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Abstract

The full asymptotic expansion of the equivariant complex Ray-Singer torsion for high
powers of line bundles on symmetric spaces is given in an explicit form. In the case
of isolated fixed points this expansion is given for general complex homogeneous spaces.
Furthermore the full asymptotic expansion is given for the complex analytic torsion form
associated to fibrations by projective curves. The expansions are compared with results
by Bismut–Vasserot, Finski and Puchol. The results are applied to lattice representations
of Chevalley groups.
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1 Introduction

Ray-Singer’s complex analytic torsion T (M,E) ∈ R is an invariant associated to Hermitian
holomorphic vector bundles E on compact Hermitian manifolds M . It is defined using regu-
larised determinants of Laplace operators. Its primary application lies in the construction of
the determinant of a direct image of Hermitian vector bundles within the context of Arakelov
geometry. Analogous to the role played by the Kodaira vanishing theorem in algebraic geome-
try, describing the asymptotic behaviour of analytic torsion for increasing tensor powers Lℓ of
positive line bundles L→M implies arithmetic Hilbert-Samuel theorems in Arakelov geometry.
The oldest such result [BV1, Th. 8] was proven by Bismut and Vasserot, who computed the
first two leading terms of the asymptotic expansion of the torsion in terms of curvatures and
characteristic classes. Gillet and Soulé combined this result with their arithmetic Theorem of
Riemann–Roch [GS2, Th. 7] to obtain the first version of an arithmetic Hilbert-Samuel theorem
[GS2, Th. 8]. Since then, arithmetic Hilbert-Samuel theorems have played a fundamental and
crucial role in Arakelov theory, emphasising the importance of the asymptotic expansion as a
natural approach to them.
Bismut and Vasserot extended their result to symmetric powers of positive vector bundles of
higher rank ([BV2]). Finski proved that the full asymptotic expansion of T (M,Lℓ) consists
only of terms of the form ℓk and ℓk log ℓ and he gave a formula for the 3rd and 4th term in
the asymptotic expansion ([Fi]). He extended this result to orbifolds. Other extensions and
applications to physics have been given by Berman ([Ber]), Su ([Su]) and Larráın-Hubach ([La]).
Ray-Singer’s analytic torsion has a form-valued generalisation to fibrations, the complex ana-
lytic torsion form ([BK]) which can be used to define a full direct image of Hermitian vector
bundles in Arakelov geometry. In [P] Puchol generalised Bismut–Vasserot’s result to torsion
forms and more general bundles than the symmetric powers considered in [BV2], given as an-
other direct image. Puchol’s main result has been extended to equivariant torsion forms by
Teßmer ([T], preprint) for high powers of line bundles.
For the real analytic torsion the problem was studied by Bergeron and Venkatesh on locally sym-
metric spaces ([BV1]) and by Bismut, Ma, and Zhang for real analytic torsion forms ([BMZ]).
These have been further investigated by Liu ([Liu1], [Liu2]) for locally symmetric spaces and
Q. Ma ([Mq]).
There is an equivariant version Tt(M,E) of complex analytic torsion defined by the author
in [K1]. Consider a compact Lie group G and a complex homogeneous space G/K. Let
L := LρK+λ → G/K be an equivariant line bundle associated to a weight λ, where ρ is the
Weyl vector, and choose t ∈ G. One goal of the present paper is to give an explicit formula for
all terms in the asymptotic expansion of Tt(G/K,L

ℓ) in term of roots and Weyl chambers, if t
acts with isolated fixed points.

Definition 1.1. Let Φ denote the Lerch zeta function and consider a function P : Z → C of
the form

P (k) =
r∑
j=0

cjk
njeikφj

with r ∈ N0, nj ∈ N0, cj ∈ C, φj ∈ R for all j. Then for p ∈ R we shall use the notations

ζP :=
∑r

j=0 cje
iφjΦ(eiφj ,−n, 1), ζ′P :=

r∑
j=0

cje
iφj

∂

∂s
Φ(eiφj ,−n, 1)

and ζm,a
∑r

j=0 cje
ikφj :=

∑m
j=0 cje

iφjΦ(eiφj ,−m, a+ 1).
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The following result is proved in Section 8, using characters χρ+ℓλ+kα(t) of G-representations
which for generic t ∈ G are linear combinations of terms of the form ei(φ

′ℓ+φk) with φ, φ′ ∈
R \ 2πZ. While the general results about complex analytic torsion cited above lack error
estimates, in the case considered here the error term takes a very explicit form in Th. 8.1 and
error bounds of various levels of precision and simplicity are shown in Lemma 8.2.

Theorem 1.2. Let M = G/K be a compact complex homogeneous space and let L := LρK+λ

be a G-invariant holomorphic Hermitian line bundle on M . Assume that L is positive in the
sense that ∀α ∈ Ψ : ⟨α∨, λ⟩ > 0. Fix a Kähler metric gX0 on M . Let t ∈ G act on M with
isolated fixed points. Then the asymptotic behaviour of the equivariant analytic torsion for high
powers of L is given by

Tt((M, gX0), L
ℓ
ρK+λ) = − log ℓ · ζ

∑
α∈Ψ

χρ+ℓλ+kα(t) + ζ′
∑
α∈Ψ

χρ+ℓλ+kα(t)

−
∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t) + C̃ · χρ+ℓλ(t)

+
∑
α∈Ψ

N−1∑
m=1

ζm,⟨α∨,ρ⟩χρ+ℓλ+kα(t)

(−⟨α∨, ℓλ⟩)mm
+R1

with |R1| < (N−1)!
(2πℓc2)N

c1 for explicitly given c1, c2 ∈ R+ which are independent of N and ℓ. The

constant C̃ vanishes if G does not contain a factor of type G2, F4 or E8.

This is an asymptotic expansion in the following ways: Firstly, for each positive invariant line
bundle on a given homogeneous space there exist r ∈ N, φj, aj,m ∈ R for each j = 1, . . . , r,m ∈ Z
such that Th. 1.2 provides an expansion in terms of an asymptotic scale

(a1,me
iℓφ1 + · · ·+ ar,me

iℓφr)ℓm log ℓ, (a1,me
iℓφ1 + · · ·+ ar,me

iℓφr)ℓm (m ∈ Z,m ≤ m0).

Secondly, for the summands withm > 0 Th. 1.2 can also be regarded as a generalised asymptotic
expansion in terms of the asymptotic scale ℓm log ℓ, ℓm, where the coefficients are not constant
with respect to ℓ, but bounded. Such a notion is meaningless for the terms with m ≤ 0 though.
Thirdly, the crucial interpretation for the applications to Arakelov geometry stems from the
fact that, in this case, the finitely many angles φj lie in Q ·π. Hence there exists a q ∈ Z+ such
that they have the form 2π

pj
q
. The isotypical components e2πiℓp/q of the action of Z/qZ thus

have an asymptotic expansion in terms of the asymptotic scale ℓm log ℓ, ℓm.
When G/K is an Hermitian symmetric space an asymptotic expansion is given for any t ∈ G in
Section 5, where the characters now are linear combination of terms of the form kmℓm

′
ei(φ

′ℓ+φk)

with φ, φ′ ∈ R, m,m′ ∈ N0. In the following, log‡(x + 1) := −
∑∞

k=1
(−x)k
k

is considered as a
formal power series.

Theorem 1.3. Consider the same situation as in Th. 1.2 and additionally assume that G/K is
symmetric. Then the asymptotic behaviour of the equivariant analytic torsion for high powers
of L with respect to an action by any t ∈ G is given by

Tt(G/K,L
ℓ
ρK+ℓλ) = −

∑
α∈Ψ

log
⟨α∨, ℓλ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t) +
∑
α∈Ψ

ζ′χρ+ℓλ+kα(t)

−
∑
α∈Ψ

ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

+R2

with |R2| < (dim(G/K)t+N−1)!
(2πℓc2)N

c1 for explicitly given c1, c2 ∈ R+ which are independent of N and
ℓ.
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As detailed in [KaK, Cor. 7.3] by Kaiser and the author, one term in the formula for the
torsion corresponds to one side of the Jantzen sum formula ([J, p. 311]), classifying lattice
representations of Chevalley schemes. Using this relation Theorems 1.2 and 1.3 directly yield
asymptotic formulae (Th. 7.1) for the arithmetic character given by the Jantzen sum formula.
A fourth result concerns the Lie-algebra-equivariant torsion with respect to the action of a
vector field introduced by Bismut and Goette ([BG]). Theorem 9.1 provides the full asymptotic
expansion of this torsion on P1C.
A fifth main Theorem 10.3 gives the full asymptotic expansion of torsion forms associated to
fibrations by rational curves.
Theorem 6.5 shows that in the non-equivariant case the four leading terms are equal to the
values given by Bismut–Vasserot and Finski. Lemma 10.6 verifies that in the case of a fibra-
tion by rational curves, the top terms in the expansion of the torsion form equal the formula
presented by Puchol.
Curiously, the comparison with a multiple of 7

24
in Finski’s result requires several unusual

results about Lie algebras in Prop. 6.1-6.4, such as the quotient of the Killing forms of G and
K being given by 3 dimK−dimG

2(dimK−1)
for a symmetric space G/K. Similarly suprising is the fact that

the deduction of the asymptotic expansion for the torsion form needs a closed formula for the
sum

∑j
r=0

(
j
r

)
ar

j+m−r (Prop. 10.1) that has not been published before. The computation of
the asymptotic expansion relies on formulae for the analytic torsions that were given by the
author in terms of Lie algebras and the Lerch zeta function in [K2] and [K4]. This reduces
large parts of the proofs to results about such objects. Several of the intermediate lemmata are
generalisations to the equivariant case of results in [KaK, Section 8], where they were needed
to compute arithmetic heights.

2 Asymptotic expansion of a derivative of the Lerch zeta

function

The Lerch zeta function is defined by

Φ(z, s, v) =
∞∑
k=0

zk

(k + v)s

for z ∈ C, |z| < 1, v ∈ C \ Z−
0 ([Erd1, 1.11(1)]) and s ∈ C, Re s > 1. As in [Ap, p. 161], we

consider the extension of this function to |z| ≤ 1 and for fixed z its analytic continuation to
s ∈ C (for z ̸= 1) and s ∈ C \ {1} (for z = 1). Notice that for fixed Re s < 0 and any fixed v,
Φ is not continuous at z = 1, as lim z→1

z ̸=1
|Φ(z, s, v)| = ∞. By definition one obtains for Re v > 0

zΦ(z,−s, v + 1) = Φ(z,−s, v)− vs. (1)

(see [Ap, Eq. (3.3)]). One thus finds

Φ(z, s, v + ℓ) = z−ℓ

(
Φ(z, s, v)−

ℓ−1∑
k=0

zk

(v + k)s

)
. (2)

Let ζ(s) denote the Riemann zeta function and let ζ(s, a) =
∑∞

m=0(m + a)−s (for Re s >> 0)
denote the Hurwitz zeta function. We define the Harmonic Numbers by Hm :=

∑m
j=1

1
m
, the

Bernoulli polynomials via text

et−1
=:
∑∞

m=0
tm

m!
Bm(x) and the Bernoulli numbers as Bm := Bm(0).
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We shall need the following Theorem about asymptotic expansions of a derivative of the Lerch
zeta function, as it yields the asymptotic expansion of sums of the form

v∑
k=1

kmeikφ log k = ei(v+1)φ∂Φ

∂s
(eiφ,−m, v + 1)− eiφ

∂Φ

∂s
(eiφ,−m, 1) (3)

which appear in the formula for the torsion on symmetric spaces. Such an asymptotic expansion
has been given by Katsurada ([Kat, Th. 16]). In contrast to his result, we specialise to s ∈ Z−

0

to get more explicit expressions for the coefficients and the error term. For eiφ = 1 such a result
has been obtained by Elizalde ([Eli]), and we derive an explicit error bound R in the proof.

Theorem 2.1. Consider φ ∈ R, N ∈ Z+ and a ∈ N0. If eiφ ̸= 1, s = −n ∈ Z−
0 ,

∂Φ
∂s

has the
asymptotic expansion for v → ∞

∂Φ

∂s
(eiφ,−n, v + a) =

n∑
m=0

vm
( n
m

)
Φ(eiφ,m− n, a) · (− log v +Hm −Hn)

+
N−1∑
m=1

Φ(eiφ,−m− n, a)

(−v)mm
(
m+n
n

) +
R(eiφ,−N − n, a, n, v)

(−v)NN
(
N+n
n

) .

In the case eiφ = 1 one obtains

∂Φ

∂s
(1,−n, v + a) = vn+1

(
log v

n+ 1
− 1

(n+ 1)2

)
+

n∑
m=0

vm
( n
m

)
Φ(1,m− n, a) · (− log v +Hm −Hn)

+
N−1∑
m=1

Φ(1,−m− n, a)

(−v)mm
(
m+n
n

) +
R(1,−N − n, a, n, v)

(−v)NN
(
N+n
n

) .

In both cases the coefficient of log v on the right hand side is equal to −Φ(eiφ,−n, v + a) log v.
There is an explicit bound

|R(eiφ,−N, a, n, v)| <
N !

(2π)N+1

(
ζ(N + 1,

φ

2π
) + ζ(N + 1, 1− φ

2π
)
)
+ ζ(−N)− ζ(−N, a)

=: C(eiφ,−N, a).

Note that there is no vn-term in this expansion, although there is a vn log v-term. The case
eiφ = 1, a ∈ {0, 1} can be simplified as Φ(1,−m, 0) = Φ(1,−m, 1) = ζ(−m) vanishes form even.
In the special case ∂Φ

∂s
(1, 0, v) = log Γ(v) − log

√
2π ([Erd1, eq. 1.10(10)]) Th. 2.1 corresponds

to Stirling’s approximation, and in general we proceed similarly to [Erd1, eq. 1.18(9)].

The term ζ(−N) − ζ(−N, a) is a Faulhaber polynomial BN+1(a)−BN+1

N+1
=
∑a−1

m=1m
N for a ≥ 1,

and vanishing for a ∈ {0, 1}. For φ ∈]0, 2π[ one finds∣∣∣ζ(N + 1,
φ

2π
)− (

φ

2π
)−N−1 − (1 +

φ

2π
)−N−1

∣∣∣ < ∫ ∞

1

dk

(k + φ
2π
)N+1

=
1

N
(1 +

φ

2π
)−N

by replacing the sum with an integral. In the case N odd Lerch’s transformation formula
shows that the first summand in the bound equals iN+1eiφΦ(eiφ,−N, 1). For eiφ ̸= 1 this term

equals −1
2
∂N

∂φN
cot φ

2
([Erd1, Eqs. 1.16(4), 1.16(9)]). In the case N = 4Ñ + 1 and eiφ = 1, this

causes the first summand in the bound to cancel with the second summand ζ(−N). In the case
N = 4Ñ + 3 and eiφ = 1, these terms are equal.
By [Erd1, eq. 1.11(15)], Φ(eiφ,−m, 0) = m!

(−iφ)m+1 +O(1) for φ→ 0+.
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Proof. First notice that

∂

∂s |s=−n

(
−s
q

)
=

−1

q!

q−1∑
j=0

q−1∏
r=0
r ̸=j

(n− r)

=


n!(q−1−n)!(−1)q−n

q!
= (−1)q−n

(q−n)( qn)
if n ∈ {0, . . . , q − 1},(

n
q

)∑q−1
j=0

1
j−n else.

