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I. Foundations

I.1. Lie Algebras

Let K be a field.

Definition I.1.1. A Lie algebra over K is a K-vector space g with a map
[ —lrgxg—g

(called the Lie bracket or commutator) satisfying:

(L1) [—,—] is bilinear.

(L2) For all = € g, we have [z,z] = 0.

(L3) The Jacobi identity holds for all x,y, z € g:

[z, [y, 2]] + [y, [z, 2] + [z, [, y]] = 0.
Remarks. « From (L1) and (L2), we obtain
0=[z+y,z+yl=[2,y] + [y, 2],

that is, (L2)": [z,y] = —[y, x].
o Conversely, if 2 # 0 in K, (L2)" implies
[z, 2] = —[z, 2] <= 2[z, 2] = 0 <= [z,2] =0,
that is, (L2).
o The notion of a Lie subalgebra (or simply subalgebra) is clear.

o We will (almost) always assume that dimg g < co.

o Homomorphisms of Lie algebras are K-linear maps ¢: g — g’ satisfying
p(lz,y]) = [o(@), (y)]-

e ¢ is an isomorphism <= ker p = {0} and im p = ¢’. For 2/,3/ € ¢’, choose z,y € g with
o(x) =2’ and ¢(y) = y'. Then

e ([ y]) = o (@), o)) = ¢ e[z, 9))
=[xyl = [ (@), 07 ()]
1.2. Examples

(i) Let V be a K-vector space with dimg V' =n < co. Then

g = End(V)



becomes a Lie algebra under
[z,y] =2y — yx

where zy denotes composition: (L1) and (L2) are clear. For (L3), we have

[l’, [ya ZH - 1’[y7 Z] - [yv Z]l’
=z(yz — zy) — (yz — 2y)z
= XTYZ — TRZY — YT + ZYT.

Cyclically permuting and summing gives zero. From now on, we denote this Lie algebra
by gl(V') to distinguish it from the associative algebra End(V).

Choosing a basis of V' gives gl(V') = gl,,(K) with

gl,,(K) = Mat, (K), (X, Y]=XY -YX.
Subalgebras of gl(V') or gl,,(K) are called linear Lie algebras.
The following linear Lie algebras are called classical Lie algebras.

Type A,. We call
sl 1(K) ={z e gl,, (K):tra =0}

the special linear Lie algebra. It is a subalgebra of gl,,,;(K), since
tr([z,y]) = tr(zy — yx) = tr(zy) — tr(yz) = 0.
We have

dimg sl,41(K) = dimg ker(tr: gl, 1 (K) = K) = (n+1)* = 1 =n* + 2n.

Type D,,. We call
509, (K) = {2 € gly,(K) : 27m + mzx = 0}

with
1 0

(0 I, _ )
0 1

the (even) orthogonal Lie algebra. Writing

we have

(so dI' = —a). Verification that this is a subalgebra: Exercise 1.1. We have

(n—1)

dimp s09,(K) =2 - n 5 +n?=2n*—n,

if 20 in K.



Type C,,. We call
5o (K) = {2 € glyy (K) : 27 + sz = 0}

with

the symplectic Lie algebra. For

(so d” = —a). We have

(n+1)

dimp spy, (K) =2+ 2 o +n’ =2+

Type B,,. Here we assume that 2 # 0 in K. We call
509n41(K) = {x € gly, 1 (K) : 270 + tz = 0}
with
1 0 0
(=10 0 I,
0 I, O
the (odd) orthogonal Lie algebra. We have

if and only if

aZO? d:_ch g:_bTa hT:_ha fT:_fa eT:_i-

It follows that

(n—1)

dimK502n+1(K):2n+2n 5 +n?=2n%+n,

if 20 in K, that is,
dimg 50941 (K) = dimg spo,, (K).

Observation. The relations a’ = —d and e? = —i, respectively, imply
509,41 (K) Cslopt1(K), 8Py, (K) Cslo,(K), s09,(K) C sy, (K).
(iii) We write
t,(K) ={z € gl,(K) : 25 =0 for i > j},

n,(K) ={z e gl,(K):2; =0 for i > j},
0, (K) ={x € gl,(K) : x;; =0 for i # j}.

These are the algebras of (upper) triangular matrices, strictly (upper) triangular matrices,
and diagonal matrices. Clearly, 9,,(K) is abelian, that is, [x,y] = 0 for all z,y € 0,,(K).



(iv) For those familiar with Lie groups: Let G be a real or complex Lie group. Then the
left-invariant vector fields on G, with the commutator bracket, form a Lie algebra

g = Lie(G)
over R or C, respectively.

In particular,

Lie(SL,, C) = sl,,C, Lie(SO,,C) = s0,C, Lie(Sp,, C) = sp,,,C.

1.3. Derivations

Definition 1.3.1. A K-algebra is a K-vector space A with a bilinear map
AxA— A

Examples. o Mat,«,(K) is a K-algebra under matrix multiplication.

e The Hamilton quaternions H form an R-algebra.

o Any Lie algebra g. In this case, we replace - by the bracket [—, —].

Definition 1.3.2. Let A be a K-algebra. A derivation of A is a K-linear map d: A — A

satisfying the Leibniz rule
d(ab) = d(a)b+ ad(b)

for all a,b € A.
Proposition I1.3.3. The set Der A of derivations of A is a Lie subalgebra of gl(A).

Proof. Clearly, Der A is a vector subspace. Let 6,0’ € Der A and a,b € A. Then
[6,0"](ab) = 68 (ab) — &'6(ab)
= 6(d"(a)b + ad’(b)) — 0'(6(a)b + ad(b))
= 60'(a)b+ 8" (a)d(b) + 6(a)d’ (b) + add’ (b)

— 8'0(a)b — 6(a)d"(b) — &'(a)5(b) — ad'6(b)
= [6,8')(a)b + a[,&')(b).

Thus [4, '] € Der A. O
Note: If g is a Lie algebra, then Der g is also a Lie algebra.

Proposition 1.3.4. For z € g, define ad, € Endg(g) by

ade(y) = [z, ]
for y € g. Then ad, € Derg.

Proof. We have

ads([y, 2]) = [z, [y, 2]
—ly, [z 2] = [z [2,4]]
= Hxv y}v z] + [ya [.CU, Z]]
= [adw(y)7 Z] + [y,adx(Z)]



Proposition 1.3.5. ad: g — Der g is a homomorphism.

Proof. For z,y,z € g, we have

[adg,ady](z) = ad, ady(z) — ady ad,(2)

= [z, [y, 2]] = [y, [, 2]

= —[z [z, ¥l - [y, [2,2]] = [y, [z, ]]
= [[z, 4], 7]

= ad; ().

O]

Definition I.3.6. ad: g — Der g is called the adjoint representation of g. Derivations in the
image of ad are called inner derivations.

It is sometimes useful to write ady for ad. For a diagonal matrix x, we have ady, (i) (7) = 0,
but in general ady (x)(z) # 0.

I.4. Ideals

Definition I.4.1. Let g be a Lie algebra over K. An ideal in g is a K-vector subspace a C g
such that

[z,y] €a
for all z € g and y € a. Notation: a<g.

Examples. « {0} <gand g<g (trivial).

o The center
Z(g)={z€g:[z,z] =0forall x € g}.

e The derived algebra
9, 9] = spany{[z,y] : 2,y € g}.
Note: [g,g] = 0 <= g is abelian.
o [s0,(K),sl,(K)] =sl,(K), where we assume n # 2 if 2=0 in K.

Ideals can be added and multiplied:
a+b={z+y:x€ayecb}

[a7 b] = SpanK{[xvy] reayc b}a
and the results are again ideals.
Definition 1.4.2. g is called simple if {0} and g are the only ideals of g and [g, g] # 0.

Note:
g simple = Z(g) =0, [g,9] =g.

Theorem 1.4.3. sly(K) is simple if char K # 2.



Proof. Let
sly(K) = (z,y,h)

S P P

[h,l‘] = 2z, [ha y} = —2y, [:Evy] =h.

with

Then

That is, x,y, h is a basis of g = sla(K) consisting of eigenvectors with eigenvalues 2, —2,0 for
the endomorphism ad h: g — g.

Now let 0 # a<g and
0#z=ax+by+chea.

Then
adz(adz(z)) = ad x(bh — 2cz) = —2bx € a,

and

(ady)?(z) = —2ay € a.
Ifa#0o0rb#0, then y € aor x € a, since char K # 2, and hence a=g. If a =b =0, then
h € a, and again a = g. O

Definition 1.4.4. Let a<g. We define the factor algebra or quotient algebra of g by a to be
the quotient vector space g/a with bracket

[z +a,y+a =[zy +a
This is well-defined, since for z — 2/, y — ¢’ € a we have

l‘,, /]

[z + a9 +a] = [/, 9] +
= [/, y] + [x —yl—ly—y,2]+a
[‘T/7y] [ y] [ 7y} - [y7 :II/] + [y/wr/] +a
= |

z,y] +
Note: For a homomorphism ¢: g — ¢/, we have ker ¢ <g. Conversely, if a<g, then a = ker(g —
g/a).

Universal property: Let a<g. For every p: g — ¢ with a C kery, there is a unique
homomorphism ¢: g/a — g’ satisfying p o g = ¢:

Proposition 1.4.5. (a) For a homomorphism ¢: g — g, we have
g/ ker o %5 im .
(b) Let a,b<gand a Cb. Then b/a<g/a and

(9/a)/(b/a) = g/b.



(c) Let a,b<g. Then
(a+b)/a=b/(anb).
Definition 1.4.6. A representation of g is a homomorphism
g — gl(V).
The main example is ad: g — gl(g). Note that kerad = Z(g). Hence
g simple = g linear.
In fact, every finite-dimensional Lie algebra is linear (Ado—Iwasawa).

Let A < g be a vector subspace. We also define the normalizer
No(A) = {w € g : [z, 4] € A}

and the centralizer
Zg(A) ={z e€g:[z,A] =0}.
Both are subalgebras by (L3).

I.5. Automorphisms

Let char K = 0. If € g has ad = nilpotent, that is, (ad )" = 0 for some N > 0, we define

exp(adz) = Z (ad x)n

|
o M

Proposition 1.5.1. We have exp(adz) € Aut g.

Proof. The identity
exp(ad z)([y, z]) = [exp(ad )y, exp(ad z)2]
follows from Proposition 1.3.4 and the Leibniz rule. If we write
exp(adz) =1+ vy,
then
L—y+y =y’ + -

is an inverse of 1 + y; the sum is finite because y is nilpotent.

Definition 1.5.2.
Int g = (exp(adx) : ad x nilpotent)au g

is called the group of inner automorphisms.
We have
Intg<Autg,

since for ¢ € Aut g we have

padzp™! = ad(px),

hence
pexp(adz)p™! = exp(ad(pz)).
Example. If K = K and char K = 0, then
Int(slo(K)) = Aut(sla(K)) = PSLa(K),
Aut(sl3(K)) = PSL3(K) x Z/2

(for now, without proof).



