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Abstract

We compute the Euler number of the compactified Jacobian of a curve
whose minimal unibranched normalization has only plane irreducible sin-
gularities with characteristic Puiseux exponents (p,q), (4,2q,s), (6,8, s),
or (6,10, s). Further, we derive a combinatorial method to compute the
Betti numbers of the compactified Jacobian of an unibranched rational
curve with singularities like above. Some of the Betti numbers can be
stated explicitly.

Let C' be an irreducible and reduced projective curve and ¥ C C its singu-
larities. The generalized Jacobian JC' of C' consists of the locally free sheaves of
rank 1 and degree 0 on C. It is an extention of the Jacobian of the normaliza-
tion C of C' by an affine commutative subgroup of dimension § := Zpez d(C,p)s
thus its dimension equals the arithmetic genus ¢,(C) of C. Unfortunately, JC
is never compact except when C' is smooth, but it is an open subspace of the
compactified Jacobian JC, which consists of all rank one torsion free sheaves F
of degree zero, i.e., x(F) = 1 — ¢go(C). The compactified Jacobian is irreducible
if and only if all singularities of C' are planar [AIK, R]. Ouly in this case JC
is dense in JC, and JC is in fact a compactification of JC. The Euler number
e(JC) of JC is of particular interest because of the following two applications:

Inspired by the work of Yau and Zaslow, Beauville showed that while count-
ing the rational curves in a complete linear system on a K3-surface the Euler
number of JC' is the multiplicity every curve has to be counted with [YZ, B].
Beauville also showed that the Euler number of the compactified Jacobian of
a rational curve C equals the Euler number of the compactified Jacobian of
the minimal unibranched partial normalization C of C. Further, for a rational
unibranched curve C its compactified Jacobian is homeomorphic to the direct
product of compact spaces, the Jacobi factors J(¢ ), p € ¥, which depend only
on the analytic type of the singularities of C. The Jacobi factors can be defined
to be the compactified Jacobian of any rational curve with (C,p) as its unique
singularity. Hence, it remains to compute the Euler numbers of the Jacobi
factors for the unibranched plane singularities.

Fantechi, Gotsche, and van Straten proved that the Euler number of the Ja-
cobi factor of a plane singularity (C, p) equals the multiplicity of the d—constant
strata in the base of the semi—universal deformation of the singularity [FGS].

Unfortunately, this surprising result did not help to compute the Euler num-
bers e(Jc,p)). So far the only known Euler numbers of the Jacobi factors are



those of the plane singularities with C*—action, V(2P — y?) with ged(p, q) = 1,
whose Euler numbers, # (p +q), were computed by Beauville. Here, we will use

a natural decomposition of the Jacobi factors to compute further examples:

Main Theorem. The following table assigns to an unibranched plane singu-
larity with characteristic Puiseux exponents which occur in the left column the
Euler number of its Jacobian factor:

Puiseux exponents Euler number

(p,q) with ged(p,q) =1 z%q (p ; q)

(4,2q,5) with ged(gs,2) =1 | {LF 1)(qi2+ Sa+3) , (g ; D
(6,8, s) with ged(s,2) =1 ? + %s

(6,10, s) with ged(s,2) =1 % + 4793

The reason for the restriction to the above Puiseux exponents is that in these
cases a natural decomposition of the Jacobian factor is a cell decomposition into
complex cells, Jx = Uf(:‘llx ) C™i. We show by several examples that this is not
the case for the more complicated cases. From the cell decomposition the Betti
numbers of the Jacobi factors can be computed by purely combinatorial means.
Explicit formulas are harder to derive, we will prove in Section 5 the following:

Theorem. Let X be a unibranched plane singularity with characteristic Puiseux
exponents (p,q) and Jx its 6x = (p — 1)(q — 1)/2 dimensional Jacobi factor.
Then the odd homology groups of Jx all vanish. The even homology groups are
free abelian groups. The ranks of HQ(JX),HQ(JX),...,Hg(q_[%“)(q]x) are the

same as the first ¢ — [1] +1 coefficients of the power series Hf;ll(l —tH~L
The ranks of Hasy (Jx), Hasy —2(Jx), - - .,HQ(;X,QL%J(JX) are the same as the

first [ 1] coefficients of the power series (1 — t)-r.

This proves in particular the conjectures of Warmt about the odd homology
groups and Ha(Jx), Hy(Jx) [W2, 5.8.4]. An analogous theorem is shown for
singularities with characteristic Puiseux exponents (4,2q, s). In this case one
can also describe all Betti numbers conjecturally.

As singularities with the same characteristic Puiseux exponents are topo-
logically equivalent, these theorems provide evidence for the general conjecture
that the topology of the compactified Jacobian depends only on the topology of
the curve.

The author thanks F. Grunewald, D. van Straten, and T. Warmt for several
inspiring discussions.



1 Jacobi factors and their cell decomposition

The definition of the Jacobi factor of a singularity X as the compactified Ja-
cobian of any rational curve with X as its unique singularity is unsuitable for
us, because the definition is not purely local. We will use Rego’s definition,
which we will explain in a moment after fixing some notation [R, GP]. We
always assume that X is a unibranched plane singularity given by the equation
f € Cl[[z,y]]. The complete local ring R = C[[x,y]]/(f) of the singularity has
R = C[[t] as its normalization. By Puiseux’s Theorem there exist t”, ¢ € C[[]]
such that R is embedded as R = C[[t", ¢]] into R = C[[t]]. The conductor of R is
C := Anng(R/R). Since X is planar, we have dx := dp := dim R/R = dim R/C
and C = (t?°7) [JP, 5.2.4].

Let M be any torsion free R—module of rank 1. Such a module M can be
embedded into R. In this situation we define the conductor C'(M) of M to be
C(M) := Anng(R/M). Because it is an ideal in R as well, we identified it with
the natural number ¢ = ¢(M) such that C' = (t°) € R. The embedding of M
into R can be chosen such that ¢ ¢ M C R and dim R/M = dim M/C = dg;
we will call such an embedding dg—normalized. A dr—normalized module M
can be considered as a point of the Grassmannian G(R/C, ), which consists
of the dgp—dimensional subspaces of R/ C. The Jacobi factor Jx or Jgr of the
singularity is the set of points of G(R/C,dr), which are R-modules. Therefore,
M/C € G(R/C,0g) lies in Jg if RM C M. This turns out to be a linear
condition on G(R/C,dr) when one considers G(R/C,dr) to be embedded by
the Pliicker embedding [GP, 1.4]. Different points of Jr may correspond to
isomorphic R—modules. In fact, one has

Theorem 1 The subsets of Jr consisting of isomorphic modules are bireqular
to affine spaces.

Proof. Two R-submodules My, My C R are isomorphic if there is an z €
Q(R) = C((t)) such that My = xzM,. If M; and M are g normalized, the
order of z must be zero, i.e., z € R*. Therefore, the subsets of isomorphic
modules are the orbits of the action of (R/C)* on Jg. Since C* C (R/C)* acts
trivially and the representation of (R/C)*/C* on Jp is unipotent, the orbits are
affine spaces by the Theorem of Chevalley—Rosenlicht [CG, 3.14]. |

Unfortunately, there are infinitely many isomorphism classes of torsion free
modules of rank 1 if the singularity is not an Ao, Eg, or Eg singularity by a
theorem of Greuel and Knorrer [GK]. To get a finite cell decomposition, we
use the natural valuation v : R = C[[t]] — N and decompose Jp according to
the images of the modules under the map v. To prove the Main Theorem, we
will show that this decomposition is a cell decomposition into affine complex
spaces in the cases of the Main Theorem, then we will count the nonempty
ones. This will require some work, because the Theorem of Chevalley—Rosenlicht
cannot be applied anymore. We start by translating parts of the problem to a
combinatorial problem with the help of the valuation v.

We have v(R) = N and the image of R under v is a semi—group I'. The above
properties of the conductor translate into #(N—T") = 0z and min{x € Njz+N C
I'} = 26p. For a module M C R, we get an associated I'-semi-module A :=



v(M),ie, T+A CA. If M is gnormalized, then #(N—A) = §r. We will call
a semi—-module A with this property d z—normalized, too. Two I'modules are
isomorphic if one is the shift of the other by an integer. Corresponding to the
definition of the conductor of a module M C R, we define the conductor ¢(A)
of the semi-module A C N to be the smallest natural number ¢ with ¢+ N C A.

We call the subset of modules of Jx with associated semi—module A simply
the A—subset of Jx. This decomposition of Jx into A—subsets corresponds to
the Schubert cell decomposition of the Grassmannian. More precisely, consider
the flag in R/C = C[[t]]/(t?*X) given by the ideals (t'), i = 1,...,20x, and
the Schubert cell decomposition corresponding to it. Then the valuation map
v : C[[t]] — N induces a map

G(R/C,6x) — {ScC{0,...,26x —1} | #S =dx}
A+C — v(A+C)NnH{0,...,20x — 1},

and its fibers are precisely the Schubert cells. Recalling that Jx is the inter-
section of G(R/C,dx) and a linear subspace L, we see that the A-subsets are
linear sections of these Schubert cells. We will show in Section 3 that these
A—subsets are again complex cells in the cases of the Main Theorem. To prove
that they form a CW—complex like the Schubert cell decomposition seems in-
credible tedious mainly because the dimension of the Schubert cells does not
drop uniformly during the intersection process. Luckily, this is not necessary to
compute the homology groups by [F, 19.1.11]. In particular, we obtain that all
odd homology groups are zero, and the even ones are free abelian groups whose
rang equals the number of A—subsets of the corresponding dimension.

Before attacking the problem of proving that the A-—subsets are affine in
the cases of the Main Theorem, we discuss the I'-semi-modules. In particular,
we need to count them. Later on we need ”syzygies* of the generators of a
semi-module. However, such a notion seems cumbersome to define. Therefore,
we pass over to the graded semi—group algebra C[I'] = span {t”|y € I'} and
correspondingly to the graded C[I']-module C[A] = span {t°|§ € A}, where we
can use the conventional definition of syzygies. The connection of these objects
with an R-module M with v(M) = A is as follows:

Define the initial term of a power series f = > 2, A;it', Ay # 0, to be
in(f) := A\rt® and set in(0) := 0. Then the graded semi-group algebra C[I]
equals the initial ring in(R) := span {in(f)|f € R} C CJ[[t]]. Analogously, for
any maximal CM—module M the graded semi-module module C[A] equals the
initial module in(M) := span {in(f)|f € M} C C[[¢]].

The study of the C[I']-semi-modules is done in the next section; the proof
that the A—subsets are complex cells in the following section. Everything con-
cerning the Puiseux exponents (6,8,s) and (6,10, s) was moved to Section 4
which is combinatorically more complicated and included only for completeness
and the most interested reader. In the final Section 5 the Betti numbers of the
Jacobi factors are discussed.



2 The number and the syzygies of the C[[']-
modules

During this section we will always assume that any I'-semi—module A is 0—
normalized, i.e., min A = 0, to obtain unique representatives in the isomorphism
classes of the semi—modules. In particular, one has I' C A.

For a singularity with only two characteristic Puiseux exponents (p, q), p < g,
the semi-group T is generated by p and ¢, I' = (p,q). To study the I'-semi-
modules, we introduce the notion of a basis for them, modeled after the Apéry—
basis for semi-groups (see [JP, A, H] for the semi-group case).

Definition 2 Let T' = (p,q). A p-basis of a T—semi-module A is the unique
p—tuple (ag,...,ap—1) such that

p—1
A= U (a; + pN) and a; =iq mod p.
i=0
In particular, the {a;} generate A as a T'-semi-module and c(A) = max{a;} —
p+ 1.

By the definition of the p-basis and Ng C I' C A, there exist ag,..., -1 €
N such that

ap =0, a1 =q—aip, az=2q—aop, ...,ap_1=(p—1)g—ap_1p.

To simplify the notation, we define cvg = 0. The condition that A = |J(a; + pN)
is a '-semi—module is equivalent to a; + ¢ € A and — with a cyclic notation of
the indices — to a; + ¢ > a;+1. The latter is the same as 0 < a3 < g < ... <
ap—1 < ¢. Due to the 0-normalization we have a; > 0, i.e., a5 <ig/p.

Proposition 3 For the semi—group T' = (p,q), gcd(p,q) = 1, the number of
q

isomorphism classes of I'=semi—modules is prrw p;:

Proof. Beauville proves this result with the help of generating functions [B,
4.3]. Fantechi, Gotsche, and van Straten derive this from a local computation
in a moduli space for rational curves [FGS, G1]. We give a third, shorter
proof using the p-bases. For a moment we normalize our I'-modules only by
min(A NpN) =0, i.e., ap = 0. Then by the above arguments all such modules
can be obtained by choosing 0 < a1 < ap < ... < a1 < @; hence, there are
(p;l;z;l) = ﬁ (p;gq) of them. If we shift A = (J(a;+pN) by —a;, j =0,...,p—1,
we obtain an isomorphic semi-module A’ with min(A’ N pN) = 0 and these are
also the only shifts of A that satisfy the additional condition. Therefore, to get
the number of isomorphism classes of I'-semi—modules, we have to divide the
above number by p. O

For the purpose of the next section we need to compute the syzygies of the
graded C[I']|-semi-modules. We start with a very general lemma.

Lemma 4 Let T’ be any semi—group I' C N with #(N\T') < oo and A a 0-

normalized semi-module. Let A = (t**,...,t%) be a graded generating set of
a C[T']-module C[A]. There is a minimal generating set C' of syzygies of A
consisting of bivectors, i.e., vectors v = (0,...,0,t7,0,...,0,—t7%,0,...,0) €

CIT)* with A-v = 0.



Proof. Clearly, any relation between the generators can be splitted into the sum
of graded ones. Next, we show that any graded relation between the generators
can be splitted into a linear combination of bivectors that are relations as well.
Assume we have a graded vector w = (w1t™, ..., w,t"™) with A-w = 0, i.e.,
S w;t"i T =0 and v; + a; = const for all i with w; # 0. Therefore > w; = 0.
Choose j with w; # 0 and set v; = (0,...,0,¢7¢,0,...,0,—¢%,0,...,0) for i # j
with w; # 0 where the nonzero entries are at the positions ¢ and j. Then
> w;v; = w using Y w; = 0. Finally, we can choose a minimal generating set
among all these bivectors using Nakayama’s lemma. O

The degree deg(v) of the above bivector syzygy v is by definition a; + ;.
The bivector syzygy is — up to an unimportant choice of sign — determined
by the exponents; hence, we will sometimes use the shorter additive notation

ai—|—’yl-:aj—|—’yj.

The syzygies of a C[I']-module for T' = (p, ¢) are nearly obvious.

Proposition 5 LetT' = (p,q) and A = Uf;ol (a; +pN) be a T'-semi-module like
above. Then the C[T'|-module C[A] is generated by A = (t*°,t%, ..., t%=1) and
the syzygies of A are generated minimally by the following p—bivectors:

vg := (19, —t1P.0,...,0), vy := (0,19, —tle2maP 0 0),
vy := (0,0,t7, —t(@3=22)P (. 0),
Vp—z i=(0,...,0,t0, —lep—1==2P) gy 4 = (—la=ep-1P (. 0,¢9).

In particular, the degree of one of these syzygies is greater than c¢(A).

