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ABSTRACT. We construct examples of non-schematic algebraic spaces that be-
come schemes after finite ground field extensions.
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INTRODUCTION

Roughly speaking, algebraic spaces are generalizations of schemes that allow more
freely the formation of contractions and quotients, which are somewhat problematic
in the category of schemes. For example, if £ is a connected curve on a smooth
projective surface Y such that the irreducible components form a negative-definite
intersection matrix N = (E; - E;), the contraction of the curve to a point exists as
an algebraic space X that is usually non-schematic if h'(&g) > 0. Furthermore,
if a finite group G acts freely on a separated scheme Y of finite type, the quotient
X = G\Y exists as an algebraic space, but it must be non-schematic if some orbit
G - a does not admit an affine open neighborhood.

Despite their importance, it is by no means straightforward to provide geometri-
cally meaningful examples of algebraic spaces that are indeed not schemes. The goal
of this note is to highlight the ubiquity of such non-schematic algebraic spaces: We
construct algebraic spaces X over non-closed ground fields k£ that are non-schematic,
but where the base-change X ® £’ to some finite Galois extension become schemes.
The construction is easy, and relies on schemes X, on which some finite quotient GG
of the absolute Galois group Gal(k*P/k) acts such that some orbits do not admit
affine open neighborhoods. The procedure is formalized in Theorem 1.1, which gives
a criterion for Galois twists to be non-schematic.

Our first concrete example comes from a proper normal surface X, birational to
E x P!, for some elliptic curve E where the group of rational points F(k) is not
torsion. This depends on earlier constructions of myself [19].

The second example is actually a general construction starting from any separated
normal scheme Y of finite type that does not admit an ample invertible sheaf. Now

X, is obtained from the disjoint union of two copies of ¥ via an identification of
1
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certain closed points. The idea is extracted from a beautiful observation of Artin ([2],
page 286). It also relies on a result of Benoist [4] that there are only finitely many
maximal quasiprojective open sets in Y, which solves a conjecture by of Biatynicki-
Birula ([5], page 302), and generalizes earlier results of Kleiman [15] and Wlodarczyk
[21].

The reviewer pointed out that Huruguen [14] studied schemes such that some
base-change aqcuire the structure of a toric or spherical variety, and that in this
framework one may also obtain non-schematic algebraic spaces whose base-change
become toric or spherical varieties. Let me also mention that there are families of
curves X — Spec(R) over discrete valuation rings R where X is non-schematic but
the base-change to the henselization R’ becomes schematic (see [6], Section 6.7 and

20]).

Acknowledgement. I wish to thank the reviewer for valuable comments. This
research was conducted in the framework of the research training group GRK 2240:
Algebro-Geometric Methods in Algebra, Arithmetic and Topology, which is funded
by the Deutsche Forschungsgemeinschaft.

1. NON-SCHEMATIC TWISTS

Let S be a base scheme, and write (Aff/S) for the category of affine S-schemes.
Recall that an algebraic space is a contravariant functor

F i (Aff/S) — (Set)

satisfying the sheaf axiom for the étale topology, such that the diagonal monomor-
phism F' — F x F' is relatively representable by schemes, and that there is an étale
surjection U — F from a scheme. Each scheme X can be viewed as an algebraic
space, via the Yoneda embedding, and an algebraic space that corresponds to a
scheme is called schematic. For more details on algebraic spaces, we refer to the
monographs of Artin [3], Knutson [16] and Olsson [18].

A tremendous advantage of algebraic spaces is that forming quotient is permissi-
ble, in the following very general setting: Let G is an algebraic space endowed with
a group structure acting on an algebraic space F'. Suppose the action is free, and
that the structure morphism G' — S is flat and locally of finite type. Then the sheaf
quotient G\ F' is an algebraic space, and the quotient map F' — G\F is flat and
locally of finite presentation (for example [17], Lemma 1.1).

