ON THE TERNARY GOLDBACH PROBLEM WITH PRIMES IN
INDEPENDENT ARITHMETIC PROGRESSIONS

Karin Halupczok

Abstract

We show that for every fixed A > 0 and 6 > 0 there is a ¥ =
9(A,0) > 0 with the following property. Let n be odd and sufficiently
large, and let Q; = Q3 :=n'/?(logn)~? and Q3 := (logn)?. Then for
all g3 < @3, all reduced residues ag mod g3, almost all g5 < )9, all
admissible residues a2 mod g9, almost all g; < 1 and all admissible
residues a1 mod ¢, there exists a representation n = p; + po + p3 with
primes p; = a; (¢;), 1 = 1,2,3.

1 Introduction and results
1.1 Preliminaries

Let n be a sufficiently large integer, and for every i = 1,2,3 let a;,q; be
relatively prime integers with ¢; > 1 and 0 < a; < ¢;.

We consider the ternary Goldbach problem of writing n as
n = pi+p2+ps3
with primes py, po and p3 satisfying the three congruences

pi = a; mod q;, = 1,2,3.

A necessary condition for solvability is
n = ay + a + a3 mod (q1, ¢, g3),

where (q1, q2, q3) denotes the greatest common divisor of the ¢;. Otherwise
no such representation of n is possible.

O%key words and phrases: Ternary Goldbach problem with primes in residue classes;
Hardy-Littlewood circle method; applications of the large sieve
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We precise our consideration in the following way. Let

Js(n) = > A(ma) A(ma) A(ms),
mi1+ma+m3z=n
mi=a; (¢i),
1=1,2,3
where A is von Mangoldt’s function. J3(n) goes closely with the number of
representations of n in the way mentioned.

In this paper we prove that the deviation of J3(n) from its expected main
term is uniformly small for large moduli, namely:

Theorem 1. For every fited A > 0 and 6 > 0 there is a 0 = 9(A,0) > 0
such that for all g3 < (logn)? and as with (a3, qs) = 1 we have

S
S om0
<_nl/2 (az,q§)=1 <_nl/2 (a1,q;)=1 w(q1)e(g2)p(gs)

2=(logn)? = (logn)?

q

n2

< 7(10g A

The O-constant depends on the parameters A and 6.

Here S3(n) denotes the singular series for this special Goldbach problem and
depends on a; and ¢; likewise J3(n) does.

We set S3(n) = 01if n # a; + as + a3 mod (q1, g2, q3), the case where trivially
J3(n) = 0 occurs. Then a summand = 0 in the formula of Theorem 1 is
given, therefore we can assume in the proof without loss of generality that
n = aj+as+az mod (g, g2, g3) holds. We refer to this as ”general condition”,
under this, S3(n) is defined and investigated later in paragraphs 2.2 and 2.3.

Definition. For any given qi,qs,q3 we call a triplet aq, as, az of residues
mod qi, ¢2, q3 admissible for qi,qq,qs, if (a;,q) = 1 for i = 1,2,3, if n =
aj + as + ag mod (g1, g2, g3) and if S3(n) > 0.

For given g3, as, g2, as and ¢ we call a; admissible, if ay, as, as is admissible for
q1,Q2, q3. For given qs, as, go we call ay admissible, if there exists an admissible
ay for every positive integer q;.

We prove in paragraph 2.3



Lemma 1. If n is odd, then for given qs, az with (az,q3) = 1 and qo there
exists an admissible ay (such that for every q, there exists an admissible ay ).
For even n and given qq, q2, q3 there exists no admissible triplet aq, as, as.

Theorem 1 provides

Theorem 2. Let A,0,9 > 0 as above and n € N odd and sufficiently large.
Let Q1,Qy == n'?(logn)™, Q3 := (logn)?. Then for all s < Qs, all as,
almost all go < @9, all admissible as, almost all ¢ < Q1 and all admissible
ay there exists a representation n = py + pa + p3 with primes p; = a; (¢;),
i =1,2,3. Here the number of exceptions for qo is < Qa(logn)~* resp. for
1 is < Q1 (logn) .

Theorem 2 as corollary of Theorem 1 is proved in section 6.

Theorem 1 is shown by the circle method. It seems that it also should hold
with the larger bound g3 < n'/?(logn)~?, which is the case on the major arcs.
It is not possible to achieve this on the minor arcs by the given methods.

Notation. We denote by ¢, i, A and 7 the functions of Euler, Mobius, von
Mangoldt and the divisor function. Other occuring functions are given in
their context. By ¢; ~ @); we abbreviate ); < ¢; < 2Q);. By p and p; we
denote primes. As usual, e(a) := €™ for a € R.

1.2 Proceeding by the circle method

Let A > 0 and 6 > 0. Let R := (logn)? with B = B(A,0) := max{A +
n+ 3,D(8A + 20 + 74)}, where n > 0 is some absolute constant (see end
of paragraph 2.2), and D(8A + 26 + 74) > 0 is some constant depending
just on A and 6, its definition is given in the proof of Lemma 5. Further let
¥ > max{A+ 4B+ 16,0 + A+ 3}, so ¥ depends also on A and 6.

We define major arcs 9t C R by

a R a R

m={J) }———,—+—

g<R O<a<qd 4 A 4 An
(a,9)=1

and minor arcs by m := ]—%, 1— g[ \ M.



Fora e Rand j =1,2,3 let

Sj(a) == Z A(m) e(am).

m<n
m=aj; (q]-)
From the orthogonal relations for e(am) it follows that

1—E

Js(n) = / ) " 81 (@) Ss(a)Ss(a) e(—na) da.

n

Analogously, denote for m <n

1—E

J(m) = > A(ma)A(my) = / " Sy(a)S3(q) e(—ma) da.

3|

mo-+ms3=m

mo=a2 (qg)
ma=as (q3)
By
JM(n) = / S1(a)S2(a)S3(a) e(—nar) do
m
and

TP () = / S5(0)S5(ar) e(—ma) da
m
denote the values of J3(n) and Jo(m) on the major arcs 9t and by
J3(n) = Js(n) = J5"(n),  J3(m) := Jo(m) — J3"(m)
the values on the minor arcs m.

Concerning the major arcs we get

Theorem 3. For Q1,Q,, Qs < n'/?/(logn)” we have

n?Ss(n) n?
gg)iQsz = Z max ‘]?im(n) - ’

i(@i,qi)=1, 2 1 A+3°
3;”1%%& s plar)e(a2)e(es) (logn)

We prove Theorem 3 in the following section 2.

