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Warm-Up: The Lefschetz Fixed Point
Theorem

Let R be a principal ideal domain, V a finitely generated R-module, and f : V → V an
endomorphism. Consider

V V/ torsV Rn

V V/ torsV Rn.

f

∼=

f̄ A

∼=

Definition W.1. The trace of f is

tr(f) := tr(A) =
n∑
i=1

Aii ∈ R.

Clearly, tr is R-linear and tr(idV ) = rkR V .

Proposition W.2.

(i) tr(f) is well-defined.
(ii) For f, g ∈ EndR V , we have tr(f ◦ g) = tr(g ◦ f).

Proof. (ii) Let A,B ∈Mn(R) be matrices representing f̄ , ḡ. Then

tr(A ·B) =
n∑
i=1

(AB)ii =
n∑
i=1

n∑
j=1

AijBji =
n∑
i=1

n∑
j=1

BijAji = tr(B ·A).

(i) Choosing a different basis gives A′ = U−1AU with U ∈ GLn(R), so

trA′ = tr(U−1(AU)) (ii)= tr((AU)U−1) = trA.

Proposition W.3. Suppose the diagram

0 V0 V1 V2 0

0 V0 V1 V2 0

i

f

p

g h

i p

of finitely generated R-modules has exact rows. Then

tr g = tr f + trh.

Proof. First suppose that V0, V1, V2 are free. Then V1 ∼= V0 ⊕ V2 by the splitting lemma
(Topology I, Lemma I.4.7), and if f, h are represented by A,B, then g is represented by(
A ∗
0 B

)
. Thus tr g = tr f + trh. Reduce the general case to the free case and use adapted

bases.
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Definition. Let X be a topological space such that Hsing
∗ (X;R) is finitely generated and

Hn(X;R) = 0 for n > N , and let f : X → X. Then

τR(f) = τ(f) :=
∑
n≥0

(−1)n tr(Hn(f)) ∈ R

is called the Lefschetz number of f . Clearly, τ(f) = τ(g) if f ≃ g, and τZ(idX) = χ(X).

Theorem W.4. (Lefschetz fixed point theorem) Let X be a finite simplicial complex and
f : X → X a continuous map with τR(f) ̸= 0. Then f has a fixed point.

Proof. Suppose that f has no fixed points. Choose a metric d on X. Set

ε := inf
x∈X

d(x, f(x)) > 0.

Let L be a barycentric subdivision of X such that every star

st(σ) =
⋃
σ′⊇σ

σ′

has diameter < ε/2.

v st(v)

By simplicial approximation [K., Theorem 3.22], there is a barycentric subdivision K of L and
a simplicial map g : K → L with g ≃ f and supx∈X d(g(x), f(x)) arbitrarily small. It follows

that g(σ) ∩ σ = ∅ for every simplex σ ∈ K. Consider

0 −→ B∆
n (K) −→ Z∆

n (K) −→ H∆
n (K) −→ 0,

0 −→ Z∆
n (K) −→ Hn(Kn,Kn−1) −→ B∆

n−1(K) −→ 0.

It follows that

tr
(
g∗ : Hn(Kn,Kn−1)→ Hn(Kn,Kn−1)

) W.3= tr
(
g∗ : Z∆

n (K)→ Z∆
n (K)

)
+ tr

(
g∗ : B∆

n−1(K)→ B∆
n−1(K)

)
= tr

(
g∗ : B∆

n (K)→ B∆
n (K)

)
+ tr(H∆

n (g))
+ tr

(
g∗ : B∆

n−1(K)→ B∆
n−1(K)

)
.

Thus

τ(f) = τ(g) =
∑
n≥0

(−1)n trH∆
n (g)

=
∑
n≥0

(−1)n tr
(
g∗ : Hn(Kn,Kn−1)→ Hn(Kn,Kn−1)

)
= 0,

since g(σ) ∩ σ = ∅ for all σ ∈ K.
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Corollary W.5. (Generalized Brouwer fixed point theorem) Let X be a finite simplicial
complex with X ≃ •. Then every f : X → X has a fixed point.

Proof. We have

τ(f) =
∑
n≥0

(−1)n tr(Hn(f)) = trH0(f) = tr(idR) = 1.

Remark. More generally,
τ(f) =

∑
x∈Fix(f)

indx f,

if f has only finitely many fixed points, all of them isolated. In the local Euclidean model,
the fixed point index is the degree of the normalized displacement map on the boundary of a
small neighborhood U of x:

U Rd

∂U Rd \ {0}

id −f

(id −f)|∂U

indx f = deg
(
y 7−→ y − f(y)

∥y − f(y)∥

)
∂U

.

(=⇒ Poincaré–Hopf theorem from differential topology!)
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I. Homological Algebra

I.1. Projective Modules

Let R be a (possibly noncommutative) ring with 1. (R-Mod is the category of left R-modules.)

Definition I.1.1. An R-module P is called projective if

M N 0

P

p

f
f̃

(For every epimorphism p : M → N and every f : P → N , there exists f̃ : P → M with
f = p ◦ f̃ .)

Theorem I.1.2. The following statements are equivalent.

(i) P is projective.
(ii) Every short exact sequence

0 N M P 0i
p

s

splits. (There exists s : P →M with p ◦ s = idP .)
(iii) There is an R-module Q such that P ⊕Q is free.

Proof. (i)⇒ (ii):
0 N M P 0

P

idPs

(ii) ⇒ (iii): Choose an epimorphism p : F → P with F free. By (ii), the sequence 0 →
ker p → F → P → 0 splits. By the splitting lemma (Topology I, I.4.7), which also holds for
noncommutative R, we obtain F ∼= ker p⊕ P .
(iii)⇒ (i):

M N 0

P

P ⊕Q

f

i

g Set f̃ := g ◦ i.
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Examples.

1.) R = Z: the module M = Z/kZ is not projective for k ≥ 2, since

0 −→ Z ·k−→ Z −→ Z/kZ −→ 0

does not split.
2.) R = F2 × F2: the module P = F2 × {0} is projective, since P ⊕ ({0} × F2) ∼= F2 × F2 is

free, but P is not free, since |P | = 2 ̸= 4k.
3.) R = C(S2) = {f : S2 → R : f continuous}. Consider

TS2 =
⋃
p∈S2

TpS
2 = {(s, v) : s ∈ S2 ⊆ R3, v ∈ R3, s ⊥ v} ⊆ R6,

p : TS2 −→ S2, (s, v) 7−→ s.

P = Γ(TS2) = {s : S2 → TS2 : s continuous, p ◦ s = idS2}.

The isomorphism
P ⊕ C(S2)

∼=−→ C(S2)3 ∼= C(S2;R3),
(s, f) 7−→

(
x 7−→ s(x) + f(x) · x

)
shows that P is projective. However, P is not free, essentially by the hairy ball theorem.
[Rosenberg: K-theory]

I.2. The Fundamental Theorem of Homological Algebra

Definition I.2.1. Let M be an R-module. A resolution of M is an exact sequence

· · · −→M2 −→M1 −→M0
ε−→M −→ 0

(that is, M∗ is a chain complex with H0(M∗) ∼= M and Hk(M∗) = 0 for k ≥ 1).
A projective resolution of M is a resolution P∗ such that Pk is projective for every k ≥ 0.

Theorem I.2.2.

(i) Every R-module has a projective resolution.
(ii) Let P∗≥0 be a chain complex of projective modules. Let Q∗≥0 be a chain complex with

Hk(Q∗) = 0 for k > 0. Let [P∗, Q∗] be the abelian group of chain homotopy classes of
chain maps P∗ → Q∗. Then

[P∗, Q∗]
∼=−→ HomR(H0(P∗), H0(Q∗)),

[f∗] 7−→ H0(f∗)

is an isomorphism.

Corollary I.2.3. Any two projective resolutions P∗, Q∗ of the same R-module M are chain
homotopy equivalent.
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Proof. By surjectivity, we obtain

H0(Q∗)

· · · Q2 Q1 Q0 M 0

· · · P2 P1 P0 M 0

H0(P∗)

∼ =

f2 f1 f0 idM

∼ =

In the other direction, we obtain g∗ : Q∗ → P∗. We have

H0(g∗ ◦ f∗) = H0(g∗) ◦H0(f∗) = idM ◦ idM = idM
and H0(f∗ ◦ g∗) = idM . Injectivity gives g∗ ◦ f∗ ≃ idP∗ and f∗ ◦ g∗ ≃ idQ∗ .

Proof (of Theorem I.2.2). (i) Let M be an R-module. Choose P0 (for example, free) with
P0

ε−→M → 0, and then construct

· · · P2 ker d1 P1 ker ε P0 M 0

:=d2 :=d1

ε

inductively.
(ii) Surjectivity:

· · · Q2 Q1 Q0 H0(Q∗) 0

· · · P2 P1 P0 H0(P∗) 0

q2 q1 ε

p2

f2

p1

f1

δ

f0 φ

• The homomorphism f0 lifts φ ◦ δ along the surjective map ε.
• For x ∈ P1, we have p1(x) ∈ ker δ, hence

ε(f0(p1(x))) = φ(δ(p1(x))) = φ(0) = 0,

that is, im(f0◦p1) ⊆ ker ε = im q1. Thus there exists a lift f1 of f0◦p1 along q1 : Q1 → im q1.
• Continue inductively.

Injectivity: Let f∗, g∗ : P∗ → Q∗ be chain maps with H0(f∗) = H0(g∗) =: φ. We need to
construct

h∗ : P∗ −→ Q∗+1 with q∗+1 ◦ h∗ + h∗−1 ◦ p∗ = f∗ − g∗.

· · · Q2 Q1 Q0 H0(Q∗) 0

· · · P2 P1 P0 H0(P∗) 0

q2 q1 ε

p2

f2,g2

p1

f1,g1
h1

δ

f0,g0
h0 φ

• We have ε ◦ (f0 − g0) = φ ◦ δ − φ ◦ δ = 0, that is, im(f0 − g0) ⊆ ker ε = im q1. We obtain

Q1 Q0

P0

q1

f0−g0
h0
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• We have
q1 ◦ (f1 − g1 − h0 ◦ p1) = f0 ◦ p1 − g0 ◦ p1 − q1 ◦ h0 ◦ p1

= (f0 − g0 − q1 ◦ h0) ◦ p1 = 0.
We obtain

Q2 Q1

P1

q2

f1−g1−h0◦p1
h1

then q2 ◦ h1 + h0 ◦ p1 = f1 − g1.
• Continue inductively.

I.3. The Tensor–Hom Adjunction

(For the case where R is a field, see Introduction to Topology, Sheet 12, Exercise 3.)
Let R be a ring, M a right R-module, N a left R-module, and X an abelian group. A map
f : M ×N → X is called R-balanced if

• f(m,n+ n′) = f(m,n) + f(m,n′),
• f(m+m′, n) = f(m,n) + f(m′, n),
• f(m · r, n) = f(m, r · n)

for all m,m′ ∈M , n, n′ ∈ N , and r ∈ R.

Definition I.3.1. The tensor product of M and N is an abelian group M ⊗R N with an
R-balanced map ⊗ : M ×N →M ⊗R N satisfying the following universal property:

M ×N M ⊗R N

X

⊗

f
∃! f̃

(For every R-balanced map f : M × N → X, there is a unique homomorphism of abelian
groups f̃ : M ⊗R N → X with f = f̃ ◦ ⊗.)
Existence: Let Z(·) : Set → Ab be left adjoint to the forgetful functor Ab → Set, and let
U ≤ Z(M ×N) be generated by

{(m,n+ n′)− (m,n)− (m,n′), . . . , . . . ; m,m′ ∈M, n, n′ ∈ N, r ∈ R}.

Set M ⊗R N := Z(M ×N)/U , m⊗ n := [(m,n)]. For an R-balanced map f : M ×N → X,
we uniquely obtain

f̃

∑m⊗ n︸ ︷︷ ︸
not unique

 :=
∑

f(m,n)︸ ︷︷ ︸
well-defined

.

Uniqueness: abstract nonsense, as usual.

Note. By construction, M ×N →M ⊗R N is functorial in M and N .
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Definition I.3.2. Let R,S be rings. An R-S-bimodule is an abelian group M that is both a
left R-module and a right S-module, such that (r ·m) · s = r · (m · s) for all m ∈M , r ∈ R,
and s ∈ S.

Examples.

• Rn is an Mn(R)-R-bimodule.
• IfR is commutative andM is a rightR-module, thenM is anR-R-bimodule with r·m := m·r,

since
(r ·m) · s = (m · r) · s = m · (r · s) = m(s · r) = r · (m · s).

• If M is a left R-module, then M is an R-Z-bimodule, since

r · (m · k) = r · (m+ · · ·+m) = r ·m+ · · ·+ r ·m = (r ·m) · k.

Let B be an R-S-bimodule, A a right R-module, and C a right S-module. Then

• A⊗R B becomes a right S-module via

(a⊗ b) · s = a⊗ (b · s),

• HomS(B,C) becomes a right R-module via

(f · r)(b) = f(r · b).

Theorem I.3.3. The functor

(·)⊗R B : Mod-R→ Mod-S

is left adjoint to
HomS(B, ·) : Mod-S → Mod-R :

HomS(A⊗R B,C) ∼= HomR(A,HomS(B,C)),

naturally in A ∈ Ob(Mod-R) and C ∈ Ob(Mod-S).

Proof. f : A → HomS(B,C) is R-balanced when viewed as a map f : A × B → C. By the
universal property, there is a unique f̃ : A⊗R B → C with f̃(a⊗ b) = f(a, b) for a ∈ A, b ∈ B.
For s ∈ S, we have

f̃
(
(∑ a⊗ b) · s

)
=
∑

f(a, b · s) =
∑

f(a, b) · s

=
(∑

f(a, b)
)
· s = f̃

(∑
a⊗ b

)
· s.

Naturality likewise follows from the construction of A⊗R B.
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I.4. Exactness

Definition I.4.1. A (covariant) functor F from left or right R-modules to Ab is called

• left exact if, for every exact sequence

0 −→M1 −→M2 −→M3

the sequence 0→ F (M1)→ F (M2)→ F (M3) is also exact.
• right exact if, for every exact sequence

M1 −→M2 −→M3 −→ 0

the sequence F (M1)→ F (M2)→ F (M3)→ 0 is also exact.
• exact if F is both left and right exact.

Contravariant left exactness:

0←−M1 ←−M2 ←−M3 ⇝ 0 −→ F (M1) −→ F (M2) −→ F (M3).

Theorem I.4.2. Let M be a left R-module. Then HomR(M, ·) is left exact and (·)⊗RM is
right exact.

Proof. We observe that

0 −→M1 −→M2 −→M3 exact ⇐⇒
M1 M2

0 M3

⌟
,

M1 −→M2 −→M3 −→ 0 exact ⇐⇒
M1 M2

0 M3
⌜

.

By Theorem I.3.3, HomR(M, ·) is a right adjoint and (·)⊗RM is a left adjoint. By Introduction
to Topology, Sheet 12, Exercise 4, right adjoints preserve limits and left adjoints preserve
colimits.

Proposition I.4.3. HomR(M, ·) is exact ⇐⇒M is projective.

Proof.
HomR(M, ·) exact

⇐⇒
{

For every surjective g : A→ B,

g◦ : HomR(M,A) −→ HomR(M,B) is surjective.

⇐⇒
A B 0

M

g

f
∃h

9



Dually, an R-module I is called injective if

A B 0

I
∃h

g

f

⇐⇒
{

For every injective g : B → A,

◦g : HomR(A, I) −→ HomR(B, I) is surjective.
⇐⇒ HomR(·, I) is exact.

(Warning: The proof requires clarifying what adjunction means for contravariant functors. . . )

Examples. Q and Q/Z over Z.

Counterexample. Z over Z.

n ≥ 2 :
Z Z 0

Z
∄h

·n

id but
Z Z 0

Q
· 1

n

·n

.

Definition I.4.4. A left R-module M is called flat if (·)⊗RM is exact.

