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Warm-Up: The Lefschetz Fixed Point
Theorem

Let R be a principal ideal domain, V a finitely generated R-module, and f: V — V an
endomorphism. Consider

V —— V/torsV — =, Rn

I,

V —— V/torsV —— R"™.

Definition W.1. The trace of f is
tl"(f) = tl”(A) = ZA“ € R.
i=1

Clearly, tr is R-linear and tr(idy) = rkp V.

Proposition W.2.
(i) tr(f) is well-defined.
(ii) For f,g € Endg V, we have tr(f o g) =tr(go f).

Proof. (ii) Let A, B € M,(R) be matrices representing f,g. Then

(AB)ii =YY AiBj; = ZZBUAJZ =tr(B- A).

=1 i=17=1 i=17=1

(i) Choosing a different basis gives A’ = U1 AU with U € GL,(R), so
tr A" = tr(U1(AV)) Y (AU = tr AL O

Proposition W.3. Suppose the diagram

4 Js Jn
0 Vo —— ¥V, — 2 1 0

of finitely generated R-modules has exact rows. Then

trg =tr f 4+ trh.

Proof. First suppose that Vy, Vi, V5 are free. Then Vi3 = V; @ V5 by the splitting lemma
(Topology I, Lemma 1.4.7), and if f,h are represented by A, B, then g is represented by
A %
0 B
bases. O

. Thus trg = tr f 4+ tr h. Reduce the general case to the free case and use adapted



Definition. Let X be a topological space such that Hiing(X ; R) is finitely generated and
H,(X;R)=0forn> N,and let f: X — X. Then

TR(f) = 7(f) = Y ()" tr(Ha(f)) € R

n>0
is called the Lefschetz number of f. Clearly, 7(f) = 7(g) if f ~ g, and 7z(idx) = x(X).

Theorem W.4. (Lefschetz fixed point theorem) Let X be a finite simplicial complex and
f:+ X — X a continuous map with 75(f) # 0. Then f has a fixed point.

Proof. Suppose that f has no fixed points. Choose a metric d on X. Set
:= inf 0
e:= inf d(z, f(2)) >
Let L be a barycentric subdivision of X such that every star
= U o’
o' Do

has diameter < £/2.

st(v)

By simplicial approximation [K., Theorem 3.22], there is a barycentric subdivision K of L and
a simplicial map g: K — L with g ~ f and sup,cx d(g(x), f(x)) arbitrarily small. It follows
that g(o) N o = @ for every simplex o € K. Consider

0 — BX(K) — Z3(K) — HY(K) — 0,

0 — Z2(K) — H,(K", K" 1) — B2 |(K) — 0.
It follows that

tr(ge: Ho(K™, K" — Hy (K™, K")) &

tr(ge: Zp'(K) = Z(K))
Ftr(ge: BEL(K)  BE,(K)
= tr(g«: BY(K) — B2 (K K)) + tr(Hz(g))

+tr(ge: B2 1 (K) — B5 (K)).

Thus
T(f) =7(9) = D_(~1)"tr Hy(9)
n>0
= > (D)™ tr(ge: Ho(K™, K" ") — Hp(K", K"1)) =0,
n>0
since g(o) No = @ for all 0 € K. O



Corollary W.5. (Generalized Brouwer fixed point theorem) Let X be a finite simplicial
complex with X ~ e. Then every f: X — X has a fixed point.

Proof. We have

Remark. More generally,
T(f) = Z ind, f,
z€Fix(f)
if f has only finitely many fixed points, all of them isolated. In the local Euclidean model,
the fixed point index is the degree of the normalized displacement map on the boundary of a
small neighborhood U of «:

v 4, ga

G f o y—f)
] J A= f deg<y%\!y—f(y)!!)w'
U G B0

(= Poincaré—Hopf theorem from differential topology!)



I. Homological Algebra

I.1. Projective Modules

Let R be a (possibly noncommutative) ring with 1. (R-Mod is the category of left R-modules.)

Definition I.1.1. An R-module P is called projective if

M- N5

(For every epimorphism p: M — N and every f: P — N, there exists f: P — M with
f=porf)

Theorem 1.1.2. The following statements are equivalent.
(i) P is projective.

(ii) Every short exact sequence

splits. (There exists s: P — M with po s =idp.)
(iii) There is an R-module @ such that P & @ is free.

Proof. (i) = (i1):

(#9) = (iii): Choose an epimorphism p: F' — P with F' free. By (i7), the sequence 0 —
kerp — F — P — 0 splits. By the splitting lemma ( Topology I, 1.4.7), which also holds for
noncommutative R, we obtain F' = kerp & P.

(idi) = (i):

N9 P Set, f::goi.



Examples.

1.) R =Z: the module M = Z/kZ is not projective for k > 2, since

0—2572——7/k7—0

does not split.

2.) R =Ty x Fy: the module P = Fy x {0} is projective, since P @& ({0} x Fg) = Fy x Fy is
free, but P is not free, since |P| = 2 # 4F,

3.) R=0C(S?) ={f: 8> = R: f continuous}. Consider
TS5% = U T,5% = {(s,v) : s € S CR3 veR? s L v} CRY
peS?
p: TS — S%, (s,v) —> s.
P =T(TS? = {s: 52 = TS?: s continuous, po s =idg}.

The isomorphism
P& C(S?) S 0(S?)® = C(S%RY),
(s, f) — (x— s(z) + f(z) - 2)

shows that P is projective. However, P is not free, essentially by the hairy ball theorem.
[Rosenberg: K-theory]

I[.2. The Fundamental Theorem of Homological Algebra

Definition I.2.1. Let M be an R-module. A resolution of M is an exact sequence
-"—>M2—>M1—>MOE>M—>O

(that is, M, is a chain complex with Ho(M,) = M and Hy(M,) =0 for k > 1).

A projective resolution of M is a resolution P, such that Py is projective for every k > 0.

Theorem 1.2.2.

(i) Every R-module has a projective resolution.

(ii) Let Pi>p be a chain complex of projective modules. Let Q>0 be a chain complex with
Hi(Q.) =0 for k > 0. Let [Py, Q.] be the abelian group of chain homotopy classes of
chain maps P, — Q4. Then

ot

[Py, Q] — Homp(Ho(Py), Ho(Qx)),
[f«] — Ho(f+)

is an isomorphism.

Corollary 1.2.3. Any two projective resolutions Py, @« of the same R-module M are chain
homotopy equivalent.



Proof. By surjectivity, we obtain

Ho(Q+)
2l
> Q2 — Q1 — Qo > M 0
S
-— P — P — Ph—— M —— 0
2l
Ho(P:)

In the other direction, we obtain g,: Q. — P.. We have

Ho(gs o f«) = Ho(gs+) o Ho(fx) = idpsoidp = idyy
and Ho(f« o g«) = idas. Injectivity gives g, o fi ~idp, and f, o g, >~ idg,. O
Proof (of Theorem 1.2.2). (i) Let M be an R-module. Choose Py (for example, free) with
Py S M — 0, and then construct

-%Pg»kerdl%lekers%PogM%O

\_/
:=dso i=dj

inductively.

(73) Surjectivity:

S Qo 2> Q1 > Qo > Ho(Q.) — 0
A A A
f2! fi Jo! WT
P, 2> p s P %5 Hy(P) —> 0

e The homomorphism fy lifts ¢ o § along the surjective map ¢.

o For z € P, we have py(z) € ker §, hence

e(fo(p1(2))) = ¢(6(p1(x))) = ¢(0) =0,
that is, im(foop1) C kere = im ¢;. Thus there exists a lift f; of fyop; along ¢1: Q1 — imq;.

e Continue inductively.

Injectivity: Let fi, g«: P« — Q4 be chain maps with Ho(fs) = Ho(g«) =: . We need to
construct
hy: Py — Q*+1 with gx+1 © hy + h*fl O Psx = f* — O«

q2 q1

Q2 Q1 Qo —=— Ho(Q.)
k\ k\
\\\ h \\\ h
f2,92 \\.]11791 \\190790 W
p2 po
Py Py Py Hy(P,) —> 0

P,)
e We have eo (fo — go) = @00 —¢od =0, that is, im(fy — go) C kere = im ¢;. We obtain

Q1 —2> Qo

Y\\
S Tfo—go
ho s

Py



e We have
qro(fi—g1—hoop)=foopi—goopi —qrohoop

= (fo—g0—aqoho)op1 =0.
We obtain
Q2 —2> Q
AN Tfl—gl—hoom
Py
then ga o h1 +hoop1 = f1 — g1.

e Continue inductively.

I.3. The Tensor—-Hom Adjunction

(For the case where R is a field, see Introduction to Topology, Sheet 12, Exercise 3.)

Let R be a ring, M a right R-module, N a left R-module, and X an abelian group. A map
f: M x N — X is called R-balanced if

° f(m,n—i—n’):f(m,n)+f(m,n’),
° f(m+m/an) = f(m7n) +f(m/’n)v
o f(m-r,n)= f(m,r-n)

for all m,m' € M, n,n' € N, and r € R.

Definition 1.3.1. The tensor product of M and N is an abelian group M ®r N with an
R-balanced map ®: M x N — M ®p N satisfying the following universal property:

MxN—25 MorN

(For every R-balanced map f: M x N — X, there is a unique homomorphism of abelian
groups f: M g N — X with f = fo®.)

Existence: Let Z(-): Set — Ab be left adjoint to the forgetful functor Ab — Set, and let
U <Z(M x N) be generated by

{(m,n+n") = (m,n) — (m,n),.......; mym' € M, n,n’ € N, r € R}.

Set M @r N :=Z(M x N)/U, m ® n := [(m,n)]. For an R-balanced map f: M x N — X,
we uniquely obtain

f Zm@n ::Zf(m,n).
——— —_———
not unique well-defined

Uniqueness: abstract nonsense, as usual.

Note. By construction, M x N = M ®gr N is functorial in M and N.



Definition I.3.2. Let R, S be rings. An R-S-bimodule is an abelian group M that is both a
left R-module and a right S-module, such that (r-m)-s=r-(m-s) forallme M, r € R,
and s € S.

Examples.
e R"™is an M, (R)-R-bimodule.

e If Ris commutative and M is a right R-module, then M is an R- R-bimodule with r-m := m-r,
since

(r-m)-s=m-r)-s=m-(r-s)=m(s-r)=r-(m-s).

o If M is a left R-module, then M is an R-Z-bimodule, since
Let B be an R-S-bimodule, A a right R-module, and C' a right S-module. Then
e A ®pg B becomes a right S-module via
(a®b)-s=a®(b-s),
o Homg(B, C) becomes a right R-module via
(f-r)(b) = f(r-D).
Theorem 1.3.3. The functor
(1) ®g B: Mod-R — Mod-S

is left adjoint to

Homg(B,-): Mod-S — Mod-R :

Homg(A ®p B,C) = Hompg(A, Homg(B, ()),

naturally in A € Ob(Mod-R) and C' € Ob(Mod-S).

Proof. f: A — Homg(B,C) is R-balanced when viewed as a map f: A x B — C. By the

universal property, there is a unique f: A ®p B — C with f ( b) = f(a,b) fora € A, b € B.
For s € S, we have

f((Za@b Zfab s) Zf(a,b)-s
) 1)

Naturality likewise follows from the construction of A ® g B. O



1.4. Exactness

Definition I.4.1. A (covariant) functor F' from left or right R-modules to Ab is called
o left exact if, for every exact sequence
00— My — My — M3
the sequence 0 — F'(M;) — F(May) — F(M3) is also exact.
e right exact if, for every exact sequence
M, — My — M3 —0
the sequence F(M;) — F(Ms) — F(Ms) — 0 is also exact.
e exact if F is both left and right exact.

Contravariant left ezactness:

0(—M1<‘M2%M3 ~ 0—)F(M1)—)F(M2)—>F(M3)

Theorem 1.4.2. Let M be a left R-module. Then Hompg(M,-) is left exact and (-) ® g M is
right exact.

Proof. We observe that

M14>M2
0 — My — My — M3 exact <~ l - l R
0 —> M;
M1*>M2
My — My — M3 — 0 exact <= l l
-
0 ——> M

By Theorem 1.3.3, Hompg (M, -) is a right adjoint and (-) @ g M is a left adjoint. By Introduction
to Topology, Sheet 12, Exercise 4, right adjoints preserve limits and left adjoints preserve
colimits. O

Proposition 1.4.3. Hompg(M,-) is exact <= M is projective.

Proof.
Homp(M,-) exact
For every surjective g: A — B,
—
go: Homp(M, A) — Hompg(M, B) is surjective.
A—2>B >0
AN
<~ AN

3h . Tf

M



Dually, an R-module [ is called injective if

I
For every injective g: B — A,
og: Hompg(A,I) — Hompg(B,I) is surjective.

<= Hompg(-,I) is exact.

(Warning: The proof requires clarifying what adjunction means for contravariant functors. . .
Examples. Q and Q/Z over Z.

