function f: U — C.
e For holomorphic f, Cauchy’s formula gives
1 f(©)
= — d
1) =5 L Sl

where the closed curve v: I — C winds once around the point z.

e Idea: Develop “operator-valued” integration and set

§0) = 5= > [ FOCHn 1) dc,
~er’Y

T 2mi
where I is a finite set of curves such that every point in the spectrum of 7" is encircled once.

Definition V.1.1. The spectrum of T € B(H) is
o(T) ={¢ € C: (idy —T is not bijective}.
(Equivalently: “not invertible,” 11.2.1.)

Remark.

o o(T) C C is always nonempty and compact.

r(T) = sup [(|= lim ||| Y™ < ||T)|.
¢ea(T) oo
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Theorem V.1.2 (Holomorphic functional calculus). Let T' € B(H) and let U be an
open neighborhood of o(7T). Then there is a unique C-algebra homomorphism

O(U) ={f: U — C holomorphic} — B(H), f— f(T),

such that
® XU(T) — 1dH7
o idy(T) =T,

e it is continuous with respect to uniform convergence on compact subsets of U.

“Proof”. Existence: See above. Uniqueness: The homomorphism is already determined on
polynomials, and holomorphic functions are locally uniform limits of polynomials on compact
sets (power series representation). O

Remark.

o More generally, we have a holomorphic functional calculus not only for B(H) but for every
Banach algebra.

e We have o(f(T)) = f(o(T)).

For a self-adjoint operator T' = T™*, we have o(T) C R and r(T') = ||T'||. We can extend the
domain from O(U) to C(c(T),C):

Theorem V.1.3 (Continuous functional calculus). Let T' € B(H) be self-adjoint. Then
there is a unique isometric *-embedding of C*-algebras

C(o(T),C) — B(H), fr— f(T),
such that Xo(T) (T) =idy and ido(T) (T)=T.

Remark.

o More generally, for unital C*-algebras in place of B(H).
* Again, o(f(T)) = f(o(T)).

o If A € 0(T) is an eigenvalue with eigenvector x € H, then z is an eigenvector of f(T') with
eigenvalue f(\).

« f(T)=f(T) < [eC(o(T),R).
o f(T)>0 < f=>0.
Thus, for self-adjoint 7" € B(H) and =z € H,
(I)LT: C(J(T))C) — C, fr— <l‘,f(T).T>

is a positive linear functional, that is, ®, 7(f) > 0if f € C(c(T'),R>0).

Theorem V.1.4 (Riesz—Markov). Let X be a compact Hausdorff space and let

®: C(X,C) — C be a positive linear functional. Then there is a unique regular Borel measure
uon X such that

o) = [ fdp
for all f € C(X,C). We have u(X) = |2
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Definition V.1.5. The spectral measure of T € B(H), T = T*, for x € H is the unique pz 7
with (I)x,T = f d,ux’T.

Thus
(z, f(T)z) = /fd,ux,T for f € C(o(T),C).

Observation. The right-hand side is defined for f € B(o(T),C), the bounded Borel measur-
able functions f: o(T") — C.

o Obtain (z, f(T)y) for z,y € H by polarization.
o Riesz lemma: There is a unique z € H with (z,y) = (z, f(T)y) for all y € H.
o Define z =: f(T')*x; this gives f(T')* and hence f(T).

Theorem V.1.6 (Measurable functional calculus). Let T'€ B(H), T = T*. Then the
continuous functional calculus extends uniquely to a continuous *-homomorphism

B(o(T),C) — B(H),  [fr— f(T).

Remark.

e More generally, for von Neumann algebras.
« We have || f(T)]| < [|fllo-

o If X\ € 0(T) is an eigenvalue of T with eigenvector z € H satisfying ||z|| = 1, then p, 7 = 0y,
and conversely.

o In this case, f(T)x = f(N)x.

o There is a measure pg on o(7), unique up to equivalence, with

pr(A) =0 <= p,7(A)=0 forallz e H.

e Thus
LOO(J(T)v MT) = B(U(T)a C)/ZMT—almost everywhere

and L (o(T), ur) — B(H) is an ultraweakly continuous *-embedding.

Observation. For measurable A C o(T), x4 = Xa = x4 is a projection, and hence
Pr(A4) == xa(T) € B(H)

is also a projection, and Pr is a projection-valued measure (that is, Pr(o(T')) = idg, and for
x € H, A~ (x,Pr(A)z) is a Borel measure, namely p, 7). “Integration” of bounded Borel
functions gives

[ fape = s()

and for all x € H we have
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For f = idy(r), we obtain:

Theorem V.1.7 (Spectral theorem). For self-adjoint 7' € B(H ), we have
T = / AdPr(\).

Proposition V.1.8. If A\ € o(T) is an eigenvalue, then Pr({\}) is the orthogonal projection
onto the eigenspace of A.