Proof. Because {ag, ...,ap—1} generate the I'-semi-module A, A generates the
C[I'J-module C[A]. Clearly, all of the above bivectors are syzygies and none of
them is a linear combination of the others. Therefore, it remains to show that the
above bivectors form a generating set. By Lemma 4 all syzygies are generated
by bivectors and finding a bivector (0,...,0,t7,0,...,0,—t7%,0,...,0) relating
t% and t% is the same as finding v; and v; with a; +v; = a; + ;. W.lLo.g.
assume ¢ < j. Because we are looking for a minimal generating set, we may
assume that neither (y; —q,v; —¢) € I'? nor (v; — p,v; — p) € I'?, thus either
v; € ¢gN and v; € pN or the other way around. Recalling that a; = ig mod p
and that ¢ generates the group Z/pZ, we get that either v; = (j — i)¢ and
v; = (o —ay)por v, =(¢+a; —aj)pand v; = (p +i — j)g. Thus we found
only the two bivectors

(0,...,0, td=9a 0,...,0,—tl@i=edp o 0) and
(0,...,0,—tlatei—esp o 0, tPti=ia o .. 0),

which are the linear combinations of the elementary bivectors wvg,...,vp—1.

Namely, the first is
j—1

Z tU—I=Dat(a—ai)py,

=1



and the second is

p—1 i—1
Z Hpti—l=1)g+(cu —aj)pvl + Z tli=l=Da+(g+ou —aj)pw'
1= 1=0

This shows that the vy generate the syzygies. Since ¢(A) = max{ar — p + 1},
at least one of the degrees of the vy, degvy = ap + ¢, is greater than ¢(A). O

Now we turn to the singularities with the three characteristic Puiseux ex-
ponents (2p, 2q, s) with ged(p,¢q) = 1, ged(s,2) = 1, and 2p < 2¢g < s. We will
give here the general definitions and then restrict ourselves to (4, 2q, s), leaving
the (6,2q, s) case for Section 4. The semi—group I' is generated by 7o := 2p,
7 = 2q, and 2 := (p — 1)1 + s [A, H]. Note that these generators are related
by py1 = ¢y and 2y2 = B8y1 + 1o for suitable 8 € {0,...,p— 1} and n € N.
Any v € I can be written uniquely as

v = p2ye + pay1 + povo  with po € {0,1}, p1 € {0,...,p— 1}, po € N.

The same holds for v € Z if one allows g € Z. We use this to define a special
basis for any I'-semi—module:

Definition 6 LetT' = (yo = 2p, 71 =2¢, 72 =2(p— 1)g+ s). A 2 X p—basis of
a I'-semi-module A is the unique 2 X p—matriz (Z;’g e Z‘l’pfi) such that
P

A= U (ai; +v0N) and a;j = iy2 + jy1 mod .

i=0,1
j=0,...,p—1

Here, the ag; are even and the a;; are odd numbers. Again, there exist
a;; € N (agp := 0) with
ai; = iv2 + J71 — @ijYo fori e {0,1}, j€{0,...,p—1}.

The fact that A is a I'-semi-module is equivalent to a;; +v1, ai; +v2 € A. With
a cyclic notation of the indices, the first is equivalent to a;; +v1 > a; 41 and
the second to ag; + v2 > a1; and ai; + Y2 > ag,j+3, using the above relation
272 = By1 + ny0. Expressed in terms of the a;;, this means

0 < an < Sagp-1-8< Qoppg <X apo1 < ¢

Al Al Al Al Al
apg < apn SoSap1-88 arppg S-S arp1 gt agg
Al Al Al Al Al

n+aog N+ ®op+1 n+aop—1 N+ q+ aoo n+q+ app-1

The O0-normalization of A is equivalent to a;; > 0 or to ago = 0, ag; < jq/p
and a1 < (y2 + j371)/7. In particular, we have ag -1 < ¢ — g/p sharpening
opp—1 < q. For j <p—1— 7 we get
2v9 — 2 +J +B+J)n — —Dm —
< Te— 2 TIM o (B+im 72§n+(p m 72<77
70 70 70

Q5

and for any j < p — 1 we obtain similarly

+ (B4 j)m — -1 — 1)y —
ary < 1O (B+ ) — 2 <n+ (p—1)m n (p—Dy —m B
Yo Y0 Y0




Therefore, the 0—normalization of the '-semi—module already implies the last
row of the inequalities between the «;; in the above diagram. Now, we are ready
to compute the number of '-semi—modules for p = 2.

Proposition 7 The number of O—normalized T'—semi—modules for the semi—
group T = (4,2q,2q + s) with ged(gs,2) =1 is

(q+1)2¢* +49+3) | (q+1)?
9 + s 3 .

Proof. We have to count the triples o = (a1, @10, @11) with the restrictions

0 S a1 < q/2

Al A\
ap < ayr < g+ aig;
Al Al

2q+s 4q+s
4 4
thus we have to count the elements of
A= {a € [0, 2] x [0, 2%_5] x N | max{ap1, 10} < 11 < min{q + a10,9 + i}} .
We set
Ag={ae0,2] x [072%%] XN <on1 < g+ oo}

Alz{QE[O,%]X[O,Q%¥]XN|O¢10§O¢11<0401}

A2:{a€[0,%]x[0,2q2'5]xN|q—|—§<a11§q+a10}.

Due to ap1 < q/2 < g+ a9 and a1g9 < q/2 + s/4, we have Aj, Ay C Ay.
Obviously, also A = Ag \ (A1 U A3) and Ay N A2 = 0 holds. Therefore, the
number of elements of A is #A4¢9 — #A; — #As or

2
o1 Lﬂj

{%W'qus-"(fﬁ-l)— % > (a01—a10)—{gw > (q—i—oqo - Lq—i— ZJ)

ag1=1 a10=0 ar0=[%]

Using the substitution ¢ = 2¢+ 1 and s = 45+ 1 resp. s = 45 + 3 for the
intermediate steps, the above sum can be evaluated easily to obtain the number
in the statement of the proposition. O

Later we will show that some of the I'-semi—modules cannot occur as the
O-normalization of an associated semi-module of a maximal CM-module over
the local ring of the singularity. We call the ones that occur admissible. Their
combinatorial definition is as follows:

Definition 8 Let I' = (y0=2p, 1 =2¢, 2 =(p—1)y1 +s) withp = 2 or
(p,q) € {(3,4),(3,5)}. A 0—normalized T'—semi-module A is admissible iff

Am{aoj+5|j:0,...,p—1}7&®.



Proposition 9 Let T' = (4,2q,2q + s) be the above semi—group for p = 2. The
number of admissible I'-semi—modules is

(¢4 1)(¢* + 59+ 3) N (q+1)2S
12 s

Proof. We are going to count the nonadmissible semi—modules, i.e., the 0—
normalized semi—-modules with s,ap1 + s € A. We have

S=Y—v =7+ —qY = a1 mod Y

apr +s = Y2 — ap1Yo = aio mod Y.

Hence, s,ap1 + s € A is equivalent to s < a1; and ag; + s < aqg, i.e., a11 < ¢
and aqp < ap1. Together with the conditions for A being a 0—normalized semi-
module,

2q+s .
an < %, ai <2, max{ao, a0} < arp < min{g+ aio, ¢+ 3},

the nonadmissible semi—modules correspond to the triples (ag1, @10, @11) € N3
with
a1 < %, aip <agp, an <an<g.

Clearly, the numbers of these is

5] 1/qg+1
20401((]—0401)—§< 3 >
Ot(n:O

We obtain the number of admissible semi—modules as the difference of the num-
ber of all semi-modules (Proposition 7) and this term. O

We already know from Lemma 4 that the syzygies of a graded generating
set of a C[['[-module C[A] are generated by bivectors. We are going to select a
small subset of these bisectors, which generate the syzygies of degree less than
the conductor ¢(A). Later on, only these syzygies will be of interest to us.

Proposition 10 Let T' = (yy=4, 11 =2q v2=m1+s), and A =
(0,a01; a10,a11) like above. The C[[|-module C[A] is generated by A =
(1,001 t10 ¢911) " gnd the syzygies of A of degree less than c¢(A) are generated
by

(17, =010 0,0), (—tl@=e0)0 1 0.0), and (12,0, —t*°700).

Proof. By Lemma 4 there is a generating set of syzygies consisting of bivectors.
Any bivector syzygy of degree d may be written additively as

aij + (272 + & + €0%0) = am + (G2 + Gy + Covo) = d

with &1,&2,(1,¢ € {0,1} and &,{p € N. We may assume that the bivector
syzygy is not the multiple of another; hence, for all » € {0, 1,2} one of the &, ¢,
is zero.

Recall that ¢(A) = max{a;;} — v + 1 < ¢(T'). We have agp = 0, ag1 < 71,
aio+vy1 > ai1, and aj1+71 > aio, thus agj+y2 > a1;+71 > ¢(A). Consequently,



of all possible bivector syzygies only the following four may be of degree less
than ¢(A):

apo + Y1 = ao1 + Qo170 ap1 + 71 = ago + (¢ — @o1)Y0

apo + Y2 = a10 + @107 aop1 + v2 = a1 + (a1 — @o1)7o-

However, the degree of the last relation is also greater than c¢(A) due to
aoo, 410 < V2- 0

3 The cell decomposition

We return to our singularity (X,0) with local ring R. Its Jacobi factor Jg C
G(R/C,dr) consists of the torsion free modules of rank 1 and was decomposed
according to their associated semi-modules. We will show that these subsets
are biregular to an affine space CV. Given a I'-semi-module A we are going to
explicitly construct all R-modules M C R = CJ[[t]] with associated semi-module
A. There is a small technical problem: The associated semi—module Aj,; of a
module M is dg—normalized, while we were using 0-normalized semi-modules
in the last section for notational convenience. However, if d := min Ay, then
—d + Ay is O-normalized and the module t+—¢M C R has this semi-module
as associated semi—module. With the help of this obvious bijection we may
continue to assume that the occurring I'—semi—modules are O—normalized.

We start our proof with several remarks about the elements of M C C[[¢]].
Any element z = ), AitF € M can be normalized as follows: To get the
coefficient of the initial term /\U(I)t”(w) equal to one, we multiply by 1/ ).
Then one removes the terms A\st%, 6 € A, § > v(x), in increasing order by
subtracting suitable multiples of elements y € M with v(y) = J; thus as the
normal form of x we obtain a polynomial of type

AR W VR4
k€lv(x),00[\A

There is only one normalized x of a fixed order v(x), because the difference of
two such lies in M and has no powers of ¢ which can occur as an initial term
and must therefore vanish.

The same ideas lead to a reduction algorithm for an element = € CJ[t]] with
respect to a set {mq,...,my} C C[[t]]: Let A be the I'-semi—group generated
by {v(mo),...,v(my)}. Set g = x € C[[t]]. Starting with ¢ = 0 we do for
increasing i € N the following: If i ¢ A, set s; = 0 and x;41 = x;. If i € A, then
locate the t'~term, \;t?, in z;, find s; € R, j; € {0,...,n} with A\;t’ = s;m;, and
set x;41 = x; — s;mj,. The x; converge to an

Too = Z uktk.
kgZA

Unfortunately, x~ depends in general on the choices made. However, this
does not make the reduction process useless. Its main application is the follow-
ing: If the my,...,m,, generate the R—module M and v(M) = A, then x € M
iff zoo = 0. Namely, on the one hand if o, = 0 then the algorithm yields

10



x = > simj, € M, on the other hand if zo, # 0 then v(zs) ¢ A and this
implies oo & M and z = zoo + > s;mj, € M.

Often one starts with a module M and then picks normalized genera-

tors mg,...,my, such that A := v(M) is generated as a I'-semi-module by
v(mo),...,v(my). We will call such a set a A-generating set of M. We write
the generators as
mo= 1+ Y MNtT = 1+ Y A
k€]0,00[\A kgA
my =t Y At =t Y A tE

k€lay,c0[\A a1+kZA

e D WD VI L S NP VT
k€lan,00[\A an+kgA

The special choice of the lower indices of the A will be crucial later on.

Now we start the other way around. Given A with generators {ay =
0,...,an}, let mg,...,m, be like above and M the module generated by them.
Clearly, A C v(M). We want to see which conditions the A must satisfy such
that v(M) = A; we consider them now as variables. To count the number of
the A\, we introduce the gap counting function ga by ga(k) = #([k, co[\A) for
k € N, i.e., ga counts the gaps of A greater than or equal to k. With this
notation, there are Z?:o ga(aj) of the X variables.

We want to consider syzygies between the m; as well as between their initial
terms. For a graded vector r = (r;) € €; R(—a;) we define the initial vector
as follows: Let § := min{v(r;) + a;}. Then in(r) = (s;) with s; = in(r;) if
v(rj) + a; = ¢ and 0 otherwise. The important consequence is that if r is a
syzygy of the generators (m;) of M then in(r) is a syzygy of (in(m;)) = (t%).

Our leading idea for the following is

Lemma 11 With the above notation let M be the R-module generated by
{mo,...,mn}. Further, let V. C €D, R(—a;) such that the initial vectors
{in(r)|r € V} of V generate the syzygies of the generating set A = (t%) of
C[A]. Then v(M) = A if and only if for each r = (r;) € V the following holds:

Let § := min{v(r;m;)}. Then the initial terms of > rym; cancel, i.e.,
v(d}orymy) > 5, and there exist s; € R with v(sym;) > § and Y rjm; =

> 8imy.

We will call > sjm; a higher order expression of Y rjm;. Note that a higher
order expression can be obtained trivially if § > ¢(A) because t*(*)** € M for
k € N. A higher order expression for a term 7' = > r;m; may be found by
reducing it with the above algorithm. If T" reduces to zero, then the algorithm
produces an expression with T = " s;m;, with v(s;m;,) > ¢ which we can
reorder to get the higher order expression. If T reduces to T # 0, then
in(Teo) € v(M) \ A showing v(M) # A.

11



Proof. Clearly, we always have v(M) O A. We have equality iff there is no
element x = > r;m; € M with v(xz) € A. We claim that this is the case if and
only if the following holds:

(%) For any 6 € A and r = (r;) € @, R(—a;) with v(r;)+a;=dorr; =0
such that the initial terms of ) r;jm; cancel, i.e., v(d°r;m;) > 6, > r;m; can
be expressed as ) s;m; with v(sjm;) > 6.

To prove this claim, assume that () holds, and thereis anx = ) r;m; € M
with v(z) ¢ A. Further, we assume that the linear combination is chosen such
that ¢ := min{v(r;m;)} € A is maximal. Since 6 € A and v(z) ¢ A, the
initial terms of > r;m; cancel and by (*) there exist s; with x = Y r;m; =
>~ s;m; and v(s;m;) > . But this contradicts the maximality assumption on
min{v(r;m;)}.

The other way around, assume we have r; such that (x) fails. Set z¢ :=
>~ rjm; and reduce it with the above algorithm to . zo cannot be reduced
to zero because Y rjm; = xg = .- sim;j, would show that (x) holds for ;.
Therefore, zo, # 0 and v(zs) € A shows v(M) = A.

Cancellation of the initial terms in (x) means precisely that in(r) is a syzygy
of the generating set A = (in(m;)) = (¢t*) of C[A]. Note that if (x) holds for r
then it holds for all 7" with in(r’) = in(r), because ) rim; = > rjm;+ > (1 —
ri)m; =y (sj+rj—ri)m; and v(s;),v(r; —r%) > v(r}). Therefore, it is enough
to check (x) for a set of vectors which generate the syzygies of C[A]. O

We now study the different cases of characteristic Puiseux exponents sepa-
rately. We start again with a unibranched plane singularity that has the charac-
teristic Puiseux exponents (p, ¢). Then by Puiseux’s Theorem the local ring R
of the singularity is isomorphic to a ring C[[t?, ¢]] C C[[t]] = R where ¢ = t+
higher order terms. Further T' = (p,q). Let A be any 0-normalized I'-semi-
module. As a generating set for A we choose the unique p-basis (ao, ..., ap—1)
and define m; as above. By Proposition 5 and Lemma 11 the module M has

v(M) = A iff higher order expressions for the following p terms can be found:
T = pomj — t((lj+1*06j)ij+l —. chctajJqurk j=0,...,p—2
k=1

o0
TP .= pmp_1 — t(q_%*l)pmo =: Zﬁ_lt%*l'ﬂ”k.
k=1

We study the coefficients ¢], more closely. For k € N define the gap function
ga by ga(k) = 1if k ¢ A and 0 otherwise. Then with cyclic index notation

Ci = gala; + ]g))\fC —galajp1 + k))\fjl + polynomial in )\{ with [ < k.