I.6. Solvable Lie Algebras

Let g be a Lie algebra over K.

Definition 1.6.1. The derived series of g is defined by
D’ =g,  D"g=[D"g,D"gl.
g is called solvable if DNg = 0 for some N > 0.

Examples. An abelian g is solvable. In contrast, a simple Lie algebra, such as sl (K) for
char K # 2, is not solvable.

Proposition 1.6.2. The Lie algebra t,(K) is solvable.

Proof. We have
D't (K) = [ta(K), ta(K)] = 1, (K)

(exercise). Let E;; be the matrix with a one in position (4, j) and zeros everywhere else. Then
[Eij, Erel = 0k Eig — 030 By
Thus let i < j, k < £, and, by (L2)’, assume without loss of generality that ¢ # ¢. Then

Ei@a lfj = kv
Ei‘vE =
[Eij il {0, otherwise,
and if j = k, we have
C—i=U—-k)+(k—di)=U—Fk)+ (j—1).

For r > 1, it follows that
D'ty (K)=(Ey:j—i>2"k.

Thus DVt (K) =0 for N > 0. O

Proposition 1.6.3. If g is solvable, then so is every subalgebra h < g and every quotient g/a
for a<g. If a<g and both a and g/a are solvable, then g is solvable as well.

Proof. We have D™ C D"g (clear), and for the projection ¢: g — g/a,

¢(D"g) = (D"g+a)/a= D"(g/a)

(induction on n, exercise). The last assertion follows because D"(g/a) = 0 first gives D"g C a,
and then D""%g = 0 as soon as D%a = 0. O

Proposition 1.6.4. If a,b < g are solvable, then a + b is also solvable.

Proof. We have
(a+b)/b=a/(anb)

by Proposition 1.4.5(c), and this is solvable by Proposition 1.6.3. Thus a + b is solvable, again
by Proposition 1.6.3. ]

Definition 1.6.5. The solvable radical of g is the unique maximal solvable ideal

Radg«g.



Uniqueness. Let a,b<g be maximal solvable ideals. Then a+ b is solvable by Proposition 1.6.4,
so a4+ b = a and, symmetrically, a + b = b. Hence a = b. O

Definition I1.6.6. The Lie algebra g is called semisimple if

Radg = 0.

Example. If g is simple, then g is also semisimple: Since [g,g] = g, the algebra g is not
solvable, so

Rad g # g.
Since Rad g < g, it follows that Rad g = 0. The zero algebra is semisimple but not simple.

For arbitrary g, the quotient g/ Rad g is semisimple (exercise).

With a = Rad g and s = g/a, we have a short exact sequence

0 a d g P 5 0

with a solvable and s semisimple. That is, at each term, the kernel of the following arrow
equals the image of the preceding arrow. In other words, every Lie algebra is an extension of a
semisimple Lie algebra by a solvable Lie algebra.

If K =R or C, the extension splits, that is, there is a homomorphism s: s — g with pos = ids.
In this case,
g=axs

with p: s = Dera, p(x) = adg(s(x))|a, where the semidirect product a x, s of Lie algebras a, s
with p: § — Der a is defined to be the vector space a & s with

[(a1,51), (a2, s2)] = ([a1, az] + p(s1)az — p(s2)a1, [s1, s2]).

Classification of g (over C)

Classification: Classification: Classification:
5 semisimple a solvable s 5 Der(a)
This course chaotic and mysterious Representation theory

I.7. Nilpotent Lie Algebras

Let g be a Lie algebra over K.

Definition 1.7.1. The lower central series of g is defined by
C%g=g, C'g=[g,C" 'g].

g is called nilpotent if CNg = 0 for some N > 0.

Clearly,
g nilpotent = g solvable.



Example. n,(K) is nilpotent, since
C'np(K) = (Eyj:j—i>2r+ k.
In contrast, t,(K) is solvable but not nilpotent for n > 2, since
C'tn(K) = nn(K)
for r > 1.

Proposition 1.7.2. (i) If g is nilpotent, then so are h < g and g/a for a<g.
(ii) If g/Z(g) is nilpotent, then g is also nilpotent.
(iii) If g is nilpotent and g # 0, then Z(g) # 0.

Proof. (i) As in Proposition 1.6.3. For (ii): If
CM(g/Z(g)) =0,
then CNg C Z(g), and hence
CN*g C [9, ()] = {0}.
For (iii): If N is minimal with CVg = 0, then 0 # CV~1g C Z(g). O

Note:
g nilpotent <= 3N > 0:adzjadzs---adazy(y) =0

for all z1,...,zy,y € g. In particular, (adz)"N = 0, that is, all 2 € g are ad-nilpotent.

Theorem 1.7.3, Engel. Let g be a Lie algebra over K such that every adx is nilpotent.
Then g is nilpotent.

The proof requires some preparation.
Lemma 1.7.4. If z € gl(V) is nilpotent, then ad x € gl(gl(V)) is also nilpotent.

Proof. Consider
adz = Ay — pg,

where Az, pz: gl(V) — gl(V) are given by A\, (y) = zy and px(y) = yz. Then A\, and p,
commute and are nilpotent, so A, — p, is also nilpotent. ]

Warning. idy € gl(V) is ad-nilpotent but not nilpotent.

Theorem 1.7.5. Let g < gl(V) with 0 < dimg V' < oo. If every x € g is nilpotent, then there
isa0#veV with
gv = 0.

Proof. Induction on dim g. Clear for g = 0. Now let h < g be maximal. By Lemma 1.7.4, §
acts via ad on g by nilpotent operators, and hence also on g/h. By the induction hypothesis,
there is an x + h # 0 with

ad(h)(z +b) =0,

that is, [h, 2] C h. Thus h C Ny(h) = g by the maximality of b, so h<g. But then dimg g/h = 1;
otherwise, the preimage p~!(&), for a one-dimensional subspace ¥ < g/h and the projection
p: g — g/b, would contradict the maximality of b.

10



Thus we have g = h ® Kz as vector spaces. By the induction hypothesis,
W ={weV:hw=0}+#{0}.
We have gW CW: Forye b, z€g,and w e W,
y(zw) = zyw + [y, zJw = 0.
Since z is nilpotent, there is a 0 # v € W with zv = 0. Then hv =0 as well, so gv =0. O

Proof of Theorem 1.7.3. Induction on dimg. Trivial for g = 0. For g # 0, the algebra
ad g < gl(g) satisfies the hypotheses of Theorem 1.7.5, so there is a 0 # = € g with

adg(z) =0,
that is, z € Z(g). Every element of g/Z(g) is ad-nilpotent, and
dimg/Z(g) < dimg.

Thus g/Z(g) is nilpotent by the induction hypothesis. Hence g is nilpotent by Proposi-
tion 1.7.2(ii). N

Definition 1.7.6. Let V be a K-vector space. A complete flag in V is a sequence of subspaces
0=V<W<- - <V, =V
with dimg V; = 1.

Theorem 1.7.7. Let g < gl(V) with 0 < dimg V' < co. If every = € g is nilpotent, then there
is a complete flag V; in V with
gVi C Vi

for all i = 1,...,n. Equivalently, there is a basis of V' with respect to which g C n,(K).

Proof. By Theorem 1.7.5, there is a Vi <V, dim V; = 1, with gV; = 0 = V4. Since g acts on
V/V1 by nilpotent operators, the induction hypothesis gives a complete flag (W;) in V/V; with
gW; C W;_1. Set Viy1 = p~1(W;) for the projection p: V — V/Vi and i = 1,...,n — 1. Then,
fori=2,...,n,

gVi=gp ' (Wir1) Cp H(@Wis1) Cp ' (Wia) = Vi1

Lemma 1.7.8. Let g be nilpotent and 0 # a<g. Then

anZ(g) #0.

Proof. Apply Theorem 1.7.5 to adg|, < gl(a). There is a 0 # = € a with [g,x] = 0, so
xe€anZ(g). O

11



II. Structure Theory of Semisimple Lie
Algebras

From now on, let char K = 0 (that is, Q C K) and K = K (for example, K = Q or K = C).

II.1. Lie’s Theorem

Theorem II.1.1. Let g < gl(V') be solvable with 0 < dimg V' < co. Then there is a common
eigenvector v € V for all x € g.

Proof. Induction on dim g. The base case g = {0} is clear. Since g is solvable, g/[g, g] # {0}.
Choose a subspace h < g/[g, g] of codimension one. Then the preimage a of b in g is an
ideal a < g of codimension one. By the induction hypothesis, there is a 0 # v € V that is an
eigenvector for all x € a. The eigenvalues define a linear form A € a* = Homg (a, K), that is,

xv = ANx)v
for all z € a. Let
W={weV:zw=\z)w for all x € a} # 0.
Claim: gWW C W. Once this is proved, write
g=ad Kz
with z € g\ a and choose an eigenvector vy € W of z (which exists because K = K). Then g

is an eigenvector for all x € g.

We now prove the claim. Let x € g and w € W. We must show that xw € W, that is, for all
Yy € a we must have
yrw = A(y)zw.

Since
yrw = (zy — [z, y)w = AMy)zw — Az, y)w,
it remains to show that A([z,y]) = 0.
There is nothing to prove for w = 0. Thus let 0 # w € W and let n be maximal such that

are linearly independent. Set

W; = (w,zw, ..., 2" w) .

Then zW,, C W,, and yW; C W; for all i. With respect to the basis w, zw, ..., z" lw of W,,

we have
My) e
0 A
Y= (y) ’
. .
0 0 Ay)

12



because ' ‘
yr'w = My)z'w  (mod W;).

This follows by induction: it is clear for i = 0, and

yr'w = yr 2w

= zyz'lw — [z, y]z" w.

By the induction hypothesis,
y.%'lil'w — )\(y)xlflw + w'

with w’ € W;_; and zw’ € W;. Also, [z,y] € a, so [z,y] acts on 2'~'w modulo W; by the
eigenvalue A\([x,y]). In particular,

trw,, (y) = nA(y)-
Replacing y by [z,y] € a gives
0 = trw, ([z,y]) = nA([z, y])-
Since char K = 0, we have A([z,y]) = 0. O

Theorem II.1.2, Lie. Let g < gl(V) be solvable with dimg V' = n < co. Then there is a
complete flag (V;) in V such that
gVi C V.

Equivalently, there is a basis of V' with respect to which g C t,(K).
Proof. Induction on dim V' using Theorem II.1.1, as in the proof of Theorem 1.7.7. O
Corollary I1.1.3. Let g be solvable. Then there are ideals g; < g with
{0}=90C C---Cgn=ag, dim g; = .
Proof. Apply Theorem I1.1.2 to ad(g) < gl(g); ad(g) is solvable by Proposition 1.6.3. O

Corollary I1.1.4. Let g be solvable. If z € [g, g, then adg(x) is nilpotent. In particular, [g, g]
is nilpotent.

