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Abstract

The full asymptotic expansion of the equivariant complex Ray-Singer torsion for high
powers of line bundles on symmetric spaces is given in an explicit form. In the case
of isolated fixed points this expansion is given for general complex homogeneous spaces.
Furthermore the full asymptotic expansion is given for the complex analytic torsion form
associated to fibrations by projective curves. The expansions are compared with results
by Bismut—Vasserot, Finski and Puchol. The results are applied to lattice representations
of Chevalley groups.
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1 Introduction

Ray-Singer’s complex analytic torsion T (M, E) € R is an invariant associated to Hermitian
holomorphic vector bundles £ on compact Hermitian manifolds M. It is defined using regu-
larised determinants of Laplace operators. Its primary application lies in the construction of
the determinant of a direct image of Hermitian vector bundles within the context of Arakelov
geometry. Analogous to the role played by the Kodaira vanishing theorem in algebraic geome-
try, describing the asymptotic behaviour of analytic torsion for increasing tensor powers L of
positive line bundles L — M implies arithmetic Hilbert-Samuel theorems in Arakelov geometry.
The oldest such result [BV1, Th. 8] was proven by Bismut and Vasserot, who computed the
first two leading terms of the asymptotic expansion of the torsion in terms of curvatures and
characteristic classes. Gillet and Soulé combined this result with their arithmetic Theorem of
Riemann—Roch [GS2, Th. 7] to obtain the first version of an arithmetic Hilbert-Samuel theorem
[GS2, Th. 8]. Since then, arithmetic Hilbert-Samuel theorems have played a fundamental and
crucial role in Arakelov theory, emphasising the importance of the asymptotic expansion as a
natural approach to them.

Bismut and Vasserot extended their result to symmetric powers of positive vector bundles of
higher rank ([BV2]). Finski proved that the full asymptotic expansion of T(M, L?) consists
only of terms of the form ¢* and *log/ and he gave a formula for the 3rd and 4th term in
the asymptotic expansion ([Fi]). He extended this result to orbifolds. Other extensions and
applications to physics have been given by Berman ([Ber]), Su ([Su]) and Larrain-Hubach ([Lal).
Ray-Singer’s analytic torsion has a form-valued generalisation to fibrations, the complex ana-
lytic torsion form ([BK]) which can be used to define a full direct image of Hermitian vector
bundles in Arakelov geometry. In [P] Puchol generalised Bismut—Vasserot’s result to torsion
forms and more general bundles than the symmetric powers considered in [BV2], given as an-
other direct image. Puchol’s main result has been extended to equivariant torsion forms by
TeBmer ([T], preprint) for high powers of line bundles.

For the real analytic torsion the problem was studied by Bergeron and Venkatesh on locally sym-
metric spaces ([BV1]) and by Bismut, Ma, and Zhang for real analytic torsion forms ([BMZ]).
These have been further investigated by Liu ([Liul], [Liu2]) for locally symmetric spaces and
Q. Ma ([Md)).

There is an equivariant version T3(M, E) of complex analytic torsion defined by the author
in [K1]. Consider a compact Lie group G and a complex homogeneous space G/K. Let
L :=L,.+» - G/K be an equivariant line bundle associated to a weight A\, where p is the
Weyl vector, and choose t € G. One goal of the present paper is to give an explicit formula for
all terms in the asymptotic expansion of T;(G/K, L*) in term of roots and Weyl chambers, if ¢
acts with isolated fixed points.

Definition 1.1. Let ® denote the Lerch zeta function and consider a function P : Z — C of
the form

P(k) = cjk"ie*
j=0

with r € Ng, n; € Ny, ¢; € C, ¢; € R for all j. Then for p € R we shall use the notations

. , o
CP =370 ciefid(er, —n, 1), ¢'P = Z cjezg"ja—@(ewj, —n,1)

- S
Jj=0

and G, 0D 5o cjethei = Dot ciei®(e, —m,a+1).



The following result is proved in Section 8, using characters X,ioira(t) of G-representations
which for generic t € G are linear combinations of terms of the form e!¥“%%) with ¢, ¢’ €
R \ 27Z. While the general results about complex analytic torsion cited above lack error
estimates, in the case considered here the error term takes a very explicit form in Th. 8.1 and
error bounds of various levels of precision and simplicity are shown in Lemma 8.2.

Theorem 1.2. Let M = G/K be a compact complex homogeneous space and let L := L, .
be a G-invariant holomorphic Hermitian line bundle on M. Assume that L is positive in the
sense that Vo € W : (¥, \) > 0. Fix a Kahler metric gx, on M. Lett € G act on M with
isolated fized points. Then the asymptotic behaviour of the equivariant analytic torsion for high
powers of L is given by

Ti((M, gx,), Lo in) = =108 L-C > Xpronikalt) + €Y Xprorpralt)

acV¥ acV¥

av, A -
— > log O<é 0> “CXprorthalt) + C - Xprar(?)

Con(av )Xot tr+ka(t)
T Z Z &v IA))™m + 1

ac¥ m=1

with |Ry| < WC )N

constant C vanishes if G does not contain a factor of type G2, Fy or F.

c1 for explicitly given cy,co € RY which are independent of N and (. The

This is an asymptotic expansion in the following ways: Firstly, for each positive invariant line
bundle on a given homogeneous space there exist r € N, ¢;,a;,,, € Rforeachj =1,...,7,m € Z
such that Th. 1.2 provides an expansion in terms of an asymptotic scale

(al,meml + -+ anmew“"r)ﬁm log ¢, (al,mew“"1 +--+ anme”“"r)ﬁm (m € Z,m < my).

Secondly, for the summands with m > 0 Th. 1.2 can also be regarded as a generalised asymptotic
expansion in terms of the asymptotic scale £™ log ¢, {™, where the coefficients are not constant
with respect to £, but bounded. Such a notion is meaningless for the terms with m < 0 though.
Thirdly, the crucial interpretation for the applications to Arakelov geometry stems from the
fact that, in this case, the finitely many angles ¢; lie in Q- 7. Hence there exists a ¢ € Z*1 such
that they have the form 2#%. The isotypical components e>™P/ of the action of Z/qZ thus
have an asymptotic expansion in terms of the asymptotic scale ¢™ log ¢, (™.

When G/ K is an Hermitian symmetric space an asymptotic expansion is given for any ¢t € G in
Section 5, where the characters now are linear combination of terms of the form k™¢™ ei(¢'t+¢k)
with ¢, ¢’ € R, m,m’ € Ny. In the following, logf(z + 1) := — > e (=
formal power series.

k . .
)" is considered as a

k

Theorem 1.3. Consider the same situation as in Th. 1.2 and additionally assume that G/K is
symmetric. Then the asymptotic behaviour of the equivariant analytic torsion for high powers
of L with respect to an action by any t € G is given by

a E/\
T(G/K, L, i) = Zl - CXprortkalt) + Z ¢ Xprortha(t)

acV acvw
[deg ,>—N]
I <av7 p> + k
- QEZ\IJC (XpHAJrka(t) -log <—<ozv,£)\> +1 + Ry

with |Rs| < dlm(gﬁ;;;w -c1 for explicitly given c¢y,co € RT which are independent of N and
l.



As detailed in [KaK, Cor. 7.3] by Kaiser and the author, one term in the formula for the
torsion corresponds to one side of the Jantzen sum formula ([J, p. 311]), classifying lattice
representations of Chevalley schemes. Using this relation Theorems 1.2 and 1.3 directly yield
asymptotic formulae (Th. 7.1) for the arithmetic character given by the Jantzen sum formula.
A fourth result concerns the Lie-algebra-equivariant torsion with respect to the action of a
vector field introduced by Bismut and Goette ([BG]). Theorem 9.1 provides the full asymptotic
expansion of this torsion on P'C.

A fifth main Theorem 10.3 gives the full asymptotic expansion of torsion forms associated to
fibrations by rational curves.

Theorem 6.5 shows that in the non-equivariant case the four leading terms are equal to the
values given by Bismut—Vasserot and Finski. Lemma 10.6 verifies that in the case of a fibra-
tion by rational curves, the top terms in the expansion of the torsion form equal the formula
presented by Puchol.

Curiously, the comparison with a multiple of % in Finski’s result requires several unusual
results about Lie algebras in Prop. 6.1-6.4, such as the quotient of the Killing forms of G and
K being given by W for a symmetric space G/K. Similarly suprising is the fact that
the deduction of the asymptotlc expansion for the torsion form needs a closed formula for the
sum >7_(7) ~m=r (Prop. 10.1) that has not been published before. The computation of
the asymptotlc expansion relies on formulae for the analytic torsions that were given by the
author in terms of Lie algebras and the Lerch zeta function in [K2| and [K4]. This reduces
large parts of the proofs to results about such objects. Several of the intermediate lemmata are
generalisations to the equivariant case of results in [KaK, Section 8], where they were needed
to compute arithmetic heights.

2 Asymptotic expansion of a derivative of the Lerch zeta
function

The Lerch zeta function is defined by

ZSU
kz:%k‘jtv

for z € C, |z| < 1, v € C\ Z, ([Erdl, 1.11(1)]) and s € C, Res > 1. As in [Ap, p. 161], we
consider the extension of this function to |z| < 1 and for fixed z its analytic continuation to
s € C (for z# 1) and s € C\ {1} (for z = 1). Notice that for fixed Res < 0 and any fixed v,
® is not continuous at z = 1, as hmzsz |®(z,s,v)| = co. By definition one obtains for Rev > 0

2®(z,—s, v+ 1) = (2, —s,v) — v°. (1)

(see [Ap, Eq. (3.3)]). One thus finds

-1 k
Oz, 5,0+ = z7* (@(z,s,v) - (vj——k:)s) : (2)

Let ((s) denote the Riemann zeta function and let {(s,a) = > > (m + a)~* (for Res >> 0)

m=0

denote the Hurwitz zeta function. We define the Harmonic Numbers by H,, := 37", < the
==Y oy 5By () and the Bernoulli numbers as B, := By, (0).

m=0



We shall need the following Theorem about asymptotic expansions of a derivative of the Lerch
zeta function, as it yields the asymptotic expansion of sums of the form

v

Z E™e ikp lng’ z (v+1)p

k=1

0P

2 (e o 1) O (e 1) 3)
S

s

which appear in the formula for the torsion on symmetric spaces. Such an asymptotic expansion
has been given by Katsurada ([Kat, Th. 16]). In contrast to his result, we specialise to s € Zg
to get more explicit expressions for the coefficients and the error term. For €? = 1 such a result
has been obtained by Elizalde ([Eli]), and we derive an explicit error bound R in the proof.

Theorem 2.1. Consider ¢ € R, N € Z" and a € Ny. If e # 1, s = —n € Z, %‘D has the
asymptotic expansion for v — 0o
0P . :
Os ( ,—n,vta) = mzz:ovm (Z) (e, m —n,a) - (—logv +Hy — Ha)
N-1 ; ;
N o, —m —n,a) R(e"’,—N —n,a,n,v)

2T (7Y (—o) NN (Y

In the case € =1 one obtains

0P 1 [ logw 1
g(l, nv+a) = v (n—i—l (n—|—1)2)
+zn:vm<n>®(1 m—mn,a) - (—logv+ Hp, — Hy)
— m Y ) m n
+N_1 o(1,—m —n,a) N R(1,—N —n,a,n,v)
el GO G N CORA N QA

In both cases the coefficient of logv on the right hand side is equal to —®(e*, —n,v + a) logv.
There is an explicit bound

) !
R(e"?,—N,a,n,v)| < @];[—NH (SN + 1,55+ CN + 1,1 = 22)) + C(=N) = (=N, )
= C(e",—N,a).

