Topology 1

Holger Kammeyer

LaTeX transcription and translation of handwritten lecture notes generated with the aid of
ChatGPT 6 Astra. No Al was used to create the handwritten originals.

License: CC BY-SA 4.0

https://creativecommons.org/licenses/by-sa/4.0/deed.en


https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en
https://creativecommons.org/licenses/by-sa/4.0/deed.en

Contents

II.

II1.

IVv.

Homology: Ideas and Axioms

I.1.
I.2.
I.3.
1.4.
L.5.

Higher Homotopy Groups . . . . . . . . . .. ... .. .. .. .. .....
The Idea of Homology . . . . . . . . . . . . . ... .. . ... ... ...
Simplicial Homology . . . . . . . . . ... Lo
Relative Simplicial Homology with Coefficients . . . . . . . .. ... .. ..
The Eilenberg—Steenrod Axioms . . . . . . . . . . . ... ... ...

Singular Homology

I1.1.
I1.2.
I1.3.
I1.4.
IL.5.

Definition of Singular Homology . . . . . . ... . ... ... ... .....
The Long Exact Sequence of a Pair of Spaces . . . . ... ... ... ...
Homotopy Invariance . . . . . . .. .. .. . L oL
Excision . . . . . . e
Singular Homology in Degrees Zero and One . . . . . . .. ... ... ...

Homology: Computations and Applications

II1.1.
I1.2.
I11.3.
I11.4.
II1.5.

Relative and Absolute Homology . . . . . .. . . ... ... .. ......
Equality of Simplicial and Singular Homology . . . . . . .. ... .. ...
The Mayer—Vietoris Sequence . . . . . . . . . . . ... ...
The Degree of a Map . . . . . . . . . . . . . . . i
Applications . . . . . . ..

Cell Complexes and Cellular Homology

IV.1.
V.2
IV.3.
IvV.4.
IV.5.

Cell Complexes . . . . . . . . o o i
Cellular Homology and the Euler Characteristic . . . . .. ... ... ...
Computing Cellular Homology . . . . . . ... ... ... ... ... ....
Uniqueness of Ordinary Homology . . . . . . . ... ... ... ... ....
What Comes Next? . . . . . . ...

13
13
14
16
18
24

28
28
33
35
38
44



I. Homology: Ideas and Axioms

I.1. Higher Homotopy Groups

Recall. Let (X, zp) be a pointed space. Then
m(X,zo) = {v: (1,{0,1}) — (X, z0)}/ ~0,1

with [y1] - [v2] = [7172], where
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is the fundamental group of (X, xg).

Examples.
m (St ) =27, o (T", ) = 7",

g
—1;—-1
i=1

m(S" ) =1 forn>2.

Wl(zg, ) = <a1,b1, .. .,ag,bg

Is S% = $3? We have
m(S?\ {zo, a1}, ) =m (S ) =2, m(S®\ {wo, 21}, ) = m(S,) =1,
so the answer is no. We seek a generalization “m,.” Idea: Let 0I" = I"™\ (0,1)".

Definition I.1.1. The nth homotopy group is the set
(X, 20) = {f : (I",0I") — (X, w0) }/ ~orm

with operation [f] - [g] = [fg], where

f(25[71,£62, ce. ,xn)v
g2z — 1,29,...,2p),

=
A IA
i

(f9) (1, ) :{

= O
VANAN
3

Geometric alternative. Since I /91" = S™, we have

(I, 01") ——> (X, o)

l /
(Sn7 )
and f — f is a bijection. Thus
Wn(Xp 350) = HomHoTop. ((Sn’ ')7 (X, l‘()))

and =
[f] ) [g] — |gn collapse the equator Sy S fvg x|

As before, for n > 1:



o (X, x0) is a group.

e 7, is a functor that factors through HoTop,:

HoTop,

Y

Tn

Top, Groups.

The following, however, is new:
Theorem 1.1.2. For n > 2, m,(X, x¢) is abelian.

Proof. For n = 2, move the two smaller squares within the interior while mapping the boundary
to zgp:

To| f | 9

1R
1

1
kS
~

o)) = |Le]

Zo
The same argument works for n > 2. O

We have
Z, fL=mn,

0, £<n

WK(SH’ ) = {

(proved later in Theorem II1.4.14), and, for example, m3(S?%,-) = () = Z, with the Hopf
bundle
(CQ;)S3£>SQ’£CU{OO}, (21, 22) — 21/ 20.

The computation is difficult. For ¢ > n > 2, the groups m;(S™,-) are only partially known.
The problem: m; : Top, — Groups preserves suitable pushouts:

A——>Y (A, ) —— m(Y,")
coﬁbration£ l — l l
r r
X — 7 m(X,) —— m(Z,)

but 7, : Top, — Ab does not for n > 2; for example, |m4(S? Vv 52, )| = oo, but |m4(S2, )| < oo.
We therefore seek an invariant that distinguishes “higher-dimensional” objects and is easier to
compute: homology!

I.2. The Idea of Homology

A “basic building block” of many topological spaces is the standard n-simplex

n
A" = {(CCO,xl,---,%n) e R sz =1, z; > 0}.
i=0



n=0 n=1
1

1
n=3

Equivalently, A" is the convez hull of the standard basis {vg,v1,...,v,} of R"*1. Notation:
A" = [vg,v1, ..., Up).

We call v; the ith vertez (plural: vertices) of A™ and [vy,...,0;,...,v,] the ith face; the hat
means “omitted.” Geometrically, the ith face lies “opposite” the ith vertex. Convention: & is
the only face of [vg].

U1

[’UO7 V1, V2 U3

Vo V2

Many relevant topological spaces (for example, smooth manifolds) can be obtained by “gluing”
simplices together:

1-cycle that is
not a boundary

e An n-chain is a choice of finitely many n-simplices (later this corresponds to an n-chain
with coefficients in Z/2).

e An n-boundary is the “boundary” of an (n + 1)-chain: the n-chain consisting of those faces
of the simplices in the (n + 1)-chain that are not incident to an even number (usually two)
of simplices.

e An n-cycle is an n-chain with empty boundary.

o Every n-boundary is an n-cycle (because the boundary of the boundary of an (n+1)-simplex
is empty).

e The nth homology measures the failure of the converse:
H,(X;Z/2) = {n-cycles}/{n-boundaries},

that is, we identify two n-cycles if together they form the boundary of an (n + 1)-chain (if
they are homologous):



We can already anticipate connections between m, and H,, but also major differences; for
example, Hy(S™;7Z/2) = 0 for ¢ > n by definition.

I.3. Simplicial Homology

Goal. Make the concepts above precise (Z instead of Z/2). Let

OA™ = [Jlvo, ...\ Biyeovn), AT = AT\ QA"
=0

be the boundary and interior of the n-simplex.

Definition 1.3.1. A A-complez is a topological space X with a family of maps {o} : A" — X}
for each n > 0, such that:

(i) Each map og|s, is injective.
(ii) Every point x € X lies in the image of o], for exactly one oy.

(ili) Each restriction ogly, 5, equals some ag_l when we identify [vg,...,0;,...,Up)
seeesUdyeeny

with [vg,...,v,—1] by the unique linear homeomorphism preserving the order of the
vertices (this convention is used from now on).

(iv) A subset A C X is open if and only if (¢7)~1(A) C A" is open for all 0.

e We call o]} : A™ — X an n-simplezx of the A-complex X.
o We have a filtration X°C X' C...Cc XfC...C X by n-skeleta,
X" = U im(c?’).
b, t<n
o dimX = ¢ if X! = X and X! # X; dim X = oo if no such ¢ exists.
e X is of finite type if, for each n, there are only finitely many n-simplices.
e X is finite if there are only finitely many simplices in total.

Definition 1.3.2. A simplicial complex is a A-complex in which each simplex is determined
by its vertices. This allows a combinatorial description (abstract simplicial compler).



Examples of A-complexes.

Vo a Vo Vo a Vo
b b b b
Vo a V0 Vo a Vo

Torus T2 Klein
bottle K
a
U1 a Vo d
b
b b c a
Vo a (% b
¢
Real projective Orientable surface
plane RP? of genus 2: Xo

(all vertices vg)

Note: As a simplicial complex, 72 has at least 14 2-simplices, 21 1-simplices, and 7 vertices!

Definition 1.3.3. Let X be a A-complex. The nth simplicial chain module C5(X) is the free
Z-module with basis {o? : A" — X }.
Formally, the forgetful functor G : Z-Mod — Set has a left adjoint F': Set — Z-Mod, and

CR(X):=F({o": A" — X}).

n

Thus, elements of C5(X) are formal Z-linear combinations
> kool € Cp(X),
(6
where ko, = 0 for all but finitely many «, and are called n-chains.
Definition 1.3.4. The nth boundary map (or differential) is the homomorphism
O s CA(X) — C2,(X),

n
Ug — Z(_l)lag‘[UO,...,;J\i,‘..,Un] .
=0

We also formally set C2(X) =0 for n < 0, so 8, = 0 for n < 0.

Lemma 1.3.5. We have 0,,_1 0 0,, = 0.

Proof.
n
On—1 (z(:)(_l)iag‘[UO,...,%\i,...,Un]>
i
n
= (Z(—l)”jaéi|[vo,...,aj,...,a.,...,vn} +D (1) ey |[AAJ) =0
i=0 \j<i J>i



By the lemma, (C2(X),d.) is a chain complez, that is, a sequence of R-modules C, over a
commutative ring with 1 (in our case R = Z), with homomorphisms

On+1 Oy
CnJr 1 Cn '

Ces

such that 0, o 0,41 = 0, or equivalently, im 0,41 C ker 0,, or in words: “n-boundaries are
n-cycles.”

Definition 1.3.6. The nth homology of a chain complex (Cy, dy) is the R-module

H,(Cy) =ker 0,/ im Op41.

Definition 1.3.7. The nth simplicial homology of a A-complex X is the Z-module
Hp (X) = Hp(C2(X).
Thus, two n-cycles 21, 2o € Z,(X) := ker 9, define the same homology class [21] = [22] € HA(X)
if z9 — 21 € By(X) :=im 041 is an n-boundary.
Example 1. X = S, with one vertex v and one edge e:

Oe

v

Cf(X)-(---—>O—>O—>Ze8—1>Zv—>O>.

d1(e) = v—wv = 0; that is, all differentials in the chain complex are trivial, so H>(X) = C2(X),
and hence
Z, (=01,

0, otherwise.

Hy(S") = {

Example 2. X = RP2,

w b v
U
a a
c
L
v b w

The directions of the arrows determine the maps o : A" — X.
h(U)=—-a+b+c, 0i(a)=—-v+w,
Oh(L)y=a—-b+ec, 01(b) =—v+w,
(

1(c)=v—v=0.

(1)
11 Zg<_11 10

82 a1

The equality d(") = 0 implies n = m and 2n = 0, so () = (8). Thus Z3(X) = 0 and
H(X) =0.

)

03

0 Z? Z? 0.




We have 9, (’Z) — 0 if and only if k = —/, so
k
ker 01 = —k|:kkmeZ

‘We have

Setting p = —r + s, we therefore obtain

P
im(0,) = -p | :p,q€Z
P+ 2q

Writing m = k 4+ m/, we see that H{(X) = Z/27Z. Finally, it follows from

wiay - {(4) k2],

that HE(X) = Z, generated by (5) +im(d). In summary:

Z, £=0,
HPRPY) = 7/2, (=1,
0, otherwise.

Smith normal form provides an algorithm for computing the homology of a chain complex
of finite-rank free modules over a principal ideal domain R: For A € Mat(k, ¢; R), there exist
S € GL(k, R) and T' € GL(¢, R) such that

ay

SAT = i n < min{k, £}, ai |az |- | an, a;#0.

0 )

0

The a; are called invariant factors and are unique up to multiplication by units. Thus
homomorphisms between abstract finite-rank free R-modules also have well-defined invariant
factors.

Lemma 1.3.8. Let Cy 8—2> & 8—1> Cy be a chain complex of finite-rank free R-modules over a
principal ideal domain R. Then

Hi(C) 2R @ R/(a1) @ --- @ R/(an),

where the a; denote the invariant factors of do and b = rank(ker 9;) — n.

Proof. C9 :=ker 9, is free and has a free complement C}, so that C; = CY @ Cf. Find bases
of Cy and CY such that 9y : Co — C has Smith normal form. Choose arbitrary bases of C
and Cy. With the corresponding matrix representations of d; and 0, the lemma, is clear. [



I.4. Relative Simplicial Homology with Coefficients

Goal. For a commutative ring R with 1 and a subcomplex A C X, we define H>(X, A; R).

Definition I.4.1. Let X be a A-complex. A subcomplez is a subspace A C X that is a union
of simplices. (X, A) is called a A-pair.

Note. Since (67)~!(A) is a union of faces of A", a subcomplex A C X is always closed.
Definition 1.4.2. The nth relative simplicial chain module of (X, A) is the quotient module
O (X, 4) = C(X)/CR(A).

Since 9,(C5(A)) € C~ | (A), we obtain
Ot C2(X, A) — C2, (X, A),

and we still have 0,,_1 0 9, = 0; that is, (C2(X, A),d,) is a chain complex. A relative cycle
z € Zp(X, A) := ker 0, is represented by a chain whose boundary lies in A:

Definition 1.4.3. The nth relative simplicial homology of a A-pair (X, A) is the Z-module
Example. Let X = A", A = 0A", with the canonical A-structure. Then

Z, {=n,

CF (X, 4) = {o 0+ n.

In particular, all differentials vanish, so we also have

Z, {=n,

HE (X, A) = {0 .

Now let R be a commutative ring with 1 and let C2(X;R) be the free R-module with
basis {0 : A" — X}. Since 1 € R, we also have —1 € R, and hence there is also a map
On : C2(X;R) — C2 {(X;R) as in Definition 1.3.4. Set

CR(X,A;R) = C3(X;R)/CR (A R).

Since 0, (C2(A; R)) C C2 {(A; R), these modules form a chain complex of free R-modules:
The simplices in {o} : A™ — X} whose images are not contained in A form a basis. We obtain
the nth relative homology with coefficients in R

H2(X, A;R) = H,(CA(X, A; R)).

We define C2(X;R) := CH(X,2;R) and H2(X;R) := H2(X,2;R) and observe that
H}X;Z) = H}(X).



Example. X = RP?, R = 7./27 (a field, so R-modules are vector spaces; results from linear

algebra apply!).
11
110
1 1

rank(d2) = 1, rank(d;) = 1. By the rank-—nullity theorem:
7)2, (=0,1,2,

HA(RP?%7Z,/2) =
a /2) {0, otherwise.

Intuition. H2 (X, A; R) measures how much H2(X; R) differs from H5 (A; R). We want to

make this precise.
Definition I.4.4. A sequence A i> B % C of morphisms in R-Mod is ezact at B if ker g =
im f.
Note (for such an exact sequence):
e g is injective if and only if f = 0.
e f is surjective if and only if g = 0.
A long exact sequence in R-Mod is a sequence
e — Apy1 — Ay — A — -,

that is exact at every term.

