
Mathematisches Institut WS 21/22
Heinrich-Heine-Universität Düsseldorf
Prof. Dr. Stefan Schröer
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Excercise 1. Let L be an ordered set, viewed as category, and L → (Ab) be a
contravariant functor, comprising abelian groups Gλ, λ ∈ L and transition maps
fλµ : Gµ → Gλ, λ ≤ µ. On the disjoint union

⋃
λ∈LGλ, we consider the relation

aλ ∼ aµ ⇐⇒ fλη(aλ) = fµη(aµ) for some η ≥ λ, µ.

Assume that the ordered set G is directed, that it, for each λ, µ ∈ L there is some
η ∈ L with λ, µ ≤ η. Check that the above is an equivalence relation, and that
the set of equivalence classes

lim−→
λ∈L

Gλ = (
⋃
λ∈L

Gλ)/∼

inherits the structure of an abelian group. Furthermore, interpret localizations
S−1R and stalks Fa as such direct limits.

Exercise 2. Let (X,OX) be a ringed space, and F be a presheaf of modu-
les. Show that the sheafification F+, whose groups of local sections Γ(U,F+)
comprises the compatible tuples

(sa)a∈U ∈
∏
a∈U

Ha,

indeed satisfies the sheaf axiom.

Exercise 3. Let X = A1 be the affine line over some ground field k. Give an
example of a non-zero presheaf of modules F whose sheafification F+ becomes
the zero sheaf.

Exercise 4. Let F and G be OX-modules on some ringed space X.

(i) Define the tensor product sheaf F ⊗OX
G .

(ii) Suppose X is a scheme, with F and G quasicoherent. Show that the tensor
product sheaf F ⊗OX

G is quasicoherent as well.
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