(4)

For z ̸= 1 and any a ∈ N0, the value Φ(z,−m, a) is a rational function in z given recursively by

Φ(z, 0, a) =
1

1− z
, Φ(z,−m− 1, a) = z1−a

∂

∂z
(zaΦ(z,−m, a)). (5)

In particular for m ∈ Z+ one finds

∂m

∂um
e−au

1− ze−u
= z−a

∂m

∂um
e−auzaΦ(ze−u, 0, a) = (−1)me−auΦ(ze−u,−m, a). (6)

For N ∈ Z+, |z| = 1, z = eiφ ̸= 1, u ∈ [0,∞], Taylor’s Theorem with the Lagrange form of the
remainder shows the existence of ξ ∈ [0, u] such that

e−au

1− ze−u
−

N−1∑
m=0

(−u)mΦ(z,−m, a)
m!

=
uN

N !

∂N

∂uN |u=ξ

e−au

1− ze−u
=
uN

N !
(−1)Ne−aξΦ(ze−ξ,−N, a). (7)

This is Apostol’s Taylor expansion in u ([Ap, Eq. (3.1) and the eq. before]). Its radius of
convergence is given by min{|u| | 1 − ze−u = 0} = min |φ + 2πZ|. Lerch’s Transformation
formula in its form in [Ob, Eq. (9)]

Φ(eiφ−ξ,−m̃, ã) = Γ(1 + m̃)eã(ξ−iφ)
∑
k∈Z

e2πikã

(2πik + ξ − iφ)m̃+1
(8)

(ã ∈]0, 1], φ ∈ [0, 2π[, Re m̃ > 0) shows for z = eiφ ̸= 1, ξ > 0, N ∈ Z+ that

∣∣(−1)Ne−aξΦ(ze−ξ,−N, a)
∣∣ (2)= ∣∣∣∣∣eiφ−ξΦ(ze−ξ,−N, 1)−

a−1∑
m=0

em(iφ−ξ)mN

∣∣∣∣∣
≤ N !

(2π)N+1

∣∣∣∣∣e−iaφ
+∞∑

k=−∞

(k +
ξ − iφ

2πi
)−N−1

∣∣∣∣∣+
a−1∑
m=0

mN

≤ N !

(2π)N+1

+∞∑
k=−∞

|k − φ

2π
|−N−1 + ζ(−N)− ζ(−N, a)

=
N !

(2π)N+1

(
ζ(N + 1,

φ

2π
) + ζ(N + 1, 1− φ

2π
)
)
+ ζ(−N)− ζ(−N, a)

= C(z,−N, a). (9)

Hence ∣∣∣∣∣ e−au

1− ze−u
−

N−1∑
m=0

(−u)mΦ(z,−m, a)
m!

∣∣∣∣∣u−N <
C(z,−N, a)

N !
. (10)
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The Lerch zeta function verifies for Re v > 0 and either |z| ≤ 1, z ̸= 1, Re s > 0 or z = 1,
Re s > 1 the relation Φ(z, s, v) = 1

Γ(s)

∫∞
0

us−1

1−ze−u
du
evu

([Erd1, eq. 11.1(3)]). One obtains for z ̸= 1,
Re s > 0, Re v > 0

Φ(z, s, v + a) =
1

Γ(s)

∫ ∞

0

(
e−au

1− ze−u
−

N−1∑
m=0

(−u)mΦ(z,−m, a)
m!

)
us−1 du

evu

+
N−1∑
m=0

(−1)mΦ(z,−m, a)
m!

v−m−sΓ(m+ s)

Γ(s)

=
1

Γ(s)

∫ ∞

0

(
e−au

1− ze−u
−

N−1∑
m=0

(−u)mΦ(z,−m, a)
m!

)
us−1 du

evu

+
N−1∑
m=0

Φ(z,−m, a)v−m−s
(
−s
m

)
. (11)

According to Ineq. (10) the integral in Eq. (11) is holomorphic in s for Re s > −N, v > 0. As
the last summand in Eq. (11) is holomorphic in s ∈ C, by analytic continuation Eq. (11) holds
for Re s > −N, v > 0. Setting s = −n in Eq. (11) proves the statement about the coefficient of
log v in the theorem, as the factor 1

Γ(s)
causes the integral term to vanish.

Using
(

1
Γ(s)

)′
|s=−n

= (−1)nn!, the derivative at s = −n > −N is given by

∂

∂s
Φ(z,−n, v + a) = (−1)nn!

∫ ∞

0

(
e−au

1− ze−u
−

N−1∑
m=0

(−u)mΦ(z,−m, a)
m!

)
du

un+1evu

+
N−1∑
m=0

Φ(z,−m, a) ∂
∂s |s=−n

(
v−m−s

(
−s
m

))
. (12)

Let (−v)n−N R(z,−N,a,n,v)
(N−n)(Nn )

denote the first summand on the right hand side. By using inequality

(10) when integrating over u one finds |R(z,−N, a, n, v)| < C(z,−N, a). For s = −n, substi-
tuting Eq. (4) in the third summand in Eq. (12) proves the first formula in the theorem. In the
case z = 1 the result follows by using the classical Taylor expansion

e−au

1− e−u
=

1

u
+

∞∑
m=0

(−u)mΦ(1,−m, a)
m!

. (13)

Here Φ(1,−m, a) = ζ(−m, a) = −Bm+1(a)
m+1

holds. Expanding e−au

1−e−u − 1
u
as in (7), one finds the

Lagrange remainder estimate∣∣∣∣e−aξΦ(e−ξ,−N, a)− N !

ξN+1

∣∣∣∣
(2)
=

∣∣∣∣∣e−ξΦ(e−ξ,−N, 1)− N !

ξN+1
−

a−1∑
m=1

e−mξmN

∣∣∣∣∣
=

∣∣∣∣∣ N !

(2π)N+1

(
ζ(N + 1, 1 +

ξ

2πi
) + ζ(N + 1, 1− ξ

2πi
)

)
−

a−1∑
m=1

e−mξmN

∣∣∣∣∣ (14)

≤ 2N !ζ(N + 1)

(2π)N+1
+ ζ(−N)− ζ(−N, a) (15)
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and thus a bound C(1,−N, a) = N !2ζ(N+1)
(2π)N+1 + ζ(−N)− ζ(−N, a) as above. The term 1

u
provides

a first summand equal to

∂

∂s |s=−n

1

Γ(s)

∫ ∞

0

1

u
us−1 du

evu
= vn+1

(
log v

n+ 1
− 1

(n+ 1)2

)
.

In this case z = 1 the error term R is given by

R(1,−N, a, n, v)

=
(−1)NvN−nN !

(N − n− 1)!

∫ ∞

0

(
e−au

1− e−u
− 1

u
−

N−1∑
m=0

(−u)mΦ(1,−m, a)
m!

)
du

un+1evu
.

Corollary 2.2. For eiφ ̸= 1, N > 0, ∂Φ
∂s

has the asymptotic expansion for v → ∞

∂Φ

∂s
(eiφ, 0, v + a) =

− log v

1− eiφ
+

N−1∑
m=1

Φ(eiφ,−m, a)
(−v)mm

+
R(eiφ,−N, a, n, v)

(−v)NN
.

For eiφ = 1, one obtains

∂Φ

∂s
(1, 0, v + a) = v log v − v + (a− 1

2
) log v +

N−1∑
m=1

Φ(1,−m, a)
(−v)mm

+
R(1,−N, a, n, v)!

(−v)NN
.

3 Asymptotic expansion of sums over polynomials times

logarithms

In this section, using Th. 2.1, we derive formulae for the asymptotic expansion of sums of the
form

∑v
k=1 P (k) log k, where P : Z → C is a function of the form

P (k) =
r∑
j=0

cjk
njeikφj (16)

with r ∈ N0, nj ∈ N0, cj ∈ C, φj ∈ R for all j. We shall use linear operators ζ, ζ′, P ∗ etc. as in
[K2, p. 102]: For p ∈ R we shall use the notation P odd(k) := (P (k) − P (−k))/2, furthermore
ζ, ζ′ as introduced in Def. 1.1 and

P ∗(p) := −
r∑
j=0

φj≡0 mod 2π

cj
pnj+1

4(nj + 1)

nj∑
ℓ=1

1

ℓ
, P̃ ∗(p) :=

r∑
j=0

φj≡0 mod2π

cj
pnj+1

2(nj + 1)2
,

ResP (p) :=
r∑
j=0

φj≡0 mod2π

cj
pnj+1

2(nj + 1)
.

The variable on which these operators act will always be denoted by k in this article.

Remark 3.1. Informally, ζ and ζ′ can be interpreted as ”ζP =
∑∞

k=1 P (k)” and ”ζ′P =
−
∑∞

k=1 P (k) log k”, where the right hand sides are not well-defined.

8



Notice that
ζ(P (k) + P (−k)) = −P (0) (17)

by [Erd1, 1.11(17)] or [K2, Eqs. (61), (63)] (or deduce it from Eq. (5)). Similarly, differentiating
Jonquière’s relation [Erd1, 1.11(16)] by s shows for φ ∈ [0, 2π], n ∈ Z+ that

ζ′(kneikφ + (−k)ne−ikφ) = eiφ
∂

∂s
Φ(eiφ,−n, 1) + (−1)ne−iφ

∂

∂s
Φ(e−iφ,−n, 1)

= πieiφΦ(eiφ,−n, 1) + n!

(−2πi)n
Φ(1, n+ 1,

φ

2π
). (18)

Define Rrot(φ) := Im
(
eiφ ∂

∂s
Φ(eiφ, 0, 1)

)
as in [K1, p. 559], where this special function is inves-

tigated further. Using the Digamma function ψ, [K3, Lemma 13] shows that for 0 < φ < 2π

ζ′eikφ = eiφ
∂Φ

∂s
(eiφ, 0, 1) =

− log 2π + Γ′(1)

2
−
ψ( φ

2π
) + ψ(1− φ

2π
)

4
+ iRrot(φ). (19)

Definition 3.2. For a ∈ N0 define the linear operator ζRa,v,N on functions of the form

(k, v) 7→
r∑
j=0

cjv
rjknjeikφj+ivψj (20)

on (R+)2 with m,nj ∈ N0, rj ∈ Z, nj + rj +N ≥ 0, cj ∈ C, φj, ψj ∈ R for all j, such that

ζRa,v,N(v
rkneikφ+ivψ) := v−Ne−i(a+v+1)φ+ivψ (−1)n+r+N(

n+r+N
n

)
(N + r)

R(e−iφ,−(n+ r +N), a+ 1, n, v).

Also denote by f 7→ f [deg v>−N ], f 7→ f [deg v=−N ] the linear map which maps formal power series
of the form ei(v+b)φ

∑c
k=−∞ akv

k to ei(v+b)φ
∑c

k=1−N akv
k, ei(v+b)φa−Nv

−N resp. Let log‡(x+1) :=

−
∑∞

k=1
(−x)k
k

be a formal power series.

This last term will only appear in formulae where only a finite partial sum of log‡ is used.

Proposition 3.3. Consider φ ∈]− π, π], N ∈ Z+ and a ∈ N0. When setting φ0 :=
{

2π
φ

if φ=0,
else

one finds

C(z,−N, a)
N !

≤ 2ζ(2)

|φ0|N+1
+

aN+1

(N + 1)!

and thus

|ζRa,v,N(vrkneikφ+ivψ)| ≤ v−Nn!(r +N − 1)!

(
2ζ(2)

|φ0|n+r+N+1
+

an+r+N+1

(n+ r +N)!

)
.

Proof. In the case 0 < φ ≤ π the term ζ(N+1, φ
2π
)+ζ(N+1, 1− φ

2π
)−( φ

2π
)−N−1 = ζ(N+1, 1+

φ
2π
) + ζ(N + 1, 1− φ

2π
) has a global maximum at φ = π, given by ζ(N + 1, 3

2
) + ζ(N + 1, 1

2
) =

2(2N+1−1)ζ(N+1)−2N+1 < 2N+1 ·(2ζ(2)−1). Furthermore ζ(−N)−ζ(−N, a) =
∑a−1

m=1m
N <

|a− 1| · |a− 1|N = |a− 1|N+1. Thus

C(z,−N, a)
N !

< φ−N−1 ·
(
1 + (

φ

π
)N+1(2ζ(2)− 1)

)
+

|a− 1|N+1

N !
≤ 2ζ(2)

φN+1
+

|a− 1|N+1

N !
.

For eiφ = 1 one finds
C(z,−N, a)

N !
≤ 2ζ(2)

(2π)N+1
+

|a− 1|N+1

N !
.
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In the case φ ̸≡ 2π, ζRa,v,N(v
rkneikφ+ivψ) equals

vreivψ−i(a+v+1)φn!

∫ ∞

0

(
e−au

eu − e−iφ
−

n+r+N−1∑
j=0

(−u)jΦ(e−iφ,−j, a+ 1)

j!

)
du

un+1evu
.

Proposition 3.4. Assume that the function P verifies the symmetry P (k) = −P (v + a − k).
Then ResP (v + a) = 0 and P̃ ∗(v + a) = P ∗(v + a) hold.

Proof. For any polynomial P (k) satisfying the above symmetry one obtains

ResP (v + a) =
1

2

∫ v+a

0

P (k) dk = 0

(compare [K2, Eq. (60)]). For P (k) = kn one finds

P̃ ∗(p)− ResP (p) · log p = pn+1

2

(
1

(n+ 1)2
− log p

n+ 1

)
= −1

2

∫ p

0

kn log k dk.

Furthermore [GrRy, 4.253.1] shows for P (k) := kn−(v+a−k)n
2

that

P̃ ∗(v + a)− ResP (v + a) = −1

2

∫ v+a

0

kn − (v + a− k)n

2
log k dk

= −(v + a)n+1 Hn

4(n+ 1)
= (kn)∗(v + a).

Hence P̃ ∗(v + a) = P ∗(v + a) if the assumed symmetry holds.

Proposition 3.5. Consider N ∈ Z+, a ∈ N0. Let P : Z → C be a function of the form
k 7→

∑m
j=0 cjk

mjvnjeikφj . Then there is the aymptotic expansion for v → ∞

v+a∑
k=1

P (k) log k =− 2P̃ ∗(v + a) + 2ResP (v + a) · log v

− log v · ζ (P (k + a+ v))− ζ′ (P (k))

+
(
2ResP (v + a) · log‡

(a
v
+ 1
))[deg v>−N ]

− ζ

(
P (k + a+ v) log‡

(
k + a

v
+ 1

))[deg v>−N ]

+ ζRa,v,N(P (−k))

where the error-term is O(v−N).

Because of the influence of the vnj -factors the error term cannot easily be described as an
operator acting on P (v + a) · log‡

(
a
v
+ 1
)
. When one does this, either the degrees nj or mj

would have to be incorporated in such an operator.