Theorem 1.4.5. (Long exact sequence) For a A-pair (X, A), there is a long exact sequence

N ’ } ]
Y HAAR) S HA(XR) > HAX,AR) % H2 (AR) — -

Here i, and j” are induced by
ZR(A) — ZB(X),  Z2(X) — ZE(X, A),
and d,, is given by the boundary of a representative:
du(lc+ C2(A))) = [0 € HA ,(4),  dee C2,(A).
(We often suppress the coefficient ring R in the notation.)

Proof. Exactness at H5'(A): Let 2z + B2 (A) € keri,. Then there is a ¢ € C5,,(X) with
dc =z, so c+ Chy1(A) is a relative cycle and

dnr1([e+ Cpia (A)]) = 2 + By (A).

Conversely, let z + B4(A) € imd,,41. Then there exist ¢ € C2,,(X) and b € C2,,(A) with
Oc = z+ 0b, so z = O(c — b) € B2(X); that is, i,(z + B2 (A)) = 0.
Exactness at H5(X; R): Let z + B2(X) € ker j”. Then the relative class of z is a relative
boundary; that is, there is a ¢ € C2, 1 (X) with z — dc € C5*(A), and since d(z — dc) = 9z = 0,
we even have z — dc € Z5(A). We obtain

in(z — 8¢+ BY(A)) = z — dc + BA(X) = z + B2 (X).
Conversely, let z + B2 (X) € imi,. Then there is a ¢ € C2,;(X) such that z — dc € Z5(A),
so the relative class of z lies in B5 (X, A); that is, j7(z + B5 (X)) = 0.
Exactness at H5 (X, A): Exercise. O



Corollary 1.4.6.

(HA(X,A)=0forn>0) <« (H2A) 2 HAX)forn>0). O

E

Question. Is it always true that H2(A) C H2(X) and H5 (X, A) = HY(X)/HS(A)?
Answer. No, only if d,,+1 = 0 and d,, = 0. In that case,

0 — HY(A) — HY(X) — HY(X,A) — 0
is a short exact sequence. — Question. In this case, is it always true that H2(X) =
H (A) & Hy (X, A)?

Answer. No, only if the short exact sequence splits:

Lemma I.4.7. (Splitting lemma) Let

0—>A—>B C —0

be a short exact sequence of R-modules. Then the following are equivalent:
(i) Thereisa p: B — A with poi = idy.
(ii) There is an s: C' — B with jos =1id¢.
(iii) There is an isomorphism B = A @ C such that

A
k Pro

comimutes.

Proof. (iii)=-(i) and (iii)=(ii) are clear.

(ii)=>(iii): We must show that B = im(¢) @ im(s). To this end, write b = (b—s(j(b))) + s(4(b)),
where b — s(j(b)) € ker j = im(3). If b € im(i) Nim(s), then b = s(j(’)) for some b’ € B. Since
im(i) = ker j, we have 0 = j(b) = j(s(j(V'))) = j(V), so b= s(j(b')) = s(0) = 0.

(i)=-(iii): We must show that B = im(i) & ker(p). Write b = (b —i(p(b))) + i(p(b)). If b 6
m(7) Nker(p), then b = i(a) for some a € A and 0 = p(b) = p(i(a)) = a, so b =i(a) =i(0) =

It remains to show that kerp = C: For every ¢ € C, there is a b € B with j(b) = ¢ and
b =i(a) + k with k € kerp, so j(b) = j(i(a) + k) = j(k). If k € kerpNkeryj, then k = 0
because ker j = im; that is, j|kerp : kerp =NYol ]

Note.
» By (ii), a short exact sequence always splits if C' is a free R-module.

sgn

o The splitting lemma does not hold in Groups. Example: For 1 — A3 — S5 = {£1} — 1,
(ii) holds but (i) does not, because {£1} cannot be lifted to a normal subgroup of Ss.

10



Theorem 1.4.8. (Excision) Let X be a A-complex and let A CY C X be subcomplexes with
A CY, where Y denotes the interior. Then the inclusion of A-pairs

(X\A,Y\4) — (X,Y)
induces isomorphisms for all n > 0:
HX(X\ A, Y\ A4 R) = HA(X,Y;R).
Proof. We prove the stronger statement that j induces an isomorphism

CAXN\AY\AR) L 02X,V R)

[ad

of chain complexes. The commutativity relation j7~! o8, = 0, o j” is clear. We show that

j§« is surjective: Let ¢ + C2(Y) € CR(X,Y), and assume without loss of generality that ¢
contains no simplices in Y. Since X \Y C X \ 4, ¢+ C2(Y \ A) is a preimage under j,. We
show that j, is injective: Let ¢ + C2 (Y \ A) € ker j,. Then

ce CAX\A)NCRY)=Co(Y\ A).

I.5. The Eilenberg—Steenrod Axioms

Goal. An axiomatic description of homology. Drawbacks of simplicial homology:

e It is defined only for A-pairs.

o The category of A-pairs is “unwieldy” if H2 : A-pairs — R-Mod is to be a functor.
o It is unclear whether f ~ g implies H>(f) = H2(g).

Hence the following wish list: Homology should be a family of functors H,, : Top(2) — R-Mod
with

1) a factorization

HoTop(Q)

N

R-Mod,

Top® i

2) a long exact sequence for every pair of spaces (X, A),
3) an excision isomorphism for A CY C X with AC Y.
Definition 1.5.1. A homology theory with values in R-Mod is a family of functors (H,)nez,
H,: Top(2) — R-Mod,
together with a family of natural transformations
On: Hy — Hypy_10J,
where J : Top® — Top® is defined by J(X, A) = (A, @) and
J(F: (X, A) = (V. B) = fla: (4,2) — (B, 2)
such that:

11



1) Homotopy invariance. If f,¢: (X, A) — (Y, B) satisfy f ~}, g with h(A) C B for all
t € I, then H,(f) = Hu(9).

2) Long exact sequence. Associated with (X, A) are the inclusions i : (A, &) — (X, @) and
Jj:(X,9) = (X, A), which induce the long exact sequence

s Ho(A2) I x,e) m m x, A S, A e) —

3) Excision. Let A, Y C X be subspaces such that A C Y. Then for every n € 7Z, the
inclusion j: (X \ 4,Y \ A) = (X,Y) induces an isomorphism

Ho(X\ A, Y\ 4) 229 b ox,y),

The homology theory is also called ordinary if the dimension aziom holds:

4) Hy(-,2) =0 for n # 0.

Otherwise, it is called generalized. We write H,,(X) for H,(X,2). The R-modules H,(-) are
called the coefficient modules of the homology theory.

Note. If (H,,0,) is a homology theory, then f : (X, A) — (Y, B) induces a “commutative
ladder with exact rows”:

Ont1(X, A
- ——> H, (X, A) L,)

H,(X) —— H,(X,A) —— ---

HnJﬂ(f)l lHn(ﬂA) JHn(f) JHn(f)

- H, 1 (Y, B) H,(Y, B)

— >
Ons1(Y,B) "

The left square commutes because 0 is a natural transformation.

12



II. Singular Homology

Goal: Construction of an ordinary homology theory.

I1.1. Definition of Singular Homology

Let R be a commutative ring with 1. We define H5™8 as the composition of two functors

(—R)

. a
Top® =5’ R-chain . Remod.

Morphisms in R-chain are chain maps, that is, families {f,: C — D,} of R-module homomor-
phisms such that d, o f, = fn_1 o ¢, that is,

Cn+1 C
e n+1 Cn . C(n—l -
fn+1l fnl fnfll
dn 1 d
i Dn+1 u Dn = anl — > .

For z € ker ¢, we have d,,(fn(2)) = fn—1(cn(2)) = 0, so fn(kerc,) C kerd,, and for b € im ¢, 41,
b= cp+1(x), we have

Jn(0) = frlen1(2)) = dny1 (frs1(2)),
$0 fn(imcpy1) Cimdy41.
o f«induces H,(f+): Hy(Cy) — Hy(Dy).
« Hy(gs 0 fs) = Hn(g«) © Hu(fs), Hu(ide.) = idp,,(c.)-

e H,: R-chain — R-mod is a functor!

Now let X be a topological space.

Definition II.1.1. The nth singular chain module c/sine) (X; R) is the free R-module with
basis {o": A™ — X, o™ continuous}. (Convention: Cp(X;R) =0 for n <0.)

e “Singular” because all continuous maps ¢": A™ — X are allowed, however singular:

A~ (%)

On: Cp(X;R) — Cph—1(X; R),

o Singular boundary map

n
On — Z(_l)laﬂ[vo,..‘,ﬁi,...,vn} :
=0

e Opo00dyy1 =0 as before.

« For (X, A) € Oby ), define Cn (X, A; R) := Cpn(X; R)/Cn(A; R).

13



f: (X, A) — (Y, B) induces

Cn(f; R): Cn(X, A; R) — Cn(Y, B; R),
[on: A" — X] — [f o oy).

o By construction, C),(—; R) is functorial.

On(Cr(A;R)) C Cph—1(A; R), so we obtain 0,: Cp (X, A; R) — Cp—1(X, A; R).
o Clearly, 0, 0 C(f) = Cp—1(f) © On, so C«(f) is a chain map.

e Cy(—;R): Top® — R-chain is a functor!

Definition I1.1.2. The nth singular homology of a pair of spaces (X, A) with coefficients in

R is the R-module .
H8(X,A; R) = H,(Cu(X, A; R)).

Note. H™¢ = H, o Ci(—; R) is a functor.

Still to be constructed: a natural transformation

On(X,A): HSM8(X, A; R) — HZ"8(A; R).

I1.2. The Long Exact Sequence of a Pair of Spaces

Goal. Construct the natural transformation 8, : H5¢ — H™ o J purely algebraically and
prove the long exact sequence axiom for (H; "¢, 0,).

Lemma II.2.1. (Snake Lemma) A diagram in R-mod

with exact rows induces a natural exact sequence

0---—ker f — kerg —>kerhi>cokerf
—> coker g —» cokerh ---— 0

in the following diagram:

[ J > ker f ———— > kerg ——— > kerh
0 oo A ‘ B J C 0
f g h
0 A’ i B’ 7' O s > 0
coker f ———— cokerg —— > coker b oo > 0
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Proof. Diagram chase. To construct 9:

o For ¢ € ker h, choose b € B with j(b) = ¢. Since j'(g(b)) = h(j(b)) = h(c) = 0, we have
g(b) € ker 7/ = im(i'). Thus there is a’ € A" with i'(a’) = g(b). Set d(c) = a/+1im f € coker f.

o If b,/ € B satisfy j(b) = j(b') = ¢ € kerh, choose a,a’ € A" with i'(a) = g(b) and

i'(a") = g(t/). Then b —b' = i(agy) for some ay € A, so

i'(a—a')=g(b—b) = g(i(an)) = i'(f(a0)),

that is, a — a’ = f(ap) € im f, since i’ is injective.

e Let ¢1,co € ker h and

d(c1) = aj +im f, 6(c2) = ah +im f, 5(c1 + o) = as +im f

and, as above, choose b; € B with g(b;) = i'(a}) and j(b1) = c1, j(b2) = ca, j(b3) = ¢1 + ca.

Then
i'(a} + ay — a3) = g(b1 + ba — b3)

and j(b; +bg — b3) = ¢1 + c2 — (c1 + ¢2) = 0, so there is a € A with i(a) = by + by — b3, and

hence
i'(d; + dy — a}) = g(i(a)) = 7'((a)),

so a) +ah — a4 = f(a) € im f, since ¢’ is injective.

A short exact sequence of chain complexes is a sequence of chain maps

0 A, B s 0, 0,
such that, for every n € Z,

0 A, s 0 s

is a short exact sequence of R-modules.
Theorem II.2.2. A short exact sequence of chain complexes

0 C. D, E, 0

induces a natural long exact sequence of R-modules

)

o Hyo1 (B S Ho(CL) — Hy(Dy) — Ho(E) S -

Proof. Consider:

0 ——> Chy1 —> Dypyy —> By ——> 0

Cn+1l dn+1l €n+ll

0 Cp D, > I, 0.

Snake Lemma:

Cyn/Bn(Cy) — D, /B, (D.) — E,/B,(E,) — 0 is exact.
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Consider:
0O ——Cy,.y —> Dy — E,_ 1 ——> 0

cnfll dn_ll enfll

0 —— Cn—2 _—> Dn—2 _—> En—2 —> 0.
Snake Lemma:

0 — Zn-1(Cy) — Zp_1(Ds) — Zn—1(E,) is exact.

Consider

Cy/Bn(Cy) D,,/By(D.) E,/Bn(E.)

.| ) ol

0 ——— Zn—l(c*) Zn—l(D*) —_— n—l(E*)~

Snake Lemma:
H,(C,) — Hy(Dy) — Ho(Ey) > Hy 1(Cy) — Hy_1(Dy) — Hp1(Ey)

is exact (and natural). O

Let (X, A) be a pair of spaces. Applying this to
0 — CSM8(A; R) — CS"8(X; R) — CS™8(X, A;R) — 0

gives the natural transformation 9,,: Hn& — Hiif% o J as the connecting homomorphism 6,

and:

Theorem I1.2.3. The pair (HS",,) satisfies the long exact sequence axiom of a homology
theory with values in R-mod.

Remark. More generally, for a triple B C A C X, the short exact sequence
0— Cy(A,B;R) — C\(X,B;R) — Cy(X,A;R) — 0
gives the long exact sequence

oo — Hp1 (X, Ay R) — Hp(A,B;R) — Hp(X,B;R) — Hp(X,A;R) — - -

I1.3. Homotopy Invariance
Goal: Show that f ~¢g = HS"8(f) = HM8(g).

Definition I1.3.1. An R-chain homotopy between R-chain maps
Jes 957 (Csycx) — (Ds, dy)
is a family of R-module homomorphisms h,,: C,, — D,1 such that

fon—9n =hn_10cy + dn+1 o hy,.

> n+1 Cn Cnfl —_—>
hn hn—1
|| 2ol |]
[ —— Dn+1 Dn anl — >

Notation: fi ~p, gx.
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Lemma II.3.2. If f, o~ g, then H,(f.) = Hp(g«) for n € Z.

Proof. For z € Z,(Cy), we have

fn(2) = gn(2) + hn—1(cn(2)) + dny1(hn(2)) -
=0 €B, (D)

O]

Note. Chain homotopy is an equivalence relation. For f!, gl: C, — D, f2,¢?: D, — E,
with f! ~ gl and f2? ~ g2, we have f2o fl ~ g2 o0 gl.
The converse of Lemma I1.3.2 is false (homework).
A chain homotopy equivalence is a chain map
faor (Cyyce) —> (Dy,ydy)
with a chain homotopy inverse g.: D, — C, such that g, o f, >~ id¢, and f. o g. ~ idp,.
Notation: (Cx,cx) 2y, (D, ds).
Lemma I1.3.3. If (Cs,c.) ~y, (Dx,ds), then H,(f,) is an isomorphism for every n € Z.