Counterexample. Z over Z.

7 <7 7 <2 7«0
n>2: ; but £
el iﬂh\\lld -%\x
Z Q

Definition I.4.4. A left R-module M is called flat if () ® g M is exact.

Proposition 1.4.5. Projective modules are flat.

Proof. A free module F' = @, R is flat, since if f: N — M is injective, then

o !
f®RF:N®RF%@N®—lEI——>@M%M®RF
i€l el

is also injective (see Theorem 1.5.1 below). For a projective module P, let P & @ = F' be free.
Then

ferF: (N P)a (N Q) LN (g pye (M e Q)

is injective, and hence f ®pr P is injective as well. O

Examples and counterexamples.

+ Q is flat but not projective over Z. (Use Q = Zz\ oy and Q C P, Z ==<=.)
« For n > 2, the module Z/nZ is not flat over Z. (Consider Z = 7Z.)
Remark. We have

Always: free = projective = flat = torsion-free
R a principal

ideal domain:
R a principal ideal domain,
M finitely generated: = < <=

10



I.5. Computing Tensor Products

Theorem 1.5.1. (Rules for computing tensor products)
(i) R®r N = N (isomorphism of left R-modules).
(i) M ®r R = M (isomorphism of right R-modules).

(i) M @r (Bicr Vi) = Dier M @r Ni.
(iv) (Bicr Mi) ®r N = @jicr M; @r N.

Proof. (i) + (it): The map r ® n — r - n is well-defined, surjective, and injective, since

>oiri-n; =0 gives
Zri®ni:21®m~ni
i i

(Zn nz>_1®0_1® 0-0 =(1-0020=0®0=0.
~~
€ER €N

(43) + (iv):

me® (Z m) — Y _(m®@mn).

i€l el

Examples.

e In M ®r N, we always have m®@0 =0 n = 0.
e For a finite abelian group G, we have G ®7 Q = 0, since for ¢ ® ¢ € G ®z Q we have

g®q=9®|G|- =(g+-- +g)®——0®— 0.
N—————

IGI |G| G|

|G| times
o We have Z/n ®z Z/m = Z/ gcd(n, m). Applying () ®z Z/m to
77— Z/nZ — 0

gives
Z)m 2 Z)m — Z/nZ @z, Z/mZ —> 0,

coker(Z/m;n%Z/m)

that is, we need to show that
Z)m = Z/m — Z/dZ — 0 is exact for d = ged(n, m).
To this end, suppose that [k] — 0, that is, k =£¢-d=4(r-n+s-m)=L-r-n (mod m), so
[0-7]-n=[k] O
(Z3®7/6)® (Z)9®ZL)2) = (22 & Z/6) ® Z/18
~ (Z/18)3 © Z/6
—_———
invariant factors

~(2)9° @ Z/3® (Z/2)*.

elementary divisors

11



I.6. The Tor Functor

Definition I.6.1. Let M be a right R-module, N a left R-module, and P, — M a projective
resolution. The ith Tor group of M and N is

Tor®®(M,N) := H;(P, g N)  for i > 0.
Proposition 1.6.2. Tor?(M, N) is well-defined up to isomorphism.

Proof. Let Q. — M be another projective resolution. By Corollary 1.2.3, there exists an
equivalence Q. ~ P,, which is unique up to chain homotopy by 1.2.2(ii). Since (:) ®g
N: R-chain — Z-chain preserves chain homotopies (apply ()@ N t0 Oxt1hsthe—10x = fi—gxs),
there is a distinguished isomorphism

froq.t Hi(P.®@r N) = Hi(Q. @r N). (%)
O

The distinguished isomorphism fp, g, allows the functorial definition

Tor[(M, N) := {x € [I Hi(P.®@N): fp,q.(prp.(z)) = prQ*(x)} :
P.—M

e g: N — N’ induces id, ®g: P, ®r N — P, @5 N’ and hence Tor(id, g): Torf(M,N) —
Tor® (M, N").

e f: M — M’ induces

.—> Py —> P —> P, —> M’ —> 0

ool W]

> P —>P —> Py —> M —> 0
uniquely up to chain homotopy, and thus determines a distinguished chain homotopy class
fe®idy: P,®r N — P, @r N
and hence a well-defined homomorphism
Torf*(f,id): Tor®(M, N) — TorE(M', N).

Theorem 1.6.3.

1.) For a projective resolution Q. — N, we have

Torf(M,N) =2 H{(M ®r Q.)  fori>0.

2.) If R is commutative, there is a natural isomorphism
Torf{(M, N) = Tor®(N, M)  fori > 0.

Proof. [Liick, Algebraische Topologie, Lemma 6.12]. O

12



Proposition 1.6.3. There is a natural isomorphism
Torl{(M,N) =2 M ®p N.
Proof. Let P, — M be a projective resolution. Then
Pr®r N — P Qr N — M N —0

is exact, so
M ®p N = coker(P, g N — Py ®r N)

>~ Hy(P, ®r N) = Tor(M, N).
O

The Tor functors describe the failure of the functor (-) @z N to be left exact (Torf(-, N) are
the “left derived functors” of (-) @ N).

Theorem 1.6.4. (Long exact Tor sequence)

(i) Let 0 - My — M; — My — 0 be a short exact sequence of right R-modules, and let N
be a left R-module. Then there is a natural long exact sequence

. ——> Torf(My, N) —> Tor¥(My, N) ——> Torf(M,, N) ——
— Tor{%(MO,N) — Torf(Ml,N) — Torf(Mz,N) —
—> My®r N ——> M1 Qr N ——> My ®@gr N ——> 0

(ii) Let 0 — My — M7 — My — 0 be a short exact sequence of left R-modules, and let N
be a right R-module. Then there is a natural long exact sequence

. —— Tor®(N, My) ——> Tor®(N, M) ——> Tor®(N, M) ——
— Torf(N, My) — Torfz(N7 M) — Tor{%(N, My) ——

N®r My ——> NQr My ——> N@p My —> 0

Lemma 1.6.5. (Horseshoe lemma) Let 0 — My — M; — My — 0 be a short exact sequence
of right R-modules, and let PY — M and P2 — My be projective resolutions:

pY p?
J !
P P2
| |
©

13



Then there exist a projective resolution P! — M; and chain maps i,: P’ — P}, p,: P} — P2,
such that

0 —> P? > pl 2L, p2 0
0— Py 2, pl 20, p2 0
EO 51 82
0 —> My —2> My —> My —> 0
0 0 0

commutes and has exact rows (and columns).

Note. By Theorem I1.1.2(ii), the rows in the projective resolutions then split degreewise, and
Pl =~ PV @ P? degreewise by the splitting lemma ( Topology I, 1.4.7).

Proof (of Lemma 1.6.5). Set Pj := P @ Pg, let iy and py be the canonical inclusion and
projection, and set 51|Pg =poel. Let

and set €| P2 =X Then the bottom two squares commute. The (proof of the) five lemma
(Topology I, 111.2.2) shows that ¢! is surjective. By the snake lemma ( Topology I, 11.2.1), the
first row in

0 ——> kere® ———> kere! ———> kere

T R

0 P ‘0 P} 0 P2 0
Eol lgl laz
0 M() ) > M1 ¥ M2 0

is again exact, since coker ¥ = 0.

We obtain
Py Pt
0 ——> kere® ———— kere! ——— kere? ———> 0
0 py— ,pr_ P, p 0
l o |
0 MO 7 > M1 o M2 0
and hence, by induction, the assertion of the lemma. O

14



Proof (of Theorem 1.6.4). (i) By the horseshoe lemma, we have a short exact sequence of chain
complexes
0 P p! pP? 0,

* * *

whose terms are projective resolutions of My, My, and Ms. By 1.1.2(ii), the short exact
sequence splits in each degree. Thus

0 — PP@zy N ——> P!@zg N ——> P2@zr N —— 0

is again exact, and we obtain the long exact sequence from Topology I, 11.2.2.

(ii) Let P, — N be a projective resolution. Then
0 ——> P.®@My ——> P,®@ M, ——> P,®@My ——> 0

is exact, because projective modules are flat by Proposition 1.4.5. Again, we conclude using
Topology I, 11.2.2. O

Examples.

1.) If M (or N) is projective, then 0 — M Y M > 0isa projective resolution, so
Torl*(M,N) =0 for i > 1.

2.) In particular, Tor (M, N) = 0 for i > 1 if K is a field, since vector spaces are free.

3.) Let G be a group. Then ZG becomes the group ring of G with multiplication

(Z Agg) ' (Z Mg'g’) =3 > (Mgrg)(99).

geG g'€G geG ¢g'eG

Regard Z as a right ZG-module with

o (Z )‘gg) = Zk)‘g

geG geqG
(the “trivial ZG-module Z”). For a left ZG-module M, we have
Z@&zaM=M/(gm—m:g€ G, me M)=: Mg (“coinvariants”),
k®@m — [km],
1®m «— [m)].
This is well-defined because 1 ® (gm —m)=1@gm —-1@m=1g@m —-1®@m =0.

The abelian groups H;(G; M) := Tor?%(Z, M) form the group homology of G with coefficients
in M. For
0 I G —— 7 0

gr—>1

(I: “augmentation ideal”, e: “augmentation”) the long exact Tor sequence ends in

0 — Hi(GGM) —— I ®zc M M Mg —— 0,

that is, Hi(G; M) = ker(I @z M — M). If M is a trivial ZG-module (that is, every g € G
acts as the identity), then Mg = M, so

Hi(GiM) 2 I ®z6 M 21 Qg6 (Z @56 M)
=2 (I ®za7Z) ®zc M = Ig @z M.

15



Lemma 1.6.6. There is a natural isomorphism I =z I/1 2,

Proof. We have I = I @z Z = I/(gxr —x : * € I) and [ is generated by the elements
x =g —1for ¢ €@G. Since

gr—xz=g(d —1)— (¢ -1 =99 —g—g +1=(g—1(y —1) e I’
the claim follows. O

Lemma I1.6.7. There is a natural isomorphism 1/I 2~ Gop.

Proof. Consider
0: G — I/I%

gr— g—1+1I2

We have )
ogh)=gh—1+I?=gh—1—(g—1)(h—1)+1

= (9= D)+ (h=1)+I* = p(g) + o (h).
This gives @ : Gap, — I/I%. Consider

lDiI—)Gab,

We have
P((g—1)(h—1)) =2¢(gh—g—h+1)
=¢((gh-1)—(g—1) = (h—1))
= ghg_lh_l[Ga G} = [Ga G]
This gives 1 : I/1? = Gy, and 1) 0 p = idg,,, poth = id7/r2 by construction. U

We have therefore proved:
Theorem 1.6.8. For a trivial ZG-module M, we have
Hl(G; M) =~ Gap Q7 M.

Using the usual convention H;(G) := H;(G;Z), we thus have Hy(G) = Z and H;(G) = Gap.
Remark. Let X be path-connected and G = 71(X, ). Choose a generator so that ([S"]) =
HEM8(S™). This gives .
Hur, : (X, ) — H)"8(X),
[f: 8" = X]|— fi[5"]
Then

(X, ) — s Hi¥(X)
¢ [ 2 (Hurewicz, Theorem Topology I, 11.5.4).

G —— G

Hurs

HyG

o m(X,) H™8(X) 0 (Hopf).

(Hurewicz: Hurs is an isomorphism if G = 1.)
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Proposition 1.6.9.

) Torf (@ ) §@TorlR(Mj,N).

jel jerl
) Torf | M, @N geaTorlR(M,Nj).
jel jel
Proof. This follows from
PP | or N =@ (P! @r N).
JeI JjeI
O
Theorem 1.6.10. (Computing Tor over principal ideal domains) Let R be a principal ideal
domain, M a right R-module, and N a left R-module. Then:

(i) Tor®(M,N) =0 for i > 2.

(ii) If M, N are finitely generated, the inclusions tors(M) C M, tors(N) C N induce an
isomorphism

Torft(tors(M), tors(N)) = Torl*(M, N).
(iii) For r,s € R\ {0}, we have

Torf!(R/(r), R/(s)) = R/(ged(r, s)).

Proof. (i) Over a principal ideal domain, submodules of free modules are free. Thus we can

choose
0 —— kerm F—TXs> M 0

with F' free.

(ii) Since M = F @ tors(M), N = F' @ tors(N) with F, F’ free, this follows from Proposition
1.6.9, (i), and Example 1.