Proof. Because of the linearity it is sufficient to consider P (k) := knvreikφ. All of the operators
except ζR are linear with respect to the factor vr. In the case eiφ ̸= 1, the two expressions for
multiples of log v in Th. 2.1 show that

ζ
(
(k + a)nei(k+a)φ

)
= eiaφ

n∑
j=0

(
n

j

)
an−jeiφΦ(eiφ,−j, 1) Th. 2.1

= ei(a+1)φΦ(eiφ,−n, a+ 1). (21)

10



Informally in the sense of Remark 3.1 this can be regarded as the equation

′′ζ
(
(k + a)nei(k+a)φ

)
=

∞∑
k=0

(k + a)nei(k+a)φ = ei(a+1)φΦ(eiφ,−n, a+ 1)′′

where the middle term is not well-defined. In the case |a+k
v
| < 1, deriving the Taylor expansion

(a+ k + v)−s = v−s
(
a+ k

v
+ 1

)−s

=
∞∑
m=0

v−m−s
(
−s
m

)
· (k + a)m

shows that

−(a+ k + v)n ·
[(

log v + log

(
a+ k

v
+ 1

))]
=

∂

∂s |s=−n
v−s

(
a+ k

v
+ 1

)−s

=
∞∑
m=0

(k + a)m
∂

∂s |s=−n
v−m−s

(
−s
m

)
(22)

(4)
=

n∑
m=0

vm
( n
m

)
(− log v +Hm −Hn) · (k + a)n−m +

∞∑
m=1

(−v)−m · (k + a)m+n

m
(
m+n
n

)
= −(a+ k + v)n log v +

n∑
m=0

vm
( n
m

)
(Hm −Hn) · (k + a)n−m

+
∞∑
m=1

(−v)−m · (k + a)n+m

m
(
m+n
n

) .

Then for eiφ ̸= 1, n ∈ N0 Th. 2.1 implies

v+a∑
k=1

vrkneikφ log k =vrei(v+a+1)φ∂Φ

∂s
(eiφ,−n, v + a+ 1)− vreiφ

∂Φ

∂s
(eiφ,−n, 1)

Th. 2.1
= ei(v+a+1)φ

N+n+r−1∑
m=0

Φ(eiφ,−m, a+ 1)
∂

∂s |s=−n
vr−m−s

(
−s
m

)
+ ei(v+a+1)φR(eiφ,−N − n− r, a+ 1, n, v)

· ∂
∂s |s=−n

v−N−n−s
(

−s
N + n+ r

)
− eiφ

∂Φ

∂s
(eiφ,−n, 1)vr

(21)
=

N+n+r−1∑
m=0

ζ(ei(v+a+k)φ(k + a)m)
∂

∂s |s=−n
vr−m−s

(
−s
m

)
+ ei(v+a+1)φΦ(eiφ,−n, v + a+ 1)vr log v

+ ζRa,v,N(v
r(−k)ne−ikφ)

− ei(v+a+1)φΦ(eiφ,−n, v + a+ 1)vr log v − eiφ
∂Φ

∂s
(eiφ,−n, 1)vr (23)

(22)
= ζ

(
−ei(a+k+v)φvr(k + a+ v)n log‡

(
k + a

v
+ 1

))[deg v>−N ]

+ ζRa,v,N(v
r(−k)ne−ikφ)

− log v · ζ
(
ei(a+k+v)φvr(k + a+ v)n

)
− ζ′ (vrkneikφ) . (24)
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In the case eiφ = 1, the analogue of Eq. (21) takes the form

− am+1

m+ 1
+ ζ

(
(k + a)mei(k+a)φ

) Th. 2.1
= ei(a+1)φΦ(eiφ,−m, a+ 1). (25)

Therefore in this case there is an additional summand on the right hand side of Eq. (23)

−
N+n+r−1∑

m=0

am+1

m+ 1

∂

∂s |s=−n
vr−m−s

(
−s
m

)
(22)
=

(
∂

∂s |s=−n
vr−s

∫ a

0

(
ã

v
+ 1

)−s

dã

)[deg v>−N ]

= (vr(v + a)n+1 − vr+n+1)

(
log v

n+ 1
− 1

(n+ 1)2

)
+

(
vr(v + a)n+1 log(a

v
+ 1)

n+ 1

)[deg v>−N ]

.(26)

Furthermore the asymptotic in Th. 2.1 contains additional terms of order vr+n+1 and vr+n+1 log v
which are independent of a and cancel with the multiple of vr+n+1 in Eq. (26). The second one is
the top term of − log v ·ζ

(
ei(a+k+v)φvr(k + a+ v)n

)
and it takes the form −vr log v ·2Res(kn)(v).

Thus for arbitrary φ ∈ R one obtains the same formula as in Eq. (24) with additional terms,
which vanish in the case eiφ ̸= 1:

v+a∑
k=1

vrkneikφ log k =− 2P̃ ∗(v + a) + 2ResP (v + a) · log v

+
(
2ResP (v + a) · log‡

(a
v
+ 1
))[deg v>−N ]

+ ζ

(
−ei(a+k+v)φvr(k + a+ v)n log‡

(
k + a

v
+ 1

))[deg v>−N ]

+ ζRa,v,N(v
r(−k)ne−ikφ)

− log v · ζ
(
ei(a+k+v)φvr(k + a+ v)n

)
− ζ′ (vrkneikφ) .

4 Definition of analytic torsion and certain characteris-

tic classes

Let (M, g) be a compact Hermitian manifold of complex dimension n, acted upon by a holo-
morphic isometry t. Let ωTM denote the Kähler form. Corresponding to the decomposition
TM ⊗C = TM1,0 ⊕ TM0,1 define U =: U1,0 + U0,1 for U ∈ TM ⊗C. Consider a t-equivariant
holomorphic vector bundle E →M . Equip E with an Hermitian metric. Then the vector space
Ap,q(M,E) of forms of holomorphic degree p and anti holomorphic degree q with coefficients in
E shall be equipped with the L2-metric

(η, η′) :=

∫
M

⟨ηx, η′x⟩
(ωTM)∧n

(2π)nn!
.

Given a differential form β we denote its part in degree q by β[q]. Let ∂̄ : Ap,q(M,E) →
Ap,q+1(M,E) denote the Dolbeault operator with adjoint ∂̄∗ and let□q := (∂̄+∂̄∗)2 : A0,q(M,E) →
A0,q(M,E) be the Kodaira-Laplace operator. The isometry t induces an action t∗ on Ap,q(M,E).
For Re s >> 0 the zeta function

Z(s) :=
n∑
q=0

(−1)q+1qTr (t∗ ◦ (□q|(ker□q)⊥)
−s)

is well-defined and it has a holomorphic continuation to s = 0. Following [K1, Section 1] we
set:

12



Definition 4.1. The t-equivariant complex analytic torsion is defined as Tt(M,E) := Z ′(0).

Consider a holomorphic vector bundle E. Let ∇E be the associated canonical covariant deriva-
tive with curvature ΩE ∈ A1,1(M,EndE). Let t be a holomorphic isometry acting on the
Hermitian manifold M . Assume that E is t-invariant as a holomorphic Hermitian bundle and
that E is equipped with an equivariant structure tE. The Hermitian vector bundle E splits on
the fixed point submanifold M t into a direct sum

⊕
ζ∈S1 Eζ , where the equivariant structure

tE of E acts on Eζ as ζ. Then the Chern character form on M t is defined as

cht(E) :=
∑
ζ

ζch(Eζ)

= Tr tE +
∑
ζ

ζc1(Eζ) +
∑
ζ

ζ

(
1

2
c21(Eζ)− c2(Eζ)

)
+ . . . .

The Todd form of an equivariant vector bundle is defined as

Tdt(E) :=
crkEg(Eg)

cht(
∑rkE

j=0 (−1)jΛjE∗)
.

Let Gt denote the additive characteristic class given by

Gt(L) := ζ′cht(L
⊗k) =

∞∑
m=0

eiφ
∂Φ

∂s
(eiφ,−m, 1)c1(L)

m

m!

on a line bundle L as above. Set as in [BG, Def. 1.5]

Td′
t(E) :=

∂

∂ε |ε=0
Td
(−1

2πi
ΩE + ε

)∏
j

Td

ctop

(−1

2πi
ΩE + iϑj + ε

)
.

Hence Td′t
Tdt

is the additive characteristic class given by

Td′
t

Tdt
(L) =

{
1

1−ec1(L) +
1

c1(L)
= 1− 1

1−e−c1(L) +
1

c1(L)

1
1−ec1(L)+iφ = 1− 1

1−e−c1(L)−iφ

if
φ = 0,

φ ̸= 0

for a line bundle with t-action given by eiφ on a component of the fixed point set. By the Taylor
series (13) and (7) we see that

Td′
t

Tdt
(L) = 1 + ζcht(L

⊗k) = 1 +
∞∑
j=0

eiφΦ(eiφ,−j, 1)
j!

c1(L)
j (2)
=

∞∑
j=0

Φ(eiφ,−j, 0)
j!

c1(L)
j. (27)

In particular in the case of isolated fixed points one finds

Td′
g(TM) =

∏
j

1

1− e−iϑj
·
∑
j

1

1− eiϑj
.

Set Td∗
g(TM) :=

∏
j

ϑj /∈2πZ

1

1−e−iϑj
·
∑

j

{
1/2 for ϑj∈2πZ,

1

1−e−iϑj
else.
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5 Asymptotic expansion of the torsion

We use for symmetric and homogeneous spaces the same conventions as in [KaK]. Let G be
a compact Lie group with neutral element eG. Fix a choice of a maximal torus T ⊂ G and
an ordering ΣG = Σ+ ∪ Σ−. Let WG denote the associated Weyl group, g the Lie algebra,
ΣG the roots and ρG := 1

2

∑
α∈Σ+ α the Weyl vector. We denote the G-representation with

highest weight λ by V G
ρG+λ

and its character by χGρ+λ. These notations are extended to virtual
representations in the representation ring to arbitrary weights λ via the action of WG on ρ+λ.
Fix X0 ∈ t in the closure of the positive Weyl chamber and let K denote its stabilizer with
respect to the AdG-action. Set Ψ := ΣG \ ΣK . Let gX0 denote the induced Kähler metric on
G/K, let ⟨·, ·⟩ denote the associated AdG-invariant scalar product on t∗ and set α∨ := 2α

∥α∥2

and Ψ+ := {α ∈ Ψ|⟨α∨, ρ + λ⟩ ≥ 0}, Ψ− := {α ∈ Ψ|⟨α∨, ρ + λ⟩ < 0}. Every complex
K-representation V K

ρK+µ induces a G-invariant holomorphic vector bundle Eρ+µ on G/K. If
dimV K

ρK+µ = 1, we shall often denote this vector bundle by Lρ+µ.
For the sake of brevity, we shall often drop the index G for objects associated to the Lie group
specifically denoted as G and simply use the notations ρ, Vρ+λ, χρ+λ.
We shall need the following two results about representations V K

ρK+λ of the abelian summand
of the Lie algebra of a compact Lie group K in the proof of Theorem 5.4.

Proposition 5.1. Let K be a compact Lie group. We choose a fixed maximal torus T ⊂ K
and a set of positive roots Σ+

K. If λ is a weight such that ∀α ∈ Σ+
K : ⟨α∨, λ⟩ = 0, then for any

arbitrary weight µ and ℓ ∈ Z one finds

V K
ρK+ℓλ+µ = (V K

ρK+λ)
⊗ℓ ⊗ V K

ρK+µ.

The weights λ and µ do not need to be dominant.

Proof. The group WK is generated by the reflections sα(β) = β−⟨α∨, β⟩ ·α in the roots. Thus
λ is invariant under the action of WK . The Weyl character formula shows that on generic
elements of K one gets the identity of characters

χKρK+ℓλ+µ =

∑
w∈WK

(−1)signwe2πiw(ρK+ℓλ+µ)∏
α∈Σ+

K
(eπiwα − e−πiwα)

= e2πiℓλ
∑

w∈WK
(−1)signwe2πiw(ρK+µ)∏

α∈Σ+
K
(eπiwα − e−πiwα)

.

Remark 5.2. A more functorial way of looking at this lemma is by means of the same argument
as in [K2, proof of Lemma 12], employing Adams operators ψℓ: Using the notation there,
π̃!V K

ρK+λ = V T
λ holds as both sides are 1-dimensional. Hence one obtains V K

ρK+ℓλ+µ = π̃!(ψ
ℓV T
λ ⊗

V T
µ ) = π̃!(ψ

ℓπ̃!V K
ρK+λ ⊗ V T

µ ) = ψℓV K
ρK+λ ⊗ V K

ρK+µ.

The following result generalises [KaK, p. 663, Remark 1.], where it has been proven in the case
t = eG:

Proposition 5.3. Consider the same setting as in Proposition 5.1. For any weight µ and any
t ∈ G one finds that

deg ℓχρ+ℓλ+µ(t) ≤ dimC(G/K)t.

Proof. By Proposition 5.1 and the Atiyah–Segal–Singer fixed point formula as in [K2, Th. 13],
we get

χρ+ℓλ+µ(t) =

∫
Mt

Tdt(TM)cht(EρK+ℓλ+µ)

14



=

∫
Mt

Tdt(TM)cht(LρK+λ)
ℓcht(EρK+µ) (28)

=

∫
Mt

Tdt(TM)(cht(LρK+λ)
[0])ℓeℓc1(LρK+λ)cht(EρK+µ).

The right hand side has degree in ℓ less or equal to dimC(G/K)t.

For a general Hermitian symmetric space, the value of the torsion is given by [KaK, Th. 5.2] in
terms of characters χρ+ℓλ+kα. Notice that for a fixed t ∈ G, χρ+ℓλ+kα(t) is a linear combination
of terms of the form kmℓm

′
eiφ

′ℓ+iφk with φ, φ′ ∈ R, m,m′ ∈ N0 by [K2, Eq. (66)]. As explained
in [K2, Eq. (66)], for t = eX the angles φ, φ′ are always of the form 2πwα(X), 2πw′λ(X) with
w,w′ ∈ WG. The operators ζ, ζ′ do not change the growth in ℓ.