Proof. By Lemma 11.3.2,

Since we have already seen that H,: R-chain — R-mod is a functor, it follows that

H,(g:) o Hy(fs) = idp,c,) and Hn(fs)o Hy(g) = idp,(p.) -
O

Remark. Partial converse: If R is a principal ideal domain and C, and D, consist of free
R-modules, then a chain map f.: C, — D, with H,(f.): Hn(Cy) = H,(D,) for all n € Z is
a chain homotopy equivalence (without proof).

First we show: If f,g: X =Y, f ~p g, then HS"8(f) = H5"%(g). Set f, := Csmg(f) Gx =
C$™(g). By Lemma I1.3.2, we need to construct g. ~p, fi, Py: C5"8(X; R) — C3™(Y; R).
For ¢™: A™ — X, consider

o"xidy

Arx T 75 x w1 Ly
and define .
Po(0™) =Y (=1 (F o (0" X 1)) {vg,....00 00,000
i=0
where vy, . .., v; are vertices in the “bottom of the prism” A™ x {0} and wy, ..., w, are vertices

in the “top of the prism” A" x {1}:

wo wy
I
Vo 02
U1
om

17



We need to show:

6n+1OPn = gn — Jo — P,_100, .
~—
boundary of the prism top bottom  three side faces

Formally:

=0
— Z (=1)(=1)/F o (6™ x idI)\[UO’“_%7_"7viﬁwi7_._7wn]
0<5<i<n
+ Z (_1)J+1(_1)1F o (Jn X id[)|[vo,...,l)i,wi,...,’lz;j,...,’Ll)n}‘
0<i<j<n

n n
= ZF o (0" x idf)|[vo,...,$i,wi,...,wn] — ZF o (o™ x idl)‘[vo,...,vi,@,...,wn]

i=0 1=0
+Z(...)+Z(...)

J<t 1<J

= Fo(o" xidj)| — Fo (o™ xidy)

’[v()v---vvn]

- (Z(—l)i(—l)jFo (@ <4y s wr, ]

1<j

[w07---7wn]

+ Z(_l)iil(_l)jF o (Un X id[)’[vo,,..,ﬁj,...,vi,wi,...,wn])
1<t

= gn(0") = fn(0") = Po1(On(a™)).

Now, for f,g: (X,A) — (Y, B), f ~p g, Fy(A) C B for all t € I, we have P,(C5"(A; R)) C
Cy2%(B; R), so we obtain

P,: C3M8(X, A; R) — CN8(Y, B R)
and still have g, — f, = Opy1 0 P + P—1 0 3,. We have thus proved:

Theorem I1.3.4. The pair (H"8, ,) satisfies the homotopy invariance axiom of a homology
theory with values in R-mod.

11.4. Excision

Goal: Show that, for A° CY C X with A C Y°,
Hy"8(X \ A,Y \ A;R) = H;™(X,Y;R).

Recall: For A-complexes A C Y C X with A C Y°, we have C2(X \ A, Y \ 4;R) =
C2(X,Y; R). One cannot expect such an isomorphism at the chain complex level for singular
homology!

Idea: Subdivide simplices so that they lie either in X \ A or in Y

X

18



For this purpose, consider more generally a family & = {U;} of subspaces U; C X with

CR"®(X1B) 2 CH(X: R) o= R{o": A" = X : 0"(A") C U for some j}

be the subcomplex of U-small chains. We also have inclusions Ciing(Uj; R) C CY4(X;R) of
subcomplexes for all j.

Proposition I1.4.1. The inclusion

iv: CY(X;R) — C5"8(X; R)
has a chain homotopy inverse r,: CS"8(X;R) — CYU(X;R) with r, o i, = idcu(x,py and
ix 0 s 2, id ey, ), SUCh that F.(CE™8(U;)) C CE8(U;) for all 5.

Theorem I1.4.2. The pair (H:mg , 0x) satisfies the excision axiom of a homology theory with
values in R-mod.

Proof. Let ACY C X with A C Y°. Set U = {Y, X\ A}. Then Y°U(X\A)° = Y°UX\4 = X.

‘We obtain ‘
re: CS98(X; R) — CY(X; R)

and i, o7y ~p, idCsing(X,R) as in Proposition I1.4.1. We have
C3"8(X;R) D CI™(Y; R) C CY(X; R)
and hence (since 7| ConE (v R) = idcsing(y. R))

Tx

CY(X:R)/CS™(Y;R) CSM8(X; R)/CS™8 (Y R)

(o]

(CSMB(X \ A; R) + CS™(Y; R)) JCS™8(Y; R) CI"(X,Y;R)

[

CI™8(X \ A, Y \ A; R)
(Here + denotes a sum that is not direct.) Since F,(C3"8(Y; R)) C C:if:% (Y; R), it follows that
CSm8(X \ A, Y \ A; R) ~ C5"8(X,Y; R)
and the claim follows from Lemma I1.3.3. O

We now prove Proposition 11.4.1. Idea for constructing r,: Iterate barycentric subdivision
until the chain is U-small:
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Problem: This does not define a chain map, since ¢” may need to be subdivided but do"
may not (as in the figure), so that

Csns(X) —2ns O (X)
Tn l l'r'nfl
0,

CH(X) —— O (X)

does not commute. = We need correction terms.

Now for the formal proof: We explain barycentric subdivision. Any p+1 points vy, ...,v, € A?
define an affine linear map A? — A9, which we denote (by abuse of notation) by o = [v, ..., vp].
Let Ly(A% R) C C5™8(A%; R) be the free submodule generated by affine linear p-simplices in
Af?. Each fixed point v € A? defines a

“cone operator”
v: Ly(A7) — Ly1 (A7),
o +—vo = [v,v0,...,Up.

For o = [vp, ..., v, let o® = Zﬁ(vo + -+ 4 v,) be the barycenter of o.

Definition I1.4.3. The barycentric subdivision operator By,: L,(A%; R) — L,(A%; R) is defined
inductively by Bo(c) = ¢ and By(c) = 0°B,_1(0,0).

Thus, for p =1 and o = [vp, v1], we have
Bi(0) = 0°8y0 = 0" ([v1] — [v0])

[
= [%(Uo +wv1),v1] — [%(vo + v1), v

Bs(o) = 1
= o’ ([2(v1 +v2),va] — [$(v1 +v2),v1] — [3(vo + v2), 2]
-+ [%(’Uo + 1)2),1)0] + [%(’Uo + 1)1),1)1] — [%(’Uo + 1)1),110])
_ [O’

= [Ub, %(Ul + v2),va] — [Ub, %(Ul + v2), v1]
b

Q
L.
S8
—
Q
g
N—
1
Q
o
o8|
=~
—
<
S
<
N
|
=
@
S
N
+
=
@
S
S
>

ba%(UO-FUQ),Uz]
+ [0 ,%(1}0 + v2),vo] + [Ub, %(1}0 +v1),v1] — [Jb, %(1}0 + v1), vol,

ol = %(’Uo + v + UQ).

We also set B, = 0 for p < 0.
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Lemma I1.4.4. B,: L,(A% R) — L.(A% R) is a chain map.

Proof. We show that 0, o B, = B,_1 o J, by induction on p. Base case: For p <0, we have
Jp = 0, so the equality is clear. Inductive step: For p > 0, o0 = [vp, ..., vp], and v € A, we
have

P
Opt1(vo) =0+ Z(—l)”l[v,vo, ce Uiy ey Up] = 0 — v(0p0).
=0

In degree 0, the formula is 0;(ve) = ¢ — €(c)[v], where € denotes the sum of the coefficients of
a O-chain. In the following application with p = 1, we have ¢ = By(010) = 010 and ¢(c) = 0,
so the additional term vanishes. It follows that

Op(Bp(0)) = 8p(Ubefl(apU))
p—1(0p0) — Ubap—1<Bp 1(9p0))
By-1(0po) — 0 Bp 2(0p—1(0p0)) = Bp—1(0p0).

induction hypothesis

Lemma II.4.5. The diameter of a simplex in By(o) is at most Diam(o).

P+1
Proof. We argue by induction on p; for p = 0, the statement is clear. Each simplex of the
subdivision is a cone from the barycenter o® over a simplex in a subdivided boundary face.

By the induction hypothesis, edges within such a face have length at most % Diam(co). The

remaining edges join o to the barycenter of a face; by convexity, its distance from o? is at

most max;||o® — v;||. We estimate these distances. The extension of [0®,v;] meets the ith face
at its

barycenter o? = %(vo +---+ 0+ + 1), that is,

b P b 1
(o — g; + (VN
p+17" p+1"

Thus the segment from v; to o® has 7 times the length of the segment from v; to o? (take
v; = 0 without loss of generality), and hence

b
Lot

b_ il =
o — vl = 2

p .
| < ——D .
— | < P iam (o)

Since 2 pl < +1, the required bound holds for all edges and hence for the diameter of each
subdivided s1mplex. O

Lemma II.4.6. Define h,: L,(A?% R) — L.41(A% R) inductively by h, = 0 for p < 0 and
hy(o) = (o — hyp—1(0,0)). Then id, ~,, B..

Proof. We show that id, —B, = h,_1 0 0, + Op+1h, by induction on p. Base case: trivial.
Inductive step:

Op+1(hp(0)) = Dp1(0"(0 — hyp—1(3p07))
LN 5 1 (00) — 0 (D0 — hyp1(8y0)))
=0 —hp1(0p0) — 0 (8;, 7)) + "9 p(hp-1(0p0)).

By the induction hypothesis,
Op(hp-1(9p0)) = Opo — Bp—1(0p0) — hp—2(9p-1(0p0)) = Opo — Bp—1(0p0).
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Substituting above gives

Ipt1(hp(0)) = 0 — hp—1(Fpo) — Ub(ap(g)) + Ubapa - Ube—l(apU)
= idp(0) — Bp(o) — hp-1(9p0).

Illustrations:

ho: hli h2:

Now let X be a topological space. We define a natural transformation in X with component
B(X)p: Cy"8(X; R) — Gy (X R),
o? — C’ffng(ap; R)(Bp(idar))
and a natural transformation in X with component

h(X)p: C3M8(X; R) — COP$(X5 R),

Lemma I1.4.7. B(X), is a chain map and id gsing (. ) h(X). B(X)..

Proof. Both assertions are clear for p < 0. For p > 0, let f;: [vo,...,0s,...,0p] = [v0,...,Vp]
be the ith face map. For o € C5"¢(X; R), we have

By 1(X)(9p0") = D (~1)'C75 (0" © fi)(Bp-1(idar))

- Z(—l)iczif%(gp)(Bpfl(fi))

= 5 (o") (B (Xo(-1)'fi) )

=0

sin, . 11.4.4 ~sin .
= 1 (0")(Bp-1(0pidar)) =" C21 (o) (0p(By(idar)))
= 0p(Cy"8(0")(By(idar))) = Op(B(X)p(a”)).
Similarly, Lemma I1.4.6 gives idcsing(X,R) ~h(x), B(X)x O

Consequently, we also have
B*(X), = B(X), o B¥}(X), ~ B¥1(X), ~-- - ~ B(X), ~ idsing () -

A chain homotopy from idcsing (X:R) to BF (X))« is
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since

k—1
O 1GE+ GE_ 10, = (0sq1h(X)s 0 BYX)s + h(X)s—1 B (X )4—10)

=0
k—1 ‘

= Z(a*+1h(X)* + h(X)*,lﬁ*) o BZ(X)*
1=0
k—1 )

=Y (id, —B(X),) o B{(X),
=0

= id, —B*(X).. (%)

Ilustration:

Lemma I1.4.8. Let U = {U;} be a family of subspaces U; C X with |J; U = X. For every
oP: AP — X there is k > 0 such that B¥(X), (o) is U-small.

Proof. Choose a Lebesgue number § for {(o?)~1(U?)} and k € N such that all simplices in
Bé:(idAp) have diameter less than § (Lemma 11.4.5). Then B¥(X),(o) is U-small. O

Proof of Proposition II.J.1. Let U = {U;} with |J; U? = X. Define
F,: C38(X;R) — C3%(X; R),
ol — G’;(”p)(ap),
where k(o) € N is minimal as in Lemma I1.4.8. Set

rp(o?) = BFO(X),(0") + GH) (9y07) — Epi(9po?)

—_— ~—_— S————
make the simplex U-small  glue the boundary back together =~ make the boundary U-small

We have 7, (CS™(X; R)) C CY(X; R), since the difference G’;(_"f)(apap) — F,_1(0p0P) consists
only of U-small simplices. By (x), we have

By G (07) + G 3y (07) = o — BV (X), (o)

OBy (0") + Fp1dy(0") = 0" — ry(oP). ()
Therefore

Oprp(0”) = 0po? — OpFp10p(0”) = 1p-10,(0”).
(First equality: apply 0y to (¥x). Second equality: apply (s*) with p — p — 1 to 0,(cP).)
Thus 7, is a chain map and

idciing(X;R) QF* 'l* O Tg.

Moreover, 7, o i, = id,, since k(c?) = 0 for o, € CY(X; R), and F*(Cfing(Uj)) - C:T%(Uj),
since every simplex occurring in the chain F),(o”) has its image in the image of oy,. O
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Theorem I11.4.9. The pair (H sing 0Oy) satisfies the dimension axiom of a homology theory
with values in R-mod and has coefficient module H; "#(e) = R.

Proof. “e” is terminal in Top. Thus C5"8(e; R) =

id ;’% 0 é id 1 0

since, for o,: A, — e, we have

zp:(—l)ia ‘ N o 07 p 1 (mOd 2)7
=0 P[vo,:.vis--.vp] (Ap’1 — o), p=0 (mod 2).

O]

Theorem I1.4.10. The pair (H. S8 9,) is an ordinary homology theory with values in R-mod
and coefficient module H;"¢(e) = R.

Proof. Theorems 11.2.3, 11.3.4, 11.4.2, 11.4.9. O

Now let M be any R-module. For a pair of spaces (X, A), let
CS8(X, A; M) := (C5™8(X, A; R) @r M, 0, ®iday)
and set HS"8(X, A; M) := H,(CE™8(X, A; M)).
This defines an ordinary homology theory with values in R-mod and Hgmg(o) = M, because:

e Dimension axiom: clear.

o Long exact sequence axiom: (—) ®p M is only right exact, so
CSMe(A; M) — CSM8(X; M) — C5M8(X, A; M) — 0,
but C3"8(X, A; R) is free, that is, the short exact sequence

0 ——> CS™(A4;R) —— Ci™(X;R) —— Ci™(X,A4;R) —— 0

A - ~o_ -

splits, so we do in fact have

0 —s C:ing(A; M) N C:ing(X;M) s C:ing()(7 A; M) — 0.

e Since P, ®idys and F, ®idys are again chain homotopies, homotopy invariance and excision
follow.

Existence Theorem. For every R-module M, there is an ordinary homology theory with
values in R-mod and coefficient module M. O

Later: a uniqueness theorem for so-called cell complexes.