(iii) Consider 0 =+ R > R — R/(r) — 0, so
Torf(R/(r), R/(s)) = ker(R/(s) > R/(5)).
Set d := ged(r, s) and r =1'd, s = s'd. Then v’ € (R/(s))*, so
ker(R/(s) > R/(s)) = ker(R/(s) % R/(s))
={zs' € R/(s) : x € R/(s)} = R/(d),

iIS‘S, —x.
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1.7. The Universal Coefficient Theorem

Theorem 1.7.1. Let R be a principal ideal domain and C, a chain complex of projective
R-modules with C}, =0 for n < 0. Then, for every R-module M, there is a natural short exact
sequence

0 — Ho(C.) o M 2% H,(C. o M) 2% Tor®(H,_1(C.), M) — 0

[zl @m —— [z @ m]
for all n > 0. The short exact sequence splits via
$n : Torf(H,_1(C,), M) — H,(C, ®r M)
and s, is natural in M, but (in general) not in C\.
Corollary 1.7.2.

is determined up to isomorphism by H,(C,) and M. O

Proof (of Theorem 1.7.1). Consider the short exact sequences

On

B,y —— 0

(i 0 Zn C,

. Tn__.~ . -

and

(i) 0 B, —"> 7, Ho(C) —> 0 .
The short exact sequence (i) splits because, over a principal ideal domain, projective modules
are free and submodules of free modules are free, hence projective. We obtain

0*’ Z*®RM*> C*®RM*>B*_1®RM*>O

and this is a short exact sequence of chain complexes if we regard Z, g M and B,_1 ®gr M
as chain complexes with zero differentials. By Topology I, 11.2.2, there is a long exact sequence

On On
. —> B, ®r M™% Z, 9p M — H,(C.@p M) —> By 1 ®@g M 2> Z, 1 @g M — ---

The long exact Tor sequence associated to (ii) ends in

o
0 — TorE(H,(C.), M) — Bpop M 22N 7 ©p M — H,(C,) ©r M —> 0.

The construction of the connecting homomorphism in the snake lemma gives §,,+1 = i, ® idyy.
Thus

0

0 ——> cokerdp4 H,(C, ®p M) ————— > kerd,
2l 2l
H,(C,)®r M Torf(H,,_1(C,), M)
is exact. A left inverse of «, is given by
H,(Cy®r M) — H,(C\) ®r M,
[c @ m] — [ry(c)] ® m.

Here r,, is not natural, whereas the dependence on m is natural. O
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Theorem 1.7.3. Let R be a principal ideal domain, H, = Hiing(—; R), (X, A) a pair of spaces,
and M an R-module. Then there is a natural short exact sequence

0 — H,(X,A)®r M — H,(X,A; M) — Torl(H,_(X,A),M) — 0

which splits (not naturally in (X, A)). O
Example. Recall (Topology I, IV.3.3):

Z, k=0or (k=dodd),
Hi(RP%Z) = {7/2, 0<k<dand k odd,

0, otherwise.

We compute

Z/2, n=0or0<n<d, nodd,

0, otherwise,

o H,(RP%LZ) @y 7/2 = {

Z/2, 1<n<d, n even,

o Tor?(H,_1(RP%7Z),7,/2) = ‘
0, otherwise,
so the universal coefficient theorem gives

Z)2, 0<n<d,

H,(RP% 7/2) =
0, otherwise.

(In fact, for the standard CW structure on RP¢, COW(RP?; Z/2) is given by

0 /2 —2 >z —2 5 ... 0 579 0.)
d 0

1.8. The Ext Functor

Definition I.8.1. A cochain complex consists of a family C* of left or right R-modules and
homomorphisms §* : C* — C**! with §**1 o §* = 0.

Observation. If M is a left R-module, then

Homp(—, M) : R-chain — Z-cochain,
(C*7 a*) — (HOIHR(C*, M)? (_) © 8*+1)7
Homp(Dy, M) — Homp(C\, M))

*:C* D,
(f — )»—>< s guo f.

is a contravariant functor. For commutative R and an R-module M, this gives
Hompg(—, M) : R-chain — R-cochain.
Let C* be a cochain complex. Set

Z" :=ker(6" : C" — C”H) “cocycles”,

B" :— im((S”_l oM C"™) “coboundaries”.
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Definition I.8.2. The nth cohomology of C* is the R-module H"(C*) := Z"/B".

Definition 1.8.3. Let M, N be left R-modules and P, — M a projective resolution. We
define the abelian group ' '
ExtR(M,N) := H'(Hompg(Ps, N)).

Remark. As with Tor, one shows that Ext% (M, N) is independent of P, — M and functorial
in M and N. We have ' ‘
ExtR(M,N) = H'(Hompg(M,I"))

for every injective resolution N — I*.
Proposition 1.8.4. There is a natural isomorphism

Ext% (M, N) = Hompg (M, N).
Proof. Let N — I* be an injective resolution. Consider

0 —— Hompg(M, N)

HOH’IR(M, IO) _ HomR(M,_[l)’
SO
Homp(M, N) = ker(Hompg(M, I°) — Hompg (M, I'))
= H°(Homp(M, I")) = Exty(M, N).
O

Theorem 1.8.5. (Long exact Ext sequence) For a short exact sequence 0 — My — M; —
Ms — 0 of left R-modules and a left R-module N, there are natural long exact sequences:

(i)

0 — Hompg(N, My) — Hompg(N, M;) — Hompg(N, M)

e

Extn(N, My) —> Extp(N, M;) —> Exty(N, M)

Ext% (N, My)

0 — Hompg(Msy, N) — Hompg(M;, N) — Hompg(Mj, N)

ot

Exth (M, N) —> Extp(M;, N) —> Extj(My, N)

=

Ext} (M, N) ———> -+
Proof. Dual to Theorem 1.6.4 (“injective horseshoe lemma”). g

Proposition 1.8.6. P is projective <= Ext%(P,N) = 0 for i > 1 and every R-module N.

Proof. “=": Use P M p 0. v By 1.8.5 (i), Homp(P, —) is exact, so P is projective by
1.4.3. U
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Proposition 1.8.7.

(i) Exth (@ Mj,N) = ] Extz(M;, N).

jeI jEI
(if) Exty | M, [[N; | = [[Extk(M,N;).
jeI jeI
Proof. (i) Pl M;j gives @jc; P! Djer My,

Homp (@P,{,N) =~ [[Homg(P{,N) — H'(-).

jel jel
Example. The abelian groups
HY(G; M) := Exth(Z, M)

form the group cohomology of G with coefficients in M.

Theorem 1.8.8. (Universal coefficient theorem for cochain complexes) Let R be a principal
ideal domain, C, a chain complex of projective R-modules with ), =0 for n < 0, and M an
R-module. Then there is a natural short exact sequence

0 — ExtL(H,_1(C,), M) — H"(Hompg(C\, M)) <% Hompg(H,(C.), M) — 0

[f] = (&l = f(2))

for all n > 0. The short exact sequence splits via s,, (natural in M, but in general not natural
in Cy). O

Let N be a left ZG-module. The long exact Ext sequence associated to 0 - I — ZG — Z — 0
gives
0 — Homgzg(Z, N) — Homza(ZG, N) > Homza(I, N)

Tt

Ext}(Z, N) ——— 0.

Here Homzg(Z, N) = N¢ = {n € N : gn = n for all g € G} (“invariants”). We have p = 0 if
N is a trivial ZG-module, so

HY(G; N) = Homgzg(I, N).

Theorem 1.8.9. For a trivial ZG-module N, we have

HY(G; N) = Homgz(Gap, N).
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Proof. Consider
Homgoup (G, N) — Homza (I, N),
fr=A(pr:9—1~f(g)),
(fo: 9= @(g—1)) <.
Verifying that these maps are homomorphisms is an exercise. O
Remark. The group H?(G; N) = Ext?,(Z, N) classifies extensions

1—> N E—>@G 1,

such that the conjugation action of G = E/N on the abelian normal subgroup N < F is given
by the ZG-module structure of N:

ene - =p(e)-n forallee E, n € N,

up to isomorphism:

Hence the name “Ext”.
If N is a trivial ZG-module, then H?(G; N) therefore classifies central estensions of G by N.

1.9. Kiinneth Theorems

Now let R be commutative.

Definition 1.9.1. Let C, and D, be chain complexes over R. Their tensor product Cy Qg D,
is the chain complex

(Cs ®R Di)n = @ Cp ®r Dy
ptg=n

with
(x@y) =0 (@) @y+ (-1)Pzed)"(y), 20y D,

Required:

0%0%(x ®@y) = 0%(9p(7) @ y + (—1)Pz @ 9,(y))
= (—1)P'9y(x) @ 0,(y) + (—1)POp(x) ® By(y) = 0.

Definition 1.9.2. The Alexander—Whitney map is
AW, : Ciing(X xXY;R) — Ciing(X; R)®pr Ciing(Y; R),

n
(O’ X710, > X X Y) — ZU|[U07--~7U1'] & T|[vi,_“mn].
=0
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Theorem 1.9.3. (Eilenberg—Zilber) The chain map AW, has a chain homotopy inverse EZ,.
Corollary 1.9.4.
H¥8(X X Y; R) = H,(C3"8(X; R) ®p C5"8(Y; R)).

O
The proof of Theorem 1.9.3 is given in the next section. For now, recall (Topology I, TV.1.12):

If X and Y are CW complexes and X or Y is locally compact, then X x Y is a CW complex
with filtration
(XxY)"= [J XPxVY1

pt+qg=n
and hence
CV(X xY;R) 2 @ cSV(X;R)or COV (Y3 R)
p+g=n
= (CV(X;R)@r CEV(Y:R)),
SO

HSW(X xY;R) = H,(CEWV(X; R) @ CEV(Y; R)).
O
Theorem 1.9.5. (Kiinneth theorem for chain complexes) Let Cy and D, be chain complexes

of projective modules over a principal ideal domain R, with C;, = D,, = 0 for n < 0. Then
there is a natural short exact sequence

0 —— @ Ho(C.)®r Hy(D.) —> Hu(Ci ®p D.)

pt+g=n /

@ Tor(H,(C.), Hy(D.) —— 0,

p+g=n—1

which splits (not naturally).

Proof. First consider the special case 95* = 0 for all n. Then 9%(z ® y) = +x ® d(y), that
is, up to sign, Cx ®g Dy = @,z Ci ®r D+«—; and hence (by the universal coefficient theorem,
since C; is projective)

H,(Cy®r D,) = @Hn(ci ®r Ds—i)

1€Z

= @ Cz QR Hn(D*fz)
1EL

=~ P Hi(Cy) ®r Hni(Dx)
1E€EL

and o
~ projective
Torf(H,(C.), Hy(D.)) = Torf(Cy, Hy(D.)) "2 g,

so the theorem holds

if 9%+ = 0. In the general case, consider again

0 Z. c. %, , 0,
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where Z, and B, have zero differentials. Since R is a principal ideal domain and C is projective
(hence free), Z, and B, are also projective. Thus

0 - Z*®RD* I C*@RD* - B*—1®RD* I O

and we obtain
n+1 @ Z,®r Hy(D,) —> H,(C.®pr D.)

ptg=n /

on
D Bo1 @ Hy(D) o

p+q=n

where the connecting homomorphisms d, are again induced by the inclusions iy : By C Z,.
Thus

0 ——> cokerd, 11 H,(C,®rD,) —> kerg, —> 0

and coker 6,11 = @4 g=n Hp(Cs) @ Hy(Dy), since
coker(ip @ idpy, (p,)) = (cokeri,) ® Hy(Dy),

because (—) ® Hy(Dx) is right exact. Moreover, ker 6, = @, —n—1 Torf!(H,(C.), Hy(Dx)),
by taking the direct sum of

ip®iqu(D*)

0 — TOTF(HP(O*)qu(D*)) — B, ® Hy(Dy) ———> Z, ® Hy(Dx)

from the long exact Tor sequence (1.6.4). The discussion of splitting and naturality is similar
to that for the universal coefficient theorem. O

Theorem 1.9.6. (Kiinneth theorem for spaces) Let R be a principal ideal domain, X and Y
topological spaces, and H, = H;"®(—; R). Then there is a natural short exact sequence

0 —— P Hp(X)®r Hy(Y) —> Hp(X xY)

pt+g=n /

D Torf(Hy(X), Hy(Y)) — 0,

p+g=n—1

which splits (not naturally).
Proof. Theorems 1.9.3 and 1.9.5. O

Corollary 1.9.6. If R = K is a field, then

P Hy(X)@r Hy(Y) = Hy(X xY).
pt+gq=n

For K = Q, this gives
bn(X xY) = > by (Y),
ptq=n

provided that X and Y have finite-dimensional homology and nonzero homology in only finitely
many degrees.
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Theorem 1.9.6. (Kiinneth theorem for pairs) Let R be a principal ideal domain, (X, A) and
(Y, B) closed cofibrations, and H, = H;"®(—; R). Then there is a natural short exact sequence

0

P Hy(X,A) g Hy(Y,B)

p+g=n

H,(XxY,XxBUAXY)

P Tot(H,(X,A),H,(Y,B)) —> 0,
prg=n—1

which splits (not naturally).

Proof. Show that . .
H,(C3"8(X, A; R) ®pr C3™8(Y, B; R))

>~ H,(C3"8(X x Y, X x BUAXY;R)).

using excision, among other tools. O

I1.10. Acyclic Models

Let C be a locally small category and R a commutative ring.