Theorem 5.4. Let M = G/K be a compact Hermitian symmetric space and let L := LρK+λ

be a G-invariant holomorphic Hermitian line bundle on M . Assume that L is positive in the
sense that ∀α ∈ Ψ : ⟨α∨, λ⟩ > 0. Fix a Kähler metric gX0 on M . Choose X ∈ t and set t := eX .
Then the asymptotic behaviour of the equivariant analytic torsion for high powers of L is given
by

Tt(G/K,L
ℓ
ρK+ℓλ) = −

∑
α∈Ψ

log
⟨α∨, ℓλ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t) +
∑
α∈Ψ

ζ′χρ+ℓλ+kα(t)

−
∑
α∈Ψ

ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

−
∑
α∈Ψ

ζR⟨α∨,ρ⟩,⟨α∨,λ⟩ℓ,Nχρ+ℓλ+kα(t). (29)

Proof. According to [KaK, Th. 5.2], the equivariant analytic torsion of LℓρK+ℓλ is given by

Tt(G/K,L
ℓ
ρK+ℓλ) = −2

∑
α∈Ψ

ζ′χodd
ρ+ℓλ−kα(t)− 2

∑
α∈Ψ

χ∗
ρ+ℓλ−kα(t)(⟨α∨, ρ+ ℓλ⟩)

−
∑
α∈Ψ

ζχρ+ℓλ−kα(t) · logα∨(X0)− χρ+ℓλ(t)
∑
α∈Ψ+

logα∨(X0)

−
∑
α∈Ψ

⟨α∨,ρ+ℓλ⟩∑
k=1

χρ+ℓλ−kα(t) · log k. (30)

By Eq. (17),

−ζχρ+ℓλ−kα − χρ+ℓλ = ζχρ+ℓλ+kα. (31)

In this case of an ample line bundle one gets Ψ+ = Ψ. Therefore the logα∨(X0)-factor simplifies
as in [K2, Th. 18]. We shall use the symmetry

χρ+ℓλ−kα = −χρ+ℓλ+(k−⟨α∨,ρ+ℓλ⟩)α (32)

induced by reflecting at the hyperplane perpendicular to α. By Proposition 3.5 one obtains

−
∑
α∈Ψ

⟨α∨,ρ+ℓλ⟩∑
k=1

χρ+ℓλ−kα(t) · log k
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=
∑
α∈Ψ

(
2 ˜χρ+ℓλ−kα(t)∗(⟨α∨, ρ+ ℓλ⟩) + log⟨α∨, ℓλ⟩ · ζχρ+ℓλ−(k+⟨α∨,ρ+ℓλ⟩)α(t)

− 2Resχρ+ℓλ−kα(t)(⟨α∨, ρ+ ℓλ⟩) · log⟨α∨, ℓλ⟩

−
(
2Resχρ+ℓλ−kα(t)(⟨α∨, ρ+ ℓλ⟩) · log‡

(
⟨α∨, ρ⟩
⟨α∨, ℓλ⟩

+ 1

))[deg ℓ>−N ]

+ ζ

(
χρ+ℓλ−(k+⟨α∨,ρ+ℓλ⟩)α(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

− ζR⟨α∨,ρ⟩,⟨α∨,ℓλ⟩,Nχρ+ℓλ+kα(t) + ζ′χρ+ℓλ−kα(t)

)

=
∑
α∈Ψ

(
2 ˜χρ+ℓλ−kα(t)∗(⟨α∨, ρ+ ℓλ⟩)− log⟨α∨, ℓλ⟩ · ζχρ+ℓλ+kα(t)

− 2Resχρ+ℓλ−kα(t)(⟨α∨, ρ+ ℓλ⟩) · log⟨α∨, ℓλ⟩

−
(
2Resχρ+ℓλ−kα(t)(⟨α∨, ρ+ ℓλ⟩) · log‡

(
⟨α∨, ρ⟩
⟨α∨, ℓλ⟩

+ 1

))[deg ℓ>−N ]

− ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

− ζR⟨α∨,ρ⟩,⟨α∨,ℓλ⟩,Nχρ+ℓλ+kα(t) + ζ′χρ+ℓλ−kα(t)

)
. (33)

By Proposition 3.4 the symmetry (32) implies that Resχρ+ℓλ−kα(t)(⟨α∨, ρ+ℓλ⟩) = 0 and that the
term

∑
α∈Ψ 2 ˜χρ+ℓλ−kα(t)∗(⟨α∨, ρ+ℓλ⟩) cancels with the term−2

∑
α∈Ψ χρ+ℓλ−kα(t)

∗(⟨α∨, ρ+ℓλ⟩)
in Eq. (30). Together one thus obtains the asymptotic expansion

Tt(G/K,L
ℓ
ρK+ℓλ) = −2

∑
α∈Ψ

ζ′χodd
ρ+ℓλ−kα(t) +

∑
α∈Ψ

ζχρ+ℓλ+kα(t) · logα∨(X0)

−
∑
α∈Ψ

(
log⟨α∨, ℓλ⟩ · ζχρ+ℓλ+kα(t) + ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

+ ζR⟨α∨,ρ⟩,⟨α∨,ℓλ⟩,Nχρ+ℓλ+kα(t)− ζ′χρ+ℓλ−kα(t)

)
.

Theorem 5.5. Consider the same situation as in Theorem 5.4 and the set of values {xj | j ∈
J} := { ⟨α∨,λ⟩

α∨(X0)
|α ∈ Ψ}. As X0, λ and the set Ψ areWK-invariant, each Ψj := {α ∈ Ψ | ⟨α∨,λ⟩

α∨(X0)
=

xj} defines a virtual K-representation with weights Ψj. Let Ej → G/K denote the associated
vector bundles. Let eiφ denote the action of t on LρK+λ on a component of M t. The top term
of the asymptotic expansion in Th. 5.4 is given by

Tt((M, gX0), L
ℓ
ρK+λ)

= − log ℓ ·
∫
Mt

(Td′
t(TM)− nTdt(TM))cht(LρK+λ)

ℓ

−
∑
j∈J

log xj

∫
Mt

Tdt(TM)

(
Td′

t(Ej)

Tdt(Ej)
− rkEj

)
cht(LρK+λ)

ℓ

+

∫
Mt

Tdt(TM)Gt(TM)cht(LρK+λ)
ℓ
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−
dimMt−1∑
m=1−N

ℓm
∫
Mt

Tdt(TM)cht(L
ℓ
ρK+λ)

[0]ζ

(∑
α∈Ψ

cht(EρK+kα)

·
dimMt−m∑

j=max{1,−m}

(−1)j+1

j(m+ j)!

(
⟨α∨, ρ⟩+ k

⟨α∨, λ⟩

)j
c1(LρK+λ)

m+j

)
+O(ℓ−N)

=

∫
Mt

Td∗
t (TM)ch(LℓρK+λ) log ℓ+O(ℓdimMt

).

Proof. According to Theorem 5.4,

Tt(G/K,L
ℓ
ρK+ℓλ) = − log ℓ ·

∑
α∈Ψ

ζχρ+ℓλ+kα(t) +O(ℓdimMt

)

Using the Adams operator ψk, [K2, (103),(106)] shows that

− log ℓ · ζ
∑
α∈Ψ

χρ+ℓλ+kα(t) = − log ℓ ·
∫
Mt

Tdt(TM)ζcht(ψ
kTM)cht(L

ℓ
ρK+λ)

(27)
= − log ℓ ·

∫
Mt

(Td′
t(TM)− dimM · Tdt(TM))cht(L

ℓ
ρK+λ).

Similarly ∑
α∈Ψ

ζ′χρ+ℓλ+kα(t) =

∫
Mt

Tdt(TM)Gt(TM)cht(L
ℓ
ρK+λ).

By Equation (28) one finds

−
∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t)

= −
∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

·
∫
Mt

Tdt(TM)cht(LρK+λ)
ℓζcht(EρK+kα)

By replacing Ad1,0
G/K in the proof of [K2, Lemma 2] by Ej, one verifies that

⊕
α∈Ψj EρK+kα =

ψkEj and thus Equation (27) shows that

−
∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t)

= −
∑
j∈J

log xj ·
∫
Mt

Tdt(TM)cht(LρK+λ)
ℓζcht(ψ

kEj)

= −
∑
j∈J

log xj ·
∫
Mt

Tdt(TM)

(
Td′

t(Ej)

Tdt(Ej)
− rkEj

)
cht(LρK+λ)

ℓ

Furthermore

−ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ=m]

= −
∫
Mt

Tdt(TM)ζ

(
cht(EρK+kα)

·
dimMt−m∑

j=max{1,−m}

(−1)j+1

j

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩

)j
cht(LρK+λ)

[0] ℓ
m+jc1(LρK+λ)

m+j

(m+ j)!

)
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= −ℓm
∫
Mt

Tdt(TM)cht(L
ℓ
ρK+λ)

[0]ζ

(
cht(EρK+kα)

·
dimMt−m∑

j=max{1,−m}

(−1)j+1

j(m+ j)!

(
⟨α∨, ρ⟩+ k

⟨α∨, λ⟩

)j
c1(LρK+λ)

m+j

)
(32)
= ℓm

∫
Mt

Tdt(TM)cht(LρK+λ)
[0]ζ

(
cht(EρK−(k+⟨α∨,ρ⟩)α)

·
dimMt−m∑

j=max{1,−m}

(−1)j+1

j(m+ j)!

(
⟨α∨, ρ⟩+ k

⟨α∨, λ⟩

)j
c1(LρK+λ)

m+j

)
where only components of the fixed point submanifold with dimM t > m have a nontrivial
contribution. Here cht(LρK+λ)

[0] is equal to the action of t on LρK+λ on each component of
M t.

Prop. 3.3 implies the following:

Lemma 5.6. For α ∈ Ψ consider the character χρ+ℓλ+kα(t) =
∑

m,r≥0
φ,ψ∈]−π,π]

fα,m,r,φ,ψe
ikφ+iℓψℓrkm

and coefficients fα,r,m,φ,ψ ∈ C. When setting φ0 :=
{

2π,
φ

if φ=0
else

one finds as an estimate for the

error term in Th. 5.4∣∣∣∣∣∑
α∈Ψ

ζR⟨α∨,ρ⟩,⟨α∨,ℓλ⟩,Nχρ+ℓλ+kα(t)

∣∣∣∣∣
≤
∑
α∈Ψ
r,m,φ

ℓ−N⟨α∨, λ⟩−r−Nm!(r +N − 1)!

(
2ζ(2)

|φ0|m+r+N+1
+

⟨α∨, ρ⟩m+r+N+1

(m+ r +N)!

) ∣∣∣∣∣∑
ψ

fα,r,m,φ,ψe
iℓψ

∣∣∣∣∣
≤ (dim(G/K)t +N − 1)!

(2πℓc2)N
· c1

with c1 ∈ R+ being independent of N and ℓ and

c2 = min
q∈Z,w∈WG,α∈Ψ

⟨α∨, λ⟩ ·
{

1

|q + wα(X)|
if wα(X) ∈ Z,

else.

The last term achieves its minimum at N = ⌊2πℓc2⌋ − dim(G/K)t, if this value is positive,
since the quotient increases when N increases or decreases from this value. Thus, by Stirling’s
approximation, the minimum of the error bound is approximately

e−2πℓc2(2πℓc2)
dim(G/K)t+1/2

√
2πc1. (34)

The coefficients fα,m,r,φ,ψ are given in terms of ΣG andWG in [K2, Eq. (66)]. Notice thatm+r ≤
dim(G/T )t holds by same proof as of Prop. 5.3 when applied to the bundle L⊗ℓ

λ ⊗L⊗k
α → G/T ,

as then

χρ+ℓλ+kα(t) =

∫
(G/T )t

Tdt(T (G/T ))cht(L
⊗ℓ
λ )cht(L

⊗k
α ).

Proof. The first bound follows from Prop. 3.3 when writing ℓr as ⟨α∨,ℓλ⟩r
⟨α∨,λ⟩r . Furthermore r ≤

dim(G/K)t holds by Prop. 5.3. Using |φ0| ≤ 2π and the Tayler expansion of exp, the bracket
in the second line in Lemma 5.6 can be bounded by

2ζ(2)

|φ0|m+r+N+1
+

⟨α∨, ρ⟩m+r+N+1

(m+ r +N)!
=

1

|φ0|m+r+N+1

(
2ζ(2) +

(|φ0|⟨α∨, ρ⟩)m+r+N+1

(m+ r +N)!

)
18



≤ 1

|φ0|m+r+N+1

(
2ζ(2) + 2π⟨α∨, ρ⟩e2π⟨α∨,ρ⟩

)
.

Finally by [K2, Eq. (66)] the angles φ for χρ+ℓλ+kα(t) take the form 2πwα(X) with w ∈ WG.

6 Comparison with other results

In this section we give an alternative, elementary proof that shows the compatibility of Th. 5.5
with the results by Bismut–Vasserot and Finski. Suprisingly the proof concerning the summand
7
24

in Eq. (37) turns out to be much more involved than the comparison of the other parts. We
need the following three Propositions for this summand.
Let ⟨x, y⟩G denote the canonical scalar product on t∗ associated to Σ, satisfying ⟨x, y⟩G =∑

α∈Σ⟨x, α⟩G⟨α, y⟩G. This is the scalar product induced by the negative Killing form ([BtD, p.
214]), and for G simple it is proportional to ⟨·, ·⟩ by Schur’s Lemma.

Proposition 6.1. Let G be a compact Lie group and V an irreducible G-representation with
character χ and weights (αj)j∈J . Then the map

Z → Q, k 7→
∑
j∈J

⟨αj, ρG⟩
∏
β∈Σ+

⟨β∨, ρG + kαj⟩
⟨β∨, ρG⟩

is linear in k.

This value equals
∑

j∈J⟨αj, ρG⟩ dimVρG+kαj in terms of virtual representations VρG+kαj .

Proof. Any G-representation can be decomposed into virtual representations where all weights
have the same norm, as the subsets of these weights are WG-invariant. Thus without loss of
generality we can assume that ∥αj∥ ≡ const. and that G is simple. The virtual representation
ψkV has weights (kαj)j∈J and the character ⊕j∈JχρG+kαj . Then Freudenthal–de Vries’ formula
[FrdV, 47.10.2] shows that∑

j∈J

⟨kαj, ρG⟩2G =
∑
j∈J

⟨kαj, 2ρG + kαj⟩G
24

∏
β∈Σ+

⟨β, ρG + kαj⟩
⟨β, ρG⟩

=
∑
j∈J

k⟨αj, ρG⟩G
12

∏
β∈Σ+

⟨β, ρG + kαj⟩
⟨β, ρG⟩

+
k2

24

∑
j∈J

∥αj∥2G.

In the case of the canonical scalar product the above map is thus equal to

k ·
∑
j∈J

(
12⟨αj, ρG⟩2G − 1

2
∥αj∥2G

)
.

Remark 6.2. By generalising this proof using higher degree Taylor expansions of the Weyl
character formula in the approach in [FrdV, 47.10], one can show that for any m ∈ N0,∑

j∈J⟨αj, ρG⟩m
∏

β∈Σ+
⟨β,ρG+kαj⟩

⟨β,ρG⟩
is a polynomial of degree m in k which is alternately odd or

even.

Proposition 6.3. Consider a compact simple Lie group G and let G/K be an Hermitian
symmetric space of complex dimension n. Let λ be a weight such that ∀γ ∈ ΣK : ⟨γ, λ⟩ = 0 and
∀α ∈ Ψ : ⟨γ, λ⟩ > 0. Then ρ− ρK = cλλ, where for any α0 ∈ Ψ

cλ =

√
n

8

1

∥λ∥G
=

n

8⟨λ, ρ− ρK⟩G
=

1

4⟨α0, λ⟩G
(35)

and ∥ρ∥2G = ∥ρK∥2G + n
8
.
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Proof. For any γ ∈ Σ+
K ,
∑

α∈Ψ⟨γ∨, α⟩ = 2⟨γ∨, ρ−ρK⟩ = 0, as sγγ = −γ and sγ ∈ WK permutes
Ψ. As K equals S1 times a semi-simple Lie group, this implies that ∃cλ ∈ R : ρ − ρK = cλλ.
The weight λ is a multiple of a cominuscule weight λ0 in the sense that λ∨0 is minuscule
with respect to (Σ+)∨ ([Mi, Th. 1.25]). Thus ∀α ∈ Ψ : ⟨λ, α⟩ > 0 implies that ⟨λ, α⟩ is
independent of α ∈ Ψ by [Bou7-9, Prop. VIII.3.6(iii)]. Hence for any α0 ∈ Ψ we find that
2cλ∥λ∥2 = 2⟨ρ − ρK , λ⟩ =

∑
α∈Ψ⟨α, λ⟩ = n⟨α0, λ⟩ and 1

2
∥λ∥2G =

∑
γ∈Σ+⟨γ, λ⟩2G = n⟨α0, λ⟩2G.