To find the higher order expressions for the 77, we reduce the 7 by the above
algorithm. We denote the resulting terms by T7. These terms must vanish,
otherwise v(M) # A. The terms T7 have only powers of ¢ whose exponents do
not lie in A. Let us study the coefficients of these t—powers more closely. There
are two important observations: The first is that during this process a coefficient
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ci is only modified by the addition of polynomials in the A} with | < k, except
it is made to vanish. The second concerns the occurrence of the )\i and )\fjl in
the final coefficients 5?@ If ga(a; +k) =0or ga(aj+1+ %) =0, then a; +k € A
or aj41 +k € A and further a; + k+ ¢ = aj41 + k + (oj41 — aj)p € A for
j<p—1lresp. ap-1+k+qg=ao+k+ (¢g+ap—ap_1)p€ Aforj=p—1,
showing that the t-power t%T9t* will be eliminated in the process. Therefore,
all cfc which do not have a )\i — )\?jl term vanish during this process. Thus in
the end the remaining coefficients 6,76 with a; + ¢+ k € A are of the form

& =X, — X' 4 polynomial in A} with [ < k&,

and there are Zf;é ga(aj + q) of these. The vanishing of these coefficients is
equivalent to M being an R-module with associate semi-module A. For fixed k&
we may view ¢, = 0 as an inhomogeneous linear equation system in the variables
)\i. Because of Proposition 5 thereisa .J € {0,...,p—1} with ¢(Ty) > ¢(A) and
consequently T; = 0, therefore there are at most p—1 nonzero equations and the
linear system is in row echelon form. Hence, we can easily obtain a dependency
of some of the A} on the other A} and the A\; with [ < k. Finally, we substitute
successively the solutions for the A with lower index less than k into the solutions
for the A with lower index k; thereby obtaining an explicit form of the equations
¢l = 0, expressing some A-variables as polynomial functions of the other.

Summarizing, we have shown that all possible coefficients for the m; such
that v(M) = A can be obtained as the graph of a polynomial function in
S galaj) — > gala; + q) variables. Setting d = dr — ga(0), we note that
different values for the remaining free A\-variables lead to different modules t? M
and modulo C to different points of G(R/C, dr), because of the normalized form
of the m;. Thus we have proved

Theorem 12 Let R be the local ring of a unibranched plane singularity with
characteristic Puiseuz exponents (p,q) and A be a §gr—normalized {(p, q)—semi-
module, whose 0-normalization Ao has the p-basis (ao,...,ap—1). Then the
subset of modules of Jr with associated semi—module A is biregular to an affine
space CN with

—

p—

N = Z (920 (a;) = gao(aj +q)),

j=0

where for a k € N the number ga,(k) := #([k, o00[\Ao) is the number of gaps
in Ag equal to or greater than k.

1

Since the number of (p, ¢)—semi—modules is e (p;q) by Proposition 3, the

Jacobi factor Jg has a cell decomposition into the same number of complex cells.
In particular, its Euler number is also ﬁ (p :q), proving the main theorem in

this case.

Now we treat the case of a singularity with characteristic Puiseux exponents
(4,24, s) using the notation of the preceeding section. The local ring R of such a
singularity is isomorphic to C[[t, ¢]] C C[[t]], where ¢ = t?¢ + ¢*+ higher order
terms [Z, p. 784]. Let 1) € R be the normalized element with v(y)) = 75 = 2¢+s.
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A 0-normalized '-semi—module A has a 2 x 2-basis (agp = 0, ap1; @10, @11), thus
we have the ansatz

moo = 1+ Z )\gotk mo1 = tllm —|— Z )\gl—am tk
k€]0,00[\A k€lao1,o0[\A

mig =tho4 Y N0, myp =t Yo N
ke]am,oo[\A ke]au,oo[\A

for the generators of an R-module M with associated semi-module A. By
Proposition 10 and Lemma 11 we have v(M) = A iff we can find higher order
expressions for the three terms

oo
T1 = @moo — t4°‘“1m01 : E C;lgt’YlJrk
k=1

(e o)
T2 = t4(qia01)m00 — ®mop1 =: E Citaer'lerk
k=1

3. 4o
T :=1Ymgy — t"**m1o

oo
: E cit””“.
k=1

We follow the same strategy as before: reduce T, T2, T with respect to
{m;;} and solve the equations given by the remaining coefficients. However, the
resulting equations are not so easy to solve, and we have to take more care in
the reduction process of 17 and T, which we think of being processed at the
same time with increasing index of the A variables. First, we note that

cp = =gak)AL — galaor +k)AY fork=1,....,s =y —1
ey = gals =)A= galao +s—y)AL,, +1
2 =gals =)A= galao +s5— )AL, —1

by the special form of . We want to organize the reduction process in such

a way that in the intermediate stages the coefficients E,lc,é% satisty 6,1€ = 6%
fork=1,...,s — v — 1 and Eé_% — ég_% = 2 as long as possible. Because

o(TY),v(T?) > v and 71 + 2N C T, the even powers of ¢, ¢, t" 2% in T?
and 3,191 t71+2k in T2 can be eliminated by subtracting elements of the form
et oimgg, i € {0,1}. Whereas one has to use different pairs of (I,i) for T
and T2, the coefficient ¢}, is equal to ¢z, for 0 < 2k < s — 1. Therefore, the
coefficients of the resulting terms differ only in and after the (s —~;)-th t-power
term; in particular, the differences E} - é? for j = 1,...,8 — v, are the same
before and after the subtraction. The lower odd powers of ¢ in T and T? we
do not eliminate at all while (a) the degree is less than s resp. ag1 + s and (b)
there has not been an odd degree v1 + 2k + 1 resp. ao1 + 71 + 2k + 1 where both
degrees lie in A. After that we eliminate as many powers of ¢ as possible in the
usual way. By Lemma 11 v(M) = A holds iff the remaining coefficients ¢},, ¢z, &3
of the reduced terms 7%, T2, T3 vanish. Our special treatment of the lower odd
powers of ¢ does not influence this, because for each of them ¢, ;1" T2¥+1 resp.
By 12T T2RHL which we might have removed by subtraction there was a

nonremovable E%k+1t“°1+71+%+1 resp. é%k+lt71+%+1 term, which forces E%,H_l
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resp. 6%,”1 to vanish and with it the other one due to E%,H_l = E%,H_l. The
advantage of this process is that we keep the difference ¢ — ¢ fixed as long as

possible. Let us exploit this.

We show that the O-—normalized associated semi—module A of an R-module
has to be admissible, i.e., {s,ap1 + s} NA # (). Assume that this is not the case.
Since {s, ag1 + s} = {1, 3} mod 4, there is no odd number equal or less than s in
A and condition (b) is satisfied up to (s, ao1 + s); hence &;_.,, —¢_ =2 even
at the end of the reduction process. Therefore, not both coefficients ¢, , &
can vanish at the same time, and we cannot find higher order expressions for
T' and T? simultaneously.

Now, we will show that when A is admissible the final equations ¢ = 0 are
solvable. We claim that either ¢ is already zero or

~1 __ 00 01 ~2 __ 00 01 ~3 __ 00 10
Ck_)\k —)\k “F, Ck—Ak —Ak “F, Ck—Ak —)\k +7

where the dots stand for polynomials in the A with lower index less than k. This
follows as before. We discuss as an example the coefficient ¢}.. Looking at the
definition of ¢}, we see immediately that

ér = ga(R)AY — ga(aor + E)A + ...

Now ga(k) =0 or ga(aor + k) = 0 implies k € A or ap1 + k € A thus v1 + k =
ao1 + k + 4apr € A and the term 571 will be eliminated.

Again, we solve the equations ¢i = 0 first for fixed index k and then suc-
cessively substitute the solutions for the index less than & into the solutions for
index k. The difficulty is that ¢ and ¢ have the same term A% — AP and it
is therefore impossible to solve these equations for AY° and AY' when ¢} and ¢
are nonzero and not the same. We have to treat two cases separately.

Let us assume that the smallest odd number n € AN [y1, 00 is less or equal
to s. We visualize which coeflicients can be eliminated by the following diagram:

| L

The k-th column stands for the coefficients of 1% and t®1+t71+% in T} and Ts;
“=" stands for equal coeflicients in the these terms, “x” for “coefficient can be
eliminated” and “o” for “coefficient cannot be eliminated”. After the (n —~1)—
th coefficient at least one of the coefficients with the same odd index k can be
eliminated, because the corresponding t—powers have the degrees (k,ao1 + k),
hence they are (1,3) or (3,1) modulo 4 and both are greater than n, thus one
of them lies in n + 4N C A.

Therefore, up to the index n — 1, 6,1€ = 6%, and after that at least one of
the ¢;, ¢2 vanishes; thus there is at most one equation for each odd index and
solving it is trivial. In addition, a higher order expression for T? is trivially
obtained because the order of each of its t—powers is greater than the conductor
c(A) = max{a;;} — 3 < max{n,n + 1, a01} < y2. Therefore, we found explicit
polynomial equations for the ga (1) nontrivial equations 6,1C = 0 and the addi-
tional ga (ao1 +n) nontrivial equations Ei = 0 with £ > n —~;. This shows that

|| n—m | +1 ]| +2]+3 | +4] -
X X X

o OO

2 3
/x| = /e
/x| = /e

/o
/o

Tl
T2
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the A—subset of Jx is a complex cell of dimension
> " galaig) = ga(m) — galaos + n).

The second case we have to consider is when the smallest odd number of A
is greater than s. Because A is admissible, we have ag; + s € A, in a diagram

o] 1 | 2 | 3 |--]s—m|+1][+2[+3]+4] -
THO0]|=/o|=/x]=/o . o X X
T2 |0|=/o|=/x|=/o X X X | x|

During the reduction process for the first s — 73 — 1 coefficients we use only
multiples of mgg. To eliminate the t%0*T5—term of T2, we have to use a multiple
of m1g due to ag1 + s = a10 mod 4. Because of c§771 =—-14...,weadd (1+
.. )teorts=aiom 6 to T2 in particular we add /\5341 to the coefficient 5§—v1+2+4l
for ap1 + s+ 2+ 4l € A. Tracking the variables A%, A9, A10 with the greatest
index in these coefficients we find

1 _ )00 01

Commprraral = sty 4244l ~ Ny 24l T

2 — 00 01 10
05771+2+4l - /\sf’n+2+4l - /\sfv1+2+4l + /\2+4l +..

at this point, and this will not change later during the reduction process except
=1 : : =1 _ =2 _
when Conytotar 18 made to vanish. Hence, Comyt21al = Comrpypoyal = 0 can be

solved for /\%241 and )\2971+2+4l. Due to ag1 + s+ 4l € A, we have 63771“[ =0
and solving 6;771 L4 = 63771 44 = 0 is trivial. Plugging these solutions back

into T and T2, we see that with our reduction process we have found higher
order expressions for T' and T2 of the form
emoo — t**"mo1 = foomoo + formor + fromio + frima

tAa=ao)mag — pmor = goomoo + gormor — t1@10 7m0 + gromyg + grima

with U(foomoo)av(fmmm) > 1, U(flomlo)av(fllmll) > s

and v(goommoo0), v(go1mo1) > aor + 1, v(gromio), v(gi1mai) > ao1 + s.

The amazing fact is that from these two equations we can find a higher order
expression for T2 without imposing further restrictions on the A-variables. We
multiply the first equation by ¢ and the second by t*®01  then all products on
the left hand sides are of order 2v;. We subtract the second from the first

equation and move the terms from the left hand side to the right hand side to
obtain

0 = hoomoo + ho1mor — t**1°mg + higmio + h11mas (+)
with v(hoomoo), v(hoimo1) > 271, v(hiomio), v(hiimir) > s+ 71 = V2.

Assume that v(hoomoo),v(hoime1) < 72, then cancellation of the initial
terms takes place in hoomoo + hoimo1, i-e., (in(hoo),in(he1)) is a syzygy of
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(in(mgo),in(mo1)). As the syzygies of (in(mqo),in(me1)) are generated by
(in(p), —t@o1) and (t*(a=201) —in(y)), we can find r1,7r2 € R with

(in(hoo), in(hor)) = in(ry) (in(p), —**°1) + in(ro) (£*@7), —in(p));
thus in
T := TlTl =+ T‘2T2 = (rlgo =+ T2t4(qiam))m00 + (—T‘1t4a01 — Tg(p)mol

the coefficients of mgy and mg; have also the same initial terms,
(in(hoo),in(ho1)). From the higher order expressions of T! and T? we obtain
one for T, > s;ym;;. We subtract T — > s;;m;; = 0 from (+) to get rid of the
initial terms of hggmoo and hgimer in (+) without changing any of the extra
conditions. Continuing this way we arrive at the stage where we may assume
that ’U(hoomoo),v(h()lm()l) > Y2

As 75 is the smallest odd number in T and v(mg1) > 0 is even, we conclude
that v(ho1mo1) = v(ho1) + v(moe1) > 2. Therefore, the cancellation of the ini-
tial terms in (+) takes places between hogmoo and t21°myq with v(heo) = Y2,
providing a higher order expression for the term hggmog + t**°myg, which is
essentially 7% and may be used instead of it. Namely, because the syzygy
(in(hgo), —t**10) between in(mqg) and in(m1g) together with the above two syzy-
gies between in(mgg) and in(mg1) generate all the syzygies of C[A] below the
degree of the conductor ¢(A), the conditions of the Lemma 11 are satisfied. As
we solved the ga (1) nontrivial equations ¢;, = 0 and the additional ga (ap1 + )
nontrivial equations ¢ = 0 by polynomial functions we have shown that the
A-subset of the Jacobi factor Jg is a complex cell of dimension

> galai;) = ga(n) — galao + s).
Summarizing we proved

Theorem 13 Let R be the local ring of a wunibranched plane singularity
with characteristic Puiseux exponents (4,2q,s) and A be a dg—normalized
(4,71 = 2q,v2 = 2q + s)—semi-module, whose 0—normalization Ay has a 2 x 2—
basis (app = 0,a01; a10,a11). Then the subset of modules of Jr with associated
semi-module A is nonempty if Ao is admissible, i.e., {s,a01 + s} N Ay # 0. In
this case it is biregular to an affine space CN with

N =" ga(aij) = ga, (1) — ga, (a0 +n)
where n is the smallest odd number in (Ao U {s}) N [y1,00][.

As a consequence the number of admissible semi-modules (Proposition 9) is the
Euler number of Jg, as stated in the main theorem.

In the next section we are going to prove an analogous theorem for the
characteristic Puiseux exponents (6,8, s) and (6,10, s). It seems that there are
no further Puiseux exponents where such a theorem holds — with the probable
exception of (6,14, 15). The rows of the following table consist of a ring R and
its associated semi-group I' together with the O-normalization of a I'-semi-
module A such that the A-subset of Jg is not affine, but C x C*, a union of
two affine spaces, or worse.
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A
[ A 1] <6 14, 45) <O?8,16,23,31,39>
CJt°, t9 + t19] (6,9,19) (0,3,7,10,17,20)
C[t5,1° 4 13] (6,9,22) (0,3,7,10,17,20)
C[t?, 12 + 1] (9,12, 38) (0,3,13,28, 32, 35)
C[t'0, ¢ 4 ¢17] (10,14, 73) (0,4,16,31,37)
C[t8, 12 + 14 4+ +15] | (8,12,26,53) | (0,4,13,17,19,22,23)

4 The Puiseux exponents (6,8, s) and (6, 10, s)

In this section we deal with the cases when the characteristic Puiseux exponents
of the singularity are (6,8,s) and (6,10,s). The above examples suggest that
these two cases are the last ones where the natural cell decomposition of the
Jacobi factor is affine. The basic ideas for the proof of this are the same as
in the (4,2q,s) case, but the arguments have to be sharpened. In particular,
the combinatorics of the I'-semi—modules is more complicated. As most of this
section is very technical, we recommend it only for the most interested reader.