Proof. By Theorem I1.1.2, we have ad(g) C t,(K), so
ad([g, g]) = [ad g, ad g] C np(K).
Thus adg(z) is nilpotent. Hence

adjg g(x) = adg(2)][g,g

is also nilpotent. Theorem 1.7.3 (Engel) implies that [g, g] is nilpotent. O
Thus every solvable Lie algebra is an extension of an abelian Lie algebra by a nilpotent Lie

algebra:
0—[g,9] —9g—g/lg,g] —0.
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I1.2. Jordan—Chevalley Decomposition

In this section only, let char K be arbitrary.

Definition I1.2.1. Let V be a finite-dimensional K-vector space. An element x € End V is
called semisimple if x is diagonalizable (over K = K).

Proposition 11.2.2. Let x € End V.
(i) There are unique x4, x, € EndV such that x4 is semisimple, x,, is nilpotent,
T =2Ts+ Ty

and [zs, z,] = 0.
(ii) We have x5 = p(x) and z,, = ¢(x) for some p,q € K[X] with p(0) = ¢(0) = 0.

We call x = x5 + x, the Jordan(—Chevalley) decomposition.

Proof. Let
H(X — ai)mi

7
be the characteristic polynomial of z. By the Chinese remainder theorem, there is a p € K[X]
with
p=a; (mod (X —a;)™)

for all i and p =0 (mod X). Set
q(X)=X-p(X), ws=p), Tn=q2)

Then z,v = a;v for v € ker(z — a;)™. Hence z; is semisimple, and x,, = © — x5 is nilpotent,
as can be checked in a Jordan basis.

If x = 2/, + 2}, is another Jordan decomposition, then
/ /
Ty — Xy =), — Tpy.

Since x5 and z,, are polynomials in x, they commute with 2/, and /. In particular, [z, 2}] =
0 = [zp,2]]. The left-hand side is therefore semisimple and the right-hand side nilpotent.

n
Since they are equal, both are zero. ]

Lemma II.2.3. Let z € End V. Then
ad z = ad(xs) + ad(xy,)
is the Jordan decomposition of ad z € End(End V).

Proof. As in Exercise 1.3, we see that if y € End V is semisimple with eigenvalues a1, ..., an,
then ady has eigenvalues a; — a; on the matrix units E;;. Thus ady is semisimple. Hence
ad x, is semisimple, ad x,, is nilpotent by Lemma 1.7.4, and

[ad zs,ad x,] = ad([zs, z,]) = 0.
The claim follows from Proposition 11.2.2(i). O
Lemma I1.2.4. Let A be a finite-dimensional K-algebra. Then, for all § € Der A,

ds, 0 € Der A.
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Proof. Tt suffices to show that ¢ = §5 € Der A. Let
A= @ Aq

be the generalized eigenspace decomposition of § (which is the eigenspace decomposition of o).
Then
AaAb - Aaera

because
n

(06— (a+b)id)"(zy) =) (’Z) (6 — aid)"'z)((6 — bid)'y).

i=0
For n > 0, the right-hand side vanishes. It follows that

o(zy) = (a + b)zy = (ox)y + (oY)

for all x € A,, y € Ap. Hence o € Der A. O

I1.3. Killing Form and Cartan Criteria

We seek criteria for the solvability of g (equivalently, the nilpotence of [g, g]).

Proposition I1.3.1. Let A C B C gl(V) be subspaces and let
M={zegl(V):|z,B] C A}.

Suppose that © € M satisfies
tr(zy) =0
for all y € M. Then z is nilpotent.

Proof. Let © = s+ n be the Jordan decomposition (we must show that s = 0). Fix a Jordan
basis with respect to which
s = diag(ay, ..., am).

Let
E={a1,...,am)g € K

(we must show that £ =0 <= E* =0). For f € E*, let y € gl(V') have matrix representation
diag(f(a1), .., f(am))
with respect to the Jordan basis. As observed above,
ad s(Eyj) = (ai — a;)Eij,  ady(Eij) = (f(a:) — f(a;)) Eij-
Choose 7(X) € K[X] such that
r(ai — aj) = f(a;) — f(az),  r(0)=0.
This is well-defined, since a; — a; = a;, — a; implies
flai) = flaz) = f(ar) — f(ar).

By construction, we have
ady = r(ad s).

15



By Lemma I1.2.3, ad s = (ad z)s. Thus Proposition 11.2.2(ii) gives a p € K[X] with p(0) =0
and
ads = p(ad ).

Thus ady = (r o p)(ad x). Since ad z(B) C A by assumption, we also have ad y(B) C A, that
is, y € M. The assumption now gives

0 = tr(zy) = Z a; f(ai)-

Since f € Homg(E,Q), applying f to this equation yields

0- f(Z a,-f(ai)> = > flap®.

Since f(a;) € Q, it follows that f(a;) = 0 for all &. Thus f = 0. Since f € E* was arbitrary,
we have E* = 0, hence E = 0, and therefore s = 0. O

Lemma I1.3.2. For z,y,z € EndV, we have
tr([z,y]z) = tr(zfy, z]).
Proof.

tr((xy — yx)z) = tr(zyz) — tr(yxz) = tr(zyz) — tr(xzy) = tr(z(yz — 2y)).

Theorem 11.3.3, Cartan Criterion for Solvability. Let g < gl(V') be such that
tr(zy) =0
for all x € [g,g] and y € g. Then g is solvable.

Proof. Apply Proposition 11.3.1 with A = [g,g] and B = g (so that g C M). We have
tr(zy) = 0 for = € [g,9], y € g. We need tr(zy) = 0 for = € [g,g], y € M. To this end, let
x = [u,v] be a generator. Then Lemma I1.3.2 gives

tr([u, v]y) = tr(ulv, y]) = tr([o, yJu) =0,

because y € M. We may now conclude that every = € [g, g] is nilpotent. Thus [g, g] is nilpotent
by Theorem 1.7.7, and hence g is solvable. O

Corollary I1.3.4. Let g be a Lie algebra such that
tr(adzady) =0
for all = € [g,g], vy € g. Then g is solvable.
Proof. ad g is solvable by Theorem I1.3.3, so g is solvable by Proposition 1.6.3. O
Definition I1.3.5. Let g be a Lie algebra. The Killing form of g is the symmetric bilinear

form
By:gxg— K, By(z,y) = tr(ad z ad y).

16



By Lemma 11.3.2, B is associative:
B([z,y], 2) = B(x, [y, 2])-
Lemma I1.3.6. Let a<g. Then
Bq = Bglaxa-
Proof. Observation: For ¢: V — V with (V) C W C V, we have

tro = tr(p|w).

For z,y € a, we have
(adz)(ady)(g) € a.
Thus

tr(adg z adgy) = tr((adg z adg y)|a)
= tr(adq z adq y).

Example. For g = sly(K) = (z, h,y), we have

0 -2 0 2 0 0 0O 0 O
adz=|0 0 1|, adh=|(0 0 0|, ady=[|—-1 0 O
0O 0 O 0 0 —2 0 2 0
Thus B has matrix
0 0 4
0 8 0
4 00

with respect to this basis, with determinant —128. Hence B is nondegenerate (for char K # 2),
that is,
RadB={z €g: B(z,y) =0 for all y € g} = {0}.

Observation. Rad B < g by the associativity of B.

Theorem I1.3.7, Cartan Criterion for Semisimplicity. A Lie algebra is semisimple if
and only if its Killing form is nondegenerate.

Proof. First suppose that Rad g = 0. By definition,
B(z,y) =0

for all x € Rad B, y € g. In particular, Lemma I1.3.6 and Corollary I1.3.4 imply that Rad B<g
is solvable. Thus

Rad B C Radg =0,
and B is nondegenerate.

Now suppose that Rad B = 0. It suffices to show that a C Rad B for every abelian ideal a < g.
To this end, let x € a and y € g. Then we have

g ady g ad x a ady a adx {0}

Thus (adzady)? = 0, that is, ad z ad y is nilpotent, and therefore
tr(adzrady) = 0.
Hence z € Rad B. ]
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I1.4. Decomposition into Simple Ideals

For A C g, let
At ={zeg:B(z,a) =0 for all a € A}.

Proposition I1.4.1. Let g be semisimple and a<g. Then

g=adat

1

with at < g, and a, a are semisimple.

Proof. We have a* «g, since for z € a®, y € g, 2z € q,
B([z,y],2) = B(x, [y, 2]) = 0.
Together with Corollary 11.3.4, this also shows that a N a' is solvable and hence trivial. Since

{O} =an aL = Rad(B|a><u),

1

a is semisimple by Theorem I1.3.7. Hence a— is also semisimple. Since B, is nondegenerate,

for each = € g there is an a € a such that
B(z,d') = B(a,d’)
for all @’ € a. Thus z — a € at. Hence g =a® at. O

Note: Whenever g = a ® b with a,b<g, we have, fora € a, b € b,
[a,b] € anb,

so [a,b] = 0. Moreover, a L b with respect to B, that is,
By = By L By

by Lemma I1.3.6.

Theorem I1.4.2. A Lie algebra g is semisimple if and only if it decomposes uniquely into
simple ideals:
g=0®--- Do

Proof. Given such a decomposition, By is an orthogonal sum of nondegenerate forms and is
therefore itself nondegenerate. Thus g is semisimple by Theorem I1.3.7.

If g is semisimple, choose a minimal 0 # a < g and obtain

g=ad at
as in Proposition I11.4.1. For b<a, we then also have b<g, so a is simple. Since a' is semisimple,
it decomposes inductively into a direct sum of simple ideals, which are also ideals in g.

Uniqueness: If a<g is simple, then [a, g] <a implies that

[Cl, g} = a,

because Z(a) = 0. Hence

a=lag]= @[avgi]a

)

that is, a = g; for some i. O
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Corollary I1.4.3. For semisimple g, the following hold:

(i) g=g, 9]

(ii) Every ideal a<g is a direct sum of simple ideals of g.

Proof. (i) follows by substituting the decomposition. For (ii): By Proposition I1.4.1, a is
semisimple. By Theorem I1.4.2, a decomposes into simple ideals, which are also ideals in g. [

I1.5. Abstract Jordan Decomposition

Lemma I1.5.1. Let g be a Lie algebra. Then
ad g < Derg.

Proof. For z,y € g and § € Derg, we have

[0, ad 2)(y) = 0([z,y]) = [2,5(y)] = [62,y] = ad(6z)(y)- (%)

Theorem I1.5.2. For semisimple g, we have
ad g = Derg.

Proof. By Theorem 11.3.7, ad g = g has nondegenerate Killing form. By Lemma I1.3.6 and
Lemma I1.5.1,

Badg = BDerg‘adgxadg'

As before, we obtain
Derg =adg® (adg)*, adgn (adg)* = {0}

and
[ad g, (ad g)*] = {0}.

For § € (adg)*, () implies
ad(dz) =0

for all z € g, s0 § = 0. O
Thus Lemma I1.2.4 implies, for semisimple g and x € g, that
adzr = (adz)s + (ad x),
with (ad z)s, (ad x), € ad g.
Definition I1.5.3. Let g be semisimple and = € g. Then
T =25+ T
is the unique Jordan decomposition of x, where x,, x,, € g are uniquely determined by

ad(zs) = (ad x)s, ad(z,) = (ad ).
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Note:

e I, is ad-semisimple.
e I, is ad-nilpotent.
o [zs,my]) =0.

o If g < gl(V), this agrees with the Jordan decomposition as endomorphisms (proof in Section
I1.7).