This implies Eq. (35). Furthermore one finds ∥ρ∥2G = ∥ρK∥2G + c2λ∥λ∥2 = ∥ρK∥2G + n
8
.

In particular ⟨α0, ρ− ρK⟩G = cλ⟨α0, λ⟩G = 1
4
.

Proposition 6.4. Under the assumptions of Prop. 6.3 let ⟨x, y⟩K denote the canonical scalar
product associated to ΣK on a (dim t− 1)-dimensional subtorus t∗K. Then

⟨·, ·⟩G|t∗K
⟨·, ·⟩K

=
3dimK − dimG

2(dimK − 1)
.

Proof. As any WG-invariant scalar product is WK-invariant there exists c > 0 such that
c∥ · ∥2K = ∥ · ∥2G. Now Freudenthal–de Vries’ Strange Formula ([FrdV, eq. 47.11]) states
that dimG = 24∥ρG∥2G and dimK − 1 = 24∥ρK∥2K . On the other hand Prop. 6.3 shows
dimK − 1 = 24

c
(∥ρG∥2G − n

8
). Thus c = 3 dimK−dimG

2(dimK−1)
.

Theorem 6.5. The leading terms in Theorem 5.5 equal the terms given by [BV1, Th. 8] and
[Fi, Th. 1.3]. Namely

T (M,Lℓ) =

∫
M

ℓn

n!
c1(L)

n(
n

2
log

ℓ

2π
+

1

2
log Ω̊L) + o(ℓn) (36)

where Ω̊L is defined via ωTM(Ω̊L·, ·) = ΩL. Furthermore in the case X0 :=
λ
2π

and thus xj ≡ 2π,
as considered in [Fi, Th. 1.3],

T (M,Lℓ) =

∫
M

(
ℓn

n!
c1(L)

n · n
2
log ℓ

+
ℓn−1

(n− 1)!
c1(L)

n−1c1(TM)
(3n+ 1

12
log ℓ+

24ζ ′(−1) + 2 log(2π) + 7

24

))
+o(ℓn−1). (37)

Proof. By the formula for the analytic torsion of products we can assume that G is simple and
hence K equals a product of S1 and a semi-simple group ([He, Prop. VIII.6.2]). We shall use
the expansions

Td(TM) = 1 +
c1(TM)

2
+ higher order,

Td′(E)

Td(E)
− rkE = −rkE

2
− c1(E)

12
+ higher order,

G(TM) = ζ ′(0)rkTM + c1(TM)ζ ′(−1) + higher order

= −n
2
log(2π) + c1(TM)ζ ′(−1) + higher order,

ch(Lℓ) =
ℓn

n!
c1(L)

n +
ℓn−1

(n− 1)!
c1(L)

n−1 + lower order.
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Let T4 denote the coefficient of ℓn−1 in the summand for m = n− 1 in Theorem 5.5. One finds
for the first three summands

T (G/K,LℓρK+ℓλ) =

∫
M

(
ℓn

n!
c1(L)

n(
n

2
log ℓ− n

2
log(2π) +

∑
j∈J

rkEj
2

log xj)

+
ℓn−1

(n− 1)!
c1(L)

n−1
(c1(TM)

2
(
n

2
log ℓ− n

2
log(2π) +

∑
j∈J

rkEj
2

log xj)

+(
c1(TM)

12
log ℓ+ c1(TM)ζ ′(−1) +

∑
j∈J

c1(Ej)

12
log xj)

))
+ T4 + o(ℓn−1)

=

∫
M

(
ℓn

n!
c1(L)

n(
n

2
log

ℓ

2π
+
∑
j∈J

rkEj
2

log xj)

+
ℓn−1

(n− 1)!
c1(L)

n−1
(
c1(TM)(

3n+ 1

12
log ℓ− n

4
log(2π)

+
∑
j∈J

rkEj
4

log xj + ζ ′(−1)) +
∑
j∈J

c1(Ej)

12
log xj

))
+ T4 + o(ℓn−1). (38)

The curvature term Ω̊L is a constant times the identity on the irreducible homogeneous space
M because of the equivariance. For the choice X0 = λ one finds 1

2

∑
α∈Ψ log ⟨α∨,λ⟩

α∨(X0)
= 0 and

1
2
log Ω̊L = 0, as in this case ωTM = ΩL. Rescaling X0 on a virtual subrepresentation Ej of TM

scales Ω̊L by the same factor, and thus

1

2
log Ω̊L =

1

2

∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

=
∑
j∈J

rkEj
2

log xj.

Thus Eq. (38) implies Eq. (36) for symmetric spaces:∫
M

c1(L)
n
∑
j∈J

rkEj
2

log xj =

∫
M

c1(L)
n1

2
log Ω̊L.

Also Eq. (38) contains the same multiples of log ℓ and ζ ′(−1) as Eq. (37). Furthermore in the
case xj ≡ 2π one finds∫

M

c1(L)
n−1c1(TM)

2 log(2π)

24

=

∫
M

c1(L)
n−1
(
c1(TM)(−n

4
log(2π) +

∑
j∈J

rkEj
4

log xj) +
∑
j∈J

c1(Ej)

12
log xj

)
.

Finally we show that the term

T4 = −ℓn−1

∫
M

Td(TM)ζ

(∑
α∈Ψ

ch(EρK+kα)
c1(LρK+λ)

n

n!

⟨α∨, ρ⟩+ k

⟨α∨, λ⟩

)

= −ℓ
n−1

n!
ζ

(∑
α∈Ψ

dim(V K
ρK+kα)

⟨α∨, ρ− ρK⟩+ ⟨α∨, ρK⟩+ k

⟨α∨, λ⟩

)∫
M

c1(LρK+λ)
n

=: T41 + T42 + T43 (39)
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equals TF := 7ℓn−1

24(n−1)!

∫
M
c1(L)

n−1c1(TM). First we relate TF to
∫
M
c1(L)

n. The Theorem of

Hirzebruch–Riemann–Roch shows that the term of degree ℓn−1 in
∑

α∈Ψ dimV G
ρ+ℓλ+kα is given

by

∑
α∈Ψ

(dimV G
ρ+ℓλ+kα)

[deg ℓ=n−1] =

(∫
M

Td(TM)ch(LρK+λ)
ℓch(ψkTM)

)[deg ℓ=n−1]

=

∫
M

(1 +
1

2
c1(TM))

ℓn−1c1(LρK+λ)
n−1

(n− 1)!
(n+ kc1(TM))

= (n/2 + k)
ℓn−1

(n− 1)!

∫
M

c1(TM)c1(LρK+λ)
n−1 =

12(n+ 2k)

7
TF . (40)

On the other hand the Weyl dimension formula shows

∑
α∈Ψ

(dimV G
ρ+ℓλ+kα)

[deg ℓ=n−1] =
∑
α∈Ψ

∏
β∈Ψ

⟨β∨, ρ+ ℓλ+ kα⟩
⟨β∨, ρ⟩

·
∏
β∈Σ+

K

⟨β∨, ρ+ kα⟩
⟨β∨, ρ⟩

[deg ℓ=n−1]

=
∑
α,γ∈Ψ

⟨γ∨, ρ+ kα⟩
⟨γ∨, ℓλ⟩

∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

·
∏
β∈Σ+

K

⟨β∨, ρ+ kα⟩
⟨β∨, ρ⟩

. (41)

By Eq. (40) this term is affine linear in k and thus it is equal to

∑
α∈Ψ

(dimV G
ρ+ℓλ+kα)

[deg ℓ=n−1] =
∑
α∈Ψ

∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

·

(∑
γ∈Ψ

⟨γ∨, ρ+ kα⟩
⟨γ∨, ℓλ⟩

·
∏
β̃∈Σ+

K

⟨β̃∨, ρ⟩
⟨β̃∨, ρ⟩

+
∑
γ̃∈Ψ

⟨γ̃∨, ρ⟩
⟨γ̃∨, ℓλ⟩

·
∑
γ∈Σ+

K

⟨γ∨, kα⟩
⟨γ∨, ρ⟩

∏
β∈Σ+

K

⟨β∨, ρ⟩
⟨β∨, ρ⟩

)
. (42)

The relation ∀γ ∈ Σ+
K : γ ⊥ ρ−ρK from the proof of Prop. 6.3 shows that the second summand

in Eq. (42) vanishes and∑
α∈Ψ

(dimV G
ρ+ℓλ+kα)

[deg ℓ=n−1] =
∑
α∈Ψ

∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

·
∑
γ∈Ψ

⟨γ∨, ρ+ kα⟩
⟨γ∨, ℓλ⟩

=
∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

·
∑
γ∈Ψ

⟨γ∨, nρ+ 2k(ρ− ρK)⟩
⟨γ∨, ℓλ⟩

. (43)

Combining Eqs. (40) and (43) implies that

TF =
7nℓn−1cλ

12

∏
β∈Ψ

⟨β∨, λ⟩
⟨β∨, ρ⟩

. (44)

By considering the coefficient of ℓn instead, one obtains ℓn

n!

∫
M
c1(L)

n =
∏

β∈Ψ
⟨β∨,λ⟩
⟨β∨,ρ⟩ the same

way as Eq. (44).
The term T41: One finds

T41 = −ℓ−1cλζ

(∑
α∈Ψ

dim(V K
ρK+kα)

)∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩
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= −ℓ−1cλζ
(
dim(ψkAd1,0

G/K)
)∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

= −ℓn−1cλζ(0)n
∏
β∈Ψ

⟨β∨, λ⟩
⟨β∨, ρ⟩

.

The term T42: By Proposition 6.1 the term∑
α∈Ψ

dim(V K
ρK+kα)

⟨α∨, ρK⟩
⟨α∨, λ⟩

=
∑
α∈Ψ

⟨α∨, ρK⟩
⟨α∨, λ⟩

∏
β∈Σ+

K

⟨β∨, ρK + kα⟩
⟨β∨, ρK⟩

is linear in k and thus given by k
∑

α∈Ψ
⟨α∨,ρK⟩
⟨α∨,λ⟩

∑
β∈Σ+

K

⟨β∨,α⟩
⟨β∨,ρK⟩ . Therefore

T42 = −ℓ−1ζ(−1)
∑
α∈Ψ

⟨α∨, ρK⟩
⟨α∨, λ⟩

∑
β∈Σ+

K

⟨β∨, α⟩
⟨β∨, ρK⟩

·
∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

.

The term T43: The set of weights Ψj := {α ∈ Ψ | ⟨α, λ⟩ = j} is WK-invariant for any j ∈ N.
Thus there is a virtual K-representation Fj with weights Ψj, and∑

α∈Ψ

dimV K
ρK+kα

⟨α∨, λ⟩
=
∑
j∈N

dimψkFj
j

is independent of k. Hence

T43 = −ℓ−1ζ(−1)
∑
α∈Ψ

1

⟨α∨, λ⟩
∏
β∈Ψ

⟨β∨, ℓλ⟩
⟨β∨, ρ⟩

.

Dividing TF and T41 + T42 + T43 by
ℓn−1cλ

12

∏
β∈Ψ

⟨β∨,λ⟩
⟨β∨,ρ⟩ , we see that to prove TF = T4 we need to

show that

7n = 6n+
∑
α∈Ψ

⟨α, ρK⟩
cλ⟨α, λ⟩

∑
β∈Σ+

K

⟨β∨, α⟩
⟨β∨, ρK⟩

+
∑
α∈Ψ

∥α∥2

2cλ⟨α, λ⟩
.

So far, we have deliberately avoided arguments not applicable to general complex homogeneous
spaces. We will now narrow our focus to symmetric spaces. We use ∀α ∈ Ψ : cλ⟨α, λ⟩G ≡ 1

4
as

shown by Prop. 6.3 and we subtract 6n on both sides to simplify the last equation to

n = 4
∑
α∈Ψ

β∈Σ+
K

⟨α, ρK⟩G⟨β∨, α⟩G
⟨β∨, ρK⟩G

+ 2
∑
α∈Ψ

∥α∥2G. (45)

Gordon Brown’s Formula ([Brown]) shows that 2
∑

α∈Σ+ ∥α∥2G = dim t and 2
∑

α∈Σ+
K
∥α∥2K =

dim t− 1. Furthermore the definition of the canonical scalar product implies that

4
∑
α∈Σ+

β∈Σ+
K

⟨α, ρK⟩G
⟨β∨, α⟩G
⟨β∨, ρK⟩G

= 2
∑
β∈Σ+

K

⟨β∨, ρK⟩G
⟨β∨, ρK⟩G

= #ΣK = 4
∑
α∈Σ+

K

β∈Σ+
K

⟨α, ρK⟩K
⟨β∨, α⟩K
⟨β∨, ρK⟩K

.

Therefore when setting c := ⟨·,·⟩G
⟨·,·⟩K

we get by Prop. 6.4

2
∑
α∈Ψ

∥α∥2G + 4
∑
α∈Ψ

β∈Σ+
K

⟨α, ρK⟩G
⟨β∨, α⟩G
⟨β∨, ρK⟩G

= (1− c) dim t+ c+ (1− c)#ΣK

=
dimG− dimK − 2

2(dimK − 1)
(dim t− 1 + #ΣK) + 1 = n.

Thus Eq. (45) holds and T4 = TF .
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7 Application to the Jantzen sum formula

We give an application of the previous results to lattice representations of Chevalley group
schemes by using the relation between analytic torsion and the Jantzen sum formula [J, p.
311]. For details on the objects investigated here we have to refer to [J] and [KaK]. Consider a
semisimple Chevalley group scheme G over SpecZ. Fix a maximal split torus T ⊆ G with group
of characters X∗(T ) and an ordering. Let B be an associated Borel subgroup and set X := G/B.
Given two Z-free G-modules A, A′ such that AQ and A′

Q are isomorphic and irreducible, the
index [A,A′] ∈ Q+ is obtained when embedding A′ into A⊗Q such that the weight spaces of
highest weight are identified.

Theorem 7.1. Consider a dominant weight λ of G. Let w0 be the Weyl group element of
maximal length. Let Aρ+λ := H0(X,Lλ)free be the G-module induced by a line bundle Lλ. Then
for ℓ→ ∞ one obtains the asymptotic expansion∑

µ∈X∗(T )

µ(t) log[Aρ+ℓλ,µ : Aw0(ρ+ℓλ),µ]

=
∑
α∈Ψ

(
2 ˜χρ+ℓλ−kα(t)∗(⟨α∨, ρ+ ℓλ⟩) + log⟨α∨, ℓλ⟩ · ζχρ+ℓλ−kα(t)

+ ζ′χρ+ℓλ−kα(t)− ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

)

+ χρ+ℓλ(t) · log‡
(

⟨α∨, ρ⟩
⟨α∨, ℓλ⟩

+ 1

))[deg ℓ>−N ])
+O(ℓ−N).