For the sake of exposition, we now suppose that S is the spectrum of a ground
field k. Let Xy be an algebraic space that is separated and of finite type. Then
Auty,/; is a group scheme that is locally of finite type. Let G' be any group scheme
that is locally of finite type, G — Autx,,; be a homomorphism, and consider the
resulting G-action on Xy. For each principal homogeneous G-space P, the diagonal
action on the product P x X is free, hence the quotient

X ="X,=PnA% Xy =G\(P x Xq)
is an algebraic space. Composing the quotient map ¢ for the diagonal action with
the inclusion Ap of the diagonal for the principal homogeneous space, we obtain

Apxidx, idpxgq

PxXy — " (PxP)xXoy=Px(PxXy) — PxX,
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which is an isomorphism compatible with the projection to P. So for each morphism
Spec(L) — P with some field L, we get a canonical identification Xo® L = X ® L.
In particular, X is a twisted form of X,.

We are primarily interested in the case that G C Aut(X)) is a finite subgroup and
P = Spec(k’), where k' is a Galois extension with G = Gal(k’/k)°P. Then X = X
is called the Galois twist of Xo with respect to L. By the above, we have a canonical
identification X ® k' = Xy ® k’. This leads to the following fact:

Theorem 1.1. In the above setting, suppose Xq is schematic, and that there is
a rational point a € Xy whose orbit G - a C Xo does not admit an affine open
neighborhood. Then the Galois twist X is non-schematic, whereas its base-change
X ® k' becomes schematic.

Proof. The orbit Zy = G - a is finite, hence schematic. Write Ay = H°(Zy, Oz,)
for the coordinate ring. Then the quotient Z = G\(Zp ® k') is the spectrum for
the ring of invariants L = (A4p ® k)%, which coincides with the fixed field L C &’
for the stabilizer subgroup H = G,. This defines a morphism Spec(L) — X. One
may regard this as a point on the algebraic space, and we now check that X is not
schematic near this point.

Seeking a contradiction, we assume that there is an affine open subspace U C X
over which Spec(L) — X factors. Then U® K C X ® k' = X, ® k' is an affine
open neighborhood of Zy ® k’. We now use that the projection Xy ® k" — X is the
quotient with respect to the Galois action. Clearly

V' = ((idx, ® o) (U@ k) C Xo @ K

ceG

is a Galois-invariant affine open neighborhood of Zy ® £/, and its quotient by the
Galois action defines an affine open neighborhood for 7, inside X, contradiction.
Thus the twisted form X is non-schematic. On the other hand, the identification
X ® k' = Xy ® k' shows that its base-change to k&’ becomes schematic. O

2. EXAMPLES

Fix a ground field k. We now give some geometrically meaningful examples for
which Theorem 1.1 applies.

First consider the smooth projective surface E x P!, where E is an elliptic curve.
Fix rational points u,v € E and A, u € P'. We recall from [19] how this leads to a
proper normal surface Xy with two elliptic singularities: Write Blz(E x P!) for the
blowing-up with respect to the center Z = {(u, ), (v, u)}. Let Dy, D,, C Blz(ExP')
be the strict transform of the fibers E x {A\} and F x {u}, respectively. These
are copies of the elliptic curve F, each with self-intersection s = —1. In turn,
D = D, U D, is a negative-definite curve, so the contraction f : Blz(E x P') — X,
of D exists as an algebraic space ([1], Corollary 6.12), which here is actually a scheme
([19], Section 2.3). This X, is a proper normal surface with h%(Ox,) = 1, and its
singular locus comprises the two rational points a = f(D,) and b = f(D,).

Proposition 2.1. There is an involution o € Aut(X,) with o(a) = b.
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Proof. Without loss of generality we may assume that A = (1 :0) and p = (0 : 1).
Then the matrix (§§) € GLy(k) defines an involution 75 € Aut(P!) with m5(\) = p.
Furthermore, * +— —z + (u + v) is an involution 71 € Aut(E) of the underlying
genus-one curve with 7 (u) = v.

The diagonal involution 7 = 71 X 7 on E x P! leaves the center invariant, thus
induces an involution on Blz(E x P!). This induced involution clearly permutes the
fibers of the projection to P'. It follows that the strict transform D of E x {\, u}
is an invariant subset, and its two connected components are permuted by the
induced involution. By the universal property of contractions, we obtain the desired
involution o : Xy — X that permutes the two singularities a,b € X. OJ

Benoist ([4], Theorem 9) showed that each separated normal scheme Y of finite
type contains only finitely many maximal quasiprojective open sets Uy, ..., U, C Y.
This solved a conjecture of Biatynicki-Birula ([5], page 302), and generalizes earlier
results of Kleiman [15] and Wlodarczyk [21]. For information on the number r > 0,
see [7], [8] and [9].