I1.6. Complete Reducibility of Representations
Let g be semisimple. Recall that a representation of g is a homomorphism
g —gl(V)

(see Definition 1.6.6). Equivalently, V' is a g-module, that is,

(azx + by)v = a(zv) + b(yv), (M1)
z(av 4+ bw) = a(zv) 4+ b(zw), (M2)
[z, yJv = z(yv) — y(av) (M3)

forall z,y € g, v,w eV, a,be K.
A homomorphism of g-modules ¢: V — W satisfies

p(av) = zp(v).

The kernel and image are submodules, and V/ ker ¢ = im ¢.
V is called drreducible if V' has exactly two invariant subspaces: {0} and V.

V is called completely reducible if
Veno---aoV

with V; irreducible. Equivalently, every submodule W C V has a complement, that is,
VewaeWw

for some submodule W/ C V.

Theorem I1.6.1, Weyl. Let g be semisimple. Then every representation
p:g—al(V)

is completely reducible. Here dimg V' < oo is implicit (as always).

Proof. For ¢ = ad, this is the statement of Theorem I11.4.2. For K = C, we use Weyl’s unitary
trick: There is a compact, simply connected Lie group U with

LieU)@r C=g
(see Example 1.2(iv)). The representation |y ;c(rr) induces a representation

o: U — GL(V).
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Choose a positive definite Hermitian form (—, —)p on V and set

(w.w) = [ {gv.guho das(g)

for the Haar measure py on U with pugy(U) = 1. If W C V is ¢-invariant, it is also ®-invariant.
Thus W is a ®-invariant complement, since for v € W, g € U, w € W we have

{gv,w) = (v,g™'w) = 0.

Thus W+ is also -invariant. O

I1.7. Preservation of the Jordan Decomposition

Theorem I1.7.1. Let g < gl(V') be semisimple and = € g. Then g contains the semisimple
and nilpotent parts of z as an endomorphism.

Corollary I1.7.2. The abstract and ordinary Jordan decompositions of x € g < gl(V') in a
semisimple Lie algebra coincide.

Proof. Let © = x5 + x,, be the ordinary Jordan decomposition. By Lemma [1.2.3,
adg[(v) T = adg[(v) Tg + adg[(v) In

is the Jordan decomposition of adgy)z. By Theorem I1.7.1, we have zs, 2, € g, and since
semisimplicity and nilpotence are preserved under restriction to invariant subspaces,

is the ordinary Jordan decomposition in gl(g). O

Proof of Theorem 11.7.1. Let x = x5+ x,, be the ordinary Jordan decomposition in gl(V'). We
must show that x,, z, € g.

Since adgy) z(g) € g, Proposition I11.2.2(ii) implies that
(adg[(V) m)s(g) Cg, (ang(V) x)n(g) Cg,
that is, xs, vn € Nyivy(g). For a submodule W C V, let
gw ={y€gl(V):yW CW and tr(ylw) = 0}.

For example, gy = sl(V'). Since g = [g, g], we have

9 € Ny (g) N N gw =:g¢.
WCV g-invariant

Observation: g, z, € g’. Indeed, x5 and z,, preserve every g-invariant subspace W, and
tr(zy|w) = 0 and tr(xs|w) = tr(z]w) = 0. Thus it suffices to show that g’ = g.
By Theorem I1.6.1,

=gdg,
as a g-module via ad (since g C Nyv)(gw) for all W). Here g+ denotes an invariant
complement. Now let y € g. Since g’ C Ngiv) (g), we have

[z,y] € gn g™ = {0}

21



for all z € g. For every irreducible submodule W C V| we therefore have
ylw = Nidw

by Schur’s lemma. On the other hand, tr(y|w ) = 0 since y € gy, so A = 0. Thus y|w = 0 for
every irreducible W. Theorem I1.6.1 implies that y = 0. O

Lemma I1.7.3, Schur. Let ¢: g — gl(V) be irreducible and y € gl(V') with

[p(z),y] =0
for all z € g. Then there is A € K with

y = Aidy .
Proof. Since K = K, y has an eigenvector 0 # vy € V with eigenvalue A € K. Set

v =y — Aidy .
Then W = kery’ C V is a submodule, since for v € W and x € g we also have
Y (av) = y'p(x)v = p(z)y'v = z(y'v) = 0.

Since vy € W and V is irreducible, we obtain W = V. ]
Theorem I1.7.4. Let ¢: g — gl(V) be a representation with g semisimple. For z € g, let

T =g+ T
be the (abstract) Jordan decomposition in g. Then

p(x) = p(xs) + (n)
is the ordinary Jordan decomposition in gl(V).
Proof. Let {z;} C g be a basis of eigenvectors for ad z, that is,
[xs, zi] = Niz;.
Then
[o(xs), o(2i)] = Xip(zi).
That is, p(g) is spanned by eigenvectors of ad,g) ¥ (7s), 50 ad,(g) () is semisimple. Moreover,
(ady(e) ()" (2(2)) = p((adg 24)"(x)) = 0
for k> 0 and all x € g. Thus ad, ) ¢(z5) is nilpotent. Hence
p(z) = @(zs) + p(n)

is the abstract Jordan decomposition in ¢(g). By Corollary 11.7.2, it is also the ordinary
Jordan decomposition. ]
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I1.8. Representation Theory of sly(K)
In this section, we consider
sl(K) = (z,h, y)k

with
[h,ZE] = 2'1"7 [ha y} = _22/, [IE?y] = h.

Let V be an sly(K)-module. By Theorem I1.7.4, V' decomposes into eigenspaces of h:

V=@ W Vi={veV:hv=x}
AeK

where all eigenvalues A € K since K = K. If V) # {0}, we call X a weight of h in V, and V), is
called a weight space.

Lemma II1.8.1. For v € V), we have

zv € Vo, yv € Vy_o.
Proof.
h(zv) = ([h, ] + zh)v = (22 + xh)v
= (2+ N,
and similarly for y. O

Remark. In particular, z,y € End V are nilpotent, as we also already know from the preceding
section.

For A € K with V) # {0} and V)2 = {0}, we call every 0 # v € V) a vector of highest weight
A

Now let V' be irreducible and let 0 # vy € V), be a highest weight vector. Set

1 .
v_1 =0, v; = Eyzvo

for i > 0 (since char K = 0).

Lemma I1.8.2. (a) hv; = (A — 20)v;.
(b) yvi = (i 4+ 1)vit1.
(C) TU; = ()\ -1+ 1)1}1‘_1.

Proof. (a) and (b) are clear. For (c), the case i = 0 holds because zvy = 0. The case i = 1
follows directly from xzyvy = hvg. For i > 2, we compute inductively:

izv; = zyvi—1 = ([x,y] + yx)vi1
= hvi_1 + yxv;_1
— (A= 20— D)oi1 + (A (i~ 1) + Do
=A=2i4+2vi1+(AN—i+2)(i— 1)vi1
=i\ —i+ D1
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Observations. « By (a), the vectors v; # 0 are linearly independent.

e Since dimg V' < oo, there is a minimal m with v, # 0 and v,,11 = 0; hence also v, +; =0
for ¢ > 1.

e Thus
0 # (vo,v1,...,Um)xk €V

is a g-submodule, and therefore equals V since V is irreducible.

e With respect to the basis vy, ..., v, we have

h € Om41(K), T € Ny (K), Y € Ny (K)T.
o Fori=m+1, (c) says
0=(A—m)up,

SO
A:m:dimV—leZZO.

J By (a), dimV)\ =1if V)\ 75 {0}
o In particular, the vector of highest weight (= dim V' — 1) is unique up to scalars.
Theorem II.8.3. Let V' be an irreducible sly(K)-module and m = dim V' — 1. Then:

(a)
VEV, @Vpa @ @ Vo,

(a direct sum of K-vector spaces), where each V), is a one-dimensional weight space of h.
(b) V has a unique vector of highest weight m (up to scalars).

(¢) The action of z, h,y on V is uniquely and explicitly determined by Lemma I1.8.2 after a
suitable choice of basis. In particular, there is exactly one irreducible sy (K )-module in
each dimension > 1 (up to isomorphism).

Proof. Only existence in (c) remains. But this follows by defining the sl (K')-module

V ={(vo,...,um)
using Lemma I1.8.2(a),(b),(c) (Exercise 5.1). O
By Theorem I1.6.1 (Weyl), we also understand general sly(K )-modules.
Corollary I1.8.4. If V is an sly(K)-module, all eigenvalues of h are integers and occur with
the same multiplicity as their negatives. The number of irreducible summands in a direct sum

decomposition of V is
dim Vj + dim V3.

I1.9. Root Space Decomposition

In this section, {0} # g is semisimple.

Definition I1.9.1. A subalgebra t < g is called toral if every x € t is semisimple (that is,
T = Ts).
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Observation. If every = € g were nilpotent (that is, x = x,), then g would be nilpotent
by Theorem 1.7.3 (Engel). Hence there is € g with x5 # 0, and thus (z)x < g is toral.
Therefore there is always a nontrivial toral t < g.

Lemma I1.9.2. Every toral subalgebra t < g is abelian.
Proof. We must show that, for every x € t, zero is the only eigenvalue of ad(z). Suppose that

[z,y] = ay
with 0 #y € tand 0 # a € K. Write

i
in a basis of eigenvectors x; of ad¢(y) with eigenvalues p;. Then

—ay = adi(y)(x) = Y Nipiai,

that is, A;u; # 0 for some ¢. But
adi(y)(—ay) = 0,

so —ay is an eigenvector of ad(y) with eigenvalue zero, a contradiction. O
Definition I1.9.3. A Cartan subalgebra is a maximal toral subalgebra h < g.

Warning. This definition is equivalent to the general definition only under our assumptions
(g semisimple, char K =0, K = K): h < g is nilpotent and Ny(h) = b.

Example. The diagonal matrices in sl,(K) form a Cartan subalgebra b < sl,(K). More
generally, this holds in types A, By, Cy, D,, (Exercise 5.2).

Now let hh < g be a Cartan subalgebra. Then the family
{adg(h) : h € b}

consists of commuting endomorphisms, since

[h1, [he, ] = =[x, [h1, hal] = [he, [z, h1]]
= [h27 [hla J"]L
because [h1,ha] = 0 by Lemma I1.9.2. Thus all adg(h) for h € b are simultaneously diagonaliz-
able:
9= P ga,
aeh*
with
9o ={x €9:[h,z] = alh)x for all h € h}.
Here

go = Zg(h) 2 b.
Definition I1.9.4. We call 0 # «a € h* a root of g with respect to b if g, # {0}. The set
o Ch

of all roots is called the root system of (g,h). For a € @, g, is called the root space of the root
Q.
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We thus have the root space decomposition or Cartan decomposition

g= Zg(h) @ @ fa-

acd
Clearly, |®| < oo.
Next goals:
o Show that Zy(h) = bh and that B|yy is nondegenerate.
e Find as many properties of ® C h* = h as possible.
e Define abstract root systems accordingly.
o Classify abstract root systems by Dynkin diagrams.

e Show that
{g semisimple}/ = <+—1  {abstract root systems}/ = .