Proof. This is obtained by combining the Jantzen sum formula as given in [KaK, Cor. 7.3]∑
µ∈X∗(T )

µ log[Aρ+λ,µ : Aw0(ρ+λ),µ]

+
∑

µ∈X∗(T )

n∑
q=0

µ · (−1)q
(
log#Hq(X,Lλ)µ,tor − log#Hn−q(X,Lw0.λ)µ,tor

)
−(−1)l(w)χρ+λ

n∑
q=0

(−1)q
(
log#Hq(X,Lλ)λ0,tor − log#Hn−q(X,Lw0.λ)λ0,tor

)

= −
∑
α∈Ψ

⟨α∨,ρ+λ⟩−1∑
k=1

χρ+λ−kα · log k

(slightly simplified for the case λ dominant) with Eq. (33). Apply the symmetry (32) as

χρ+ℓλ−⟨α∨,ρ+ℓλ⟩α(t) · log⟨α∨, ρ+ ℓλ⟩ = −χρ+ℓλ(t) · log⟨α∨, ρ+ ℓλ⟩

to the term corresponding to k = ⟨α∨, ρ+ ℓλ⟩ in the sum Eq. (33). For λ dominant, the Kempf
vanishing theorem [J, Prop. 4.5] shows that the torsion of the cohomology Hq(X,Lλ) vanishes
for all q. This implies by [J, Section 8.8] that torsion of the cohomology Hq(X,Lw0λ) vanishes
too. This leads to ∑

µ∈X∗(T )

µ(t) log[Aρ+ℓλ,µ : Aw0(ρ+ℓλ),µ]
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=
∑
α∈Ψ

(
2 ˜χρ+ℓλ−kα(t)∗(⟨α∨, ρ+ ℓλ⟩)− log⟨α∨, ℓλ⟩ · ζχρ+ℓλ+kα(t)

+ ζ′χρ+ℓλ−kα(t)− χρ+ℓλ(t) · log⟨α∨, ρ+ ℓλ⟩

− ζ

(
χρ+ℓλ+kα(t) · log‡

(
⟨α∨, ρ⟩+ k

⟨α∨, ℓλ⟩
+ 1

))[deg ℓ>−N ]

− ζR⟨α∨,ρ⟩,⟨α∨,ℓλ⟩,Nχρ+ℓλ+kα(t)

)
.

Taylor expanding log⟨α∨, ρ+ℓλ⟩χρ+ℓλ(t) leads to a term − log⟨α∨, ℓλ⟩·(ζχρ+ℓλ+kα(t)+χρ+ℓλ(t)),
which is simplified by Eq. (31) as

ζχρ+ℓλ+kα(t) + χρ+ℓλ(t) = −ζχρ+ℓλ+kα(t).

This result can be rewritten using Φ(eiφ,−m, 0) = eiφΦ(eiφ,−m, 1)+
{

1
0
if m=0,

m>0
by Eq. (1) and

by further simplifying the error term.

8 The case of isolated fixed points

In this chapter G/K can be any compact complex homogeneous manifold or, in other words, a
(generalised) flag manifold. Set treg := {X ∈ t|α(X) /∈ Z ∀α ∈ ΣG}. We shall use the operators
ζm,a introduced in Def. 1.1. Notice that ζ0,ae

ikφ ≡ ζeikφ = 1
e−iφ−1

by Eq. (5).

Theorem 8.1. LetM = G/K be a compact complex homogeneous manifold and let L := LρK+λ

be a G-invariant holomorphic Hermitian line bundle on M . Assume that L is positive in the
sense that ∀α ∈ Ψ : ⟨α∨, λ⟩ > 0. Fix a Kähler metric gX0 on M . Choose X ∈ treg and set
t := eX . Then the asymptotic behaviour of the equivariant analytic torsion for high powers of
L is given by

Tt((M, gX0), L
ℓ
ρK+λ) = − log ℓ · ζ

∑
α∈Ψ

χρ+ℓλ+kα(t) + ζ′
∑
α∈Ψ

χρ+ℓλ+kα(t)

−
∑
α∈Ψ

log
⟨α∨, λ⟩
α∨(X0)

· ζχρ+ℓλ+kα(t) + C̃ · χρ+ℓλ(t)

+
∑
α∈Ψ

N−1∑
m=1

ζm,⟨α∨,ρ⟩χρ+ℓλ+kα(t)

(−⟨α∨, ℓλ⟩)mm
−
∑
α∈Ψ

ζR⟨α∨,ρ⟩,⟨α∨,λ⟩ℓ,Nχρ+ℓλ+kα(t)

= log ℓ ·
∫
Mt

Td∗
t (TM)cht(L

ℓ
ρK+λ) +O(1).

The constant C̃ vanishes if G is not of type G2, F4 or E8.

Here χρ+ℓλ+kα(t) is a linear combination of terms of the form ei(φ
′ℓ+φk) with φ, φ′ ∈ R \ 2πZ.

Proof. By [KaK, Th. 5.4], by the formula for the constant C in [KaK, Th. 7.1] for positive L
and by the remark at the end of [KaK, p. 660], the torsion is given by

Tt((M, gX0), L
ℓ
ρK+λ) =

∫
Mt

Tdt(TM)Rt(TM)cht(L
ℓ
ρK+λ)

−
∑
α∈Ψ

ζχρ+ℓλ−kα(t) · logα∨(X0)− χρ+ℓλ(t)
∑
α∈Ψ+

logα∨(X0)−
∑
α∈Ψ

⟨α∨,ρ+ℓλ⟩∑
k=1

χρ+ℓλ−kα(t) · log k.
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The result thus follows the same way as in the proof of Theorem 5.4 and Theorem 5.5 in the
case of Hermitian symmetric spaces, as the formula for the analytic torsion has the same form.
In the case X ∈ treg the polynomial degree of χρ+ℓλ+kα(t) in ℓ and k equals 0, and thus the
log‡-summand in Theorem 5.4 is given by the result above.

Lemma 8.2. The error term in Theorem 8.1 can be estimated as∣∣∣∣∣∑
α∈Ψ

ζR⟨α∨,ρ⟩,⟨α∨,λ⟩ℓ,Nχρ+ℓλ+kα(e
X)

∣∣∣∣∣ < ℓ−N∣∣∏
α∈Σ+ 2 sin(πiwα(X))

∣∣
·
∑
α∈Ψ

1

⟨α∨, λ⟩N

(
(N − 1)!

(2π)N+1

∑
w∈WG

(ζ(N + 1, wα(X)) + ζ(N + 1, 1− wα(X)))

+
#WG

N
· (ζ(−N)− ζ(−N, ⟨α∨, ρ⟩+ 1))

)

<
ℓ−N∣∣∏

α∈Σ+ 2 sin(πiwα(X))
∣∣

·
∑
α∈Ψ

1

⟨α∨, λ⟩N

(
(N − 1)!

∑
w∈WG

2ζ(2)

(2πminq∈Z |q + wα(X)|)N+1

+
#WG

N
· ⟨α∨, ρ⟩N+1

)

≤ (N − 1)!

(2πℓminq∈Z,w∈WG,α∈Ψ |q + wα(X)|⟨α∨, λ⟩)N
· c1

with c1 ∈ R+ being independent of N and ℓ.

The comments after Lemma 5.6 apply here with dim(G/K)t = 0.

Proof. Since X ∈ treg, the characters are given by

χρ+ℓλ+kα(e
X) =

∑
w∈WG

(−1)w exp(2πiw(ρ+ ℓλ+ kα)(X))∏
α∈Σ+ 2i sin(πiwα(X))

.

Theorem 2.1 shows that∣∣ζR⟨α∨,ρ⟩,⟨α∨,λ⟩ℓ,Ne
2πikwα(X)

∣∣ < ℓ−N

N
C(e2πikwα(X),−N, ⟨α∨, ρ⟩+ 1)

= ℓ−N
(
(N − 1)!

(2π)N+1
(ζ(N + 1, wα(X)) + ζ(N + 1, 1− wα(X))

+
ζ(−N)− ζ(−N, ⟨α∨, ρ⟩+ 1

N

)
.

Combining these we obtain the first estimate. The other estimates follow as in Lemma 5.6.

Example 8.3. On P1C = SU(2)/S(U(1)×U(1)), let λ be the weight given by
(
iφ
0

0
−iφ

)
7→ φ

2π
.

According to [K1, Th. 2], the torsion is for any ℓ ∈ Z given by the real number

Tt((P1C, gX0), L
ℓ
ρK+λ) =

cos |ℓ+ 1|φ
2

i sin φ
2

(
eiφ

∂Φ

∂s
(eiφ, 0, 1)− e−iφ

∂Φ

∂s
(e−iφ, 0, 1)

)
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−
|ℓ+1|∑
k=1

sin(|ℓ+ 1| − 2k)φ
2

sin φ
2

log k.

for the Fubini-Study metric with ∥α∥2 = 2. For general metrics there is an additional term

which can be written as
cos(ℓ+2)φ

2

2 sin2 φ
2

logα∨(X0) by [KaK, Th. 5.2].

On the other hand, Th. 8.1 shows in this case:

Corollary 8.4. The equivariant torsion Tt(P1C,O(ℓ)) for the rotation t of the sphere by an
angle φ has for ℓ→ +∞ the asymptotic expansion

Tt(P1C,O(ℓ)) =
cos(ℓ+ 2)φ

2

−2 sin2 φ
2

log ℓ

+
cos(ℓ+ 2)φ

2

2 sin2 φ
2

logα∨(X0) +
cos |ℓ+ 1|φ

2

sin φ
2

Rrot(φ)

+
sin |ℓ+ 1|φ

2

2 sin φ
2

(
− log 2π + Γ′(1)−

ψ( φ
2π
) + ψ(1− φ

2π
)

2

)

+
1

2i sin φ
2

(
N−1∑
m=1

ei(ℓ+3)φ
2 Φ(eiφ,−m, 2)− e−i(ℓ+3)φ

2 Φ(e−iφ,−m, 2)
(−ℓ)mm

+
ei(ℓ+3)φ

2R(eiφ,−N, 2, 0, ℓ)− e−i(ℓ+3)φ
2R(e−iφ,−N, 2, 0, ℓ)

(−ℓ)NN

)
.

By applying Tt(P1C,O(−ℓ)) = Tt(P1C,O(ℓ − 2)) this formula also yields a slightly different
asymptotic expansion for ℓ→ −∞.

By Lemma 8.2 the last summand is bounded by

N !
(2π)N+1 (ζ(N + 1, φ

2π
) + ζ(N + 1, 1− φ

2π
)) + 1

ℓNN · | sin φ
2
|

.

Proof. In this case Ψ = {2λ} and χρ+ℓλ+kα(
(
eiφ/2

0
0

e−iφ/2

)
) =

sin(ℓ+2k+1)φ
2

sin φ
2

holds for the rotation

of the sphere by an angle φ. We assume that ℓ > 0. The coefficient of log ℓ is thus given by

−ζ
sin(ℓ+ 2k + 1)φ

2

sin φ
2

=
−1

2i sin φ
2

(
ei(ℓ+1)φ/2

e−iφ − 1
− e−i(ℓ+1)φ/2

eiφ − 1

)
=

cos((ℓ+ 2)φ
2
)

−2 sin2 φ
2

.

Equivalently,∫
Mt

Td∗
t (TM)cht(L

ℓ
ρK+λ) =

eiℓφ/2

(1− e−iφ)2
+

e−iℓφ/2

(1− eiφ)2
=

cos((ℓ+ 2)φ
2
)

−2 sin2 φ
2

.

Therefore this term equals also the coefficient of − logα∨(X0). Hence for ℓ→ +∞

Tt((M, gX0), L
ℓ
ρK+λ) = −

cos((ℓ+ 2)φ
2
)

2 sin2 φ
2

· log ℓ

α∨(X0)

+
1

2i sin φ
2

(
ei(ℓ+3)φ

2
∂Φ

∂s
(eiφ, 0, 1)− e−i(ℓ+3)φ

2
∂Φ

∂s
(e−iφ, 0, 1)
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+
N−1∑
m=1

ei(ℓ+3)φ
2 Φ(eiφ,−m, 2)− e−i(ℓ+3)φ

2 Φ(e−iφ,−m, 2)
(−ℓ)mm

+
(
ζR1,ℓ,Ne

−i(ℓ+1+2k)φ
2 − ζR1,ℓ,Ne

i(ℓ+1+2k)φ
2
φ
))

.

Eq. (19) provides the value of the ζ′-term.

9 Lie-algebra-equivariant torsion on the projective plane

An analytic torsion which is equivariant with respect to the action of a Lie algebra has been
defined in [BG, Section 2.6]. Let X be a generator of an isometric circle action on P1C such
that the its flow has period 2π. By [K4, Th. 9.4] Bismut–Goette’s X-equivariant torsion is
given by

TtX(P1C,O(ℓ)) = −
cos (ℓ+1)t

2

sin t
2

∑
k≥1
k odd

(2ζ ′(−k) +Hkζ(−k))
(−1)

k+1
2 tk

k!

+

|ℓ+1|∑
k=1

sin(2k − |ℓ+ 1|) t
2

sin t
2

log k +

(
cos (ℓ+1)t

2
)

t sin t
2

)#

(46)

where (t2k)# := t2k ·
{

2H2k+1−Hk

0
if k≥0,

k=−1
. This expression can be interpreted in two ways, which

give different asymptotic expansions in ℓ: As a convergent power series in t for |t| < 2π, and
as formal power series in t, where one gets one asymptotic expansion for each power tm. In
this section we shall describe the asymptotic expansion with respect to the first interpretation.
Section 10 shall use the other interpretation.
We give the asymptotic expansion in terms of ℓ̃ := |ℓ + 1|. Thus the coefficients of the two
leading terms are the same as for an asymptotic expansion in terms of ℓ. Using (ℓ + 1)−m ∼∑∞

k=0

(
m+k−1

k

)
(−1)kℓ−m−k and log(ℓ + 1) ∼ log ℓ −

∑∞
k=1

(−1)k

kℓk
one can obtain the asymptotic

expansions in ℓ.

Theorem 9.1. Define f(r) :=
(

r
sin tr

2

− 1
sin t

2

)
· 1
t(1−r2) as the continuous extension to r ∈] −

2π
|t| ,

2π
|t| [. The summands of TtX(P1C,O(ℓ)) have the following asymptotic expansion for ℓ̃ :=

|ℓ+ 1| → ∞:

ℓ̃∑
k=1

sin(2k − ℓ̃) t
2

sin t
2

log k = −
cos (ℓ̃+1)t

2

2 sin2 t
2

log ℓ̃

− 1

2i sin t
2

(
e

−i(ℓ̃−2)t
2

∂

∂s
Φ(eit, 0, 1)− e

i(ℓ̃−2)t
2

∂

∂s
Φ(e−it, 0, 1)

)
+

1

2i sin t
2

N−1∑
m=1

(−ℓ̃)−m

m

(
e
i(ℓ̃+2)t

2 Φ(eit,−m, 1)− e−
i(ℓ̃+2)t

2 Φ(e−it,−m, 1)
)

+
1

2i sin t
2

(−ℓ̃)−N

N

(
e
i(ℓ̃+2)t

2 R(eit,−N, 1, 0, ℓ̃)− e−
i(ℓ̃+2)t

2 R(e−it,−N, 1, 0, ℓ̃))
)

and (
cos ℓ̃t

2

t sin t
2

)#

∼ − 1

t sin t
2

(
sin

ℓ̃t

2
·

(
π

2
+

∞∑
m=0

(−1)m(2m)!

(ℓ̃t)2m+1

)
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+cos
ℓ̃t

2
·

(
− log(ℓ̃t) + Γ′(1) +

∞∑
m=1

(−1)m(2m− 1)!