I1.5. Singular Homology in Degrees Zero and One

Goal: Determine Ho(X; M) and H1(X;Z). Let M be an R-module and X a space.
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Theorem II.5.1. We have a natural isomorphism
IO M) = @) HM(Xos M),
XQGWQ(X)
Proof. For o™ € C$"8(X; R), the image o™(A") C X is

path connected, so CS"8(X; R) = @ Xa€mo(X C’Smg(X067 R), and this decomposition is respected
by 0. and (—) ®g M. Naturality is clear. O

Similarly, we see that HEme (—; M) preserves coproducts:
Theorem I1.5.2. (H"® 9,) satisfies the additivity aziom: The inclusions X; — [[;c; X;

induce an isomorphism

P H.(Xi) = Hy(X)  forallneZ.
el

Remark.

e Already seen in Homework 4.4: Every homology theory satisfies finite additivity.

sin, .
e H;™® does not preserve pushouts in general. However, for

A Y

cofibration
-

X — 7
there is a long exact sequence (later).
Theorem IL.5.3. Hy"8(X; M) = @, y M.
Proof. By Theorem I1.5.1, it remains to show that Ho(X; M) = M if X is path connected (in

particular, nonempty). We augment the chain complex C’iing(X ; R) by
e: Cy"8(X;R) — R, > rioci— > 1.
i i

Clearly, ¢ is surjective. Claim: kere = imd;. “2”: clear. “C”: Let ¢(3;709) = 0, that is,
>;ri = 0. Choose xp € X and paths v;: I — X with v;(0) = g and (1) = 0;(v) € X.
Interpreting ; as o} : Al — X

we have

o (Z Tiffil) = Zf’i(%l\[vl] - Uil\[vo])
= Zrigﬂ[vﬂ - (Z ) |[vo ZT@

Thus
Csmg(X R) Csmg(X R) S R—0

is exact and remains exact after applying (—) ® g M. It follows that
H™8(X; M) = C3M8(X; M)/ im(9) @ idpy) = C3™8(X; M)/ ker(e ® idps) = M.
O

Let X be nonempty. Again view paths f: I — X as f: A! — X. Then f is a 1-cycle if and
only if f is a loop.
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Theorem II.5.4. (Hurewicz Theorem in Degree One)
Hur: 71 (X, 20) — H{™8(X;7Z),
[fl— f+ BI™(X;2)

is a well-defined group homomorphism and is natural with respect to pointed maps. If X is
path connected, then Hur induces an isomorphism

(=23

Hur,p: m1(X, 20)ap — Hfing(X;Z),
that is, ker Hur = [m1 (X, z¢), 71 (X, 20)]-

Proof. Well-definedness: Let

T Al — st

[Sl] = 27rit] Smg(Sl Z)

t—e

be the fundamental class of S*. Then Hur([f]) = H{™8(f)([S']), where

|

1/0I = S

so well-definedness follows from Theorem I1.3.4.
Homomorphism: Let [f],[g] € m1(X,x0). Let 0%: A2 — X be given by

projection
_—

[vo, v1, V2] [vo, V2] J9, x .

V2
g
g
f
Vo f U1

We have 902 = g — fg+ f € B1(X), that is, [fg] = [f] + [g] in H}"8(X;Z).
Naturality: For g: (X, z9) — (Y,y0), we have
HY™8(g)(Hur([f])) = Hy ™ (g)(H " (F)([S 1]))
= Hy"(g0 f)([S")) = Hur([g o f]) = Hur(m(9)([f])).

Now let X be path connected. Choose v;: I — X, 7,(0) = xo, 72(1) = z for all z € X, and
Yoo = Cap- Define

Wi CP8(X 7)) — m1(X, 20)ab,
(f: Al>]— X) 7f vo)ffyf(vl)
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We need to show: For every o? € C;ing(X; 7), we have 0a? € ker1). Let f, g, h be the faces of
02. Then

$(80%) = (f — g+ h) = D(f) —(g) +(h)
= [70'2(7.11)f70'2(1}2),70'2(112)ﬁo'2(110)70’2(110)]7’70'2(1)1)]&]3
= [’YO'Q(Ul)fghWUQ(Ul)]ab - [Ca:()]ab’

since the loop fgh is homotopic to a constant loop through the interior of o2.
We obtain ¢: H}"8(X;Z) — m1(X, 20)ap. We need to show that ¢ o Huryy, = idr, (X ,20)., and
Hurab O'lp - idHilng(X’Z).

Y (Hurap([flab)) = ¥ (f + B1) = [cao fCrolab = [fab-

We have an extension v: C3"8(X;Z) — C7"¥(X;Z). For ¢ € C7"¥(X;Z), it follows that
Hur,p(¢(c)) = ¢ — v(9¢) + B;. Therefore

Hur,, (¥(2 + By)) = 2 _’Y(\ai') + By = z+ By.
=0

Examples.

Hfing(zgﬂ Z) = 7T1(Eg, ‘)ab

= <a1,b1,...,ag,bg

g
H aibiai_lbi_l> = ZZg'
=1

ab

HY"S(KGZ) = {a,b | a®6)ar 2 (Z 6 2)/{(3)) = L ® Z/2L.

O)

@4
A2

o For f: I — S' t— e* we have
Hurg,([f]) = H7 "8 (idg1)([S"]) = [S"],

so H{™ (5% 2) = ([S7]).
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III. Homology: Computations and
Applications

Goal: Develop computational methods using only the axioms. Examples and applications.

III.1. Relative and Absolute Homology

Goal: Clarify the relationship between H, (X, A) and H,(X/A). Construct the suspension
isomorphism and compute the homology of spheres.

Lemma III.1.1. (Braid lemma) Consider

in R-Mod. Suppose the solid strands are exact and the dotted strand is a chain complex. Then
the dotted strand is also exact.

Proof. Diagram chase. For example, exactness at I: Let i € keruj. Then ¢p(uz(i)) = 0,
so there is an e € E with {g(e) = i; hence ¢p(ug(e)) = 0 and there is an a € A with
ua(a) = ug(e). Since

up(e —la(a)) =ug(e) —ua(a) =0,

there is an h € H with ug(h) = e — £4(a). Thus
KH(h) ZEE(UH(}L)) :€E(e—€A(a)) =1 €im/ly. L]
Now let (H,, 0s) be a homology theory with values in R-Mod.

Theorem III.1.2. (Sequence of a triple) For every triple of spaces (X, A, B), there is a natural
exact sequence

- — Hy(A,B) — H,(X,B) — Ho(X, A) 2 Hy (A, B) — - .

Proof. Define
oA

On: Ho(X, A) 25 H,_1(A) — H,_(A, B).
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Hoot(X.4) 1A B) H,_1(B) H,
H,(B) Hn(X) ETH(X7 A) H,_4(
\/ v ____________ Rad
It remains to show that H,(A, B) — H,(X,B) — H,(X, A) is zero.
H,(A,B) H,(X,A)
\ / H,(A, A)=0.
0 o id

o Consider H,: Top, — R-Mod, (X, z) — H.(X, ).
o (e,0) is a zero object (initial and terminal).

o H,(e,0) =0 (for example, a homework exercise).
Seek a modification ﬁ* of H, with fl*(o) =0.
Definition III.1.3. The nth reduced homology of X # & is

H,(X) = ker(H,(X) — Hy(o)).

e Functorial, since

x Joy H,(x) 29 (v)
b H, (o)
X l> Y

e f null-homotopic = ﬁ*(f) = 0, since A in HoTop.
[ ]

Now let 29 € X, r: X — {20}, and j: (X,2) — (X, o).

0 —— Hy(z0) —— Ho(X) 229 H (X, 20) —— 0

A SO
Hy(r)

Hn(j)’kean(r): kean(T) i Hn(X7x0)~

Thus

Ho(X) = Hy(X,20),  Hn(X) = Hy(X)® Hy(e).

If (H,,0,) is ordinary, it follows that
Ho(X) 2 Hy(X) ® Hole),  Ho(X) 2 H,(X) for n #£0.
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Proposition ITI.1.4. Let (X, A) be a cofibration. Then the collapse map ¢: (X, A) —
(X/A, A/A) induces an isomorphism

H,(X,A) S Hy(X/A).

In preparation:

AL
Lemma III.1.5. Let i

Y
© |j bea pushout in Top. If 7 is the inclusion of a closed subspace,

X =7
f

then so is j, and X \ A= Z\Y.

Proof. 1. Z= X 11Y/~, where f(a) ~i(a). Thus j(y1) = j(y2) can hold for distinct points
only if 31,y € im f and there are a; € f~'(y;) with i(ay) = i(ag). If 7 is injective, this
cannot occur, so j is also injective. We must show that j is closed. Let C' C Y be closed.
Then j(C) is closed, since

(fui)~tGEe) =i enuc
is closed because i is closed. Since fII j is a quotient map, J(C) is closed.

2. f'\X\A: X\ A — Z\Y is a continuous bijection. Let U C X \ A be open. Then U C X is
open because A is closed. Since fII7 is a quotient map, f(U) C Z is open, and f(U) C Z\Y
is also open because Y C Z is closed. O

Proof of Proposition II11.1.4. For i: A — X, consider the pushout
A °

I
C;.

Mi4>

By Lemma II1.1.5, M; \ A = C; \ e, and hence
(M; \ A, A x[0,1)) = (C;\e,CA\ o).
Since (X, A) is a strong deformation retract of (M; \ A, A x [0,1)), we have

(X,A) ——> (X/A, A/A)

:l Tg (Theorem VI.4.6, Introduction to Topology).
(Ci\o,CA\0) (C;,CA)
Thus H.,(q) factors through isomorphisms by homotopy invariance and excision. O

Theorem IIT.1.6. Let (X, A) be a nonempty cofibration. Then we have a natural long exact

sequence N _ N N
<o — Hp(A) — Hp(X) — Hp(X/A) — Hp1(A) — -+

Proof. Choose ag € A and consider the sequence of the triple
- — Hy(A,a0) — Hn(X,a9) — Hp(X,A) — ---

2 2 Al TIT.1.4
H,(4) H(X)  Ha(X/A4).

30



A pointed space (X, x¢) is called well-pointed if (X, z¢) is a cofibration. If (X, z() is well-pointed
and (Y, yp) is pointed, then (X VY,Y) is a cofibration, since

0|_4>Y

v v
X — XVY
and:
Ly
Lemma III.1.7. Let ;4 © |, be a pushout in Top. If i is a cofibration, then so is j.
X —7Z
!

Proof. Let H: Y x I — W and g: Z — W satisfy goj = Hp. Since 7 is a cofibration,
H o (f xidy) extends to H' with initial condition g o f.

id
AxT 9y
r
ixidl ljxid
X x1I = Z x 1

fxid

Then H” is the desired extension of H relative to g. O

A Y
Remark: By the preceding lemma, in the pushout ;| r vi ¢ if (X, A) is a neighborhood

X —7
deformation retract pair, then so is (Z,Y).
Consider Y C’Z{, X VY thus
S H(Y) > Hy(XVY) — Hy(X) > Hy (V) — -

It follows that

Hoy(X VY) = Hy(X) @ Hp(Y),

that is, H, preserves finite coproducts in Top¥e!. (Later: If H, is additive, H, also preserves

. . . 11
infinite coproducts in Topy".)

Definition ITI.1.8. Let X be a topological space and X C C'X the inclusion of the base into
the cone. Then SX := CX/X is called the suspension of X.

Alternative description:
X cX
r
! i 40

CX ——> SX

Example: S(S""!) = S". More precisely:

S(Sn—l) — CSn—l/Sn—l — Dn/Sn—l % Sn’

up(tzy, ... tey) = (uxy, ..., uzy, 2t — 1), u=4/1— (2t —1)2.
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We also have S(S7!) = S(2) =00/ = (0/2)/0 = /T % oo =50
Note: S: Top — Top is a functor. B
Theorem II1.1.9. H,(X) = H,;1(SX), naturally in X # @.
Proof. Since (CX, X) is a cofibration, IT1.1.6 gives
o= Hy1 (CX) % Hyot (SX) S Ho(X) D Hy(CX) —> -+
because H,(CX) = H,(e) = 0.
Corollary II1.1.10. Hy(D", S""1) = H,(S") = H,_,(e), that is,
Hy(S™) = Hy_,,(o) ® Hy(e).
If H, is ordinary, it follows that
Hy(e) for £ =n,

Hy(D", 8" 1) =
0 for £ # n,

Hy(S™) =

H for{=0or ¢ =
{0(.) o o " for n > 0,

0 otherwise,

Ho(S%) = Hy(e) @ Hy(e),  Hy(S°) =0 for (0.

Proof.

Example _

n gn—1 IH/\}A 7 n s on—1\ <& 73 n ~ n Q0
Ho(D",8"77) = Hy(D"/S"") = Hy(S") = Hi(S"(5))
I1I1.1.9 - II1.1.¢ excri\s/ion

= H (8% 2 H (80, 0) T2 (o).
Definition IT1.1.11. For (X, zg),
XX = SX/[{zo} x I]
is the reduced suspension.
AN
\\/

Y: Top, — Top, is a functor. If (X, x¢) is well-pointed, then XX ~ SX, and hence

Hp1(2X) = Hp(X)

for well-pointed spaces. Reduced suspension is left adjoint to the loop space functor €,

Homop, (3(X, 7o), (Y, %0)) = Homop, (X, 20), Y, 40)),
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Q: Top, — Top,, Q(X, 7o) = Homrop, ((S', ®), (X,20))
with the compact-open topology (Homop(X,Y') has subbasis
{f[ X —Y:f(K)CU} for KC X compact, U CY open).

The adjunction respects homotopy, so we also obtain an adjunction in HoTop,. For (X, zg) =
(S™, @), this says

Tnt1 (Y, 50) = 7 (QUY, 10))
(compare H,,1(2X) = H,(X)).

A pointer to the homotopy-theoretic construction of homology using “spectra.”

I11.2. Equality of Simplicial and Singular Homology

Goal: Show that H2 (X, A; R) = H¥™8(X, A; R) for A-pairs (X, A). (We suppress R in the
notation.) By II1.1.10, we know that HS"8(A" A™) = R.

Proposition II1.2.1. HS"8(A" 9A™) = R is generated by [idan].
Proof. Induction on n. The base case n = 0 is clear. Inductive step: Let A =

Uisi[vo, -+ Uiy ooy 0p) = OA™ N\ o1, . ,Un] be the zeroth horn of A™.

. I11.1.2 : IIL.1.4 - .
HPS(A", 0A™) 2 HIMS(9A™, A) = HIM(9A™/A)

~ gin 1 1 I11.1.4 sin 1 1
~ (AT oA T I (AT 9An ),

This isomorphism maps [idan] to [idan-1]. Thus [idan] is a generator by the induction
hypothesis. O

Lemma IT1.2.2. (Five lemma) Suppose the diagram

A—t,p_J ok, p_t,F

ofoe

A/#»B/%/)C/T»D/?E/
i J

in R-Mod has exact rows, « is surjective, ¢ is injective, and S and § are isomorphisms. Then
v is also an isomorphism.