We follow the proof for the (4,2q,s) case. Recall that T" is generated by
Yo = 6, v1 = 2q, and 2 = 271 + s and that a 0—normalized I'-semi—-module has
a 2 x 3-basis, see Definition 6. We compute the number of I'-semi-modules.

Proposition 14 The number of 0—normalized T'—semi—modules for the semi—
group T = (6,2q,4q + s) with ged(q,3) = ged(s,2) =1 is

(q+1)(q+2)(7¢° + 24¢> + 29q + 15) s (g4 1)2(q+2)?

180 72
Proof. This time we have to count the number of 5-tuples a =
(a01 , o2, 10,11, alg) Wthh satisfy
a/3  2q/3
V V
0 < an < ap
Al N N
ap < a1 < a2 < g+ age.
A\ A A

4q+s 6g+s 8q+s
6 6 6

Let A be the set of these. We may view this set as A = A\ (A3 U A4) with
_ ey
A :{Oé e N° | a1 < %,am < apg < 2?(1;041]‘ < %,

a0 < anp S agp < Q—i—alo}
AgZAﬂ {Oé € N® | Qo2 > a12}
2
={aeN° |ap < ,an <anp < Fio10 < o1 < a1z < agz}
Ay=An{a e N° | apz < aq2, 001 > 11}

2
={aeN |ap < % a0 <o < Fsa10 < or1 < oo, a0 < g2 < g+ oo}
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We split A again as A = Ag \ (4; U Ay) with
2 4
Ag={a eN°|an < %,an <an < 30 < 242, a0 < an < ap < g+ a)
A1:Aom{OAGN5|OA11 > Gq—g_s}
2 4
={aeN°|ap <% an <ap < ;L <ap <L,

6
YE <y < ap < g+ ap)

AQZAQ{O[EN5 | arr < 6q6+5,0121 > 811%}

_ 5 2q. 2q+s 4q+s 6g+s
={aeN |ap < % a0 <anp < 322 <ap < 2 a0 <oy < 22

8q—6+s<0412§q4—0410}-

By definition the Ay,..., Ay C Ay are pairwise disjoint, thus #A = # 4y —
Z?Zl #A;. The sets A; are written down in such a way that when one reads the
inequalities from the left to the right there are only restrictions on the newly
appearing variables; hence, they can be counted, for example

L4 13 2% gtano

#Alz Z Z Z (q+1+a10—a11).

@p1=0 ap2=ap1 0‘10:[%-‘ allzl'ﬁqg»s]

It is possible to evaluate these sums and obtain for #A the number in the
statement. O

Next we count the I'-semi—modules of which we show later that they are not
the O-normalization of an associated semi—module of a torsion free module over
the local ring of the singularity.

Proposition 15 LetT' = (6,2q, 4q + s) be the above semi—group with q € {4,5}.
The number of admissible I'=semi—-modules is

(q+1)(q+2)(7¢% +24¢% +29¢ + 15)  2(4q+7) (q + 2) +S(q+ 1)2(q+ 2)2'

180 15 4 72

Proof. A proof of this Proposition can be obtained by mixing the ideas of the
proofs of Proposition 9 and Proposition 14. O

Evaluating this formula for ¢ = 4,5, one obtains the numbers given in the
statement of the Main Theorem.

It remains to compute the syzygies of the canonical generators of the C[I']-
module C[A]. We continue to use the notation of Section 2

Proposition 16 Let T' = (v =2p, 1 =2q, 72 =2(p — 1)q+ s), choose § €
{0,...,p— 1} and n € N such that 2v3 = O8v1 + nyo. Further, let A be a 0—
normalized T'-semi-module with 2 x 3-basis (a;;). Then the C[['|-module C[A]
is generated by A = (t%3), and the syzygies of this generating set are generated
by the following additively written bivector syzygies:

® Qi + M = Gijr1 T+ *7%
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® apj + Y2 = a1j—p; + M1 + xy0 where pj is chosen mazimal under the
condition agj + Y2 > a1, p; + pi71-

® aij + Y2 = o, j+5-v; T Vi71 + *Y0 where v; is chosen mawimal under the
condition ai1; +y2 > aoj+g—v; + Vi1

Here, we use cyclic index notation and * stands for an easily computed unique
natural number.

Proof. By Lemma 4 there is a generating set of syzygies consisting of bivectors.
Any bivector syzygy of degree d may be written additively as

aij +&v2 + 6171 + o = a + G2 + G+ Govo =d

with &9, € {0,1}, &1,¢ € {0,...,p—1}, and &, (o € N. We may assume that
the bivector syzygy is not the multiple of another; hence, for all r € {0,1,2}
one of the &.,(, = 0 is zero. Considering the above relations modulo vy and
using 2o = 071 + 1o one sees

1+& =1+¢ mod2 and j+§1+ﬁ5f+525k+C1+ﬁ(512+<2 mod p;

here 62 is the Kronecker d—symbol, i.e., 62 = 0 except for n = 2 where §5 = 1.
In particular, a minimal syzygy between the {a;;} for fixed ¢ does not involve a
2. Therefore, any such bivector syzygy is of the type a;; + kv1 = a; j+r + *70,
and thus a combination of the a;; +v1 = a; 141 +*y for l =j,...,5+k— 1.
Next, we note that a syzygy ag; + v2 + ky1 = a1 j4+r + *70 is a combination of
agj+7y2 = a1,;+*y and a1 ;+ky1 = a1 j+r+*7Y0, and similarly for a1;+v2+kvy1 =
ao,j+3+k+*Y0. Also, if there exists a relation of the type ag;+v2++*v = a1,j—k+
kv1, it can be obtained from ag;+v2 = a1,;+*17 and a1 j—r+ky1 = a1 +*270
using the assumed relation to see that %o > *;. Again, an analogous statement
holds for a14 + Y2 + *Yo = Q0,j4+8—k + k’}/l

Thus it remains to show that all relations of the type a;; + 2 = ... can be
obtained from the ones in the statement of the theorem. Since the ones with
the most +;’s on the right hand side for each fixed ag; or a;; on the left hand
side are the ones in the statement, the other can be obtained from them by
replacing a;; + k1 on the right hand side by the corresponding a; j4x + *7y0.0

Our main interest are the syzygies whose degree is less than the conductor
of the module. Let us isolate these for p = 3.

Corollary 17 Let I' = (v =6, 1 =2¢, 2 =4¢+s), and A = J(ai; +
vN) like above. The C[I']-module C[A] is generated by A =
(1, g0 ooz ¢a10 o1 ¢012) - qnd the syzygies of A of degree less than c¢(A) are
generated by the following additively written bivector syzygies:

— If max{ai;} = aos for a suitable J € {1,2} use the following relations:
e ap2+v1=agp+*y ifJ=1o0r apw+m =an+*0 ifJ=2.
[ ] CLlj —+ Y1 = al)j+1 —+ *’70 fOT’j (S {0, 1,2}

— Ifmax{a;;} = a1 for a suitable J € {0,1,2}, choose K,L € {0,1,2}\ {I}
with K +1= L mod 3 and use the following relations:
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® apj +71 = ao,j+1 +*y forje{0,1,2}
® a1x +71 = airL +*%
® aor + V2 = a1k + *Y0

o aor. + 2 =aixk + 1+ *Y i ar+Y2e>ak+m
apr + Y2 = air + *Yo else.

Proof. Obviously, any relation involving the maximal a;; has degree greater
than c¢(A). Therefore, for the first case it is enough to remark that because
of max{a;;} = ags < 271 < 72 any relation involving a v has also degree
greater than ¢(A). For the more general second case we need only to argue for
a1;+v2 > ¢(A). By the definition of the a;; we have ag; < 271, a1 j4+1 < a1,+71,
and a1 j4+2 < a1 + 271; hence, ¢(A) < max{a;} < a1; + 271 < a1 + 2. O

Finally, it remains to prove that the A—subsets of the Jacobi factor Jg are
affine. As shown by examples at the end of the last section this is probably only
possible for the characteristic Puiseux exponents (6,8, s) and (6, 10, s).

Theorem 18 Let R be the local ring of a unibranched plane singularity with
characteristic Puiseux exponents (6,8, s) or (6,10, s) and T' its associated semi—
group. Let A be a dgr—normalized T'-semi—module. Then the A—subset of Jr is
bireqular to an affine space CN and nonempty iff the 0-normalization of A is
admissible.

The proof proceeds as before. Again, the local ring of a singularity is isomor-
phic to C[[t%, ¢]] € C[[t]], where ¢ = 17 +¢°+. .., because by a coordinate trans-
formation any t—power whose exponent lies in I'\ {71} or in ((v1 —v0)+T)\ {71}
can be eliminated [Z, p. 784]. These two characteristic Puiseux exponents series
are the only ones — apart from the ones already discussed — where there are no
t—powers in ¢ between the t—powers to the second and third Puiseux exponent.
We denote the normalized element of R of order 75 = 21 4+ s by .

Let (a;;) be the 2 x 3-basis of the 0-—normalization of A. We will work during
this proof only with the O—normalization and may therefore denote it by A as
well. For an R—-module M with associated semi—-module A we have the ansatz

mij =t + Z /\Zj—aij t*
kE]aij,oo[\A

for its six generators. These generators must satisfy the condition of Lemma 11
for the syzygies of Corollary 17. The most interesting syzygies are the ones
between 1, t*01 and t®°2. They lead to the terms

o0
T := pmgg — t%%1mg, =: E etk
k=1

o0
T? .— omor — tﬁ(am*am)mm = E Citaer’thk
k=1

o0
T3 = Mmooz — tG(q_aoz)moo : E Cita02+’yl+k
k=1
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for which we have to find higher order expressions. We proceed as before: reduce
T, T?, T3 with respect to {m;;} in some modified way, solve the equations given
by the remaining coefficients for a fixed index k and successively substitute these
solutions into each other.

As before we find that

ci = gal(ao,j—1 + k))\g’j_l — galao; + k))\zj fork=1,...,s—~v—1 and
c;_% = gA(a01j71 +s5— 71)/\22;11 - .aA(an + 5 - ”Yl))‘gm—w + 1.

We note that the sum c,lC + ci —i—cz is zero for Kk = 1,...,s — vy — 1 and
c;_% + c?_% + ci_% = 3. These are the invariants that we want to keep
as long as possible during our modified reduction process. First, we con-
sider the elimination of the even t—powers. Since all even numbers greater
than or equal to 27; — 4 are contained in I', we can subtract — for fixed
even k — appropriate multiples of mgg from all TJ to eliminate the terms
&0t n+k when v + k > 2y — 4. This does not change the sum condi-
tions, because modulo the ideals (1), (@01 FsT1) regp. (t202T5+1) we sub-
tract ¢pt"1 Fmgg from TU, é2teortntrmg, from T2, and épteoztnthmy, =
—(Gt + &)tz tntrmy, from T3, For 43 = 8 this leaves only the terms
C‘étaoj+'yl+2 to discuss. If apgr = 2, then ago + Y1 —+ 2,0,02 —+ Y1 + 2 € ap1 + r
and agy + 71 + 2,002 + 71 + 2 € ago + I'; thus, we can subtract épmg; from
T, 6§t12m00 from T2, and add E§t6(4f°‘02)mo1 + E§¢t6(3_0‘02)m00 to T3. Due to
¢ = —ch — 2, this eliminates all the & coefficients and leaves the sum condition
intact. If agy = 8 and aga € {4, 10}, then ago +v1 +2,a01 +71+2 € ap2 + ' and
ao1 + 71+ 2,a02 + 71 + 2 € agop + ' and an analogous subtraction and addition
works. The case of ap; = 8 and agz = 16 is trivial because here mg; and mqo
must be the normalization of @mgg resp. g02m00. For 1 = 10 the same ideas
work, because we can always find two indices j1, jo such that

# ({aoj + 1 +2k|j=0,1,2}N(ag;, +T)) >2 for o=1,2 and
{aoj +711 +2k|j=0,1,2} C (ag;, +T') U (ag;, +1T).

An analogous result does not hold for v, > 10.

Now, we consider the elimination of the odd ¢—powers. If we can eliminate
only one of the terms ¢t 1 +F of T2 or ¢3tr02tm+k of T3 for an odd index
k < s —~1 and also not 6,1€t71+k of T*, we do not eliminate at all. Because we
later force the remaining two coefficients to be zero, the third will be zero as well
due to the sum condition. Therefore, we will still find a higher order expression
for T, T2, T3 by this modified reduction process. As soon as we find an odd
index n with vy +n € A or ag1 +v1 +n € A and age +71 +n € A, we eliminate
all possible t—powers. We claim that these conditions imply that at least one
of each of the following triples of the odd exponents (ag; +v1 + n + 2k)j=0,1,2
lies in A — with the exception of the trivial case of agy = 71 and ag2 = 27;. If
~1+n € A this is obvious, as {agj+m+n+2k | j = 0,1,2} = {1,3,5} mod 6 and
ao; +v1+n+2k > 1 +n and hence {ag; +71+n+2k | j =0,1,2}N (11 +n+6N)
is nonempty. If ag1 +v1 +n € A and ag2 + 71 + n € A, this statement has to
be checked case by case. We do this with the help of the following diagrams
that indicate which odd terms can be eliminated; the second column stands for

22



t—powers with the exponents (ag; + v1 + n);j=0,1,2, the third for the exponents
(ag; +v1+n+2);=0,1,2 and the last one for the exponents (ag; +y1+n+4);=01,2-
Since A+ 6N C A, it is enough to consider only the next two odd numbers. For
v1 = 8 we get

| +0 | +2 | +4 | +0 | +2 | +4 | +0 | +2 | +4
aOQZO X aOQZO X aOQZO
apr = 2 X apr = 8 X X apr = X X
ap2 =7 X X ap2 = 4 X ap2 = 10 X X

For v1 = 10 we get

| 40| +2 | +4 | 40| +2 | +4
CLO():O X CLOO:O X
CL01:4 X a01:10 X X X
ap2 =7 X X a02:2 X

| +0 | +2 | +4 | +0 | +2 | +4
aOQZO CLQO:O
CL01:10 X X a01:10 X X
CL02:8 X X a02:14 X X

We are ready to prove that for any R-modules M its O—normalized associ-
ated semi—module A is admissible, i.e., it has a nonempty intersection with
{s,a01 + s, a02 + s}. If it were empty, then by the above discussion we have to
apply only operations during the reduction that do not change the sum condi-
tion; hence, the requirement that after the normalization process the coefficients
Cs s G, Co_ have to vanish contradicts the fact that their sum is three.
We need to show that in the remaining cases the equations can be solved by
expressing some of the A—variables as polynomials of the other. The coeflicients

c,c3,c3 are of the form
cl = galaoj—1 + kA" = Galag; + k)N + ...

where the lower dots stand for polynomials in the A\ with indices less than
k. During the reduction process some of the c¥, ck, ck are made to vanish, in
particular those where the gap function ga assumes the value zero by the usual
arguments. In the end we are left with either zero coefficients or coefficients ¢;,
that look like

G =20 A @A AR @=L

For fixed k we can obviously solve the equations ¢, = 0 for AP0, A1, \92 if
their sum is zero, which is the case for k < min{n,s — v}, or if at least one
of them is zero, which is always the case for k£ > n. Thus it remains to discuss
the coefficients with indices in the range |s — 71,n[. This range is nonempty
only if A contains no odd number less or equal to s and either agy +s € A
or age + s € A, but not both. Let us start with ag; + s € A. Assume that
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we reduced all 77 for the t—powers with exponents less then ag; + s. Because
a1 + S =71+ 8 =72 + 271 = a12 mod 6 we can subtract ég_%t“‘“"’s_“l?mlg
from the term T2 to eliminate the 6?_% t%1+s term. As the constant term of the
original ¢2__ is -1, the constant term of ¢Z__ is -1, too. Thus we are adding

A2 to 6?_%_% for all k& with ap1 + s+ k ¢ A. Tracking again the variables

)\gj , )\,1€2 with the greatest index, we find that at this moment in the process we
have for the coefficients 6@771“6 with ag; + s + k € A — the others are made
to vanish later on anyway —

~1 ) _yo1 ~2 __yo1 02 12
Cs—wq—i—k - )\s—v1+k As—'yl—i-k + Cs—'y1+k: - )\s—v1+k: )\s—v1+k + )\k: +...
~3 __ 02 _ )00

Cs—wq—i—k - )\s—v1+k: /\s—'yl—i-k t..

and this will not change later in the process. Now there is no difficulty in solving
these equations for AQQWM, /\(5)2—V1+k’ and A2

The case of age + s € A is similar, one uses a multiple of myg for the term
T3. In the whole we have shown so far:

The existence of higher order expressions for the terms T, T? T3 can be
expressed as a polynomial dependence of some of the A—variables on the other
A—variables.

