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Abstract

For

J3(n) = > logpi logp; logps
p1t+p2+p3=n
p1=a1 (modq1)

it is shown that

2

max |J3(n) — S3(n)| <4 n*(logn)~4,

_n
(a1,q1)=1 2¢(q1)

for any A and any 6 < 1/2, what improves a work of D. I. Tolev; S3(n) is the
corresponding singular series. A special form of a sieve of Montgomery is used.
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1 Intoduction

Let ¢ > 1 and a; with 0 < a; < ¢; be pairwise prime integers. We investigate
the number of representations of a sufficiently large number n € N as a sum
of three prime numbers pq, ps, p3, the first one lying in the residue class of a;
modulo ¢;. For the number

Js(n):= Y logp logps logps,
p1+p2+p3=n
p1=a1 (mod q1)
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which goes closely with the number we are looking for, weighted just with
log py log ps log ps, Zulauf shows in [4] and [5] for ¢ < log”n (D > 0 fixed)
the asymptotical formula

n?Ss(n) n?
J. = O for all A > 0.
3(n) 2@((]1) + logA E or a

Here the O-constant is depending only on D and A, the singular series S3(n)
only on a; and ¢;, in product form it is

so= 1 () D) 1 (o) 152

We consider now the question whether one can find larger bounds than log” n
for the modulus ¢y, such that the difference of J5(n) and the main term in-
cluding the singular series stays very small in average. We show the following

Theorem 1 For every positive fized 6, < % and A > 0 we have

77,2

_ n*S3(n)
20(q1)

Jg(n)

£ = max
Zgl (a1,q1)=1

A
a<n log” n

Tolev shows this in [2] for 6, < 3.

Notation. We denote by ¢(n), u(n) and d(n) the functions of Euler, Mbius
and the divisor function.

2 Approach by the circle method

Let Si(a) := > logpe(ap) and S(a) :== > logp e(ap), then

p<n p<n
p=a1 (mod q1)

1—&

B = [, Si(a)$*(a)e(~na) da,

n

where R := log” n with B := 6A+27 > 0. Now we decompose the real interval
[—£,1 — £] into major arcs



and minor arcs m := {—%, 1- %} \ M. Let

JP(n) = /Sm S1(a)S%(a)e(—na) da

be the contribution of J3(n) to the major arcs, and J§*(n) the contribution to
the minor arcs. We estimate the mean error £ by the sum of
n?Ss(n)

M
73] 2¢(q1)

EM .= max
Z (a1,q1)=1

q1<n%1

and

E™:= > max |J{(n)].

a1 <nf1 (a1,91)=1

Tolev shows in [2] that £ <« logjn for 6; < $ using the theorem of Bombieri

and Vinogradov where R = log” n with B > A+5. The problematic estimation

2 . .
EM K logAn on the minor arcs is shown for 8; < %

3 Proof of the Theorem

So for proving Theorem 1 we show now the estimation £™ <« logf, - for 6; < %

Besides J3(n) we also consider for m <n

Jo(m) = Y logps logps
p2+p3=m

and decompose Jy(m) into the parts on 9t and m according to

1—&

Jo(m) = L_ " 5%(a) e(—ma) da

= (/n +/m> S%(a) e(—ma) da =: JF(m) + J&(m).

m

For J§*(m) we derive two bounds, first the trivial one

1
Jp(m) < [ 18(a)Pda = 3 logp < nlogn, (1)

p<n

and secondly, using Bessels inequality,

S 1) < [ 18%@)Pda < [ |8(0)da - max|S(e)l

m<n
= 2
o 2 3 (2)
nlogn - = .
& log?8n  1logfn




For the last estimation of |S(a)| on m see Vaughan [3], Theorem 3.1. There,
R = log? n is used.