Proposition 2.2. If the difference u —v € E(k) has infinite order, then the proper
normal scheme Xo admits no ample invertible sheaf, and there are exactly r = 2
mazimal quasiprojective open sets, namely

U1 :XQ\{G} and U2 :Xo\{b}
In particular, the points a,b € Xy do not admit a common affine open neighborhood.

Proof. According to [19], Section 2.3 the individual contraction of Dy C Bl (E xP!)
yields a projective scheme, which contains a copy of U; as an open subscheme. Hence
U, is quasiprojective. Suppose it would not be maximal. Then X is quasiprojective,
so there is a curve Dy C X, disjoint from {a,b}. Tts strict transform D C E x P! is
a Cartier divisor with

DN (Ex{A})=my-(u,A) and DN (E x {u}) =may- (v, )

for some my, ms > 1, as explained in [19], Section 2.5. Interpreting these multiplic-
ities as intersection numbers of the invertible sheaf ¥ = Opypi(D) with linearly
equivalent curves, we see that the numbers must coincide. Write m > 1 for the
common value. Since the canonical map Pic(E) @ Pic(P!) — Pic(E x P!) is bijec-
tive, one gets Og(u)®™ ~ Op(v)®™. Let oo € E be the point at infinity, which is
the zero element in the group E(k). Using the identification F(k) = Pic’(E) given
by w +— Hom(Og(c0), Og(w)), we infer that w — v € E(k) is annihilated by the
integer m > 1, contradiction. The same argument applies to U;. Summing up, the
U,,U, C X are maximal quasiprojective open sets.

Suppose there is another maximal quasiprojective open set U # U,. It must con-
tain both a, b € X, hence the two points admit a common affine open neighborhood.
With [11], Chapter II, Proposition 3.1 we get a curve Dy C X, as above and again
reach a contradiction. O

We now sketch a completely different construction that gives schemes X for which
Theorem 1.1 applies. This relies on the following general procedure: Consider any
separated scheme Y of finite type. Let Z C Y be a finite closed subscheme that
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admits an affine open neighborhood, and write A = H°(Z, 07) for the coordinate
ring. We can form the cocartesian square

Spec(A) —— Y
E

l

Spec(k) —— Y

in the category of sheaves on (Aff/k). Note that the upper horizontal arrow is
the closed embedding of the finite scheme Z = Spec(A) = {z,..., 2.}, and the
vertical arrow to the left is the structure morphism. The push-out Y is an algebraic
space ([1], Theorem 6.1), which here is actually a scheme ([10], Theorem 7.1). Such
constructions are often called pinching. By abuse of notation, we simply say that
q:Y — Y is the identification that turns the closed points z1, ..., z,. into a rational
point a € Y. Note that Y remains separated and of finite type.

Now suppose that the scheme Y is normal but does not admit an ample invertible
sheaf. For example, this could be the surface in Proposition 2.2, or Hironaka’s proper
smooth threefold (see [12], Appendix C, Example 3.4.1). Let Uy,..., U, CY, s > 2
be the maximal quasiprojective open sets, and choose closed points u; € Y \ U
Clearly, the closed set {uj,...,us} does not admit an affine open neighborhood.
Consequently, there must be certain closed points z1, ...,z € Y that do not admit
a common affine open neighborhood, now with r» > 2 minimal. The latter ensures
that the » — 1 points zs,...,2 € Y do admit such neighborhoods. Let Y -5 Y
be the identification that turns z; into a rational point v € Y, and also zs,..., 2,
into a rational point v € Y. Note that this is obtained by applying the procedure
in the previous paragraph twice. Since ¢ : Y — Y is finite and hence affine, and
Z1,...,2 €Y do not admit a common affine open neighborhood, the same holds
for u,v € Y. In other words, passing from Y to Y reduces from r > 2 to the case
r=2.

Let G = {e,o} by the cyclic group of order two. Regard it as a constant group
scheme, and form G x Y. This is the disjoint union of two copies of Y, endowed
with a permutation action of G. Consider the identification ¢ : G x Y — X, that
turns (e,u) and (o,v) into a rational point a € X, and also turns (e,v) and (o, u)
into a rational point b € Xj. For a useful illustration of the geometry of Xy, see [2],
Picture on page 286.