Note that there is no v"-term in this expansion, although there is a v"logv-term. The case
e'? =1, a € {0,1} can be simplified as ®(1, —m, 0) = ®(1, —m, 1) = {(—m) vanishes for m even.

In the spec1a1 case 22(1,0,v) = logI'(v) — log V2 ([Erdl, eq. 1.10(10)]) Th. 2.1 corresponds

to Stirling’s approximation, and in general we proceed similarly to [Erdl, eq. 1. 18(9)]

The term ((—N) — ((—N,a) is a Faulhaber polynomial %ﬁjgw = > mN fora > 1,

and vanishing for a € {0,1}. For ¢ €]0, 27| one finds

o dk 1 ©\_N
< —— = -1+ =
/1 ey~ T g
by replacing the sum with an integral. In the case N odd Lerch’s transformation formula
shows that the first summand in the bound equals iV t1e®#® (e, — N, 1). For ¢ # 1 this term
equals — QdaN cot £ ([Erdl, Eqgs. 1.16(4), 1.16(9)]). In the case N = 4N + 1 and €'* = 1, this
causes the first summand in the bound to cancel with the second summand ((—N). In the case

N = 4N + 3 and ¢ = 1, these terms are equal
By [Erdl, eq. 1.11(15)], ®(e*, —m,0) = =y m+1 + O(1) for ¢ — 07.

¥ P \—N-— Y\ _N_
C(NJrlg)—(%) 1—(1+%) !

5



Proof. First notice that

i (V) - T

: 0 =0
= r#£j

nl(g—1—n)!(=1)9—" _ (=19 if 1
_ oo Eneleamth

- n qg—1 1
<q> im0 7o else.

For z # 1 and any a € Ny, the value ®(z, —m, a) is a rational function in z given recursively by

. ! , D(z,—m —1,a) = Zl_aﬁ(zafb(z, —m,a)). (5)
—z

®(2,0,a) = %

In particular for m € Z* one finds
am e_au —a " —au a@( —Uu 0 ) ( 1)m —G/U@( —u ) (6)
—— =z"%——e¢ a)=(—1)"e ze " —m,a).
Oum 1 — zeu dum T T

For N € ZT, |z] =1, z =€ # 1, u € [0, 00], Taylor’s Theorem with the Lagrange form of the
remainder shows the existence of £ € [0, u] such that

e Nz:l (—u)™®(z, —m,a)
l—zemn o~ m!

uN aN e—au uN
= — :__1Nfa£q) —£ _N ' -
N ouN ju=¢1 — ze N!( )"e (ze7, , ) (7)

This is Apostol’s Taylor expansion in u ([Ap, Eq. (3.1) and the eq. before]). Its radius of
convergence is given by min{|u||1 — ze™™ = 0} = min|p + 27Z|. Lerch’s Transformation

formula in its form in [Ob, Eq. (9)]
eQﬂik&

+ & — i)t

=8 _ 3 &) — ) p@(E—i)
(¢ —m, a) = D(1 + m)etE Z(Qm_k (8)
ke
(a €]0,1], p € [0, 2x[, Remn > 0) shows for z =€ #£1, £ >0, N € Z" that

‘(—1)Ne’“§q>(ze’§, —N, a)! @

a—1
e P (ze7 ¢, —N, 1) — Z emie=mN
m=0

N! —iap — 5_ ng —N-1 — N
< ( ) e k:z_:oo(k’-i—w) —f—mz::om
Nt — SO -N-1
< G 2 - F(=N) — (=N, a)
NI
_ (Q)—NH<§(N+1 2*”)+g(zv+1 1= 5)) +¢(=N) = ¢(=N,a)
= C(z,—N,a). (9)
Hence
e — 1 w)"P(z,—m,a)| _n C(z,—N,a)
g 2 u < — (10)




The Lerch zeta function verifies for Rev > 0 and either |2| < 1, 2 # 1, Res > 0 or z = 1,
Re s > 1 the relation ®(z, s,v) = r(ls) N - ([Erdl, eq. 11. 1( )]). One obtains for z # 1,
Res >0, Rev >0

l—ze v e”“

1

1 > e —~ (—u)"P(z,—m,a) \ , ,du
Oz sv4a) = F(s)/o (1—26“_1;:0 m! >u e
= (=1)"®(z, —m,a) v *T'(m + s)
+mZ=o m! ['(s)
1 > e e < (—u)"®(z, —m, a) o1 du
N m/() 1—ze v — “ evt
N-1
+» P(z,—m,a)pT"° (;j) . (11)
m=0

According to Ineq. (10) the integral in Eq. (11) is holomorphic in s for Res > —N,v > 0. As
the last summand in Eq. (11) is holomorphic in s € C, by analytic continuation Eq. (11) holds
for Res > —N,v > 0. Setting s = —n in Eq. (11) proves the statement about the coefficient of

log v in the theorem, as the factor F(l j causes the integral term to vanish.
/

Using <m> o

(—=1)"n!, the derivative at s = —n > —N is given by

0 o e « 1 u)"®(z, —m, a) du
Loz, — — (=1)"n!
Os (Za n,v+a) ( ) n /0 <1 — s U n;) yntlevu
N-1
P . 12
ez, () )) &
Let (—v)» R((N_:;g ")“ denote the first summand on the right hand side. By using inequality

(10) when integrating over u one finds |R(z, —N,a,n,v)| < C(z,—N,a). For s = —n, substi-
tuting Eq. (4) in the third summand in Eq. (12) proves the first formula in the theorem. In the
case z = 1 the result follows by using the classical Taylor expansion

- o—au %Jr i u)™B( 1 —m a). (13)
=0
Here ®(1, —m,a) = ((—m,a) = —Bfnﬁfa) holds. Expanding = — 1 as in (7), one finds the
Lagrange remainder estimate
e %®(e™, —N,a) — gg—ll

D le=¢p(e¢, —N, 1) — g—ll - ie—mémN

= (275;7—1174—1 <g(N +1,1+ %) +(¢(N+1,1- %)) - n:l e MmN (14)

< B () = =N (15)



and thus a bound C(1, =N, a) = N'%gfr])v;fl) +({(=N)—((=N,a) as above. The term + provides
a first summand equal to

0 1 /OO 1 . ,du net1 [ logo 1
JR— —_— —U — = — .
O0s|s=—nl'(s) Jy u evt n+1 (n+1)?

In this case z = 1 the error term R is given by

R(1,—N,a,n,v)

_(=1)NoN N /OO e ™ 1 i (—u)"®(1, —m, a) du o
S (N—-n—-1)! J, \1l—ev m! untlevu’

m=0

Corollary 2.2. For e #1, N > 0, a—f has the asymptotic expansion for v — oo

0P . —logv <= (e, —m,a) R(e¥,—N,a,n,v)
R _ PRA)
Os (€7,0,v+a) —ew Z (—v)™m * (—v)NN

For € =1, one obtains

N—

1
~ O
a 2) ogv +

—_

o
?3—8(1,0,1)—1—(1) = wvlogv — v+ (

®(1,—m,a) R(1,—N,a,n,v)!
(—v)™m (—v)VN
m=1

3 Asymptotic expansion of sums over polynomials times
logarithms

In this section, using Th. 2.1, we derive formulae for the asymptotic expansion of sums of the
form >, _, P(k)logk, where P : Z — C is a function of the form

T

P(k) =" c;kme™s (16)

Jj=0

with r € Ny, n; € Ny, ¢; € C, ¢; € R for all j. We shall use linear operators ¢, ¢’, P* etc. as in
[K2, p. 102]: For p € R we shall use the notation P°d4(k) := (P(k) — P(—k))/2, furthermore
¢, ¢’ as introduced in Def. 1.1 and

PO=- Y el nh Pe) = Y gl
p) = — Ci——— -, P = Ci—F >
— T4(n; +1) — ! — 72(n; +1)2
AijO mod 27 gojEO mod2m
7” pnj+1
Res P(p) := Cj—.
ZO: ]2(7’Lj + 1)

Lp]'EO mod2m
The variable on which these operators act will always be denoted by k& in this article.

Remark 3.1. Informally, ¢ and ¢’ can be interpreted as "¢P = > -, P(k)” and "¢'P =
— > o P(k)logk”, where the right hand sides are not well-defined.



Notice that
C(P(k) + P(=k)) = —P(0) (17)

by [Erdl, 1.11(17)] or [K2, Egs. (61), (63)] (or deduce it from Eq. (5)). Similarly, differentiating
Jonquiere’s relation [Erdl, 1.11(16)] by s shows for ¢ € [0,27], n € Z* that

e 4 (ke ) = 07 L, n 1)+ (<17 Lo, —n,1)
: , n! ©
= mie¥d(e”, —n, 1)+ O(l,n+1,—). (18)

(—2mi)n 27

Define R™(p) :=Im (e"? £ ®(e™#,0,1)) as in [K1, p. 559], where this special function is inves-
tigated further. Using the Digamma function v, [K3, Lemma 13] shows that for 0 < ¢ < 27

e _ , 2)+p(l—2
Clezk(p _ 61,@(2_?(61507 07 1) _ 10g 271'2+ r (1) . 1/}(271—) + ZLD( 27r) + iRrOt(QO)- (19)

Definition 3.2. For a € Ny define the linear operator CiU,N on functions of the form

(k,v) — Z cju"i kM gtkeitivy; (20)
j=0
on (RT)? with m,n; €N, r; €Z, nj+1;+ N >0, ¢; €C, p;,1; €R for all j, such that
(_1)n+r+N

(H+T+N) (N + T‘)

n

CR (Urkneikcp—i-imp) = U—Ne—i(a+v+1)<p+ivw

AN R(e™, —(n+r+ N),a+1,n,v).

Also denote by f — fldeg.>=N £y fldeg.==N| 4pe linear map which maps formal power series
of the form etV 3¢ gk to N gk, eH9a_no N resp. Letlogh(v+1) =

oo (—z)F .
— > rey = be a formal power series.

This last term will only appear in formulae where only a finite partial sum of log* is used.

Proposition 3.3. Consider ¢ €] — m, 7], N € Z" and a € Ng. When setting po := {2; ifé‘is:eo’

one finds

C(z,—N,a) < 2¢(2) aNHl
NI = oV (N +1)!

and thus

|CR N(Urkneikw+iv¢)| < U_Nn!(T—I—N— 1)' 2C<2) an+r+N+1 |
) o[ HNTL T (n 47+ N)!

Proof. In the case 0 < ¢ < 7 the term ((N+1, 2)+((N+1,1—2)— (=) V' =((N+1,1+
)+ (N +1,1— £) has a global maximum at ¢ = 7, given by ((N +1,2) + (N + 1,3) =
22N —1)C(N +1) = 2N+ < 2N+1.(2¢(2) —1). Furthermore ((—N)—((=N,a) = %' m~N <

la—1]-|a — 1N = |a — 1|¥*1. Thus

C(z,—N,a)  _n_, P\ N11 Ja = 1N 2¢(2) | Ja— 1V
B T A LR e S ) R e S
For e = 1 one finds N1
NI (2m)N+1 NI

9



In the case ¢ # 2, (I, y(v"kme* ) equals
n+r+N—-1

00 —au VAV —ip 4
,Ureim/)fi(aJerrl)tpn! / € _ Z ( U) (I)(e : y =], a4+ 1) du .
0 el — e~y j' un+levu

J=0

Proposition 3.4. Assume that the function P verifies the symmetry P(k) = —P(v +a — k).
Then Res P(v+a) = 0 and P*(v+a) = P*(v + a) hold.