Proof. Diagram chase. Injectivity of v: Let ¢ € kery. Then 0 = k'(y(c)) = §(k(c)), so k(c) =0
because 4 is injective. By exactness at C, there is a b € B with j(b) = ¢. We have

7'(B(0)) =75 (b)) =~(c) =0,

so there is an o’ € A’ with ¢/(a’) = (). Since « is surjective, there is an a € A with a(a) = d’.
We have

B —i(a)) = i'(a’) — i'(afa)) = 0.
Since f is injective, b = i(a), that is, ¢ = j(b) = j(i(a)) = 0 by exactness at B. Surjectivity of
v: exercise. O
Now let (X, A) be a A-pair. Consider the chain map
C (X, A) — C"¢(X, A),

that regards a simplex in X as a singular simplex.
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Theorem III1.2.3. The induced homomorphism

HA(X, A) = HI™8(X, A)
is an isomorphism for all n € Z.
Proof. First let A = @. Consider

s HAXUY) — HB(XY) —> HAXC X —>

l l I

R Hrsling(XZ—l) —_ H;ing(Xé) —_— H;ing(X€7X€—1) — ...
We must show that « is an isomorphism. Since C5(X*, X*~1) = 0 for n # ¢, we have
@ Roy, forn =1,
Hy (X5 X2 o, X = o
0 for n # £.

Moreover, we have

(I, AL 1, 0AL) —2— (X!, X!

J !

(L. AG/ L1, 0AL, ) —=—> (X/X"1e)
and (X% X*1) is a cofibration by Lemma II1.1.7, since
I1, 084 —— X'
ool '
11, A% Xt

By Proposition I11.1.4, HS"8(®) is an isomorphism. Additivity of H5me gives

> @, (AL —> @, HME(AL0AL) —> @, HH(0AL) — -

| ! -

By the five lemma, § is also an isomorphism. By Proposition I11.2.1, we conclude that
P Rlidan] for £ =n,
O-”L

0 for ¢ # n.

Hfling(Xg,Xf—l) o~

Since a maps the generators to the corresponding generators, a is an isomorphism. Since
clearly H2(X0) = Hsm&(X0), the five lemma and induction imply that

HR(X') = Hy"8(X")
for all £ > 0, and hence
HA(X) = colimg HY(XY) = colimy HSM8(X ') =~ HM8(X).

Use the fact that o™(A") C X is compact, so o™(A") C X* for £> 0.
H2(X,A) = H"8(X, A) for A # & follows once again from the five lemma. O
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Remark: If we define
C2 (X, A; M) := C2(X, A) @p M

for an R-module M, the same argument gives
Hp (X, A; M) = H"$(X, A; M).

Corollary II1.2.4. If a pair of spaces (X, A) admits a A-pair structure with finitely many
simplices outside A and R is a principal ideal domain, then H:"&(X, A; R) is finitely presented.

Proof. By the theorem,
H3"8(X, A; R) = Z)(X, A; R) /B (X, A; R),

and by assumption C5(X, A; R) = R’. Over a principal ideal domain, submodules of free
modules of finite rank are again free of finite rank. O

I11.3. The Mayer—Vietoris Sequence

A—Y
Goal: For Z =U;UUz or |7 | develop a long exact sequence relating H.(Z) to H.(U1)

X —>Z
and H,(Usz), or to H.(A), H.(X), and H.(Y), respectively.

Again let (H,,0s) be a homology theory with values in R-Mod.

Definition ITI.3.1. Let X;, X5 C X be subspaces with X = X; U X5. The triad (X; X1, X2)
is called ezcisive if the inclusion (X1, X1 N X2) — (X, X5) induces an isomorphism

Hn(Xl,Xl M X2) & Hn(X, X2)

for every n € Z. Remark: (X; X1, Xs) excisive <= (X; X2, X1) excisive. (Diagram chase.)

Example: If X;, X5 are open and X = X; U Xy, then (X; X1, X3) is excisive: for Y = Xy
and A= X\ X1, we have A= A CY =Y, and the excision axiom gives

H,(X\AY\A) H,(X,Y)

| |

H, (X1, X1 N X) H, (X, X3)

GO

Theorem IIIL.3.2. (Mayer—Vietoris sequence) If (X; X1, X3) is excisive and A C X; N Xy =:
Xo, there is a natural long exact sequence

Hn (j1)—Hn(j2)

Mﬂn(X()’A)

with ig: (X0, A) — (Xi, A) and ji: (Xg, 4A) — (X, A), k=1,2.
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Proof. Naturality of the sequence of a triple gives

(i P
Ho(Xo, 4) s g1, 4) " H, (X0, A)
Hp(i2) Hn(j1)
Hn(X27A) Hn(X:A) Hn(Xa XQ) Q> n—l(XQaA)~

Hn(j2) Hin (£2)

Define 0, as indicated. Naturality of 9, follows from naturality of the sequence of a triple
(and is otherwise clear). Exactness: diagram chase.

At H,_1(Xo, A): Let z € ker H,—1(i1) Nker H,_1(i2). Then there is a z; € H, (X1, Xo) with
0/,(z1) = z. Regard z; as an element of H, (X, X2) = H, (X1, Xo). Then 9//(z1) = 0, so there
isa 29 € Hy(X,A) with H,,(¢2)(22) = z1. It follows that

8n(Z2) = 8;(Hn(€2)(22)) = (97,1(21) =z c im@n.

Conversely, let z € im d,,; then z € im 9/, as well, and hence H,,_1(i1)(z) = 0. Moreover, for
z =0l (H,(¢2)(22)), we have

Hy—1(i2)(2) = 0, (Hy(£2)(22)) = 0,
so z € ker H,_1(i1) Nker Hy,_1(i2). Exactness at the other two positions: exercise! O

Recall: A homotopy-commutative square
A i» Y
iy Vo2

X — 7
91

is called homotopy cocartesian (or a homotopy pushout) if all vertical arrows in the diagram
induced by g1 o f1 >} g2 o fo are “~":

AxIT Mf2
N | N
My, My, t, A—Y
l coﬁbration¢ " ¢ (Example)'
A {% Y {: X — 7
X Z.
Alyy
Theorem III.3.3. (Mayer—Vietoris sequence for homotopy pushouts) Let | o2 be
X —7
g1

homotopy cocartesian. Then there is a natural long exact sequence

s H(A) D, g oy g (v Bele) @) g gy Oy
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Proof. We have

X Z
and (My, f,; Mfwaz) is excisive. O
A f
. —Y . .
In the special case i r Vi with a cofibration 4, for B C A and B’ CY with f(B) C B’ we
X —>7
f

have the relative version
-— Hy(A,B) — H,(X,B)® H,(Y,B') — H,(Z,B") — --- .
Setting A = ¢ € X1 N X5 in Theorem I11.3.2, we obtain
oo — Hy(Xo) — Hy(X1) @ Hp (X)) — Ho(X) — Hy1(Xo) — -+

for an excisive triad (X; X1, X2) with X3 N Xy # &. The proof of Theorem II1.3.3 therefore
also gives

for a homotopy pushout |

X — Z
St —> M . p . Lo .
Example: [ (Gluing two Mdobius bands along their boundaries gives a Klein bottle.)

M — K
Let H, = Himg(—, —;Z).

z—(2x,22)
> Hy(M)® Ho(M) — Ho(K) > Hy(SY) — Hy(M)@® Hy(M) —
2 2l 2 2l
0 0 VA YASYA

z—(z,x)
— Hy(K) %> Ho(S") — Ho(M) & Ho(M) — Ho(K)

2l 2l 2l 2l
YACYAY: z YAY/ Z.

S Y ~
Example: ;| © |, (Cell attachment). Since H.(D") = 0, the Mayer—Vietoris sequence

has the form

Hy(f) Hy(j)

s Hi(57) 4D, (v) 2D fy(2) B Hya (577 2

Hy 1 (Y) — -

Thus Hy(j) is an isomorphism if and only if Hy_,(f) is injective and Hy(f) = 0. If H, is
ordinary, this holds automatically for ¢ ¢ {n,n — 1}.
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e { =n: Cell attachment can only enlarge the /th homology.
e {=mn —1: The fth homology can only shrink.

We now fulfill an earlier promise:

Theorem II1.3.4. Let (H,, 0s) be additive and let {(Xj;, x;)};cs be well-pointed spaces. Then
the maps X; — V/,c; X; induce isomorphisms

P H.(X;) = H, (\/ XZ-> .
icl i€l
Proof. Additivity, the five lemma, and Proposition I11.1.4 give

P H.(X:) = P H (X, %) = H, (]_[ X;, H{x"}> ~ H, (\/ Xi> . O

i€l i€l i€l
I11.4. The Degree of a Map

Goal: Classify all maps f: S™ — S™ up to homotopy and determine the induced morphisms
in homology.

Definition II1.4.1. The degree of f: S™ — S™ is the unique integer deg f € Z such that

H¥"8(f)(2) = (deg f) -z for all z € HS™8(S™) = Z

Observation:

o f~g=degf =degg.

o f null-homotopic = deg f = 0 (for example, if f is not surjective).
o For f,g: S™ — S, we have deg(f og) = (deg f) - (degg).

e f a homotopy equivalence = deg f = +1.

o deg(idgn) = 1.

Theorem I11.4.2. Let (H,, 0,) be a homology theory with values in R-Mod and f: S™ — S™.
Then

H,(f)(2) = (deg f) -z for all z € Hy,(S™).

(We give the proof in the remainder of this section.)

Proposition II1.4.3. Let n > 0, and let r,,: S™ — S™ be reflection across the hyperplane
{zn4+1 = 0}, that is,
(X1, o Ty Tig1) = (X1 + 0, Ty —Tppg1)-

Then ﬁn(rn) =— and, in particular, degr, = —1.

idﬁn(sn)
Proof. Induction on n. Base case:
ro: (8% {+1},{=1}) — (S% {1}, {+1}),

i {-1} = 8% i {+1} = S°% o= Hy({+1} = {-1}).
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Naturality of the Mayer—Vietoris sequence gives

Ho({+1}) & Ho({—1}) 200 1y g0)

T:a@b—o ! (b)@a(a)l lHo(To)
(Ho(t Ho(4
Ho({+1}) ® Ho({-11) "0 i (s

Let D = {a®o(a):a € Hy({+1})}. With & = (Ho(is) — Ho(i_))|p, we have §: D = Hy(S°)
and 7|p = idp, so N
Ho(T’[)) = —doidp odl=— idﬁo(SO) .

Inductive step: Let n: H,(S™) — H,_1(S™ ') be the natural suspension isomorphism. Then
rn = S(rp—1) and

~ I - inductive hypothesis _ 7 . o sy

Hy(rn) =n"" o Hy1(rp—1) on = n O(_ldHnil(Sn—l))on_ _ldHn(Sn)' [
Remark. Any two reflections in R"*! are homotopic, so Hy(r) = —id for every reflection r.
Theorem II1.4.4. For every f: S?" — S?7 there is an x € S*" with f(x) = .

Proof. Otherwise, there are homotopies idg2n» ~p f and f ~g —idgen,

(1—t)z+tf(x) (1 —t)(=x) +tf(x)
11 =)z + tf (@)’ 11 =) (=) + tf(2)]

Thus idgen ~ —idgen = 7! 0 -+ 0 72"l where 7! is reflection across the ith coordinate

hyperplane, so

F(z,t) = G(z,t) =

1 =degidgen = deg(rl o o r2n+1) = (—1)2”+1 = -1,

a contradiction. ]
Theorem II1.4.5. (Hairy ball theorem). Every tangent vector field on an even-dimensional

sphere has a zero: Given v: $?" — R?"! with (v(x),z) = 0 for all z € S?", there is an
xo € %" with v(xg) = 0.

Proof. Otherwise, there is an zg € S?" with v(x¢)/||v(z0)|| = Fx0, that is,

{v(zo), z0)
[o(zo)

a contradiction. O

0= <:|:.T0, l‘o> = :|:1,
Thus, at any given time, there is a place on Earth with no wind.

Proposition I11.4.6. Let fi,: S* — S!, z +— 2*. Then fIl(fk) =k-idg

deg fr = k; compare the naturality of the Hurewicz isomorphism).

in particular,

1(31) (

Proof. We have f_(z) = fr(z) = r1(fr(2)). By Proposition I11.4.3, we may assume without
loss of generality that k > 0. Consider

Vs

/ Vit
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Also, let g;: \/le Sl — S be the map that collapses all circles except the jth. Then
qj © g ~ idg1, that is,

(ﬁl((h)? ceey ﬁl(Qk)) © ﬁl(gk) = (idﬁl(sl)v cee 7id[§1(51))'

For the jth inclusion i;: S — /¥ S, we have (V¥ ;idg1) 0i; = idg1, that is,

k
Hy(\ idsr) o (Hi(ir) &+ @ Hi(ix)) = Hi(idgr) @ - @ Hi(idg).
i=1

Since

(B i) o ([T Ha) = idg, 1)
i J
(see the discussion following Theorem I11.1.6), we have

Hi(f) = H (\/ idSI) o Hy(gk)

= idj, 1)+ +id =k-ids

Hi(SY) Hi(SY) "

By naturality of the suspension isomorphism, we therefore also have
Hn(Snil(fk)) =k- idﬁn(sn)
and, in particular, deg(S"~!(fx)) = k. Setting [X,Y] := Hompotop(X,Y), it follows that
deg: [S",S"] — Z

is surjective. Theorem II1.4.2 follows once we show that deg is injective. We need a
connection to differential topology.

Proposition II1.4.7. Let M be a smooth manifold, let f: M — R* be continuous, and let
d: M — R be positive and continuous. Then there is a smooth map f: M — R* such that
| f(z) — f(x)]| < d(x) for all x € M.

Proof. For x € M, let U, C M be a neighborhood of z such that §(y) > 36(z) and || f(y) —
f(@)|| < 26(z) for all y € U,. Since M is second countable, M is separable (Introduction to
Topology, 1.1), and the cover (U,).cpn has a countable subcover: There are countably many
points 1, xa,... € M such that U,,,U,,, ... cover all of M. Choose a subordinate smooth
partition of unity, {¢p;: M — [0,1]} (that is, for each x € M, we have @;(x) = 0 for all but
finitely many i, >~ @i(x) = 1, supp ¢; C U;). Define

frM =R fa) =) gi(@)f(x

i>1

Then f is smooth and

1f(@) = F@)]| = | Y wil@)f @) = 3 wule) fa2)

i>1 i>1
<Y i@ f(x) = fxa)ll <D i) 36(xi) < 8(x). O
i>1 1>1
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Proposition II1.4.8. Let f: M — S™ be continuous, with M smooth. Then there is a
smooth map f M — S™ with f ~ f

Proof. By the preceding proposition, f: M — 5" C R"*! has a smooth approximation
f: M — R"! with |f(x) — f(z)|| <1 forall z € M. Let r: R"\ {0} — S™ be the radial
retraction. Then 7o f =: f ~y, f with h(z,t) = r(tf(z) + (1 — t) f(2)). O

Remark. The proposition holds more generally for f: M — N with N smooth (Whitney
embedding theorem N C R", existence of tubular neighborhoods).
Recall (differential topology seminar). Let f: M™ — N be smooth, and let y € N be

a regular value (that is, for all x € M with f(xz) =y, we have df,: T, M = T,N). Let M"
be compact, let N™ be connected, and let M™ and N™ be oriented (that is, we have chosen
locally compatible orientations on all tangent spaces of M™ and N™). Then

deg®™(f):= > sgndfs €Z
2€f1(y)

with sgndf, € {£1} (+/— if df; preserves/reverses orientation),

e is independent of the choice of y, and

« if f is smoothly homotopic to g, then degd(f) = deg®f(g).