(ℓ̃t)2m

))

+
∞∑
m=1

2

(
2

ℓ̃t

)m
cos

ℓ̃t+ πm

2
· f (m−1)(1).

Remark 9.2. t sin( t
2
)m+1f (m−1)(1) is a polynomial in t, sin t

2
and cos t

2
. Using the series

1
sin t

2

= 2
t
+ t

π2

∑∞
m=1

(−1)m

( t
2π

)2−m2 one finds

f (m−1)(1) = (m− 1)!tm−1

∞∑
p=1

(−1)p4pπ

4p2π2 − t2

(
1

(2pπ − t)m
− 1

(−2pπ − t)m

)
.

Proof. The first expansion follows by Proposition 3.5 as in Corollary 8.4. By [K4, Prop. 9.2]
we know that (

cos ℓ̃t
2

t sin t
2

)#

= −
∫ 1

−1

(
r cos ℓ̃tr

2

sin tr
2

−
cos ℓ̃t

2

sin t
2

)
· dr

t(1− r2)
.

Furthermore [K4, Th. 9.3] explains how to find the asymptotic expansion of this integral: We
shall need the sine and cosine integral functions defined by Si(x) =

∫ x
0

sin r
r
dr and Ci(x) =

−
∫ +∞
x

cos r
r
dr for x ∈ R+. In the proof of [K4, Th. 9.3] the above integral is decomposed as

(
cos ℓ̃t

2

t sin t
2

)#

= −
∫ 1

−1

cos
ℓ̃tr

2
·f(r) dr−

sin ℓ̃t
2
· Si(ℓ̃t)− cos ℓ̃t

2
·
(
−Γ′(1)− Ci(ℓ̃t) + log(ℓ̃t)

)
t sin t

2

. (47)

Partial integration shows for the 2m-th derivative of f that∫ 1

−1

cos
ℓ̃tr

2
· f (2m)(r) dr =

2

ℓ̃t
sin

ℓ̃tr

2
· f (2m)(r)

∣∣∣1
−1

− 2

ℓ̃t

∫ 1

−1

sin
ℓ̃tr

2
· f (2m+1)(r) dr

f even
= 2

2

ℓ̃t
sin

ℓ̃t

2
· f (2m)(1)− 2

ℓ̃t

∫ 1

−1

sin
ℓ̃tr

2
· f (2m+1)(r) dr

and analogously∫ 1

−1

sin
ℓ̃tr

2
· f (2m+1)(r) dr = −2

2

ℓ̃t
cos

ℓ̃t

2
· f (2m+1)(1) +

2

ℓ̃t

∫ 1

−1

cos
ℓ̃tr

2
· f (2m+2)(r) dr.

Combining these one obtains for any N ∈ N0 by induction

−
∫ 1

−1

cos
ℓ̃tr

2
· f(r) dr =

N∑
m=1

2

(
2

ℓ̃t

)m
(−1)m(m+1)/2f (m−1)(1) ·

{
sin ℓ̃t

2

cos ℓ̃t
2

for m
odd,

even

−
(
2

ℓ̃t

)N
(−1)N(N+1)/2 ·

∫ 1

−1

dr f (N)(r)

{
sin ℓ̃tr

2

cos ℓ̃tr
2

for N
odd,

even.

Using

cos
ℓ̃t+ πm

2
= (−1)m(m+1)/2f (m−1)(1) ·

{
sin ℓ̃t

2

cos ℓ̃t
2

for m
odd,

even
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the last term is further simplified. The trigonometric integrals have the asymptotic expansions
([Erd2, 9.8(10)-(11)])

Si(ℓ̃t) ∼ π

2
+ sin ℓ̃t ·

∞∑
m=1

(−1)m(2m− 1)!

(ℓ̃t)2m
− cos ℓ̃t ·

∞∑
m=0

(−1)m(2m)!

(ℓ̃t)2m+1
,

Ci(ℓ̃t) ∼ cos ℓ̃t ·
∞∑
m=1

(−1)m(2m− 1)!

(ℓ̃t)2m
+ sin ℓ̃t ·

∞∑
m=0

(−1)m(2m)!

(ℓ̃t)2m+1

and thus one obtains the expansion of the second summand in Eq. (47) by trigonometric
addition formulae.

10 Asymptotics of torsion forms

In this section the asymptotic expansion of torsion forms, as defined in [BK, Def. 3.8], for
fibrations by projective lines is computed. This is achieved using the formula for this specific
torsion form Tπ(O(ℓ)) given by the author as [K4, Th. 1.1]. We refer to that article for details
on the definition of this object. In the computation we will need the following result that
apparently has not been published before.

Proposition 10.1. For any m ∈ Z+, j ∈ Z+
0 , a ∈ C the following identity holds:

j∑
r=0

(
j

r

)
ar

j +m− r
=

1

m
(
j+m
m

) ((−1)mam+j + (a+ 1)j+1

m−1∑
r=0

(
j + r

j

)
(−a)m−1−r

)
.

Hansen gives a recursion relation for the left hand side in [Ha, (6.11.19)] and provides values

for a few special values of m. The term
∑m−1

r=0 (−1)r+m+1
(
j+r
j

)
am−1−r is the regular part of

the Laurent series about a = 0 of − (−1)mam+j

(a+1)j+1 outside the unit disc. For the case m+ j < 0 see

Eq. (48).

Proof. In the case a = 0, both side equal 1
j+m−r . Now replace a by − 1

a
and r on the left side

by j − r to obtain

(−a)−m−j
j∑
r=0

(
j

r

)
(−a)m+r

m+ r
=

1

m
(
j+m
m

) ((−1)m(−a)−m−j + (1− 1

a
)j+1

m−1∑
r=0

(
j + r

j

)
ar+1−m

)
.

Multiplying by (−a)m+j transforms this equation to

j∑
r=0

(
j

r

)
(−a)m+r

m+ r
=

(−1)m

m
(
j+m
m

) (1− (1− a)j+1

m−1∑
r=0

(
j + r

j

)
ar

)
. (48)

Differentiating the right hand side of Eq. (48) by a yields

(−1)m

m
(
j+m
m

)((1− a)j
m−1∑
r=0

(
j + r

j

)
(j + 1)ar − (1− a)j(1− a)

m−1∑
r=0

(
j + r

j

)
rar−1

)

=
(−1)m(1− a)j

m
(
j+m
m

) (
m−1∑
r=0

((
j + r

j

)
(j + 1)−

(
j + r + 1

j

)
(r + 1)
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+

(
j + r

j

)
r

)
ar +m

(
j +m

m

)
am−1

)
= −(1− a)j(−a)m−1

as every summand in the sum over r vanishes. The result equals the derivative of the left hand
side of Eq. (48). As both sides of Eq. (48) equal 0 at a = 0, the formula holds for any a.

Remark 10.2. Multiplying both sides by m
(
j+m
m

)
leads to

∑j
r=0

(
j+m
m

) (
j
r

)
mar

j+m−r on the left

hand side. Expanding the term (a+ 1)j+1 on the right hand side gives

(−1)mam+j +

j+1∑
q=0

m−1∑
r=0

(−1)r+m+1

(
j + 1

r

)(
j + r

j

)
am−1−r+q

r 7→
m−1−r+q

= (−1)mam+j +

j+1∑
q=0

q+m−1∑
r=q

(−1)r+q
(
j + 1

r

)(
j +m− 1− r + q

j

)
ar

= (−1)mam+j +

j+m∑
r=0

r+m−1∑
q=r

(−1)r+q
(
j + 1

r

)(
j +m− 1− r + q

j

)
ar

q 7→r−q
= (−1)mam+j +

j+m∑
r=0

m−1∑
q=0

(−1)q
(
j + 1

r − q

)(
j +m− 1− q

j

)
ar

and thus comparing the coefficients of powers of a shows for anym ∈ Z+, j ∈ Z+
0 , 0 ≤ r < m+j

that

m

(
j +m

m

)(
j

r

)
= (j +m− r)

m−1∑
q=0

(−1)q
(
j + 1

r − q

)(
j +m− 1− q

j

)
. (49)

Clearly this formula holds for m = 0 and any r ∈ Z as well. For fixed r ∈ Z+
0 both sides are

polynomials in j and thus Eq. (49) holds for any m ∈ Z+
0 , r ∈ Z+

0 , j ∈ C, which in turn can be
used to generalize Prop. 10.1.

Theorem 10.3. Let P → B be an U(2) principal bundle, π : P → B the induced P1C-bundle
and E := P ×U(2) C2, thus P = PE. The asymptotic expansion of the torsion form Tπ(O(ℓ))
for O(ℓ) on the P1C-bundle π : PE → B for ℓ → ∞ in any differential form degree n ∈ N0 is
given by

Tπ(O(ℓ))[2n] =

⌊n/2⌋∑
m=0

2c1(E)
n−2m(c1(E)

2 − 4c2(E))
m

(n− 2m)!(2m+ 1)!
(− ℓ

2
)n−2m

·

(
m∑
k=0

(
ζ ′(−2k − 1)−H2k+1

B2k+2

2k + 2

)(
2m+ 1

2k + 1

)
B2m−2k

(
− ℓ
2

)
−B2m+2

(
− ℓ
2

)
2H2m+1 −Hm

2m+ 2

− 1

2m+ 2

2m+2∑
j=1

(
2m+ 2

j

)
B2m+2−j(−

ℓ

2
) · (ℓ+ 1)j

j

− log ℓ ·
(
B2m+2(−

ℓ

2
) + (1 +

ℓ

2
)B2m+1(−

ℓ

2
)

)
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+
log 2π

2
B2m+1(−

ℓ

2
) +

m∑
k=1

(−1)k+1(2m+ 1)!

2(2m+ 1− 2k)!(2π)2k
ζ(2k + 1)B2m+1−2k(−

ℓ

2
)

+
2m∑

j=1−N

2m+1∑
q=max{0,1+j}

 q∑
r=max{0,1+j}

(q
r

) (−1
2
)r

r − j


·
(
2m+ 1

q

)
B2m+1−q ·

(
(−1)q−j

Bq−j+1

q − j + 1
− 1 +

1

q − j + 1

)
(−1)jℓj

+
2m+1∑
q=0

2m+1−q∑
r=0

(2m+ 1)!(q − 1 +N)!

q!(2m+ 1− q − r)!(q + r +N)!
B2m+1−q−r

·(−1)Nℓ−N

2q
R(1,−q − r −N, 2, r, ℓ)

)

=

⌊n/2⌋∑
m=0

c1(E)
n−2m(c1(E)

2 − 4c2(E))
m

(n− 2m)!(2m+ 1)!
(−1)n

·

(
1

2n+1
ℓn+1 log

ℓ

2π
+

2m+ 1

2n−13
ℓn log ℓ

+
7− 4m− 6(2m+ 1) log(2π) + 24(2m+ 1)ζ ′(−1)

2n+23
ℓn

)
+O(ℓn−1 log ℓ).

To keep the full formula somewhat shorter it was written in terms of Bernoulli polynomials of
ℓ instead of powers of ℓ, using the equations (55), (53), (57), (64), (61), (66) in the following
proof. An expression as a linear combination of ℓj can be obtained by using (56), (54), (59),
(63), (60), (67) instead. The terms in the result are obtained by adding T1 +T odd

23 , T3, T21, T22,
T even
23 , T24, T25 in that order.

The asymptotic expansion of Tπ(O(ℓ))[0] up to O(ℓ−1) was already given by Finski in [Fi, Section
4.3] using the formula for Tπ(O(ℓ))[0] from [K2].

Proof. By [K4, Th. 1.1], the X-equivariant torsion is given by Tπ(O(ℓ)) = e−
ℓ
2
c1(E)Tℓ(c1(E)

2 −
4c2(E)) where Tℓ(−t2) is the power series given by the same formula as TtX in Eq. (46), which
splits naturally into three terms

Tℓ(−t2) = −
cos (ℓ+1)t

2

sin t
2

∑
m≥1
m odd

(2ζ ′(−m) +Hmζ(−m))
(−1)

m+1
2 tm

m!

+

|ℓ+1|∑
m=1

sin(2m− |ℓ+ 1|) t
2

sin t
2

logm+

(
cos (ℓ+1)t

2
)

t sin t
2

)#

(50)

=:
∞∑
m=0

2(−1)mt2m

(2m+ 1)!
T1 +

∞∑
m=0

2(−1)mt2m

(2m+ 1)!
T2 +

∞∑
m=0

2(−1)mt2m

(2m+ 1)!
T3, (51)

where (t2m)# := t2m ·
{

2H2m+1−Hm

0
if m≥0,

m=−1
and T1, T2, T3 depend on m and ℓ, but not on

t. Assume ℓ ≥ −1. By the definition of Bernoulli polynomials and the formula Bm(x) =
−mζ(1−m,x) (m ∈ Z+, [Erd1, 1.11(11)]) one gets the Taylor series

cos (ℓ+1)t
2

t sin t
2

=
∞∑
m=0

B2m(
ℓ

2
+ 1)

2(−1)mt2m−2

(2m)!
=

∞∑
m=0

B2m

(
− ℓ
2

)
2(−1)mt2m−2

(2m)!
. (52)
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Therefore

T3 = −B2m+2

(
− ℓ
2

)
2H2m+1 −Hm

2m+ 2
(53)

= −(2H2m+1 −Hm)
2m+2∑
j=0

(2m+ 1)!

(2m+ 2− j)!j!
B2m+2−j ·

(
− ℓ
2

)j
. (54)

Similarly

T1 =
(2m+ 1)!

2(−1)m
·

(
∞∑
r=0

B2r

(
− ℓ
2

)
2(−1)rt2r−1

(2r)!

·
∞∑
k=0

(2ζ ′(−2k − 1) +H2k+1ζ(−2k − 1))
(−1)kt2k+1

(2k + 1)!

)[deg t=2m]

=
m∑
k=0

(
2ζ ′(−2k − 1)−H2k+1

B2k+2

2k + 2

)(
2m+ 1

2k + 1

)
B2m−2k

(
− ℓ
2

)
(55)

=
m∑
k=0

2m−2k∑
j=0

(
2ζ ′(−2k − 1)−H2k+1

B2k+2

2k + 2

)
(2m+ 1)!B2m−2k−j ·

(
− ℓ

2

)j
(2m− 2k − j)!j!(2k + 1)!

=
2m∑
j=0

⌊m−j/2⌋∑
k=0

(
2ζ ′(−2k − 1)−H2k+1

B2k+2

2k + 2

)
(2m+ 1)!B2m−2k−j ·

(
− ℓ

2

)j
(2m− 2k − j)!j!(2k + 1)!

. (56)

Using again the definition of Bernoulli polynomials, T2 takes the form

T2 =
ℓ+1∑
k=1

B2m+1

(
k − ℓ

2

)
log k.

The polynomial k 7→ B2m+1

(
k − ℓ

2

)
is skew-symmetric around k = ℓ+1

2
. Hence we obtain by

Propositions 3.4 and 3.5

ℓ+1∑
k=1

B2m+1

(
k − ℓ

2

)
log k = −2B2m+1

(
k − ℓ

2

)∗

(ℓ+ 1)

+ log ℓ · ζ
(
B2m+1

(
−k − ℓ

2

))
− ζ′

(
B2m+1

(
k − ℓ

2

))
+ζ

(
B2m+1

(
−k − ℓ

2

)
log‡

(
k + 1

ℓ
+ 1

))[deg ℓ>−N ]

+ζR1,ℓ,N

(
B2m+1

(
−k − ℓ

2

))
=: T21 + T22 + T23 + T24 + T25.