In section 3 a lemma containing a special form of Montgomery’s sieve is
proven. Section 4 delivers a proof of Theorem 1 using Theorem 3 and the
lemma from section 3. Further used lemmas concerning estimations on the
minor arcs are proven afterwards in section 5.
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2 Estimations on the major arcs

2.1 Getting the main term and the error term

We have
By =3 > 1a0),
4<R 0<a<q
(a’Q):l
where
R
I(a,q) = / S1 (g +Oé) 52(2 +a) 53(g +a) e(—n (E +a)) do.
,qﬂn q q q q
For j = 1,2,3 we have for a € [—qﬁn, qﬁn]
S (g + a) = Z A(m) e(am) e(gm)
q m<n q
m=a; (¢;)
a a
= Z A(m) e(am) e(—m) + Z A(m) e(am) e(—m)
m=<n q m<n q
m=a,(q;) m=a; (q;)
(m,q)=1 (m,q)>1
= Z Z A(m) e(am) e(gk) + O((logn)?)
1<k<qg m<n q
(k,q)=1 m=a; (q;)
m=k (q)
since
S A= Y dogp< Y logp 2 < logn 31 < (logn)?
- logp
m<n p¢<n plq plg
m=a;(q;) p°=a;(g;)
(m,q)>1 plg
So
a a )
Si|l—-+a)= Z el =k | Tjx(a) + O((logn)®)
4 1<k<q q
(k,q)=1
k=a;((q;,9))



T () := Z A(m) e(am) = Z A(m) e(am).

m<n m<n
m=a; (qj) m= f] ([q] q])
m=k

Here T} depends on k with 1 <k <gq, (k,q) =1, k = a; ((¢;,q)). For such
a k there exists an integer f;; such that the congruence m = f;x ([¢;,q]) is
equivalent to the system m = a; (g;), m = k (¢), so the last step follows.

Now for positive integers x and h < x let

A(m

Z Ol
)

This expression is > 1 for h < z. (Take y = ¢(h) and [ = 1).

A(z, h) := max max
y<z (I,h)=

Note that by the Theorem of Bombieri and Vinogradov (see, for example,
Briidern [2]) we have

ZA z,h) logx) + Uv/x(log(Ux))°

h<U

for any fixed D > 1. This yields that if U < xl/Q/(log x)PT6 then

ZA$ h) log;E)

h<U

Now we compute 7T} («) by partial summation and by introducing A. We
get

Tirla)= Y A(m)e(am)

m= x4

—- [ X am)peemat (X Awm)e(an
m=Fro (s m= sl

[ (i 0l ) ey

+ <# + O(A(n, [g5, q])))e(om)

Qj,Q])



= i (= [t neten)) 00+ )t o)

1

= i [ ety o (Famlaa ).

since |a| < £ and 1 < £,
qan q
This yields, using

/On e(ay)dy = M(a) +O(1), M(a):= e(am),

m=1
the expression
M(«a)
(g, ql)

Tat) = MO o Rawm a0,

We use this term for Tj(a) to compute S;( + ) as

5 (44a) = ) (%) (40 (Bagulg.a) ) + Oltogn

(k’Q):l
k=a; ((¢;,9))

_ Cy(a7q)
a @([%‘MI])M(
_ ci(a, q? M

©([gs, q])

o) + o(?m @ q]>) - 0((logn)?)
a)+ 0 (g(log n)2A(n, (45, q]))

since (logn)? > 1 and %A(n, [¢;,q]) > 1, with Ramanujan sums

¢i(a,q) = Z e (Ek) for j =1,2,3.

1<k<q q
(k,q)=1
k=a; ((9,95))

We used here that |¢;(a,q)| =1 or ¢j(a,q) = 0, see paragraph 2.2.
This provides



=Huq(n)+ 01+ 05+ O
with

Hyq(n) = (crca¢s)(a, q) T

olar, ) ([az a) o ([asr a)) (_”g) /qn M

a) ) n (a)e(—na)da,
> 1 /qﬁ [M*(a)|dor- O (E(logn)QA(n [ Q]))
gkl e(laj, a))e(lar: q]) . q s 11

Oy = Z ﬁ /_ﬁ |M(a)|da - O (%(log n)*A(n, g, a) A0, g, q])) :
0,:=0 (%aogm A D0 oz a) Ao ) 5 ).
Note that we abbreviated (cicacs)(a, q)

= ¢1(a,q)ca(a, q)es(a, q). The sum
> .., is over all triplets (j, k,1) of pairwise different j, k,1 € {1, 2,3}
So we managed to show

=> > Ia,q)=)_ Y (Hug(n)+ O+ O+ O3).
L

The main term of J(n) is contained in

:Z Z Hgq4(n)

(a’Q):l
We have to show now that for each ¢

1,2, 3 the error term O; fulfills

ZZZO<<1O

gn A+3’
q1,92,93 q<R  a<g
(a,9)=1
then it will follow that

2
m’t n
Z atdz s [5"(n) = H(n)] < (log n)A+3"
q1,92,93
The main term H(n) will be considered later
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So we first consider the error term with O;. It is (since p(q) > ¢/(loglogq))

<<ZZZ > q—nlogn ZA a1, q

j.k,l g<Rqj qk qk’q]) a<q
(a,q)=1
loglogn loglo n
3 3 5 O 25 5 LA
ikl 4 g @ a<r
<<R2 (logn) 52 Z A(n, hy)
3.kl hi<RQ,

with

2D IDIEED DD I

q q<R <R q <R
[q1,9]= hl (q1,9)= dz
qq=hd;
<<§ E <<§ E—<<logn
dl<Rq<R dl<Rq<R
dilq

so the Oq-error term is

R*n(log n)” A(n, h) < R*n(logn)"——
< R°n(logn) Z Z (n,h) < R°n(logn) Tog )P
7kl h<RQ;
n2 n2
< <

(log n)D—2B—7 (1og n)A+3’

for some D > A+2B+10and D+6 < 19— B, so this holds if 9 > A+3B+16,
which is the case. We used the Theorem of Bombieri and Vinogradov with
Q1 < n'/?(logn)™ for ¥ > 0. So we are done for O;.

We consider now the error term with O,. It is

<<ZZZ Z logn 1Y AW, gk ) A, [a. q))

Jkl q<R gqj q], ]) a<q qk>q
(a,9)=1
loglogn
<<ZZ — = R3(logn)* ZZ — A, [qr, q) An, (@, q])
gkl qj q}chq<R

< R*(logn) Z Z Z (hgy hi) A(n, b)) A(n, hy)

.kl hi<RQy hy<RQ;



with

)= 3 =YY 4

qk,q1  q<R d,di <R q,q1 q< q
[qx,9]=hx (qr,9)=dk,(q1,9)=d;
[q1,9]=h1 axq=hrdr,qq=hid;
1 1
< — <
2 2 g Flap
kISR g< d,di<Rq<R
[di,di]lq
(dk,dl) 9 1 1 1 9
Sy YWl ey syl
d,di<Rq<R q dj, d;

so the Oy-error term is

<<R510gn Z A(n, hy) ZAnhl

hp<RQp h<RQ;

< R°(logn)® - ((

n? n?