Proof. For any polynomial P(k) satisfying the above symmetry one obtains
1 v+a
ResP(v+a):§/ P(k)dk =0
0
(compare [K2, Eq. (60)]). For P(k) = k™ one finds

. pntt 1 log p 1/p
P*(p) — Res P(p) - log p = - — —— | k"logkdk.
(p) = Res P(p) -log p = = ((n+1)2 n+1 2 ), "8

Furthermore [GrRy, 4.253.1] shows for P(k) := w that

2 2
M
4(n+1)

~ 1 ’U+ak,n_ — K\
P*(v—l—a)—ResP(v—i—a):——/ (vta—k) log k dk
0

— (v + o)™ — (k") (v + a).

Hence P*(v + a) = P*(v + a) if the assumed symmetry holds. O

Proposition 3.5. Consider N € Z*, a € Ng. Let P : Z — C be a function of the form
k — Z;n:o cik™iv™i e’*%i . Then there is the aymptotic expansion for v — oo

v+a
Z P(k)logk = — 2P*(v + a) + 2ResP(v + a) - logv
k=1

—logv-¢(P(k+a+v))—¢ (P(k))

[degv>_N]
+ (2ResP(v +a) - logt (2 + 1>)
v

[degv>7N]
—¢ (P(/~c+a+v)1ogi (kﬂl +1)>

+ oy (P(=K))

where the error-term is O(v™").

Because of the influence of the v™-factors the error term cannot easily be described as an
operator acting on P(v + a) - logt (% + 1). When one does this, either the degrees n; or m;
would have to be incorporated in such an operator.

Proof. Because of the linearity it is sufficient to consider P(k) := k"v"e®*#. All of the operators
except ¢! are linear with respect to the factor v”. In the case ¥ # 1, the two expressions for
multiples of logv in Th. 2.1 show that

C ((k + a)nei(k—i—a)go) — eiago Z (n) an—jeicp(b(ezkp’ _j, 1) Th.:2.1 ei(a—i-l)goq)(eiw, —n,a+ 1) (21)
- J
7=0
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Informally in the sense of Remark 3.1 this can be regarded as the equation
"¢ ((k: +a)" elhta)e Z (k+a)" elhFa)e — e"(a“)“’@(ew, —n,a+1)"
k=0

where the middle term is not well-defined. In the case |‘“;—k| < 1, deriving the Taylor expansion

a+k I —5
k —S8 — —S8 1 — —m-—s . k m
(a+Fk+v) v < ot ) mgzov (m) (k+a)

shows that

—(a+k+v)"~[(logvjtlog(ﬂ—l—l))] :2 v® (a+k+1)
v 05 |s=—n v

= S () (22)

0 63|s——n m
@ N~ ("), _ , nem L N ()T (k4 a)m
_ n;)v <m> (—logv+ Hy — Hy) - (K4 a) —l—mZ:l m(m:{”)

= —(a+k+v)"logv+ ivm (Z) (M — Hn) - (K +a)"™™

"’i k:—l—a)”*m‘

m—+n
=1 ( n )
Then for e # 1, n € Ny Th. 2.1 implies

v+a

0P 0D .
Zv’"k’" ke Jog k =v"e T (% _p v 4 a+ 1) — v — (e, —n, 1)
k=1 Js Os
Th, 2.1 Nt 5, —g
L 2L i(vtatl)e 10} o +1 r—m-—s
e mZ:O (e, —m,a )8S|S_7nv ( o >

+ ei(”a*l)“"R(ew, —N—-n—r,a+1,n,v)

0 Nen— —5 ¢8<I) »
. n—s _ 2 _ 1 T
03\sz—nv (N +n+ 7“) “ s (€, =n, o

N+n+r : i(vta+k)p g rm—s (7%
Z ¢(e’ (k+a)™ )83\3——nv (m)
4 ez(v+a+1)30q)<6290’ —n,v+a+ 1)v" logwv

+ ¢, @ (—k)me )

, . 0P
e!WtatDe@ (% v 4 a + 1)v" logv — ewa—(ew, —n, 1)v" (23)
s

k [deg ,>—N]
2)C ( @R (| 4 a4 v)" logh ( ra + 1>)
v

+ Ca K N( T(_k)neiik@)
. lOg'U . C ( i(at+k+v)p (k +a+ U) ) C/ (vrkneikgp) ] (24)

11



In the case ¢¥ = 1, the analogue of Eq. (21) takes the form
m—+41

(et a)elrae) T2t oletDog (e _m a4 1). (25)
m

Therefore in this case there is an additional summand on the right hand side of Eq. (23)

N4n+r—1 19 a /~ —s
a 0 =S\ (22 [ O _ / a .
_ r—m-—s 2 r—s e 1 d
mZ: m+ 1 aS|s:—nU < m ) (68|s:—nv o \V * ¢

=0
10g'U B 1 UT(/U + a)n+1 1Og(% + 1) [degv>_N](26>
n+1 (n+41)32 T

[deg 11>7N}

= (' (v+ @)t it (

Furthermore the asymptotic in Th. 2.1 contains additional terms of order v"+**! and v"*"*!logv
which are independent of @ and cancel with the multiple of v" " in Eq. (26). The second one is
the top term of —log v-¢ (e"®™ )2y (k 4+ a 4 v)") and it takes the form —v" log v-2Res(k™)(v).
Thus for arbitrary ¢ € R one obtains the same formula as in Eq. (24) with additional terms,
which vanish in the case e # 1:

v+a

Z vk log k = — 2P* (v 4 a) 4+ 2ResP(v + a) - log v

k=1
[deg ,>—N]

+ <2ResP(v +a) - logt (a + 1))

v
4 L [deg ,>—N]
+ C (_ez(a+k+v)wvr(k +a+ U)n logi ( +a I 1))
v

+ Car (0 (—R)"e7)
_ 10g?) . C (ei(a+k+v)govr(k +a+ U)n) _ C/ (,Urkneik(p) . n

4 Definition of analytic torsion and certain characteris-
tic classes

Let (M, g) be a compact Hermitian manifold of complex dimension n, acted upon by a holo-
morphic isometry t. Let w’™ denote the Kahler form. Corresponding to the decomposition
TM @ C=TM"Y @ TM* define U =: U0 + U%! for U € TM ® C. Consider a t-equivariant
holomorphic vector bundle £ — M. Equip E with an Hermitian metric. Then the vector space
AP9(M, E) of forms of holomorphic degree p and anti holomorphic degree ¢ with coefficients in
E shall be equipped with the L?-metric

(') = /M<m, )

Given a differential form S we denote its part in degree ¢ by Bl4. Let 0 : AP4(M,E) —
2APa+( M, E) denote the Dolbeault operator with adjoint 0* and let O, := (9+09%)% : A%4(M, E) —
20%9(M, E) be the Kodaira-Laplace operator. The isometry ¢ induces an action t* on AP4(M, E).
For Res >> 0 the zeta function

(wTM)/\n

(2m)rn!

n

Z(s) =Y (=) qTr (t" o (Dyjgercy)-) ")

q=0

is well-defined and it has a holomorphic continuation to s = 0. Following [K1, Section 1] we
set:

12



Definition 4.1. The t-equivariant complex analytic torsion is defined as T,(M, E) := Z'(0).

Consider a holomorphic vector bundle E. Let V¥ be the associated canonical covariant deriva-
tive with curvature QF € ALY(M,EndE). Let ¢t be a holomorphic isometry acting on the
Hermitian manifold M. Assume that E is t-invariant as a holomorphic Hermitian bundle and
that F is equipped with an equivariant structure . The Hermitian vector bundle E splits on
the fixed point submanifold M? into a direct sum @Ce g1 B¢, where the equivariant structure

t¥ of E acts on E¢ as (. Then the Chern character form on M* is defined as

chy(F) := ZCCh(EC)
¢

= TrtE+Z<cl(Eg) +Z§ (%cf(EC) —CQ(EC)) +.o
¢

¢

The Todd form of an equivariant vector bundle is defined as

CrkEg<Eg> .
chy (S E(— 1A EY)

Td,(F) :=
Let GG; denote the additive characteristic class given by

Gi(L) := ¢'chy (L) = Zew ¢, —m, 1)L

m)!

on a line bundle L as above. Set as in [BG, Def. 1.5]

Td\(E) = aaaa 0Td<%QE+e> j g‘i(

—QE + 140, + 8).
271

Hence % is the additive characteristic class given by

1 1 _ 1 1
Td; (L) = { e T am =1 T Tea® T am £ 9=0

.t 11
Tdt 1—ec1(D)tie T 1 1—e—c1(L)—ip 1 7& 0

for a line bundle with t-action given by ¢ on a component of the fixed point set. By the Taylor
series (13) and (7) we see that

Td! = e d( w—,1 (2) w= P(e?, —4.0 .
T D) = 1+ (L) =14 377 2U (1) 2 Z%CIU/)]' (27)
§=0 j=0 ’

In particular in the case of isolated fixed points one finds

1 1
0 =1l X
J

J

N . _ 1 1/2 for ve2nz,
Set ng<TM) = Hﬂjé%rz 1o 75 Z] { iiﬁj Jelse.
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5 Asymptotic expansion of the torsion

We use for symmetric and homogeneous spaces the same conventions as in [KaK]. Let G be
a compact Lie group with neutral element eq. Fix a choice of a maximal torus T" C G and
an ordering Y7 = Xt U X™. Let Wy denote the associated Weyl group, g the Lie algebra,
Yl the roots and pg = %Zaew a the Weyl vector. We denote the G-representation with
highest weight A by Vp% 4 and its character by XPGJW\. These notations are extended to virtual
representations in the representation ring to arbitrary weights A via the action of Wg on p+ .
Fix Xy € t in the closure of the positive Weyl chamber and let K denote its stabilizer with
respect to the Adg-action. Set U := ¥ \ Xg. Let gx, denote the induced Kéhler metric on
G/K, let (-,-) denote the associated Adg-invariant scalar product on t* and set o := ﬁ
and Ut = {a € V[{(aV,p+ ) > 0}, U~ := {a € ¥|(aY,p+ \) < 0}. Every complex
K-representation Vp{f{ 4+, induces a G-invariant holomorphic vector bundle E,;, on G /K. If
dim Vp[f{ +u = 1, we shall often denote this vector bundle by L, .

For the sake of brevity, we shall often drop the index G for objects associated to the Lie group
specifically denoted as G' and simply use the notations p, V,1x, Xpta-

We shall need the following two results about representations Vpii 4 of the abelian summand

of the Lie algebra of a compact Lie group K in the proof of Theorem 5.4.

Proposition 5.1. Let K be a compact Lie group. We choose a fixred maximal torus T C K
and a set of positive roots k. If X is a weight such that Yo € ¥ : (a¥, \) = 0, then for any
arbitrary weight p and { € Z one finds

K _ (VK \®¢ K
VpK+£/\+u - (VpKJr/\) ® VpKJru'

The weights A and p do not need to be dominant.