Proposition I.4.5. Projective modules are flat.

Proof. A free module F = ⊕
i∈I R is flat, since if f : N →M is injective, then

f ⊗R F : N ⊗R F ∼=
⊕
i∈I

N

⊕
i∈I

f
−−−−−→

⊕
i∈I

M ∼= M ⊗R F

is also injective (see Theorem I.5.1 below). For a projective module P , let P ⊕Q = F be free.
Then

f ⊗R F : (N ⊗ P )⊕ (N ⊗Q) (f⊗P )⊕(f⊗Q)−−−−−−−−−→ (M ⊗ P )⊕ (M ⊗Q)

is injective, and hence f ⊗R P is injective as well.

Examples and counterexamples.

• Q is flat but not projective over Z. (Use Q = ZZ\{0} and Q ⊆
⊕

i∈I Z ⇒⇐.)

• For n ≥ 2, the module Z/nZ is not flat over Z. (Consider Z ·n−→ Z.)

Remark. We have

Always: free⇒ projective⇒ flat⇒ torsion-free
R a principal
ideal domain: ⇐ ⇐

R a principal ideal domain,
M finitely generated: ⇐ ⇐ ⇐

10



I.5. Computing Tensor Products

Theorem I.5.1. (Rules for computing tensor products)

(i) R⊗R N ∼= N (isomorphism of left R-modules).
(ii) M ⊗R R ∼= M (isomorphism of right R-modules).
(iii) M ⊗R (⊕i∈I Ni) ∼=

⊕
i∈IM ⊗R Ni.

(iv) (⊕i∈IMi)⊗R N ∼=
⊕

i∈IMi ⊗R N .

Proof. (i) + (ii): The map r ⊗ n 7→ r · n is well-defined, surjective, and injective, since∑
i ri · ni = 0 gives ∑

i

ri ⊗ ni =
∑
i

1⊗ ri · ni

= 1⊗
(∑

i

ri · ni

)
= 1⊗ 0 = 1⊗ 0︸︷︷︸

∈R

· 0︸︷︷︸
∈N

= (1 · 0)⊗ 0 = 0⊗ 0 = 0.

(iii) + (iv):

m⊗
(∑
i∈I

ni

)
7−→

∑
i∈I

(m⊗ ni).

Examples.

• In M ⊗R N , we always have m⊗ 0 = 0⊗ n = 0.
• For a finite abelian group G, we have G⊗Z Q = 0, since for g ⊗ q ∈ G⊗Z Q we have

g ⊗ q = g ⊗ |G| · q
|G|

= (g + · · ·+ g)︸ ︷︷ ︸
|G| times

⊗ q

|G|
= 0⊗ q

|G|
= 0.

• We have Z/n⊗Z Z/m ∼= Z/ gcd(n,m). Applying (·)⊗Z Z/m to

Z ·n−→ Z −→ Z/nZ −→ 0

gives
Z/m ·n−→ Z/m −→ Z/nZ⊗Z Z/mZ︸ ︷︷ ︸

coker(Z/m
·n−→Z/m)

−→ 0,

that is, we need to show that

Z/m ·n−→ Z/m −→ Z/dZ −→ 0 is exact for d = gcd(n,m).

To this end, suppose that [k] 7→ 0, that is, k = ℓ · d = ℓ(r · n+ s ·m) ≡ ℓ · r · n (mod m), so
[ℓ · r] · n = [k].

•
(Z3 ⊕ Z/6)⊗ (Z/9⊕ Z/2) ∼= (Z3 ⊕ Z/6)⊗ Z/18

∼= (Z/18)3 ⊕ Z/6︸ ︷︷ ︸
invariant factors

∼= (Z/9)3 ⊕ Z/3⊕ (Z/2)4︸ ︷︷ ︸
elementary divisors

.
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I.6. The Tor Functor

Definition I.6.1. Let M be a right R-module, N a left R-module, and P∗ →M a projective
resolution. The ith Tor group of M and N is

TorRi (M,N) := Hi(P∗ ⊗R N) for i ≥ 0.

Proposition I.6.2. TorRi (M,N) is well-defined up to isomorphism.

Proof. Let Q∗ → M be another projective resolution. By Corollary I.2.3, there exists an
equivalence Q∗ ≃ P∗, which is unique up to chain homotopy by I.2.2(ii). Since (·) ⊗R
N : R-chain→ Z-chain preserves chain homotopies (apply (·)⊗RN to ∂∗+1h∗+h∗−1∂∗ = f∗−g∗),
there is a distinguished isomorphism

fP∗,Q∗ : Hi(P∗ ⊗R N)
∼=−→ Hi(Q∗ ⊗R N). (∗)

The distinguished isomorphism fP∗,Q∗ allows the functorial definition

TorRi (M,N) :=

x ∈ ∏
P∗→M

Hi(P∗ ⊗N) : fP∗,Q∗(prP∗(x)) = prQ∗(x)

 .
• g : N → N ′ induces id∗⊗g : P∗ ⊗R N → P∗ ⊗R N ′ and hence TorRi (id, g) : TorRi (M,N)→

TorRi (M,N ′).
• f : M →M ′ induces

· · · P ′
2 P ′

1 P ′
0 M ′ 0

· · · P2 P1 P0 M 0

f2 f1 f0 f

uniquely up to chain homotopy, and thus determines a distinguished chain homotopy class

f∗ ⊗ idN : P∗ ⊗R N → P ′
∗ ⊗R N

and hence a well-defined homomorphism

TorRi (f, id) : TorRi (M,N) −→ TorRi (M ′, N).

Theorem I.6.3.

1.) For a projective resolution Q∗ → N , we have

TorRi (M,N) ∼= Hi(M ⊗R Q∗) for i ≥ 0.

2.) If R is commutative, there is a natural isomorphism

TorRi (M,N) ∼= TorRi (N,M) for i ≥ 0.

Proof. [Lück, Algebraische Topologie, Lemma 6.12].
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Proposition I.6.3. There is a natural isomorphism

TorR0 (M,N) ∼= M ⊗R N.

Proof. Let P∗ →M be a projective resolution. Then

P1 ⊗R N −→ P0 ⊗R N −→M ⊗R N −→ 0

is exact, so
M ⊗R N ∼= coker(P1 ⊗R N −→ P0 ⊗R N)

∼= H0(P∗ ⊗R N) = TorR0 (M,N).

The Tor functors describe the failure of the functor (·)⊗R N to be left exact (TorRi (·, N) are
the “left derived functors” of (·)⊗R N).

Theorem I.6.4. (Long exact Tor sequence)

(i) Let 0→M0 →M1 →M2 → 0 be a short exact sequence of right R-modules, and let N
be a left R-module. Then there is a natural long exact sequence

· · · TorR
2 (M0, N) TorR

2 (M1, N) TorR
2 (M2, N)

TorR
1 (M0, N) TorR

1 (M1, N) TorR
1 (M2, N)

M0 ⊗R N M1 ⊗R N M2 ⊗R N 0

(ii) Let 0→M0 →M1 →M2 → 0 be a short exact sequence of left R-modules, and let N
be a right R-module. Then there is a natural long exact sequence

· · · TorR
2 (N,M0) TorR

2 (N,M1) TorR
2 (N,M2)

TorR
1 (N,M0) TorR

1 (N,M1) TorR
1 (N,M2)

N ⊗R M0 N ⊗R M1 N ⊗R M2 0

Lemma I.6.5. (Horseshoe lemma) Let 0→M0 →M1 →M2 → 0 be a short exact sequence
of right R-modules, and let P 0

∗ →M0 and P 2
∗ →M2 be projective resolutions:

...
...

P 0
1 P 2

1

P 0
0 P 2

0

0 M0 M1 M2 0

0 0

ε0 ε2

φ ψ

13



Then there exist a projective resolution P 1
∗ →M1 and chain maps i∗ : P 0

∗ → P 1
∗ , p∗ : P 1

∗ → P 2
∗ ,

such that
...

...
...

0 P 0
1 P 1

1 P 2
1 0

0 P 0
0 P 1

0 P 2
0 0

0 M0 M1 M2 0

0 0 0

i1 p1

i0

ε0

p0

ε1 ε2

φ ψ

commutes and has exact rows (and columns).

Note. By Theorem I.1.2(ii), the rows in the projective resolutions then split degreewise, and
P 1

∗
∼= P 0

∗ ⊕ P 2
∗ degreewise by the splitting lemma (Topology I, I.4.7).

Proof (of Lemma I.6.5). Set P 1
0 := P 0

0 ⊕ P 2
0 , let i0 and p0 be the canonical inclusion and

projection, and set ε1|P 0
0

:= φ ◦ ε0. Let

M1 M2 0

P 2
0

ψ

ε2
χ

and set ε1|P 2
0

:= χ. Then the bottom two squares commute. The (proof of the) five lemma
(Topology I, III.2.2) shows that ε1 is surjective. By the snake lemma (Topology I, II.2.1), the
first row in

0 ker ε0 ker ε1 ker ε2 0

0 P 0
0 P 1

0 P 2
0 0

0 M0 M1 M2 0

i0

ε0

p0

ε1 ε2

φ ψ

is again exact, since coker ε0 = 0.
We obtain

P 0
1 P 2

1

0 ker ε0 ker ε1 ker ε2 0

0 P 0
0 P 1

0 P 2
0 0

0 M0 M1 M2 0

i0

ε0

p0

ε1 ε2

φ ψ

and hence, by induction, the assertion of the lemma. □
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Proof (of Theorem I.6.4). (i) By the horseshoe lemma, we have a short exact sequence of chain
complexes

0 P 0
∗ P 1

∗ P 2
∗ 0 ,

whose terms are projective resolutions of M0, M1, and M2. By I.1.2 (ii), the short exact
sequence splits in each degree. Thus

0 P 0
∗ ⊗R N P 1

∗ ⊗R N P 2
∗ ⊗R N 0

is again exact, and we obtain the long exact sequence from Topology I, II.2.2.
(ii) Let P∗ → N be a projective resolution. Then

0 P∗ ⊗M0 P∗ ⊗M1 P∗ ⊗M2 0

is exact, because projective modules are flat by Proposition I.4.5. Again, we conclude using
Topology I, II.2.2. □

Examples.

1.) If M (or N) is projective, then 0 → M
id−→ M → 0 is a projective resolution, so

TorRi (M,N) = 0 for i ≥ 1.
2.) In particular, TorKi (M,N) = 0 for i ≥ 1 if K is a field, since vector spaces are free.
3.) Let G be a group. Then ZG becomes the group ring of G with multiplication∑

g∈G
λgg

 ·
∑
g′∈G

µg′g′

 =
∑
g∈G

∑
g′∈G

(λgµg′)(gg′).

Regard Z as a right ZG-module with

k ·

∑
g∈G

λgg

 =
∑
g∈G

kλg

(the “trivial ZG-module Z”). For a left ZG-module M , we have

Z⊗ZGM ∼= M/⟨gm−m : g ∈ G, m ∈M⟩ =: MG (“coinvariants”),
k ⊗m 7−→ [km],
1⊗m 7−→[m].

This is well-defined because 1⊗ (gm−m) = 1⊗ gm− 1⊗m = 1g ⊗m− 1⊗m = 0.

The abelian groups Hi(G;M) := TorZGi (Z,M) form the group homology of G with coefficients
in M . For

0 I ZG Z 0

g 1

ε

(I: “augmentation ideal”, ε: “augmentation”) the long exact Tor sequence ends in

0 H1(G;M) I ⊗ZG M M MG 0 ,

that is, H1(G;M) ∼= ker(I ⊗ZGM →M). If M is a trivial ZG-module (that is, every g ∈ G
acts as the identity), then MG = M , so

H1(G;M) ∼= I ⊗ZGM ∼= I ⊗ZG (Z⊗ZGM)
∼= (I ⊗ZG Z)⊗ZGM ∼= IG ⊗Z M.

15



Lemma I.6.6. There is a natural isomorphism IG ∼=Z I/I
2.

Proof. We have IG = I ⊗ZG Z ∼= I/⟨gx − x : x ∈ I⟩ and I is generated by the elements
x = g′ − 1 for g′ ∈ G. Since

gx− x = g(g′ − 1)− (g′ − 1) = gg′ − g − g′ + 1 = (g − 1)(g′ − 1) ∈ I2

the claim follows. □

Lemma I.6.7. There is a natural isomorphism I/I2 ∼= Gab.
Proof. Consider

φ : G −→ I/I2,

g 7−→ g − 1 + I2.

We have
φ(gh) = gh− 1 + I2 = gh− 1− (g − 1)(h− 1) + I2

= (g − 1) + (h− 1) + I2 = φ(g) + φ(h).

This gives φ : Gab → I/I2. Consider

ψ : I −→ Gab,

g − 1 7−→ g[G,G].

We have
ψ((g − 1)(h− 1)) = ψ(gh− g − h+ 1)

= ψ((gh− 1)− (g − 1)− (h− 1))
= ghg−1h−1[G,G] = [G,G].

This gives ψ : I/I2 → Gab, and ψ ◦ φ = idGab , φ ◦ ψ = idI/I2 by construction. □

We have therefore proved:

Theorem I.6.8. For a trivial ZG-module M , we have

H1(G;M) ∼= Gab ⊗Z M.

Using the usual convention Hi(G) := Hi(G;Z), we thus have H0(G) ∼= Z and H1(G) ∼= Gab.
Remark. Let X be path-connected and G = π1(X, ·). Choose a generator so that ⟨[Sn]⟩ =
Hsing
n (Sn). This gives

Hurn : πn(X, ·) −→ Hsing
n (X),

[f : Sn → X] 7−→ f∗[Sn].
Then

•
π1(X, ·) Hsing

1 (X)

G Gab

Hur1

∥ ∼ = (Hurewicz, Theorem Topology I, II.5.4).

• π2(X, ·) Hsing
2 (X) H2G 0Hur2 (Hopf).

(Hurewicz: Hur2 is an isomorphism if G = 1.)
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Proposition I.6.9.

(i) TorRi

⊕
j∈I

Mj , N

 ∼= ⊕
j∈I

TorRi (Mj , N).

(ii) TorRi

M,
⊕
j∈I

Nj

 ∼= ⊕
j∈I

TorRi (M,Nj).

Proof. This follows from ⊕
j∈I

P j∗

⊗R N ∼= ⊕
j∈I

(P j∗ ⊗R N).

□

Theorem I.6.10. (Computing Tor over principal ideal domains) Let R be a principal ideal
domain, M a right R-module, and N a left R-module. Then:

(i) TorRi (M,N) = 0 for i ≥ 2.
(ii) If M,N are finitely generated, the inclusions tors(M) ⊆ M , tors(N) ⊆ N induce an

isomorphism
TorR1 (tors(M), tors(N)) ∼= TorR1 (M,N).

(iii) For r, s ∈ R \ {0}, we have

TorR1 (R/(r), R/(s)) ∼= R/(gcd(r, s)).

Proof. (i) Over a principal ideal domain, submodules of free modules are free. Thus we can
choose

0 kerπ F M 0π

with F free.
(ii) Since M ∼= F ⊕ tors(M), N ∼= F ′ ⊕ tors(N) with F, F ′ free, this follows from Proposition
I.6.9, (i), and Example 1.
(iii) Consider 0→ R

·r−→ R→ R/(r)→ 0, so

TorR1 (R/(r), R/(s)) ∼= ker
(
R/(s) ·r−→ R/(s)

)
.

Set d := gcd(r, s) and r = r′d, s = s′d. Then r′ ∈ (R/(s′))∗, so

ker
(
R/(s) ·r−→ R/(s)

)
= ker

(
R/(s) ·d−→ R/(s)

)
= {xs′ ∈ R/(s) : x ∈ R/(s)} ∼= R/(d),

xs′ 7−→x.