Now we have to find higher order expressions for the terms derived from
the remaining syzygies of the canonical generating set of C[A]. The case where
max{ai;} = aps — see Corollary 17 — is nearly trivial. In fact, as there is only
one interesting cancellation of initial terms between the mgg, mo1, me2 getting
the condition of Lemma 11 to hold for it is trivial and the above discussion
is not needed here. The three cyclic cancellations of initial terms between the
™m0, m11, M2 derived from the syzygies between (t*10, %11 t%12) € C[A] are

o0

T = pmyg — goloni—eno)yy o = g Cita“"’"“"'k
k=1
oo

T5 := pmy; — golonz—ent)yy 0 = g cit‘“”"“*’k
k=1

(e o)
T6 = pmiz — t6(q+a10—a12)m10 =: E Cgta12+’yl+k.
k=1

These terms are easily expressed as higher order expressions. Namely, the coef-
ficients have again the typical form

4 1 11 11 12 12 1
Ck:AkO—Ak —+ ... szAk _Ak —+ ... ng)\k —AkO‘F,

here we suppress the gap function in front of the A, because the coefficients
where it is relevant will be made to vanish later on. We will show that for fixed
k at least one of the coefficients vanishes during the reduction process. Let
J € {0,1,2} be such that min;{a1,;} = a15. Then we see that {a1;,+11+k | j =
0,1,2} N 6N # (O for even k and {a1; + 1 + k|7 =0,1,2} N (ars + 6N) # 0 for
odd k by considering the numbers modulo 6; thus at least one of the t—powers
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teitmtk 5 —0,1,2, can be eliminated. In the end, at most two of three

equations & = ¢; = ¢ = 0 are nontrivial and solving them for one or two of

the A,lcj is easy.
We turn to the case of the syzygies of C[A] described in Corollary 17, where

max{a;;} = a1y and K, L € {0,1,2} with K +1= L and K +2 = J modulo 3.
We have to find higher order expressions for the terms

oo
. § CitalKJr’YlJrk
k=1

00
T5 = ’L/}T)’LOK — tﬁ(alkiam()ml}( = E CZtaOKJr’DJrk
k=1

4 6
T = pmix —t°"myy

oo

T6 = ’@/JmQL —thG*le = E C%taOLJr’erk
k=1
oo

TGI = ¢m0L — t6(a1L_a0L)m1L = Cgltam‘—i_vz—i_k
k=1

where one uses T if agr, + Y2 > a1x + 1 and T% otherwise. The coefficients

are
4 _ V1K 1L 5 _ YOK 1K
=N =+ cp =0 =N+

RV L e b\ LIy
where we suppressed the gap function again.

Now if A contains an odd number n < s + 6 — for example s itself —
then n + v1,n + 271 € A and {n,n 4+ v1,n + 2v1} = {1,3,5} mod 6, thus
c¢(A) <n+2y; —6+4+1 <93+ 1. Consequently ¢(A) < 7, because v € T' C A.
Therefore, the only t—powers in the terms 7%, 7%, 76, T% whose exponents may
be less than ¢(A) occur in the term 7. Solving the coefficients of its reduction
is trivial, even if we already used up either ALX or ALL before.

Another exceptional case in the treatment of T, T2, T2 was when there is an
even number k with ag1 + s —k,ag2 +s—k € A. Choose I € {0,1,2} such that
apr +5—k =aiy mod 6, then a1y <apn +s5—k <y —v1—2,a1,141 <72 —2,
ai,7+2 < v2+71—2 and we get ¢(A) < y2+71—2—-6+1 < 2+ 3 due to y; < 10.
Now the terms T°, T resp. T% have order greater then agx + 2 and agr, + 2.
One of the agx,apr is at least 2, thus the order of the corresponding term
is equal to or greater than the conductor ¢(A) and a higher order expression
can be found trivially. Therefore, we need to consider only one of the terms
T5,T5/T% besides T*. They contain the so far unused variables AL% ALl and
finding higher order expressions for them is easy.

The final exceptional case we had during the search for higher order expres-
sions for T, T2%,T% was when ag; = v1 and agz = 2v1. If max{a1;} # a1,
then apx + 72 or agr, + 72 equals 21 + 72 < ¢(A) and we argue as before. If
max{ai;} = a2, then the term T5 is essentially T, because mg; is the normal-
ization of ¢mgg. Therefore, we are left again with only two terms, T, T°, to
consider, which we can solve easily.
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Now we turn to the cases of ag1 +s € A or ags + s € A, but s € A, where
we had to make use of the A—variables in mq2 resp. mig during the search for
the higher order expression for T!, T2, T3. In fact, we found the following

3 3
©moo — t°* mg, = Z Jojmo; + Z Jijma;
j=1 j=1
3 3
omo1 — t6(aoz*a01)m02 — Etﬁ(oquam*‘l)mu + ZQijOj + Zgljmlj
j=1 j=1
3 3
pmog — 1907 mg = peSler0TeR)my g 1N " hgm; + > hayma;
j=1 j=1
with

v(fojmoj) > M v(gojmoj) > ao1 +m v(hojmoj) > ao2 +m

v(fljmlj) > S v(gljmlj) > apy + S v(hljmlj) > agz + S.

Here, e =1if agy + s € A and n =1 if ag2 + s € A, otherwise they are 0.

Assume now that ag1 +s € A. As ag1 + 8 = a2 mod 6, we find a1 <
apr +s < 71+ s =92 — 1. Thus we have either ¢(A) < 79, which can be
treated like above, or max{a1,;} = a11. In the latter case we have to consider
the following syzygies of C[A]

a1z + 71 = a0 + 6(¢ + @10 — @12)
ap2 + 2 = a12 + 6(a12 — ap2)

ago +v2 = a12 + 1 + 6(a12 — q)

and the corresponding T#, 7%, T® terms. The T* term is the only one involving
the variables A\{” and a higher order expression can be found by an appropriate
choice of these. Higher order expressions for T°, T6 can be obtained from the
equations (4). Namely, multiply the first equation by ¢?, the second by (t®@o1,
the third by t6*02 and add them to obtain after moving the left hand side to
the right hand side:

3 3

0= (ptﬁ(OtlQ_Q)m12 + ntﬁalomlo + Z Up451M04 + Z Uyjmay
j=1 Jj=1

with v(u1;m1;) > 2. As in the case with the Puiseux exponents (4,2¢,s)
we replace the multiples of T, T2, T3 by their higher order expressions to
achieve that v(ugjmo;) > 2. In fact, as the first odd number in IT' is y2 and
v(mo1), v(mez2) > 2 are even, we find v(ug1mo1), v(ugamoz) > v2. Therefore, we
got a higher order expression for the cancellation of the initial terms in

S0156(0412*¢1)7n12 + ntﬁalomlo — (1 —+ 77)1/)m00.

Replacing nt8(®12=9T* by its higher order expression, which was found earlier,
we find the higher order expression for 76 or a term that can take the place of
T in Lemma 11.
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To obtain the higher order expression for 7°, we multiply the above equations
with different elements, namely (t6(a—a02)  6(a—ao2+a01) "and 2 before adding
them and obtain this time

3 3
0= tﬁ(alzfaoz)mm + n¢2t6(a1o*ao2)m10 + Z wojmoj + Z WMy
j=1 j=1

with v(w1;m1;) > ao2 + v2. Again, we use the higher order expressions for
T, 72,73 to get v(wojmo;) > a2 + 2. With further use of these we can
achieve that v(woomoo), v(wo1moe1) > ao2 + 72, thus the only terms of the least
order agz + 72 are the first two terms and wgamge. Now, if n = 0 then we may
view the above equation as a higher order expression for T°. If n = 1 then the
order of T® is greater than ajg + 2v1 + 6(a10 — g2) > ag +71 > a1 > c(A)
and a higher order expression is obtained trivially.

The remaining regular case is when aga+s € A. As aga+$ = a19 = 2 mod 6
this is only a weak restriction on a1g. Let us assume that s,ag1 + s € A,
otherwise we are in one of the above cases. In addition, we assume c¢(A) > 7o,
ie,, ¢(A) > y2 + 2, because otherwise the same arguments as in the special
cases apply. We claim that max{a;;} = a12. If we had max{a;;} = a11, then
Y2+2<ce(A)=a;1 —5=72+v —6a11 —5 ; hence a;; = 0 and a11 = y2 + 1.
This implies agy = 71 and a19 = ¥2 and from age + s > a19 we get age = 271,
but this was a special case discussed above.

Because of max{a;;} = a12 the syzygies of C[A] of degree below c(A) are
generated by:

aio +v1 = a1 + 6(a11 — o)
apo + 2 = a1p + 6aig
a1 +v2 = a0 + 1 + 6(10 — @o1) if a1t +72>aw0+m

a1 +v2 = a1 + 6(a11 — ao1) else.

A higher order expression for the term T corresponding to the second syzygy
can be derived from (+) (with ¢ = 0 and = 1) by multiplying the three
equations with @2, pt6@01 ¢6202 respectively and adding them to obtain

3 3

6o
0=1t""""mqo + E Ug;jMoj + E U1M1j
Jj=1 Jj=1

with v(u1;m1;) > 2. The usual argument leads to a higher order expression
for T°.

If ap1 + v2 > a10 + 71, then we can also derive a higher order expression for
T% from (4) by multiplying the equations by t8(a=@01) ,2  6(c02=c01) 4dding
them and proceeding as before. A higher order expression for the term 7
can now be found by reducing it and solving the remaining coefficients for the
variables A}', which occur only in T*.

At last when ag1 + 72 < a19 + 71, we use the variables Akl to get a higher
order expression for 7%”. We claim that a higher order expression for 7% can be
found trivially because its order is greater than ¢(A). From ag1 +v2 < a10 +71
we conclude ag; +v2 < ajg+7v1 — 6 and a1z < agr +72 + 1 < ag +2y1 — 6,
thus we have ¢(A) < ajp+2y1—2-6+1 < ajg+ 7.
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5 Betti numbers

For any plane singularity X the Jacobi factor Jx is dx—dimensional. More
precisely, the subset PicO(X ) of free modules of Jx is biregular to C°X and
Jx is its closure. Rego proved that the number of components of .J, \ Pic’(X)
equals the multiplicity of the singularity X minus one [R]. Such results and
more follow from purely combinatorial reasoning for singularities which possess
an affine cell decomposition. We start our discussion with some notations:

Definition 19 For the semi—group T' = (p,q) C N, ged(p, q) = 1, we denote the
0-normalized semi—modules by Mod(T"). The dimension of a I'-semi-module A

with p=basis (ag = 0,a1,...,ap—1) is defined as
p—1 p—1
dim A ==Y " (ga(a;) = gala; + ) = Y #([aj,a; + q[\A).
§=0 j=0

Analogously, for the semi-group T' = (4,2q,2q+ s) C N, ged(2,q9s) = 1, we
denote the admissible 0—normalized semi-modules by Mod(I'). The dimension
of an admissible T'—semi—module A with 2 x 2-basis (ago = 0, ao1;a10,011) s
defined as

1
dim A == > ga(ai;) — ga(1) — galao +n),
i,j=0
where n ;= min ({s} U (A N [y1,00[N(1 + 2N))).
The codimension of A is codimA := épr — dim A, where ép := dimT.
Thereby, the semi—modules are splitted into the disjoint subsets

Mody(T') := {A € Mod(T') | dim A = d}

or dually
Mod®(T") := {A € Mod(T") | codim A = d}.

Either geometrically from the next theorem or combinatorically from the
proofs of the following Theorems, we will see that the values of the functions dim
and codim lie in the range [0, 6r] and Mod®(I') = {T'} as well as Modo(I") = {N}.

As an immediate consequence of the affine cell decomposition of the Jacobi
factors and the remarks in Section 1 we have

Theorem 20 Let X be a unibranched plane singularity with characteristic
Puiseuz exponents (p,q) or (4,2q,s). Let T' be its associated semi—group and
and Jx its Jacobi factor. Then the odd (co—)homology groups of Jx are zero,
and the even (co—)homology group are free abelian groups with Betti numbers

hoa(Jx) = #Modg(T)  and  h*(Jx) = #Mod*(T).

It is easy to write a computer program that computes all '-semi—-modules
together with their dimension. We discuss the results for the singularities with
Puiseux exponents (p, ¢) first. For the singularities with Puiseux exponents (2, q)
and (3, ¢) one obtains the following list, which has an obvious construction rule.
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(p,q) | 6x | e(X) | h° h? h* h® BB

(2,3) 1 2 T 1

(2,5) 2 3 11 1

(2,7) 3 4 111 1

(2,9) 4 5 11111

(2,11) | 5 6 11 1 1 11

(3,2) 1 2 T 1

(3,4) 3 5 12 11

(3,5) 4 7 12 2 1 1

(3,7) 6 12 1232211

(3,8) 7 15 12332211

(3,10) | 9 22 1234332211
(3,11) | 10 26 123 44332211
(3,13) | 12 35 1234544332211
(3,14) | 13 40 12 345544332211

The Betti numbers for the singularities Asx, Fg, Es, i.e., for the singularities
with the characteristic Puiseux exponents (2,q), (3,4), and (3,5), have been
computed by Cook [C] and Warmt [W1]. For p > 4 an explicit formula for the
Betti numbers seems difficult to find. A long list of examples is included so that
the reader may try himself.
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(p,q) | ox | e(X) | ®PR2R* BS KW ...