Proof. The group Wy is generated by the reflections s,(8) = f — («”, 8) - « in the roots. Thus
A is invariant under the action of Wy. The Weyl character formula shows that on generic
elements of K one gets the identity of characters

Zwew (_1)signw62ﬂiw(p;{+€)\+u) ) '@)\ZweW (_1)signw627riw(pK+,u)
K 27 K

K _ ]
XPK+5)\+M - H - (ewiwa _ e—wiwcx) _ H et <€7riwo< _ e—wiwa) :
aeX AC2 g

Remark 5.2. A more functorial way of looking at this lemma is by means of the same argument
as in [K2, proof of Lemma 12|, employing Adams operators 1‘: Using the notation there,

ﬁ!;/lff( = ‘K/’ET, h;)(lds as b(;th sidjs ?{re 1—dim§nsional. Hence one obtains VX, = 1V @
VM ) =m (w 7T.VPK-H\ ® VM ) - w ‘/;7K+)\ ® VPK-I-M'

The following result generalises [KaK, p. 663, Remark 1.], where it has been proven in the case
t= (Hek

Proposition 5.3. Consider the same setting as in Proposition 5.1. For any weight p and any
t € G one finds that

deg o X prortp(t) < dime(G/K).

Proof. By Proposition 5.1 and the Atiyah—Segal-Singer fixed point formula as in [K2, Th. 13],
we get

Xotoriu(t) = / Tdy(TM)chy(Epyoxtp)
Mt

14



_ / Td(TM)ehy (L 13) (B 1) (28)
Mt

= / Tdt<TM>(Cht(LpKJr/\)[O])éegcl(L”K“)Cht(EpKJru)‘
Mt

The right hand side has degree in ¢ less or equal to dim¢(G/K);. O

For a general Hermitian symmetric space, the value of the torsion is given by [KaK, Th. 5.2] in
terms of characters X,+otka- Notice that for a fixed ¢ € G, X,1ortka(t) is a linear combination
of terms of the form k™¢™ ' +%F with ¢, ¢’ € R, m,m’ € Ny by [K2, Eq. (66)]. As explained
in [K2, Eq. (66)], for t = e the angles @, ¢’ are always of the form 2rwa(X), 2rw'A\(X) with
w,w’ € Wg. The operators ¢, ¢’ do not change the growth in /.

Theorem 5.4. Let M = G/K be a compact Hermitian symmetric space and let L := L,, 4\
be a G-invariant holomorphic Hermitian line bundle on M. Assume that L is positive in the
sense that Va € W : (¥, \) > 0. Fiz a Kdihler metric gx, on M. Choose X € t and set t := .
Then the asymptotic behaviour of the equivariant analytic torsion for high powers of L is given

by

(G/K LpKHA Zl t) + Z C,Xp+€)\+ka(t)
acvy
[deg ,>—N]
i <av7 p) + k
e (X”*“*’“““) o8 < @, oy
=GRV v AN X ot rtkalt). (29)
acvw

Proof. According to [KaK, Th. 5.2], the equivariant analytic torsion of LﬁK Loy 18 given by

TUG/K, Ly i) = _QZCIXE(-BA ka )—QZXL&_M(t)((aV,p—I—ﬁ)\))

acevy acV¥

- Z CXp+£A ka loga ( Xerf/\ Z loga Xo

acv actt

(@, p+LN)

- Z Z Xpt+or—ka(l) - log k. (30)

aew k=1

By Eq. (17),
—CXpt+r—ka = Xp+or = CXp+ertka- (31)

In this case of an ample line bundle one gets W = W. Therefore the log a¥ (X )-factor simplifies
as in [K2, Th. 18]. We shall use the symmetry

Xp+er—ka = —XprtAt(k—(a¥ ,p+ON)a (32)
induced by reflecting at the hyperplane perpendicular to a. By Proposition 3.5 one obtains

(aV,p+EX)

- Z Xot+0r—ka(t) - log

acVy k=1
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=3 (2Xp+ex—ka(t)*(<04v7 p+ LX) +log{a” LA - CXpror—(ht v pronalt)

aev

— 2ResX pron—ka(t)({@”, p+ €N)) - log(a”, LX)

[de —N]
— [ 2Resx pron—ra(t)({@”, p+ LX) - logt {a%ip) +1 "
P “ ’ (aV,IN\)

<av,p> +k [deg ;>—N]
+¢ <Xp+£>\—(k+(av,p+€)\>)oe<t) -log? <W +1

- C@V,p),(av,é)\>,NXp+€)\+ka(t) + CIXerD\ka(t))

=> (2xpmm<t>*<<av, p+ ) — log{a¥, £) - Cxprensralt)

aev

— 2ResX pron—ka(t)({”, p+ €N)) - log(a”, LX)

[de —N]
— [ 2Resxpron—ra(t) (@Y, p 4 LX) - logt {a%ip) +1 "
P “ ’ (v, IN)

(av,p> 4k [deg >—N]
—¢ <Xp+€/\+ka (t) - IOgi (W +1

- C@v,p),<aV,eA>,NXp+£A+ka(t) + C/XPJré)\ka(t)) : (33)

By Proposition 3.4 the symmetry (32) implies that Resx ,+o—ka (t)((a”, p+€A)) = 0 and that the

term ey 2Xpronka(t)* ({0, p+EA)) cancels with the term —2 3" o Xpron—ka (£)* ({0, p+LA))
in Eq. (30). Together one thus obtains the asymptotic expansion

T.(G/K, LS, ) = —22(’)(31% ra(t) + ZCXp—f—ZA-&-ka(ﬂ -log a”(Xo)

acV¥ aevw
av,p)+k [deg >—N]
- Z <log<av,£)\> “CXprirtkalt) +€ (Xp+éA+ka(t) -log? (% + 1))
acvw ;
+ C (aV o), NXptor+ka(t) — C'Xere,\;m(t)) . =

Theorem 5.5. Consider the same situation as in Theorem 5.4 and the set of values {:CJ |j €
J} = {O[v(X0 |a e U}, As Xo, A and the set U are Wi -invariant, each U, = {a € ¥ | 42 Al Xo)

x;} defines a virtual K-representation with weights V;. Let E; — G/K denote the associated
vector bundles. Let e denote the action of t on LpKJrA on a component of Mt. The top term
of the asymptotic expansion in Th. 5.4 is given by

Tt<<M7 gX0)> L£K+)\)

— gt / (Td,(TM) — nTd,(TM))chy (L, )"

Tdi(E;) ¢
_ Zlogajj /Mt Td(T M) (Tdt(E;) —rk Ej) chy(Lyp4n)

+ / Td(TM)G(TM)chy (L, 42)"
Mt
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dim M*—1
- > / Td(TM)chy(LE ) 0]C<Zcht(EpK+;m)

m=1-N acV
dim Mt—m ; j
(=1 (¥, p) + kY’ i .
‘ Z j(m+ j)! (@, \) c1(Lpge )™ | +0(7T)
j=max{l,—m} ' ’

_ / Td(TM)ch(LY, ) log £ + O(£5m M),
Mt

Proof. According to Theorem 5.4,

T,(G/K, Lf;K—FE)\) = —logl- Z CXp+éA+ka(t) + O(gdith)

acev

Using the Adams operator 1%, [K2, (103),(106)] shows that

“1og L ¢S Xprineralt) = —logl- /M T (TM)Geh (G TM)ch(Lf )

aev

27 _logg./ (Td,(TM) — dim M - Tdt(TM))Cht(L K+)\)
Mt

Similarly
> Cpenaalt) = [ TUTMNGUTIM (L], )

acV M

By Equation (28) one finds

- Z lo g v CXeré)\Hca(t)
<a\/7 )‘> l
- aezq’ log m : » Tdy(TM)chy(Lpy+x) Cchy(Epytra)

By replacing Adé:(/]K in the proof of [K2, Lemma 2] by E;, one verifies that @ae\lf itk =
Y*E; and thus Equation (27) shows that

- Z log = - CXprortkalt)

aev

= —Zlong~ /M T (TM)eby(L 1) by (44 )

jedJ

Td}(E;)
- —Zlong . /Mt Td,(TM) <sz(Ej) - rkEj> chy(Lypin)

jed

Furthermore

\Y% [deg y=m)]
¢ (xp%ka(t) log! (% n 1)) —— [ tarang <cht(EpK+ka>

. dimim (1) (Y, p) +k jch (L )[o]£m+j01(LpK+A)m+j
J (av,on) ) e (m +j)!

j=max{l,—m}
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= —gm/ Tdt(TM)Cht(LﬁK‘F)\)[O}C<Cht(EPK+kCY)
Mt

dim Mt—m ; i
()™ (¥, p) + k) -
gy j(m+j)!( (%, A) )“(LW) )

j=max{l,—m}

(32)  m
= ! / Tdy(TM)chy(Lyy )¢ (Cht(EpK—(k+<aV,p>)a)
Mt

dim Mt—m ; i
B S Ay f RS A W b
j<m+j>!( (o) ) e )

j=max{1l,—m}

where only components of the fixed point submanifold with dim M* > m have a nontrivial

contribution. Here Cht(LpKH)[O] is equal to the action of ¢t on L,, ) on each component of
M. O

Prop. 3.3 implies the following:

Lemma 5.6. For o € U consider the character X, tontra(t) = mr0 famrppet et m
ppe
2w, if =0

and coefficients formew € C. When setting o := { o else

error term in Th. 5.4

one finds as an estimate for the

Z C@\/ 7p> s <a\/ 7e>\> N Xp-‘rf)\—}—ka (t)
acv

< g—N \Y, Y —r—=N,_ | N 1)! 2C<2) < \/’p m+r+N+1
(dim(G/K)! + N —1)!

C

- (2mley)N !
with ¢; € Rt being independent of N and ¢ and
. Y 1 ifwa(X) € Z,
cy = min a’ A -
GELWEWG,0EY lg + wa(X)| else.

The last term achieves its minimum at N = [27lcy| — dim(G/K)?, if this value is positive,
since the quotient increases when NN increases or decreases from this value. Thus, by Stirling’s
approximation, the minimum of the error bound is approximately

p—2mles (ZWKCQ)dim(G/K)th /27T61. (34)

The coefficients fq m e are given in terms of ¥ and W in [K2, Eq. (66)]. Notice that m+r <
dim(G/T)* holds by same proof as of Prop. 5.3 when applied to the bundle L{ @ L& — G/T,
as then
Xprarea() = [ TA(T(G/T)ebu(LE (L)
(G/T)!

Proof. The first bound follows from Prop. 3.3 when writing ¢" as %—{(\;: Furthermore r <

dim(G/K)" holds by Prop. 5.3. Using |po| < 27 and the Tayler expansion of exp, the bracket
in the second line in Lemma 5.6 can be bounded by

2c(2) N <a\/’p>m+r+N+1 _ 1 2C(2) N (|S00|<av’p>)m+r+N+1
|| mHr+N+1 (m+r+ N)! | pg|mtr+ N+ (m+7r+ N)!
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1 oV
< W (2<(2) + 27T<Oév,p>€2 { ,p)) .

Finally by [K2, Eq. (66)] the angles ¢ for X, 4o +ka(t) take the form 2rwa(X) withw € Wg. O

6 Comparison with other results

In this section we give an alternative, elementary proof that shows the compatibility of Th. 5.5
with the results by Bismut—Vasserot and Finski. Suprisingly the proof concerning the summand
% in Eq. (37) turns out to be much more involved than the comparison of the other parts. We
need the following three Propositions for this summand.

Let (x,y)c denote the canonical scalar product on t* associated to 3, satisfying (z,y)¢ =
Y aes (T, a)a{a,y). This is the scalar product induced by the negative Killing form ([BtD, p.
214]), and for G simple it is proportional to (-, -) by Schur’s Lemma.