Definition I.10.1. An RC-module is a (covariant) functor C — R-Mod. Homomorphisms of
RC-modules are natural transformations. This gives the category RC-Mod.

Examples.
o If C = (e ©id), then an RC-module M is an R-module, and
Hompge(M, N) = Homp(M(e), N(e)).
e If C = G for a group G, then an RC-module is an R-module M with a homomorphism
G — Auty M, that is, an RG-module, and Hompge(M, N) = Hompg(M (o), N(e)):

M (o) 9., M (o)

al I
N(e) — N{(e).

A sequence of RC-modules 0 — My — M; — M — 0 is called exact if 0 — My(z) — Mi(x) —
Ms(x) — 0 is exact for every z € Ob(C).

Definition 1.10.2. An RC-module P is called projective if

M — N ——0

Yo
<3
<
N
N
<

~

P

For a projective RC-module P, each P(z), for x € Ob(C), is a projective R-module (for an
R-module Ny, use the functor y — Hompg(R[Home(y, x)], No); it is right adjoint to evaluation
at z and preserves epimorphisms). Warning: The converse does not hold!
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Definition 1.10.3. An RC-module F is called free if there are objects (x;);cs in C such that
F' is naturally isomorphic to
@ R[Hom¢ (x4, )]

el
The objects x; are called models of F'.

Proposition 1.10.4. Free RC-modules are projective.
Proof. Without loss of generality, F' = R[Hom¢(z, -)] for some z € Ob(C). We must show:

M—%>N—>0

In particular, consider

Tnte)
R[Home (x, x)]

Let m € M(z) be a preimage of n(z)(id;) under e(z) and set 7(z)(id;) := m. For f €
Homg (z,y), naturality of 7 then requires:

n(w)(f) = 1y)(f oide) = M(f)(n(x)(ide)) = M(f)(m).

By construction,

that is, eon = . U
Example. C5"8(-; R): Top — R-Mod is a free RTop-module with model A,,:

(5 R) = R[Homop(An, )]

Thus Ciing(~; R) is a chain complex of projective RTop-modules. The same proof as for Theorem
1.2.2 gives:

Theorem 1.10.5. Let P,>o be a chain complex of projective RC-modules. Let Q.>0 be a
chain complex with Hy(Q.) = 0 for k > 0 (objectwise). Then there is an isomorphism

[P., Q] = Hompe(Hy o P., Hyo Q.).

Theorem 1.10.6. (Acyclic Models Theorem)

Let F.>o be a chain complex of free RC-modules, and let M, be the sets of models. Let G, be
an RC-chain complex with Hi(G«(z)) =0 for all z € M} U My and k > 1. Then

[F,,G.] = Hompe(Hy o Fy, Hy o Gy).

Proof. Asin Theorem 1.2.2, with the natural transformations determined by their components
at the models, as in Proposition 1.10.4. O
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Proof of Theorem 1.9.3. Set C = Top x Top,
Fo= (. x 5R),  G.=C"(:R) op CI"%(: R).

We have
F,, = R[Homtop(Ap, - % -)] = R[Home (A, X Ay, - x 4],

that is, [}, is a free RC-module with model A,, x A,,. Similarly, we obtain
Gn= P CJ™(:R)®rCi"(R)

n=p+q

= @ R[Homtop(Ap, )] ®r R[Homoep(Ag, )]
n=p+q

P R[Homop(Ap, ) x Homrop(Ag, )]
n=p+q

@ R[Home (A, x Ag,- x -],
n=p+q

12

I

that is, Gy, is a free RC-module with models A, x A, for p + ¢ = n. For all p, g, we have
A, x A, ~ e, hence
Hy(Fe(Ap x Ag)) = Hi(Gi(Ap X Ag)) =0

for all p,q and k£ > 1. Consider

Ho(Ga (X x V) —— 2%

Ho(F (X x Y))

Ho(C3"8(X; R) @ CE™(Y; R)) H"8(X x Y;R)

[z ®y] ! [(z,y)].

The natural transformation ¥ is well-defined because 95 = 05X ® id +1id ®9}, which implies
that ¥ takes boundaries to boundaries. By Theorem 1.10.6, ¥ determines, up to chain
homotopy, the chain map EZ,: G, — F, with Hy(EZ,) = V. Since

HD(EZ*) o Ho(AW*) =id and Ho(AW*) o HO(EZ*) == id,

we obtain EZ, o AW, ~ id, and AW, o EZ, ~ id,. O
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II. Cohomology

I1.1. Eilenberg—Steenrod Cohomology Theories

Let R be a commutative ring.

Definition II.1.1. A cohomology theory with values in R-Mod consists of contravariant
functors

H™: Top(2) — R-Mod forn €Z

and natural transformations
" H"0d — H" ' forneZ

with 8: Top®® — Top®, (X,A) — (A, @), such that homotopy invariance, the long exact
sequence, and excision hold as in Topology I, 1.5.1, with the arrows reversed.

Definition I1.1.2. The singular cochain complex of (X, A) with coefficients in R is

* (X, A; R) := Hompg(C58(X, A; R), R).

sing
The nth singular cohomology is

n (X, A;R) = H"(C%,. (X, A; R)).

sing sing
Observation.
Ciing(X, 4; R) = Homp(C™(X, A; R), R)
=~ Hompg(R ®z C5"8(X, A;Z), R)
>~ Homgz(C*™8(X, A; Z), R).
If A= o, then

... =2 Homy(Fz(Homep (A", X)), R)
= Homset (Homrep (A*, X), R).

Theorem II.1.3. Singular cohomology is a cohomology theory.

Proof.

1. Homotopy invariance: f ~ g = C3"8(f) ~p, C$"#(g), and (-) o P, is a (co)chain homotopy
from (-) o C3™5(f) to () 0 C2™8(g).

2. Long exact sequence: The short exact sequence

0 — C3"8(A;R) — C3"8(X;R) — C3™(X,A;R) — 0

~o -
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splits degreewise because {o: A* — X :imo N (X \ A) # @} is a basis of C{™(X, A; R).
It follows that

0 — Homp(C"8(X, A; R), R) — Hompg(C5"8(X; R), R)
— Homp(C*™&(A; R),R) — 0

is exact. (The dual of) Theorem Topology I, 11.2.2, gives the required natural long exact
sequence.

3. In the proof of Theorem Topology I, 11.4.2, for ACY C X with A C f/, we showed that
the inclusion induces a chain homotopy equivalence

C5m8(X \ A, Y \ A; R) ~ C5"8(X,Y; R).
As in 1., dualizing gives

C:mg(Xa Y; R) smg(X \ A Y \ A R)

O
Remark. As before, for an R-module M,
Hg (3 M) := H (Homp(CI"5(;; R), M)
is also a cohomology theory with values in R-Mod.
Theorem I1.1.4. (H,,,0") satisfies the dimension aziom
Hg, (s M) =0 forn#0
and the additivity axiom (multiplicativity axiom!)
smg (H XlﬂM> H sing XhM
el il
Proof. Dimension:
X 0 id 0 id
Ceing(® -M):0—>A(§./—>J\14—>A24/—>A¥—>-.-
Additivity: as in Proposition 1.8.7. g

Theorem II.1.5. (Universal Coefficient Theorem for Singular Cohomology)

Let R be a principal ideal domain. Then there is a natural short exact sequence

0 — Exth(H, 1(X,A;R),R) — H"(X,A; R)
— Homp(H,(X,A; R),R) — 0,

which splits (not naturally).
Proof. Apply Theorem 1.8.8 to C5"8(X, A; R). O
= Cohomology is determined by homology.
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I1.2. Motivation

1. Cohomology is often relevant in homotopy-theoretic contexts, for example, obstruction
theory:

For codomain Y and n > 3:

a: op— [fn-1loe,) € Tn-1(Y), da(opy1) = a(Oopt1) =0

~ [a] € HY(X;m,—1(Y)): “extension obstruction.”!

Another example: characteristic classes. Let G be a topological group, and let bg: Top — Set,
be(X) = {principal G-bundles over X }/=.

A characteristic class is a natural transformation bg — H*. For f: X — Y, we obtain

b (V) —L > bo(X)
cl lc that is, ¢(f*P) = f*c(P).
H'(Y) —> HY(X),

We have bg = [-, BG]. “Yoneda lemma”:
Characteristic classes with respect to H* = Nat(bg, H*) = H*(BG).

2. Relation to global analysis.

Let M be a smooth manifold of dimension n, and let Q* M be the cochain complex of differential
forms on M. Consider
QM —L > Homg, (C5m00t (M), R) —=— %, (M;R)

* (nontrivial) sing

w (0 +— [o*w).

!This is a schematic description, not a fully specified general theorem. In general, local coefficients are required.
Constant coefficients require the relevant mi-action to be trivial.
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Then Stokes’ theorem gives

I'Ydw)(o: A*TL - M) = / ofdw = / d(c*w)
Ax+1 A*x+1

= 1fotw = (0oi)'w=0"(I"(w))(o),
HA*+1 OA*T1

with i: 9A* T — A*+1. that is, I, is a cochain map.
Theorem (de Rham). H"(I,): Hl (M) = HE,\ . (M;R). O

3. Product structure. Set

Cén(X) = Hipo(X*, X*71) = Homp(CEW X, R).
The map
Céw(X) @ Céw(X) — Céw(X x X)), e;‘, ® e; — (ep X eq)™,
induces

HEw (X) x Heyw(X) — HEW(X x X).
Using A: X — X x X, x — (z,z), we obtain the product

A*
U: Ho(X) x Hew(X) — HESH(X x X) == HELH(X).

“Cup product” ~ Hew(X) := @,,>0 How(X) is a graded ring. (Caution: A is not cellular!
Choose a cellular approximation of the diagonal: A’ ~ A.)

I1.3. Multiplicative Structures and Graded Algebras

Definition I1.3.1. Let (H*,*) be a cohomology theory with coefficients in R. A multiplicative
structure assigns to each space X an element 1y € H°(X) and to subspaces A, B C X a family
of R-bilinear maps

U: HP(X,A) x HY(X,B) — HP'Y(X, AU B)

such that
1. U is natural with respect to f: (X;A,B) — (Y; A, B);
2. U is graded-commutative: for u € HP(X, A) and v € HY(X, B),

uUv = (=1)P Uu;

3. U is associative: uU (vUw) = (uUv) U w;
4. for u e HP(X, A), we have 1y Uu=uU lx = u;
5. if j: A — X is a subspace inclusion, v € HP(A), and v € H9(X), then

§P(u) Uv = P79 (u U H(j)(v)).

Remarks. We still speak of a multiplicative structure if it is defined only for certain triads
(X; A, B) (for example, when (AU B; A, B) is excisive).
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Definition I1.3.2. An R-algebra is an R-module A with an R-bilinear map m: A x A — A
(equivalently, an R-homomorphism A ® g A — A) such that (A4,+,m) is a ring. A graded
R-algebra is an R-algebra A with a decomposition A = @, AP such that m(AP x A7) C AP,
Elements of AP are called homogeneous (of degree p). A graded R-algebra A = P, AP is called
graded-commutative

if m(u,v) = (—=1)P?m(v,u) for u € AP and v € A9. For a € AP, we write |a| = dega = p.

Examples.

1. If H* is a cohomology theory with a multiplicative structure, then
H*(X) = P H"(X)
PEZL
is a graded-commutative graded R-algebra.

2. The polynomial ring @ = R[z1,...,x,] is an R-algebra. Assign fixed degrees degx; € Z>(
to the generators (= variables). Then Q = @,z Q, with

n
Q' = <90111"'372" 1Y ijdega; =p>
j=1

R

is a graded R-algebra. It is graded-commutative if degx; € 2Z>¢ for all i = 1,...,n and/or
if char R = 2. (It is always commutative.)

3. The exterior algebra Ag[x1,...,zy] is the free R-module R[z;, - - - x5, i1 < --- < ix] with

fixed odd degrees degz; € Z>¢ and

AR[zi,...,zp) = @A%[l‘l,...,l‘n],
p

k

where
Az, o xn] = R |y - rwyy tin <o < g, Zdegxij =np|.
J
Multiplication is determined by the rules x;x; = —x;z; and z;2; = 0 and is graded-
commutative.

Definition II.3.3. If A* =, A? and B* = P, B are graded R-algebras, then their tensor
product is the graded R-algebra

A*®RB* ::@ EB AP@RBQ

neZ p+q=n

with (a @ b)(a/ @ V') = (=1)|71Plaa’ @ bb' for a € AP, o’ € AP, b e B9, ¥ € BY. If A* and B*
are graded-commutative, then so is A* @ g B*.