(6,5) 10 42 146 7 7 5 5 3 2 1 1

(6,7) 15 132 151014 17 16 16 14 11 9 7 5 3 2 1 1

(6,11) | 25 728 151426 39 50 59 63 64 62 59 53 47 41 34 28 23 18 13 10 7 5 3 2 1 1

(6,13) | 30 | 1428 | 151530 49 67 85 97 106 108 109 104 99 90 82 71 63 53 45 36 30 23 18 13 10 7 5 3 2 1 1

(6,17) | 40 | 4389 | 151534 61 95 131 167 200 227 248 259 266 264 260 249 237 220 204 184 167 147 131 113 98 82 70 57 47 37 3023181310 7 5 3 2 1 1
(6,19) | 45 | 7084 | 151535 65 105 151 199 247 290 328 355 376 385 389 385 376 361 344 322 299 275 250 226 202 179 157 137 117 100 84 70 57 47 37302318 131075321 1
(7,2) 3 4 111 1

(7,3) 6 12 1232 2 1 1

(7,4) 9 30 1355 5 4 3 2 1 1

(7,5) 12 66 147910 9 8 6 5 3 2 1 1

(7,6) 15 132 151014 17 16 16 14 11 9 7 5 3 2 1 1

(7,8) 21 429 161525 35 40 43 44 40 37 32 28 22 18 13 11 7 5 3 2 1 1

(7,9) 24 715 161629 43 54 62 66 66 63 58 51 45 37 31 24 19 14 11 7 5 3 2 1 1

(7,10) | 27 | 1144 | 161733 52 70 84 93 97 97 92 86 77 69 58 50 40 33 25 20 14 11 7 5 3 2 1 1

(7,11) | 30 | 1768 | 161837 61 86 108 124 135 139 138 132 124 112101 88 76 63 53 42 34 26 20 14 11 7 5 3 2 1 1

(7,12) | 33 | 2652 | 161941 70 102 133 159 178 190 194 193 184 174 159 145 127 112 95 81 66 55 43 35 26 20 14 11 7 5 3 2 1 1

(7,13) | 36 | 3876 | 162045 80 120 162 199 229 249 262 265 261 251 237 218 200 179 159 137 119 100 84 68 56 44 35 26 20 14 11 7 5 3 2 1 1

(7,15) | 42 | 7752 | 162150 95 151 216 280 341 389 429 453 468 468 462 443 423 394 367 332 302 268 238 205 179 151 129 106 88 70 58 443526201411 7 5 3 211
(8,3) 7 15 123 3 2 2 1 1

(8,5) 14 99 1481113 13 12 10 9 6 5 3 2 1 1

(8,7) 21 429 161525 35 40 43 44 40 37 32 28 22 18 13 11 7 5 3 2 1 1

(8,9) 28 | 1430 | 172141 65 86 102115118 118 113106 96 85 73 63 53 42 34 26 20 15 11 7 5 3 2 1 1

(8,11) | 35 | 3978 | 172351 90 135 180 220 251 272 282 282 275 262 244 223 200 177 154 132 111 92 75 61 47 37 28 21 15 11 7 5 3 2 1 1

(8,13) | 42 | 9690 | 1 72561 117 190 273 357 435 501 551 584 600 600 588 566 535 498 458 415 372 329 288 249 213 179 150 123 100 80 64 493828211511 7 5 3 211
(9,2) 4 5 1111 1

(9,4) 12 55 136 7 8 7 7 5 4 3 2 1 1

(9,5) 16 143 1491316 17 17 15 13 11 9 6 5 3 2 1 1

(9,7) 24 715 161629 43 54 62 66 66 63 58 51 45 37 31 24 19 14 11 7 5 3 2 1 1

(9,8) 28 | 1430 | 172141 65 86 102115118 118 113106 96 85 73 63 53 42 34 26 20 15 11 7 5 3 2 1 1

(9,10) | 36 | 4862 | 1 82863 112 167 219 268 303 326 338 338 331 314 293 268 245 215 190 162 139 116 97 77 63 48 38 28 22 15117 5 3 2 1 1

(9,11) | 40 | 8398 | 1 82969 129 203 282 360 428 482 520 541 547 538 519 489 456 416 376 334 295 254 219 184 155 127 104 82 66 50 3929221511 7 5 3 2 1 1




At least, we are able to describe their asymptotic behavior for ¢ — co. The
following two theorems determine the first 1]+ 1 and the last ¢—[1]+1 of the
dx+1=(p—1)(¢g—1)/2+1 Betti numbers. In particular, all the Betti numbers
for the singularities with characteristic Puiseux exponents (2,q) or (3,q) are

described.

Theorem 21 Let X be a unibranched plane singularity with Puiseur ex-
ponents (p,q) and Jx its Jacobi factor. Then the even Betti numbers
RO(Jx), h2(Jx), ..., k25 (Jx) of the cohomology of Jx are the same as the
first L%J + 1 coefficients of the power series

1
P=—
(1—¢t)yp—1
Proof. P is the Poincare series of the polynomial ring in the p — 1 variables
t1,...,tp—1. Let Mon? be the set of monomials of degree d in this ring. For
I'=(p,q) and d < [ 1] we define the map
®q: Mon? — Mod®(T")

p—1 )

T . J .
Htjj — <aj:—jq—<§ i_lri)p‘j—()...p—1>.
j=1

The theorem is proved when we have shown that ®, is well-defined and bijective.
Note that (a;) is a p-basis, thus the map is injective. To see that the map is

well-defined, we need to show that a semi-module A with a p-basis like above

has really codimension d. From Zf;ll ri < L%J we see that 0 = ag < a1 < as <

... <ap—1 and a; + ¢ < a;42; hence, defining for any interval I C N
SI(I):={n € I|n=iqgmod p for somei € {0,1,...,5}}
we find for A = |J(a; + pN)
[aj,a; +q[NA = 87 ([a,a5 +q)) U{aj +q—kp| 0 <k <7jp1}

where the union is disjoint. We compare A with the semi—module I", which has
the p—basis (jg). Here we have

lig, jq + q[ T = 57 ([q4, q5 + q[)-

Because j¢ = a; mod p, we obviously have #57([a;, a; +q[) = #57([¢j, ¢j + q])-
Therefore,
# (laj, a; + q[NA) = # ([jg, ja + a[ OT) + 741,

and the dimension formula implies that codim A = Zf;; r; =d.

It remains to prove that the maps ®,4 are surjective, i.e., we need to show
that the dimension of any semi-module not in the image of any @, ..., ® 4| has
p

codimension greater than L%J. Let A be any 0-normalized semi-module with
p-basis (a; = jg— a;p). Set ro:=0and rj :=a; —aj—1 >0for 0 < j <p—1.
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The semi-module A lies in the image of ®q for some d < [1] iff d = Zf;ll T

Therefore, for the surjectivity of the @4, d < L%J, it is enough to show that

p—1
dim A > min er, {g-‘ ;
p

Jj=1

however, we will show the stronger statement

p—1
. . q
dim A > g min {rj, L—?—‘}

j=1

We prove this by successively reducing the vector r = (r;) to zero, where the
statement is trivial. Let k be the least integer with r;, # 0. We define the semi-
module A’ to be the one that corresponds to the vector ' = (0,...,0,r, —
L 7k415- -5 7p—1), i.e., A" has the p-basis (a}) with a; = a; for j < k and
a} = a; + p for j > k. Our estimate is proven when we have shown that
dim A" > dim A with strict inequality when ry < [1]. Set I; := [a;,a; + ¢[ and
I} = [a,a); +q[. Then I; = I’ = [jq,jq + q[ for j < k and their disjoint union

is [0, kg[. Because A’ C A, we have #([0, kq[\A') > #([0,kq[\A) as a first
indication of dim A’ > dim A.

For j > k we have IJ’- = p + I;, and there is the natural injective map
U NA—ILNA, n——n+p.

Because A"\ (p+A) = {0,¢,2q, ..., (k—1)q} and #I} = ¢, we have that either
W, is bijective or (I; N A") \ Im ¥; = {lg} for some I < k. In the later case we
get a; < lg, in particular @) € [0, kq[ and a; = a); — p € [0, kq[ as well. It follows
that a; € [0, kg[N(A \ A’). Summarizing we have shown that either

#(NA) =#(;NA) or
#([J’.mA’):#(QﬂA)—}—l and a; € [0,kg[N(A\ A7).

Since
dim A = #([0, kg[\A) + ) #(I;\ A)
j=k
p—1
dim A = #(0, kg[\A') + Y #(I} \ A),
j=k

we conclude that dim A’ > dim A.

Now assume that ry < [1]. Then aj, = kq — (rx — 1)p > (k — 1)q and
the interval I;, cannot contain any of the 0,g¢, ..., (k — 1)g, thus #(I;, N A’) =
#(I, N A). Since we have ap, = kq — rip € [0, kq[N(A \ A") as well, it follows
that dim A’ > dim A. O

Theorem 22 Let X be a unibranched plane singularity with Puiseux exponents
(p,q) and Jx its Jacobi factor. Set n:=q— [1]. Then the even Betti numbers
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ho(Jx),ha(Jx), ..., han(Jx) of the homology of Jx are the same as the first
n+ 1 coefficients of the power series

[(1-#)

i=1
Proof. P is the Poincare series of the weighted polynomial ring in the p — 1
variables t1,...,t,_1 where the weighted degree of ¢; is i. Let Mon be the set of
all monomials and Mong the monomials of weighted degree d in this ring. The
strategy of this proof is to define an obviously surjective map from Mon into
the set of (p)—semi-modules, Mod({p)),

¥ : Mon — Mod({p)),

and then show that it induces a bijection between Mon, and Mod4(T) for d < n.

For a (p)—semi-module A we have also a notion of a p—basis. It is the unique
set {bp = 0,b1,...,bp—1} such that A = U?;é(b‘j + pN). Whenever possible we
will assume that the b; are ordered by 0 = by < b1 < ... < by—1. Now the map
U is defined in the following way: Let m = H’;;ll t;j be a monomial of weighted
degree d = Zf;ll rjj. Then ¥(m) is the unique (p)-semi-module A which
possesses an ordered p-basis {b;} with #([bj_1,b;]\A)=r;forj=1...r—1,
i.e., there are r; gaps in A between the basis elements b; _; and b;. A p—basis for
such a A can be constructed inductively: Having found by = 0,b1,...,b;_1 let
b; be the position of the (r; + 1)-th gap in Uf;é (a; +pN) after b;j_;. Obviously,
¥ is bijective. The following table illustrates this map for p = 3. The module
A is represented as a sequence of members of A, “o” and gaps of A, “o”; the

elements of the 3-basis are underlined.

wdeg | Mon A
0 1 ® o o o o o o o o o
1 t1 e O e e o o o o o o
2 t] |e o o e o
lo |@ @ o o o
3 t} |e o o . .
lilo (@ o o . L}
4 t] |e o o o L)
tity & o o e o o o
t% e e O ° o o

Several arguments of this proof are based on a comparison of an arbitrary
(p)—semi-module A with the (p)—semi-modules A, := ¥(¢]). Note that

ATz{O,p,2p,...,{LJp,r+ {LJ +1,r+ {LJ +2,...},
p—1 p—1 p—1

and the conductor of A, is r 4+ [-=7]. The most important case is the one for

r = n. Here one finds A,, = pNU (¢ + N) and the conductor is ¢ or ¢ — 1. The
essential comparison property of the A,. is
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) Let m be a monomial of weighted degree d and A = U(m) be the corre-
sponding (p)—semi-module, then c¢(A) < c¢(Ayg).

We prove the claim (1) by induction. Assuming it holds for A = W(¢]* - - - ¢,°)
we will show that for A’ = W(7 - 1,2 ") we have ¢(A') < ¢(Agy,) as well.
(Some or all of the r; may be zero.) First we consider the modules A, and
Agtp. Let Ip be the smallest p-multiple with Ip > ¢(Ag4) =: ¢. Then we have

the following partition of Ag:

Ag=AgsoU{c+1,c+2,...,c+ 0} ifce pN C Ay
Ag=AgyoU{c,c+1,...,lp—1}U{lp+ L,lp+2,...,c+ o} ifc+o>Ip
Ag=AgyoU{c,c+1,...,c+0—-1} else.

Therefore, we have

c(Ag) + o for [c(Ag),c(Aq) + o) NpN =0

A =
(Adre) {c(Ad)+g+1 else.

The claim (1) is proved when we have shown that

c(A)+ o for [c(A),c(A) + o] NpN = ()

"<
C(A)_{ c(A)+o0+1 else,

because on the one hand if ¢(A) < ¢(Ag) then ¢(A") < c(A)+ 0 < ¢(Ag4,) and
on the other hand if ¢(A) = ¢(Aq) then ¢(A’) < ¢(Ag4,) is obvious from the
above.

Let {b;} be an ordered p—basis of A. We know for the ordered p—basis of A’
that b’ = b; for j < ¢ and b; > b; for j > 0. By the definition of A’, A and A
differ only by one element, an additional gap in A between the (9—1)—th and o
th element of the p-basis {b} of A" — the last gap in A’ at all. By the definition
of b, this must be b, i.e., A = A" U{b,}. In particular, ¢(A’) = b, + 1. To get
an estimate for ¢(A) from below, consider A in the interval between b, — o — 1
and b,

o—1

[bo—0—1,bo[\A = [bg—0—1,b,[\ L_J(bj+PN) = [bp—0—1,b,[\ U(bj"’pN)'

Jj=0

Because the interval [b, — ¢ — 1,b,[ are ¢ + 1 consecutive numbers, the above
set is nonempty, thus there is a gap in A greater or equal to b, — 0 — 1. Hence,
c(A) > b, — p, and ¢(A”) < ¢(A) + o+ 1. If this inequality is not strict, we find

o—1
[e(A), ¢(A) + o[ = [by = 0,bo[ C | (b + pN).
=0
This can only happen if [¢(A), ¢(A)+o[N(bj+pN) # B forall j =0,...,0—1;
in particular, with j = 0 we find the claimed estimate ¢(A’) < ¢(A) + ¢ for
[c(A), c(A) 4+ o[ NpN = ), and the statement (1) is proved.

The statement (f) has two immediate consequences. If d < n then ¢(A) <
c(Ag) < ¢(A,) < g and thus the (p)—semi—module is trivially a I'—semi-module
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as well. Further, the dimension of any I'-semi-module A with ¢(A) < ¢ is

p—1 p—1 p—1 p—1
dimA = ZQA(bj) = Z Z TP = Zm’-
j=0 j=01i=7+1 j=1

Hence, if m is the unique monomial with ¥(m) = A then dim A = wdegm.
This shows that the image of Mong under ¥ lies in Mody(T"). Therefore, we
obtain injective maps

\I/d : Mond h— Modd(F).

The proof of the Theorem is finished when we have shown that they are surjec-
tive as well.

For the surjectivity of W4 with d < n, we must show that for any A €
Modg(T") the unique monomial m with ¥(m) = A has weighted degree d. By
the above argument this is clear if ¢(A) < ¢. Thus to prove the surjectivity of
the Wy,..., ¥, it is enough to show that for any A € Mod(T") with dim A <n
we have ¢(A) < q. We will prove that ¢(A) > ¢ implies dimA > n by an
inductive process like above. We close the last gap in the semi—module A to
obtain the semi-module A’; thereby reducing the conductor. We will show that
dim A’ < dim A and dim A > n if ¢(A’) < ¢ < ¢(A).

If {b,} is an ordered p—basis of A, then its conductor is ¢ := b,_1 —p+1. The
semi-module A’ has an unordered p-basis {0} with b; = b; for j <p —1 and
b,—1 = bp—1—p. The conductor of A’ is ¢’ := max{b, 2 —p+1,b,-1—2p+1};in
particular c—p < ¢’ < ¢. Since b,—1 > c and b;gq > ¢, we have [bp_1,bp—1+¢[C
A, A" and [by,_1,b;,_;+q[C A’, and the dimensions of A and A" can be computed
very similarly as

p—1 p—1
dim A = "#(I;\ A) resp. dimA =" #(I; \ A') with I; = [b;, b; +q.
j=0 j=0

Due to A" = AU {b,_;}, we get
dimA =dim A" +#J  with J:={je{0,...,p—1}|b, ;€ L;},

showing dim A > dim A’.

Now, let us assume additionally that ¢/ < ¢ < ¢. We need to show that
dim A > n. We claim that

(1) #J > #([c', q] \ pN).

Knowing this we can easily finish the proof. Choose [ € N such that ¢(4;) =
¢, then dim A; < dim A’ by (). Further, A, \A; = [¢/, ¢[ \pN; hence, dim A,, =
dim A; + #([¢, ¢[ \pN). Putting this together, we get

dim A =dim A" + #J > dim A, + #([¢,q] \ pN) =dim A, + 1 =n + 1.