Proposition 6.1. Let G be a compact Lie group and V' an irreducible G-representation with
character x and weights (cj)jes. Then the map

7Z— Q, k— Z(aj,pg> H

jeJ Bext

<6v7pG + ]{30[]>
</8v7pG>

18 linear in k.
This value equals . ;(@;, p) dim Vjg ke, in terms of virtual representations Vg xa,-

Proof. Any G-representation can be decomposed into virtual representations where all weights
have the same norm, as the subsets of these weights are Wg-invariant. Thus without loss of
generality we can assume that ||a;|| = const. and that G is simple. The virtual representation
YV has weights (ka;);es and the character ;¢ JXpg+ka;- Then Freudenthal-de Vries’ formula
[FrdV, 47.10.2] shows that

S (kaypey = 3 an2potkasle (8. pc + kay)

jEJ ]GJ 24 BGE_,. <6’ pG>
k<aj7 pG)G H <57 PG + k'OéJ> k2 9
= > + 57 2 lleslle.
]EJ 12 ﬂ62+ </87 pG) 24 ]EJ

In the case of the canonical scalar product the above map is thus equal to
1
B <12<O‘jaPG>2G - 5”%’”%) : u
jeJ
Remark 6.2. By generalising this proof using higher degree Taylor expansions of the Weyl
character formula in the approach in [FrdV, 47.10], one can show that for any m € Ny,

> icslag, pa)™ [ ges+ % is a polynomial of degree m in k which is alternately odd or
even.

Proposition 6.3. Consider a compact simple Lie group G and let G/K be an Hermitian
symmetric space of complex dimension n. Let \ be a weight such that ¥y € X : (v, A) =0 and
Va € ¥ : (v,A) >0. Then p — pxg = ey, where for any oy € ¥

n 1 n 1
Cx =1/ = = = 35
* \/gH)\HG 8<)\>P—PK>G 4<ao,>\>c ( )

and ||pll& = llpxllE + 5§
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Proof. Forany v € X5, > o7, a) =2(yY, p—pk) =0, as 5,7 = —y and s, € Wi permutes
U. As K equals S! times a semi-simple Lie group, this implies that Jey € R : p — px = .
The weight A is a multiple of a cominuscule weight Ay in the sense that Ay is minuscule
with respect to (37)¥ ([Mi, Th. 1.25]). Thus Va € ¥ : (\,a) > 0 implies that (A, «a) is
independent of & € ¥ by [Bou7-9, Prop. VIIL.3.6(iii)]. Hence for any oy € ¥ we find that
2ea|AI2 = 200 — pie. ) = Tl A) = mlao, Ay and LA = 3o (1 M2 = nlao, 2.
This implies Eq. (35). Furthermore one finds ||p||&; = |lpx||& + SIIAI* = ok ll& + 5. O

In particular (g, p — pr)a = cx(ao, \)g = 3.

Proposition 6.4. Under the assumptions of Prop. 6.3 let (x,y)x denote the canonical scalar
product associated to X on a (dimt — 1)-dimensional subtorus tj.. Then

(.)al,  3dimK —dim G

(-, VK 2(dim K — 1)
Proof. As any Wg-invariant scalar product is Wig-invariant there exists ¢ > 0 such that
cl-% = |-/ Now Freudenthal-de Vries’ Strange Formula ([FrdV, eq. 47.11]) states
that dimG' = 24[pg[|3;, and dim K — 1 = 24|pk[i. On the other hand Prop. 6.3 shows
dim K —1 = 2(||pcllz — 2). Thusc:%. O

Theorem 6.5. The leading terms in Theorem 5.5 equal the terms given by [BV1, Th. 8] and
[Fi, Th. 1.3]. Namely

o 14 1 .
T(M, LY = / —‘cl(L)”(E log — + = log Q) + o(¢™) (36)
o n! 2 2t 2
where QL is defined via oJTM(SO)L-, ) = QL. Furthermore in the case Xy := % and thus x; = 2m,
as considered in [Fi, Th. 1.5],
T(M, LY = / C )y Mlogt
’ M n' 2
-l et 3n+1 24¢"(—1) + 2log(2m) + 7
+o(e"h). (37)

Proof. By the formula for the analytic torsion of products we can assume that G is simple and
hence K equals a product of S* and a semi-simple group ([He, Prop. VIIL.6.2]). We shall use
the expansions

M
TAd(TM) = 1+ a(TM) + higher order,
Td'(E) tkE ¢ (F)
_kE = B2 e
Td(E) r 5 15 + higher order,

G(TM) = ((0)rkTM + ¢;(TM)('(—1) + higher order
= —g log(27) + ¢1(TM)(¢'(—1) + higher order,

n n—1
ch(LY) = E—Cl(L)"—i- ¢

. 'CI(L)”_1 + lower order.

(n—1)
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Let T, denote the coefficient of /*~! in the summand for m = n — 1 in Theorem 5.5. One finds
for the first three summands

gn
T(G/K, LpK+zA) = / —'cl(L) (—logé— —log (2m) _|_Z logm])
AT jed
g”*1 n—1(C1 (TM) ]
+(n_1)!01(L) ( 5 (—1 gé——log (27) +j€ZJ log ;)
Cl(TM) Cl o
( D log ¢ + e (TM)(' —1—2 logmj )) + Ty +o(f")
P rk B
- /M (ﬁcl([’) (§log o + Z 5 L log ;)
JjeJ
Enil n—1 3n + 1
+mC1 (L) <01 (TM)( log y/A—— 10g(2ﬂ-)
tk E .
+ o (- +Z logw]) + Ty +o(0"h). (38)
jet el

The curvature term QF is a constant times the identity on the irredumble homogeneous space
M because of the equivariance. For the choice X, = \ one finds 1 Zae\p log V(X0 X ) = 0 and

5 log QF = 0, as in this case w™ = QL. Rescaling X, on a virtual subrepresentation E; of TM

scales OF by the same factor, and thus

k E;
logQL Zl Zr 2Jlogx]
jeJ
Thus Eq. (38) implies Eq. (36) for symmetric spaces:

rk F; 1 o
c1(L ! log —/ c1(L)"= log QF.
[ awr S S ons = [ awr

jedJ

Also Eq. (38) contains the same multiples of log ¢ and ('(—1) as Eq. (37). Furthermore in the
case x; = 2m one finds

/M e (L) ey (TM)QI%SW)

— /MCl<L)n_1<cl(TM)(_g +Z lg:cj)

jeJ
Finally we show that the term
e c(Lpg))" (@’ p) + K
T, = —/( / TATM)E [ D ch(Epira) nf; Y
M acV¥ ’ ’
5”1 <Vp—pK>+<anK>+k /
= dim(V3* ) —— ’ c1(Lpgin)"
<a€Z\I] pK+k <OZV, )\> v PK+
= Ty + Ty + Ty (39)
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equals Tr := 24”: 1 v e(L)" Le)(TM). First we relate Tr to fM c1(L)". The Theorem of

Hirzebructhlemann Roch shows that the term of degree ("' in > _, dimV§ 0 tka 1S glven
by

[deg ;=n—1]
S (e Vo) 5= = ([ TATM(L) 0 T))
M

acV

_ /M (1+ %cl(TM))gn C&EL_‘”;!AW (n + ke (TM))

1 _ 12(n + 2k
= (77,/2 + ]{E)T/ Cl<TM)Cl(LpK+)\)n 1 _ QTF (40)
(n—1Ju 7
On the other hand the Weyl dimension formula shows
(5" ) o etk
e BY,p+ I+ ka BY,p+ ka
(dlm\/Jr@\JH,m)[degz nel = . AV e
a; 0426;11 gp (B, p) ﬁg} (BY, p)
v k VO v k
_ Z (77€+ 04>H<5v, ) H <5,Pv+ 04>' (41)
OL,’}IE\I/ <fy 7£A> ,BE\I’ </8 7p> B€E+ </6 7p>

By Eq. (40) this term is affine linear in k& and thus it is equal to

dog,=n1] (N Vop+ ka 3V,
Z(dlvarZ)\Jrka)[ ] Z H 6 (Z WWC),ZM . H zgv’pi

acl acl Bew Yip) ~EV Gest p
(v, ko) (8", p)
+Z WA P> (7Y, p) I] (8Y,p) ) 42)
vext T gext ’

The relation Vy € X% : v L p— px from the proof of Prop. 6.3 shows that the second summand
in Eq. (42) vanishes and

Z(dlmVMAJrka)[dean_l] = ZH (B, ) sz;e J(?A];OO

acvw a€eV e p YEW
\Y
ok(p —
_ H <<’;va€/\>> Z <7 7np<+v ]2()3 PK». (43)
Bew P NEW A
Combining Eqgs. (40) and (43) implies that
7 gn—l \/’)\

T = MO A (44)

- L)

By considering the coefficient of ¢" instead, one obtains % Sya@™ =11 BE\IJ the same
way as Eq. (44).
The term Ty;: One finds

VIO
Ty = —0'ex¢ (Z dim(V, pK+ka ) H <<55v’ p>>

acvw peY
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= o (aimurad)) TT %v’ E:; — e,
Bew ’ BE\I/

The term Tyy: By Proposition 6.1 the term

3 dim(VE <V=_PK>_2<04V7PK> 11 (B, prc + ko)
P -‘rka -

ac¥ ) (o, A) acw {@¥, A) gest (B, k)

is linear in k& and thus given by k> foprc) ZﬁeZ"’ v— Therefore

e <a ,pK> (8Y,0) oy (BY. 0N
Ty = —0C( 1); (v, ) ﬁ;r (87 prc) ﬁl}y—wv’p).

The term Ty3: The set of weights ¥; := {a € V| (o, \) = j} is Wi-invariant for any j € N.
Thus there is a virtual K-representation F; with weights ¥, and

Z dim VpKJrka _ Z dim ¢* F;
acV <av, )\> jEN J
is independent of k. Hence

» 1 0\
Ty = ¢~ — H(ﬁv )
(a¥, ) (BY,p)

acVy pev

n—

_6n <a,pK> <6v > ﬂ
n=0 +C¥ZC)\<04,/\> Z <5V7PK> +§/2¢,\<a,)\>'

So far, we have deliberately avoided arguments not applicable to general complex homogeneous
spaces. We will now narrow our focus to symmetric spaces. We use Vo € ¥ : ¢y (o, \)g = i as
shown by Prop. 6.3 and we subtract 6n on both sides to simplify the last equation to

O{ PK V)
n=4y ﬁv,p 423 lalle (45)

aew '
pes} @€

DlVldlIlg TF and T41 + T42 + T43 by ¢
show that

Gordon Brown’s Formula ([Brown]) shows that 23" . [|a||% = dimt and 23 aest al|% =
dimt — 1. Furthermore the definition of the canonical scalar product implies that

—~ ﬂv priG L = BV PK)G et (BY, pr) i
BGE}; Bezg
Therefore when setting ¢ := <<>>G we get by Prop. 6.4
2> lallg +4 > (apr)are RGO = (1—c)dimt+c+ (1 —c)#Sk
acvy aew /8 pK>
pes}
dimG — dim K — 2
= dimt—1 ) 1=n.
NdmK —1) dmt-lE#Ee) +l=n
Thus Eq. (45) holds and Ty = Tk. O
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7 Application to the Jantzen sum formula

We give an application of the previous results to lattice representations of Chevalley group
schemes by using the relation between analytic torsion and the Jantzen sum formula [J, p.
311]. For details on the objects investigated here we have to refer to [J] and [KaK]. Consider a
semisimple Chevalley group scheme G over Spec Z. Fix a maximal split torus 7 C G with group
of characters X*(7") and an ordering. Let B be an associated Borel subgroup and set X := G/B.
Given two Z-free G-modules A, A" such that Ag and Ap are isomorphic and irreducible, the
index [A, A’] € Q7 is obtained when embedding A’ into A ® Q such that the weight spaces of
highest weight are identified.