Example.
AR[.fl, e ,.Tn] ®AR[ZI/1, e 7ym] = AR[.Q?L e 7xn7y17 cee 7ym]

I1.4. Multiplicative Structures on Singular Cohomology

Set C, := C5™8(.; Z) and consider the natural cochain map

HomZ(C*X, R) X7 HomZ(C*Y, R) — HomZ(C’*X Rz CY, R ®z R),
fegr— (z@yr— f(z)®g(y)).
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Composing with Homz(AW,, R ®z R — R) gives an R-balanced map, hence
Homyz(C. X, R) ® g Homz(C.Y, R) — Homyz(C«(X x Y), R).

Passing to cohomology gives

H?(Homz(C. X, R)) ®g HY(Homz(C.Y, R)) =
HPT9(Homz(C. X, R) ® g Homz(C,Y, R)) — HPT(X x Y; R)

with o([f] ® [g]) = [f ® g], so altogether we obtain
x: HP(X;R) ®r HY(Y; R) — HP*I(X x Y R),
the (cohomological) cross product.
Definition II.4.1. The (singular) cup product
U: H?(X;R) ®r HY(X; R) — HPT1(X; R)
is the composite
HP(X;R)®p HY(X; R) = HPY(X x X;R) 25 HPM(X;R)

with A: X - X x X, z — (z,z).

Remark. As we saw at the end of 11.2, for a cell complex X, the cellular cohomology
Hiw(X; R) := H*(Homgz(CWV(X; R), R))

also has a cellular cup product.

The definition of AW, gives the following explicit description of the singular cup product of a
p-cocycle ¢ and a g-cocycle ¥:

pU 1/} = (O’ — 80(0'|[v0,...,vp]) . w(o-“vp,...,vqu])) .
Let

¢ € Homz(Cp(X, A), R) = {x € Homz(C, X, R) : x|c,a = 0},
Y € Homz(Cy(X, B), R) = {x € Homz(C, X, R) : x|c,5 = 0}.

It follows that
Uy € Homy (C.X/(CLA+ CB),R).

If (AU B; A, B) is excisive, then
H* (Homyz (C,X/(C+A+ C.B),R)) = H*(Homz(C«(X, AU B), R))
and we obtain

U: HP(X, A; R) ®g HY(X, B;R) — HP*%(X, AU B; R).
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Theorem II.4.2. The cup product is a multiplicative structure on singular cohomology.

Proof. For simplicity, consider only the case A = B = @. Let 1y € H°(X) be represented
by the constant cocycle Co(X) — R, 0 + 1. Then 4. is clear. 1., 3., and 5. follow by
straightforward calculations.

2. (Graded commutativity.) Consider the natural chain map (involution)

ps: C X — CL X,

n(n+1)

0" = (=172 i)

The natural transformations p.: Ci(-) = Ci(+) form a chain map of ZTop-chain complexes
with po = idgy(.). By Theorem 1.10.6, p, ~ id.. Moreover,

proUp = (—DAM. gy u ),

because
* * p(p+1) a(g+1)
(P e Up ) (0P = (=1) "2 @(0lfuy.w0) - (=1 2 (0 fuppgrnvp)
P2 +®+p+at(p+a)(p+a+1) "
= (-1) 2 (p* (¥ U ©))(aP19)
and

TP+ +ptat(p+p+a+1) =227 +2¢% + 2p + 2 + 2pq)
=p2+p+q2+q+pq5pq (mod 2).

Proposition I1.4.3. For ¢ € HP(X;R) and v € H1(Y; R),

@ X 1) = pryy @ Upry 1.

Remark. This also holds for ¢ € HP(X, A; R) and ¢ € HY(Y, B; R).

Proof.
H*(X;R)®p H*(Y; R)

pPry AV

H*(X x Y;R)
®@rH*(X x Y R)

\ er V

H* (X xY) x (X x Y);
0 lA* id

H*(X xY;R)

H*(X xY;R)

The upper square commutes by naturality of x, the left triangle by the definition of U, and
the right triangle because (pry X pry)o A =id. O

Proposition 11.4.4. The cross product
H*(X;R)®p H*(Y;R) = H*(X x Y;R)

is a homomorphism of graded R-algebras.

34



Proof. We must show:

X((a®b)-(d ®@b)) =x(a®@b)Ux(d ).
Left-hand side = (—=1)l19'l(q U a’) x (bU V).

Right-hand side = (a x b) U (a’ x )
= (o aUpr b) U (pr o/ Uprf 1)
= (=) (pry a U pri o) U (pry bU pry )

— (~1)MI pry(aUd') U pry (b U D)
1.4.3

=2~ g ua) x (bUY).

—

g

Theorem II.4.5. (Cohomological Kiinneth theorem for spaces) Let R be a principal ideal

domain, and let (X, A) and (Y, B) be closed cofibrations such that H,(X, A) is finitely generated
for every p. Then, for every n > 0, there is a natural short exact sequence

0— P HP(X,A;R)®r H(Y,B;R)
ptg=n

L H" (X XY,X x BUAXY;R)
— P Torf(HP(X,A;R),HY(Y,B;R)) — 0,
pt+q=n+1
which splits (not naturally).

Proof. The general case is proved as in homology (Theorem 1.9.6)

9.6). If R is a field, the
cohomological theorem follows from the homological one
P H?(X;R)®r H'(Y;R) a H"(X x Y;R)
ptg=n

universal coefficient theorem

P Homg(H,(X;R),R) ® Homp(Hy(Y; R), R)

universal coefficient theorem

1%

P Hompg(H,(X;R)®r Hy(Y;R), R)

1%

HomR< P H(x;R) ®RHq(Y;R),R> =

s m HomR(Hn(X X Y,R),R)
p+q=n

where a(p @ ¥)(x ®y) = ¢(z) - ¥(y). Since dimp Hy(X; R) < 00, a is an isomorphism. [
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I1.5. Computing Cup Products

Let H* = Hsmg( VAR
Observation. If
Z k=01
H*(X) = Y
0 otherwise,

then H*(X) = Azla] with |a| =1, since IlyUa=aUly =aand aUa € H*(X) = 0.

Example. By the universal coefficient theorem (II.1.5),

7 k=01,

H*(SYH)=H H,(SY,7) =
(5°) omz(H:(57), Z) {0 otherwise,

since Ext},(H,(S1),Z) = 0 for all n > 1, because H,(S') is always projective. Thus
H*(SY) = Ala] with |a| = 1.
Theorem II.5.1. We have H*(T") = Aloy, ..., oy, |ag| = 1.
Proof. Induction on n. Base case: v'. The induction hypothesis gives
H*(T™) = H*(T" ' x §1) % H*(T" 1) @7 H*(SY)

= Alag, -y an1] @ Alag] = Alag, ..., ap].

Corollary I1.5.2. If T? = U; U U, with Uy, Us open, then U; or Us is not contractible.
Proof. Otherwise, a; U as = 0 by Problem 2 on Sheet 8.

As we already know,
bi(T™) = ranky Hi(T") = ranky, Hk(Tn) = ranky, Ak[ozl, coap] = (n) )
Example. Construct a space X with

H*(X)gA[O&l,O&Q,O&g]/(OKl‘OZQ), |Oéi|:1.

In particular, we require

1

HY(X)=7Z- 1y, HY(X)
H*(X) 2 Z[{oas, azas}], H3(X)

Z[{an, ag, az}],
0.

12

Consider T? with its standard cell structure. For a subcomplex i: X < T3, the map
H*(i): H(T?) — H*(X)
is surjective, since C€W(X) LN CEW(T3) is split injective, so

Homgz (CV(T3), Z) 5 Homgz (CCV (X)), Z)
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is split surjective, and CSW(T3), and hence also Homz(CSW(T?),Z), has trivial differentials.
Thus
H*(X) =2 H*(T?)/ ker H*(3).

The proof of Theorem I1.5.1 shows that under H*(T3) & H¢y (T?) (use the universal coefficient
theorem and the five lemma), the ring generators «; correspond to the dual 1-cells e}, and the
cup product «; - a; corresponds to the cell product (e; x ej)*. Thus the subcomplex X C T3
obtained by removing the cells e; X ez and e; X ez X es has the desired property.

Warning. Such realization problems are difficult in general!

Let X and Y be path-connected CW complexes. Consider X VY with px: X VY — X and
py: XVY — Y. We have

. Lz k=0,
HH(X vy) = {H"‘(X) QHFY) k>1.

Proposition 11.5.3. Let o € H*(X) and 8 € HY(Y), k,£ > 1. Then
pxaUpyB=0.
Proof. Let ix: X - X VY andiy: Y — X VY be the inclusions. Then

ix(pkaUpyB) = (px oix) aU(py oix) B
=aU0=0,

since

H*({+})

AN

and H*({*}) = 0 for * > 1. Similarly, &5-(pka Upj-5) =0U S = 0. Since

(pyoix)

(4}
SNy T
X Y

Py Ol x

H*(X) H*(Y)

B @iy HHX VY) S HYX) @ HYY),
the claim follows. O

Example. The spaces X = 72 and Y = S' v S' v §? have isomorphic homology and
cohomology modules, but different cohomology rings.

Example.

' p
collapse

Clearly, Ho(p) and Hi(p) are isomorphisms.

Hy(p): Hy(X2) 27 — Z® 7 = Hy(T? v T?)
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is the diagonal map x +— x @ x: if p1, pa: T2 VT? — T? are the two projections, then

Hy (%) (p1op)« Hy(T2)

l long exact

long exact
sequence ()

Hy(X2,%2\ D) Ho(T?, 7%\ D)

| |

Hz(S2/(S2\ D)) ——— Hy(T?/(T2\ D)).

o o

sequence (similarly)

(*)  Ho(X2) =5 Ho(Xo,%5\ D) S Hi (S, \ D)
= Hy(%) — 0,

since 0 — ker f — Z" ENY/ N 0 splits; ker f is free, so ker f = 0. The universal coefficient
theorem gives

*

H2(T?V T?) P H2(S,)
2l 2l
2 2 H2(p)*
Homy (Hy(T* V T?),7Z) ———— Homy(H2(%2),Z)
2l 2l
YA/ + > 7.
Consider
HY(S,) ®z H(Z,) S H2(,)
P Rp* | = p* |+

HY(T?V T?) @z H (T?V T?) —2— H>(T? v T?)

*

prj ® prj pr;

HY(T?) @z HY(T?) - H*(T?)
Writing (by the universal coefficient theorem)

HY (X)) 2 Z-1y,,
HY(S9) X Z -y & Loy & LBy & L,
HQ(ZZ) = Z’Y,

we obtain
arUag =7, B U Bg =1, o; U B; =0, aj = 7 =0.

Remark. The generalization to ¥, is clear.
Theorem II.5.4. H*(RP™;Z/2) = (Z/2)[a]/(a™1), |a] = 1.
Proof. Write H*(-) = H*(-;Z/2), P" = RP", ® = ®z/5. By Topology I, IV.3.3.3,

cVpz)2) = —0-—72/2%7/2% ... 5 7/2 0,
0

n n—1
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hence
Cow(P7)2) = +—0+—7/28 728 . L7/2 0,
n n—1 0
that is,
Z/2 0<k<n,

0 otherwise.

HF(P") = {

Moreover, the k-skeleton satisfies (P")* = P* so H¥(P"~! < P") is an isomorphism for
k <n—1. It remains to show that for (ay,) = H*¥(P™), we have oy Uy, 1 = . Set £ =n —k.
More generally, we show that ay U ay = a,,. We have embeddings

Pk c pr, [zo: - a0 -2 0],
p‘c pr, [z : - -tz — [0 0:zq: x|,
that is,
PN pt = T 21 T .
M {19 Y- k9—1 o
Consider the affine chart
@: U ={[zo:: 2] | 2 # 0} = R",
(0 & -+t 3] <%~%—1¢%+1%>
Tk T Tk Tk
Let p:=[0:---:0:1:0:---:0] = ¢ 1(0). We obtain the diagram
H*(P") @ H*(P™) = H™(P")

Hk(Pn,P"\PZ) ®H€(Pn,P"\Pk) _Y . H”(PH,P" \ {p})

(p=h)* (p=H)*

H*[R",R"\ RY) ® HY(R™, R" \ RF) —2 > H"(R", R\ {0})

11.4.3 (relative)
pri ® prj | = >

HE(R*, R\ {0}) @ HY (R, R\ {0})

Here pry: R¥ x R — R* and pry: RF x R — R’ are the projections. Moreover,
HE(RY R\ {0}) ® H' (R, R\ {0}) —— H"(R",R"\ {0})

X

HE(IF 0IF) ® HY(I*,01') ———— H"(I",0I")
H*(T*, T\ D¥) @ HY(T*, T\ DY) —=— H"(T",T"\ D")

~ | long exact long exact | o,
sequence sequence | —

HF(TF) @ HY(TY)

H™(T™)

1%

(I1.4.5)
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To show that the highlighted arrows are isomorphisms, consider

(%)

Hk(Pn) ¢ = Hk(Pn,Pk_l) Hk(Pn,Pn\Pé> 3 Hk(Rn’Rn\RE)

[a"] o [asd

(a2 (a2 (o=

H*(PF)

H*(Pk, pk=1) H*(P*, P*\ {p})

deformation retract excision

HE(RE,R"\ {0})

The arrow (*) (and hence all the arrows) is an isomorphism, since P*~! is a deformation
retract of P™\ P*:

[o: - imp_g: (1 —t) xp:-: (L—1t) xy).