□
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I.7. The Universal Coefficient Theorem

Theorem I.7.1. Let R be a principal ideal domain and C∗ a chain complex of projective
R-modules with Cn = 0 for n < 0. Then, for every R-module M , there is a natural short exact
sequence

0 Hn(C∗)⊗R M Hn(C∗ ⊗R M) TorR
1 (Hn−1(C∗),M) 0

[z]⊗m [z ⊗m]

αn βn

for all n ≥ 0. The short exact sequence splits via

sn : TorR1 (Hn−1(C∗),M) −→ Hn(C∗ ⊗RM)

and sn is natural in M , but (in general) not in C∗.

Corollary I.7.2.

Hn(C∗ ⊗RM) ∼=
(
Hn(C∗)⊗RM

)
⊕ TorR1 (Hn−1(C∗),M)

is determined up to isomorphism by H∗(C∗) and M . □

Proof (of Theorem I.7.1). Consider the short exact sequences

(i) 0 Zn Cn Bn−1 0∂n

rn

and
(ii) 0 Bn Zn Hn(C∗) 0in .

The short exact sequence (i) splits because, over a principal ideal domain, projective modules
are free and submodules of free modules are free, hence projective. We obtain

0 Z∗ ⊗R M C∗ ⊗R M B∗−1 ⊗R M 0

and this is a short exact sequence of chain complexes if we regard Z∗ ⊗RM and B∗−1 ⊗RM
as chain complexes with zero differentials. By Topology I, II.2.2, there is a long exact sequence

· · · Bn ⊗R M Zn ⊗R M Hn(C∗ ⊗R M) Bn−1 ⊗R M Zn−1 ⊗R M · · ·
δn+1 δn

The long exact Tor sequence associated to (ii) ends in

0 TorR
1 (Hn(C∗),M) Bn ⊗R M Zn ⊗R M Hn(C∗)⊗R M 0.in⊗idM

The construction of the connecting homomorphism in the snake lemma gives δn+1 = in ⊗ idM .
Thus

0 coker δn+1 Hn(C∗ ⊗R M) ker δn 0

Hn(C∗)⊗R M TorR
1 (Hn−1(C∗),M)

∼ = ∼ =

is exact. A left inverse of αn is given by
Hn(C∗ ⊗RM) −→ Hn(C∗)⊗RM,

[c⊗m] 7−→ [rn(c)]⊗m.
Here rn is not natural, whereas the dependence on m is natural. □
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Theorem I.7.3. Let R be a principal ideal domain, H∗ = Hsing
∗ (−;R), (X,A) a pair of spaces,

and M an R-module. Then there is a natural short exact sequence

0 Hn(X,A)⊗R M Hn(X,A;M) TorR
1 (Hn−1(X,A),M) 0,

which splits (not naturally in (X,A)). □

Example. Recall (Topology I, IV.3.3):

Hk(RPd;Z) ∼=


Z, k = 0 or (k = d odd),
Z/2, 0 < k < d and k odd,
0, otherwise.

We compute

• Hn(RPd;Z)⊗Z Z/2 ∼=
{
Z/2, n = 0 or 0 < n ≤ d, n odd,
0, otherwise,

• TorZ1
(
Hn−1(RPd;Z),Z/2

) ∼= {
Z/2, 1 < n ≤ d, n even,
0, otherwise,

so the universal coefficient theorem gives

Hn(RPd;Z/2) ∼=
{
Z/2, 0 ≤ n ≤ d,
0, otherwise.

(In fact, for the standard CW structure on RPd, CCW
∗ (RPd;Z/2) is given by

0 Z/2
d

Z/2 · · · Z/2
0

00 0 0 .)

I.8. The Ext Functor

Definition I.8.1. A cochain complex consists of a family C∗ of left or right R-modules and
homomorphisms δ∗ : C∗ → C∗+1 with δ∗+1 ◦ δ∗ = 0.
Observation. If M is a left R-module, then

HomR(−,M) : R-chain −→ Z-cochain,
(C∗, ∂∗) 7−→

(
HomR(C∗,M), (−) ◦ ∂∗+1

)
,

(f∗ : C∗ → D∗) 7−→
(

HomR(D∗,M) −→ HomR(C∗,M)
g∗ 7−→ g∗ ◦ f∗

)

is a contravariant functor. For commutative R and an R-module M , this gives

HomR(−,M) : R-chain −→ R-cochain.

Let C∗ be a cochain complex. Set

Zn := ker(δn : Cn → Cn+1) “cocycles”,
Bn := im(δn−1 : Cn−1 → Cn) “coboundaries”.
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Definition I.8.2. The nth cohomology of C∗ is the R-module Hn(C∗) := Zn/Bn.

Definition I.8.3. Let M,N be left R-modules and P∗ → M a projective resolution. We
define the abelian group

ExtiR(M,N) := H i(HomR(P∗, N)).

Remark. As with Tor, one shows that ExtiR(M,N) is independent of P∗ →M and functorial
in M and N . We have

ExtiR(M,N) = H i(HomR(M, I∗))

for every injective resolution N → I∗.

Proposition I.8.4. There is a natural isomorphism

Ext0
R(M,N) ∼= HomR(M,N).

Proof. Let N → I∗ be an injective resolution. Consider

0 HomR(M,N) HomR(M, I0) HomR(M, I1),

so
HomR(M,N) = ker

(
HomR(M, I0)→ HomR(M, I1)

)
= H0(HomR(M, I∗)) ∼= Ext0

R(M,N).
□

Theorem I.8.5. (Long exact Ext sequence) For a short exact sequence 0 → M0 → M1 →
M2 → 0 of left R-modules and a left R-module N , there are natural long exact sequences:

(i)
0 HomR(N,M0) HomR(N,M1) HomR(N,M2)

Ext1
R(N,M0) Ext1

R(N,M1) Ext1
R(N,M2)

Ext2
R(N,M0) · · ·

(ii)
0 HomR(M2, N) HomR(M1, N) HomR(M0, N)

Ext1
R(M2, N) Ext1

R(M1, N) Ext1
R(M0, N)

Ext2
R(M2, N) · · ·

Proof. Dual to Theorem I.6.4 (“injective horseshoe lemma”). □

Proposition I.8.6. P is projective ⇐⇒ ExtiR(P,N) = 0 for i ≥ 1 and every R-module N .

Proof. “⇒”: Use P id−→ P → 0. “⇐”: By I.8.5 (i), HomR(P,−) is exact, so P is projective by
I.4.3. □
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Proposition I.8.7.

(i) ExtiR

⊕
j∈I

Mj , N

 ∼= ∏
j∈I

ExtiR(Mj , N).

(ii) ExtiR

M,
∏
j∈I

Nj

 ∼= ∏
j∈I

ExtiR(M,Nj).

Proof. (i) P j∗ →Mj gives ⊕j∈I P
j
∗ →

⊕
j∈IMj ,

HomR

⊕
j∈I

P j∗ , N

 ∼= ∏
j∈I

HomR(P j∗ , N) −→ H i(−).

□

Example. The abelian groups

H i(G;M) := ExtiZG(Z,M)

form the group cohomology of G with coefficients in M .

Theorem I.8.8. (Universal coefficient theorem for cochain complexes) Let R be a principal
ideal domain, C∗ a chain complex of projective R-modules with Cn = 0 for n < 0, and M an
R-module. Then there is a natural short exact sequence

0 Ext1
R(Hn−1(C∗),M) Hn(HomR(C∗,M)) HomR(Hn(C∗),M) 0

[f ] ([z] 7→ f(z))

αn

sn

for all n ≥ 0. The short exact sequence splits via sn (natural in M , but in general not natural
in C∗). □

Let N be a left ZG-module. The long exact Ext sequence associated to 0→ I → ZG→ Z→ 0
gives

0 HomZG(Z, N) HomZG(ZG,N) HomZG(I,N)

Ext1
ZG(Z, N) 0.

ρ

Here HomZG(Z, N) = NG = {n ∈ N : gn = n for all g ∈ G} (“invariants”). We have ρ = 0 if
N is a trivial ZG-module, so

H1(G;N) ∼= HomZG(I,N).

Theorem I.8.9. For a trivial ZG-module N , we have

H1(G;N) ∼= HomZ(Gab, N).
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Proof. Consider
HomGroup(G,N)

∼=−→ HomZG(I,N),
f 7−→ (φf : g − 1 7→ f(g)),

(fφ : g 7→ φ(g − 1)) 7−→φ.

Verifying that these maps are homomorphisms is an exercise. □

Remark. The group H2(G;N) = Ext2
ZG(Z, N) classifies extensions

1 N E G 1φ
,

such that the conjugation action of G ∼= E/N on the abelian normal subgroup N ⊴ E is given
by the ZG-module structure of N :

ene−1 = φ(e) · n for all e ∈ E, n ∈ N,

up to isomorphism:

E

1 N G 1

E′

∼=

Hence the name “Ext”.
If N is a trivial ZG-module, then H2(G;N) therefore classifies central extensions of G by N .

I.9. Künneth Theorems

Now let R be commutative.

Definition I.9.1. Let C∗ and D∗ be chain complexes over R. Their tensor product C∗ ⊗R D∗
is the chain complex

(C∗ ⊗R D∗)n =
⊕

p+q=n
Cp ⊗R Dq

with
∂⊗(x⊗ y) = ∂C∗

p (x)⊗ y + (−1)px⊗ ∂D∗
q (y), x⊗ y ∈ Cp ⊗Dq.

Required:

∂⊗∂⊗(x⊗ y) = ∂⊗(∂p(x)⊗ y + (−1)px⊗ ∂q(y)
)

= (−1)p−1∂p(x)⊗ ∂q(y) + (−1)p∂p(x)⊗ ∂q(y) = 0.

Definition I.9.2. The Alexander–Whitney map is

AW∗ : Csing
∗ (X × Y ;R) −→ Csing

∗ (X;R)⊗R Csing
∗ (Y ;R),

(σ × τ : ∆n → X × Y ) 7−→
n∑
i=0

σ|[v0,...,vi] ⊗ τ |[vi,...,vn].
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Theorem I.9.3. (Eilenberg–Zilber) The chain map AW∗ has a chain homotopy inverse EZ∗.

Corollary I.9.4.

Hsing
∗ (X × Y ;R) ∼= H∗

(
Csing

∗ (X;R)⊗R Csing
∗ (Y ;R)

)
.

□

The proof of Theorem I.9.3 is given in the next section. For now, recall (Topology I, IV.1.12):
If X and Y are CW complexes and X or Y is locally compact, then X × Y is a CW complex
with filtration

(X × Y )n =
⋃

p+q=n
Xp × Y q

and hence
CCW
n (X × Y ;R) ∼=

⊕
p+q=n

CCW
p (X;R)⊗R CCW

q (Y ;R)

=
(
CCW

∗ (X;R)⊗R CCW
∗ (Y ;R)

)
n
,

so
HCW
n (X × Y ;R) ∼= Hn

(
CCW

∗ (X;R)⊗R CCW
∗ (Y ;R)

)
.

□

Theorem I.9.5. (Künneth theorem for chain complexes) Let C∗ and D∗ be chain complexes
of projective modules over a principal ideal domain R, with Cn = Dn = 0 for n < 0. Then
there is a natural short exact sequence

0
⊕

p+q=n

Hp(C∗)⊗R Hq(D∗) Hn(C∗ ⊗R D∗)

⊕
p+q=n−1

TorR
1 (Hp(C∗), Hq(D∗)) 0,

which splits (not naturally).
Proof. First consider the special case ∂C∗

n = 0 for all n. Then ∂⊗(x ⊗ y) = ±x ⊗ ∂(y), that
is, up to sign, C∗ ⊗R D∗ ∼=

⊕
i∈ZCi ⊗R D∗−i and hence (by the universal coefficient theorem,

since Ci is projective)

Hn(C∗ ⊗R D∗) ∼=
⊕
i∈Z

Hn(Ci ⊗R D∗−i)

∼=
⊕
i∈Z

Ci ⊗R Hn(D∗−i)

∼=
⊕
i∈Z

Hi(C∗)⊗R Hn−i(D∗)

and
TorR1 (Hp(C∗), Hq(D∗)) ∼= TorR1 (Cp, Hq(D∗)) Cp projective= 0,

so the theorem holds
if ∂C∗

∗ = 0. In the general case, consider again

0 Z∗ C∗ B∗−1 0,∂∗
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where Z∗ and B∗ have zero differentials. Since R is a principal ideal domain and C∗ is projective
(hence free), Z∗ and B∗ are also projective. Thus

0 Z∗ ⊗R D∗ C∗ ⊗R D∗ B∗−1 ⊗R D∗ 0

and we obtain
· · ·

⊕
p+q=n

Zp ⊗R Hq(D∗) Hn(C∗ ⊗R D∗)

⊕
p+q=n

Bp−1 ⊗R Hq(D∗) · · · ,

δn+1

δn

where the connecting homomorphisms δ∗ are again induced by the inclusions i∗ : B∗ ⊆ Z∗.
Thus

0 coker δn+1 Hn(C∗ ⊗R D∗) ker δn 0

and coker δn+1 = ⊕
p+q=nHp(C∗)⊗R Hq(D∗), since

coker(ip ⊗ idHq(D∗)) = (coker ip)⊗Hq(D∗),

because (−) ⊗Hq(D∗) is right exact. Moreover, ker δn ∼=
⊕

p+q=n−1 TorR1 (Hp(C∗), Hq(D∗)),
by taking the direct sum of

0 TorR
1 (Hp(C∗), Hq(D∗)) Bp ⊗Hq(D∗) Zp ⊗Hq(D∗)

ip⊗idHq(D∗)

from the long exact Tor sequence (I.6.4). The discussion of splitting and naturality is similar
to that for the universal coefficient theorem. □

Theorem I.9.6. (Künneth theorem for spaces) Let R be a principal ideal domain, X and Y
topological spaces, and H∗ = Hsing

∗ (−;R). Then there is a natural short exact sequence

0
⊕

p+q=n

Hp(X)⊗R Hq(Y ) Hn(X × Y )

⊕
p+q=n−1

TorR
1 (Hp(X), Hq(Y )) 0,

which splits (not naturally).
Proof. Theorems I.9.3 and I.9.5. □

Corollary I.9.6. If R = K is a field, then⊕
p+q=n

Hp(X)⊗R Hq(Y ) ∼= Hn(X × Y ).

□

For K = Q, this gives
bn(X × Y ) =

∑
p+q=n

bp(X) · bq(Y ),

provided that X and Y have finite-dimensional homology and nonzero homology in only finitely
many degrees.
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Theorem I.9.6. (Künneth theorem for pairs) Let R be a principal ideal domain, (X,A) and
(Y,B) closed cofibrations, and H∗ = Hsing

∗ (−;R). Then there is a natural short exact sequence

0
⊕

p+q=n

Hp(X,A)⊗R Hq(Y,B)

Hn(X × Y,X ×B ∪A× Y )

⊕
p+q=n−1

TorR
1 (Hp(X,A), Hq(Y,B)) 0,

which splits (not naturally).
Proof. Show that

Hn
(
Csing

∗ (X,A;R)⊗R Csing
∗ (Y,B;R)

)
∼= Hn

(
Csing

∗ (X × Y,X ×B ∪A× Y ;R)
)
.

using excision, among other tools. □

I.10. Acyclic Models

Let C be a locally small category and R a commutative ring.

Definition I.10.1. An RC-module is a (covariant) functor C −→ R-Mod. Homomorphisms of
RC-modules are natural transformations. This gives the category RC-Mod.
Examples.

• If C = (• id ), then an RC-module M is an R-module, and

HomRC(M,N) = HomR(M(•), N(•)).

• If C = G for a group G, then an RC-module is an R-module M with a homomorphism
G −→ AutRM , that is, an RG-module, and HomRC(M,N) = HomRG(M(•), N(•)):

M(•) M(•)

N(•) N(•).

g

η η

g

A sequence of RC-modules 0→M0 →M1 →M2 → 0 is called exact if 0→M0(x)→M1(x)→
M2(x)→ 0 is exact for every x ∈ Ob(C).

Definition I.10.2. An RC-module P is called projective if

M N 0

P

∃ .