Using Bm(x+ y) =
∑m

h=0

(
m
h

)
Bm−h(x)y

h [Erd1, 1.13(8)] and Proposition 3.4 one obtains

T21 = −
2m+1∑
h=0

(
2m+ 1

h

)
B2m+1−h(−

ℓ

2
) · (ℓ+ 1)h+1

(h+ 1)2

= −
2m+2∑
h=1

(
2m+ 2

h

)
B2m+2−h(−

ℓ

2
) · (ℓ+ 1)h

h(2m+ 2)
(57)
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= −
2m+2∑
h=1

2m+2−h∑
r=0

h∑
j=0

(
2m+ 2

r, 2m+ 2− h− r, j, h− j

)
B2m+2−h−r

h(2m+ 2)
· (−1

2
)rℓr+j

= −
2m+2∑
r=0

2m+2−r∑
h=1

h∑
j=0

(
2m+ 2

r, 2m+ 2− h− r, j, h− j

)
B2m+2−h−r

h(2m+ 2)
· (−1

2
)rℓr+j

= −
2m+2∑
r=0

2m+2−r∑
j=0

2m+2−r∑
h=max{1,j}

(
2m+ 2

r, 2m+ 2− h− r, j, h− j

)
B2m+2−h−r

h(2m+ 2)
· (−1

2
)rℓr+j

j 7→j−r
h 7→h−r
= −

2m+2∑
r=0

2m+2∑
j=r

2m+2∑
h=max{1+r,j}

(
2m+ 2

r, 2m+ 2− h, j − r, h− j

)
B2m+2−h

(h− r)(2m+ 2)
· (−1

2
)rℓj

= −
2m+2∑
r=0

2m+2∑
j=r

2m+2∑
h=max{r+1,j}

(
2m+ 2

r, 2m+ 2− h, j − r, h− j

)
B2m+2−h

(h− r)(2m+ 2)
· (−1

2
)rℓj

= −
2m+2∑
j=0

j∑
r=0

2m+2∑
h=max{r+1,j}

(
2m+ 2

r, 2m+ 2− h, j − r, h− j

)
B2m+2−h

(h− r)(2m+ 2)
· (−1

2
)rℓj

= −
2m+1∑
j=0

2m+2∑
h=j+1

(
j∑
r=0

(
j

r

)
·
(−1

2
)r

h− r

)(
2m+ 2

j, 2m+ 2− h, h− j

)
B2m+2−h

2m+ 2
· ℓj

−
2m+2∑
j=1

(
j−1∑
r=0

(
j

r

)
·
(−1

2
)r

j − r

)(
2m+ 2

j

)
B2m+2−j

2m+ 2
· ℓj

where the second sum in the last step corresponds to the case h = j. Applying
∑j−1

r=0

(
j
r

)
·

(− 1
2
)r−j

j−r =
∑j

r=1
(−1)r−1

r
= −2Hj + H⌊j/2⌋ ([KaK, p. 666]) and

∑2m+1
r=0

(
2m+1
r

)
· (− 1

2
)r

2m+2−r =∑2m+1
r=0

(
2m+2
r

)
· (− 1

2
)r

2m+2
= 0 we get

T21 = −
2m∑
j=0

2m+2∑
h=j+1

(
j∑
r=0

(
j

r

)
·
(−1

2
)r

h− r

)(
2m+ 2

j, 2m+ 2− h, h− j

)
B2m+2−h

2m+ 2
· ℓj

+
2m+2∑
j=1

(
2Hj −H⌊j/2⌋

)(2m+ 2

j

)
B2m+2−j

2m+ 2
· (− ℓ

2
)j. (58)

When looking at top degree terms, replacing the sum over r using Proposition 10.1 provides
the more suitable formula

T21 = −
2m∑
j=0

2m+2∑
h=j+1

(
(−1)j +

h−j−1∑
r=0

(
j + r

r

)
2r

)(
2m+ 2

h

)
2−hB2m+2−h

(h− j)(2m+ 2)
· ℓj

+
2m+2∑
j=1

(
2Hj −H⌊j/2⌋

)(2m+ 2

j

)
B2m+2−j

2m+ 2
· (− ℓ

2
)j. (59)

Using the formula for Bm(x+ y) again one also finds

T23 = −
2m+1∑
h=0

(
2m+ 1

h

)
ζ′B2m+1−h(k) · (−

ℓ

2
)h (60)
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= −
2m+1∑
k=0

(
2m+ 1

k

)
B2m+1−k(−

ℓ

2
)ζ ′(−k).

As ζ ′(−2k) = (−1)k (2k)!
2(2π)2k

ζ(2k + 1) for k ∈ Z+ and ζ ′(0) = − log
√
2π, the part of this sum for

k even equals

T even
23 =

log 2π

2
B2m+1(−

ℓ

2
) +

m∑
k=1

(−1)k+1(2m+ 1)!

2(2m+ 1− 2k)!(2π)2k
ζ(2k + 1)B2m+1−2k(−

ℓ

2
). (61)

The odd part cancels with one half of the ζ ′-summand in T1 as in Eq. (55):

T odd
23 = −

m∑
k=0

(
2m+ 1

2k + 1

)
B2m−2k(−

ℓ

2
)ζ ′(−2k − 1).

We use the equation Bm = (−1)m−1mζ(1 − m) and Euler’s convolution identity ∀m ∈ Z+ :∑m
j=0

(
m
j

)
BjBm−j = −mBm−1 − (m− 1)Bm [Nie, p. 42 Eq. (13)] to find the identity

ζBm(−k) =
m∑
j=0

(
m

j

)
Bj · (−1)m−jζ(j −m) =

m∑
j=0

(
m

j

)
Bj

B1+m−j

1 +m− j

=
1

m+ 1

(
m+1∑
j=0

(
m+ 1

j

)
BjB1+m−j −Bm+1

)
= −Bm+1 −Bm. (62)

Thus

T22 = log ℓ ·
2m+1∑
j=0

(
2m+ 1

j

)
ζB2m+1−j(−k) · (−

ℓ

2
)j

(62)
= − log ℓ ·

2m+1∑
j=0

(
2m+ 1

j

)
(B2m+2−j +B2m+1−j) · (−

ℓ

2
)j (63)

= − log ℓ ·

(
2m+2∑
j=0

2m+ 2− j

2m+ 2

(
2m+ 2

j

)
B2m+2−j · (−

ℓ

2
)j +B2m+1(−

ℓ

2
)

)

= − log ℓ ·
(
B2m+2(−

ℓ

2
) + (1 +

ℓ

2
)B2m+1(−

ℓ

2
)
)
. (64)

Furthermore using

ζ((k + 1)n)
(25)
= Φ(1,−n, 2) + 1

n+ 1
= ζ(−n)− 1 +

1

n+ 1
=

(−1)n

n+ 1
Bn+1 − 1 +

1

n+ 1
(65)

one finds

T24 = ζ

(
2m+1∑
r=0

(
2m+ 1

r

)
B2m+1−r(−k) · (−

ℓ

2
)r

∞∑
j=1

(−1)j+1

j
(
k + 1

ℓ
)j

)[deg ℓ>−N ]

= ζ
2m∑

j=1−N

2m+1∑
r=max{0,1+j}

(
2m+ 1

r

)
B2m+1−r(−k) · (k + 1)r−j

(−1)j+1ℓj

2r(r − j)
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= ζ

2m∑
j=1−N

2m+1∑
r=max{0,1+j}

(
2m+ 1

r

)
(−1)2m+1−rB2m+1−r(k + 1) · (k + 1)r−j

(−1)j+1ℓj

2r(r − j)

= ζ
2m∑

j=1−N

2m+1∑
r=max{0,1+j}

2m+1−r∑
q=0

(
2m+ 1

r, q, 2m+ 1− r − q

)
B2m+1−r−q · (k + 1)q+r−j

(−1)j+rℓj

2r(r − j)

= ζ

2m∑
j=1−N

2m+1∑
r=max{0,1+j}

2m+1∑
q=r

(
2m+ 1

r, q − r, 2m+ 1− q

)
B2m+1−q · (k + 1)q−j

(−1)j+rℓj

2r(r − j)

= ζ
2m∑

j=1−N

2m+1∑
q=max{0,1+j}

q∑
r=max{0,1+j}

(
2m+ 1

r, q − r, 2m+ 1− q

)
B2m+1−q · (k + 1)q−j

(−1)j+rℓj

2r(r − j)

= ζ
2m∑

j=1−N

2m+1∑
q=max{0,1+j}

 q∑
r=max{0,1+j}

(q
r

) (−1
2
)r

r − j

(2m+ 1

q

)
B2m+1−q · (k + 1)q−j(−ℓ)j

(65)
=

2m∑
j=1−N

2m+1∑
q=max{0,1+j}

 q∑
r=max{0,1+j}

(q
r

) (−1
2
)r

r − j

 ·
(
2m+ 1

q

)

·B2m+1−q ·
(
(−1)q−j

Bq−j+1

q − j + 1
− 1 +

1

q − j + 1

)
(−ℓ)j. (66)

In the case j < 0 Proposition 10.1, more specifically Eq. (48), provides again a different expres-
sion for the sum over r as

T24
j<0
=

2m∑
j=1−N

2m+1∑
q=0

1− 2−q−1
∑−j−1

r=0

(
q+r
q

)
2−r

−j
(
q−j
−j

)
 ·

(
2m+ 1

q

)

·B2m+1−q ·
(
(−1)q−j

Bq−j+1

q − j + 1
− 1 +

1

q − j + 1

)
(− ℓ

2
)j. (67)

Finally one obtains

T25 = ζR1,ℓ,N

2m+1∑
q=0

(
2m+ 1

q

)
B2m+1−q(−k) ·

(
− ℓ
2

)q

= ζR1,ℓ,N

2m+1∑
q=0

2m+1−q∑
r=0

(
2m+ 1

q, r, 2m+ 1− q − r

)
B2m+1−q−r ·

(−1)r+q

2q
krℓq

=
2m+1∑
q=0

2m+1−q∑
r=0

(
2m+ 1

q, r, 2m+ 1− q − r

)
B2m+1−q−r

·(−1)r+q

2q
(−1)r+q+Nℓ−N(
q+r+N

r

)
· (q +N)

R(1,−q − r −N, 2, r, ℓ)

=
2m+1∑
q=0

2m+1−q∑
r=0

(2m+ 1)!(q − 1 +N)!

q!(2m+ 1− q − r)!(q + r +N)!
B2m+1−q−r

·(−1)Nℓ−N

2q
R(1,−q − r −N, 2, r, ℓ). (68)

By (59) and (55) the coefficients of ℓ2m+2 and ℓ2m+1 in T21 cancel with the corresponding terms
of T3, as 2H2m+2 −Hm+1 = 2H2m+1 −Hm. Furthermore by (63) and (61) the top terms of T22
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and T23 yield

(T22 + T23)
[deg ℓ=2m+1] = 2−2m−2 log

ℓ

2π
.

The coefficient of l2m is given by

(T1 + T3 + T21 + T22 + T23 + T24)
[deg ℓ=2m] = (

2m+ 1

22m−1
ζ ′(−1)− 2m+ 1

3 · 22m+2
)

− 2m+ 1

3 · 22m+2
(2H2m+1 −Hm) + (

1

22m+1
− 1

22m+2
+ (2H2m −Hm)

2m+ 1

3 · 22m+2
)

+
2m+ 1

3 · 22m
log ℓ− (

2m+ 1

22m
ζ ′(−1) +

2m+ 1

22m+2
log 2π) +

7

3 · 22m+3

=
1

3 · 22m+3

(
7− 4m+ (2 + 4m) log

ℓ4

(2π)3
+ 24(1 + 2m)ζ ′(−1)

)
.

Replacing (−t2) by c1(E)2 − 4c2(E) shows the claimed formula as

Tπ(O(ℓ))[2n] =
(
e−

ℓ
2
c1(E)Tℓ(c1(E)

2 − 4c2(E))
)[2n]

=
∑
r≥0

r+2m=n

1

r!
(− ℓ

2
c1(E))

r

⌊n/2⌋∑
m=0

2(c1(E)
2 − 4c2(E))

m

(2m+ 1)!
(T1 + T2 + T3).

Remark 10.4. Further coefficients of T1 + T3 + T21 + T22 + T23 + T24, multiplied by the corre-
sponding power of ℓ, are given by

l2m−1

3 · 22m+2

(
5 + 18m− 8m2 + 8m(1 + 2m)(log

ℓ√
2π

− 3

2π2
ζ(3) + 6ζ ′(−1))

)
and

l2m−2

22m+3

( 1

135

(
− 87− 121m+ 840m2 − 152m3

)
+4m(4m2 − 1)

( 4
45

log ℓ− 1

π2
ζ(3) +

8

3
ζ ′(−3) +

4

3
ζ ′(−1)

))
.

Remark 10.5. By [K4, Th. 11.2], the R-class term in the arithmetic Riemann–Roch is given
by the first summand in Eq. (50), corresponding to T1. Hence the asymptotic of the difference
of the torsion form and the R-class term is obtained by omitting the term given in Eq. (55) at
the right hand side in Th. 10.3. This term is of order O(ℓ2m).

Finally we verify that the highest degree term in Th. 10.3 corresponds to the formula given by
Puchol in [P, Th. 1.3]:

Lemma 10.6. Using the curvature ΩO(1) of the O(1) bundle over the total space of the P1C-
fibration, the 2n-component of the torsion form equals

Tπ(O(ℓ))[2n] =
1

2

(∫
P1C

log
ℓΩ̊O(1)

2π
e−

ℓ
2πi

ΩO(1)

)[2n]

+ o(ℓn+1).

Here Ω̊O(1) is defined as in Th. 6.5.
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Proof. In this case Ω̊O(1) = idC. We denote the fibre by Z and the vertical tangent space by
Tπ. [K4, Prop. 11.1] states that

π∗c1(E) = c1(Tπ)− 2c1(O(1)) and π∗(c1(E)
2 − 4c2(E)) = c1(Tπ)

2.

Therefore using the projection formula and
∫
P1C c1(Tπ) = 2 we obtain

ℓn+1

2
log

ℓ

2π
·
∫
Z

c1(O(1))n+1

(n+ 1)!

=
ℓn+1

2
log

ℓ

2π
·
∫
Z

n+1∑
j=0

1

2n(n+ 1)!

(
n+ 1

j

)
c1(Tπ)

j(−π∗c1(E))
n+1−j

m:=2j+1
=

ℓn+1

2
log

ℓ

2π
·
∫
Z

⌊n/2⌋∑
m=0

(−1)n−2m

2n+1(2m+ 1)!(n− 2m)!

·c1(Tπ)π∗((c1(E)
2 − 4c2(E))

mc1(E)
n−2m)

= ℓn+1 log
ℓ

2π
·
⌊n/2⌋∑
m=0

(−1)n

2n+1(2m+ 1)!(n− 2m)!
(c1(E)

2 − 4c2(E))
mc1(E)

n−2m

which is equal to the top most term in the last formula in Theorem 10.3.
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