Theorem 7.1. Consider a dominant weight X of G. Let wy be the Weyl group element of
mazximal length. Let A, 5 = H(X, L)\)fee be the G-module induced by a line bundle L. Then
for £ — oo one obtains the asymptotic expansion

Z pu(t) 1Og[Ap+0\,u : Awo(p—i—f)\),p,]

neX*(T)

- Z <2XP+E)\ka(t)*(<av7 p+ g/\>> + 10g<av7 KA) ’ CXPJrZ/\—Im (t)

aev

v k
- Cprontalt) = C (xp%ka(t) log! (% i 1)

v [deg ,>—N]
+ Xp+€)\(t> . logi (% + 1) ) ) + O(£7N>

Proof. This is obtained by combining the Jantzen sum formula as given in [KaK, Cor. 7.3]

Z ulog oA Awo(p+>\)7#]

neX*(T

+ Z Z Mo q ( 10% #Hq (X, EA)p,tor - log #anq(X’ Ewo)\)y,tor)

MGX* :
—1>l(w)Xp+)\ Z(—l)q ( 1Og #HQ(XJ 'C)\))\o,tor - log #Hni(I(X? ‘CWO-A>>\07t0r)

(@Y, p+X)—

= - Z Z Xp+A—ka - logk

acV

(slightly simplified for the case A dominant) with Eq. (33). Apply the symmetry (32) as

Xp+er—(aV,p+\)a ( ) 10g< P+ E)\> = —Xp+£/\(t) : 10g<ava p+ 5)\>

to the term corresponding to k = (@, p+/¢)) in the sum Eq. (33). For A dominant, the Kempf
vanishing theorem [J, Prop. 4.5] shows that the torsion of the cohomology H?(X, L) vanishes
for all ¢g. This implies by [J, Section 8.8] that torsion of the cohomology HY(X, L,,) vanishes
too. This leads to

Z /L(t) log[Ap—i-E/\,u : Awo(erf/\)“u]
peX*(T)
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=2 <2Xp+£>\—ka<t>*(<0‘v> p+LA)) —log(a’, LA) - CXprortral(t)

acvy
+ ¢ Xprtr—ka(t) = Xpren(t) - log(a’, p+ LX)

<av,p> +k [deg >—N]
- ¢ (XP+£)\+ka(t) : logi (W +1

- Civ,p>,<a\/,Z,\),NXp+Z)\+ka<t>> :
Taylor expanding log(a, p+€A) x 101 (t) leads to a term — log{a, €A) - ({X pt-ertka(t) + X pren(t))s
which is simplified by Eq. (31) as

CXptortka(t) + Xpron(t) = —CXprorthal(t).- O

This result can be rewritten using ® (e, —m, 0) = e ®(e™, —m, 1)+ {} if :’f;%’ by Eq. (1) and
by further simplifying the error term.

8 The case of isolated fixed points

In this chapter G/K can be any compact complex homogeneous manifold or, in other words, a
(generalised) flag manifold. Set t,s := {X € tja(X) ¢ Z Va € Zg} We shall use the operators
Cm.q introduced in Def. 1.1. Notice that Coyaeik“" = (ethy = _w - by Eq. (5).

Theorem 8.1. Let M = G/K be a compact complex homogeneous manifold and let L := L, 1
be a G-invariant holomorphic Hermitian line bundle on M. Assume that L is positive in the
sense that Yo € W : (a¥,\) > 0. Fiz a Kdhler metric gx, on M. Choose X € t,o; and set
t := eX. Then the asymptotic behaviour of the equivariant analytic torsion for high powers of
L is given by

,I;i((M7 gXo)’ Lf;K—H\) = 10g - C Z X p+r+ka (t) + CI Z X p+r+ka (t)

acVl acVl
a¥, N ~
—> log u CXprorihalt) + C Xppar (1)
o oV (Xo)
m XerZ/\Jrka
+ Z Z aV £>\ Z C (aV ,p) (Y AV, N X p+A+ka (t)
ac¥ m=1

Mt

The constant C' vanishes if G is not of type Go, Fy or Eg.

Here X ter+ka(t) is a linear combination of terms of the form e (P Hek) with v, ¢ € R\ 27Z.
Proof. By [KaK, Th. 5.4], by the formula for the constant C' in [KaK, Th. 7.1] for positive L
and by the remark at the end of [KaK, p. 660], the torsion is given by

T(M.g30): o) = [ TUTMIRATM)cli( L) )

(aV,p+LN)

> CXprirralt) - log ¥ (Xo) = Xpren(t) Y loga¥(Xo) = Z Xp+or—ka(t) - log k.

ac¥ acUt acevw k=1
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The result thus follows the same way as in the proof of Theorem 5.4 and Theorem 5.5 in the
case of Hermitian symmetric spaces, as the formula for the analytic torsion has the same form.
In the case X € t,, the polynomial degree of X, i+ra(t) in ¢ and k equals 0, and thus the
logf-summand in Theorem 5.4 is given by the result above. [

Lemma 8.2. The error term in Theorem 8.1 can be estimated as
EfN

~ Tlags 2sin(riwa(X))|

Z C@v7p>»<av,)\>f,NXP+Z/\+ka (GX)
eV

O[V7 )\>N
acV¥ weWag

#We

TN

(C(=N) = C(=N,{a", p) + 1)))
< e
T Taes 2sin(riwa(X))|

| 1 ) 2(2)
2 T ((N D' 2 Grmingeq + walR)

acV¥ weWg

N
< (N —1)!
(2l mingez, wews acw |¢ + wa(X)|[{aV, )V

.Cl

with ¢; € RY being independent of N and (.
The comments after Lemma 5.6 apply here with dim(G/K)" = 0.

Proof. Since X € t,oq, the characters are given by

v Y wewe (=1 exp(2miw(p + €A + ka) (X))
Xp+orthal€”) = [Loes 2isin(miwa(X))

Theorem 2.1 shows that

Tikwa ng Tikwa
|C€ZV»P>7<aV,>\)€,N€2 : (X)‘ < Wc(‘fZ ’ (X)7—N7 (04v,,0> +1)

= (N %(C(N%— Liwa(X))+ (N +1,1 —wa(X))
¢(=N) = ¢(=N,(a",p) +1
¥ - )

Combining these we obtain the first estimate. The other estimates follow as in Lemma 5.6. [

Example 8.3. On P!C = SU(2)/S(U(1) x U(1)), let X be the weight given by (i‘p 0 ) o

0 —ip 21
According to [K1, Th. 2], the torsion is for any ¢ € Z given by the real number
b4
cos [ + 1|2 <ew8_(l> 0D )

PR (6i<p7 07 ]-) - 6_7‘@_(6_7@7 07 1)
1811 5

T((P'C,gx,), Lb o in) = : ds Os
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léii sin(|¢ 4 1] — 2k)%

iné
SlIl2

log k.

for the Fubini-Study metric with [|a|[> = 2. For general metrics there is an additional term

ottt *2)2 log ¥ (Xy) by [KaK, Th. 5.2].

which can be written as

On the other hand, Th. 8.1 shows in this case:

Corollary 8.4. The equivariant torsion T,(P*C,O(()) for the rotation t of the sphere by an
angle ¢ has for { — 400 the asymptotic expansion

COS(E + 2)

cos(€+2)§ cos [0+ 1|%
1 Vv X 2 prot
2 sin? s oga(Xo) + sin £ R ()
sin ¢ + 13 U(E) + (1 - £)
—log2m 4+ I"(1) — —2 2
2sin £ og2m +1I"(1) 2

2isin £

1 W= e DED(eie —m, 2) — e UHDED (e~ —m, 2)
2 =1

(=0)mm
ei(z+3)%R(ew7 —N, 2,0, g) _ 6*2'(€+3 %R( —W’? —N7 2,0, é)
(=N |

_|_

By applying Tiy(P'C,O(—{)) = T(P'C,O(l — 2)) this formula also yields a slightly different
asymptotic expansion for { — —oo.

By Lemma 8.2 the last summand is bounded by

(QW)—NH@(NWLl 3) FCNV+1L,1—-57)) +1
(NN - |sin 2| '

Proof. In this case ¥ = {2\} and XPH/\M&((@“S/? 6,20/2>) = % holds for the rotation
2

of the sphere by an angle . We assume that ¢ > 0. The coefficient of log ¢ is thus given by

sin(0 +2k+ 1) —1 ellttle/2 =it e/ cos((£+2)%)
sin £ ~ 2isin€ \e % -1 e —1 )  —2sin?€
Equivalently,
61’&0/2 efiZgO/Q COS((K + 2)2)
Td; (T M)ch;(L . - = 22,
/]wt ( Jehe( pK+)‘) (1 —e~iv)? * (1 — et#)? —2sin? s

Therefore this term equals also the coefficient of —log ¥ (Xy). Hence for ¢ — +oo

_cos((+2)%) 14
T.((M Lt -1
t(( >gX0) pK—l—)\) 281112 g 0g CYV(XO)
1 . ob . . oD .
i(l+3)% % 0.1) — —i(£+3) % —i 0.1
2isin £ (6 0s (e,0,1) — e 0s (e7%,0,1)
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+ ]VZI €Z(€+3 % ’LQO, _m7 2) - 6_1(£+3)§¢(6_up7 _m7 2)
(=6)mm

m=1
< —i(+142k) 8 CR pi+1420) S ))

Eq. (19) provides the value of the {’-term. O

9 Lie-algebra-equivariant torsion on the projective plane

An analytic torsion which is equivariant with respect to the action of a Lie algebra has been
defined in [BG, Section 2.6]. Let X be a generator of an isometric circle action on P!C such
that the its flow has period 27. By [K4, Th. 9.4] Bismut-Goette’s X-equivariant torsion is
given by

(€+l)t k+1 k
_ cos (—1) =t
T,x(P'C,0() = ——2— 2 Hil(—k)) —F——
(PIC.00) = ~“E 3 a0 + (k)
kodd
[e+1] ¢ (£+1) #
sin(2k — [0 +1])3 cos )
log k — 46
* ; sin £ o8+ tsm : (46)
where (126)# 1= ¢2k. {#eeei =70 4 F20 Thig expression can be interpreted in two ways, which

give different asymptotic expansmns 1n ¢: As a convergent power series in t for [t| < 27, and
as formal power series in t, where one gets one asymptotic expansion for each power t™. In
this section we shall describe the asymptotic expansion with respect to the first interpretation.
Section 10 shall use the other interpretation.

We give the asymptotic expansion in terms of £ := |¢ + 1|. Thus the coefficients of the two
leading terms are the same as for an asymptotic expansion in terms of ¢. Using (¢ + 1)~ ~

> o (m+:_1) (=1)k¢=m=% and log(£ + 1) ~ log ¢ — >".°, % one can obtain the asymptotic

expansions in /.