Theorem 11.5.5.

« H*(CP™;Z) = Z[a]/ ("), |a] = 2.

. HY(RP<;Z/2) = (Z/2)[a), o] = 1.

o H*(CP*;Z) = Z[a], |a| = 2.

Proof. The argument for H*(CP"™;Z) is similar to the one above.

H*(RP>; Z/2) = D H*(RP>; 2,/2) = (Z,/2)]a]
k>0

is clear as an isomorphism of graded Z/2-vector spaces. For a, f € H*(RP*°;Z/2), we have
N N
a,B,aUpB e P HRP®;Z/2) = P H"(RPY;Z/2)
k=0 k=0

for N > 0. The argument for H*(CP>;Z) is the same. O
We also compute H*(RP*;Z) by applying the covariant functor

H*(RP*; -): Rings — Z-Alg
to Z — 7Z/2. At the level of cochain complexes:

<2 7l 72 70 g

A

72 <272 <2 7/2 <% 72 0

It follows that H*(RP*>;Z) — H*(RP*;Z/2) is injective in positive degrees, with image
B0 H*(RP>®;Z/2), that is,

H*(RP*;Z) = Z]a]/(2a)  with |af = 2.
Since H*(RP*°;Z) =N H*(RP*";Z) for * < 2n, we obtain

H*(RP*™ Z) = Z[a]/(2a,a™™), o] =2.
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For RP?"*! the cellular cochain complex ends in

0 7 0 72 0 g
0 7)2 <2—7/2 <% ... <L 72«0
2n+1
Therefore,
H*(RP2L, ) = Z[o, 6]/ (20, 06", 08, 6%), ol =2, |8l =2n+1.
Observation.

H* (RP2n+1, Z) ~ H* (R]P2n Vi 52n+1; Z)
as Z-algebras, but for n > 1, we have RP?"*1 % RP?" v §27+1 for example because
H* (RPQn—H; Z/Q) % H* (RPQn V. SQn-‘rl; Z/?),

since for (a) = HY(--- ;7Z/2), we have a*"*1 # 0 on the left and = 0 on the right.

I11.6. Applications of the Cup Product

Recall. The Hopf map is

R

| 2

C x C ——— CU{oo} (stereographic projection).

(21,22) > 21/22
Use polar coordinates to visualize it:

U(Tlewl,meiw) _n ei(tﬁl—tpz)7
T2
that is, A A
W SY) = {11, rei®) | 12 413 = 1, rafrs = 1),

so r1,ro are fixed, and ¢y, po are arbitrary. Hence the preimages of circles under 7 are tori.

53 =2 R3 U {o0} S2
n_H(N)

stereographic projection from N
onto the tangent plane at S
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Note that the fibers of 7 are circles (¢1— s is fixed). Since 7 (north pole) and n~!(south pole)
are linked, so are any other two fibers! (Proof: Move the base points continuously to the north
and south poles.)

Theorem I1.6.1. The Hopf map is not nullhomotopic.

Lemma I1.6.2. If f: X — Y is nullhomotopic, then j: Y — C; admits a retraction.

x 1 .y
AN
I
r //
oX e

Proof. Let h: X x I — Y satisfy hg = f, with h; constant at yg. Define

r: Cy —Y, z— {Z’ Zej_(Y)’ _
h(z,t), z= f(z,t) € f(CX).
r is continuous and 7 o j = idy. 0
Proof of Theorem I1.6.1. We have
§3 —— > CP' = §?

C(S%) = D* —— CP*=(,.

It remains to show that CP' 25 CP? does not admit a retraction. Suppose there were a
retraction r: CP? — CP! with roj = idgpt. Then

H*(CP;Z) — "> H*(CP?Z)

2l 2l
Zlal/(a?) Z1B]/(B%)
with |a| = || = 2 is injective, so 7*(a) = k- 5 for some k € Z\ {0}, since r* preserves degrees.
Thus
0=7"(0) =7"(a®) = (r*(a))* = k*- 5* £ 0,
a contradiction. O

Similarly, the Hopf maps
v:S"—58* and o:SY — S®
arise from the quaternion and octonion algebras:

The quaternion algebra is

H=(1,i,j,k)g with ?=j2=k =ijk=—1.
Broome Bridge, Dublin
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It follows that ij = —ijk® = k, jk = —i’jk = i, ki = k(k(—5)) = j; ij = k = —ji,
jk=1=—kj, ki =j = —ik. Quaternionic conjugation is given by
a+bi+cj+dk— a—bi —cj— dk.

The octonion algebra (also called the Cayley numbers) is @ = H x H with multiplication (not

associative!)
0Ox0—0,

(v1,v2) - (w1, w2) = (v1 - w1 — Wa - V2, V2 - W1 + W2 - V).

The algebras R, C, H, and O are division algebras in the following sense.

Definition I1.6.3. A (finite-dimensional real) division algebra is a pair (R™,-) with n > 1,
where -: R” x R® — R" satisfies:

1)a-(b+c)=a-b+a-c,(b+c)-a=b-a+c-a,abcecR"
2)r-(a-b)y=(r-a)-b=a-(r-b),a,beR" reR.

3.) There is an e € R” such that a-e =e-a =a, a € R™.

4.) x+ a-x, x — z - a define bijections R” — R" for all a € R™ \ {0}.

(Conditions 1 and 2 mean that - is R-bilinear.)

Definition I1.6.4. The quaternionic and octonionic Hopf maps are

S? v 54 515 g SS
j 2 and j 2l
H x H HU {0} 0Ox0 QU {00}

defined by (21, 22) — 21 - 22_1.

U= z/||z||?, we have

Lig=1

(Note that H and O are normed, with ||z||> = x-Z = z - @, so for 2~
v 271 =271 2 = 1. Alternatively, for all a,b € Q, (a,b) C Q is associative, and a~
1 L. a-a='. Hence, by condition 1,

a-at-(1—a-a"')=0,

impliesa-a " =a-a”

so condition 4 implies that a - a=! = 1.)

As before, it follows that v and ¢ are not nullhomotopic:

S7 Y > HP' >~ 54 S5 g QP =~ 8

A

D8 — > HP?~(, D16 oP? =,
H*(HP% Z) = Z[o]/ (), || =4,
H*(OP%Z) = Z[a]/(0®),  |a|=8.

Corollary II1.6.5. The homotopy groups m3(S2; %), m7(S%; ), and m5(S%; *) are nontrivial.

Remark.
(En) = 7' = colimy 00 11 (S*) 2 Z/2,

(Xv) = 72 = colimp_yo0 7rk+3(Sk) =~ 7./24,
(Yo) = 77 = colimy_yo0 My 7(S¥) = Z/240  (difficult).

Warning. We cannot define OP" for n > 2, since proving that (z1,...,2,) ~ A(21,...,2y) for
A € O* defines an equivalence relation requires associativity.
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Theorem 11.6.6. (Hopf) If (R",-) is a division algebra, then n is a power of 2.

Proof. The claim is clear for n = 1; now let n > 1. Define

g: S"tx gt 5 gl (z,y) — —.
|2 -yl

We have g(—z,y) = g(z, —y) = —g(x, y), so we obtain g: RP"~! x RP"~! — RP"~! and hence

—k

H*RP"',72/2) — 2> H*(RP"! x RP"1;7Z/2)
2l 2l
(Z/2)[/ () (Z/2)|ex, B]/ (™, B")

with o, 3 € HY(RP" ! x RP""1;7Z/2) given by
a=pri(y),  B=pri(y)
for pr;: RP"! x RP" ! — RP" L. Write g*(v) = ka + £5. Let
ji: RPP1 S RPV X RPVY, v (z,e), (e,z) (e € (R,)).
Then g o j; = idgpn-1, so

v =jf oGt () = kji(a) + £55(B)
= kj(pri(y)) + £ (pri(v))

Jky =1,
B by =2,
that is, k = ¢ =1, so g*(y) = a + B. It follows that
0=9"(0)=g"(v")=(g" (V)" = (a+ )"

n n—1
_ kz;o (Z) ok gk — Z (Z) ok gk,

k=1

Thus (}) = 0 (mod 2) for k = 1,...,n — 1, or equivalently, (1 + z)" = 1+ 2" in (Z/2)[x].
Write n = nq + - - - + n,., where each n; is a power of 2 and ny < --- < n,. Then

I+z)"=0Q4x)" - (1+z)"=0Q+2™) - (14 2™).

Considering the binary expansions of the n;, we see that (14 2™ )---(1+ 2"") has exactly 2"
terms. Thus (14 z)” = 1+ z™ implies r = 1. O
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III. Poincaré Duality

(R commutative, H, = HS"¢, H* = Sing-)

The simplest case: For a closed d-dimensional manifold M, we have
HY™F(M;72/2) = H,(M;Z/2).

(For example, M = T dimg,, H**(M;7Z/2) = dimg,, Hy(M;Z/2)
= ( dfk) = (Z)) “Local property = global consequence.”

II1.1. The Cap Product

Let X be a topological space and R a commutative ring. We define

N: CRTS(X; R) @p Chug (X5 R) — CR8(X; R),

gy ¥ — (‘D(O—’[vO?"'vvd) ’ U‘[Uéa"'zvk+[]'

Lemma IT1.1.1. We have 9o N = o Ndp + (—1)°0(c N ).

Proof.
k+¢
0009 =2 (=1 0ly 5] N9
r=0
{41

= Z(_]‘)TSD(U‘[UQ,..‘,{)\T,...,UZ+1]) ’ U’[v€+17'~~7vk+€]
r=0

2
- (=1 +1‘p(0‘[v07~-~7ve]) ) J’[ve+1,---7vk+e]

{+k
+ Z (_1)T¢(U‘[U07mvvé]) ’ U|[’l}g,...,/l.)\r,..‘,vk+g]
r=0+1
l+k
= 0000+ 0(0lg,w) 2D 0l 50
r=~{

= o Ndp+ (—1)d(a N ).

It follows that
cycle N cocycle = cycle,

boundary N cocycle = boundary,

cycle N coboundary = boundary.
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Definition II1.1.2. The induced homomorphism
N: Hypo(X; R) @r HY(X; R) — Hy(X; R)
is called the cap product. It has the relative versions

N: Hypo(X, A;R) @ H(X; R) — Hi(X, A; R),
N: Hyo(X, A; R) ©r HY(X, A; R) — Hiy(X; R),
N: Hepo(X, AUB; R) @ HY(X, A; R) — Hy(X, B; R),

the last of these for an excisive triad (AU B; A, B). Extending distributively, we obtain
H.(X,A;R)® H*(X;R) — H.(X,A; R)
where H. = @,>¢ Hp, H* = D> H?.

Proposition II1.1.3. The cap product makes H.(X, A; R) a right H*(X; R)-module.

Functoriality: Given f: (X, A) — (Y, B), H.(X,A) — H.(Y, B) is an H*(Y)-module homo-
morphism, where, for « € H*(Y) and x € H,(X, A), we define - o := z N f*a.

Thus, for z € H, (X, A) and o € H*(Y'), we have
felz N ffa) = fix Na.

Proof. Distributivity and « N 1x = x are clear.

We must show: For o € C’ZT%(X, A), a € C’gng(X), g € Cging(X), p+q = ¢, we have
(cnNna)nB=ocn(aUp).

oNa= a(a|[vo,...,vp]) : U’[vp,...,vk+g}7

(J N Oé) ng= a(a|[vo,...,vp]) : B(a“vp,...,w]) ’ U|[vg,...,vk+g]a
on (Oé U B) = (Oé U ﬁ) (U|[vo,...,vg]) : o"[l}g,...,vk+g]‘

We show functoriality at the chain level: For o € C’ZT%(X ,A), a € C4 . (Y), we have

sing

f*(O' N f*Oé) = f* (a(f*al[vo,...,vd) : U|[w,...,vk+g]>

= a(f*o-“’l)o,...,’ug]) : f*o—‘[’ug,...,vk_;,_g]

= fioNa.

By the tensor—-Hom adjunction, the natural homomorphism
H*(X,A;R) — Hompg(Hy(X, A;R), R)
yields the homomorphism
H¥(X,A;R) ®r Hi(X,A; R) — R.
Definition III.1.4. The associated bilinear form
(-,-y: HY(X, A; R) x H(X,A;R) — R

is called the Kronecker pairing.
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Proposition II1.1.5. For o € H*(X, A), B € HY(X,A), v € Hy (X, A), we have
(aUB,z) = (B,zNa).

Proof. Check at the chain level (homework!). O

IT11.2. Orientations

Let M be a d-dimensional manifold.