For a projective RC-module P , each P (x), for x ∈ Ob(C), is a projective R-module (for an
R-module N0, use the functor y 7−→ HomR(R[HomC(y, x)], N0); it is right adjoint to evaluation
at x and preserves epimorphisms). Warning: The converse does not hold!
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Definition I.10.3. An RC-module F is called free if there are objects (xi)i∈I in C such that
F is naturally isomorphic to ⊕

i∈I
R[HomC(xi, ·)].

The objects xi are called models of F .

Proposition I.10.4. Free RC-modules are projective.
Proof. Without loss of generality, F = R[HomC(x, ·)] for some x ∈ Ob(C). We must show:

M N 0

F

e

η
η̄ .

In particular, consider
M(x) N(x) 0

R[HomC(x, x)]

e(x)

η(x)

Let m ∈ M(x) be a preimage of η(x)(idx) under e(x) and set η̄(x)(idx) := m. For f ∈
HomC(x, y), naturality of η̄ then requires:

η̄(y)(f) = η̄(y)(f ◦ idx) = M(f)
(
η̄(x)(idx)

)
= M(f)(m).

By construction,

e(y)
(
η̄(y)(f)

)
= e(y)(M(f)(m)) = N(f)(e(x)(m))
= N(f)(η(x)(idx)) = η(y)(F (f)(idx))
= η(y)(f ◦ idx) = η(y)(f),

that is, e ◦ η̄ = η. □

Example. Csing
n (·;R) : Top −→ R-Mod is a free RTop-module with model ∆n:

Csing
n (·;R) = R[HomTop(∆n, ·)].

Thus Csing
∗ (·;R) is a chain complex of projective RTop-modules. The same proof as for Theorem

I.2.2 gives:

Theorem I.10.5. Let P∗≥0 be a chain complex of projective RC-modules. Let Q∗≥0 be a
chain complex with Hk(Q∗) = 0 for k > 0 (objectwise). Then there is an isomorphism

[P∗, Q∗]
∼=−→ HomRC(H0 ◦ P∗, H0 ◦Q∗).

□

Theorem I.10.6. (Acyclic Models Theorem)
Let F∗≥0 be a chain complex of free RC-modules, and let M∗ be the sets of models. Let G∗ be
an RC-chain complex with Hk(G∗(x)) = 0 for all x ∈Mk ∪Mk+1 and k ≥ 1. Then

[F∗, G∗]
∼=−→ HomRC(H0 ◦ F∗, H0 ◦G∗).

Proof. As in Theorem I.2.2, with the natural transformations determined by their components
at the models, as in Proposition I.10.4. □
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Proof of Theorem I.9.3. Set C = Top× Top,

F∗ = Csing
∗ (· × ·;R), G∗ = Csing

∗ (·;R)⊗R Csing
∗ (·;R).

We have
Fn = R[HomTop(∆n, · × ·)] ∼= R[HomC(∆n ×∆n, · × ·)],

that is, Fn is a free RC-module with model ∆n ×∆n. Similarly, we obtain

Gn =
⊕

n=p+q
Csing
p (·;R)⊗R Csing

q (·;R)

=
⊕

n=p+q
R[HomTop(∆p, ·)]⊗R R[HomTop(∆q, ·)]

∼=
⊕

n=p+q
R[HomTop(∆p, ·)×HomTop(∆q, ·)]

∼=
⊕

n=p+q
R[HomC(∆p ×∆q, · × ·)],

that is, Gn is a free RC-module with models ∆p ×∆q for p + q = n. For all p, q, we have
∆p ×∆q ≃ •, hence

Hk(F∗(∆p ×∆q)) = Hk(G∗(∆p ×∆q)) = 0

for all p, q and k ≥ 1. Consider

H0(G∗(X × Y )) H0(F∗(X × Y ))

H0(Csing
∗ (X;R)⊗ Csing

∗ (Y ;R)) Hsing
0 (X × Y ;R)

[x⊗ y] [(x, y)].

Ψ(X×Y )

= =

The natural transformation Ψ is well-defined because ∂⊗
1 = ∂X1 ⊗ id + id⊗∂Y1 , which implies

that Ψ takes boundaries to boundaries. By Theorem I.10.6, Ψ determines, up to chain
homotopy, the chain map EZ∗ : G∗ → F∗ with H0(EZ∗) = Ψ. Since

H0(EZ∗) ◦H0(AW∗) = id and H0(AW∗) ◦H0(EZ∗) = id,

we obtain EZ∗ ◦AW∗ ≃ id∗ and AW∗ ◦ EZ∗ ≃ id∗. □
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II. Cohomology

II.1. Eilenberg–Steenrod Cohomology Theories

Let R be a commutative ring.

Definition II.1.1. A cohomology theory with values in R-Mod consists of contravariant
functors

Hn : Top(2) −→ R-Mod for n ∈ Z

and natural transformations

δn : Hn ◦ ∂ −→ Hn+1 for n ∈ Z

with ∂ : Top(2) → Top(2), (X,A) 7→ (A,∅), such that homotopy invariance, the long exact
sequence, and excision hold as in Topology I, I.5.1, with the arrows reversed.

Definition II.1.2. The singular cochain complex of (X,A) with coefficients in R is

C∗
sing(X,A;R) := HomR(Csing

∗ (X,A;R), R).

The nth singular cohomology is

Hn
sing(X,A;R) := Hn(C∗

sing(X,A;R)).

Observation.

C∗
sing(X,A;R) ∼= HomR(Csing

∗ (X,A;R), R)
∼= HomR(R⊗Z C

sing
∗ (X,A;Z), R)

∼= HomZ(Csing
∗ (X,A;Z), R).

If A = ∅, then

. . . ∼= HomZ(FZ(HomTop(∆∗, X)), R)
∼= HomSet(HomTop(∆∗, X), R).

Theorem II.1.3. Singular cohomology is a cohomology theory.
Proof.

1. Homotopy invariance: f ≃ g ⇒ Csing
∗ (f) ≃P∗ C

sing
∗ (g), and (·) ◦ P∗ is a (co)chain homotopy

from (·) ◦ Csing
∗ (f) to (·) ◦ Csing

∗ (g).
2. Long exact sequence: The short exact sequence

0 Csing
∗ (A;R) Csing

∗ (X;R) Csing
∗ (X,A;R) 0
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splits degreewise because {σ : ∆∗ → X : im σ ∩ (X \ A) ̸= ∅} is a basis of Csing
∗ (X,A;R).

It follows that

0 −→ HomR(Csing
∗ (X,A;R), R) −→ HomR(Csing

∗ (X;R), R)
−→ HomR(Csing

∗ (A;R), R) −→ 0

is exact. (The dual of) Theorem Topology I, II.2.2, gives the required natural long exact
sequence.

3. In the proof of Theorem Topology I, II.4.2, for A ⊆ Y ⊆ X with A ⊆ Y̊ , we showed that
the inclusion induces a chain homotopy equivalence

Csing
∗ (X \A, Y \A;R) ≃ Csing

∗ (X,Y ;R).

As in 1., dualizing gives

C∗
sing(X,Y ;R) ≃ C∗

sing(X \A, Y \A;R).

□

Remark. As before, for an R-module M ,

H∗
sing(·;M) := H∗(HomR(Csing

∗ (·;R),M)
)

is also a cohomology theory with values in R-Mod.

Theorem II.1.4. (H∗
sing, δ

∗) satisfies the dimension axiom

Hn
sing(•;M) = 0 for n ̸= 0

and the additivity axiom (multiplicativity axiom!)

H∗
sing

(∐
i∈I

Xi;M
)
∼=
∏
i∈I

H∗
sing(Xi;M).

Proof. Dimension:

C∗
sing(•;M) = 0 −→M

0
0−→M

1
id−→M

2
0−→M

3
id−→ · · ·

Additivity: as in Proposition I.8.7. □

Theorem II.1.5. (Universal Coefficient Theorem for Singular Cohomology)
Let R be a principal ideal domain. Then there is a natural short exact sequence

0 −→ Ext1
R(Hn−1(X,A;R), R) −→ Hn(X,A;R)

−→ HomR(Hn(X,A;R), R) −→ 0,

which splits (not naturally).
Proof. Apply Theorem I.8.8 to Csing

∗ (X,A;R). □

⇒ Cohomology is determined by homology.
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II.2. Motivation

1. Cohomology is often relevant in homotopy-theoretic contexts, for example, obstruction
theory:

f0

∃f1 ?
f1|X0 ≃ f0

∃f2 ?
f2|X1 ≃ f1

For codomain Y and n ≥ 3:

a : σn 7−→ [fn−1|∂σn ] ∈ πn−1(Y ), δa(σn+1) = a(∂σn+1) = 0

⇝ [a] ∈ Hn(X;πn−1(Y )): “extension obstruction.”1

Another example: characteristic classes. Let G be a topological group, and let bG : Top→ Set,

bG(X) = {principal G-bundles over X}/∼=.

A characteristic class is a natural transformation bG −→ H∗. For f : X → Y , we obtain

bG(Y ) bG(X)

H∗(Y ) H∗(X),

f∗

c c

f∗

that is, c(f∗P ) = f∗c(P ).

We have bG ∼= [·, BG]. “Yoneda lemma”:

Characteristic classes with respect to H∗ = Nat(bG, H∗) = H∗(BG).

2. Relation to global analysis.
Let M be a smooth manifold of dimension n, and let Ω∗M be the cochain complex of differential
forms on M . Consider

Ω∗M HomZ(Csmooth
∗ (M),R) C∗

sing(M ;R)

ω
(
σ 7−→

∫
σ∗ω

)
.

I∗ ≃
(nontrivial)

1This is a schematic description, not a fully specified general theorem. In general, local coefficients are required.
Constant coefficients require the relevant π1-action to be trivial.
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Then Stokes’ theorem gives

I∗+1(dω)(σ : ∆∗+1 →M) =
∫

∆∗+1
σ∗dω =

∫
∆∗+1

d(σ∗ω)

=
∫
∂∆∗+1

i∗σ∗ω =
∫
∂∆∗+1

(σ ◦ i)∗ω = δ∗(I∗(ω))(σ),

with i : ∂∆∗+1 ↪→ ∆∗+1; that is, I∗ is a cochain map.
Theorem (de Rham). Hn(I∗) : Hn

dR(M)
∼=−→ Hn

sing(M ;R). □

3. Product structure. Set

C∗
CW(X) = H∗

sing(X∗, X∗−1) = HomR(CCW
∗ X,R).

The map

C∗
CW(X)⊗ C∗

CW(X) −→ C∗
CW(X ×X), e∗

p ⊗ e∗
q 7−→ (ep × eq)∗,

induces
Hp

CW(X)×Hq
CW(X) −→ Hp+q

CW (X ×X).

Using ∆: X → X ×X, x 7→ (x, x), we obtain the product

∪ : Hp
CW(X)×Hq

CW(X) −→ Hp+q
CW (X ×X) ∆∗

−−→ Hp+q
CW (X).

“Cup product” ⇝ H∗
CW(X) := ⊕

n≥0H
n
CW(X) is a graded ring. (Caution: ∆ is not cellular!

Choose a cellular approximation of the diagonal: ∆′ ≃ ∆.)

II.3. Multiplicative Structures and Graded Algebras

Definition II.3.1. Let (H∗, δ∗) be a cohomology theory with coefficients in R. A multiplicative
structure assigns to each space X an element 1X ∈ H0(X) and to subspaces A,B ⊆ X a family
of R-bilinear maps

∪ : Hp(X,A)×Hq(X,B) −→ Hp+q(X,A ∪B)

such that

1. ∪ is natural with respect to f : (X;A,B)→ (Y ;A′, B′);
2. ∪ is graded-commutative: for u ∈ Hp(X,A) and v ∈ Hq(X,B),

u ∪ v = (−1)p·qv ∪ u;

3. ∪ is associative: u ∪ (v ∪ w) = (u ∪ v) ∪ w;
4. for u ∈ Hp(X,A), we have 1X ∪ u = u ∪ 1X = u;
5. if j : A ↪→ X is a subspace inclusion, u ∈ Hp(A), and v ∈ Hq(X), then

δp(u) ∪ v = δp+q(u ∪Hq(j)(v)
)
.

Remarks. We still speak of a multiplicative structure if it is defined only for certain triads
(X;A,B) (for example, when (A ∪B;A,B) is excisive).
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Definition II.3.2. An R-algebra is an R-module A with an R-bilinear map m : A×A→ A
(equivalently, an R-homomorphism A ⊗R A → A) such that (A,+,m) is a ring. A graded
R-algebra is an R-algebra A with a decomposition A = ⊕

p∈ZA
p such that m(Ap×Aq) ⊆ Ap+q.

Elements of Ap are called homogeneous (of degree p). A graded R-algebra A = ⊕
pA

p is called
graded-commutative
if m(u, v) = (−1)pqm(v, u) for u ∈ Ap and v ∈ Aq. For a ∈ Ap, we write |a| = deg a = p.
Examples.

1. If H∗ is a cohomology theory with a multiplicative structure, then

H∗(X) =
⊕
p∈Z

Hp(X)

is a graded-commutative graded R-algebra.
2. The polynomial ring Q = R[x1, . . . , xn] is an R-algebra. Assign fixed degrees deg xi ∈ Z≥0

to the generators (= variables). Then Q = ⊕
p∈ZQ

p, with

Qp =
〈
xi11 · · ·x

in
n :

n∑
j=1

ij deg xj = p

〉
R

is a graded R-algebra. It is graded-commutative if deg xi ∈ 2Z≥0 for all i = 1, . . . , n and/or
if charR = 2. (It is always commutative.)

3. The exterior algebra ΛR[x1, . . . , xn] is the free R-module R[xi1 · · ·xik : i1 < · · · < ik] with
fixed odd degrees deg xi ∈ Z≥0 and

ΛR[x1, . . . , xn] =
⊕
p

ΛpR[x1, . . . , xn],

where

ΛpR[x1, . . . , xn] = R

xi1 · · ·xik : i1 < · · · < ik,
∑
j

deg xij = p

 .
Multiplication is determined by the rules xixj = −xjxi and xixi = 0 and is graded-
commutative.

Definition II.3.3. If A∗ = ⊕
pA

p and B∗ = ⊕
pB

p are graded R-algebras, then their tensor
product is the graded R-algebra

A∗ ⊗R B∗ :=
⊕
n∈Z

⊕
p+q=n

Ap ⊗R Bq

with (a⊗ b)(a′ ⊗ b′) = (−1)|a′|·|b|aa′ ⊗ bb′ for a ∈ Ap, a′ ∈ Ap′ , b ∈ Bq, b′ ∈ Bq′ . If A∗ and B∗

are graded-commutative, then so is A∗ ⊗R B∗.
Example.

ΛR[x1, . . . , xn]⊗ ΛR[y1, . . . , ym] = ΛR[x1, . . . , xn, y1, . . . , ym].

II.4. Multiplicative Structures on Singular Cohomology

Set C∗ := Csing
∗ (·;Z) and consider the natural cochain map

HomZ(C∗X,R)⊗Z HomZ(C∗Y,R) −→ HomZ(C∗X ⊗Z C∗Y,R⊗Z R),
f ⊗ g 7−→

(
x⊗ y 7−→ f(x)⊗ g(y)

)
.
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Composing with HomZ(AW∗, R⊗Z R
·−→ R) gives an R-balanced map, hence

HomZ(C∗X,R)⊗R HomZ(C∗Y,R) −→ HomZ(C∗(X × Y ), R).

Passing to cohomology gives

Hp(HomZ(C∗X,R))⊗R Hq(HomZ(C∗Y,R)) α−→
Hp+q(HomZ(C∗X,R)⊗R HomZ(C∗Y,R)) −→ Hp+q(X × Y ;R)

with α([f ]⊗ [g]) = [f ⊗ g], so altogether we obtain

× : Hp(X;R)⊗R Hq(Y ;R) −→ Hp+q(X × Y ;R),

the (cohomological) cross product.