Theorem II1.4.9. Equip S™ with the standard orientation (S" = oD™ 1) andlet f: S™ — S™
be smooth. Then degd(f) = deg(f).

Lemma III1.4.10. Let A € GL, R. Using S™ 2 R" U {c0}, A induces a map f4: S™ — S™ of
degree sgndet A € {£1}.

Proof. By Gaussian elimination, A is a product of elementary matrices. For
A =diag(l,...,1,A\1,...,1)
we have fq ~ fp with B = diag(1,...,1,£1,1,...,1); apply Proposition I11.4.3. Likewise,

apply it to the reflection
I

)
S =

I
For a shear matrix A = I 4+ AE;;, © # j, we have f4 ~ idgn. O

Lemma III.4.11. Let f: S™ — S™ be such that there is an xg € S with f~!(z¢) = {0}
and an open neighborhood U C S™ of xy on which f is smooth, with df,, invertible. Then
deg f = sgndet dfy,.

Proof. Identify S™ =2 R™ U {oo} by stereographic projection.

—Xp

an

=
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Then, for A € GL, R, we have Jaco(so fa0s™!) = A. Setting A = (Jaco(so fos™1))7!, we
obtain
Jaco(so fofaos ) =Jacy(so fos tosofaost)
= Jacg(so fos t) Jacg(so faos ) =ATTA=1,,

that is, d(f o fa)z, = idr, sn. Since f = (f o fa) o f4-1 and deg fy Lemma sgndet A= =
sgndet df;,, it remains to show that deg f = 1 if df,, = id. We show, in fact, that f ~idgn.
By Taylor’s theorem, f(x) = x + g(z) in the chart s = (x1,...,2,) around xg, and ||g(z)|| <
3I1f(2)|| for 0 < [|z|| < 2e. Define h: S x I — S™ by

f(x), 2 < ||,
hz,t) = ¢ f(2) - t2 - yg(), < all <2,
f(z) —tg(z), |z]| < e.

Set fi(z) := h(z,1). Since [|g(z)|| < 3| f(2)| for ||z < 2e, we still have f;*(zg) = {wo}.
Choose a disk neighborhood of z( such that the complementary disk D satisfies f1(D) C D
and fi1lop = id. Then f1|p ~pp idp via h'(z,t) = tx + (1 — t) f1(x), and hence f; ~ idgn on
the whole sphere. O

Proof of Theorem II1./.9. Let y € S™ be a regular value, let f~!(y) = {z1,..., 7%}, and let
D™ = D; 3 x; be disk neighborhoods such that f|p, is a diffeomorphism onto its image D C S™.

We obtain

gn ! gn

~

S™/(S* \ UL, Dy)

S"/(5"\ D)

~

use orientation | = . .
= | use orientation

k

\/ sm — > 5.
i=1 Vz flp;
Thus, as in the proof of Proposition II1.4.6,
k ‘ k k .
deg f = Z deg(f|p,) precedipg lemma Z sgndet d(f’Di)xi = Z sgndfy, = degdlﬁ(f)- O
i=1 i=1 i=1

Recall (differential topology seminar, Milnor, Topology from the Differentiable Viewpoint,
p. 51):

Theorem I11.4.12. (Hopf). Let M"™ be a connected, compact, oriented smooth manifold
without boundary, and let f,g: M™ — S™ be smooth. Then f and g are smoothly homotopic
if and only if deg® f = degdiff 4.

Corollary I11.4.13. The map deg: [S™, S"] — Z is a bijection.

Proof. It remains to show that if f,g: S — S™ and deg f = degg, then f ~ g. We have
f~f, g~gwith f,g: S — 5" smooth and
degdiff f: degf: deg f =degg =degg = degdiff g.

Hopf’s theorem gives f ~ f ~ g~ g. 0
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Theorem II1.4.14. Let n > 1. Then my(S",-) = 1 for k < n, and deg: m,(S™, ) = Z is a
group isomorphism.

Proof. For n = 1, the assertion follows from m(S!) & Z and Proposition I11.4.6. In what
follows, let n > 2. For k < n, a map S* — S™ is homotopic to a smooth map, which is
therefore not surjective. (Choosing the partition of unity appropriately makes the homotopy
preserve the basepoint.) Hence 7 (S™, ) = 1. Since, for [f], [g] € m(S™, "),

[f] [l =[fog: S™ — S™v ™ L9 gn,
we again obtain

deg([f] - [9]) = deg(f ¢ g) = deg f + deg g = deg[f] + deg[g],

that is, deg is a homomorphism. Since deglidgn]| = 1, it is surjective. If [f] € kerdeg, the
corollary implies that f is null-homotopic. Since m1(S™,-) = 1 and (S™, ) is well-pointed, f is
also based null-homotopic. O

An alternative without differential topology

Theorem II1.4.7. (Simplicial approximation). Let X,Y be simplicial complexes, with X
finite. Then, for every continuous map f: X — Y, there are an r > 0 and a simplicial map
g: X'l 5V with f ~ g (XI"): the rth barycentric subdivision).

K., Theorem 3.22. . O
Proposition I11.4.8. Let f: S™ — S™ satisfy deg f = 0. Then f is null-homotopic.

Proof. Use S™ = 9A"™! =: K to give the sphere a simplicial structure. We may assume that
f: K" — K is simplicial. Fix a vertex v € K with opposite face 7. “Stretch 7 over the sphere”
using

®: (K, K\7) — (K,v),

such that ® ~ idg and ®|z: 7 5K \ {v}. Thus f ~ g:=®o f. We call 0 € K"l ordinary if
g(o) = {v}, and special otherwise. We obtain

g: K —, \/ S”—>V“g0 K

o special
with g,: (S™,) =N (K, v) for special 0. As in the proof of I11.4.6, we obtain

degg= Y deg(go)

o special

with deg g, = 1. Since deg g = 0, there are equally many “+1” and “—1” terms in the sum.
We can make “+41” simplices adjacent to “—1” simplices by moves of the form

Finally, on adjacent special simplices with opposite signs, ¢ is null-homotopic (to v). O
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Theorem I11.4.9. Let n > 1. Then m(S™,:) =1 for k < n, and deg: 7,(S™) S Zisa group
isomorphism.

Proof. By simplicial approximation, for k < n, every map S¥ — S™ is homotopic to a map that
is not surjective and hence is based null-homotopic, that is, m(S™) = 1. For [f], [g] € m(S™, ),
we have

1f]- 9] = [S" — S v 5™ L9, g
and hence deg([f] - [g]) = deg f + deg g, that is, deg is a group homomorphism. It is surjective
because deglidgn| = 1, and injective by Proposition I11.4.8, since the null-homotopy constructed
there is based at v. O

Corollary 111.4.10. For n > 1, deg: [S™, S"] S Zisa bijection.

Proof. Given f: 8" — S", choose r: I — SO(n+1), 7o = id, 71 f(-) = -. Then f ~,,o; f=rf,
and f is based. O

Proof of Theorem II1./.2. Let f: S™ — S™. By the corollary, f ~ S"~!(f;) with k = deg f.

Hence
111.4.6

Ho(f) = Ho(S" M (fe)) = e Hi(fi) o ="k -idy )

where the (n — 1)-fold natural suspension isomorphism is 7: H,,(S") EN 1(S1). O

II1.5. Applications

sing

Goal: We present applications of homology. Set H.(—) = Hy °(—Z/2).

The fundamental theorem of algebra
Theorem IIL.5.1. Let p € C[z] satisfy p(z) # 0 for all z € C. Then p is constant.
Proof. Let f;: S — S, fi(2) = p(tz)/|p(tz)|. Since

p((1 — s)tz)
Ip((1 = s)t2)]

is a null-homotopy, we have deg f; = 0. For p(z) = S.7_, arz®, a, # 0, let 7o > 0 be such that

h(s,z) =

n—1
lanz"| > ’Z akzk’ for |z] = rp.
k=0

Set ps(z) = anz™ + s Zz;é apz®. Then g(s,z) = ps(roz)/|ps(roz)| is a homotopy

a
2" g0 2 g1 = fro-
‘CLN‘
It follows that n = deg go = deg g1 = deg fr, = 0. M
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Invariance of dimension
Theorem II1.5.2. R" =2 R"™ =— n = m.

Proof. The case where one of the dimensions is zero follows from the fact that R is a point.
For n,m > 1, we have

n— n f m m—
5T =R {0} L BT {(0)) = 57
so H, 1(S" 1) = H,_1(S™1). Corollary II1.1.10 gives n — 1 = m — 1. O
No retractions onto the boundary

Theorem III.5.3. The disk D" does not retract onto its boundary.

Proof. Otherwise, there is an r: D™ — S™~! such that

D" - 0
; ., Hooq / \
/ \
Sn—l = Sn—l Z/Q T Z/27
a contradiction. O

Remark. More generally, a compact manifold does not retract onto its boundary (Topology II).

Brouwer’s fixed point theorem

Theorem III.5.4. Every map f: D™ — D" has a fixed point.

Proof. This is clear for n = 0. For n > 1, if the map has no fixed point, we obtain r: D" —
sn—l.

with 7|gn—1 = idgn-1. This contradicts the preceding theorem. O

Remark. The theorem implies the existence of “Nash equilibria” in game theory.

The Borsuk—Ulam theorem

Theorem IIL.5.5. (Borsuk—Ulam). For every f: S™ — R", there is an x € S™ with
f(z) = f(—=z). Thus, on every great circle of Earth, there are always antipodal points with the
same temperature. On Earth, there are always antipodal points with the same temperature
and the same atmospheric pressure.
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Theorem II1.5.6. (Antipodal theorem). Let g: S™ — S™ satisfy g(—z) = —g(x) for all
xz € S™ Then n <m.

Theorem 111.5.6 = Theorem II1.5.5. Suppose there were an f: S™ — R" with f(z) # f(—x)
for all z € S™. Then g: S™ — S*1,

@) - f(w)
9@) = TF @ = fCa)l

satisfies g(—x) = —g(x), a contradiction. O

Proof of Theorem II1.5.6. 7,)2 = (t | t?) acts on S* by t -2 = —z. We have S¥/(Z/2) = RP*,
and p: S*¥ — RP* is a covering map (universal for k > 2).

Sk

A, —— RPF,
Set C, := C3"8(—;7Z/2). We obtain
7t Co(RPF) — C,(S%), (o) =04 +0_.

This is a chain map (the transfer). We obtain a short exact sequence

0 —> C.(RP¥) > C,(S*) 2> O, (RP¥) —> 0.
Let g: S™ — S™ satisfy g(—x) = —g(z). We obtain g: RP" — RP™ and
0 — C.(RP") 2> C,(S") 2> C.(RP") —> 0
g*l g} lg* (*)
0 — C.(RP™) —> C.(S™) 5> C.(RP™) — 0.

To check commutativity in (), consider

Pn gn

A, 7> RP"

O+
5| g
RP™ «<—— S™

Pm

and
Pmo(gods) = (pmog)ooL=(gopn)odr =go(p,o0o+)=goo.

The property of g and uniqueness of lifts imply commutativity.
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We have the long exact sequence (here in dimension m > 0)

Hop (T4 Hp,
Hypt(RP™) % i, ®P™ g (9m) @ g mpmy —
—_——
0 (I11.2.3)
> Hyp 1(RP™) —> - —> 0 —> H;(RP™) —> .

— Hy(RP™) % Hy(S™) —=> Hy(RP™) —> 0.
We have
Hy (1) © Hyy(p) = Hyn(Ti 0 i)
= 2-idg,, (gm) = 0.

~

Indeed, the antipodal map is a homeomorphism and induces an automorphism of H,,(S™) =
Z/2, hence the identity. Since H,,(7y) is injective, it follows that H,,(p) = 0. Therefore,
H,,(7) is an isomorphism. Moreover,

Hy(RP™) 2 H,_(RP™)  for 1<k <m.

Naturality in Theorem I1.2.2 gives, for n > m and 1 <1i¢ < m:

Q

H,(RP") H;_1(RP")
Hz‘(??)l le‘fl(g)

IR

Q

1%

Since Hy(g) is an isomorphism, induction shows that H;(g) is an isomorphism for 0 < i < m.
Thus we obtain

Ho(RE™Y ) (5m)
H(9) | @
Hm(T*)
H,(RP™) "% 1, (5™),
but H,,(S") = 0 for n > m > 0, whereas H,,,(S™) = Z/2 for m > 0, a contradiction. For
m = 0, the theorem is clear. ]

The ham sandwich theorem

Theorem IIL.5.7. Let A;,..., A, C R" be Borel sets of finite Lebesgue measure, A(4;) < 0o
for i =1,...,n. Then there is an affine hyperplane in R™ that cuts each A; into two subsets
of equal measure.

Proof. Consider R" = R" x {1} C R*"!. For z € R"*1\ {0}, let

H ={y e R™: (2,9) > 0} N (R" x {1}),
Hy ={y e R"™: (z,y) <0} N (R" x {1}),
H,=H NnH,.
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Set fi: S" — R, fl(x) = )\(AZ N H;_) Then fl(—a:) = )\(Az N Hx_) Iff. 8" —>R" f=

(fi,..-, fn), is continuous, the assertion follows from Borsuk-Ulam. Thus, let (z;) be a

sequence in S with lim; ,. z; = z € S". The characteristic functions x , -+ converge to
1 (ITJ

X A.nHF outside A; N H,. Hence

Jlirgo Xa;n i, = Xa,nmt A-almost everywhere.

Since x 4 g+ < Xa; and [ x4, dA = A(A;) < oo, dominated convergence gives
1 IEJ

lim fi(z;) = lim / X, = / Yo A\ = MNA; NV HE) = fila). 0

Jj—00
Borsuk—Ulam I1

Theorem III1.5.8. Let {A1,...,A,+1} be a closed cover of S™. Then there are an z € S™
and an i € {1,...,n+ 1} such that {£z} C A;.

Proof. For y € 8", let d;i(y) = d(y, Ai) = infaeq,|ly — al|. Set f = (di,...,d,). By Borsuk-
Ulam, there is

an x € S with f(x) = f(—=z). If d;(x) = 0 for some i, then +x € A;, since A; is closed. If,
however, d;(z) >0 fori=1,...,n, then +x ¢ AjU---UA,, so tz € A,y;. O

Remark. The number n + 1 is optimal. Consider the radial projection of an inscribed A"
onto S™.
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IV. Cell Complexes and Cellular Homology

Recall: attaching a cell

Mayer—Vietoris sequence:

s Y 2 ooy 29 oy S B (s B2 7y s

Suppose X = |22, X", with X© discrete and
H Sn—l Hfl Xn—l
i€l
E | " S

D" ———> X"
o7

v O
@.