Theorem 9.1. Define f(r) := ( I — .1t> - —L __ as the continuous extension to r €] —

sin sin 3 t(1—r2) N
%,%[ The summands of Tix(P'C,O(f)) have the following asymptotic expansion for { =
|0+ 1| — oo:

! sin(2k — 0)% cos LEDE
Z — logk = — 55 log{
— sin 5 2sin 3
1 —i(i—2)t O i(i—2)t O
— —®(e,0,1)—e = —P(e™,0,1
2isin% (e S (,0.1) —e 0s (7,0, ))
N-1, =
1 ——m t . i(F+2)t .
— (=9 <e =R (e, —m,1) —e” B Ple ™, —m, 1))
21 sin 3= m
L (07" ( R —N,1,0,0) — e FER(e ", —N, 1,0 0))
e 2 e — —e 2 e " —
22 Sin E N b ) ) ) ) ) b )

and

cos% ” 1 [ T N f: m)!
tsin % tsin £ 2 gt 2m+1
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it , - m(2m — 1)!
—l—cosE ( logét JE (! +Z gt2m ))

=1

+22 (3) Ccos &+ rm fm=h (),

Remark 9.2. tsin(%)m“f (m=1)(1) is a polynomial in ¢, sini
J —+F2Zmli( 23 one finds
2

1)P4pr 1 1
(m=1)(1 1)iem 1 — .
/ (1) = Z 4p?m? — {2 ( (2pm —t)™  (—2pmw — t)m)

Proof. The first expansion follows by Proposition 3.5 as in Corollary 8.4. By [K4, Prop. 9.2]

we know that 4 )
cos ﬁ L [ rcos - m coS % dr
tsm% 4 sm; sing ) t(1—r?)

Furthermore [K4, Th. 9.3] explains how to find the asymptotic expansion of this integral: We
shall need the sine and cosine integral functions defined by Si(z fox Sl;”“ dr and Ci(z) =

— f;oo €=t dr for xr € R*. In the proof of [K4, Th. 9.3] the above mtegral is decomposed as

and cos%. Using the series

cos -~ f(r)dr—

i\ " 1 sm— Si(¢ —cosé—t- —T’(1) — Ci(# log (¢
() [l @ t(Sin;) @ o)

tsm§

Partial integration shows for the 2m-th derivative of f that

! Otr 2 Otr 1 2 [t Otr
A cempy gy = Zgn Sl pem ) __/ o O emin ) g
cos r)dr — sin r _ sin r)dr
I =i ()|~ = [ S e
feven 2 . gt (2m) 2 /1 ftr (2m+1)
= 2—=—sin — m - = sin — m r)dr
78y fE() c ] f (r)
and analogously
1 (tr 2 t 2 ! Otr
: (2m+1) _ (2m+1) (2m+2)
sin — - r)dr = —2—= cos — - 1 —1—7/ CcoS — - r)dr.
[ sin e ) = cos 5 (1) 4 = [ cos ey

Combining these one obtains for any N € Ny by induction

L N9\ ) sin & odd,
—/_ 0087-]”(7") dr = 22 <7) (—1)mm+1)/2 plm=1)(7) . Z for m

1 — ot cos 5 even
2\ Y 1 sin &r odd
(2N vz / dr f) 2 ooy 0dd
(ft) (=1) —1 r CoS “—7’ o even.

Using

. sin & dd
cos 0t +7mm _ (_1)m(m+1)/2f(m_1)(]_) . { 2 for m o
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the last term is further simplified. The trigonometric integrals have the asymptotic expansions
([Erd2, 9.8(10)-(11)])

Si(lt) ~ —+sm€t Z "2m = 1)! cos (t - Z

ét 2m

ft 2m+1 ]

{(it) = (-D)m2m-1)! & (—1) (2m)!
Ci(ft) ~ coslt- Z (it + sin 4t - Z (gt)Z—m-l—l
—1

m=0

and thus one obtains the expansion of the second summand in Eq. (47) by trigonometric
addition formulae. O

10 Asymptotics of torsion forms

In this section the asymptotic expansion of torsion forms, as defined in [BK, Def. 3.8], for
fibrations by projective lines is computed. This is achieved using the formula for this specific
torsion form T, (O(¢)) given by the author as [K4, Th. 1.1]. We refer to that article for details
on the definition of this object. In the computation we will need the following result that
apparently has not been published before.

Proposition 10.1. For any m € Z*+, j € Z$, a € C the following identity holds:

Oty (e (o)

r=0 m ( m r=

Hansen gives a recursion relation for the left hand side in [Ha, (6.11.19)] and provides values

for a few special values of m. The term X:m_l(—l)”"”rl (jjr) a™ 17" is the regular part of
)mam

W outside the unit disc. For the case m + 7 < 0 see

the Laurent series about ¢ = 0 of —
Eq. (48).

Proof. In the case a = 0, both side equal Now replace a by —% and r on the left side

by j — r to obtain

ot 5 () 2 (marm e b (17 ).

r=0 m ( m r=0

j+m r’

Multiplying by (—a)™" transforms this equation to

i <Z) (;1@):@:7“ = nszjlt);) (1 — (L —ay™! 5 (j j 7") a?‘> . (48)

r=0

1]

Differentiating the right hand side of Eq. (48) by a yields

m (7, p prd
_ <—2”E ;)a)j(t”: (9“)( +1)—(j+;+1)( L)



7))l
= —(1-a (-0

as every summand in the sum over r vanishes. The result equals the derivative of the left hand
side of Eq. (48). As both sides of Eq. (48) equal 0 at a = 0, the formula holds for any a. O

Remark 10.2. Multiplying both sides by m (Jjnm) leads to S’ (jer) (j) ma’_ on the left

r=0 m r/) j+m—r

hand side. Expanding the term (a + 1) on the right hand side gives

7+l m—1 11 g
1)mam+j+zz<_1)r+m+l (] . ) (J . )am1r+q

q=0 r=0 J
ris Jj+1 g+m—1 .
e (L ymgnt e 9+1)(y+m—1—r+q)r
= + ) a
DI ]
jJtmor+m—1 .
o mmﬂ r+q J+1 j+m—-—1—-r+q\ ,
- P (TP (T :
r=0 gq=r J
Jtmm—1 . .
r— ; +1 +m—-1-
q.—>: q (_1)mam+] + Z Z(_l)q (j > <] - Q) CLT
r=0 ¢=0 r=q J

and thus comparing the coefficients of powers of a shows for any m € Z*, j € Z, 0 <r < m+j

that m(j;m> (Q g+m—r:§1 <f~t2) (j+mj—1—q>, (49)

Clearly this formula holds for m = 0 and any r € Z as well. For fixed r € Z} both sides are
polynomials in j and thus Eq. (49) holds for any m € Z§,r € Z,j € C, which in turn can be
used to generalize Prop. 10.1.

Theorem 10.3. Let P — B be an U(2) principal bundle, 7 : P — B the induced P'C-bundle
and E := P xy() C?, thus P = PE. The asymptotic expansion of the torsion form T.(O(())
for O(f) on the P'C-bundle 7 : PE — B for { — oo in any differential form degree n € Ny is
given by

[n/2] _
2¢1 (B2 (e (E)? — dey(E))™, £,
[2n] _ 1 __“\n—2m
L(0(0) Z (n —2m)!(2m + 1)! ( 2)
m=0
- / By yo 2m + 1 14
A Do (¢(=2k-1) —HW—) ( ) Bom-2k (——)
( prt < 2k + 2 2k +1 2
_B _{ 2,7‘_l2m-+-l - Hm
a2 g 2m + 2
2m—+2 .
1 2m + 2 0. (0+1y
_ Booo (—2).
2m T 2 jZ:; < j > 2m+-2 .7( 2) j

—log{ - <B2m+2(_§) +(1+ g)B%H(_g))
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log 27 (0 K (=DF2m 4 1) 14
L B%HN_E)*Z;%%n+1—2mmmﬂ%cgk+1ﬂ%m””“_§)

SUD SN (D SN (=
+ ()75
Jj=1-N g=max{0,14+j} \r=max{0,1+j5} e
2m + 1 By 1 g
[ em+ Boms1—q - (1) 2~ ) (—1)
q g—j+1 ¢—j+1

2m+12m+1—q 2m+ 1) (q_ 1 —|—N)

Bm —q—r
+Z TZ: 2m+1—q—r)l(q+7r+ N) 2"t

.ﬂ

52 R(l,—q—r—N,2,r,€))

_ Cl n Qm(c (E)2 — 402(E>)m<_1)n

n—2m) (2m +1)!

1 2 1
( " log — + mt " log (

2n+1 21 2n—13

7 dm — 6(2m + 1) log(27) + 24(2m + 1){'(— )g >
2n 23

+O(" log ).

To keep the full formula somewhat shorter it was written in terms of Bernoulli polynomials of
¢ instead of powers of ¢, using the equations (55), (53), (57), (64), (61), (66) in the following
proof. An expression as a linear combination of ¢/ can be obtained by using (56), (54), (59),
(63), (60), (67) instead. The terms in the result are obtained by adding Ty + T4, Ty, Tyy, Tho,
153", Ty, Ths in that order.

The asymptotic expansion of T,(O(£)) up to O(¢£~') was already given by Finski in [Fi, Section
4.3] using the formula for T, (O(£)) from [K2].

Proof. By [K4, Th. 1.1], the X-equivariant torsion is given by T(O(()) = e~ 2Ty (¢y(E)? —
4cy(E)) where Ty(—t?) is the power series given by the same formula as Tyx in Eq. (46), which
splits naturally into three terms

(£+1) m+1
_cos (1) = t™
Ty(—2) = — 22 N9 nCl(—
(=1 it 2 () M (m) =
;no?id
le+1] . ¢ (£+1) #
sin(2m — |€ +1])3 cos ~—2)
| —_—e 50
+Z sin £ ogm+ tsm— (50)
m=1 2 2
= — T — T — T 51
mZ:O@mH)! 1+mzzo(2m+1)! 2+mzzo(2m+1)! 3 (51)
where (t2™)# = ™. {27{2’”?_%” if ™=% and 7,75, T3 depend on m and ¢, but not on

t. Assume ¢ > —1. By the definition of Bernoulli polynomials and the formula B,,(z) =
—m((1 —m,x) (m € Z*, [Erdl, 1.11(11)]) one gets the Taylor series

(e+1)t m 2m—2 m42m—2
cos “— ( t 2(—1)™t
et T E B2m Z Bam <__) (2m)! (52)

tsm§
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Therefore

f 2H2m+1 - Hm
3 = —B _ )
L= B () T (53)
2m+2 1
B (2m +1)! AN
= (2H2m+1 Hm) Z (2m T 9 _ ]) ] B2m+2 -7 " 5 . (54)
Similarly
(2m 4 1)! - 0\ 2(=1)t>1
T, = 2T By (-2 )22
! 2(—=1)™ ; T\ 2 (2r)!
o0 (—1)k2k1 [deg ;=2m]
. "(—2k -1 —2k—-1)) ———
k=0
T B2k-+2 2m + 1 12
= 2C'(—2k —1 Bopm o | —=
kZ:O(C k—1)— H2k+12k+2>(2k+1) om 2k( 5 (55)
m 2m—2k j
= > Z 22k — 1) — Hgpy D22 | 2 A D Bty - (—5)°
L L ok +2) (2m =2k — j)ljI(2k + 1)!
2m Lm—j/% AV
Boiia \ (2m+1)!Boy ot - (—3)
= 2 (—2k —1) — 2
i < < T 2> (2m — 2k — §)l!(2k + 1) (56)
Using again the definition of Bernoulli polynomials, 75 takes the form
+1 ’
= Z B2m+1 (k’ — §> IOg k.
k=1
The polynomial k — Ba,, 1 (k — %) is skew-symmetric around k£ = 2 . Hence we obtain by