With this we estimate a part of the sum in £™, for fixed Q; < n?', namely

= Y max [P@I<Tmax X logp [ —p)
Qi<qi<2Q, (P 1)=1 a pr<n
p1=a1 (mod q1)

<Ymac Y logn [ m).
q1

m<n
m=n—a1 (mod q1)

For 0 < a; < ¢; we consider the number

n
N(ai, q1) := #{m <n; m=n-—a (modq), [J3(m)]> m}

of natural m < n with m =n — a; (mod ¢;) for which |J3*(m)| is big. Then

m<n m<n

£y, < Zmax( > logn [J3(m)| + > logn P :12 )
o al og n

m=n—a1 (modq1) m=n—a1 (modq1)
‘Jg‘(m)|>logAn+2n ‘Jg‘(m)|§logAn+2n
(1) 2 n n
< Y max nlog"n N(a1,q1) + Y —logn ———
2 n’
< nlog®n max N(a,q1) + ———
g %: L (a1, q1) 1ogA+1n
1
2 3 2\’ ?
< nlog®n Q3 max N (aq, 4+ —,
g n Qf (%: 1 (a1, q) ) 1ogA+1n

the last step follows by application of the Cauchy-Schwarz-inequality and ()7 <
q1 < 20)1. Now we split the sum over the modules ¢; according to their number
d(q) of divisors, namely

2

&g < nlog®n Elé +nlog®n EQ% + logziﬂn
with
By = qZ @ max N(ar, q1)°
T
d(q1)<log***7n
and
Ey = Z O max N(aq, q1)2.

q1
d(q1)>log?4+ 7 n



If it is now possible to show for 1 < nZ the estimations

2

n
E17 E2 << W’ (3)
then 2
n
6 < oy
and finally
s Y e <logn <
< < logn - < ’
Z',Q1=2i§n91 o logA+1 n lOgA n

as was stated.

4 Estimations for F; and F,

Now we look at the estimations in (3). First consider the easier part, namely
EQ. Let

Ag, = #{q1; Q1 <@ <2Q1,d(q1) > log***"n},

then
Ag, log** ™ n < > Z (¢1) < @Q1logn,
q1<2Q1 1<2Q
d(q1)>log?4* " n
SO

o
AQI < 10g2A+6 n

Since N (a1, q1) < & we get

Yok« n*
By < 1= < Ag 7 < —5are—
Q1<q1<2Q: { Q1 log* o n

d(q1)>log?4t 7 n

Now to E;. We set for m < n

T if [J3*(m )|>A7+27
e 0, otherwise,

thus

N(ay, i) = Y, bn and let N:= > N(a,q),

m<n 0<a1<q1



for o« € R let

T(a) := Y bpe(am).

m<n

For 0 < h < ¢ let
q q
fular) = S ld) % v (D),

dlq1

by Mobius’ inversion formula we get

q1N<h7 Q1> = Z fh<d)

dlq1
for all h. So
1
E, = > —max ¢ N(ay, q)*
q1 ql al
d(q1)<log?4+7n
1 2
-2 (Z fal(d)>
o o« ' dlq1
d(q1)<log?4+7n
1 2
D DR <Z \fa1<d)|>
o &« 1 dlq1
d(q1)<log?**7n
1
< > “ <Z 1) (Z max £ ()] 2)
d(Ql)glilg?AH n dlq1 da

using the Cauchy-Schwarz-inequality.

The maximum is taken over a; with 0 < a; < ¢ and (ay,¢1) = 1. Since
| fa, (d)]? is d-periodic in a; for d|q; (as N(a; + d,t) = N(aq,t) for t|d), its
maximum stays equal if taken only over a; with 0 < a; < d and (a1,d) = 1.
We further get

ns Y i) (S X )

q1 d|q1 0<a1<d
d(q1)<log***7n

By Montgomery in [1], equation (10), we have the formula

1d,1 ) a 2
i lnar= X |r(5)
h=0 a<d

(avd)zl



that we can apply here. We get

2

B< Y id«h)zdz

q1 d‘ql a<d

(i)

d(q1)<logA+7 (a,d)=1
d a 2
S Z 10g2A+7n Z - Z T<—>
d<2Q: Qi<q<2: N1 a<d d
d|q1 (a,d)=1
We have
d 1
—= > S <logn
qQ1 Q 2 q
R e S
SO

E1<<log2A+8n Z Z

dSQQl a<d

a
T —
(a,d)=1

by application of the large sieve. Let

< log®* B n (n+Q*) N

m n 3
N::{mgn; |J2(m)\>m}, i.e. #N = N,

then

3

2 2
n m . n
(NlogA+2n> = (Z 3 <m>|> SN2 EmP < NlogB_gn

meN m<n

by (2), so we have
n
N < logP AT, °

By this and applying Q; < n? (since 6; < 3) it follows that
2 2

n n

E < logP—2A-13-24-8 = log?A¥0

as B = 6A + 27. So everything is shown.
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