2
n
log n)D) ~ ogn)™ 5 = (logm)*3’

for some 2D > A+5B+9 and D+6 < — B, so this holds if ¥ > 1A+2B+11,
which is the case. We used the Theorem of Bombieri and Vinogradov with
Qr, Q1 < n'?(logn) ™ for ¥ > 0. So we are done for O,.

Now to the error term with Os, it is

<> N 4n ~ (log n)® > Al g, a)An, g2, a))A(n, g5, q))

g<R a<q q1,92,93
(a,q)=1
R4
< —(logn)® Y w(hy, ha, hs)A(n, hy)A(n, hy) A(n, hs)
" h1<RQ1
ha<RQ2
h3<RQ3
with
1 1
whihahe)i= 3 > 5= 3, D, > —<< PORND D=
q1,92,93 q<R di,d2,d3<Rq1,92,93 q<R di,d2,ds<R ¢<R
lqi,q]=hi (gi,9)=d; [d1,d2,d3]|q

QZQ*hzdl

(dy, [ds, ds))? (do, d3)?
< ) Z dl,dg A 2 Z 1 23d§d3d32 3

dy,d2,ds<R q<R dy,d2,d3<R q<R
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< Y Z Z—<<R2

d1,d2<Rds<R 3 q<R
so the Os-error term is

logn ZAnhl ZAnhg ZAnhg

h1<RQ1 ha<RQ2 h3<RQs
RS n? n? n?
< ? (lOg n)6

(logn)*? ~ (log n)3D—6B-6 < (logn)4’

for some 3D > A+6B+9 and D+6 < ¢— B, so this holds if 1 > %A+3B+9,

which is the case. We used the Theorem of Bombieri and Vinogradov with
Q1,Q2, Q3 < n'/?(logn)™ for ¥ > 0. So we are done for Os.

What is now left is the consideration of the main term H(n). Since

R

£ 2 2,2
qn 3 _ :TL_ qan
. M (a)e(—na)da 5 +O( 72 )

qn

(see for example Vaughan [5]) we have

=22 q Zjl];mq?qb (%W(QRN))

g<R a<q

(a,q)=1
Now le
t NS (O ECA TSR
ol ae((ae, al)e(las, q)
with
b(q) :== Z (crc9¢3)(a, q) e(—ng)
(et
and let -
S3(n) = Z)\(Q)

be the singular series. In the next paragraph we show that it is absolutely
convergent.
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Therefore we have

Aq)n? n? 2P
iy =Y @)¢@9+0<@§3 y<@| )

= 2e(a)e(a)

n2

B 2@(611)90((12)90((13)83(n) ol o)

with

e = - )Z\)\(Q)\,

o(q1)(q2)e(gs

= T otaela(m) 2 ¢ M)

q<R

For the two occuring error terms e; and e; we have to show that

n2
E max e; K ————=
a1,a2,a3 / (10g n)A+3’

q1,492,93

then Theorem 3 follows. This is done in the next paragraph.

2.2 Estimations with the singular series

Now we need estimations for the A-series. These show the absolute conver-
gence of S3(n) and can also be used to deal with e; and es.

First we state that the Ramanujan sums c¢;(a, ¢) for fixed a;,q;, j = 1,2, 3,
can be computed by

p(d)e(=54), it (d ) =1,
0, else,

Cj(a’ q) = Caj,q; (a’ C]) = {

d
with 0 < w; < d;. (For a proof see [6]). From this result we already used

that |c;(a,q)| =1 or ¢j(a,q) = 0 in the paragraph before.

where d; := (¢j,q) and w; is the solution of the congruence ijuj = 1 (d;),

We are now going to show that b is multiplicative in g. We prove a proposition
about the c¢; first.

12



Proposition 1. Let ¢ = qq, (4,q) = 1, (a,q) = 1, and let a = aq + aq with
(@ q) =1, (@ q) =1. Then ¢;(a,q) = ¢;(a,q) - Ca(a q) forj=1, 2 3.

Proof. Let a;G + a;G = a; ((¢;,q)) with a; a residue mod (g;,q) and a; a
residue mod (g;,g). Then we have for j =1,2,3

clag) = > €<mﬂ): 3 3 €<(mq+mq)_(&q+aci)>

m<q q m<q m<q qq
(m,q)=1 m,g)=1 (m,q)=1
m=a;((¢;,9)) m= aj ((2;,@) m=a; ((45,))
by substituting m = mqg+mqg with m = a ((qj, ¢)) and m = a; ((¢j,q)), and

we have a; = a;¢ ' ((¢;,q)) and a; = a;¢ " ((¢;,q)). Therefore we get

Y e<m§q> Z 6<m_a§)

m<q m<q q
(m,§)=1 (m,q)=1
m=a;q" ((4j,4)) m=a;G" ((¢;,9))
= > (B Y (™
<q q m<q q
(m,q)=1 (m,q)=1
m=a; ((¢;,9)) m=a; ((¢5,9))
= Cj(avq) ' Cj(C_L,(j). ]

Proposition 1 provides the multiplicativity of b:
Proposition 2. Let (4,G) = 1. Then b(qq) = b(q)b(q).

Proof. We have
. . a
b(gi) = Y (010203)(G,QQ)6<—71T~)

a<qq a9
(avqij)zl
o . aq + aq
Z Z (cre9¢3)(a, q) - (cre2e3)(a, q) - e(—n — )
i<q a<q 49

(&,[j):l (ﬁ,q)ZI
by substituting a = ag + aq in the last step. We further get

b(qq) = Z (crc903)(a, q)e<—ng) Z (cww@(&,d)e(—n%)

a<q a<q
(a,q)=1 (@,§)=1

13



= b(q) - b(q)- O
Proposition 2 shows that it suffices to evaluate b at prime powers p*, p prime

and k > 1, to obtain formulas for b and X. It may happen that b(p*) = 0,
what we study now.

We first show:

Proposition 3. Let j € {1,2,3}. Ifp* t q; and (p | ¢ or k # 1), then
kY _
¢i(a,p®) = 0.

Proof.