Finally, it remains to prove (ff). For each of the k € [¢, b},_;[ find the index
Jk with bj, = k mod p. Then jj € J is equivalent to b, _; € [bj,,b;, + q[ or to
bj, > bj,_1 —q. Since b, | ¢ A, we findb, ; —q¢ Aandb), ; —q¢ A" as well.

p—1 p—1
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Therefore, ji, € J is in fact equivalent to b;, > b;71 — q. This implies that only

bj,—1 — q of the b;,_; — ¢’ integers in [¢/, b, ;[ can fail to have a corresponding
j index that lies in J; in particular, #J > ¢ — ¢/, nearly proving (). If we
actually have #.J = ¢ — ¢’ then b, _; — g of the b;, must be less than b}, ; — ¢;
thus we must have b; = j for j = 0...b, ; —¢—1. Let | € [c/,b, 4] be
the integer with [ = by = 0 mod p. If [ were greater than ¢, we would have
by -1 = b,y — 1 = bj,_; mod p, contradicting the definition of a p-basis.
Therefore, | < ¢ and [¢/, q] N pN # @, proving (7). O

We turn to the singularities with characteristic Puiseux exponents (4, 2¢, s).
With the help of a computer program one obtains the following list of Betti
numbers:
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1 36 10 1519 22 24 25 25 252525252423211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 26 30 33 35 36 36 36 3534323027242119161412108 7 5 4 3 2 1 1

1 3 6 10 15 21 26 30 33 35 36 36 36 36 35 34 323027242119161412108 7 5 4 3 2 1 1

1 3 6 10 15 21 26 30 33 35 36 36 36 36 36 35 34 32 302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 26 30 33 35 36 36 36 36 36 36 3534 32302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 34 39 43 46 48 49 49 49 48 47 4543 403733302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 34 39 43 46 48 49 49 49 49 48 47 4543 403733 302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 34 39 43 46 48 49 49 49 49 49 48 47 4543 40 3733302724 211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 34 39 43 46 48 49 49 49 49 49 49 48 47 45 43 40 37 33302724 211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 36 43 49 54 58 61 63 64 64 64 63 62 60 58 55 52 48 44 40 37 33 302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 36 43 49 54 58 61 63 64 64 64 64 63 62 60 58 55 52 48 44 40 37 33302724211916141210 8 7 5 4 3 2 1 1

1 3 6 10 15 21 28 36 43 49 54 58 61 63 64 64 64 64 64 63 62 60 58 55 52 48 44 40 37 33 302724211916141210 8 7 5 4 3 2 11

1 3 6 10 15 21 28 36 43 49 54 58 61 63 64 64 64 64 64 64 63 62 60 58 55 52 48 44 40 37 33 30272421 1916141210 8 7 5 4 3 2 11

1 3 6 10 15 21 28 36 45 53 60 66 71 75 78 80 81 81 81 80 79 77 75 72 69 65 61 56 52 48 44 40 3733302724 211916141210 8 7 5 43211

1 3 6 10 15 21 28 36 45 53 60 66 71 75 78 80 81 81 81 81 80 79 77 75 72 69 65 61 56 52 48 44 40 37 33 302724 211916141210 8 7 543211

1 3 6 10 15 21 28 36 45 53 60 66 71 75 78 80 81 81 81 81 81 80 79 77 75 72 69 65 61 56 52 48 44 40 37 33 30272421 1916141210 8 7543211

1 3 6 10 15 21 28 36 45 53 60 66 71 75 78 80 81 81 81 81 81 81 80 79 77 75 72 69 65 61 56 52 48 44 40 37 33 302724211916 14121087543211
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The table leads to the following

Conjecture 23 For a wunibranched plane singularity with characteristic
Puiseux exponents (4,2q,s) the x +1 = 2q + (s — 1)/2 even Betti numbers
of the cohomology of its Jacobi factor are as follows:

1. the first (g +1)/2 even Betti numbers h°(Jx),h?(Jx),...,h9 " (Jx) are
the same as the first (¢ + 1)/2 coefficients of the power series (1 —t) 3.

2. the last (3¢ + 1)/2 even Betti numbers h?°(Jx),h?==2(Jx),...,
hs+t9=2(Jx) are the same as the first (3q + 1)/2 coefficients of the power
. 3 in—1
series [[;_ (1 —#/)~1.

3. h2aU(Jx) =h*(Jx) =...= bt (Jx) = (¢ +1)?/4.
4. Forl=1,...,(¢g—3)/2: h*=1=D(Jx) =h>a=D(Jx) - 1.

5 Forl=1,...,(q—5)/2: hstH2(Jx) = hs~1+2(Jx) - [L].

Part 1 and Part 2 of the conjecture are proven in Theorems 24 and 25. They
describe 2¢+1 of the 2¢+(s—1)/2 Betti numbers. Unfortunately, we are not able
to prove the remaining parts of the Conjecture. However, the conjecture implies
that the sequence of Betti numbers of Jx: for a singularity X’ with Puiseux
exponents (4,2q, s + 2) can be obtained from the sequence for a singularity X
with Puiseux exponents (4,2¢, s) by inserting (¢ +1)2/4 = e(Jx/) — e(Jx) after
h*@=1(Jx). We prove this partially by showing in Theorems 26 and 27 that the
first (s —q)/2 + 2 and the last (¢ + s)/2 + 1 numbers of the above two sequences
are the same, thus determining all or at least s + 3 of the Betti numbers.

Theorem 24 Let X be a unibranched plane singularity with Puiseur ex-
ponents (4,2q,s) and Jx its Jacobi factor. Then the even Betti numbers
RO(Jx),h%(Jx), ..., h2 31 (Jx) of the cohomology of Jx are the same as the
first [4] 41 coefficients of the power series

Proof. The proof is similar to the proof of Theorem 21. For d < |1 ]| we construct
a bijection between the monomials of degree d of the polynomial ring in the vari-
ables t1, 2, t3 and the admissible semi-modules of T = (4, = 2¢,72 =71 + 5)
of codimension d

®,;: Mon? — Modd(r)
=0,a01 =71 —4r1,a10 = 72 — 4(11 +72)
{rLgr2gTs @00 = T do1 ’ T
1l27t3 <a11—”yz+’71—4(T1+T2+T3)

The maps &, are well-defined if we can show that a semi—module A with a 2 x 2—
basis like the one on the right hand side is admissible and of correct dimension.
Admissibility is obvious as ag1 +s = a190+4r2 € A. We compute its codimension
by comparing it with the I'-semi—-module T itself. Due to r1 + 9 + 13 < q/2,
we have the following ordering

apgp =0 < apr <71 <s<ayp <a+s5< 7 <ai.
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As ajg,a11 > s, we find n = min(({s, a10, @11} + 4N) N [y1,00[) = s, and the
dimension of A can be computed as

dim A = #([0,71[\A) + #([ao1, ao1 + s[\A) + #([a10, 00[\A).

The semi—module I' is ®((1); hence, an analogous formula holds for it as well.
Because of the above ordering we get the following partitions

[0,v1[\T' = [0, [\A U{apr +4k |0 <k <m}
—4r1 + ([y1,7 + s[\I') = [ao1,a01 + s[\AU{a10 +4k | 0 < k <12}
—4(r1 + r2) + ([y2, 0o[\I') = [a10,00[\A U{ai1 +4k |0 < k <rs}.

Therefore, codim A = dimI" — dim A = r{ + r9 + r3 = d as desired.

The maps ®, are clearly injective, thus it remains to show that they are
surjective, too. We must prove that the modules which are not in the image
of some @,..., P 4| have codimension greater than |£|. Since there are two
types of admissible modules, this falls naturally into two parts.

Let us assume that we have an admissible module A with ag; +s € A. Since
a1+ s = aio mod 4, we get ag1 +5 > aqg. By the relation between the elements
of a 2 x 2—basis — see the paragraph below Definition 6 — we find 71, 79,73
with

apo =0, apr =y1—4r1, a0 ="y2—4ri+r2), an =ye+y—4(ri+ra+rs).

We claim the following rough estimate
(%) codimA > ry +min{rs,q+ 1 —r3} +min {rs, [2]}.

This implies in particular that if ry + 72 4+ 73 > [£] then codim A > [1],
i.e., any admissible semi-module A with ag; + s € A that is not in the image

of some @o,..., P 4| has a codimension greater than [F].

We prove the claim (%) by modifying I into A in three steps. The first step
consists of the remark that the module A’ = @, (¢]*) was described above in
detail. In particular, we found codim A" = r; and for its 2 x 2-basis (a;;) the
ordering

ago =0<ay =ag <m <s<ayy=ap+s=apn+n <y <aj, =d,+mn.

In the second step we consider the semi-module A with 2 x 2-basis oo =0,
&01 = aopi, &10 = CL/lo — 4T2 = aio, and &11 = a/ll — 4T2 = aio + Y1, i.e., A iS
obtained from A’ by closing the 27y gaps ajq — 4k,a}; — 4k for k = 1,...,rs.
We write the dimension formulas as

dim A" = (ga/(0) + gar(ao1) — gar(11)) + gar(aig) — gar(aor +n')
dim A = (ga(0) + ga(ao1) —gx(m)) + ga(@o) — galaor + 7).
Since 0 < ag; < 71 the closing o~f any 2rs gaps in A’ decreases the term in the
brackets for A’ to the terms for A by at least 2r3. Next note that agr +n' > af,

by the definition of n’, thus the only gaps greater than or equal to ag1 + n' in
A’ are those which are a}; mod 4 and analogously for A. Since n < n’ = s,
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we can estimate the length of the intervals [ao; + 71, @11[ and [ag1 + n', a);[ by
a1 — (ap1 + 1) > ayy —4ra — (ap1 + 8) = 11 — 4ro and af; — (ap1 + 8) = 1;
hence, g (ao1 +7) > gar(ao1 +n') —min{ry, |4 ]}. Summing up, we get as an
intermediate result

dim A’ > dim A + 75 + max {O, ro — {%J } + gar(aio0) — gx(ao).

The only gaps in A" after a) are the | 2] gaps which are equal to a}; mod 4.
A has also | 2] gaps equal to a;; mod 4 after a;o, but may have in addition
some that are equal to ag; mod 4 if a19 < agy — 4. In this case set 75 = f%] then
G/10—4’I:2 6]&01 —4,&01[ and thus ag; —4(7”2—7:2),a01—4(7”2—’l:2—1), ...,a01—4
are the addition gaps. Therefore, gz (d10) — gas(a10) = max{0,r; —[{]} and in
the whole codim A > codim A’ + 7y = 71 + 75.

In the final step we compare the codimensions of A and A itself. The
only difference in the 2 x 2-bases of A and A is that a1 = ayr — 4rs, ie.,
we are closing the r3 gaps aj; — 4,...,a11 — 4r3 = aq; in A. By the same
argument as before, the term gz (0) + gz (ao1) — ga(71) is at least r3 greater
than ga(0) + ga(ao1) — ga(y1). Due to aip < agy + 7, all closed gaps equal to

or after ag; + 7 are closed gaps after a1g as well, thus using n < n

galaio) — gx(aor + 1) > ga(aio) — galaor +7n) > galaio) — ga(aor + n).

However, for the first time there may be gaps in A after a1, and we obtain as
an intermediate result only

codimA > ry +ro + 15 — galar).

We can count the gaps after a1 precisely. There max{0,r3 —[£]} equal to aig
modulo 4 and max{0,73 + 72 — [Z]} equal to ap; modulo 4. Using [2] =

[%] > g+ 1, we obtain () by

codimA > ry + (rz — max{0,72 + 73 — (¢ +1)}) + (r3 —max {0,753 — [£]})
=7y +min{re,¢+ 1 —r3} + min {7”37 [% }

The second type of admissible modules are those with s € A. Let us assume
in addition that a1g > ag1-+s for a semi—-module A, otherwise we have ag;+s € A
and A is admissible of first type as well. We show that for all these semi—modules
codim A > [£] by comparing A with the following simple semi-module

A = (@ = 0,@01 = 71,T10 = V2,811 = S = Y2 + 71 — 4q) .

We find 7 = s and dim A = gx(0) + gx(s) = gr(0) — ¢+ | 2] = dimT" — [Z];
hence codim A = [4]. We will modify A in three steps into A and show that
the codimension does not decrease during these modifications.

First let A = <0, a01,610,611>. If a1 is chosen such that apr = Y1 — 40[01,
then we are closing the agi gaps ao1,ao1 +4,...,71 — 4 in A. Hence, gar (k) =
gx(k) for k > ~1. Further m = n’ = s and ga/(0) = gx(0) — ao1, ga’(ao1) =
9x(@o1) + 2001, gar(aor + s) = aon, as well as 9x(@o1 + s) = 0. Plugging this
into the dimension formulas yields dim A = dim A'.
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Next we modify A’ into A = (0, ag1,a10,a11). Setting a9 = (@10 — a10)/4,
this means that we are closing the a1g gaps aig,a10 +4,...,a10 —4 of A’. We
have the ordering aio > ao1 +s > s = @11 thus 7 = s and gz (k) = gas (k) — a0
for k < ayp. In addition gz (a10) = gas(@10) = 0, because ajg resp. @io are the
greatest elements of the 2 x 2-bases of A resp. A’. From the dimension formula

we obtain codim A = codim A’ 4 a9 > [Z].

Finally, the semi-module A is obtained from A by closing the (s—a1;)/4 =: 3
gaps ai1,a611 —4,...,8s —4 =ay; — 4. By definition n < n = s and because no
gaps after s were closed, we obtain ga(ao1 + n) > ga(aor +7) = gz (ao1 + 7n).
As usual, gz (0) + gz (ao1) — ga(71) is at least 3 greater than the corresponding
term for A. From the semi—module property ai1 > a19 — 71 we conclude a1 >
ao1 + 8 — 71 > ap1. Thus the only gaps after a1 resp. @11 are those which are
equal to ajg modulo 4, and we find ga(ai1) = gx(@11) + 8. Summing up, we
obtain codim A > codim A > [2] again. O

Theorem 25 Let X be a unibranched plane singularity with Puiseux exponents
(4,2q,s) and Jx its Jacobi factor. Set k := (3¢ — 1)/2. Then the even Betti
numbers ho(Jx), ha(Jx), ..., har(Jx) of the homology of Jx are the same as
the first k + 1 coefficients of the power series

1
(1—8)(1—2)(1 —t3)°

Proof. The beginning of this proof is the same as the one of the proof of
Theorem 22 with p replaced by 4 and ¢ replaced by v; = 2¢. Of all the modules
A, = (t]) the following two will be of special importance at the end:

Ar =4NU (v +N) with ¢(Ag) =71 and
Ap1 =4NU(y; —2+N)  with ¢(Ap_1) =7 — 2.