Foriel,, j € I,,_1, consider

o

f;} Snfl f;> xn—1 collapse anl/<anl \unc_f) = Snfl'

The maps ( Z}) j form a decomposition of the attaching map f;*. The Mayer—Vietoris sequence
suggests that, for an ordinary homology theory H.,, the homology H. «(X) is already determined
by the morphisms H,(f];). Thus:

o It seems possible to compute H,(X) combinatorially from the integers deg f7;.

o H,(X) is independent of H,! (Thus determined solely by the Eilenberg—Steenrod axioms.)

IV.1. Cell Complexes

Goal: Construct and study the category of cell complexes.
Definition IV.1.1. A cell complex, or CW complez, is a topological space X with a filtration
g=Xx'cx’cx'c...cx,

such that, for every n > 0, there is a family of maps @} : D" — X" with ¢« € I, and
QP gn—1 =:qP: S — X1 and:
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1.) The square

is a pushout.
2.) X = colim, X".
Observations / terminology:

e n=0:

that is, X is discrete.

e The n-skeleton X" is obtained from X" ! by attaching n-cells. By Lemma III.1.7,
4% X" & X" is a cofibration. The pushout construction implies that ;" is closed
and

xm\ xm =] D
i€ly
The path components e of X"\ X"~ ! are called (open) n-cells. Q" is called a characteristic
map for the ith n-cell.

o Top — Set is a left adjoint and hence cocontinuous, that is, (2) implies X = J,,~_; X" as a
set. Moreover, (2) implies that X carries the final topology with respect to (X™),, that is:

AC Xisclosed <= ANX"C X" is closed for all n.

Indeed, this topology is the finest one for which X is a cocone

X’n,

anl xXn
X/
id
v
X

o Important: The filtration (X") is part of the structure of a cell complex; the characteristic

. [Is* > x"! o .
maps QF (equivalently, the pushouts v v ) are not; only their existence is
[ID» — X™

required.
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Theorem IV.1.2. Cell complexes are T (normal and Hausdorff).
Proof. Exercise. O

Theorem IV.1.3. Let X be a cell complex and C' C X a subset.
(i) C is closed <= C Ner is compact for all ¢ € I,,, n > 0.
(ii) C is compact <= (C is closed and C N e}’ # @ for only finitely many ¢ and n).

Proof. (i) “=": CNel C el is closed and hence compact, since el = Q7 (D™) is compact. “<":
Follows by induction, since

(I; Q?) 11" (H D") Tyl xon

is a quotient map and C'N QT (D™) = C'Nel is compact in a Hausdorff space and hence closed.
(ii) “«<=": C' is closed, . L
CcCnellu---uCnegt

the right-hand side is compact, so C' is compact. “=-": Consult the literature. O
Remark: CW complex: “C” stands for “closure finite”: each closed cell e meets only finitely

many other cells. “W” stands for “weak topology”: weak in the sense that the intersections
with the skeleta already determine whether a set is open / closed.

Example IV.1.4. X =5, X' =g X0 =X!=... = X" 1 =, X" = 9",
& k—1 n—1 n—1 _
:’ X S ,_H X °
l l (k=1,...,n—1), l l
5 —> Xk D > XN

Example IV.1.5. X =3, X1= @, X0 = o, X! = \/?il Sl, X2 = 2.

f

gt = X! 29 by g
l " l fi5t—\/ S, Qal — [ [lai, bil-
i=1 i=1
D? — X? ag by
Example IV.1.6. X = RPY X" = {[zg : -~ : 2, : 0 : --- : 0]} = RP", one cell in each
dimension:
Snfl L Xn—l ~ an—l
| l
D" —5—> X" =RP
q"(z1,...,xp) =[x1:--- x| (universal covering for n > 3),

Q"(z1, ... ) = [xlz.-.:xn:w—r(xl,...,xnw :
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Example IV.1.7. X = CP? has one 2n-cell in each even dimension,

X2 = X2 — 02,0000 0]} =2 CP™,

2
Sanl q n, X2n—1 o~ C]Pm—l

| l
D — > X CP"

q2n(

QQn(Zl,...,Zn): |:Zli'--

ZlyeoeyZn) =210 0 Zn)

mnls

zn L= llGz, sz 2]
4

Remark: $3 45 CP! = 52 is the Hopf bundle.

Definition IV.1.8. Let A be a Hausdorff space. We define a relative cell complex, or relative
CW complex, as before, with X~ = A.

Definition IV.1.9. A map f: (X, A) — (Y, B) of relative cell complexes is called cellular if
f(X™) CY™ forn > —1.
~>  categories CW and relCW.

Definition IV.1.10. Let X be a cell complex. A subspace A C X is called a subcomplez if A
is a closed union of open cells. In this case, A is itself a cell complex with A™ := AN X™.

~s  category CW® of CW pairs.

We have a functor CW?) — relCW that takes the filtration (X™)2° to the filtration

(X" U A N

n=-—1*

Definition IV.1.11. Let (X, A) be a relative CW complex. We define dim(X, A) = n if
X = X" and X # X" 1. We say that (X, A) is of finite type if it has only finitely many cells
in each dimension. We call (X, A) finite if it has only finitely many cells in total.

Stability of the category CW:
o If XY are cell complexes, then so is X I1'Y (clear).

Theorem IV.1.12. Suppose X or Y is locally compact. Then X x Y is a cell complex with
filtration
(XxY)'= [J XPxY"
ptg=n

Proof. The n-cells in X x Y are products eﬁ X e?; use D™ = DP x D4. We have quotient maps

IO per—x ¢ JI [ Pr—Y

n>04elX n>04ielY

To show: f x g is a quotient map. Without loss of generality, X is locally compact. Then
f X g = (idX Xg) [¢] (f X idHniDn)’

and both maps are quotient maps by Problem Sheet 4/5, Exercise 2, Introduction to Topology.
O
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o If (X, A)is a CW pair, then X/A is a cell complex.
e Hence so are CX, SX, ¥ X.

e If p: Y — X is a covering and X is a cell complex, then so is Y.
Theorem IV.1.13. A relative CW complex (X, A) is a closed cofibration.

Proof. By Lemma II1.1.7, each j7: X"~! — X" is a closed cofibration. Thus (X", A) is a
closed cofibration and (X, A) is closed. It remains to show that (X, A) is a cofibration.
A
X

‘A
L»AXI Xl —— X"l xT
it

foint1

We obtain H': colim, (X" x I) — Y. Since I is compact, (—) x I preserves not only pushouts
(as we know), but also arbitrary colimits, that is,

colim, (X" x I) =X x I.

O

Corollary IV.1.14. For a relative cell complex (X, A) and any homology theory H,, there is
a long exact sequence

oo — Hy(A) — Hp(X) — Hp(X/A) — Hy_1(A) —> - -
Corollary IV.1.15. Let @ # X be a cell complex and g € X°. Then (X, xg) is well-pointed.

Theorem IV.1.16. Let X be a path-connected cell complex with exactly one 0-cell zg € X.
Choose characteristic maps

(@7, q): (D", 871 — (X", X"
fori € I, and n =1,2. Then
(X, 20) = ([Q}), i € In | [g]], j € I2).
Proof. Consider

[N 7T1(Xn_1,$0) 7r1(Z”) 7_[_1(X7L7.,L.0) - s ...

T

™1 (Xa Z‘O)

Claim: colim,, w1 (X", z) = m1 (X, z0).
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Surjectivity: Let [y] € m1(X, zo). Then ~(I) is compact, so y(I) C X™ for sufficiently large
n by Theorem IV.1.3(ii). Injectivity: Let [y] € mi(X™, x0) and let H: I x I — X be a
null-homotopy of v in X. Then also H(I x I) C X™ for sufficiently large m, that is, [y] = 1 in
T (Xm, :L'o).
For [v] € m1(X™, x0), the image ([) lies in a finite subcomplex of X", so
T (X" o) 2w (X", xg) forn >3

by Theorem I1.5.2 (Introduction to Topology). Thus

m1(X, 29) = colim,, 71 (X™, zg) = 71 (X2, z0).
Since X? is a presentation complex, the claim follows. O

Attaching cell complexes. Let (X, A) be a CW pair, Y a CW complex, and f: A - Y a
cellular map (the attaching map). Then

a1,y
r
Y “
X‘,’Z
f

in Top defines a cell complex Z with filtration

Z" = f(X")ujy")
(obtained by attaching X to Y').
o {n-cellsin Z} = {n-cells in Y} U{n-cells in X \ A}.
« Characteristic maps are obtained by composing with f and j.
e The filtration satisfies
colim,, Z™ = colim,, ((f 1 j)(X" 11 Y™))
= (f I j)(colim, (X" LI Y™))
= (fUHXIY) =2
since taking quotients is a left adjoint and hence cocontinuous.

We call (*) a cellular pushout. By Lemma II1.1.5, (Z,Y) is again a CW pair, and f: X — Z

is cellular by construction.

Theorem IV.1.17. (Seifert—van Kampen: CW version) Let
A = Y
v v
X —Z
be a cellular pushout, let A, X,Y be path-connected, and let ag,zg, 40, 20 be compatible
basepoints. Then
7T1(A,CL()) - 7-‘-1()/7 yo)

| l
m (X, zg) —> m(Z, 20).

Proof. By Theorem IV.1.13, (X, A) is a cofibration, so the pushout version of the theorem
applies. ]
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Theorem IV.1.18. (Mayer—Vietoris sequence: CW version) Let

ALy

Y
X —> 7
f
be cellular, and let B C A, B’ CY with f(B) C B’. Then we have a natural long exact
sequence

oo Hy (A, B) I g ox By @ B (v, B ) gz By s
Proof. 1V.1.13 and the discussion following I11.3.3. O

If A+ @, set B= B’ = e to obtain

oy Ho(A) YOI U)oy @ HL(Y)

I HG) o7y O L (A) — -

the reduced Mayer—Vietoris sequence of a cellular pushout.

IV.2. Cellular Homology and the Euler Characteristic

Goal: Compute the homology of cell complexes; define and determine the Euler characteristic.

Let (H,,0s) be a homology theory with values in R-mod.
Definition IV.2.1. Let (X, A) be a relative cell complex. The cellular chain complex of
(X, A) with respect to (Hy, 0y) is
CWV(X,A; H,) := Hy(X™, X"71)

with differentials

oW COV(X, A HL) — CIY (X, As H.)
given by

On: Hy(X™, X" — H, (X1 X"72)
from the exact sequence of the triple (X™, X"~1, X"~2). We have the diagram

Hn,—l(Xnil)

/

Hn(Xn,Xn_l) —_ n—l(Xn_lyxn_Q) — n_Q(Xn—Q’Xn—S)

/

Hn72(Xn—2)

so OSW 0 9%V = 0.

The cellular homology of (X, A) with respect to (Hy, 0y) is

HEWY(X, A) = H, CWV | X, A; H,
~— ~—
homology of the given
chain complex homology theory
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Theorem IV.2.2. Let (X, A) be a relative cell complex and (H,, d;) an ordinary homology

theory. If (X, A) is infinite, also assume that (H,,0,) is additive. Then we have natural
isomorphisms

Ho(X,A) = HSW(X,A)  forn > 0.
Proof. Choose pushouts
H Snfl qun xn-1

i€l,

r n

coﬁbraﬁon£

10" g X

iel,

ZGIn Zeln
= P Hi(D", 5" ") = @D Hyn(o)
1€l i€l
by the five lemma and additivity. H, is ordinary, so

]J (}(n X" 1 (:[I [yz II Sn— 1)

Consider the exact sequence of the triple (X", X"~ A):

= Hy (X7 XY — Hg (X, A) ﬁ Hy, (X", A) = Hp(X", X" 1) —
E>n = Hp(X",A) 2 H (X" A) 2. =2 H(AA)=0
k<n = Hp(X", A) = Hy (X" A) = Hy(X™2, A)g...’

that is, Hx(X™, A) = colim,,, Hp(X™, A).
Claim: colim,,, Hy(X™, A) = H,(X, A).
e Clear if X is finite-dimensional.

o Otherwise, use T'(X*®) = hocolim,, X"

A— X0 — X! — X2 — X3 —
Mapping telescope

“Filtered homotopy colimit.”

And
Hy(T(X*®),A) = colim,, H,(X™,A) and T(X°®)~4 X.
(Compare: For f: A — X,

Hj, (hocolim (A EN X)) = Hy(My)
and

colim Hy,(A L5 X) = colim (Hy (4) Y 1, (X)) = Hy(X)
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and My ~ X.)
Thus Hy (X", A) = Hi(X, A) for k < n. Now consider again

Ho(X"=1,4) =0

H,(X™ A) Hn(X"+1,A) — Hn(X"+1,X") =0
On+1
in
1 1 8SW 1 2
I{nJrl()(ThL aXn) 8TXV1> Hn(Xann7 ) - nfl(Xni 7an )
On .
In—1
H, (X" A)

Hy 1 (X"2,4) =0

Claim: 14,, induces

N k aCW
coker Op 41 — HSW(Xa A) = %'

m n+1

Proof: Diagram chase.

We conclude that
HEW(X, A) = coker 0,41 = H, (X", A) = H, (X, A),
and this isomorphism is natural with respect to cellular maps. ]

Corollary IV.2.3. Let H, be ordinary and H(e) free of finite rank over a principal ideal
domain R. Let the pair of spaces (X, A) be homotopy equivalent to a relative cell complex of
finite type; if this complex is infinite, also assume that H, is additive. Then H, (X, A) is a
finitely presented R-module for all n > 0.

A natural boundary map
o HEW(X, A) — HV{(A)

is obtained from the following proposition using Theorem I1.2.2.

Proposition IV.2.4. For a CW pair (X, A), we have a natural short exact sequence
0— CW(4;H,) — CWV(X;H,) — CV(X,A; H,) — 0.

Proof. Clear if A = @. Otherwise,

7

An/An71 m Xn/anl

~| B

i J
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is a cofibration with retraction r,: X"/X"~! — A"/A""!. Since

Xn/Xn1  X"UA

An/An—l - Xn—1 UA’

II1.1.6 gives short exact sequences:

0 — Hy(A"/A" ) — H,(X"/X""Y) — H, (F4;) — 0

Xn—1luA
%l111.1.4 lg lf:v
Naturality follows from II1.1.4 and III.1.6. O

Warning! Standard abuse of notation: 9$" denotes both

Proposition IV.2.5. Under the assumptions of IV.2.2, we have

On

H,_1(A)

(a2 o

HOW(X, A) —— HOW(A).

-1
ogw

Proof. Use HSW (X, A) = coker(d,,41) as in IV.2.2 and the naturality of d,,. O
Thus, altogether we have a natural isomorphism of long exact sequences:

c—> Hp(A) —> H,(X) —> Ho(X,A) —> H,_1(A) — -+

Rk

- HyW(A) > HPW(X) — HW(X,A) — HJW(A) — -

The Euler characteristic. Euler’s polyhedron formula (1758): For a convex polyhedron
with F vertices, K edges, and F faces,

E-K+F=2.
More generally:

Definition IV.2.6. Let X be a finite cell complex. Then

X(X) =D (=) mo(X™\ X"

n>0

is called the Euler characteristic of X.