Definition II.4.1. The (singular) cup product

∪ : Hp(X;R)⊗R Hq(X;R) −→ Hp+q(X;R)

is the composite

Hp(X;R)⊗R Hq(X;R) ×−→ Hp+q(X ×X;R) ∆∗
−−→ Hp+q(X;R)

with ∆: X → X ×X, x 7→ (x, x).
Remark. As we saw at the end of II.2, for a cell complex X, the cellular cohomology

H∗
CW(X;R) := H∗(HomR(CCW

∗ (X;R), R))

also has a cellular cup product.
The definition of AW∗ gives the following explicit description of the singular cup product of a
p-cocycle φ and a q-cocycle ψ:

φ ∪ ψ =
(
σ 7−→ φ(σ|[v0,...,vp]) · ψ(σ|[vp,...,vp+q ])

)
.

Let

φ ∈ HomZ(Cp(X,A), R) = {χ ∈ HomZ(CpX,R) : χ|CpA = 0},
ψ ∈ HomZ(Cq(X,B), R) = {χ ∈ HomZ(CqX,R) : χ|CqB = 0}.

It follows that
φ ∪ ψ ∈ HomZ (C∗X/(C∗A+ C∗B), R) .

If (A ∪B;A,B) is excisive, then

H∗ (HomZ (C∗X/(C∗A+ C∗B), R)) ∼= H∗(HomZ(C∗(X,A ∪B), R))

and we obtain

∪ : Hp(X,A;R)⊗R Hq(X,B;R) −→ Hp+q(X,A ∪B;R).
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Theorem II.4.2. The cup product is a multiplicative structure on singular cohomology.
Proof. For simplicity, consider only the case A = B = ∅. Let 1X ∈ H0(X) be represented
by the constant cocycle C0(X) → R, σ0 7→ 1. Then 4. is clear. 1., 3., and 5. follow by
straightforward calculations.
2. (Graded commutativity.) Consider the natural chain map (involution)

ρ∗ : C∗X −→ C∗X,

σn 7−→ (−1)
n(n+1)

2 · σ|[vn,...,v0].

The natural transformations ρ∗ : C∗(·) → C∗(·) form a chain map of ZTop-chain complexes
with ρ0 = idC0(·). By Theorem I.10.6, ρ∗ ≃ id∗. Moreover,

ρ∗φ ∪ ρ∗ψ = (−1)|φ|·|ψ| · ρ∗(ψ ∪ φ),

because

(ρ∗φ ∪ ρ∗ψ)(σp+q) = (−1)
p(p+1)

2 φ(σ|[vp,...,v0]) · (−1)
q(q+1)

2 ψ(σ|[vp+q ,...,vp])

= (−1)
p2+q2+p+q+(p+q)(p+q+1)

2
(
ρ∗(ψ ∪ φ)

)
(σp+q)

and

1
2
(
p2 + q2 + p+ q + (p+ q)(p+ q + 1)

)
= 1

2(2p2 + 2q2 + 2p+ 2q + 2pq)
= p2 + p+ q2 + q + pq ≡ pq (mod 2).

□

Proposition II.4.3. For φ ∈ Hp(X;R) and ψ ∈ Hq(Y ;R),

φ× ψ = pr∗
X φ ∪ pr∗

Y ψ.

Remark. This also holds for φ ∈ Hp(X,A;R) and ψ ∈ Hq(Y,B;R).
Proof.

H∗(X;R)⊗R H∗(Y ;R)

H∗(X × Y ;R)
⊗RH

∗(X × Y ;R) H∗(X × Y ;R)

H∗((X × Y )× (X × Y );R)

H∗(X × Y ;R)

pr∗
X ⊗ pr∗

Y ×

×

∪

(prX × prY )∗

id
∆∗

The upper square commutes by naturality of ×, the left triangle by the definition of ∪, and
the right triangle because (prX ×prY ) ◦∆ = id. □

Proposition II.4.4. The cross product

H∗(X;R)⊗R H∗(Y ;R) ×−→ H∗(X × Y ;R)

is a homomorphism of graded R-algebras.
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Proof. We must show:
×
(
(a⊗ b) · (a′ ⊗ b′)

)
= ×(a⊗ b) ∪ ×(a′ ⊗ b′).

Left-hand side = (−1)|b||a′|(a ∪ a′)× (b ∪ b′).
Right-hand side = (a× b) ∪ (a′ × b′)

II.4.3= (pr∗
X a ∪ pr∗

Y b) ∪ (pr∗
X a

′ ∪ pr∗
Y b

′)
= (−1)|b||a′|(pr∗

X a ∪ pr∗
X a

′) ∪ (pr∗
Y b ∪ pr∗

Y b
′)

= (−1)|b||a′| pr∗
X(a ∪ a′) ∪ pr∗

Y (b ∪ b′)
II.4.3= (−1)|b||a′|(a ∪ a′)× (b ∪ b′).

□

Theorem II.4.5. (Cohomological Künneth theorem for spaces) Let R be a principal ideal
domain, and let (X,A) and (Y,B) be closed cofibrations such that Hp(X,A) is finitely generated
for every p. Then, for every n ≥ 0, there is a natural short exact sequence

0 −→
⊕

p+q=n
Hp(X,A;R)⊗R Hq(Y,B;R)

×−−→ Hn(X × Y,X ×B ∪A× Y ;R)
−→

⊕
p+q=n+1

TorR1
(
Hp(X,A;R), Hq(Y,B;R)

)
−→ 0,

which splits (not naturally).

Proof. The general case is proved as in homology (Theorem I.9.6). If R is a field, the
cohomological theorem follows from the homological one:

⊕
p+q=n

Hp(X;R)⊗R Hq(Y ;R) Hn(X × Y ;R)

⊕
p+q=n

HomR(Hp(X;R), R)⊗R HomR(Hq(Y ;R), R)

⊕
p+q=n

HomR(Hp(X;R)⊗R Hq(Y ;R), R)

HomR

( ⊕
p+q=n

Hp(X;R)⊗R Hq(Y ;R), R
)

HomR(Hn(X × Y ;R), R)

×

∼= universal coefficient theorem

∼=universal coefficient theoremα∼=

∼=

∼=
Künneth

where α(φ⊗ ψ)(x⊗ y) = φ(x) · ψ(y). Since dimRHp(X;R) <∞, α is an isomorphism.
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II.5. Computing Cup Products

Let H∗ = H∗
sing( · ;Z).

Observation. If

Hk(X) ∼=
{
Z k = 0, 1,
0 otherwise,

then H∗(X) ∼= ΛZ[α] with |α| = 1, since 1X ∪ α = α ∪ 1X = α and α ∪ α ∈ H2(X) = 0.
Example. By the universal coefficient theorem (II.1.5),

H∗(S1) ∼= HomZ(H∗(S1),Z) ∼=
{
Z k = 0, 1,
0 otherwise,

since Ext1
Z(Hn(S1),Z) = 0 for all n ≥ 1, because Hn(S1) is always projective. Thus

H∗(S1) ∼= Λ[α] with |α| = 1.

Theorem II.5.1. We have H∗(Tn) ∼= Λ[α1, . . . , αn], |αi| = 1.

Proof. Induction on n. Base case: ✓. The induction hypothesis gives

H∗(Tn) ∼= H∗(Tn−1 × S1) ×←−−−−−−
∼= (II.4.5)

H∗(Tn−1)⊗Z H
∗(S1)

∼= Λ[α1, . . . , αn−1]⊗ Λ[αn] ∼= Λ[α1, . . . , αn].

Corollary II.5.2. If T 2 = U1 ∪ U2 with U1, U2 open, then U1 or U2 is not contractible.

Proof. Otherwise, α1 ∪ α2 = 0 by Problem 2 on Sheet 8.

As we already know,

bk(Tn) = rankZHk(Tn) = rankZH
k(Tn) = rankZ Λk[α1, . . . , αn] =

(
n

k

)
.

Example. Construct a space X with

H∗(X) ∼= Λ[α1, α2, α3]/(α1 · α2), |αi| = 1.

In particular, we require

H0(X) ∼= Z · 1X , H1(X) ∼= Z[{α1, α2, α3}],
H2(X) ∼= Z[{α1α3, α2α3}], H3(X) ∼= 0.

Consider T 3 with its standard cell structure. For a subcomplex i : X ↪→ T 3, the map

H∗(i) : H∗(T 3) −→ H∗(X)

is surjective, since CCW
∗ (X) i∗−→ CCW

∗ (T 3) is split injective, so

HomZ(CCW
∗ (T 3),Z) i∗−→ HomZ(CCW

∗ (X),Z)
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is split surjective, and CCW
∗ (T 3), and hence also HomZ(CCW

∗ (T 3),Z), has trivial differentials.
Thus

H∗(X) ∼= H∗(T 3)/ kerH∗(i).

The proof of Theorem II.5.1 shows that under H∗(T 3) ∼= H∗
CW(T 3) (use the universal coefficient

theorem and the five lemma), the ring generators αi correspond to the dual 1-cells e∗
i , and the

cup product αi · αj corresponds to the cell product (ei × ej)∗. Thus the subcomplex X ⊆ T 3

obtained by removing the cells e1 × e2 and e1 × e2 × e3 has the desired property.
Warning. Such realization problems are difficult in general!
Let X and Y be path-connected CW complexes. Consider X ∨ Y with pX : X ∨ Y → X and
pY : X ∨ Y → Y . We have

Hk(X ∨ Y ) ∼=
{
Z k = 0,
Hk(X)⊕Hk(Y ) k ≥ 1.

Proposition II.5.3. Let α ∈ Hk(X) and β ∈ Hℓ(Y ), k, ℓ ≥ 1. Then

p∗
Xα ∪ p∗

Y β = 0.

Proof. Let iX : X → X ∨ Y and iY : Y → X ∨ Y be the inclusions. Then

i∗X(p∗
Xα ∪ p∗

Y β) = (pX ◦ iX)∗α ∪ (pY ◦ iX)∗β

= α ∪ 0 = 0,

since
{∗}

X Y
pY ◦iX

⇝

H∗({∗})

H∗(X) H∗(Y )
(pY ◦iX)∗

,

and H∗({∗}) = 0 for ∗ ≥ 1. Similarly, i∗Y (p∗
Xα ∪ p∗

Y β) = 0 ∪ β = 0. Since

i∗X ⊕ i∗Y : Hk(X ∨ Y )
∼=−→ Hk(X)⊕Hk(Y ),

the claim follows.

Example. The spaces X = T 2 and Y = S1 ∨ S1 ∨ S2 have isomorphic homology and
cohomology modules, but different cohomology rings.
Example.

Σ2 =
D

p

collapse
= T 2 ∨ T 2

Clearly, H0(p) and H1(p) are isomorphisms.

H2(p) : H2(Σ2) ∼= Z −→ Z⊕ Z ∼= H2(T 2 ∨ T 2)
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is the diagonal map x 7→ x⊕ x: if p1, p2 : T 2 ∨ T 2 → T 2 are the two projections, then

H2(Σ2) H2(T 2)

H2(Σ2,Σ2 \D) H2(T 2, T 2 \D)

H̃2(Σ2/(Σ2 \D)) H̃2(T 2/(T 2 \D)).

(p1◦p)∗

∼=long exact
sequence (∗)

∼= long exact
sequence (similarly)

∼= ∼=

∼=

(∗) H2(Σ2)
∼=−→ H2(Σ2,Σ2 \D) 0−→ H1(Σ2 \D)
∼=−→ H1(Σ2) −→ 0,

since 0 → ker f → Zn f−→ Zn → 0 splits; ker f is free, so ker f = 0. The universal coefficient
theorem gives

H2(T 2 ∨ T 2) H2(Σ2)

HomZ(H2(T 2 ∨ T 2),Z) HomZ(H2(Σ2),Z)

Z⊕ Z Z.

p∗

∼ = ∼ =

H2(p)∗

∼ = ∼ =
+

Consider
H1(Σ2)⊗Z H

1(Σ2) H2(Σ2)

H1(T 2 ∨ T 2)⊗Z H
1(T 2 ∨ T 2) H2(T 2 ∨ T 2)

H1(T 2)⊗Z H
1(T 2) H2(T 2)

∪

p∗⊗p∗ ∼=

∪

p∗ +

pr∗
i ⊗ pr∗

i

∪

pr∗
i

Writing (by the universal coefficient theorem)

H0(Σ2) ∼= Z · 1Σ2 ,

H1(Σ2) ∼= Z · α1 ⊕ Zα2 ⊕ Zβ1 ⊕ Zβ2,

H2(Σ2) ∼= Zγ,

we obtain
α1 ∪ α2 = γ, β1 ∪ β2 = γ, αi ∪ βj = 0, α2

i = β2
i = 0.

Remark. The generalization to Σg is clear.

Theorem II.5.4. H∗(RPn;Z/2) ∼= (Z/2)[α]/(αn+1), |α| = 1.

Proof. Write H∗( · ) = H∗( · ;Z/2), Pn = RPn, ⊗ = ⊗Z/2. By Topology I, IV.3.3.3,

CCW
∗ (Pn;Z/2) = · · · −→ 0 −→ Z/2

n

0−→ Z/2
n−1

0−→ · · · 0−→ Z/2
0
−→ 0,
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hence
C∗

CW(Pn;Z/2) = · · · ←− 0←− Z/2
n

0←− Z/2
n−1

0←− · · · 0←− Z/2
0
←− 0,

that is,

Hk(Pn) ∼=
{
Z/2 0 ≤ k ≤ n,
0 otherwise.

Moreover, the k-skeleton satisfies (Pn)k = P k, so Hk(Pn−1 ↪→ Pn) is an isomorphism for
k ≤ n− 1. It remains to show that for ⟨αk⟩ ∼= Hk(Pn), we have α1∪αn−1 = αn. Set ℓ = n−k.
More generally, we show that αk ∪ αℓ = αn. We have embeddings

P k ⊆ Pn, [x0 : · · · : xk] 7−→ [x0 : · · · : xk : 0 : · · · : 0],
P ℓ ⊆ Pn, [x0 : · · · : xℓ] 7−→ [0 : · · · : 0 : x0 : · · · : xℓ],

that is,
P k ∩ P ℓ = {[0

0
: · · · : 0

k−1
: 1
k

: 0
k+1

: · · · : 0
n
]}.

Consider the affine chart

φ : U = {[x0 : · · · : xn] | xk ̸= 0}
∼=−→ Rn,

[x0 : · · · : xn] 7−→
(
x0
xk
, . . . ,

xk−1
xk

,
xk+1
xk

, . . . ,
xn
xk

)
.

Let p := [0 : · · · : 0 : 1 : 0 : · · · : 0] = φ−1(0). We obtain the diagram

Hk(Pn)⊗Hℓ(Pn) Hn(Pn)

Hk(Pn, Pn \ P ℓ)⊗Hℓ(Pn, Pn \ P k) Hn(Pn, Pn \ {p})

Hk(Rn,Rn \ Rℓ)⊗Hℓ(Rn,Rn \ Rk) Hn(Rn,Rn \ {0})

Hk(Rk,Rk \ {0})⊗Hℓ(Rℓ,Rℓ \ {0})

∪

(φ−1)∗

∪

(φ−1)∗

∪

pr∗
1 ⊗ pr∗

2 ∼= ×
II.4.3 (relative)

Here pr1 : Rk × Rℓ → Rk and pr2 : Rk × Rℓ → Rℓ are the projections. Moreover,

Hk(Rk,Rk \ {0})⊗Hℓ(Rℓ,Rℓ \ {0}) Hn(Rn,Rn \ {0})

Hk(Ik, ∂Ik)⊗Hℓ(Iℓ, ∂Iℓ) Hn(In, ∂In)

Hk(T k, T k \Dk)⊗Hℓ(T ℓ, T ℓ \Dℓ) Hn(Tn, Tn \Dn)

Hk(T k)⊗Hℓ(T ℓ) Hn(Tn)

×

∼= ∼=

×

∼= ∼=

×

∼= long exact
sequence ∼=long exact

sequence

×
∼= (II.4.5)
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To show that the highlighted arrows are isomorphisms, consider

Hk(Pn) Hk(Pn, P k−1) Hk(Pn, Pn \ P ℓ) Hk(Rn,Rn \ Rℓ)

Hk(P k) Hk(P k, P k−1) Hk(P k, P k \ {p}) Hk(Rk,Rk \ {0})

∼=

∼=

∼=

(∗)

∼=

∼= ∼=

deformation retract

∼=

excision

The arrow (∗) (and hence all the arrows) is an isomorphism, since P k−1 is a deformation
retract of Pn \ P ℓ:

[x0 : · · · : xk−1 : (1− t) · xk : · · · : (1− t) · xn].