Firstlky, if p* { ¢; and p | ¢j, we have d; = (¢;,p*) = p” with 1 < r < k and
(dj, ) = (0", p"") = p, s0 ¢j(a,p*) = 0.

Secondly, if p* { ¢; and k # 1, then d; = (g, p*) = p” with 0 < r < k, and

k

p T —r min(r,k—r
(dj,?>=( ,plTT) = ik,

J

For r > 0 this is > p, and so ¢;j(a,p*) = 0. For r = 0 we have d; = 1 and
u(%) = u(p*) = 0 since k # 1, so ¢;(a, p*) = 0, too. O

Therefore ¢j(a,p”) = 0 holds unless p* | g; or (pt¢; and k = 1). This shows
that

a
b(p*) = Z ci(a, p®)ea(a, p¥)es(a, p*) e (—n—k) =0,
a<pk p
(a,p)=1

unless p* | ¢j or (pt ¢; and k = 1) for every j = 1,2,3. We now have to
consider only these cases.

Case 1. If k > 1, p* | (q1, 42, 43), then

a
b(pk) = Z Cl(a7pk)02(a7pk)c3(a7pk) € <_n_k)

‘ p

a<p

(a,p):l

=) e (_”%) II « (ai) (since d; = (i, p") = p" s0 u; = 1)

k p i=1,2,3 p

a<p =502

(a,p)=1

14



(a1+a2+a3—n )
-y ).

k
a<pk p
(a,p)=1

s0 b(p*) = p(p*) since p* | a; + ay + az — n by the general condition.
Case 2. If k=1 and (p,q1) = (p,¢2) = (p,q3) = 1 then

e1(a, p)es(a, pes(a, p) e (_n];)
() IS () =47 o G

Case 3. If k=1,p| ¢ (so dy =p) and (p,q2) = (p,q3) = 1 (analogously
the cases with permuted indices), then

a
c1(a, p)ea(a, p)es(a, p) n];
1

5 () (=) (m;(mi‘i)f

—_———
=1

ple(al—n)_ p—1, ifpla;—n, ()
- -1, if pfa; —n. (D)

a=

Case 4. If k=1,p| ¢1, p| ¢2 and (p,q3) = 1 (analogously the cases with
permuted indices), then

p—1

a
c1(a, p)ea(a, p)es(a, p) e —n;
p—1
a aay aas a
el—-n—)el—)el— el m—
( p) (p)(p)ml(p)

15
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if pta;+ay —n.

__Ze(a1+a2—na>_ l—p, ifpla+ay—n, (E)
1, i (£)

If we combine all these cases, we have shown

1. If k> 1 and p* | (q1, g2, g3): b(p*) = ©(p*), furthermore \(p*) = b(p*).
2. If pt (a1, 92, 3):

( .

1 2 if (p7 Q1) - (p7 Q2) - (p7 Q3) = ]-7 b ‘ n, (A)
17 if (p7 Q1) - (p7 Q2) - (p7 q3) = ]-7 pT”? (B)
p—1 ifpla, 0.e)=mae)=1 pla—-n (C)

also with permuted indices,
ifpla, (@)= wae)=1 pta—n (D)
also with permuted indices,
L—p, ifpla, plae, (p,s) =1, plai+a—n, (E)
also with permuted indices,
17 1fp|qlap‘q27 (paq3):17p*&1+a2_n7 (F)
also with permuted indices,

so b(p) € {£1,£(p —1)}. Expressed in A we have

e (B)

— L (4).(D)
M) = (p—1)
PV o)

1. (E)

3. In any other case: b(p*) = \(p*) = 0.

In the following let d := (q1, g2, ¢3) where the ¢; are fixed. For a prime p let
7, such that p™||d, that is p» | d but p*! ¢ d.

Now with b> A s multiplicative t007 since QD(QZ)(')O([QH Cﬁ]) = (10([%7 qj)@([‘]l? Q])
for (q,q) =1, ¢ = 1,2, 3. This multiplicativity for A shows for Q > 1:

un <] (1—1—2ng@]) IA(p" )

p<Q
prime
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=( II a+ob@l+pnedl++enee))) - (- IT a+phw))

p<Q.pld P<Q;(p,d)=1
< (H(l +p(p—1)+p*@ —p)+ -+ (" —p”"l))) : ( I] a +pM(p)\)>
pld p<Q,(p,d)=1
<(IT»*)-( II a+ph@h)=a-A-B-C-D,
pld p<Q,(p,d)=1
where
L p 13 M 3
A= 1+ BE < Z << Z log logq)” < 1,
p<Q,(B) PP 7,plg=>p<Q wla)’ q
5= 10 () 1 ( )
p<Q,(4) QO(p) i=1,2,3 p<Q,
(D) for ¢;
’(a) 4
< q,u H q,u < < wq (log log q>2)
q<n 1=1,2,3 q<q; q<n q
p\qépln p\qéplqz
< (logn)

. ’n (o) T T ()

(C) “for qi i#£j (F) for ¢;,q;
< I [Ja+2- ] ] a+2< [ 2@ [ 2@
1=1,2,3 p|q; sz{;'QS}p\(qz \4;5) 1=1,2,3 i,je{;,gﬁ}
1%£] ¥

<7 (1) (q2) 7 (g3) 7 (g1, 02))7° (@1, 43)) T (g2, @3)) < 7)) 7 (q2) 7 (g3),
D= ] I[I a+o< I II +p

0.5,k p.w.d. (E) for qi,q;,qk ig.k pow.d.  plgy
di; q; di; qj
— ” a( II p)g II 0<7( i-45) < II (9:,95) ])logn
. . (QI7Q27Q3) o d
i,5,k€{1,2,3} p|(qi,95) i,j,k€{1,2,3} i,j,k€{1,2,3}
4,5,k p.w.d. gk 1,5,k p.w.d. 1,5,k p.w.d.

1
= E(QD Q2)(CI1> Q3)(Q2, Q3)(10g n)3,

where o(t) := ;¢ is the divisor sum function, for which o(t) < tlogt
holds, and w(t) is the number of distinct prime factors of ¢.
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Therefore

Q

> ahwl < (D)0 ) ) ) ) g )

also true for () — oco. So for any ) > 1 we have

S A0 < = Zq|A<q>| < 1000 @)@ 4080 8) 1o 3000 (g,) (log m)™.

7>Q q=1 Q (C]h g2, Q3)

We see that the singular series S3(n) = > 2| A(q) converges absolutely, and
we have

(91, 92)(q1, 43) (g2, 93) ™(q)(q2)

S;(n) <
3( ) (91>Q2>Q3)

7 (q3)(logn) ™

It follows further that

™ (q1)7 (q2) 7" (g3) (log n) !