Proposition I1.9.5. (i) For «a, € h*, we have
[0, 85] € Gats-

(ii) For 0 # « € b*, every = € g, is ad-nilpotent.
(iii) Let o, 8 € b* with o + 5 # 0. Then g, L gg with respect to B.

Proof. For (i), let € go, y € g3, h € h. Then
[h, [z, 9] = =y, [h, z]] = [, [y, h]
= —ly, alh)z] — [z, =B(h)y]
a(h)[z, y] + B(h)[z,y]
= (a+B)(h)[z,yl.

(ii) follows from (i). For (iii), let h € h with (a+ 8)(h) #0, = € ga, y € g. Then

1
B(z,y) = ———(B(a(h)x,y) + B(x, 8(h)y
(@.9) = (o gy (Bl@h).0) + Bl 5(h))
1
=————(B(lh,2],y) + B(z, [h, =0.
i py Blnaly)+ B [hy))
O
Proposition I1.9.6. B|z (4)xz,() is nondegenerate.
Proof. By Theorem 11.3.7, B is nondegenerate. By Proposition 11.9.5,
Zg(h> =90 1 Ja
for all 0 # o € b*. Thus if z € Zy(h) satisfies B(z, Zg(h)) = 0, then z = 0. O

Lemma I1.9.7. For z,y € gl(V) with y nilpotent and [z,y] = 0, xy is nilpotent and in
particular

tr(zy) = 0.
Theorem I1.9.8. Let h < g be a Cartan subalgebra. Then

Zy(h) = .
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Proof. Set 3 := Z4(h). We proceed step by step.

1) x € 3 = x5,y € 33 We must show that ad(z)s,(h) = {0}. Since adz(h) = {0},
Proposition 11.2.2(ii) implies that

(adx)s,n(h) = {0}.
But (adz)s, = ad(zsy).

2) x € 3 semisimple = x € h: h + Kz is toral since [h, z] = 0. Since b is maximal toral, we
obtain x € b.

3) Bl|yxp is nondegenerate: Let h € b with B(h,h) = 0. If z € 3 is nilpotent, then B(x, h) =0
by Lemma I1.9.7. But then also B(z,h) =0 for all € 3 by 1) and 2). Proposition 11.9.6
implies that h = 0.

4) 3 is nilpotent: If € 3 is semisimple, then = € h by 2), and thus ad;(z) = 0 is nilpotent. If
x € 3 is nilpotent, so is ad;(x) = adg(x)[;. For arbitrary x € 3, we have z = z, + x,, with
Zs, Ty € 3 by 1). Since [xs, ] = 0, ad;(z) is therefore nilpotent. By Theorem 1.7.3 (Engel),
3 is nilpotent.

5) hN[3,3] = {0}: Since

B(b,[3,3]) = B([h,3],3) = B({0},3) =0

this follows from 3).

6) 3 is abelian: Since 3 is nilpotent by 4), [3,3] # {0} also implies that

5,30 Z(5) # {0}
by Lemma 1.7.8. Thus let 0 # z € [3,3] N Z(3). By 2) and 5), z is not semisimple, that
is, 0 # 2z, € 3 by 1). Hence z, € Z(3), since ad(z,) = (ad z), = p(ad z) for a polynomial
p € K[X] with p(0) = 0 by Proposition I1.2.2(ii). But then Lemma I1.9.7 implies that
B(zn,2') =0

for all 2’ € 3, contradicting Proposition I1.9.6.

7) 3 = b: Suppose there were z € 3\ h. By 1) and 2), we then have 0 # z, € 3. By 6) and
Lemma I1.9.7, we then have B(z,,3) = 0, again contradicting Proposition I1.9.6.

O
Corollary II1.9.9. Bl is nondegenerate.
We thus obtain an isomorphism
b* S h, @ ta,
where t, € § is uniquely determined by
B(ta,h) = a(h)
for all h € b. In particular, we have the finite set

{ta € @} Ch.
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III. Root Systems

Let g be semisimple with Cartan subalgebra b C g and root system ® = ®(g,b).

III.1. Properties of the Root Space Decomposition

Theorem III.1.1. Let a € ®. Then:
(i) K& =bh*.
(ii)) —a € P.

(iii) For € gqa, Yy € g—q, we have
[z,9] = B(z,y)ta-

(iv) (8, 9-a] = Kta.
(v) a(tey) = B(ta,ta) # 0.
(vi) For 0 # x4 € gq, there exists yo € g_q such that

<$a7 haayoc>K = E[Q(K)v

a:»—>01 h'_>10 '_>00
e} 0070& 0_17yOé 107

and ha = [xomya]'

with

(vii)
ho = =t h_q = —ha.

Proof. (i) Linear algebra:
K®=b" < ()] kera={0}.
acd

If (i) does not hold, there exists 0 # h € h with «(h) = 0 for all & € . But then
[h,h ® P ga] = [h,0] =0,

acd
that is, h € Z(g) = {0}, a contradiction.
(ii) Proposition I1.9.5(iii) states that
B(ga,85) =0

for all —a # 8 € h*. Since g, # 0 and B is nondegenerate, Theorem I1.3.7 implies that
g-a # 0.
(iii) For all h € b, we have
B(hv [.I‘, y]) = B([ha :U]v y) = B(Oé(h).%, y)
= B(ta,h)B(x,y) = B(B(x,y)ta, h).
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Thus
B(z,y)ta — [z, y] € Rad(Blyxpy) = {0}
by Corollary 11.9.9.
(iv) By (iii), it remains to show that By, xg_, 7# 0. But we have just seen this in (ii).
(v) As above, we find = € g,, y € g_o with B(z,y) = 1, so [z,y] = t, by (iii). If a(ts) =0,
then
[ta,x] = [ta,y] = 0.

Thus s = (z,y,ta)x and adg(s) C gl(g) are solvable. By Theorem I1.1.2 (Lie), adg(tq
nilpotent, since t, € [s,5]. Since t, € b, however, ady(t,) is also semisimple, so adg(ta)
that is, t, € Z(g) = {0}, a contradiction.

(vi) For 0 # 24 € gq, choose y, € g_, with

)

2
B(za,ya) = m
Then (iii) gives
ha = [TasYa)] = B(Ta, Ya)ta = B(tf,ta)ta'
Moreover,
[has o] = a(ha)To = 224, [has Yo] = —a(ha)Ya = —2Yq-

(vii) a(hqy) = 2 forces the formula for h,. The element ¢_,, is defined by
B(t_q,h) = —a(h)
for all h € b, so t_, = —ty. It follows that h_, = —hq. O

For o € @, let sI5 C g now be constructed as in (vi).

We consider the representation
adg: sly — gl(g).

V:b® @gca

ceK*

First, consider the submodule

(see Proposition 11.9.5(1)). Its weights are 0 and
(ca)(hq) = 2¢

for all ¢ € K* with g, # 0. By Corollary 11.8.4, we have ¢ € %Z C K. We have Vj = h and
[s15, ker a] = {0}, that is,
kera CHhCV

is a trivial submodule that decomposes into dim hj — 1 irreducible one-dimensional submodules.
Moreover, sl5 C V is an irreducible submodule with

sl Nh=Khg and ha ¢ ker a.

Thus —2, 0,2 are the only even weights in V. In particular, 2« ¢ ®. Since o € ® was arbitrary,
it follows that «/2 ¢ ® as well, that is, 1 is not a weight of V. Corollary I1.8.4 therefore gives

V =kera @ sl3,

and hence dim g, = 1, and +a are the only multiples of v in ®.
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Theorem III.1.2. (i) For o € ®, we have dimg, = 1 and
5[(21:90(@9—(1@](}%” Khy = [ga,G—a]-

For 0 # x4 € ga, there exists a unique y, € g_o with

2ta
B(ta,ta)

[xou ya] =ho =

(ii) If « € ® and ca € ® for ¢ € K*, then ¢ = £1.

We now consider the action of s[5 on gg for § € ® with 3 # +a.
To this end, let

V= @ 9B+ia-
1€EZ
By Proposition 11.9.5(i), this is again an sl5-module with weights
(B +ia)(ha) = B(ha) +2i € Z

and one-dimensional weight spaces. Since dimg (Vo@ V1) = 1, V is irreducible (Corollary 11.8.4).
The highest and lowest weights are

B(ha) + 2q and B(hy) — 2,

respectively, where ¢ and r are the largest integers for which § 4+ qa € ® and 8 — ra € P,
respectively. Theorem I1.8.3 then gives

B+ia e d (—r <i<q)

and
B(ha) +2¢ = _(B(ha) - 27“)'
Thus
ﬂ(ha) =r—q,

the “left overhang” of the a-string through g:

B(he) = —3 -1 1 3

M
«

We call (B(ha))a,peca the Cartan integers of ®.
Theorem II1.1.3. (i) For o, 8 € ®, we have 3(hy) € Z and
/8 - ﬁ(ha)a € .

(ii) For a, B, + B € ®, we have
(90, 98] = Gatp-

(iii) For o, 8 € @, B # +a, let r,q € Z>p be maximal with § —ra, 8+ qo € ®. Then
B+iace d (—r <i<q)
and B(hy) =1 —q.

(iv) The root spaces g, for a € ® generate g.
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I11.2. Geometry of the Root System

For «, B € h*, set
(o, 8) = B(ta,tﬁ)-

By Theorem II1.1.1(i), there exists a basis aq, ..., a, of b* consisting of roots.

Proposition II1.2.1. For g € @, let

n
B=> cioy
i=1
with ¢; € K. Then ¢; € Q for all i.

Proof. Applying 2(—, oj)/(y, o) gives the system of linear equations

5 (B, 05) -3 L) ey
(o, 05) 5 (ay,04)

—_——— —

Blha;)=:b;€Z (o )=iaij €L

by Theorem III.1.3(i), with
A= (a;j)" € Mat,xn(Z), c=(c1,...,cn) €K", b= (b1,...,b,)" €Z".
We have

j:1&W’aﬂ

det A = (ﬁ 2) det((a, o)) € Z\ {0},

since Blpxpy is nondegenerate. Thus the system of linear equations has a unique solution
ceQm. O

For
Ey=Q® C h”

we therefore obtain dimg Eo = n. Moreover, for A, € h*, we have

(p) = Bt ty) = Y alta)alt,) = 3 (0 A) (0, ).

aced acd

In particular,

2
6.0 =T (@p? = =Z(<O"5)) cQ

QG(I) (57/6) aE(I) (675)
for g € @, that is, (8, 5) € Q, since 2(«, 8)/(B, 5) € Z. Hence («, ) also lies in Q. Therefore
the restriction of (—, —) to Fy is a nondegenerate symmetric Q-bilinear form.