Theorem II.5.5.

• H∗(CPn;Z) ∼= Z[α]/(αn+1), |α| = 2.
• H∗(RP∞;Z/2) ∼= (Z/2)[α], |α| = 1.
• H∗(CP∞;Z) ∼= Z[α], |α| = 2.

Proof. The argument for H∗(CPn;Z) is similar to the one above.

H∗(RP∞;Z/2) =
⊕
k≥0

Hk(RP∞;Z/2) ∼= (Z/2)[α]

is clear as an isomorphism of graded Z/2-vector spaces. For α, β ∈ H∗(RP∞;Z/2), we have

α, β, α ∪ β ∈
N⊕
k=0

Hk(RP∞;Z/2) ∼=
N⊕
k=0

Hk(RPN ;Z/2)

for N ≫ 0. The argument for H∗(CP∞;Z) is the same.

We also compute H∗(RP∞;Z) by applying the covariant functor

H∗(RP∞; · ) : Rings −→ Z-Alg

to Z→ Z/2. At the level of cochain complexes:

· · · Z Z Z Z 0

· · · Z/2 Z/2 Z/2 Z/2 0

·2 0 ·2 0

0 0 0 0

It follows that H∗(RP∞;Z) → H∗(RP∞;Z/2) is injective in positive degrees, with image⊕
k≥0H

2k(RP∞;Z/2), that is,

H∗(RP∞;Z) ∼= Z[α]/(2α) with |α| = 2.

Since H∗(RP∞;Z)
∼=−→ H∗(RP2n;Z) for ∗ ≤ 2n, we obtain

H∗(RP2n;Z) ∼= Z[α]/(2α, αn+1), |α| = 2.
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For RP2n+1, the cellular cochain complex ends in

0 Z Z · · · Z 0

0 Z/2
2n+1

Z/2 · · · Z/2 0.

0 ·2 0

0 0 0

Therefore,

H∗(RP2n+1;Z) ∼= Z[α, β]/(2α, αn+1, αβ, β2), |α| = 2, |β| = 2n+ 1.

Observation.
H∗(RP2n+1;Z) ∼= H∗(RP2n ∨ S2n+1;Z)

as Z-algebras, but for n ≥ 1, we have RP2n+1 ̸≃ RP2n ∨ S2n+1, for example because

H∗(RP2n+1;Z/2) ̸∼= H∗(RP2n ∨ S2n+1;Z/2),

since for ⟨α⟩ ∼= H1(· · · ;Z/2), we have α2n+1 ̸= 0 on the left and = 0 on the right.

II.6. Applications of the Cup Product

Recall. The Hopf map is

S3 S2

C× C C ∪ {∞}

(z1, z2) z1/z2

η

∼ =

(stereographic projection).

Use polar coordinates to visualize it:

η(r1e
iφ1 , r2e

iφ2) = r1
r2
ei(φ1−φ2),

that is,
η−1(r · S1) =

{
(r1e

iφ1 , r2e
iφ2) | r2

1 + r2
2 = 1, r1/r2 = r

}
,

so r1, r2 are fixed, and φ1, φ2 are arbitrary. Hence the preimages of circles under η are tori.

S3 ∼= R3 ∪ {∞} S2

η−1(N)∞

η−1(S)

η−1(C1) ∼= T 2 η−1(C2) ∼= T 2

η

N

S

C1

C2
C

stereographic projection from N
onto the tangent plane at S
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Note that the fibers of η are circles (φ1−φ2 is fixed). Since η−1(north pole) and η−1(south pole)
are linked, so are any other two fibers! (Proof: Move the base points continuously to the north
and south poles.)

Theorem II.6.1. The Hopf map is not nullhomotopic.

Lemma II.6.2. If f : X → Y is nullhomotopic, then j : Y → Cf admits a retraction.

X Y

CX Cf

f

i j

f̄

r

⌜

Proof. Let h : X × I → Y satisfy h0 = f , with h1 constant at y0. Define

r : Cf −→ Y, z 7−→
{
z, z ∈ j(Y ),
h(x, t), z = f̄(x, t) ∈ f̄(CX).

r is continuous and r ◦ j = idY .

Proof of Theorem II.6.1. We have

S3 CP1 ∼= S2

C(S3) ∼= D4 CP2 ∼= Cη.

η

j

⌜

It remains to show that CP1 j−→ CP2 does not admit a retraction. Suppose there were a
retraction r : CP2 → CP1 with r ◦ j = idCP1 . Then

H∗(CP1;Z) H∗(CP2;Z)

Z[α]/(α2) Z[β]/(β3)

r∗

∼ = ∼ =

with |α| = |β| = 2 is injective, so r∗(α) = k ·β for some k ∈ Z \ {0}, since r∗ preserves degrees.
Thus

0 = r∗(0) = r∗(α2) = (r∗(α))2 = k2 · β2 ̸= 0,

a contradiction.

Similarly, the Hopf maps

ν : S7 −→ S4 and σ : S15 −→ S8

arise from the quaternion and octonion algebras:
The quaternion algebra is

H = ⟨1, i, j, k⟩R with i2 = j2 = k2 = ijk = −1︸ ︷︷ ︸
Broome Bridge, Dublin

.
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It follows that ij = −ijk2 = k, jk = −i2jk = i, ki = k(k(−j)) = j; ij = k = −ji,
jk = i = −kj, ki = j = −ik. Quaternionic conjugation is given by

a+ bi+ cj + dk 7−→ a− bi− cj − dk.

The octonion algebra (also called the Cayley numbers) is O = H×H with multiplication (not
associative!)

O×O −→ O,
(v1, v2) · (w1, w2) = (v1 · w1 − w̄2 · v2, v2 · w̄1 + w2 · v1).

The algebras R, C, H, and O are division algebras in the following sense.

Definition II.6.3. A (finite-dimensional real) division algebra is a pair (Rn, ·) with n ≥ 1,
where · : Rn × Rn → Rn satisfies:

1.) a · (b+ c) = a · b+ a · c, (b+ c) · a = b · a+ c · a, a, b, c ∈ Rn.
2.) r · (a · b) = (r · a) · b = a · (r · b), a, b ∈ Rn, r ∈ R.
3.) There is an e ∈ Rn such that a · e = e · a = a, a ∈ Rn.
4.) x 7→ a · x, x 7→ x · a define bijections Rn → Rn for all a ∈ Rn \ {0}.

(Conditions 1 and 2 mean that · is R-bilinear.)

Definition II.6.4. The quaternionic and octonionic Hopf maps are

S7 S4

H×H H ∪ {∞}

ν

∼ = and
S15 S8

O×O O ∪ {∞}

σ

∼ =
defined by (z1, z2) 7→ z1 · z−1

2 .
(Note that H and O are normed, with ∥x∥2 = x · x̄ = x̄ · x, so for x−1 := x̄/∥x∥2, we have
x · x−1 = x−1 · x = 1. Alternatively, for all a, b ∈ O, ⟨a, b⟩ ⊆ O is associative, and a−1 · a = 1
implies a · a−1 = a · a−1 · a · a−1. Hence, by condition 1,

a · a−1 · (1− a · a−1) = 0,

so condition 4 implies that a · a−1 = 1.)
As before, it follows that ν and σ are not nullhomotopic:

S7 HP1 ∼= S4

D8 HP2 ∼= Cν

ν

⌜

S15 OP1 ∼= S8

D16 OP2 ∼= Cσ,

σ

⌜

H∗(HP2;Z) ∼= Z[α]/(α3), |α| = 4,
H∗(OP2;Z) ∼= Z[α]/(α3), |α| = 8.

Corollary II.6.5. The homotopy groups π3(S2; ∗), π7(S4; ∗), and π15(S8; ∗) are nontrivial.
Remark.

⟨Ση⟩ = π1 = colimk→∞ πk+1(Sk) ∼= Z/2,
⟨Σν⟩ = π3 = colimk→∞ πk+3(Sk) ∼= Z/24,
⟨Σσ⟩ = π7 = colimk→∞ πk+7(Sk) ∼= Z/240 (difficult).

Warning. We cannot define OPn for n > 2, since proving that (z1, . . . , zn) ∼ λ(z1, . . . , zn) for
λ ∈ O∗ defines an equivalence relation requires associativity.
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Theorem II.6.6. (Hopf) If (Rn, ·) is a division algebra, then n is a power of 2.

Proof. The claim is clear for n = 1; now let n > 1. Define

g : Sn−1 × Sn−1 −→ Sn−1, (x, y) 7−→ x · y
∥x · y∥

.

We have g(−x, y) = g(x,−y) = −g(x, y), so we obtain ḡ : RPn−1×RPn−1 → RPn−1 and hence

H∗(RPn−1;Z/2) H∗(RPn−1 × RPn−1;Z/2)

(Z/2)[γ]/(γn) (Z/2)[α, β]/(αn, βn)

ḡ∗

∼ = ∼ =

with α, β ∈ H1(RPn−1 × RPn−1;Z/2) given by

α = pr∗
1(γ), β = pr∗

2(γ)

for pri : RPn−1 × RPn−1 → RPn−1. Write ḡ∗(γ) = kα+ ℓβ. Let

ji : RPn−1 −→ RPn−1 × RPn−1, x 7−→ (x, e), (e, x) (e ∈ (Rn, ·)).

Then ḡ ◦ ji = idRPn−1 , so

γ = j∗
i ◦ ḡ∗(γ) = k j∗

i (α) + ℓ j∗
i (β)

= k j∗
i (pr∗

1(γ)) + ℓ j∗
i (pr∗

2(γ))

=
{
kγ i = 1,
ℓγ i = 2,

that is, k = ℓ = 1, so ḡ∗(γ) = α+ β. It follows that

0 = ḡ∗(0) = ḡ∗(γn) = (ḡ∗(γ))n = (α+ β)n

=
n∑
k=0

(
n

k

)
αkβn−k =

n−1∑
k=1

(
n

k

)
αkβn−k.

Thus
(n
k

)
≡ 0 (mod 2) for k = 1, . . . , n − 1, or equivalently, (1 + x)n = 1 + xn in (Z/2)[x].

Write n = n1 + · · ·+ nr, where each ni is a power of 2 and n1 < · · · < nr. Then

(1 + x)n = (1 + x)n1 · · · (1 + x)nr = (1 + xn1) · · · (1 + xnr ).

Considering the binary expansions of the ni, we see that (1 + xn1) · · · (1 + xnr ) has exactly 2r
terms. Thus (1 + x)n = 1 + xn implies r = 1.
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III. Poincaré Duality

(R commutative, H∗ = Hsing
∗ , H∗ = H∗

sing.)
The simplest case: For a closed d-dimensional manifold M , we have

Hd−k(M ;Z/2) ∼= Hk(M ;Z/2).

(For example, M = T d: dimZ/2H
d−k(M ;Z/2) = dimZ/2Hk(M ;Z/2)

⇐⇒
( d
d−k
)

=
(d
k

)
.) “Local property ⇒ global consequence.”

III.1. The Cap Product

Let X be a topological space and R a commutative ring. We define

∩ : Csing
k+ℓ (X;R)⊗R Cℓsing(X;R) −→ Csing

k (X;R),
σ ⊗ φ 7−→ φ

(
σ|[v0,...,vℓ]

)
· σ|[vℓ,...,vk+ℓ].

Lemma III.1.1. We have ∂σ ∩ φ = σ ∩ δφ+ (−1)ℓ∂(σ ∩ φ).

Proof.

∂σ ∩ φ =
k+ℓ∑
r=0

(−1)rσ|[v0,...,v̂r,...,vk+ℓ] ∩ φ

=
ℓ+1∑
r=0

(−1)rφ
(
σ|[v0,...,v̂r,...,vℓ+1]

)
· σ|[vℓ+1,...,vk+ℓ]

− (−1)ℓ+1φ
(
σ|[v0,...,vℓ]

)
· σ|[vℓ+1,...,vk+ℓ]

+
ℓ+k∑
r=ℓ+1

(−1)rφ
(
σ|[v0,...,vℓ]

)
· σ|[vℓ,...,v̂r,...,vk+ℓ]

= σ ∩ δφ+ φ
(
σ|[v0,...,vℓ]

) ℓ+k∑
r=ℓ

(−1)rσ|[vℓ,...,v̂r,...,vk+ℓ]

= σ ∩ δφ+ (−1)ℓ∂(σ ∩ φ).

It follows that
cycle ∩ cocycle = cycle,

boundary ∩ cocycle = boundary,
cycle ∩ coboundary = boundary.
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Definition III.1.2. The induced homomorphism

∩ : Hk+ℓ(X;R)⊗R Hℓ(X;R) −→ Hk(X;R)

is called the cap product. It has the relative versions

∩ : Hk+ℓ(X,A;R)⊗R Hℓ(X;R) −→ Hk(X,A;R),
∩ : Hk+ℓ(X,A;R)⊗R Hℓ(X,A;R) −→ Hk(X;R),

∩ : Hk+ℓ(X,A ∪B;R)⊗R Hℓ(X,A;R) −→ Hk(X,B;R),

the last of these for an excisive triad (A ∪B;A,B). Extending distributively, we obtain

H∗(X,A;R)⊗H∗(X;R) −→ H∗(X,A;R)

where H∗ = ⊕
p≥0Hp, H∗ = ⊕

p≥0H
p.

Proposition III.1.3. The cap product makes H∗(X,A;R) a right H∗(X;R)-module.
Functoriality: Given f : (X,A) → (Y,B), H∗(X,A) → H∗(Y,B) is an H∗(Y )-module homo-
morphism, where, for α ∈ H∗(Y ) and x ∈ H∗(X,A), we define x · α := x ∩ f∗α.
Thus, for x ∈ H∗(X,A) and α ∈ H∗(Y ), we have

f∗(x ∩ f∗α) = f∗x ∩ α.

Proof. Distributivity and x ∩ 1X = x are clear.
We must show: For σ ∈ Csing

k+ℓ (X,A), α ∈ Cpsing(X), β ∈ Cqsing(X), p + q = ℓ, we have
(σ ∩ α) ∩ β = σ ∩ (α ∪ β).

σ ∩ α = α
(
σ|[v0,...,vp]

)
· σ|[vp,...,vk+ℓ],

(σ ∩ α) ∩ β = α
(
σ|[v0,...,vp]

)
· β
(
σ|[vp,...,vℓ]

)
· σ|[vℓ,...,vk+ℓ],

σ ∩ (α ∪ β) = (α ∪ β)
(
σ|[v0,...,vℓ]

)
· σ|[vℓ,...,vk+ℓ].

We show functoriality at the chain level: For σ ∈ Csing
k+ℓ (X,A), α ∈ Cℓsing(Y ), we have

f∗(σ ∩ f∗α) = f∗
(
α
(
f∗σ|[v0,...,vℓ]

)
· σ|[vℓ,...,vk+ℓ]

)
= α

(
f∗σ|[v0,...,vℓ]

)
· f∗σ|[vℓ,...,vk+ℓ]

= f∗σ ∩ α.

By the tensor–Hom adjunction, the natural homomorphism

Hk(X,A;R) −→ HomR(Hk(X,A;R), R)

yields the homomorphism

Hk(X,A;R)⊗R Hk(X,A;R) −→ R.

Definition III.1.4. The associated bilinear form

⟨·, ·⟩ : Hk(X,A;R)×Hk(X,A;R) −→ R

is called the Kronecker pairing.
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Proposition III.1.5. For α ∈ Hk(X,A), β ∈ Hℓ(X,A), x ∈ Hk+ℓ(X,A), we have

⟨α ∪ β, x⟩ = ⟨β, x ∩ α⟩.