2
Z max e, < Q1,Q2 Qh%)( 2,Q3)n
ail,a2,a3 )

41,492,493 41,492,493 dgp ql 2 90( ) R
4 4
<<n—(logn)12 Z T (q) 7 (92)7(a3) (91, 22) (91, 43) (92, G3)
R Q14243
q1,92,93
n? n?
-1 n
< R(ogn) < (log n) 475"

since B> A+n+3in R = (logn)? for some absolute constant 1 > 0. This
can be proven as follows. By using

> Tmt(t) < (logn)™",

t<n

we see that

Z (QbC]2)(Q1>CI3)(C]2,613)7_4((]1)7_4(%)7_4(%)

q1,92,93 916126]3((]1, 42, CIS)

S I O U S C R B

d<n a,b,c<ne,f,g<n

18



_ TE(d) ()T ()7 ()T e) T (f) T (9)
B Z Z Z abcdef g

d abce,f,g
< (logn)"
for some absolute constant n > 0, where we substituted ¢; = dabe, q; = dacf,
g3 = dcbg with pairwise coprime a,b,c and e, f, g.

Further we have

S \<quu ) < Rr (a7 (a7 (gp) DN 0N ) o

so also

S o en Y TN 474 g )
Q1q2q31 o q1,92,93 (pql QQQDQ:S

2

n
<< - @
(logn)A4+3
as above.
So everything concerning Theorem 3 is shown. 0

2.3 Discussion of the singular series

Now we consider S3(n) under the general condition.

Since S3(n) is absolutely convergent and since A is multiplicative, we see that
it has an Eulerproduct, namely

S3(n) = H(l + i )\(pk)).

For p®||(q1, g2, q3) we have 1+ A(p) + - - -+ A(p®) = p and for other primes
p we get factors according to the cases (A),...,(F). Moreover we see that
S3(n) vanishes if case (E) for a prime p occurs, that is if

(E): 34,k 1 € {1,2,3} pairwise different with
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pl (g a) pta, pln—(a;+ag).

In all other cases we have

S3(n) = (q1, 92, ¢3) H <1_ﬁ) p,l(!)<1+(p_11)3> H <1+%)

p,(A)
or (D)

with properties

=

C(0,q) = (p) = (0.@3) = L,p | n,

L(pyq) = (p,q2) = (p,g3) = L,ptn,

c34, k1€ {1,2,3 pwd: plg;, (p,a) = (@) =1, p|n—ay,
c34, kL€ {1,2,3} pwd: p| g, (p,ax) = (p,a) =1, ptn—a
135,k 0€{1,2,3y pwd: p| g, plaw, (pa) =1, ptn—(a; +ar).

A~ I/~ I/~ /N

B

So we see that S3(n) = 0 if and only if case (F) occurs or the general
condition is not fulfilled. Further if Ss(n) > 0 we see from the Eulerproduct
that it is at least some absolute positive constant times (g1, o, q3), since
[1,-2(1 = (p — 1)7?) converges and the other products are > 1.

Now we prove

Lemma 1. If n is odd, then for given qs, az with (az,q3) = 1 and gy there
exists an admissible ay (such that for every q, there exists an admissible ay ).
For even n and given q1, qo, q3 there exists no admissible triplet ay, as, as.

Recall that ay, as, a3 is admissible for g1, g2, g3, if (a;,q;) = 1 for i = 1,2, 3,
n = aj + az + ag mod (q1, ¢2, q3) and S3(n) > 0.

Proof. For the proof, let ¢ := (¢1, ¢2, ¢3) and denote by v,(m) the exponent
of a prime p in m, that is p*»(™ | m but p*»(™+1 { m,

First let n be even, and consider ¢, ¢2, g3 with

(a) 21| ¢;,21 qr, - Then (A),(B),(E), (F) are not possible, and the condi-
tion 2 | n — a; is wrong since a; must be odd. Therefore (D) holds with
p =2, and so S3(n) = 0.

(b) 2| ¢;,qx and 2 1 ¢;. Then (A),...,(D) are not possible, and condition
2 | n—(a; + ax) in (E) holds since a;, a; are odd, so S3(n) = 0.

(c) Further 2 | ¢, ¢2, g3 is not possible since then ay,ay, a3 are odd and so
n# a; + as + az (q), so S3(n) = 0.

20



(d) Also 2 { q1,¢2,qs3 is not possible since then (A) holds for p = 2, so
S3(n) = 0 holds.

Now let n be odd and let ¢3,as with (as,q3) = 1 and ¢o be given. We
construct as and go with (ag, g2) = 1 such that

Vpl(gs,q):n#as+as (p).

For any p | (g3, ¢2) take h, such that 1 < h, < p—1 with n —asz+h, Z 0 (p).
Such a number h, exists for p > 2 since then p —1 > 1, and if p = 2 take
hy =1 since n —ag+ 1 #Z 0(2) holds for p = 2| (g3, ¢2), where g3 is even and
therefore a5 is odd.

Then take as with (as, ¢2) = 1 and ay = n—asz+h, (p) for every p | (g3, ¢2) via
the Chinese Remainder Theorem. Now we prove that this ay is admissible.
For this, consider now any ¢;, and we have to find now an admissible a;, that
means such that

(1) n=a1 +ax + a3 ((q1, %, q)),

2)Vp | (g, @), ptas:n#a+ a2 (p),
(3)Vp | (q1:93), p1 g2 : n # a1 + a3 (p),
(4) Vp | (g2, a3), ptar:n#az+as (p)

Now condition (4) is fulfilled by the choice of as. We have to construct now
an admissible a; mod ¢y, (a1, ¢;) = 1, namely such that conditions (1) — (3)
are fulfilled.

Firstly, a; has to be such that a; = n—as—as ((¢1, g2, ¢3)). Since n—as—az =
—h, #0 (p) for any p | (g2, ¢3) we see that a; mod (¢1, g2, ¢3) may be chosen
like that, and it will not contradict to (a1, q;) = 1, and also condition (1) is
fulfilled.