For 0 # A =" q;«a; € Ey, we have

(A A) = tr((adty)?) = Y a(ty)? > 0.

acd
Thus (—, —) is positive definite. Hence (—, —) makes
E =R ®q F

into a Euclidean space.
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Theorem II1.2.2. (i) ® C E\ {0} and R® = E.
(ii) Let o € ® and ¢ € R. If ca € @, then ¢ = £1.
(iii) For o, 8 € ®, we have

(iv) For a, 8 € ®, we have 2(5,a)/(a,a) € Z.

II1.3. Abstract Root Systems

Set

(B,0) =

Observation: The map
oa(B) =B — (B, a)x

is the reflection in the hyperplane of ¥ with normal vector «.

Definition III.3.1. Let E be a Euclidean space. A finite subset ® C F is called an abstract
reduced root system if:

(W1) @ C E\ {0} and R® = E.

(W2) For a € @, the only multiples of a in ® are the roots *a.

(W3) For a € ®, we have 0,(P) = ®.

(W4) For a, 8 € ®, we have (5,a) € Z.

The rank of ® is n =dim E.

Definition III1.3.2. The Weyl group of ® is
W(®) = (04 : € &) C GL(E).
By (W3) and (W1), W(®) is finite.

Examples.
Rank Root system Weyl group
1. Ay D W =7/2
2: A1 x Ay —'— W%Z/QXZ/Q
2: A, >'< W S,
2: By % W =2 (Z/2)? x Z/2
2: G2 % W= D6



Examples Rank 3.

Az WS,
Bs W 22 (7/2)3 x S3
Cs W = (Z/2)% x Ss.

Definition ITI.3.3. A morphism of root systems
(E,®) — (E',®')
is an R-linear map f: E — E’ with f(®) C & and
(f(B), f()) = (B, ).
This also defines isomorphisms and automorphisms.

Note that
o) (f(B)) = F(B) = (f(B), f(a)) f(a) = f(oalB))-

If f is an isomorphism, then
W(®) — W(®), o+ fof!
is therefore an isomorphism of groups. We have an inclusion
W(®) C Aut ®

(injectivity requires proof; exercise: W (®) < Aut @).

We have

(B, a) :2M cos 0, 0=/(8,a),

[lee]
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SO
(B,a)(a, B) = 4cos’ 0 € {0,1,2,3,4}.

If 8 # +a and ||B]| > ||c||, only the following possibilities remain:

(a,B) | (B,) | 0 | IB]l/lall
0 0 /2 —

1 1 | /3 1
—1 -1 | 27/3 1

1 2 /4 V2
-1 | =2 [37/4| V2

1 3 /6 V3
~1 -3 |57/6| V3

Observation. If o, € ®, a # 3, and (o, §) > 0, then o — 5 € .

Definition II1.3.4. A base of (E, ®) is a subset A C ® such that:
(i) Ais a basis of E.

(ii) For every a € @, we have

o= Zkﬁﬁ,

BeA
where either kg € Z>( for all 8 € A or kg € Z< for all 8 € A.

Accordingly, « is called positive or negative. Once A has been chosen, we call each @ € A a
simple root.

Observation Construction. Choose

ve B\ | Ra)*
aced

(a regular vector) and set
F(y) ={a e ®: (y,a) > 0}.

Then
B =T (y)U—-0F(v).

We call o € &1 () decomposable if « = 8+ § with 3,8 € @ (). Then the indecomposable
roots in ®* () form a base A = A(7), and every base arises in this way.

Observation. If o, € A and « # 3, then (o, 3) < 0.

Definition II1.3.5. The connected components of

E\ |J Ra)*

acd
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are called (open) Weyl chambers. For a base A C @,

c(A) = ﬂ{:):EE:(ac,a)>0}

a€A

is called the fundamental Weyl chamber of A. Every Weyl chamber is fundamental for exactly
one base A C .

We have
P (y) =0T (Y) <= A(7) =A®) <= C(A(y)) =C(AR)).

For 0 € W(®), the equality (ca, o) = («, ) implies that
o(@7(y)) = @7(07), o(AWM)) =A(0y), o(C(AW)) = C(A(o7)).

Observations. « W acts simply transitively on the Weyl chambers, the bases, and the sets
of positive roots.

e We have
W ={(oq:a€A).

Definition ITI.3.6. We call (E, ®) irreducible if

d =D LDy, P 1 Py
implies that ®; = & or &9 = .
Defining irreducibility for bases in the same way, we have

® irreducible <= A irreducible.
Proposition I11.3.7. Let ® be irreducible. Then W ~ FE is irreducible.
Proof. If 0 # E' C E is W-invariant, then so is (E')*. For a € ®, we have
aeE o ECRa) (<= ac(E).

(Exercise 7.1.) Since ® is irreducible, we obtain ® C E’ or ® C (E')*. Since R® = E and
E’ # {0}, we obtain ® C E’ and hence E' = E. O

Proposition III1.3.8. Let ® be irreducible. Then there are at most two distinct root lengths
in ®, and the orbits of W ~ ® are the sets of roots of the same length.

Proof. Let a, 8 € ® with ||8|| maximal. By Proposition II1.3.7, we have (Wa)r = E, so
without loss of generality, («, ) # 0. Then

i1l € {1,v2,V3}.

lev]
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If all three cases occurred, there would be ay,as € ¢ with

18l _ 5 Bl _ e

ol = ozl =
SO
loull _ /3
Joal] = V2

contradicting the possible length ratios after replacing a; by an element of its W-orbit that is
not orthogonal to as.

Now let a, f € @ with ||| = ||5]|; again, without loss of generality, («, 3) # 0. If § = +a,
both roots clearly lie in the same W-orbit. Otherwise,

{a,B) = (B,a) = £1.

Since 03() = —f, we may assume without loss of generality that («, 3) = 1. Then

(0a0804)(B) = 0a0p(B —a) =0a4(f —a—f) = a.

I1I.4. Classification of Root Systems

Let (E,®) be a root system with Weyl group W and base

A={o,...,ap} C .

Definition IT1.4.1. We call
A= (<a’i7 C“]A>>Zj=l € Matan(Z)
the Cartan matriz of ®.

It is well defined up to simultaneous permutation of its rows and columns, since W acts
transitively on the bases, and it is invertible by the argument in the proof of Proposition I11.2.1.

Examples.

2 0 2 -1 2 -1 2 -1
A1><A1:<0 2), A2:<_1 2>, B2:<_2 2), G22<_3 2).

Observation. If (E',®') and A’ = {a], ..., } satisfy
(af, ) = (v, o),

then a; — o defines an isomorphism (E, ®) = (E/, ®').

Root systems are uniquely determined by their Cartan matrices. Conversely, the root system
can be recovered from a Cartan matrix (root strings).

Definition II1.4.2. The Cozeter graph of ® has vertex set A, and for ¢ £ j, the vertices «;
and o are joined by
<ai7 Oéj><0éj, ai> S {07 17 23 3}

edges.
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A1 . (@) A1 X Al : O (@) A2 : o——-O
By: O—0O Gy: O==0 A3 O—O0—O

Bz3: O—0—0 C3: O—0O—0

To recover the Cartan matrix from the Coxeter graph, we still need to know which root is
longer when o=—o0

or =0

occurs. Adding “<” or “>" accordingly gives the Dynkin diagram of ®.
By: O==0 Gy: O==O

B3: O—0==0 C;: O—O0=<=0
Observation. @ is irreducible if and only if A is irreducible, which holds if and only if the
Dynkin diagram is connected. For a general ®, we have a unique decomposition
O=0q - UD,

in
E=FE1® - -®E,, E; L E; (1 #j),
with (E;, ®;) irreducible.

It therefore remains to classify the irreducible root systems or, equivalently, the connected
Dynkin diagrams.

Theorem III.4.3. The isomorphism classes of irreducible root systems of rank n correspond
to the following Dynkin diagrams:
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1 2 3 n—1 n
B, (n>2) oO—0O0—o0 O0—0O=—0
1 2 3 n—2 n-—1 n
classical
types
C, (n>3) o0—0—o0 O0—0=<=0 P
1 2 3 n—2 n-—1 n

O—O—QE—O—O
EG :
O—O—2E—O—O—O
E7 :
2
exceptional types
Eg :

Fy: O—O0=—=—0—=o0
1 2 3 4
Gs - O0==0
1 2

Proof. We need to show:

1.) Isomorphic root systems have the same Dynkin diagram.

2.) Only the listed Dynkin diagrams can occur.

3.) Root systems with the same Dynkin diagram are isomorphic.

4.) Every listed diagram is the Dynkin diagram of a root system.

1.) and 3.) are clear, since the Dynkin diagram is simply a compact notation for the Cartan
matrix.

For 2.), it is equivalent to show that only the underlying Coxeter graphs can occur. To this
end, we call a subset

{e1,..-,¢en}
of linearly independent unit vectors in a Euclidean space (E, (—, —)) admissible if
(ei,5) <O (i #75),  4ei,e))” €{0,1,2,3} (i # ).

Note that A C ® becomes admissible when each o € A is replaced by a/||a||. As before, we
obtain a graph I' with n vertices by joining the ith and jth vertices by 4(e;, £7)? edges for
1 # j. We need to determine the connected graphs arising from admissible sets.

Observations. (i) {e1,...,&;,...,&,} is again admissible and corresponds to removing the
ith vertex together with its incident edges.

(ii) The number of pairs of adjacent vertices is less than n. We have

n
0< HZ&ZHQ =n+ 22(@,@-),
i=1

1<j

38



and (e;,€;5) # 0 implies 2(gj,¢5) < —1.
(iii) The underlying simple graph of I' has no cycles. This follows from (i) and (ii).
(iv) At most three edges are incident to each vertex of I'. Let ¢ be one of the admissible

vectors, and suppose that ¢ is joined to n1,...,n,. By (iii), (m,n;) = 0 for i # j. Let
Mo € <E77717 e 777k>R N <7717 e 777k>]fz§ SatiSfy HUOH = 1. Then (67770) 7é O? S0

k
L=llel? =D (e,m)?
i=0
implies
k
Z4(6,17i)2 < 4.
i=1

(v) A triple edge occurs only in I' =o—o . This follows from (iv).

(vi) Every subgraph of type A, o—o—o--0—o0 | can be replaced by a single vertex.

Ei+1 i+l
We show that
¢
{e1, - €0irEintr1s - En} U D iy
j=1
——

=

is again admissible. We have

lel|? = ¢+ 2 Z(sz-ﬂ',a”k) =l+(-1)(-1)=1.
i<k

By (iii), for every other vertex n € {e1,...,€i,€it441,---,En}, we have (n,e) = 0 or
(n,€) = (1, €i44,) for some jo € {1,...,¢}. It follows that

4(n,e)* € {0,1,2,3}.

(vii) I has none of the following subgraphs:

e
e o

This follows from (vi) and (iv).