V.2. The approximation theorem

Definition V.2.1. A (countable, discrete) group G is called residually finite if it admits a
(residually finite) chain

G=Gy2G  2G2D--, Gi 4G, [G:G]<oo, ()Gi={1}
=0

Examples. Finitely generated abelian (even nilpotent) groups, Fj,, w1 (M?3), finitely generated
G < GL(n, K) with arbitrary char K.
Counterexamples. Baumslag—Solitar groups
B(m,n) = (a,b | ba™b"'a™™)
except when n = +£1, m = £1, n = +m; Higman’s group, Tarski monsters.

Theorem V.2.2 (Liick, 1994). Let G be residually finite and let X be a free G-CW complex
of finite type. Then, for every chain (G;){2, and every n > 0, we have

. b (G\X)
(2) - In T2 )
by (G ~ X) ihm GGl

Remark. For simply connected X, this gives the theorem from the introduction.

Corollary V.2.3. Let G be residually finite and of type Fio. Then, for every chain (G;)2,
and every n > 0, we have

_ ba(GY)
(2) _ n 1

Proof. Set X = EG. Then G; ~ EG is also free, and hence G;\EG is a model for BG;. [

. b (X) > 0 means “free homology growth along coverings.”

. b,(f)(G) > 0 means “free homology growth along subgroups.”
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V.3. The proof

To show:

b (G~ X) = lim b2 (G/Gi ~ Gi\X)
(compare Example I following Definition IH.3.2).
Recall: bg)(G N~ X) = dimg q) ker AP and

(2)

c®(x) 27, o (x) CP(GAX) —y ¢2(GAX)
PG ——F— 2(G) P(G/G)F ——F— P(G/G)

for a s-invariant matrix D € Mat(k, k; ZG) (here we use the fact that X" *! is a finite G-CW
complex!), and D; is obtained from D via ZG — Z(G/G;). That is:

We need to show
dimg ) ker(-D) = lim dimgq/q,) ker(-D;).
1— 00

Now let €; € ?%2(G)* be the vector with e in the jth component and 0 in all other components.
By Proposition V.1.8,

dimp () ker(-D) = trr(G) Prier(.D)
= trR )y Pp({0})

Z g, Pp ({0}) 5] Zﬂe], ({0}).
Similarly,

dimp(g)a,) ker(- Zﬂaw ({0})

for e; ; € £2(G/G;)¥ with G; in the jth component and 0 in all other components. Setting

k k
Ho= ZM&j,'Dv Mg = Z/’Lai,jy[)iv
j=1 j=1

it therefore remains to show:
p({0}) = lim 1;({0}).

We have ||-D|| < k?||D||; and also ||-D;|| < k¥?||D||1. Choosing d := max{1, k?||D||1}, we thus
have supp p, supp p1; € [0, d].

Proposition V.3.1. For all f € C([0,d],R), we have
/ fdu = hm / fdu; (weak convergence).

Proof. First let f € R[z]. Then
= (e D) e =(x)
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and

k
/fd/u => <% f(D;) 5m’> =1 ().
eMat(k,k;R(G/G3))
If ¢ is large enough that G; contains no g # e from the supports of the diagonal entries of

f(D), then (x) = (xx). In general, use Stone—Weierstrass. O

The “Portmanteau theorem” gives
1({0}) > lim sup p({0}).
1—00
It remains to show:
1({0}) < liminf 11;({0}).
1—00
Note: This does not follow from weak convergence p; — u! Example: d1/; — dp weakly! For
example, for k = 1 the measure would be p; = 01/, if D; = (% -Gy).
But: D; has entries in Z[G/G;]! This gives us a uniform bound on the spectral distribution
functions X — p;((0,X)):

1/i

Proposition V.3.2. For all i > 0 and all A € (0, 1), we have

klogd
i((0,N)) < —.
Proof. For a given i, let r := k[G : G;]. Regard D; as a symmetric (r X r)-matrix with

coefficients in Z. Let A\ < --- < Ag be the positive eigenvalues of D; with multiplicities
mi,...,ms. Then

ni({Aj}) = trr(ya;) Po,({A}) = dimg(g/q;) im Pp,({A;}) = G: Gy

Now let A € (0,1) be given and let A\; be the largest eigenvalue < A. Then
mip -+ my

pi((0,A) = pi({A}) + -+ pi({Ae}) = GGl

If there is no positive eigenvalue < A, the claim is immediate. Set
_ CharPolyp, ()

xrfR

R :=rank D; =mj + -+ mg, p(z) : € Zlx].

Then
AT AT = p(0)] > 1.

Thus

1< )\Tl .. A?t}\:rrf—l .. )\;ns < )\m1+...+mtd,’,’
0 (ma - m) log A+ k(G G log
mit---+me klogd klogd

G:G;] — —logh |log)|’
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From p;({0}) = 1i([0,A)) — i((0, X)) for A € (0,1), Portmanteau (liminf; 4;(U) > pu(U) for
open U, here relative to [0,d]) gives

klogd

lim inf 1i({0}) > p([0, 7)) — [Tog A’

and hence also

o . klogd
. > -
hirg(l)l(f)lfuz({()}) =z )\E\%ﬂr (M([O’ A)) | log M)

= inf ([0, 1)) > u({0}). -
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