Definition IV.2.7. For a topological space X, the nth Betti number is

bn(X) :=ranky H,(X;Z)
= dimg (H,(X;Z) ®z Q) = dimg H,(X;Q).
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Theorem IV.2.8. (Euler—Poincaré formula) Let X be a finite cell complex. Then

X(X) = D (=1)"ba(X).

n>0

Proof. Set C, := CSWV(X; HI™8(—;Q)). We show in general that:

> (-1 dimg Cr, = > (—1)" dimg Hy(Cy). (*)
n>0 n>0
Consider
0— B, — Z, — H,(C,) — 0
and

O—>Zn—>0na—">Bn,1—>O.

It follows that dim Z,, = dim B,, + dim H,(C}) and dim C,, = dim Z,, + dim B,,_1, so

> (-1)"dim C, = > (—1)"(dim Z,, + dim Bn_1)

n>0 n>0
=Y (-1)"dim H,(C,) + Y (—1)"(dim By, + dim B,,_1) .
n>0 n>0

=0

Corollary IV.2.9. Let X,Y be finite cell complexes with X ~ Y. Then x(X) = x(Y).
Examples: If X is contractible, then y(X) = x(e) =1 (a necessary test for contractibility).

e x(SH =0.
e () =1-29+1=2-2g
e X(Vy)=1—-g+1=2—g.
o x(RP?) = x(N1) =1 (not contractible; the test is not sufficient).
e For products,
X(X X Y) = [ | = (114 | + 1|17 )
+ (155 |+ [0+ R ]) F -

= (Z(—l)”ﬁf |) (2—1)”\1}5 |> = X(X)x(Y).

n>0 n>0

o X(8'x X) =0, x(T%) =0.
o Let Y — X be an n-sheeted covering: x(Y) = nx(X).
o Thus, if x(X) # 0, any self-covering of X is trivial.

Theorem IV.2.10. (Additivity of ) Let
A - Y
v v
X —Z

be a cellular pushout of finite cell complexes. Then

X(2) = x(X) +x(Y) = x(4).
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Proof. Consider the Mayer—Vietoris sequence for H. iing(—; Q) as a chain complex with vanishing
homology. By (*),

> (=D dim Hy(Z) = Y (=1)"(dim Hy, (X) + dim Hy, (Y'))

n>0 n>0
+ ) (~1)"dim H,,(A) = 0.
n>0
The claim follows from IV.2.8. O

IV.3. Computing Cellular Homology

Goal: Compute the differentials of the cellular chain complex as integer matrices. Examples.

Let (X, A) be a relative cell complex. Choose pushouts:

H Sn—l Hq;ﬂ xn-1

icl,

i€ly

Definition IV.3.2. Forn > 1,let i € I,, and j € I,,_1. The incidence number inc?{fj €Zis
the degree of the map

Xn— 1 (W) —1

1 qa _
qn 1 Ziy xn 1
Xn—1y\ en~!
J

Dn—l/Sn—2 Un—1 Sn—1.

e Well-defined only up to sign.

e For n =1, this means

L, ¢(1)=Q}D°%), ¢/ (-1)#Q)D"),
incj; = -1, ¢/ (1) =QYD"), ¢} (1)#QyDY,
0, otherwise.

« Let INC, = (inc};) be the nth incidence matriz. It may be infinite, but by Theo-
rem [V.1.3(ii), each row has only finitely many nonzero entries.

o Let (H,,0s) be a homology theory, assumed to be additive if (X, A) is infinite.

e Let
Vet Ho (X", X" 5 @D Ho(e).
i€ly

No dimension axiom is required here.

Theorem IV.3.2. For n > 1, we have

CW

10)

an% %l’jn—l

@Ho(') e, @ Ho(e).

i€l J€In—1
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Proof. The following diagram commutes:

Hn(Xann—l) 48) anl(Xn_l)

= \ J \
_ Hu(@7)_
Hn(Dn/Sn_l) —_ Hn(X /Xn 1 n 1 Xn 1 , Zo e 1 Xn 1 Xn 2)
Ho(un) | = 5 fln_l(Xn 1 H,_(X"1/X72) H, 1 Xn L/(xn= 1\en 1))
Hp—1(q}") %ﬁnl@g‘l)
d ~ -inc}’ - ~ -
(Sn) esuspensman_l(Snfl) »J Hn_l(snil) = Hn_1<Dn71/Sn72)
—1(un-1)
(n — 1)-fold desuspension |22 =~ | (n — 1)-fold desuspension
Ho(S°) Hy(S")

Ho(e) —————> Ho(e)
2,7

The square labeled with the degree uses Theorem II1.4.2. With

Ho(e) — €D Ho(e), 7 : € Ho(e) — Ho(e)

In—1
we obtain
Tj O Vp_10 8CW Loy = 1nc”, hence wv,_qo0 8SW o 1/;1 =.INC, .
O
Remark. In particular, INC,, ;1 INC,, = 0, which is not so obvious if one proves m,(S",e) = 7Z

using homotopy theory and thus defines the degree without homology.

Examples IV.3.3. Let (H,,d,) be ordinary, with Hy(e) = Z. We use CW structures as in
Examples 1V.1.4-1V.1.7.

1)

cWsH): oo —0— Z —0— - —0— Z —0 (n>1).

degree n degree 0

All differentials vanish, including for n = 1. Thus

Z, {=
HECW(Sn) ~ Hg(Sn) o ) 0,n,
0, otherwise.
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CV(Sy H) o - —>0—>%&>ng$%—>0.
The pushout for the 2-cell is

2g
st —\/ s
l i=1 w = H[ai, bl]
l i=1

D2 —— 3%,

O—X

Each 1-cell is traversed in both directions. Hence all the maps in Definition 1V.3.2 are
null-homotopic, that is, INCy = (0,...,0). Thus

Z, £=0,2,
He(zg) = ZQQ? = 1,
0, otherwise.

* s Ho)y=(—0-—2Z— — DL =L =>L—7Z—0).
CV(RP?. H 0—2— 7 QZOZQZO% 0

The (-cell is attached to the (£ — 1)-skeleton by S¢~! — RP*~!. We need to determine
deg(S*~! — RPI/RPF2 2 5071 =1 4 (—1)".

For this, use the factorization

Sé—l Sl—l
collapse the eq$A %\/(Y— id)
Sé—l v Sé—l
and consequently
Z, ¢=0or ({ =dand d odd),
Hy(RPY) = {7/2, 0<{<dand ¢ odd,

0, otherwise.

cEWV(cPY) 0—Z—0— Z —0-—Z——0—Z—0.

It follows that
Z, 0</{<2dand/ even,

0, otherwise.

H,y(CP?) = {

IV.4. Uniqueness of Ordinary Homology

Goal. All ordinary and additive homology theories with fixed Hy(e) = M are equivalent on
cw®,
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Definition IV.4.1. A cellular homology theory with values in R-Mod is a family of functors

(Hn)nEZ7
H, : CW® — R-Mod,

together with a family of natural transformations

8, : Hy —s Hy, 104,
where J : CW®) — CW®) is defined by J(X, A) = (A, @) and
J(f: (X, 4) = (Y,B)) = fla: (A,2) — (B, 2)
such that the following hold:

1) Homotopy invariance. If f,g: (X, A) — (Y, B) satisfy f ~}, g with h(A) C B for all
t € I, then H,(f) = H,(g); here f, g, and h; for all ¢ € I are cellular.

2) Long exact sequence. The pair (X, A) has the inclusions
ii(A,@)—)(X,@), ](ng)—>(XaA)a
and these induce the long exact sequence

Hn(4) (X,4)

s Ha(A,2) 9 g x, o) Y9 g a) 25 g A )

3) Excision. Let X = AU B for subcomplexes A, B C X. Then H,(A,ANB) = H,(X, B)
for all n € Z.

The cellular homology theory is also called ordinary if it satisfies the dimension aziom:

4) Hy(e,@) =0 for n # 0.

Applicable to cellular and noncellular theories:

Definition IV.4.2. Let (H,,0") and (K., 0X) be homology theories with values in R-Mod. A

natural transformation of homology theories is a family of natural transformations w, : Hy — K,
such that, for (X, A) and n € Z, the diagram

8H
Ha(X, A) —2 s H, 1 (A)
wn(X,A)l lwwl(A)

Kn(Xv A) 7’ n—l(A)

n

commutes. If each w, is a natural isomorphism, w, is called an equivalence of homology
theories.

o This gives the categories HomologyTheories and CW-HomologyTheories.
o Equivalences are the isomorphisms in these categories.

o Let F: CW® — Top(z) be the forgetful functor and (H,,ds) a homology theory. Then
(HyoF,0,0F) is a cellular homology theory. For excision: If X = AU B with subcomplexes,
the pushout

ANnB —— B

} !

A X

is cellular, hence homotopy cocartesian. Thus we have the Mayer—Vietoris isomorphism
H,(X,B) = H,(A, AN B); see the proof of I11.3.3.
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Theorem IV.4.3. Let (H,,0s) be an ordinary and additive homology theory with values in
R-Mod. Then there is an equivalence of homology theories

Wy H*oFiHSW.
Proof. Theorem IV.2.2 and Proposition IV.2.5. O
Moreover, wy(e) = idg,(s) by construction.

Theorem IV.4.4. Let H, and K, be ordinary additive homology theories with values in
R-Mod. Let f: Hy(e) — Ky(e) be an R-module homomorphism. Then there is a natural
transformation
w,{:H*oF—>K*oF
f

of cellular homology theories with w(]; (o) = f. If f is an isomorphism, then wy is an equivalence.
Proof. By Theorem 1V.4.3, it remains to construct a natural transformation
of - BV — KV

with GJ(J; (o) = f such that the @g are natural isomorphisms if f is an isomorphism. In fact, we
construct a natural transformation

Qf : OV (= H) — COV (= K.)
with ﬁg(o) = f that is a natural isomorphism if f is an isomorphism. We then set
(X, A) = Hy (X, 4)).

Composition with functors takes natural transformations and isomorphisms to natural trans-
formations and isomorphisms, respectively. The additional naturality condition

CW,K f CW,H
8n © n—1° 6%

~f_~
Wy =w

follows from the naturality assertion in Theorem I1.2.2 for

0 —> CW(A;H,) —> CEW(X;H,) —> CEV(X, A H) —> 0
5£<A>l lﬁf(m lﬁfi (X,A)
0 —> CWV(4K,) — COV(X;K,) —> CWV(X, A K,) — 0.

We now construct Q. Let (X, A) be a CW pair. Regard (X, A) as a relative cell complex and
choose pushouts

H Snfl Hq;ﬂ xn-1

icl,

i

I o~ —»HQ? X,
i€l

Using the isomorphisms v and vX from Theorem 1V.3.2, let

~ Hx l/K* —1
O+ COV(X, A4 H,) 2 @ Hoe) DL @ Ko(e) L 0OV (X, 4 KL,
icl, i€ly

This defines a chain map because
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Hx v 1
CCW(X, A H,) @HO(.) @KO (” S CWV(X, A; K,)

iel, icl,
CW, CW,K
oSWH l INC,, l INC,, On
CM (X, A HL) ——> (D) Ho(e) s P & o ——— OV (X, A K.).
n—1 4¢el,_1 i€l,_1 Vn—1
‘We have:

. Of (X, A) is an isomorphism for every CW pair (X, A) if and only if f is an isomorphism.
.« Qf(e)=1.
Thus it remains to show:
(i) QI(X, A) is independent of the choice of (QF,g").
(ii) QI(X, A) is natural with respect to cellular maps g : (X, A) — (Y, B).
For (i): Let (P, p}) be a second choice. We have

P

n | zlm

S’n 3 S’IL

with degree +1.

Consider
f
D Hol(e) SN P Ko(e)
icl, icl,

P H.@7) P K@)
ﬁn(Xn/Xn—l) P(xid) P(xid) I?n(X”/X”_l)
@D Ha(P}) @ Kn(P})

7
@ Hy(e) —> @ Ko(e
i€l iel,

The middle square commutes by Theorem I11.4.2. Here the isomorphisms Ho(e) = H,(5™)
and Ky(e) = K, (S™) are implicit.
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For (ii): For cells e C X and f}' CY, let inc}';(g) € Z be the degree of

oy
Dn/sn 1Q( Xn/Xn 19 Yn/yn 1—)Y"/(Yn\fn) (@5 ( N~ Dn/Sn 1
Set INCy,(g) = (inc};(g)). Then, as in Theorem IV.3.2, we obtain

(-INC,(g)) o 1/2( = 1/;/ o ng(g; H,),
and from this, as above,

cw . Y9 ow .
CCW(X, A H,) CCV(Y,B; H,)
ﬁf(X,A)l lﬁf(Y,B)

COV(X, A; K.) CEV(Y, B; K.,).

CEW(g)

o We have just seen: An isomorphism f : Hy(e) = Ky(e) induces

naturally in (X, A).

e We saw earlier: For every R-module M, there is an ordinary, additive homology theory
H, = H;"®(—; M).

Thus there is a functor
CW(—; M) : CW® — R-Chain,

such that HSW = H,(CEW(—; M)), together with OSW from
0— COW(A; M) — CEV(X; M) — CEV(X, A; M) — 0,

is a cellular homology theory, without reference to a given homology theory.

We call (HEW,0CW) cellular homology and usually omit the superscript CW.
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Logical structure of the course:

Pairs of spaces

CW pairs

The constructions proceed in this order: 1. simplicial homology, 2. singular homology, 3.
cellular homology.

IV.5. What Comes Next?

e Homological algebra: free or projective resolutions of modules over rings that need not
be commutative, the fundamental theorem. Applications:

— How is H,(X, A; R) related to Hy, (X, A;Z) ®z R? The universal coefficient theorem.
— How can one compute H,(X x Y;R) from H,(X;R) and H,(Y; R)? When do we have

Ho(X xY;R) = @ Hy(X;R)®r Hy(Y;R)?
p+g=n

e Cohomology:
C*(X; R) := Homp(Ci(X; R), R),  d"(p) =podnir.
A map f: X — Y induces
ff:C*(Y;R) — C*(X; R), O PO f.
Advantage: The map
CP(X) x CUY) — CPTYUX x Y), (P, ) — P x

induces
HP(X) x HI(Y) — HPTI(X x Y).

For X =Y, we obtain the cup product
—: HP(X) x HY(X) — HPT(X x X) 25 gPHo(X).

This makes H*(X) := @,,>¢ H"(X) a graded ring and H.(X) a right H*(X)-module. For
example,

H*(RP®;Z/2) = (Z/2)[a],  H*(CP®;Z) = Zla] (dega = 2).

e Poincaré duality: For orientable compact manifolds M of dimension n without boundary,
we have
Hy(M) = H"(M).

In particular, the universal coefficient theorem gives by(M) = b,,_s(M).
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