Lemma III.2.1. For x € M, we have

R k=d,

H.(M, M\ {z};R) =
k( ok B) {O otherwise.

Proof. Choose a neighborhood U C M of z with U =2 R%. Then
Hp(M, M\ {z}; R) = Hy,(U,U \ {z}) (excision)
=~ [,(RY, R\ {0}) = Hy(D?, 5971,
See Topology I, 111.1.10. O
Definition III.2.2. An R-orientation of M is a family of generators u, € Hq(M, M\ {z}; R),
x € M, such that (u;).ens satisfies the following compatibility condition: For each xz € M,

there is a neighborhood U C M of x and puy € Hy(M,M \ U; R) such that, for all y € U,
iy = by, Where i: (M, M\ U) — (M, M\ {y}).
The p, are called local R-orientations; M is called R-orientable if M admits an R-orientation,

and M is called R-oriented if an R-orientation has been chosen. When R is omitted from the
notation, R = 7Z is understood.

Proposition II1.2.3. Every manifold is Z/2-orientable.
Proof. This follows from Aut(Z/2) = 1. O

Proposition I11.2.4. Let K C M be compact. Then
(i) Hi(M,M \ K;R) =0 for i > d.
(ii) If w e Hy(M,M \ K; R) is trivial in Hy(M, M \ {z}; R) for all x € K, then u = 0.
(iii) If (42 )zens is an R-orientation of M, then there is a unique element px € Hy(M, M\ K; R)
that restricts to u, for all z € K.

Proof. Step 1. M =R? K C R? convex.
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Choose a sphere S € M \ K and x € K. Since K is convex, S C M \ K and S C M \ {z} are
deformation retracts. The five lemma gives

Hk(MvM\K) = Hk’(MaM\{x})

Thus (i), (ii), and (iii) follow from Lemma II1.2.1.

Step 2. If the proposition holds for K7, Ko, and K1 N K>, then it also holds for K7 U Ks. Using
Topology I, 11.4.1 and the five lemma, we obtain a short exact sequence of chain complexes

0 — Ci™8(M | K UK,) — CS™8(M | K1) & CE™8(M | Ky) — Q. — 0,
where )
C3™&(M)

O = G K) + M\ K)

Subdivision shows that the natural projection Q, — CE™8(M | K1 N K3) is a chain homotopy
equivalence. The short exact sequence therefore induces the following long exact Mayer—Vietoris
sequence:

Hk+1(M ‘ KlﬁKQ) —> Hk(M | K1UK2) —> Hk(M | Kl)@Hk(M | KQ) —> Hk(M | Kl ﬂKg),
U D ug t Uy — U2.

Here Hk+1(M | Kin Kg) =0 for k>d—1 and Hk(M ‘ Kl) = Hk(M ‘ KQ) =0 for k£ > d.
= (i).
For k = d, it follows that the homomorphism

Hd(M | KU Kg) — Hd(M | Kl) D Hd(M | KQ),
u— (uy,ug)

is injective. If w is trivial in Hy(M | {z}) for all z € K; U Ky, then w; is trivial in Hy(M | {z})
for all x € K; (i = 1,2). The hypothesis gives u; = 0, and injectivity therefore gives u = 0.
= (ii).

By uniqueness, px,nk, is the image of ug, under Hy(M | K;) — Hq(M | K1 N K2). Thus
Wi, ® pK, lies in the kernel in the Mayer—Vietoris sequence and hence has a preimage
K UK, € Hi(M | K1 U K3), which is unique because Hgq (M | K1 N Kg) = 0. = (iii).

Step 3. The proposition holds for M = R% and K = Ui, K; with each K; convex. Induction
onn: n=11is Step 1.

Write K = ", K; = K, UU_! K;. We have

n—1 n—1
KonJ Ki=JKoNK;.
=1 =1

convex

Thus the assertion follows from the induction hypothesis and Step 2.
Step 4. The proposition holds for M = R% and compact K C R%.

For [2] € Hi(R? | K), let Ko C R?\ K be the union of the simplices of the boundary 9z.
Since Ky, K are compact, hence closed, and R? is normal, there is § > 0 with d(Kg, K) > 6.
Since K is compact, there is a union of closed balls W = |, Bs(z;) 2 K with z; € K, so
W N Ky = @ and hence

2] € im(HR(R? | W) — Hp(R? | K)).

But Step 3 gives H;(R? | W) =0 for i > d. = (i).
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For (ii), in view of Step 3, it remains to show: If [2] vanishes in Hy(R? | {z}) for all x € K,
then [2] also vanishes in Hy(R? | {z}) for all z € W. So let y € Bs(z;) =: B. Then we have

Ha(RY | W) ——> Ha(R%| B) —— Ha(R? | {x,})
[’ ap t Ckxi

and oy, = 0 implies ap = 0 and hence also o, = 0.

For (iii), choose R > 0 such that B := Br(0) O K. Then, for each z € B, the map
Hy(R?| B) = Hy(R? | {x}) is an isomorphism. For each generator o € Hy(R? | B), let

P, :={x € B:a maps to fiy}.

Thus Uy 4 generator o = B is a disjoint union. But local compatibility of (1) ,cra implies that
each P, C B is open: For x € P,, there is an open ball U with € U C B and uy € Hg(R? | U)
such that uy +— p, for all y € U. Since a — piz, it follows that o — puy — p, for all y € U,
so U C P,. Since B is connected, there is therefore a unique generator o € Hy(R¢ | B) with
a— u, forallz € BD K.

Step 5. The proposition holds if K C U C M with U = R?. By excision, Hy(M | K) = Hy(U |
K) ~» Step 4.

Step 6. The general case. For each x € K, choose a neighborhood U, C M with ¢,: U, = R

and @, (x) = 0. Since K is compact, there are z1,...,z, € K with U, ¢;'(D?) 2 K. By

Step 5, the proposition holds for go;il(Dd) N K and all intersections of these sets. By Step 2,

the proposition follows for K. ]
Remark. For each x € M, we have

r € B C UCM

7l 2l

0 € D C R?
and hence
Hq(M | B) Hq(M | {z})
Al 2l
Hqy(U | B) Hy(U [ {x})
2l 2l
Hy(R | DY) = Ha(R [ {0}),

that is, local orientations can be chosen compatibly in neighborhoods of points, but generally
not globally:

If M is a smooth manifold, the two generators of Hy(M | {z};Z) = Z correspond to the two
“orientations” of the R-vector space T, M ({bases}/~ with B ~ B’ <= det Mpp' > 0).
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Theorem II1.2.5. Let M be a closed (that is, compact and without boundary) connected
d-manifold. Then

1.) If M is R-orientable, then
Hy(M; R) = Hy(M | {z};R),  pp— pa

is an isomorphism for every z € M.

2.) If M is not R-orientable, then pu + pu, is injective with image isomorphic to
{reR:2r=0}

3.) Hi(M;R)=0 fori>d.
Proof. For 1.) Surjectivity follows from Proposition I11.2.4 (iii) with K = M. We have

ker(Hy(M; R) — Hy(M | {z}; R))
— ker(Hg(M; R) — Hg(M | {z}; R) = Hy(M | U; R))
with U as in the preceding remark. Thus, if p € Hy(M; R) satisfies u — p, = 0, then

p = py = 0 for all y € U. Since M is connected, p + p, = 0 for all y € M. By Proposition
I11.2.4 (ii), pu = 0.

For 2.) Injectivity holds as just shown. For the second assertion, use the two-sheeted
“orientation covering” (for example, S? — RP? T2 — K) [Hatcher, pp. 234-236].

For 3.) Proposition I11.2.4 (i) with K = M. O

Definition III1.2.6. Let M be as in I11.2.5 and R-orientable. Then every generator [M] €
Hy(M; R) is called a fundamental class of M.

Observation. By Theorem II1.2.5 (i), orientations and fundamental classes are in one-to-one
correspondence, and there are |R*| distinct fundamental classes.

o If M is triangulated and [M] = [, a; - 0] is a simplicial fundamental class under the

isomorphism of Topology I, 111.2.3, then for = € ai(Ad) we have

Ha(M; R) ——> Ho(M | {z}; R) = R
[M] ———— > a;[o;] < generator

so a; € R*. Moreover, U, 0;(A%) = M, since [M] — 0 € Hy(M | {z}) if z ¢ U, 0:(AY).
R=17,M=T? [T?:
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I11.3. The Degree of Maps Between Manifolds

Definition II1.3.1. Let M, N be connected, oriented, closed, d-dimensional manifolds and
f: M — N. Then the degree of f is the unique integer deg f € Z such that

Ha(f; Z)([M]) = (deg f) - [N].
Clearly, for M = N = S, this definition agrees with Definition I11.4.1 in Topology I.
Observations. If f is not surjective, then deg f = 0.
« deg(fog) = (degf) - (degg).
o deg(f: M — N)=—deg(f: M~ — N), where M~ carries the opposite orientation.

Remark. For smooth maps between smooth manifolds, deg f agrees with the invariant from
differential topology [Differential Topology seminar, Topology I, I111.4]. In particular, the
formula

deg f = Z sgndet D, f
zef~1(y)

holds for every regular value y € N.

I1I.4. The Duality Theorem

Theorem III.4.1. (Poincaré duality). Let M be a connected, closed, R-oriented, d-
dimensional manifold. Then

P=[M]N(-): H=*(M;R) S Hy(M;R)

is an isomorphism for every k.

Idea [Poincaré|: Every cell structure on M yields a dual cell structure:

{k-cells} +— {(d — k)-cells}.
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« Examples with M = §?:

B>

Vi
<

> ®
! !
4 &

~» We obtain a nondegenerate “intersection pairing”
Ci(M)® Cyq_s(M) — R.

~» By adjunction, this gives an isomorphism Cy_ (M) = C*(M). ~ Hg_(M) = H*(M). O

Preliminaries on colimits of R-modules. Let (I, <) be a directed set, that is, “<” is a
partial order on I, and for x,y € I there is always z € [ with ¢ < z, y < z. Setting

*  x <y,

Hom;(z,y) = {

@ otherwise,

makes I a small category.

A diagram F': I — C is called a directed system in C, and colim F' (if it exists) is called the
directed limit or direct limit of F' (notation: colim F' = lim, _, F(i)). Now let C = R-Mod. We
observe:

e Direct limits are exact: If F; — F5 — F3 are natural transformations such that

0 F1(i)

Fy(i) ——— F3(i) ——> 0
is exact for all ¢ € I, then
0 —— hL>an1(z) — h_rr)lng(z) — lim, F5(i) — 0

is exact. (Colimits are generally only right exact,

B/

/ / ALl B ANB
A—s

! '

/ L——— L,
!

but are also left exact over directed systems.)

h<—
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o If C is the category of submodules of an R-module N and F(i < j): F(i) C F(j), then

lim F(i)= U F(i) (by the universal property).
i i€l

o If J CIis cofinal (that is, Vi € I 3j € J :i < j), then

lim F(j) = limg F (i),
JjeJ i€l
Definition II1.4.2. Let X be a topological space, and let C7(X; R) C Cg,,(X; R) be the

subcomplex of all «a: Csing (X;R) — R for which there is a compact set K, C X such that
a(o) =0 for all o: A* — X with o(A*) N K, = @. We call

Hi (X5 R) := H*(C:(X; R))

the singular cohomology with compact support of X.
Note. If X is compact, then H}(X; R) = H*(X; R). O
The cocone C*(X, X \ K; R) — C¥(X; R), with K C X compact, induces an isomorphism

lim  C*(X, X\ K;R) = CI(X;R).
KCX
K compact

= |J C'X,X\K;R)

KCX
K compact

Thus we obtain

H*| lim  C*(X,X\K;R)| = HI(X;R).
KCX
K compact

Proposition I11.4.3. H*: R-cochain — R-Mod preserves direct limits.

Proof.
0O — > hngn hgcn hglcn—&-l
0 — limz"! lim Cn—1 limB" —> 0
— — —
O—>th/’L—>lian—>h_H>lH/ﬂ4>O
Thus

thn — hgcnfl/hgznfl — hgcmfl/znfl(hgﬂl C*) — Bn(hg Cvak)7
lim H"(C*) = 2" (lim C*) /B" (lim C*) = H" (lim C*).
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We therefore have an isomorphism

HZ(X;R) = lim H*(X | K;R).
KCX

Now let M be a d-dimensional manifold with an R-orientation (p)zensr. By Proposition
I11.2.4 (iii), for every compact K C M there is a unique pux € Hy(M | K; R) with pux — py
for all z € K. Uniqueness implies py, — px for K C L, so

HP*(M | K; R)
l Hrcn(=)

H**(M | L; R) T Hy(M; R)

(ix(pr Ni* () = iupr N = px N a)
is a cocone over the directed system H?*(M | K; R), with K C M compact. We obtain

Py(M): HIH(M; R) = lim H*(M | K5 R) — Hy,(M; R).
KCM

Theorem I11.4.4. (Poincaré duality, noncompact version) Let M be a d-dimensional
R-oriented manifold. Then

Pu(M): HI™*(M; R) — H(M;R)

is an isomorphism for every k.
The observation above shows that 111.4.4 = I11.4.1.