Propositions 3.4 and 3.5
+1 6 E *
Z BZm+1 (k — 5) lng = _2B2m+1 (k — 5) (é —+ 1)

k=1
+logl- ¢ <B2m+1 <—k? — g)) -¢ <32m+1 (k — g))
[deg ,>—N]
+¢ <B2m+1 (—k: — g) log (% + 1))
—I-Cﬁe,]v (B2m+1 (—k — g))

=: To1 + Too + To3 + Tog + Tos.
Using By(z +y) = >y () Bmn(x)y" [Erdl, 1.13(8)] and Proposition 3.4 one obtains

B 2m+1 2m+1 g (e_i_ )h+1
o= = () e G
B 2 fom 4 2 0 (Lt
- ; < h >BZ’”+2 n(=3) h(2m +2) (57)
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2m+22m+2—-h h 2m + 2 BQm+2—h—r 1 rpr+j
S 3 s e )
h=1 r=0 j= T’2m—}—2—h—7’,]7h_] h(2m+2) 2

2m+22m~+2—r h

2m + 2 BQm—i—Q—h—r 1 rortg
S 330 s L
= =S r.2m+2—h—r,j,h—7/) h(2m+ 2) 2

r.2m+2—h—rj,h—73) h(2m+ 2) 2

r=0  j=0 h=max{l,j}

Zﬁi:: B 2mz+2 2mz+2 2mz+2 2m + 2 Bomion . (_l)fgj
r.2m+2—h,j—r,h—j) (h—7r)(2m+2) 2

r=0 j=r h=max{1+rj}

_ B 2mz+2 2mz+2 2mz+2 ( 2m + 2 ) Bomyo_n ' <_1)7"gj
TS ey \T 2m+2—h,j—r,h—j) (h—7r)(2m + 2) 2

B B 2§2 ZJ: 2§2 2m 4+ 2 Bomion . (_l)rgj
B r2m+2—hj—rh—35/) (h—r)2m+2) 2

j=0 r=0 h=max{r+1,j}

- —Zil 2§2 Z]: (=) 2m +2 Bomsach g
h—r J2m+2—-hh—j/) 2m+2

7j=0 h=j+1 \r=0
om+2 [j-1 , .
_ i <]Z (J) (—3)" ) (2m+2) Bowsaj
o\ N\ g J 2m + 2
where the second sum in the last step corresponds to the case h = j. Applying Zi;é (i ) )
i . m m _% r
(J)T _ Z =nr—1 _ —2H; + Hyjo ([KaK, p. 666]) and ZE:{SH (2 T+1) ) 2£n+2)7r _
2m+1 (2m (—l
ZT:J (2 TH) sz = 0 we get
2m 2m+42 j i .
- _Zi (Z(j>ﬁ>( 2m 2 )B2m+2—h.gj
j=0 h=j+1 \r=0 r h—r j72m+2_h,h—j 2m—|—2
2m+2
2m + 2\ Bamy2—j 0.
2= Ay S5 o (o) 58
+;(H] HWJ)( j >2m+2 (=3 (58)

When looking at top degree terms, replacing the sum over r using Proposition 10.1 provides
the more suitable formula

R (e S (7)) ()

7=0 h=j+1 r=
2m+2
2m + 2 B2m+2—j 0. .
O — H, . Z2mA2mg TN
Using the formula for B,,(z + y) again one also finds
2m+1
2m +1 l
Ly = - Z ( h ) ¢’ Bamy1-n(k) - (_§)h (60)
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k=0

As ('(—2k) = (—1)k2((227’:));k((2k +1) for k € Z" and ¢'(0) = —log v/2, the part of this sum for
k even equals

even __
T23 -

log 27 0 (DR E2m 1) 14

B —= 2k+1)B _ok(—=)- 1

5 Bomn(=3) +k§ 2(2m + 1 —2k)!(27r)2kC( + D Boms1an(—3) (61)
The odd part cancels with one half of the ("-summand in 7} as in Eq. (55):

" oam 1 J4
Todd — By op(—=)C'(=2k — 1).
5= =3 (G P2 )

We use the equation B,, = (=1)""'m({(1 — m) and Euler’s convolution identity Ym € Z* :
> s ( ) B;By,—j = —mBy,_1 — (m — 1)B,, [Nie, p. 42 Eq. (13)] to find the identity

b = (1) B —m =3 () Bt

Jj=0 J
R Z B; Bl+m —J Bm+1 = _Bm—H — By, (62)
mt 1 <j=0 J
Thus
2m—+1
2m + 1 N
Ty, = logl- ]ZO( j )CBzmH (= k)(_§)]
2m+1
62 2m+1 0 .
) —log? - Z ( j )<B2m+2—]+B2m+1 i) (_5)] (63)
7=0
2m—+2 .
2m+2—j (2m+2 0. l
- < >t (7 )B?7"+2—f'<‘§>]+32m+1<‘5>>
§=0
l l l
= —logt- (B2m+2(_§) + 1+ §)B2m+1(_§))' (64)
Furthermore using
v (25) I (=" 1
C(k+1)") =0, —n2) + == =((=n) =1+ —= = —Z B — 1+ ——  (65)
one finds
om41 00 [deg ,>—N]
2m + 1 ! % )7+t k
T24 = C( z; ( r )BQm+1 —-r z; )]>
T J=

XD D> (Zmﬂ)BzmHr<—k>-<k+1>”ﬂ

j=1—N r=max{0,1+j} " 2T(T_'])
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2m+1

= ¢ Z Z (er—i- 1) (=) Bygga—p(k +1) - (k + 1)T—jﬂ

Jj=1-N r=max{0,1+j5} 2 (T_])

2m+1 2m—+1—r i i
2m + 1 L (=1)itre
- C E g g ( )B2m+qu ’ (k+ 1)q+r ]%
j=1-N r=max{0,1+j5} ¢=0 rq2m+1—r—gq Q(T_j)
2m+1 2m—+1 ; i
2m + 1 L (=1)itre
- Bomi1—q- (k+ 1)1 2
D ONED SIS S (A R PP T i

Jj=1—N r=max{0,1+j} q=r
2m-+1 q j+7 03
2m + 1 —j (_1)J+TW
— E E E B m+1—q ° k 1)
S ' , (r,q—r,2m+1—q) o1 (K +1) 2r(r — )
Jj=1-N g=max{0,14+5} r=max{0,145}

ey s > (;{)ﬂ (2mq“)Bmﬂ_q-(ml)q-j(—ev

r —
Jj=1-N g=max{0,1+5} \r=max{0,14+;} J

(65) « . (2m * 1)
j=1-N g=max{0,1+j} \r=max{0,1+j5}
. B,
s -1 q—j_29=J+tl ) 66

In the case 5 < 0 Proposition 10.1, more spemﬁcally Eq. (48), provides again a different expres-
sion for the sum over r as

—i—1 .
. o2m  2m41 2(112 3 ( >2 om + 1
Z Z q— j ' q

j=1-N ¢=0 —J ( >

. B 1 /.
Bopmi1a- | (=1 q—JLH_l_F—) Y 67

Finally one obtains
2m+1
2m + 1 0\
Tos = (v D < . >Bzm+1 o(=k) - (—§>
q=0

2m +1
qg,r.2m+1—-qg—r

—1 r+q
> B2m+1—q—r ' ( 2?1 k"4

= CIENZ Z

2m+12m—+1— q(
= r=0

2m +1
qg,r2m+1—-q—r

3

= r=0
(_1)r+q (_1)r+q+Ng—N

24 (‘H—r-&-N) . (q+N)

2m+1)!(g—1+ N)!
= 5 g B2m+17q77"
—~ q'2m+1—q—r)(g+r+N)!
(_ )Ng N
2

By (59) and (55) the coefficients of £2™*2 and ¢*™*! in Ty, cancel with the corresponding terms
of Ty, as 2Homi2 — Hmi1 = 2Ham+1 — Hum. Furthermore by (63) and (61) the top terms of Thy

2m+1 2m+1 —q
( > B2m+1—q—r

R(1,—q—1r—N,2,1{)

2m—+12m+1—q

R(1,—q—r —N,2,r /). (68)
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and T3 yield

14
(T22 + T23>[deg£:2m+1] — 272m72 lOg 2_
T

The coefficient of [?™ is given by

g s 2m +1 2m + 1
(Ty + Ts + Toy + Taz + T + Toa) 4= = ( g2m—1 ¢(-1) - W)

2m + 1 1 1 2m + 1
T 3. 92m+2 (2Hom1 — Hm) + (22m+1 T 92mt2 + (2Hom - %m)g . 22m+2)

2m +1 2m+1 2m +1 7
3.92m logé—( 92m C(_1>+ 92m+2 10g27r)+3.22m+3

— oy (7= dm+ 2+ 4m) log Gy 2401+ 2m)C (1)

Replacing (—t?) by ¢1(FE)? — 4cz(F) shows the claimed formula as

+

[n/2] 2 _ 4o (BN

Remark 10.4. Further coefficients of T7 + T3 + 151 + Too + To3 + Toy, multiplied by the corre-
sponding power of ¢, are given by

l2m71

( 3 ,
T5m 5,3 +6C(-1)

3 g <5 + 18m — 8m* + 8m(1 + 2m)(log

and

l2m72 1
T (ﬁ( — 87 — 121m + 840m? — 152m®)

+4m(4m? — 1)(4i5 log ¢ — %C(B) + ;C’(—?)) + %C’(—l))).

Remark 10.5. By [K4, Th. 11.2], the R-class term in the arithmetic Riemann—Roch is given
by the first summand in Eq. (50), corresponding to 77. Hence the asymptotic of the difference
of the torsion form and the R-class term is obtained by omitting the term given in Eq. (55) at
the right hand side in Th. 10.3. This term is of order O(¢*™).

Finally we verify that the highest degree term in Th. 10.3 corresponds to the formula given by
Puchol in [P, Th. 1.3]:

Lemma 10.6. Using the curvature Q°W of the O(1) bundle over the total space of the P*C-
fibration, the 2n-component of the torsion form equals

° [2n]
1 QoW !
T.(O0(0)e = = (/ logﬂ 5 e~z 7 )> + o(£1),
PIC

2 T

Here Q€M is defined as in Th. 6.5.
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Proof. In this case QoW — idc. We denote the fibre by Z and the vertical tangent space by
Tm. [K4, Prop. 11.1] states that

m*c1(E) = c1(T7) — 2¢,(O(1)) and  7*(c1(E)? — 4co(E)) = ¢y (T7)%
Therefore using the projection formula and [, ¢1(T'7) = 2 we obtain

ey / e (0(1))"!

log —
2 % ), mr1)

e ¢ - 1 n—+1 . .
— log — - v Tt ()Y
2 o /ZjZOQ”(n+1)!( ; )Cl( ) (=" er(E))
[n/2]
£n+1 1>n 2m
1
085 / Z 20 +1(2m + 1)!(n — 2m)!

1(T7T) ((Cl(E) —402(E))m61(5)"’2m)

[n/2] 1\n
= " log o Z 2n+1(2m :_ 11)) I(n — 2m)! (Cl (E>2 —4ea(E)) "y (E)n72m

m:=2j+1

which is equal to the top most term in the last formula in Theorem 10.3. O
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