Further a; must be a; = n—as+k, # 0 (p) for every p | (¢1,43), p 1 ¢z, where
1 <k, < p—1 (condition (3)), and also with a; = n—as+1, # 0 (p) for every
p| (@2:q1), pt s, where 1 <[, < p—1 (condition (2)). Here the existence
of [, and k, can be explained as above for h,. Then take a; with (a1,¢1) =1
to hold these congruences, again via the Chinese Remainder Theorem. It is
admissible by construction. ([l

By studying property (FE), we encounter the following connection with the
binary Goldbach problem.
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Let p be any prime > 2 and let n be sufficiently large. We can construct
a;, q;, with (a;, ¢;) = 1 for i = 1,2, 3, and with

pl(q1,%), pta, n=a1+az (p), a1 +az+a3=n ((¢1,¢,9)),

namely take any odd qi, ¢, q3 such that p | (¢1,42), p 1 g3, and take a;
with n — a; # 0 (p) relatively prime to ¢, take ay relatively prime to g¢o
with a3 = n — a; (p) and (n — a1 — a9, (¢1,¢2,q3)) = 1, and a3 with ag =
n —a; — as ((q1, 2, q3)) relatively prime to gz. If we could show that there
exist primes p; = a; (¢;), ¢ = 1,2,3, with n = p; + pa + p3, and so n =
a1 + as + p3 ((q1,q2)), then since n = a; + as (p) it follows that 0 = p3 (p),
so p3 = p and n — p = p; + p2. Then the number n — p would be the sum of
two primes.

So if the considered ternary Goldbach problem with primes in independent
arithmetic progressions touches the binary Goldbach problem, the circle
method fails.

3 A Lemma involving sieve methods

Before considering the minor arcs we show the following Lemma by using the
large sieve inequality and a formula of Montgomery in [4]. The method was
already presented in [3].

Lemma 2. For (Q > 1, H >0 andby,...,b, € C we have

> b

m<n
m=a(q)

< (0 + @) H " (l0g Q) max [b* + (1 + Q) H(10g Q) 3 [b

m<n

g max
O<a<q

q~Q

with an absolute O-constant.

Remark. If () may be some small power of n the Cauchy-Schwarz-estimate

v 2
s | 30 0] S0 b 00 S
q~Q m<n q<2Q m<n m<n
m=a(q)
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is weaker. An approach with the large sieve inequality involving characters
does not work either.

Proof of Lemma 2.
For a residue class a mod ¢ we set

> b

m<n
m=a(q)

Now the expression on the left hand side in Lemma 2 is F; + F5 with

E, = Z ¢ max |N(a, q)|?

0<a<q
q~Q
d(q)>H

and
Eyi= ) qmax N(a,q)"

q~Q
d(q)<H

Consider first Fy. Let

Ag =#{q; ¢~ Q, d(q) > H},

then
AgH < ) d(g) < ) d(g) < QlogQ,
q~Q q<2Q
d(q)>H
SO Olog O
og
A .
o K 17

Since N(a,q) < (7 + 1) maxy,<p b we get

2
2 n 2
Brs X qmaxiVa P < 3 o5+ 1) max
q~Q q~Q
d(q)>H d(q)>H

<ufs

—i—Q) max\b I” < (7;_[ ngj)(logQ)maX]b 2.
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This is the first summand on the right hand side of Lemma 2.

Now to FEs.
For any integer 0 < h < g let
q q
- d —N(h, —),

> nld)oN (b,

dlg
so Mobius’ inversion formula gives

gN(h,q) = _ fu(d)
dlg

for all 0 < h < ¢q. With this we have

1 1
By= Y £ max ¢’V (a,9) Z - max > fald)
q~Q q~Q dlq
d(q)<H ( )<H
d(q
< ) dta) max |fa(d)P
q~Q q dlq
d(q)<H

The maximum is taken over a with 0 < a < ¢q. We see that |f,(d)|? is
d-periodic in a for d|q, since N(a + d,t) = N(a,t) for t|d, so
d
t

Furad) = 3 00N (at a1, 5 = Zu !
t|d

N a,;) — f.(d) for all | € Z,
therefore the maximum stays equal if taken only over a with 0 < a < d. We
estimate this maximum by > ,_,_, and get

Z Zz\fa

dlg 0<a<d
d(q)SH

By Montgomery in [4], equation (10), we have for T'(a) := >, bne(am),

a € R, the formula
a
T(Z
(&)

2

Y

S @ = Y

a<d
(a,d)=1
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that we can apply here. We get

q
d(q)gH Al (,d<)il
oY (X0 5 (@)
< q ‘
d<2Q “q~Q a<d
d|q (a,d)*l
2
a
H(l T =
< 3 3 |7(5)
d<2Q a<d
(a,d)=1

< H(logQ) (n+ Q%) > |bl*

m<n

by the inequality of the large sieve. This is the second term on the right
hand side of Lemma 2. ([l

4 The conclusion with Lemma 2

Now let A,0 > 0 and ¥ > 0 as above. Let Q1, Qq, Q3 < n'/?/(logn)’.
We consider first
E01.00.05 = Z max Z max Z max |J5(n
q3~Q3 q2~Q2 q1~Q1

From the definition of J; and J, we have

5Q1Q2Q3<ZH}3XZH£‘XZH}£LX Z Aml |J2 n—m1)|

mi1s <n
mi1=a1(q1)
<D max) maxd max »_ (logn) [J(m)]
q3 q2 q1 m<n

m=n—a1(q1)
By Cauchy-Schwarz’ inequality we now get

EN (1
S 0u0n < (ogn Zﬂ}g}xzﬂ}gx( 5" g max

q2 q1~Q1

Y. |I5(m)

m<n
m=a1 (q1)

2)1/2

25



and we apply Lemma 2 to the expression in large brackets.

Since Q1 < n'/? we see that

2
n
85‘1,@2,@3 < (logn) E H(II?X E rr}lagtx(ﬁ(logn) rnrllgfng‘(m)ﬁ
q3 q2

1/2
+nH(logn) u;“(m)\?) .

m<n

Now we apply the following two lemmas, which will be proven in the last
paragraphs.

Lemma 3. For Q2, Q3 < n'/?/(logn)” we have

Z max | I3 (m)| < n(logn)”.

42,93 a2,a3

Lemma 4. For Q, < n'/?/(logn)? and Q3 < (logn)’ we have

1
m 2 2 L/Q
qZH}quZH}gLX(Z | S5 (m)] ) < (1Ogn)2A+16'
3 2

m<n

Here the sum over such a small (3-range is of course pointless; but we state
it here to see why no larger bound for ()3 is possible to get with the given
method in the proof of Lemma 4.

With H := (logn)***23 it follows from Lemma 3 and 4 that

2

551,622,@3 < (log n),4+3 :

Finally, together with Theorem 3, we get for @, < n'/2/(logn)” and Q3 <
(logn)? the estimate

n?Ss(n)
E max E max E max
as az al

3~Q3 (a3,93)=1 q2~Q2 (a2,g2)=1 q1~Q1 (a1,q1)=1 280(Q1)80(QQ)90((]3)

S Z Z Z (851@2,@3 + 822)},@2@3)

k,Qs=2*F 3,Q2=27 1,Q1=2°
<(logn)? <n'/2/(logn)? <n'/?/(logn)’

Jg(n) —
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n? n?

logn)? - _
< (logn)” 45 va% = Togn)A”

and from that follows Theorem 1.