Proof. Check at the chain level (homework!).

III.2. Orientations

Let M be a d-dimensional manifold.

Lemma III.2.1. For x ∈M , we have

Hk(M,M \ {x};R) ∼=
{
R k = d,

0 otherwise.

Proof. Choose a neighborhood U ⊆M of x with U ∼= Rd. Then

Hk(M,M \ {x};R) ∼= Hk(U,U \ {x}) (excision)
∼= Hk(Rd,Rd \ {0}) ∼= Hk(Dd, Sd−1).

See Topology I , III.1.10.

Definition III.2.2. An R-orientation of M is a family of generators µx ∈ Hd(M,M \ {x};R),
x ∈ M , such that (µx)x∈M satisfies the following compatibility condition: For each x ∈ M ,
there is a neighborhood U ⊆ M of x and µU ∈ Hd(M,M \ U ;R) such that, for all y ∈ U ,
i∗µU = µy, where i : (M,M \ U)→ (M,M \ {y}).
The µx are called local R-orientations; M is called R-orientable if M admits an R-orientation,
and M is called R-oriented if an R-orientation has been chosen. When R is omitted from the
notation, R = Z is understood.

Proposition III.2.3. Every manifold is Z/2-orientable.

Proof. This follows from Aut(Z/2) = 1.

Proposition III.2.4. Let K ⊆M be compact. Then

(i) Hi(M,M \K;R) = 0 for i > d.
(ii) If u ∈ Hd(M,M \K;R) is trivial in Hd(M,M \ {x};R) for all x ∈ K, then u = 0.
(iii) If (µx)x∈M is anR-orientation ofM , then there is a unique element µK ∈ Hd(M,M\K;R)

that restricts to µx for all x ∈ K.

Proof. Step 1. M = Rd, K ⊆ Rd convex.

x
K

S
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Choose a sphere S ⊂M \K and x ∈ K. Since K is convex, S ⊂M \K and S ⊂M \ {x} are
deformation retracts. The five lemma gives

Hk(M,M \K) ∼= Hk(M,M \ {x}).

Thus (i), (ii), and (iii) follow from Lemma III.2.1.
Step 2. If the proposition holds for K1, K2, and K1∩K2, then it also holds for K1∪K2. Using
Topology I , II.4.1 and the five lemma, we obtain a short exact sequence of chain complexes

0 Csing
∗ (M | K1 ∪K2) Csing

∗ (M | K1)⊕ Csing
∗ (M | K2) Q∗ 0,

where
Q∗ := Csing

∗ (M)
Csing

∗ (M \K1) + Csing
∗ (M \K2)

.

Subdivision shows that the natural projection Q∗ → Csing
∗ (M | K1 ∩K2) is a chain homotopy

equivalence. The short exact sequence therefore induces the following long exact Mayer–Vietoris
sequence:

Hk+1(M | K1 ∩K2) Hk(M | K1 ∪K2) Hk(M | K1)⊕Hk(M | K2) Hk(M | K1 ∩K2),
u1 ⊕ u2 u1 − u2.

Here Hk+1(M | K1 ∩K2) = 0 for k > d − 1 and Hk(M | K1) = Hk(M | K2) = 0 for k > d.
⇒ (i).
For k = d, it follows that the homomorphism

Hd(M | K1 ∪K2) −→ Hd(M | K1)⊕Hd(M | K2),
u 7−→ (u1, u2)

is injective. If u is trivial in Hd(M | {x}) for all x ∈ K1 ∪K2, then ui is trivial in Hd(M | {x})
for all x ∈ Ki (i = 1, 2). The hypothesis gives ui = 0, and injectivity therefore gives u = 0.
⇒ (ii).
By uniqueness, µK1∩K2 is the image of µKi under Hd(M | Ki) → Hd(M | K1 ∩K2). Thus
µK1 ⊕ µK2 lies in the kernel in the Mayer–Vietoris sequence and hence has a preimage
µK1∪K2 ∈ Hd(M | K1 ∪K2), which is unique because Hd+1(M | K1 ∩K2) = 0. ⇒ (iii).
Step 3. The proposition holds for M = Rd and K = ⋃n

i=1Ki with each Ki convex. Induction
on n: n = 1 is Step 1.
Write K = ⋃n

i=1Ki = Kn ∪
⋃n−1
i=1 Ki. We have

Kn ∩
n−1⋃
i=1

Ki =
n−1⋃
i=1

Kn ∩Ki︸ ︷︷ ︸
convex

.

Thus the assertion follows from the induction hypothesis and Step 2.
Step 4. The proposition holds for M = Rd and compact K ⊆ Rd.
For [z] ∈ Hk(Rd | K), let K0 ⊆ Rd \ K be the union of the simplices of the boundary ∂z.
Since K0,K are compact, hence closed, and Rd is normal, there is δ > 0 with d(K0,K) > δ.
Since K is compact, there is a union of closed balls W = ⋃n

i=1Bδ(xi) ⊇ K with xi ∈ K, so
W ∩K0 = ∅ and hence

[z] ∈ im
(
Hk(Rd |W ) −→ Hk(Rd | K)

)
.

But Step 3 gives Hi(Rd |W ) = 0 for i > d. ⇒ (i).
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For (ii), in view of Step 3, it remains to show: If [z] vanishes in Hd(Rd | {x}) for all x ∈ K,
then [z] also vanishes in Hd(Rd | {x}) for all x ∈W . So let y ∈ Bδ(xi) =: B. Then we have

Hd(Rd |W ) Hd(Rd | B) Hd(Rd | {xi})
α αB αxi

∼=

and αxi = 0 implies αB = 0 and hence also αy = 0.
For (iii), choose R ≫ 0 such that B := BR(0) ⊇ K. Then, for each x ∈ B, the map
Hd(Rd | B)

∼=−→ Hd(Rd | {x}) is an isomorphism. For each generator α ∈ Hd(Rd | B), let

Pα := {x ∈ B : α maps to µx}.

Thus ⋃α a generator Pα = B is a disjoint union. But local compatibility of (µx)x∈Rd implies that
each Pα ⊆ B is open: For x ∈ Pα, there is an open ball U with x ∈ U ⊆ B and µU ∈ Hd(Rd | U)
such that µU 7→ µy for all y ∈ U . Since α 7→ µx, it follows that α 7→ µU 7→ µy for all y ∈ U ,
so U ⊆ Pα. Since B is connected, there is therefore a unique generator α ∈ Hd(Rd | B) with
α 7→ µx for all x ∈ B ⊇ K.
Step 5. The proposition holds if K ⊆ U ⊆M with U ∼= Rd. By excision, Hk(M | K) ∼= Hk(U |
K) ⇝ Step 4.

Step 6. The general case. For each x ∈ K, choose a neighborhood Ux ⊆M with φx : Ux
∼=−→ Rd

and φx(x) = 0. Since K is compact, there are x1, . . . , xn ∈ K with ⋃ni=1 φ
−1
xi

(Dd) ⊇ K. By
Step 5, the proposition holds for φ−1

xi
(Dd) ∩K and all intersections of these sets. By Step 2,

the proposition follows for K.

Remark. For each x ∈M , we have

x B U M

0 Dd Rd

∈

∼ =

⊆

∼ =

⊆

∈ ⊆

and hence
Hd(M | B) Hd(M | {x})

Hd(U | B) Hd(U | {x})

Hd(Rd | Dd) Hd(Rd | {0}),

∼ = ∼ =

∼ = ∼ =

∼=

that is, local orientations can be chosen compatibly in neighborhoods of points, but generally
not globally:

If M is a smooth manifold, the two generators of Hd(M | {x};Z) ∼= Z correspond to the two
“orientations” of the R-vector space TxM ({bases}/∼ with B ∼ B′ ⇐⇒ detMBB′ > 0).
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Theorem III.2.5. Let M be a closed (that is, compact and without boundary) connected
d-manifold. Then

1.) If M is R-orientable, then

Hd(M ;R)
∼=−→ Hd(M | {x};R), µ 7−→ µx

is an isomorphism for every x ∈M .
2.) If M is not R-orientable, then µ 7→ µx is injective with image isomorphic to
{r ∈ R : 2r = 0}.

3.) Hi(M ;R) = 0 for i > d.

Proof. For 1.) Surjectivity follows from Proposition III.2.4 (iii) with K = M . We have

ker
(
Hd(M ;R) −→ Hd(M | {x};R)

)
= ker

(
Hd(M ;R) −→ Hd(M | {x};R)

∼=−→ Hd(M | U ;R)
)

with U as in the preceding remark. Thus, if µ ∈ Hd(M ;R) satisfies µ 7→ µx = 0, then
µ 7→ µy = 0 for all y ∈ U . Since M is connected, µ 7→ µy = 0 for all y ∈M . By Proposition
III.2.4 (ii), µ = 0.
For 2.) Injectivity holds as just shown. For the second assertion, use the two-sheeted
“orientation covering” (for example, S2 → RP2, T 2 → K) [Hatcher, pp. 234–236].
For 3.) Proposition III.2.4 (i) with K = M .

Definition III.2.6. Let M be as in III.2.5 and R-orientable. Then every generator [M ] ∈
Hd(M ;R) is called a fundamental class of M .
Observation. By Theorem III.2.5 (i), orientations and fundamental classes are in one-to-one
correspondence, and there are |R∗| distinct fundamental classes.

• If M is triangulated and [M ] = [∑k
i=1 ai · σi] is a simplicial fundamental class under the

isomorphism of Topology I , III.2.3, then for x ∈ σi(∆̊d) we have

Hd(M ;R) Hd(M | {x};R) ∼= R

[M ] ai[σi]

∼=

← generator

so ai ∈ R∗. Moreover, ⋃ki=1 σi(∆d) = M , since [M ] 7→ 0 ∈ Hd(M | {x}) if x /∈ ⋃ki=1 σi(∆d).

R = Z, M = T 2, [T 2]:

+
−

+
− +−

+
−

+
− +−
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III.3. The Degree of Maps Between Manifolds

Definition III.3.1. Let M,N be connected, oriented, closed, d-dimensional manifolds and
f : M → N . Then the degree of f is the unique integer deg f ∈ Z such that

Hd(f ;Z)([M ]) = (deg f) · [N ].

Clearly, for M = N = Sd, this definition agrees with Definition III.4.1 in Topology I .
Observations. If f is not surjective, then deg f = 0.

• deg(f ◦ g) = (deg f) · (deg g).
• deg(f : M → N) = −deg(f : M− → N), where M− carries the opposite orientation.

Remark. For smooth maps between smooth manifolds, deg f agrees with the invariant from
differential topology [Differential Topology seminar, Topology I , III.4]. In particular, the
formula

deg f =
∑

x∈f−1(y)
sgn detDxf

holds for every regular value y ∈ N .

III.4. The Duality Theorem

Theorem III.4.1. (Poincaré duality). Let M be a connected, closed, R-oriented, d-
dimensional manifold. Then

P = [M ] ∩ (·) : Hd−k(M ;R)
∼=−→ Hk(M ;R)

is an isomorphism for every k.
Idea [Poincaré]: Every cell structure on M yields a dual cell structure:

{k-cells} ←→ {(d− k)-cells}.
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• Examples with M = S2:

←→

←→

←→

⇝ We obtain a nondegenerate “intersection pairing”

C∗(M)⊗ Cd−∗(M) −→ R.

⇝ By adjunction, this gives an isomorphism Cd−∗(M)
∼=−→ C∗(M). ⇝ Hd−k(M) ∼= Hk(M). □

Preliminaries on colimits of R-modules. Let (I,≤) be a directed set, that is, “≤” is a
partial order on I, and for x, y ∈ I there is always z ∈ I with x ≤ z, y ≤ z. Setting

HomI(x, y) =
{
∗ x ≤ y,
∅ otherwise,

makes I a small category.
A diagram F : I → C is called a directed system in C, and colimF (if it exists) is called the
directed limit or direct limit of F (notation: colimF = lim−→i∈I F (i)). Now let C = R-Mod. We
observe:

• Direct limits are exact: If F1 → F2 → F3 are natural transformations such that

0 F1(i) F2(i) F3(i) 0

is exact for all i ∈ I, then

0 lim−→i
F1(i) lim−→i

F2(i) lim−→i
F3(i) 0

is exact. (Colimits are generally only right exact,

A′ B′

A B L′

L

∃!

A⨿B A′ ⨿B′

L L′,

but are also left exact over directed systems.)
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• If C is the category of submodules of an R-module N and F (i ≤ j) : F (i) ⊆ F (j), then

lim−→
i

F (i) =
⋃
i∈I

F (i) (by the universal property).

• If J ⊆ I is cofinal (that is, ∀i ∈ I ∃j ∈ J : i ≤ j), then

lim−→
j∈J

F (j) ∼= lim−→
i∈I

F (i).

Definition III.4.2. Let X be a topological space, and let C∗
c (X;R) ⊆ C∗

sing(X;R) be the
subcomplex of all α : Csing

∗ (X;R) → R for which there is a compact set Kα ⊆ X such that
α(σ) = 0 for all σ : ∆∗ → X with σ(∆∗) ∩Kα = ∅. We call

H∗
c (X;R) := H∗(C∗

c (X;R))

the singular cohomology with compact support of X.
Note. If X is compact, then H∗

c (X;R) = H∗(X;R). □

The cocone C∗(X,X \K;R)→ C∗
c (X;R), with K ⊆ X compact, induces an isomorphism

lim−→
K⊆X

K compact

C∗(X,X \K;R)

︸ ︷︷ ︸
=

⋃
K⊆X

K compact

C∗(X,X \K;R)

∼=−→ C∗
c (X;R).

Thus we obtain

H∗

 lim−→
K⊆X

K compact

C∗(X,X \K;R)

 ∼=−→ H∗
c (X;R).

Proposition III.4.3. H∗ : R-cochain→ R-Mod preserves direct limits.

Proof.

0 lim−→Zn lim−→Cn lim−→Cn+1

0 lim−→Zn−1 lim−→Cn−1 lim−→Bn 0

0 lim−→Bn lim−→Zn lim−→Hn 0

Thus

lim−→Zn = Zn
(
lim−→C∗),

lim−→Bn = lim−→Cn−1/ lim−→Zn−1 = lim−→Cn−1/Zn−1(lim−→C∗) = Bn(lim−→C∗),
lim−→Hn(C∗) = Zn

(
lim−→C∗)/Bn(lim−→C∗) = Hn(lim−→C∗).
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We therefore have an isomorphism

H∗
c (X;R) ∼= lim−→

K⊆X
H∗(X | K;R).

Now let M be a d-dimensional manifold with an R-orientation (µx)x∈M . By Proposition
III.2.4 (iii), for every compact K ⊆ M there is a unique µK ∈ Hd(M | K;R) with µK 7→ µx
for all x ∈ K. Uniqueness implies µL 7→ µK for K ⊆ L, so

Hd−k(M | K;R)

Hd−k(M | L;R) Hk(M ;R)

i∗
µK∩(−)

µL∩(−)(
i∗(µL ∩ i∗(α)) = i∗µL ∩ α = µK ∩ α

)
is a cocone over the directed system Hd−k(M | K;R), with K ⊆M compact. We obtain

Pk(M) : Hd−k
c (M ;R) ∼= lim−→

K⊆M
Hd−k(M | K;R) −→ Hk(M ;R).