(viii) T' must have one of the following forms: a chain with only single edges, a chain with
exactly one double edge, G2, or a tree with exactly one branching vertex and three arms
of lengths p—1,¢q — 1,7 — 1:

o0—oO o0—=oO o—=oO o0—=oO O o0—=oO
r—1 ¥e)
O===0 o—-=oO
p—1
¢g—1 ©
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By (v), a triple edge can only occur on its own. If there were more than one double edge, I'
would have a subgraph o=0—-o-----0—o0=0

contradicting (vii). If I" has a double edge, it has no subgraph o—o< , since otherwise there

would also be a subgraph o=—=0—o o—o<

contradicting (vii). By (iii), the only remaining possibility is o—o--o0—o=0---0—o0 . If T’

has only single edges, I can have at most one subgraph of the form o—o<

since otherwise :>O—o o—o<

would occur, contradicting (vii). By (iii), only the first and the last graphs in (viii) remain.

(ix) If I has the form o—o--0—o=0-+0—o0 , then I' has type B, /C, or type Fy. This
follows by a somewhat more involved argument using the Cauchy—Schwarz inequality.

(x) If T has the last form in (viii), then I" has type D,, E¢, E7 or Eg. This follows by a
clever argument that includes deriving the inequality

1 1 1
S+-+=->1
poq

For 4.), the classical types arise as the root systems of the classical matrix algebras in I.2(ii).
For the five remaining exceptional types, one can give explicit constructions; for example, for
GQ:

b = :|:{€1 — &9, €9 — &3, €1 — €3, 281 — &2 — &3, 282 — &1 — €3, 253 — &1 — 62}

in
E = {(z1,22,23) € R® : 21 + 23 + 23 = 0}.

II1.5. Automorphisms of Root Systems

By Exercise 6.2, we have W (®) < Aut ®. For a fixed base A C ®, let
SymA ={oc € Aut®: o(A) = A}.
For o € Aut ® and all o, 5 € ®, we have
(oo, 00) = (a, B).

Thus each o € Sym A is given by a symmetry of the Dynkin diagram. Conversely, every such
symmetry extends to an element ¢ € Sym A, so Sym A can be identified with the group of
symmetries of the Dynkin diagram.

Lemma III.5.1. We have
Aut ® = W (P) x Sym A.
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Proof. If o € W(®) N Sym A, then o = idg, since W acts simply transitively on the set of
bases. For o € Aut ®, the set 0(A) is a base, so there exists 7 € W(®) with 70(A) = A, that
is,
o= 1_° (Too).
EW(®) €Sym A
O

Clearly, Sym A = Z/2 for A,, (n > 2), D,, (n > 5), and Eg, while Sym A = S3 for type Dy
(triality). For all other types, Sym A = 1.

I11.6. The Conjugacy, Isomorphism, and Existence Theorems

Classification scheme (recall that char K =0, K = K):

{simple Lie algebras}/= A {irreducible root systems} /=

A {connected Dynkin diagrams}/=.

It remains to establish:

1. Well-definedness: independence of the choice of a Cartan subalgebra § C g.
2. Injectivity: if (E, ®) = (E’,®’) for g,¢’, then g = ¢'.

3. Surjectivity: if ® is irreducible, there is a simple g with root system ®.

Theorem III.6.1. Let g be semisimple with Cartan subalgebras b, §’ C g. Then there exists
f € Int g such that

f(6') =b.
Proof. Involved; Humphreys, §§15-16. O

Theorem IIL.6.2. Let g, g’ be simple with Cartan subalgebras h C g, §’ C g¢’, and let

p: d = @' be an isomorphism of root systems. This induces f: h — b’ with p(a)o f = a. Let
A C @ be a base; it induces A" = p(A) C @', Choose arbitrary 0 # z, € g, and 0 # 2}, € gfp(a)
for a € A. Then there is a unique isomorphism

gl

e

F:g

with
Fly=f,  F(za) =,

for all o € A.

Proof. Let y, € g—o and y), € glw(a) for « € A be as in Theorem II1.1.1(vi). Let D Cg® ¢
be generated by
{20 ® 2L, Yo ® YL, ha ®hl, € A}

For the projections

g g

both p|p and p/|p are isomorphisms (Humphreys, §14.2). Set F = (p/|p) o (p|p)~". O
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For a set X,
FX) =X)L CPRKX
n>0 i=0

with the commutator bracket is called the free Lie algebra on X.

Theorem II1.6.3, Serre. Let ® be irreducible with base A = {ay,...,a,}, and let g be the
quotient of F({z;,yi, hi : 1 < i < n}) by the ideal generated by the relations

[huh ] =0,

i, yi] = ha, [i, y;] =0 (i #J),

[hi, 5] = (o, i) xj, [hi, y;] = —{aj, 2)y;,
(ad ;) ‘@t (@) = 0, (ady;) ™ ;) = 0 (i # ).

Then g is finite-dimensional and simple, with Cartan subalgebra (h;)x and root system ®.

Proof. Humphreys, §18. O

II1.7. Automorphisms of Simple Lie Algebras

Theorem II1.7.1. Let g be simple with Cartan subalgebra h C g and base A C ®. Then
Autg = Int g x Sym A.

Proof. By Theorem I11.6.2, for every o € Aut ® we obtain an element ¢ € Aut g inducing the
action o on ®. After fixing a choice of simple root vectors, the map Sym A — Autg, o — &,
defines an embedding as a subgroup. Let g € Aut g be arbitrary. By Theorem II1.6.1, there
exists f € Int g with f(g(h)) = h. We then obtain

o€ Autd

from the action of fog on ® C h*. By Lemma IIL.5.1, there exists 7 € W(®) with 70 € Sym A.
We can now choose 7 € Int g so that

g:(?of)_lom

with (7o f)~! € Intg and 76 & € Sym A, where we identify Sym A with its image in Aut g.
For
IntgNSymA = {1}

we refer to Bourbaki, Lie TIL.5. O
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A. Exercises

Exercise Sheet 1

Exercise 1.1. Verify that
5020 (K) C gly, (K)

is indeed a subalgebra.

Exercise 1.2. Show that, for

the following hold:
() [on(K), nn(K)] = nn(K),
(i) [t (K), tn(K)] = np(K).

Exercise 1.3. Suppose that the matrix x € gl,(K) has n distinct eigenvalues ay,...,a, € K.
Show that
Q; — Qy, 1§2,]§TL7

are the eigenvalues of ad x.

Exercise Sheet 2

Let g be a Lie algebra over K.

Exercise 2.1. Let a<g be an ideal. Show by induction that
(D"(g) +a)/a= D"(g/a)

for all n > 0.

Exercise 2.2. Show that
g/ Rad(g)

is semisimple.
Exercise 2.3. Show that g is solvable if and only if there is a sequence
g=go>g > -->gp={0}

with g;/gi+1 abelian for i = 0,...,k — 1.
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Exercise Sheet 3

Exercise 3.1. Let g be nilpotent and let h C g be a subalgebra. Show that
b & Ny(b).
Exercise 3.2. Let g be a Lie algebra and let a < g be such that g/a is nilpotent and
(ad )l
is nilpotent for all x € g. Show that g is nilpotent.

Exercise 3.3. Show that every nilpotent Lie algebra {0} # g has an outer derivation.
Hint: Use g = a® Kz with a<g. Then Zj(a) # {0}. Choose n maximal such that

Zy(a) € C"(g)

and any
2 € Zy(a) \ C" ().

Then 6: g — g, defined by 6|, = 0 and §(z) = z, is an outer derivation.

Exercise Sheet 4

Exercise 4.1. Show that the Killing form B of a nilpotent Lie algebra g vanishes.
Exercise 4.2. Show that a Lie algebra g is solvable if and only if

[g,9] € Rad B.
Exercise 4.3. Find a solvable Lie algebra g with B # 0.

Note. From now on, char K = 0 and K = K are assumed in the exercises as well.

Exercise Sheet 5

Exercise 5.1. Construct an irreducible sly (K )-representation of each dimension > 1.

Hint: Lemma I1.8.2. To verify the module axioms, it suffices to show that the endomorphisms
x, h,y satisfy the same commutator relations as x, h,y € sly(K).

Exercise 5.2. Show that, in the classical Lie algebras of types A,, By, Cy, Dy, the diagonal
matrices form a Cartan subalgebra of dimension n.

Exercise 5.3. Let g be semisimple and let h C g be a Cartan subalgebra. Show that

Ng(b) =b.
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Exercise Sheet 6

Exercise 6.1. Show that there is no semisimple Lie algebra of dimension four, five, or seven.

Exercise 6.2. Show that, for every root system ® C FE, the Weyl group W is a normal
subgroup of Aut(®).

Exercise 6.3. Let ® C E be a root system. For a € E'\ {0}, let

2
ozv:ia, oY ={a":ac d}.
(a, @)

Prove that ®V is a root system and that there is a canonical isomorphism
W (®) = W(eY).

Also show that

<aV7/BV> = <67 a>
(for the Cartan integers), and draw ®,®" C E for ® of types Ag, B2, Go. Does ® = &V hold
in general?

Exercise Sheet 7

Let (E, ®) be a root system and let A C ® be a base.

Exercise 7.1. For a subspace £/ C E and o € ®, suppose that
oo(E") =FE'.

Show that either o € E’ or
E' C (Ra)t.

Exercise 7.2. Let a € ® be simple. Show that

0a(®7\ {a}) € @7\ {a}.

Exercise 7.3. Let

p=%Zﬁ

Bedt
and let @ € A. Show that
oalp) =p—a.

Exercise 7.4. Let 0 € W(®) be the unique element such that
o(®T) =",

Show that, in every expression

0' fr— 0-061 DY O'ak:
of o as a reduced word with a; € A, every o, for « € A must occur. For which irreducible
root systems of ranks two and three do we have

oc=—1idg?
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B. Solutions

Solution 1
1.1. Clearly, s09,(K) C gly,(K) is a K-linear subspace. Let x,y € s02,(K), that is,

zI'm+ma =0, yI'm+my =0, m:<0 I”).

I, O
Then
[z, 9] m 4+ mla,y) = (zy — ya)'m + m(zy — yz)
= yTﬂ:Tm - xTmi + mxy — myx
=y' (—mz) — 2" (~my) + (~z"m)y — (~y"'m)z

=0.

1.2. (i) First, for each basis vector
e; = diag(0, . ..,0,1,0,...,0)
of 9,,(K), we show that
lei, z] € n, (K)

for all x € n,(K). Indeed,
[ei, ] = e;x — ze;.

The first matrix can have nonzero entries only in the ith row, and the second only in the ith
column. Since ;1 =+ =x4 =0 and x;; = - - - = xp; = 0, this is a strictly upper triangular
matrix. Thus

[0 (K), nn (K)] € 0 (K).

Let E;j be the (n x n)-matrix with a one in position (¢, j). For i < j, we have
lei, Eij] = Eij,

so we also have

nn(K) C [on(K), 1y (K)].

(ii) The inclusion
[t (K), a(K)] € 1, (K)

follows immediately from (i), and the reverse inclusion also follows from (i), since

to(K) = 0,(K) ® n,(K).