Now let M = U UV with U,V open. For any compact K C U, L C V, dualizing the short
exact sequence of chain complexes in Step 2 of the proof of Proposition I11.2.4,

0 — CS8(M | Ky U Ky) — CS8(M | Ky) @ C38(M | Ky)
— Qs — 0,

Q. := CSE(M) /(CS"8(M \ K1) + CS"8(M \ Ka)),

where subdivision gives a chain homotopy equivalence between @), and cing (M | K1 N Ks),
yields the Mayer—Vietoris sequence

i — H¥M |KNL)— H¥M | K)o H*(M | L)
— H*M | KUL) — H*"Y M |KNL) — ---

By excision, we obtain

o — HYUNV |KNL)— HYU |K)® H*(V | L)
— H*WM |KUL) — H*YWUNV|KNL) — ---

Choose increasing compact exhaustions K,, C U, L, C V with K,, C inty K41, L, C
inty Lp41 and Uy~ K =U, Upey L, = V. Then ;2 (K, U L,) = M. Applying h_mm gives

.. — HYUNV)— HYU)® HY (V) — HY (M) — HYY UNV) — -
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Proposition II1.4.5. The diagram

= HYNUNV) —— HFU)® HY(V) —— HY M) —— HYUNV) — -
PUNV) P(U)—P(V) P(M) P(UNV)

= Hey(UNV) —> Hyg(U) ® Hy—(V) —> Ha-(M) —> Hgp1(UNV) — -

commutes up to sign.

Proof. For the first two squares, this follows from the cocone description of the maps involved.
For the third square, we must use the construction of the connecting homomorphism in the
snake lemma [Hatcher, Lemma 3.36, p. 246]. O

Proof (of Theorem III.4.4). Two induction steps:

I) If M =UUV with U,V C M open and P(U), P(V), and P(U NV) are isomorphisms,
then so is P(M): this follows immediately from Proposition II1.4.5 and the five lemma.

IT) For open subsets Uy C Uy C --- C M with U2, U; = M, if P(U;) is an isomorphism for
every i, then P(M) is also an isomorphism: by excision,

HI(U) = lim H*(U; | K) = lig H*(M | K)
KCU; KCU;

and hence
lim H;(U;) = lim lim H*(M | K) = H;(M).
i—00 1—o0 KCU;
On the other hand,
lim H.(Us) = H.(M),
1—00
since every singular chain has compact support and is therefore contained in some U;.
By assumption,

HL (V) —5 > H-(0)
HE(Uis1) ﬁ’ H,(Uis1)

are isomorphic directed systems, and hence
P(M): H; (M) = lig H(U;) = lim H.(U;) = H.(M).
1—+00 1—+00
We now turn to the proof itself:
Step 1. The case M = R?. We have

H(RY) = lim H*(R?| K) = lim H*(R? | B,(0)),
Kng n—00
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since the family {B,(0)}5%; of closed balls is cofinal in {K C R? compact}. The system
H*(R? | B,(0)) is clearly constant, so

R x=d,

H}(RY) = H*(R? | By(0)) = H*(D?, 847" = .
0 otherwise.

Similarly,
R x=d,

0 otherwise.

Hy- (R?) = Hy-u({}) = {
We therefore only need to show that
Py(R?): HI(R?) — Ho(R?)
is an isomorphism. As we saw above, it suffices to show that
BBy 0) N (—): HYR* | B;(0)) — Ho(R?)

is an isomorphism. Since Hy_1(R? | B1(0)) is projective, the universal coefficient theorem
implies that

L

HYR? | B1(0)

[0}

R,
<Oé » MB1(0) >

l

is an isomorphism. Likewise,
Ho(RY) = R,
v — (Lgogay, V)
is an isomorphism (a generator maps to a generator). Thus « — p By (0) N is an isomorphism
if and only if
o — <1HO(Rd), KB (0) N a)

is an isomorphism. The latter holds because

(Lgomay, 115, (0) N @) = (@ U 1o pay, 1B, (0))
= (04,#31(0)>-

Step 2. The case of an open subset M C R%. We first show, by induction on r, that for every
finite union V = V; U --- U V. of open, bounded, convex sets V; C R%, the map P,(V) is an
isomorphism. Base case: For V =V, we have V 2 R%, so P, (V) is an isomorphism by Step 1.
Induction step: By the induction hypothesis, P(ViU---UV,_1) and P.((ViNV,)U---U(V,—1N
V;)) are isomorphisms. Moreover, P,(V;) is an isomorphism by Step 1. Thus P.(V) is an
isomorphism by 1.

Now R? D M = [J2, U; is a countable union of open balls. Setting Vi i=Uj<; Ui, we see from
the preceding argument that P, (V}) is an isomorphism for every j. By II, P.(M) is therefore
also an isomorphism.

Step 3. The general case. We first show, by induction on r, that for every finite union
V=ViU---UV, of open sets V; C M with V; = U; C R% open, P,(V) is an isomorphism:
proceed exactly as above (simply replace “Step 1”7 with “Step 2”).

Now M is second countable, so M = |J2, U; with R% = U; C M open. Setting Vi=Ui<; Ui
we see from the preceding argument that Py (V}) is an isomorphism for every j. By II, P, (M)
is therefore also an isomorphism. O
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II1.5. Consequences of Poincaré Duality

Theorem IIL.5.1. Let M be a closed odd-dimensional manifold. Then x (M) = 0.

Proof. Let K be a field. As in Topology I, Theorem 1V.2.8, we see that for a finite chain
complex C, of finite-dimensional K-vector spaces,

Z(—l)k dimg C), = Z(—l)k dimg Hk(c*)
k k

Since M is Z/2-orientable, Poincaré duality with d = dim M shows that

dimz/g Hd—k(M§ Z/2) universal coeﬁ;cient theorem dimz/g Hd_k(M; Z/Q)
Poincariduality dimZ/2 Hk(M; Z/Q).

For every cell structure on M (if one exists), we therefore have

d
(— 1) [{k-cells}| = 3" (~1)" dimy» CEV (M: 2/2)
k=0

Il
M&

xX(M)

B
I
o

(—1)*dimg, HEW (M;Z/2) = 0.

Il
M&

i
o

g

Definition III.5.2. A d-dimensional manifold with boundary is a second-countable Haus-
dorff space M such that every € M has a neighborhood U € M with U = R? or
U = {(z1,...,74) € R : 24 > 0}. The points that have no neighborhood U = R? form
the boundary OM C M. Clearly, M is a (d — 1)-dimensional manifold without boundary.

/aM

Definition II1.5.3. Let M be a manifold with boundary OM. The double of M is the
manifold without boundary defined by

oM M

] (=1~

M —— DM

Theorem III.5.4. If M is a compact odd-dimensional manifold with boundary, then

IM
x(M) = X(z L.

Proof. By additivity of the Euler characteristic ( Topology I, IV.2.10),

2x(M) — x(8M) = x(DM) "= 0.

o7



Corollary II1.5.4. If a manifold M is a boundary (that is, M = 0W for a compact manifold
W), then x(M) is even.

Proof. If dim M is odd, then x(M) = 0 € 2Z. If dim M is even, the claim follows because

x(W) € Z by definition. O

e Thus the surfaces No;_1, which are nonorientable over Z and have odd genus, are not
boundaries, since x(Ngi—1) =2 — (2t —1) =2(1 —t) + 1.

o In particular, RP?, and more generally RP?", is not a boundary, since y(RP?") = 1.

« Since x(CP?") = 2n + 1, the space CP?" is a Z-oriented manifold that is not a boundary.

o Ny, RP?™1 and CP?"! are boundaries! (“null-bordant” ~~ bordism)

Theorem II1.5.5. Let M be closed and R-oriented. Then the R-bilinear map

H*¥*(M;R) x H*(M;R) — R,
(a,8) — (U B, [M])

is nondegenerate (that is, the induced maps

@: H*(M: R) — Homp(H?*(M;R),R),
Y: H7F(M; R) — Hompg(H*(M; R), R)

are isomorphisms) if R is a field, or if R = Z and we replace H*(M; R) by H*(M; R)/torsion.
Proof. For o € HY*(M; R), the composition

F: H*(M; R) & Hom(H,(M; R), R)
PO, Hom(H#(M; R), R) < R

is given by F(8) = (8,[M]Na) = («U B,[M]). Since h (by the assumptions and the
universal coefficient theorem) and Py (M)* (by Poincaré duality) are isomorphisms, ¢ is also
an isomorphism. Since

(U B, [M]) = (=) (B U, [M])
= (- P, [M] 0 B),

1) is also an isomorphism. O

Corollary ITI.5.6. Let M be connected, closed, and oriented, and let @ € H**(M;Z) be
such that its image a& € HY*(M;Z)/torsion is nonzero and primitive in this quotient. Then
there is a 8 € H¥(M;Z) such that o U B generates H4(M;Z) = Z.

Proof. By assumption, (&) = Z is a direct summand of H9*(M;Z)/torsion, so there is
a nontrivial Z-linear form &: H?¥(M;Z)/torsion — Z with a + 1. By IIL5.5, every
representative 3 of ¢ ~1(§) satisfies (aU 3, [M]) = 1. Thus aUB € H(M;Z) is a generator. [J

Definition II1.5.7. For a closed oriented 4k-dimensional manifold M, the symmetric Z-
bilinear form

(H?F(M;Z) /torsion) x (H?*(M;Z)/torsion) — Z,
(@, ) — (U B, [M])

is called the intersection form of M.

o8



Definition II1.5.8. For M as in II1.5.7, we define the signature o(M) € 7Z to be the signature
of its intersection form (#{positive eigenvalues} — #{negative eigenvalues} after applying
(=) ®zR).
Ezample. o(CP?") = 1.
Remark.
o: “bordism ring of 4k-manifolds” — Z
is a ring homomorphism!
Poincaré duality often simplifies the computation of a manifold’s cohomology ring:

Ezample. CP"~! < CP" is an H*-isomorphism for % < 2n — 2. By the induction hypothesis,
H*(CP" 1) 2= Z[a]/(a™), |a| = 2. By I11.5.6, there is an r € Z such that a Ura™ ! generates
H?"(CP"). In particular, r = £1, so o™ € H?"(CP") is also a generator, and

H*(CP") = Z[a] /(™).

Similarly:
H*(HP") 2 Z[a)/(a™), o] = 4.

H*(RP™; Z,/2) = (Z2/2)[o] /(o).

Definition. A connected, closed d-dimensional manifold is called a homology sphere if
H,(M) = H.(S9).

Proposition II1.5.9. A connected closed 3-manifold with H;(M) = 0 is a homology sphere.

Proof. Since (m1M)a, = 1, there is no H < mM with [miM : H] = 2. Thus M has no
connected two-sheeted covering, so it is orientable. It follows that

. / . universal
Poincaré duality 1 coefficient theorem
Y Iavl

Hy(M) ~ HY(M) ~ Hom (H, (M), Z)

. , . universal
Pomcarr(\eJduahty coefficient theorem

Hs(M) = HO(M) =~ Hom (Hy(M),Z) = Z.

12
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g

Poincaré: There is a 3-dimensional homology sphere M with M % S3. (The quotient of a
solid dodecahedron obtained by identifying opposite faces with a 36° rotation. m3 M = I*, the
binary icosahedral group, (w1 M )., = 1.)

Theorem II1.5.10. (Poincaré conjecture) A simply connected d-dimensional homology
sphere is homeomorphic to S%.

Proof.

e d=2: clear.

o d >5: [S. Smale, 1961], Fields Medal 1966.

o d=4: [M. Freedman, 1982], Fields Medal 1986.

o d = 3: [G. Perelman, 2003], Fields Medal 2006 (declined). The only solved Millennium
Prize Problem.
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I11.6. Where Do We Go from Here?

e Homotopy theory, in particular:
o Classification of fiber bundles (bg(X) = [X, BG]).

o Characteristic classes (natural transformations c: by — H*, Yoneda: Nat(bg, H*) =

H*(BG)).

o Cohomology operations (natural transformations h: H* — H *tk_for example: U: H" —
H?", Steenrod algebra).

K-theory (Vect(X) with @, ~ Grothendieck ~ K%(X)).
o Spectral sequences F — F — B, HP(B, HI(F)) = HPT(E).

e Spectra and the homotopy-theoretic construction of cohomology.

H"(X:G)

[X, K(G,n)]

fre Lf

H"(K(G,n);G) 2 Hom(H,(K(G,n)),G)
= Hom(m, (K (G,n)), Q)
= Hom(G, G),
c—idg.
QK(G,n) ~K(G,n—1) — Brown representability theorem:

(reduced cellular) cohomology theories are represented by “(2-spectra.”
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