Theorem III.4.4. (Poincaré duality, noncompact version) Let M be a d-dimensional
R-oriented manifold. Then

Pk(M) : Hd−k
c (M ;R) −→ Hk(M ;R)

is an isomorphism for every k.
The observation above shows that III.4.4⇒ III.4.1.
Now let M = U ∪ V with U, V open. For any compact K ⊆ U , L ⊆ V , dualizing the short
exact sequence of chain complexes in Step 2 of the proof of Proposition III.2.4,

0 −→ Csing
∗ (M | K1 ∪K2) −→ Csing

∗ (M | K1)⊕ Csing
∗ (M | K2)

−→ Q∗ −→ 0,

Q∗ := Csing
∗ (M)

/(
Csing

∗ (M \K1) + Csing
∗ (M \K2)

)
,

where subdivision gives a chain homotopy equivalence between Q∗ and Csing
∗ (M | K1 ∩K2),

yields the Mayer–Vietoris sequence

· · · −→ Hk(M | K ∩ L) −→ Hk(M | K)⊕Hk(M | L)
−→ Hk(M | K ∪ L) −→ Hk+1(M | K ∩ L) −→ · · · .

By excision, we obtain

· · · −→ Hk(U ∩ V | K ∩ L) −→ Hk(U | K)⊕Hk(V | L)
−→ Hk(M | K ∪ L) −→ Hk+1(U ∩ V | K ∩ L) −→ · · · .

Choose increasing compact exhaustions Kn ⊆ U , Ln ⊆ V with Kn ⊆ intU Kn+1, Ln ⊆
intV Ln+1 and ⋃∞

n=1Kn = U , ⋃∞
n=1 Ln = V . Then ⋃∞

n=1(Kn ∪ Ln) = M . Applying lim−→n
gives

· · · −→ Hk
c (U ∩ V ) −→ Hk

c (U)⊕Hk
c (V ) −→ Hk

c (M) −→ Hk+1
c (U ∩ V ) −→ · · · .
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Proposition III.4.5. The diagram

· · · → Hk
c (U ∩ V ) Hk

c (U)⊕Hk
c (V ) Hk

c (M) Hk+1
c (U ∩ V )→ · · ·

· · · → Hd−k(U ∩ V ) Hd−k(U)⊕Hd−k(V ) Hd−k(M) Hd−k−1(U ∩ V )→ · · ·

P (U∩V ) P (U)−P (V ) P (M) P (U∩V )

commutes up to sign.
Proof. For the first two squares, this follows from the cocone description of the maps involved.
For the third square, we must use the construction of the connecting homomorphism in the
snake lemma [Hatcher, Lemma 3.36, p. 246]. □

Proof (of Theorem III.4.4). Two induction steps:

I) If M = U ∪ V with U, V ⊆M open and P (U), P (V ), and P (U ∩ V ) are isomorphisms,
then so is P (M): this follows immediately from Proposition III.4.5 and the five lemma.

II) For open subsets U1 ⊆ U2 ⊆ · · · ⊆M with ⋃∞
i=1 Ui = M , if P (Ui) is an isomorphism for

every i, then P (M) is also an isomorphism: by excision,

H∗
c (Ui) ∼= lim−→

K⊆Ui

H∗(Ui | K) ∼= lim−→
K⊆Ui

H∗(M | K)

and hence
lim−→
i→∞

H∗
c (Ui) ∼= lim−→

i→∞
lim−→
K⊆Ui

H∗(M | K) ∼= H∗
c (M).

On the other hand,
lim−→
i→∞

H∗(Ui) = H∗(M),

since every singular chain has compact support and is therefore contained in some Ui.
By assumption,

...
...

H∗
c (Ui) H∗(Ui)

H∗
c (Ui+1) H∗(Ui+1)

...
...

P (Ui)
∼=

P (Ui+1)
∼=

are isomorphic directed systems, and hence

P (M) : H∗
c (M) ∼= lim−→

i→∞
H∗
c (Ui)

∼=−→ lim−→
i→∞

H∗(Ui) ∼= H∗(M).

We now turn to the proof itself:
Step 1. The case M = Rd. We have

H∗
c (Rd) ∼= lim−→

K⊆Rd

H∗(Rd | K) ∼= lim−→
n→∞

H∗(Rd | Bn(0)),
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since the family {Bn(0)}∞n=1 of closed balls is cofinal in {K ⊆ Rd compact}. The system
H∗(Rd | Bn(0)) is clearly constant, so

H∗
c (Rd) ∼= H∗(Rd | B1(0)) ∼= H∗(Dd, Sd−1) ∼=

{
R ∗ = d,

0 otherwise.

Similarly,

Hd−∗(Rd) ∼= Hd−∗({·}) ∼=
{
R ∗ = d,

0 otherwise.

We therefore only need to show that

P0(Rd) : Hd
c (Rd) −→ H0(Rd)

is an isomorphism. As we saw above, it suffices to show that

µB1(0) ∩ (−) : Hd(Rd | B1(0)) −→ H0(Rd)

is an isomorphism. Since Hd−1(Rd | B1(0)) is projective, the universal coefficient theorem
implies that

Hd(Rd | B1(0))
∼=−→ R,

α 7−→ ⟨α, µB1(0)⟩

is an isomorphism. Likewise,
H0(Rd)

∼=−→ R,

ν 7−→ ⟨1H0(Rd), ν⟩

is an isomorphism (a generator maps to a generator). Thus α 7→ µB1(0) ∩ α is an isomorphism
if and only if

α 7−→ ⟨1H0(Rd), µB1(0) ∩ α⟩

is an isomorphism. The latter holds because

⟨1H0(Rd), µB1(0) ∩ α⟩ = ⟨α ∪ 1H0(Rd), µB1(0)⟩
= ⟨α, µB1(0)⟩.

Step 2. The case of an open subset M ⊆ Rd. We first show, by induction on r, that for every
finite union V = V1 ∪ · · · ∪ Vr of open, bounded, convex sets Vi ⊆ Rd, the map P∗(V ) is an
isomorphism. Base case: For V = V1, we have V ∼= Rd, so P∗(V ) is an isomorphism by Step 1.
Induction step: By the induction hypothesis, P (V1∪· · ·∪Vr−1) and P∗((V1∩Vr)∪· · ·∪ (Vr−1∩
Vr)) are isomorphisms. Moreover, P∗(Vr) is an isomorphism by Step 1. Thus P∗(V ) is an
isomorphism by I.
Now Rd ⊇M = ⋃∞

i=0 Ui is a countable union of open balls. Setting Vj := ⋃
i<j Ui, we see from

the preceding argument that P∗(Vj) is an isomorphism for every j. By II, P∗(M) is therefore
also an isomorphism.
Step 3. The general case. We first show, by induction on r, that for every finite union
V = V1 ∪ · · · ∪ Vr of open sets Vi ⊆ M with Vi ∼= Ui ⊆ Rd open, P∗(V ) is an isomorphism:
proceed exactly as above (simply replace “Step 1” with “Step 2”).
Now M is second countable, so M = ⋃∞

i=1 Ui with Rd ∼= Ui ⊆M open. Setting Vj := ⋃
i<j Ui,

we see from the preceding argument that P∗(Vj) is an isomorphism for every j. By II, P∗(M)
is therefore also an isomorphism. □
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III.5. Consequences of Poincaré Duality

Theorem III.5.1. Let M be a closed odd-dimensional manifold. Then χ(M) = 0.
Proof. Let K be a field. As in Topology I, Theorem IV.2.8, we see that for a finite chain
complex C∗ of finite-dimensional K-vector spaces,∑

k

(−1)k dimK Ck =
∑
k

(−1)k dimK Hk(C∗).

Since M is Z/2-orientable, Poincaré duality with d = dimM shows that

dimZ/2Hd−k(M ;Z/2) universal coefficient theorem= dimZ/2H
d−k(M ;Z/2)

Poincaré duality= dimZ/2Hk(M ;Z/2).

For every cell structure on M (if one exists), we therefore have

χ(M) =
d∑

k=0
(−1)k|{k-cells}| =

d∑
k=0

(−1)k dimZ/2C
CW
k (M ;Z/2)

=
d∑

k=0
(−1)k dimZ/2H

CW
k (M ;Z/2) = 0.

□

Definition III.5.2. A d-dimensional manifold with boundary is a second-countable Haus-
dorff space M such that every x ∈ M has a neighborhood U ⊆ M with U ∼= Rd or
U ∼= {(x1, . . . , xd) ∈ Rd : xd ≥ 0}. The points that have no neighborhood U ∼= Rd form
the boundary ∂M ⊆M . Clearly, ∂M is a (d− 1)-dimensional manifold without boundary.

∂M

Definition III.5.3. Let M be a manifold with boundary ∂M . The double of M is the
manifold without boundary defined by

∂M M

M DM

⌜

Theorem III.5.4. If M is a compact odd-dimensional manifold with boundary, then
χ(M) = χ(∂M)

2 .
Proof. By additivity of the Euler characteristic (Topology I, IV.2.10),

2χ(M)− χ(∂M) = χ(DM) III.5.1= 0.

□
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Corollary III.5.4. If a manifold M is a boundary (that is, M = ∂W for a compact manifold
W ), then χ(M) is even.
Proof. If dimM is odd, then χ(M) = 0 ∈ 2Z. If dimM is even, the claim follows because
χ(W ) ∈ Z by definition. □

• Thus the surfaces N2t−1, which are nonorientable over Z and have odd genus, are not
boundaries, since χ(N2t−1) = 2− (2t− 1) = 2(1− t) + 1.

• In particular, RP2, and more generally RP2n, is not a boundary, since χ(RP2n) = 1.
• Since χ(CP2n) = 2n+ 1, the space CP2n is a Z-oriented manifold that is not a boundary.
• N2t, RP2n+1, and CP2n+1 are boundaries! (“null-bordant” ⇝ bordism)

Theorem III.5.5. Let M be closed and R-oriented. Then the R-bilinear map

Hd−k(M ;R)×Hk(M ;R) −→ R,

(α, β) 7−→ ⟨α ∪ β, [M ]⟩

is nondegenerate (that is, the induced maps

φ : Hk(M ;R) −→ HomR(Hd−k(M ;R), R),
ψ : Hd−k(M ;R) −→ HomR(Hk(M ;R), R)

are isomorphisms) if R is a field, or if R = Z and we replace H∗(M ;R) by H∗(M ;R)/torsion.
Proof. For α ∈ Hd−k(M ;R), the composition

F : Hk(M ;R) h−→ Hom(Hk(M ;R), R)
Pk(M)∗
−−−−−→ Hom(Hd−k(M ;R), R) evα−−→ R

is given by F (β) = ⟨β, [M ] ∩ α⟩ = ⟨α ∪ β, [M ]⟩. Since h (by the assumptions and the
universal coefficient theorem) and Pk(M)∗ (by Poincaré duality) are isomorphisms, φ is also
an isomorphism. Since

⟨α ∪ β, [M ]⟩ = (−1)k(d−k)⟨β ∪ α, [M ]⟩
= (−1)k(d−k)⟨α, [M ] ∩ β⟩,

ψ is also an isomorphism. □

Corollary III.5.6. Let M be connected, closed, and oriented, and let α ∈ Hd−k(M ;Z) be
such that its image ᾱ ∈ Hd−k(M ;Z)/torsion is nonzero and primitive in this quotient. Then
there is a β ∈ Hk(M ;Z) such that α ∪ β generates Hd(M ;Z) ∼= Z.
Proof. By assumption, ⟨ᾱ⟩ ∼= Z is a direct summand of Hd−k(M ;Z)/torsion, so there is
a nontrivial Z-linear form δ : Hd−k(M ;Z)/torsion −→ Z with ᾱ 7→ 1. By III.5.5, every
representative β of φ−1(δ) satisfies ⟨α∪β, [M ]⟩ = 1. Thus α∪β ∈ Hd(M ;Z) is a generator. □

Definition III.5.7. For a closed oriented 4k-dimensional manifold M , the symmetric Z-
bilinear form (

H2k(M ;Z)/torsion
)
×
(
H2k(M ;Z)/torsion

)
−→ Z,

(α, β) 7−→ ⟨α ∪ β, [M ]⟩

is called the intersection form of M .
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Definition III.5.8. For M as in III.5.7, we define the signature σ(M) ∈ Z to be the signature
of its intersection form (#{positive eigenvalues} − #{negative eigenvalues} after applying
(−)⊗Z R).
Example. σ(CP2n) = 1.
Remark.

σ : “bordism ring of 4k-manifolds” −→ Z

is a ring homomorphism!
Poincaré duality often simplifies the computation of a manifold’s cohomology ring:
Example. CPn−1 ↪→ CPn is an H∗-isomorphism for ∗ ≤ 2n− 2. By the induction hypothesis,
H∗(CPn−1) ∼= Z[α]/(αn), |α| = 2. By III.5.6, there is an r ∈ Z such that α ∪ rαn−1 generates
H2n(CPn). In particular, r = ±1, so αn ∈ H2n(CPn) is also a generator, and

H∗(CPn) ∼= Z[α]/(αn+1).

Similarly:
H∗(HPn) ∼= Z[α]/(αn+1), |α| = 4.

H∗(RPn;Z/2) ∼= (Z/2)[α]/(αn+1).

Definition. A connected, closed d-dimensional manifold is called a homology sphere if
H∗(M) ∼= H∗(Sd).

Proposition III.5.9. A connected closed 3-manifold with H1(M) = 0 is a homology sphere.
Proof. Since (π1M)ab = 1, there is no H ≤ π1M with [π1M : H] = 2. Thus M has no
connected two-sheeted covering, so it is orientable. It follows that

H2(M)
Poincaré duality∼= H1(M)

universal
coefficient theorem∼= Hom(H1(M),Z) ∼= 0,

H3(M)
Poincaré duality∼= H0(M)

universal
coefficient theorem∼= Hom(H0(M),Z) ∼= Z.

□

Poincaré: There is a 3-dimensional homology sphere M with M ̸∼= S3. (The quotient of a
solid dodecahedron obtained by identifying opposite faces with a 36◦ rotation. π1M ∼= I∗, the
binary icosahedral group, (π1M)ab = 1.)

Theorem III.5.10. (Poincaré conjecture) A simply connected d-dimensional homology
sphere is homeomorphic to Sd.
Proof.

• d = 2: clear.
• d ≥ 5: [S. Smale, 1961], Fields Medal 1966.
• d = 4: [M. Freedman, 1982], Fields Medal 1986.
• d = 3: [G. Perelman, 2003], Fields Medal 2006 (declined). The only solved Millennium

Prize Problem.

□
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III.6. Where Do We Go from Here?

• Homotopy theory, in particular:
• Classification of fiber bundles (bG(X) ∼= [X,BG]).
• Characteristic classes (natural transformations c : bG −→ H∗, Yoneda: Nat(bG, H∗) ∼=
H∗(BG)).

• Cohomology operations (natural transformations h : H∗ −→ H∗+k, for example: ∪ : Hn −→
H2n, Steenrod algebra).

• K-theory (Vect(X) with ⊕, ⇝ Grothendieck ⇝ K0(X)).
• Spectral sequences F ↪→ E −→ B, Hp(B,Hq(F ))⇒ Hp+q(E).
• Spectra and the homotopy-theoretic construction of cohomology.

Hn(X;G) [X,K(G,n)]

f∗c f

∼=

Hn(K(G,n);G) ∼= Hom(Hn(K(G,n)), G)
∼= Hom(πn(K(G,n)), G)
∼= Hom(G,G),

c 7−→ idG .

ΩK(G,n) ≃ K(G,n− 1) −→ Brown representability theorem:

(reduced cellular) cohomology theories are represented by “Ω-spectra.”

60


	Warm-Up: The Lefschetz Fixed Point Theorem
	Homological Algebra
	Projective Modules
	The Fundamental Theorem of Homological Algebra
	The Tensor–Hom Adjunction
	Exactness
	Computing Tensor Products
	The Tor Functor
	The Universal Coefficient Theorem
	The Ext Functor
	Künneth Theorems
	Acyclic Models

	Cohomology
	Eilenberg–Steenrod Cohomology Theories
	Motivation
	Multiplicative Structures and Graded Algebras
	Multiplicative Structures on Singular Cohomology
	Computing Cup Products
	Applications of the Cup Product

	Poincaré Duality
	The Cap Product
	Orientations
	The Degree of Maps Between Manifolds
	The Duality Theorem
	Consequences of Poincaré Duality
	Where Do We Go from Here?



