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Exercise 1: Points of order 3

What is a geometric condition on P having order 3?

Let E be the elliptic curve with affine equation y2 = x3+ax+b over a field k with char(k) 6= 2, 3.
Prove: A point P = (x, y) ∈ E(k) has order 3 if and only if 3x4 + 6ax2 + 12bx− a2 = 0 holds.

Exercise 2: Number of points on elliptic curves over finite fields

Let p > 2, E : y2 = x3 + ax+ b be an elliptic curve over Fp and

(a
p

)
=


0, a = 0,

1, ∃ b ∈ Fp, b 6= 0 : b2 = a,

−1, else

the generalized Legendre symbol. Prove:

(a) #E(Fp) ≤ 2p+ 1.

(b) #E(Fp) = p+ 1 +
∑
x∈Fp

(x3 + ax+ b

p

)
.

(c) Consider the elliptic curve E : y2 = x3 + x+ 1 over F7. Compute #E(F7) by using (b).

Exercise 3: Bisection points

Let k be a field with char(k) 6= 2, 3 and E(k) the elliptic curve with affine equation y2 = f(x) :=
x3 + ax+ b. A point P ∈ E(k) is called bisection point, if 2P = O holds.
Prove: E(k) has one, two or four bisection points.
Is the case of having exactly one bisection point actually occuring?