So it remains to show Lemma 3 and Lemma 4.

5 Two Lemmas on the minor arcs
5.1 Proof of Lemma 3

We have
> max|J(m)| = Y max|Jo(m) — J3(m)].

q2,93 a2,a3 42,93 a2,a3

Now we estimate Jo(m) and J&(m). The reason why we split Ji*(m) is that
the trivial upper estimate for J3*(m), namely

I (m) < / 15(0)S3(a)|da

does not suffice.
We have

To(m) = /O S5(0)S5(a) e(—ma) da

= > Am) ) /\(ms)/O e(a(my +ms —m)) do

ma<n mg<n
mo=as (g2) ms=az (¢3)
and by the orthogonal relations for e(am) we have that the last integral is
1, if mo + m3 = m, and 0 otherwise. Therefore we get

Jo(m) < Z (logn)® <
ma<n
mo=a2 (qg)
ma=m—as3 (g3)

mn
g2, g3] (logn)* < @(logny(q%qg)’

SO

2 (92,83
Z max |J2(m)| < n(logn) Z

42,93 a2,a3 42,93
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< n(logn)? Z

’
m#]g#]?,

< n(logn)®.
mgamgs

Now we consider the following

Proposition 4. We have

g%);dj (m)| < n(logn)”.
q2,943 M<N

By this and together with above estimation we get therefore Lemma 3. [
Proof of Proposition 4.

We have to consider the analogous estimation for J5(m) as was done in
paragraph 2.1 in order to estimate J5(m).

We get
=Y. > I
<R a<
= @
with

0= [+ )5 () (oG o) o

e (e
- w([qQ,CJ])sO([%,q]) ( Q) /_R/%M( Je(—ma)d
R/qn

n Z o /R/qn | M () |dox - o(g(log n)*An, lg;, q]))

RB
+ O( v (logn) A(n, [g2, q])A(n, [%ﬂ]))
=: Ha,q(M) + O + Oy,

say. Now
2.2 2. Ok D D s D, 10gn ZA 454
q2,q3 q<R a<q 4,7 q<R q; a<q
(a,9)=1 (a,9)=1
<<Zzloglogn ZZA qﬁ
ij o a 4 q<R
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<<(logn)4RZ Z w(hj)A(n, h;)

J hi<RQj
with

DD IEED 3 S I

9  9<R d;<R q; q<R
lg5,9]=h; (g,95)=d;
qqj=h;d;
< Z Zl < Rlog R < Rlogn.
dj<Rq<R
djlq

So the O;-error term is
< R*(logn)® Z Z A(n, h;) < R*(logn)® -
J hi<RQj

< n(logn)3P=1 « plogn) 482 <« n,

n

(logn)?—B-6

again by using Bombieri-Vinogradov’s Theorem and ¥ > A + 4B + 13.
Now to O,. We have

DD IRVEDS Z ~(logn) 1N A, g2, a)An, (g5, )

42,93 g<R a<q qg<R a<q 92,93
(a,9)=1 (a,9)=1
3

< %(mgn)‘* > wlha, hs) A(n, ha) A(n, h)

h2<RQ2
h3<RQs

with

42,93 q<R <
[qi,q]=hi (g:,9)=d;
=23 qiq=hid;
i=2,3
1
ey Y heyy o
do,d3<R q<R d2,d3 q<R
[d2, dsﬂq
=Y s 2d2d2 (dy,d3)” < > 1< R,
do,ds3 q<R ds<R
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so the Oy-error term is
<< — logn < Z A(n, hy) )< Z A(n, hg)) < n(logn)8B~20H16 «
ha<RQ2 h3<RQ3

again by using Bombieri-Vinogradov’s Theorem and ¥ > A + 4B + 13.

Now there remains the main term. Since

R/qn qn
/ M?(a)e(—ma)da =m — 1+ O(E) «Ln

—R/qn

for ¢ < R we can estimate it in the following way. It is

vy %@@4#NWWWWM

42,93 a2,a3 q<R a<q QQ’ [C]g,Q]) q —R/qn
(a,9)=
logn (¢2,9) (g3, q
SR 3) it L LMy g ST
q2,493 q<R q2’ q37 q2,93 q<R quq3
de - db
< n(logn < n(logn)’,
(log )abczd:efgdace-dabf-dbcg (logn)

where we substituted ¢, = dace, q¢3 = dabf, ¢ = dbcg with a, b, c,d, e, f, g < n,
d = (q,q1,q3), and pairwise relatively prime a, b, c and e, f, g.

This shows the Proposition. O

5.2 Proof of Lemma 4

Since the left hand side of Lemma 4 is

< (Zq3maXqumaXZ|J2 ) )

m<n

it suffices to show that

3

n
ZquaXZ%maXZ [ (m)|* < Tlog n)iar®

m<n
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for any A > 0 in the required regions for () and (3. The left hand side is

Z% m&XZ% max Z / () e(—ma)da

m<n

< 2

<D gsmax o H;gXAISz(a)Ss(a)I da
q3 q2

by Bessel’s inequality. Now

[So(@)P = Y Am)A(m) e(a(m —m'))

[r|<n m<n
r=0 (g2) m=az (q2)
m—r<n
= Z e(ow“)R(r; a2, QQ)a
r|<n
r=0 (g2)

say, with R(r; as, g2) < - (logn)?.
So the left hand side is

< n(logn)? Z g3 Max Z Z ]Sg 2 e(ar)da
q3~Q3 @2~Q2 |r|<n
=0 (g2)
< n(logn)? Z gs Max Z (|Ir]) /|53
q3~Q3 0<|r|<n
+n(logn)* Qs Z s max/ |S5(a) P da.
3~Q3

Now

/0 13(a)Pdor < ™ (log n)?,

q3

so the second term is < n?(log n)2Q2Qs(logn)? < n°/?(logn)**? < n?(logn)~4
and therefore in the required bound.
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The first term is

<<n(logn)22q3rr£><( > T(VDZ)W( >

2)1/2

[ I8s(@Petar)da

a3 0<|r|<n 0<|r|<n
1/2
< n®?(logn)* Z q3 max(/ |93 (cx 4da)
q3~Q3
1/2 1/2
<<n3/2(logn)4< Z qg) (Z max/ |53(a)|4da)
q3~Q3 q3~Q3 *@
1/2
< n*?(logn)* (Z q5 max/ |S3(c 4da) :
q3~Q3

Now here is the difficulty to show a nontrivial bound for the expression in
large brackets. It should be < n?/(logn)® for any large constant C' > 0 and
large 3, but however one tries to manage it, there is still some power of ()3
left. We best can give the bound

1/2
< n*?(logn)* (Z q3maxmax|53 |/\S \da) .

q3~Qs3

Now we need another Lemma to estimate |S3()|? for a € m, it is the fol-

lowing.