1.3. By assumption, the characteristic polynomial of = € gl,,(K) splits into distinct linear
factors. Hence there is a basis of eigenvectors for z, and we may assume that

x = diag(aq,...,an).

Then
ad ZE(El) = [l’, Ez‘j] = l’Eij — Eij{E = OéiEij — ajEl-j = (Oéi — aj)Eij-
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Solution 2

2.1. Base case: We have

(D°(g) +a)/a=g/a= D°g/a).
Induction step: Let
prg—>g/a

be the canonical map. Then

(D"(g) +a)/a = p(D"(g))

o([D"Y(g), D" (g)])

= [p(D" (), 2(D" " (g))]
induction_hypothesis [D"(g/a), D"} (g/a)]
= D"(g/a).

2.2. Let a<g/Rad(g) be a solvable ideal and define
b=¢"'(a), ¢:g— g/Rad(g)
using the canonical map. Then b < g, since for z € b, y € g we have
o[y, z]) = lo(y), p(2)] € a,
so [y, x] € b. Moreover, b is solvable by 1.6.3, since ¢(b) and b N Rad(g) are solvable. It follows
that b C Rad(g), so a = ¢(b) = {0}. O
2.3. If g is solvable, the derived series
g=Dg>D'g ... >D'g=0

has the required properties, since

implies that D'g/D*"!g is abelian.

Conversely, if there is a sequence

with g;/gi+1 abelian, we prove 4
D'gC g,

by induction. The base case Dg = g = go is clear. Since g;/g;11 is abelian, for all z,y € g;
we have
[T+ gi+1,Y + 8i+1] = i1,

that is, [,y] + gi+1 = git+1, 0 [z,y] € gi+1. Hence
D't'g = [D'g, D'g] C [gi, 9] C git1-

Since gj, = 0, it follows that DFg = 0.
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Solution 3

3.1. Applying 1.7.5 to
adb C gl(g/h)

yields an element x + h # 0 such that

[b,2] € b.
That is, x € Ng(h) \ b, so

b & Ny(b).

3.2. Since g/a is nilpotent, there is some N > 0 such that

¢ (g/a) = {0},

that is,
cN(g) Ca.

Thus, for each x € g, we have
(ad )V (g) € CN(g) C a.

By assumption, there is some 7 = r(z) with (adx)"|, = 0. Thus (ad2)"*" = 0 on g. By
Engel’s theorem, g is therefore nilpotent. O

3.3. There is an ideal a < g of codimension one: since g # 0 is nilpotent, we have

0 < dimg/[g, g

Choose any subspace @ C g/[g, g] of codimension one and set a = p~!(@) for the canonical map
p: g — g/lg, g]-

As seen above, a<g and

dim a = dim @ + dim(a N [g, g])
= (dim g — dim[g, g] — 1) + dim][g, g]
=dimg—1.

Choosing = € g\ a, we obtain
g=ad Kx.

If a =0, then Zg(a) = g # 0. Otherwise, Z(a) # 0 because a is nilpotent, and because
Z(a) € Zy(a)

we have Zg(a) # 0 in either case.

Let n be maximal such that
Zg(a) CC"(g)

and choose
z € Zg(a) \ C"(g)

and x € g\ a. Then g =a® Kx. Define 6: g — g by
dla =0, o(x) = z.

48



This is a derivation. Indeed, for ai,as € a and A, A2 € K, we have
[a1 + Az, a2 + Aex] = [a1, a2] + Az, az] + A2[a1, z] € a,
80 6([a1 + A1z, a2 + A2x]) = 0. On the other hand,

[6(0,1 + )\1%), as + )\21‘] + [a1 + )\1.’E, 5(&2 + )\21’)]
= [A1z,a2 + \oz] + [a1 + Mz, \ao2]
= A1z, a2] + M A2z, z] + Aalai, 2] + A1 A2z, 2]
=0.

Suppose there were some y € g with § = ady. Then we would have
[y;a] = d(a) = 0,
so y € Zg(a) C C"(g). Hence
2=6(z) = [y,z] € C""(g),

a contradiction. Thus ¢ is an outer derivation.

Solution 4

4.1. Let g be nilpotent and let x,y € g. Then
adz ady € End(g)
is nilpotent. Indeed, for all z € g we have
(adx ady)"z € C*"(g),
and C?"(g) = 0 for n >> 0. It follows that

B(z,y) = Tr(adx ady) = 0.

4.2. Let g be solvable. By Lie’s theorem, there is a basis of g with respect to which
adg C t,(K).
Consequently, for z € [g, g] we have
adz € [t,(K), t,(K)] C n,(K).
Thus ad x ady is a strictly upper triangular matrix for all y € g, and
B(z,y) = Tr(adz ady) = 0.

Hence [g, g] € Rad B. The converse is the statement of Corollary 11.3.4.
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4.3. Counsider the Lie algebra g with basis {z,y} and
[z,y] ==
To verify the Jacobi identity, it suffices to compute
[, [z, yl] + [z, [y, vl + [y, [y, 2]] = =2 + 0+ 2 = 0.

We have
D?g = [Kz, Kz] = {0},

so g is solvable. With respect to the basis {x,y} C g, we have
-1 0
ady = ( 0 0) .

B(y,y) =Tr <(1) 8) =1#0.

Thus

Solution 5

5.1. Define
V(im)=Kvg®--- & Kovp,

with the sly(K)-action from I1.8.2:
h.v; = (m — 2i)v;, y.v; = (1 4 1)viy1, xw;=(m—1+ 1)v;_q,

where v_1 = vy,+1 = 0. We show that this defines a homomorphism ¢: sly(K) — gl(V(m)).
First,

[h.,x.]Jv; = (h.x. — z.h.)y;
=(m—i+ 1)hwvi_1 — (m—2i)x.;
=(m—i+1)(m—20—1))vi—1
—(m—=2i)(m—i+ 1)v,_;
=2(m —i+ 1)vi1 = 2z.v; = [h, x].v;.

Next,
[h.,y.Jvi = (h.y. — y.h.)v;
= (i + Dhwirr — (m — 20)y.v;
= (Z -+ 1)(m — 2(i + 1))’1%.;,.1 — (m — 22)(2 + 1)vi+1
= —=2(i + Dviy1 = —2y.v; = [h,yl.v;.
Finally,

[z, yJvi = (2.y. —y.2.)v;

= (i+ D)zvigr — (m =i+ Lyvia
=0+ 1D(m—iv;—i(m—i+ 1)y
= (

m — 2i)v; = hv; = [z, y].v;.
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Let {0} # W C V(m) be an invariant subspace and let

m

0 75 w = Z Aiv; € W.

i=0

Let 79 be maximal such that \;, # 0. Then
0 # p(z)°w € Ky,

so W = V(m), that is, V(m) is irreducible.
5.2. Let g be one of the classical Lie algebras. By I1.7.2, the diagonal matrices form a toral

subalgebra 0 C g. If t D 0 is toral and = € t, then z is diagonalizable and commutes with all
y € 0 by 11.9.2. In the respective types, the matrices

Ap: By —Eppip41 €0 fori=1,...,n,
B, : Ei'_En+i,n+i€a fori=2,...,n+1,
Cn, D, : Ei‘_En—&-i,n—f—iea fore=1,...,n

determine a simultaneous eigenspace decomposition with one-dimensional weight spaces, so x
must be diagonal. Thus t =9, and 0 is maximal toral. The list also shows that

dimd = n.

5.3. Let € Ng(h). Write

x:h0+2xa
acd

according to the Cartan decomposition. Then, for all h € b, we have
ho[hx]= Z a(h)xy € @ Jas
acd aced
so [h,z] € h N Daeca 9o = {0}. That is, [h, 2] = 0, and hence z € Z4(h) = b by 11.9.8.

Solution 6

6.1. Since roots occur in pairs +a,
dim @ Oa
acd
is even, so
dimg =dimbh (mod 2).
Thus, if dim g = 4, we would have dim h = 2, since there is always a Cartan subalgebra h # {0}
and g is not abelian. But then we would have

¢ = {£a}

for some « € h*, contradicting (®) = h*.

If dimg = 5, then dimh = 1 or 3. If dimh = 1, we must have & = {£a}, so dimg = 3, a
contradiction. If dimbh = 3, we must again have ® = {+a}, again contradicting (®) = h*.

If dim g = 7, we initially obtain dimh = 1,3 or 5, but we exclude the cases dimfh =1 and 5 as
above. If dim h = 3, we must have
@ = {:l:a7 iﬂ}?

which again contradicts (®) = h*.
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6.2. Let 0, € W be a generator and let 7 € Aut ®. Then, for g € &, we have

Toam (B) = T(771(B) — (r1(B), ) a)
=B (B,7(a)) 7(a)
= 07(a)(B)-

Since R® = F, it follows that
e Or(a) in GL(E).

Since every g € W has the form

g =0q,0 000,

for aq,...,ar € ®, we have

TgT_l = Or(a1) O--- OUT(ak) cW.

6.3. Axioms (W1) and (W2) are clear for ®V. Let a¥,3¥ € ®". Then

0av(8Y) = 0a(8Y) = 0a ((62,66)>

2 %0.(8) .
=9 = GaBroad) €

This proves (W3). Finally,
_2(8Y,eY) _2(B,0)

oo =Tavan) = (5 ~ PR

This proves (W4). The isomorphism

W(®) =W (dY)
follows from o, = o,v for all a € ®. The identity

(8Y,0") = (. B)
was established above.
The diagrams are:

Ay By Go
is self-dual oo o ¢V

In general, ® = &V does not hold; for example,

By = Cs.
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Solution 7

7.1. If there is an x € E’ with (z,«) # 0, then we also have

2(x, )

e L.
(a,a)

Thus o € E'. Otherwise, (z,a) =0 for all z € E’, so E' C (Ra)*.

7.2. Let B € &1\ {a} and write

B:Zn’Y’% 71720

YEA

The coefficient n., for v # a in
oa(B) =B — (B, a)a

is unchanged. Since at least one such coefficient is positive, o, (3) cannot be negative. Moreover,
oa(B) # a, since o,(—a) = « already. Thus

7a(B) € 27\ {a}.

7.3. By 2), 0, permutes the set ® \ {a}, and 0,(a) = —a. Therefore

2
pedt\{a}

( Z B — a) =p—a.
pedt\{a}

0 =0q, " Oa;

oalp) =

N |

DO | —

7.4. Let

be a reduced word expression with a; € A. Suppose there were a 5 € A such that
B # oy fori=1,...,t.

Under each reflection o, the coefficient of 8 with respect to A remains equal to one. By 2),
we therefore have o(8) € T, a contradiction.

By inspection, for an irreducible ® of rank 2 or 3, we obtain:

o= —idE <~ ® has type BQ, GQ,Bg or Cg,
o# —idg <= ® has type Ay or As.

For a general irreducible ®, we have

—idg ¢ W(®) <= @ has type A, (n > 2), Dayy1 (n>2) or Eg.
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