The last step of the proof, where one proves that the maps ¥4 : Mong —
Mody(T") are surjective has to be modified due to the different dimension for-
mula. As before we show that c¢(A) > ~; implies dim A > k by an inductive
process. Let A’ be the I'-semi-module obtained from A by closing the last gap.
If {bg = 0,b1, b2, b3} is an ordered 4-basis of A then its conductor is ¢ := b3 — 3.
Because ¢ > ~y1, b3 is the element a1 or a1 is a 2 X 2-basis of A. The module
A" has the unordered 4-basis {}} with by = 0, b] = b1, by = bo, and by = bz — 4,
and its conductor is ¢ = max{by — 3,b3 — 3}. The dimension formula says

dim A = (ga(0) + ga(ao1) — ga(m)) + ga(aio) + ga(air) — gal(aor +n)

and analogously for A’. Since we are closing one gap in A greater than ~1, the
term in the brackets decreases by one for A’. Because b3 = a1 or b3 = a1,
ga(a11) resp. ga(aip) decreases by one or stays the same. By definition bs > ¢
and b5 > ¢, hence ga(bs) = gas(b5) = 0. The number n may stay the same or
be reduced by at most 4. If n’ = n, then obviously ga(ag1 + n) decreases by
one or stays the same. If n’ < n, then b5 must be the smallest odd number in
A'. Hence, the smallest odd number in A is 05 +2 = b3 — 2 = by = n. Due
to apr > 2 and v1 + 2N C A A’) we find 0 < ga(apr +n) < ga(bs) = 0 and
0 < gar(aor +n') < gar(by) = 0, showing ga(ao1 +n) = gas(ao1 +n') = 0.
Summing up the changes, we obtain dim A > dim A’.
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Now, let us assume additionally that ¢/ < 71 < ¢, i.e., we are closing the
last gap, 71 + 1 or 71 + 3, greater than ;. Choose the index J such that
a1y = bs. We first consider the case where the last gap is 71 + 3. Here we have
a1,1-g < v + 1, thus ga(as,1—s) decreases by one during this process. The
above discussion yields dim A > dim A’. Due to ¢(A’) = 1, we get dim A >
dim A’ > dim Ay, = k by ().

Finally, we consider the other case, where the last gap of A is y;+1. Because
we always have n > 71 + 1 and ag1 + n > 1 + 3, we get ga(apr +n) =
gas(ao1 +n') = 0. Therefore, by the above discussion dim A > dim A’ and if
¢(A") = 71, we can finish the proof like above. However, ¢(A’) may as well
be y1 — 2. Here a1,1—5 < 71 < b5 thus gas(a1,1-5) = gala11-5) — 1 and the
above discussion yields dim A > dim A’ + 1. Using ¢(Ag—1) = v1 — 2 and (),
we obtain dimA > dim A’ +1>dimA,_1 +1=k. O

Theorem 26 Let X and X' be unibranched plane singularities with Puiseux
exponents (4,2q,s) resp. (4,2q,s") with ' > s and Jx resp. Jx: their Jacobi
factors. Set k := (s — q)/2 + 1. Then the first k + 1 even Betti numbers
of the cohomology of Jx and Jx: are the same, i.e., h*¢(Jx) = h®*¥(Jx/) for
d=0,...,k.

Proof. Let T' and I be the semi—groups corresponding to the singularities. By
induction we may assume s’ = s + 2. We are going to show that the following
map is well-defined and bijective for d < k

Dy : Mod*(T") — Mod®(T)
A =(0,a01,a11,a11) +— A" =(0,a01,a)y = a0+ 2,0}, = a1 +2)

If the 2 x 2-basis of A is written as agg = 0, ag1 = y1 — 4ag1, a1o = 2 — 4ag,
a11 = 2 +71 — 4aq; then A’ is the IV—semi-module whose 2 x 2-basis has the
same «;;. A’ is admissible, because s = a11 + 4l € A or ag1 + s =ajo+4l € A
implies s’ = aj; +41 € A’ or apg1 + 8" = ajy+4l € A’. The injectivity of the map
is trivial, its well-definedness and surjectivity will follow from the statement

(%) Let A be an admissible I'-semi-module and J the index with a;; =
min{ajp, a1} then

a) codimA <k = a10,011 > 71 or (arj,a11-5) = (1 —1,2y1 — 1)
b) codimA<k—-1=— aip, @11 > Y1 + 2 or (CLL], CL1)1,J) = ("Yl + 1, 2’}/1 + 1)

Assume we have proven (). For the well-definedness of ®4 we need to show
that codim A’ = codim A or equivalently dim A’ = dim A + 1. If a9, a11 > 71,
then we obtain A’ from A by inserting a gap and nongap after 1, more precisely
A= (AN[0,7])U 24+ (AN [y,00[). Here n = min{s,a1p,a11} and n' =
min{s’, afy,al;}. In the dimension formula for A’ the term ga(0) + ga+(ao1) —
gas(71) is by one greater than the corresponding term for A because of the extra
gap after v1. In contrast gas(a10) + gas(a11) — gar(apr +n') is the same as the
term for A, because everything is shifted by 2. Hence, dim A’ = dim A + 1 as
desired.

If (a17,a1,1-5) = (11 — 1,2y — 1) then (a,,a} ;_;) = (11 + 1,271 + 1),
n =y +3, and n’ =y + 1. Obviously, #([ao1, 1[\A) = #([ao1, [\A") + ¢
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where € = 0 if ap;1 = 11 and € = 1 otherwise. Further, ga(0) = ga/(0) + 1,
gala10) = gas(aly), and ga(ai1) = gas(aiy). Thus the interesting terms are
ga(ao1 +n) = ga(2v1 — 401 + 3) and gar(ao1 +n') = gar (271 — 4ao1 +1). As
shifting by 2 gives a bijection between [2v1 — 41 43, oo and [2y1 —4ap1 +5, 00 ,
which respects membership in A resp. A’, we have ga/(ap1 + n') = ga(ao1 +
n) + #([271 —4ao1 + 1,291 — 401 +5[\A'). From ag1,a); < 71+ 1 we see that
the only possible gap in in the above interval must be equal to a’l)lﬁj =2y +1
modulo 4, i.e., it can only be 2v; —4ap1 + 1. For this to be a gap, we must have
ap1 > 0, hence gar(ap1 +n') = ga(ap1 +n)+e. This shows that we always have
dim A’ = dim A + 1.

The surjectivity follows now, too. Let A’ € Mod*(I") with d < k. As
k =k —1 we may apply b) to A’ to obtain ajy,aj; > v + 2 or (a)y,al;) =
(v1 + 1,271 +1). Thus A’ is the image of A = (0, ao1, aly — 2, a}; — 2) under
®4; — that A has the correct dimension was shown above.

We prove the statement () by first considering two special types of semi—
modules and then compare the other modules with them. Define

A(llo = (0,a01 = 1,010 = 72 — 4a,a11 =2 + 71 — 4a) for [%1 <ax L%J

|

the definition is such that in AL/ the minimum of ajo and ai; is a1y and
a1,1—g = a1g + 1. Their dimension is computed easily: Using n > a5 =
n+vy1 >api-g > c(AL), we find gars(n+n)=0

Al = (0,a01 = v1,a10 = 72 — 4o, a11 = 5 — 4da) forOSaSL

o

dim AL’ = ga10(0) 4 garo(aig) = dimI' — 2a + | 4|
= codim AL? = 2a — L%J

dim AL = g1 (0) + gau (a11) = dimT — (20 + ¢) + [ €]
= codim Al! = 2a + [€]

We claim that for these two types of semi-modules a1; < 3 — 1 implies
codim ALY > k. If s = 1 mod 4, then a;; < v — 1 is equivalent to a > (s +3)/4
for A% and o > (s — 2¢ + 1)/4 for ALl and their codimension is bounded by

codim AL > min {242 — |4], =25 + [4]} = = - |4] = .

An analogous consideration for s = 3 mod 4 yields the same result. Obviously,
a1y5 <y, + 1 implies codim A}l" > k —1 in the same way. Finally, note that the
codimension is strictly increasing in a.

Now (%) follows from this and the following comparison statement, which
we prove in a moment:

(%) Let A be an admissible I'-semi-module with 2 x 2-basis (a;;). Let
J be the index with a1; = min{aio,a11}. Assume that a1y < 71 + 1. Let
A'Y be the unique special semi-module like above with the same a;;. Then
codim A > codim A'Y with strict inequality if a1; + v1 > a1,1—J-

For example, we show (% a). Let A be a semi-module as in (%) with
a1y <y — 1 then AY = (0,71,a17,a17 +71). Now (s3%) implies codim A >
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codim A > k and equality holds only for a11—g=ais+v and a15 =7 — L.
This is the statement (% a).

To prove the claim (53 ) we modify A'/ in two steps into A and watch for the
dimension changes. The 2 x 2-basis of A! is by definition (0,~1;a17,a17 +71)
— up to the oder of the last two elements. Let agy := (71 — ao1)/4 and define
A =AYy {aog1,...,11 —4}, ie, A has a 2 x 2-basis (0,a01;a17,a15+71). We
compare its dimension

dim A = gz (0) + #([ao1, 1 [\A) + gz (a15) — g (ao1 + 1)

with the dimension ga1s(0) + ga1s(a1s) of A, Since we are closing ag; gaps,
we find gz (0) = ga17(0) — o1 and gz (a17) < gars(ary). In the interval [agr, v1[
there are ag; gaps in A equal to a;; + 1 modulo 4. The only other possible
gaps in this interval have to be equal to a;; modulo 4. Let [ be one of them.
Then I + v = a15 + 71 mod 4 and ag; < I < min{vy1,a10} implies a1 + 711 <
I4+~1 < min{ai;+71,27 }; hence, [+, is also a gap in A. Now we have either
n = + 1 or n is the smallest number greater than +; and equal to a;; mod 4.
In the first case we have trivially agy +n < 1 + [; in the second case ag; + n
is the smallest number greater than ag; + 1 and equal to a; 5 + 1 mod 4, and
we get again ag; + 1 < [ 4+ 1. Therefore, we found for any of the gaps in
([ao1,m[\A) N (a1s + 4Z) a gap that contributes to gz (ap1 + 7). Summing up
the changes, we obtain dim A < dim A7,

We obtain A from A by closing the 7 := (a1 + v1 — a1,1_7)/4 gaps
{a11-s,a11-7+4,...,a15 + 71 — 4}. Due to our assumption a1y < a1,1-J,
the computation of the dimension of A is easy. Obviously, ga(0) = gx(0) — 7,
galars) = gxlars) — n, and #([aor, n1[\A) < #([aor, 11[\A). Because n < 7,
we find ga(aor +n) > galaor +7) > gx(ao1 + 7)) —n. Finally, ga(a1,1-7)
maybe nonzero this time, but there can only be gaps equal to ag; modulo 4
after ay 1_7, thus ga(a11-y) <. In fact, ga(a1,1—s) < max{n — 1,0}, using
apy < a1y + 1. Summation yields dim A + min{n, 1} < dimA < dimAY., O

Theorem 27 Let X and X' be unibranched plane singularities with Puiseuz
exponents (4,2q,s) resp. (4,2q,s") with ' > s and Jx resp. Jx: their Jacobi
factors. Set k := (q+ s)/2. Then the first k + 1 even Betti numbers of the
homology of Jx and Jx: are the same, i.e., hog(Jx) = hoa(Jx:) ford=0,... k.

Proof. We will prove that Modu(T') = Mody(I) for d = 0, ..., k, where T and
I are the semi—groups of the singularities X resp. X’. By induction we may
restrict to the case s’ = s + 2. We claim the following:

a) For A € Modgy(T") with d < k :oe(A)<s+1.
®) b) For A e Mody(T') withd <k —1: ¢(A)<s-1.

The obvious consequence of a) is that any such I'-semi-module A is a I''—
semi-module as well. In fact, its dimension as a I'-semi-module and I"'-semi—
module must be the same. Namely, the terms of the dimension formula depend
only on the the 4-basis of A as a (4)-semi—module — with the exception of the
computation of n. However, if n differs for A as a I'-semi-module and I'"—semi—
module then n must be s for A as a I'-semi-module and even bigger for A as a
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I"-semi—module; hence, ag; + s > 2 + s > ¢(A) shows that ga(ap1 +n) =0 in
both cases. Therefore, we have an inclusion Modg(T') € Mody(T”).

To prove equality, apply b) to a A € Mody(I"). We find ¢(A) < ' —1 = s+1,
thus A is also a I'-semi-module, and we have just shown that it has the same
dimension d as a ['-semi—-module.

The claim () is proven by comparing A with simpler semi-modules. For ¢ €
N\ (14T) define A, as the T-semi-module A, = TU(c+N), then ¢(A.) = ¢. The
dimension of Ag_; = T+sN = (0,v,s+ 2,8) = <O,71,72 —4 L%J ,v2 + v — 4q>
is

dimAs_1 =ga, ,(0)=gr(0) —q - {QJ

Y2t —3 q
2] T o T4

2 §J:k_L

Clearly, the dimensions of Ag11 = Ag—1\ {s} and Agy3 = As_1\ {s,s+2} are
k resp. k+ 1.

Now (1) follows from the obvious fact that dim A, is monotone increasing
and

(1D for A € Mod(T") with ¢ := ¢(A) > s we have dim A > dim A..

For example, assume ¢ > s + 2. Since the even number s+ 1 liesin I' C A
we find ¢ > s+ 3, thus dim A > dim A, > dim A3 =k + 1.

It remains to prove (i) by modifying A, in two steps into A. Let {by =
0,b1, b2, b3} be an ordered 4-basis of A, as a (4)-semi—-module. By the definition
of A, we find by = 71, ¢ = b3 — 3, and by = 2 or ba = b3 — 2 . Let {eg =
0,e1,€e2,e3} be a 4-basis of A which we order such that e; = b; mod 4. Since
the greatest element of the 4-basis of A as well as of A’ is ¢ 4 3, one gets
es=b3=c+3>s.

Setting (3 := (ey — by)/4, we define A to be the semi-module obtained by

closing the 8 gaps ea,ea +4,...,ea +4(8—1) = by —4 in A.. Let 6A~be the
number of these gaps that are less than ;. The dimensions of A, and A are

dimA. = ga,(0) + ga,(b2) — ga. (1 + 5),
dimA = gx(0) +gx(e2) —galm +n),

making use of ¢ > s = n, = s for A.. Clearly, g5(0) = ga.(0) — 5. Between e,
and by in A there are B gaps equal to b3 mod 4 and max{0, B — 1} gaps equal
to by =1 mod 4, i.e., gx(e2) = ga.(b2) + B + max{0, 3 —1}. For the last term
gx (71 +n) we observe the following: If 7 = s then gz (y1 +7) < ga. (71 +5). If
7 < s then es < 7 and from the semi—module property es < ea +v1 < 72 + 71;
hence, s +7v1 >+~ > c and ga, (1 +s) = gx (11 +7) = 0. Summing up the
above terms we get dim A > dim A, + max{0, 3 — 1}.

We obtain the semi-module A from A by closing the 7 := (e; — 71)/4 gaps
e1,e1+4,...,71 —4. Again we need to compute the dimension

dim A = g (0) + #([ex, 1 [\A) + ga(ez) — galer + ).
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Obviously, ga(0) = gz (0) — 7. In the interval [e;, [ there are 7 gaps equal to
bs modulo 4 and max{0,n — B} equal to ez modulo 4. The number of gaps after
ea decreases from A to A by less than max{0, 3 — 1}. Therefore,

dim A > dim A — max{0, 3 — 1} + max{0,7 — 3} — gal(es +7n) + gz (11 + )
> dim A, 4+ max{0,7 — 3} — ga(e1 +n) +ga(m +n).

Note that n = 7, since A and A have the same odd numbers. Further, ga (1 +
n) = gx(v1+n) because A and A differ only in numbers less than ;. Therefore,
we need to count the gaps of A in the interval [e; + n,v1 + n[. The gaps in
this interval are b3 modulo 4, because A being admissible implies by < €7 + s
and b2 < e; +n using n = min(({s} U (b2 + 4N)) N [y1,00[). In particular,
galer + n) < gx(y1 +n) + 1 and the estimate dimA > dim A, is obvious
for 3 = 0 < by > ~,. However, for any of the min{n,ﬁ} numbers es + 41 €
[e1,11[NA we find e +v1 + 41 € [e1 + 71,271 [NA C [e1 + 71,71 +n[NA. Since
ea+71+4l = bz mod 4 at least min{n, 3} of the positions [e1+n, v1+n[N(bs+A47Z)
are not gaps. This implies ga(e1 +n) < ga(y + n) + 7 — min{y, 3} showing
dim A > dim A, even in this case. O
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