Lemma 5. For all g3 ~ Q3, (a3, q3) = 1 and a € m we have |S3(a)]? <
= for C' =8A+ 20 + 74.

q3 (log n

By using this we get for the above expression

1/2
Z Q3 logn )

< n3/2 (logn) (
q3~Q3

n3 n3

< (log n)C/2=5 Qs < (log n)iA+32

for C' = 8A + 20 + 74 since Q3 < (logn)"’.

So we see that Q3 cannot be chosen as a power of n using the given method.
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But this estimation shows Lemma 4 for Q; < n'/2/(logn)” and Q3 < (logn)’
as required. O

Proof of Lemma 5.

By Lemma 2 of A. Balog in [1] we have the validity of the following assertion.
For C > 0 there exists a D = D(C) > 0 such that for any a € R with
la — | < & with integers (u,v) =1 and (logn)? < v < Toamyp We have

n
Z ¢z max |S3(a)]® < ok
q3<n?/3/(log n)P (a0.02)=1 (log n)
and since Q3 < (logn)? < (log )D also
, n>
S <
Z qs aH}]aX_ ‘ 3( )‘ (logn)

q3~Qs3

By Dirichlet’s Approximation Theorem, for « € R and B > 0 there exist
B
integers u,v, 1 < v < n/(logn)?, with (u,v) =1 and ||a — | < (logn)

, and
for a € m it follows that v > (logn)?.

Therefore the conditions of Balog’s Lemma are fulfilled if we take B >
D(8A 4 20 4 74), and it can be applied then. It follows that for all @ € m

we have )

n
> g max |S5(a)* < 8AT20+74
q3~Q3 (log 77,)

and so we have for all g3 ~ Q3 and (a3, ¢3) = 1 the inequality

2

2
1S3()]” < g5 (log n)BA+20+71"
since
2
2 n
|53( )| <L — Q qz;) qgmax|53( )| <L —= Qg (logn)8A+29+74‘
3™~ 3
That shows Lemma 5. ]
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6 Proof of Theorem 2

Now we prove Theorem 2 in this last section. Let A,0,9 > 0 be as in
Theorem 2 and let n be odd and sufficiently large.

Besides J3(n) consider also

Ry(n)= ) logplogpalogps and r3(n)= ) 1.

P1,p2,P3 P1,p2,P3

p1+p2+p3=n p1+p2+p3=n
pi=a; (gi), pi=a; (¢i),
i=1,2,3 i=1,2,3

Then we have
| Rs(n) — Js(n)] < (logn)*W,

where W denotes the number of solutions of p! + ¢/ + r* = n, with p,q,r
prime and where [, j or k are at least 2, and p' = a; (q1), ¢ = as (q2),
r* = a3 (g3). Now four cases occur: For i = 1,2,3,4 let W) be the number
of solutions in case (i), namely (1)1,5 > 2, (2)I{=1,7>2,(3)1 > 2,5 =1,

A)l=j=1k>2.

In case (1) there are at most O(y/n) many possibilities for p',¢ < n, so

2 2
Wa) < nand we have > maXg, 40 W) < (log:fm < fogmass
since ¥ > 0 + A + 3.
In case (4) we have at most O(y/n) many possibilities for r* < n and
n n3/2
< o many for ¢, so Wy < - and we get Y s

Q1Qsn*? € gtirmy € o since 9 > 0+ A+ 3,

MaXay,a2,a3 W(4) <

The same estimation comes of course analogously with W, in case (2).
In case (3) we consider the number

#p' <miz2p=a(@)} < ) Am)(1—p@P(m) = N(a,q)

m<n
m=ai(q1)

in the context of section 3, with b, := A(m)(1 — p*(m)). Then W3 <
N(ay,q1) - -, and by application of Lemma 2 we get

1/2
Z max W) < n@s Z max N(a, 1) € nQs (Z ¢1 max N(ay, q1)2>
q1

ai,a2,as
q1,92,93 q1

2 1/2
< an,(% + ng/QH) logn
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since

Dbl = D> A(m)(1—p*(m))’ < ) (logp)® < Vnlogn

m<n m<n pk<n
m=a1 (q1) k>2

and Ql S \/ﬁ

If we choose the parameter H as H : n /2

= W we get further

2

3/2 2A+6 2 n 1/2
Z max Wiy < nQ3 (n (logn)** Q5 + O2llog nyEA+ n)2A+6>

n? n?

(log n)A+3 < (log n)A+3"

q1,92,93

< n-n**Q3(logn)**P +

So we get
2

E max W € ———.
a1,a2,a3 (logn)A+3
41,492,493

Therefore it follows from Theorem 1:

E max E max E max
as as ay
q3 q1

q2

< E max E max E max
as a2 ail
q3 q2 q1

n?Ss(n) ’
20(q1)¢(q2)(g3)

Rg (n) —

Ry(n) — Jg(n)’

n?Ss(n)
+ max max max|J3(n) — ‘
2 mix 2 2 x| hn) = 5 et
2
n
w( 3 :
< 2 o Wllogn)® + o s < g

q1,92,493

So the formula of Theorem 1 holds also for R3(n) instead of J3(n).
Now let g3 < Q3 = (logn)? and (as, ¢3) = 1 be fixed.

For given ¢, and admissible ay consider
Q1 :={q < Q1; Fa; adm. : R3(n) =0}, FEy:=#Qy,
and

Qs = {2 £ Qy; Jay adm. : B} > Q,(logn) ™}, Ey:=#Qs.
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We have S3(n) > 1 if it is positive (see the formula for it as Euler product),

so we have
Ql n?
E, - <
(logn) Q1Q2Q3
2S.

< Z max max | n55(n)

ord Elai(ag;)A oty fapdm 120(0)e(a2)¢(g)
— (logn

< "

(log n)2A+6

by Theorem 1, and it follows that Ey < Q2(logn)~4.

So for almost all g, and all admissible as we have that £ < Q;(log n)*A, that
means that for almost all ¢; and all admissible a; it holds that R3(n) > 0.

Since r3(n) > %, it follows that r3(n) is positive, too, so Theorem 2
follows. [
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