Proposition 2.3. In the above situation, the rational points a,b € Xo do not admait
a common affine open neighborhood, the G-action on G XY induces a free action
on Xo, and we have G - a = {a, b}.

Proof. Suppose there is an affine open neighborhood U of a,b € Xy. Then ¢~ (U)
is an affine open neighborhood of

qil({av b}) = {<€7 U)? (Ua U)a (6, u)v (07 u)} =G X {uv U}

in G x Y. The intersection with {e} X Y gives an affine open neighborhood of the
points u,v € Y, contradiction. The G-action leaves ¢~'({a,b}) invariant, while it
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interchanges the subsets ¢~'(a) and ¢~!(b). With the universal property of push-
outs, we infer that the permutation action on G' x Y induces a G-action on X, such
that o(a) = b.

Clearly, the action is free on Xy \ {a, b}, which can be regarded as an invariant
open set of G x Y. Moreover, the stabilizer groups for the rational points a,b € X
are trivial. It follows that the G-action on X is free. O

Note that the composition Y = {e} x Y — Xy — G\ Xj is the identification that
turns u,v € Y into a single rational point. In particular, if Y is integral, the same
holds for G\ Xp.

Also note that we may have started the construction with any separated scheme
Y of finite type containing two closed points u,v € Y that do not admit a common
affine open neighborhood. For Y normal and k algebraically closed, this are precisely
the schemes that do not admit an embedding into any toric variety, according to
Wiodarczyk’s result ([22], Theorem A).

On the other hand, Horrocks [13] showed that the the associated fiber bundle
Y = E A®n C stemming from a non-trivial principal G,,-bundle £ — P! and the
rational nodal curve C' does not embed into any regular scheme, yet every finite
subset admits a common affine open neighborhood. This Cohen-Macaulay proper
surface Y can be seen as a Hirzebruch surface with invariant e > 0 in which the
negative and positive section are identified.

Summing up, we have described above two constructions of separated schemes
Xy of finite type, together with an action of the cyclic group G of order two, such
that some orbit G - @ = {a, b} does not admit a common affine open neighborhood.
Theorem 1.1 ensures that in both cases the twisted form X = (X, ® k')/G is a non-
schematic algebraic space whose base-change X ® k' = Xy ® k’ becomes schematic,
provided there is a separable extension k C k' of degree two. Note that the latter
indeed exists if k£ is a finite field or a number field, or if we replace the ground field
k by the transcendental extension k(7).

REFERENCES

[1] M. Artin: Algebraization of formal moduli II: Existence of modifications. Ann. Math. 91,
88-135.

[2] M. Artin: On the joins of Hensel rings. Advances in Math. 7 (1971), 282-296.

[3] M. Artin: Théorémes de représentabilité pour les espaces algébriques. Les Presses de
I"Université de Montréal, Montreal, Que., 1973.

[4] O. Benoist: Quasi-projectivity of normal varieties. Int. Math. Res. Not. IMRN 17 (2013),
3878-3885.

[5] A. Bialynicki-Birula: Finiteness of the number of maximal open subsets with good quo-
tients. Transform. Groups 3 (1998), 301-319.

[6] S. Bosch, W. Liitkebohmert, M. Raynaud: Néron models. Springer, Berlin, 1990.

[7] M. Farnik, Z. Jelonek: A complete variety with infinitely many maximal quasi-projective
open subsets. Demonstratio Math. 43 (2010), 277-284.

[8] M. Farnik: On strengthening of the Kleiman—Chevalley projectivity criterion. Proc. Amer.
Math. Soc. 141 (2013), 4005-4013.

[9] M. Farnik: A stronger version of the Kleiman-Chevalley projectivity criterion. Math. Nachr.
289 (2016), 243-246.



ALGEBRAIC SPACES THAT BECOME SCHEMATIC 7

[10] D. Ferrand: Conducteur, descente et pincement. Bull. Soc. Math. France 131 (2003), 553—
585.

[11] R. Hartshorne: Ample subvarieties of algebraic varieties. Springer, Berlin, 1970.

[12] R. Hartshorne: Algebraic geometry. Springer, Berlin, 1977.

[13] G. Horrocks: Birationally ruled surfaces without embeddings in regular schemes. Bull.
London Math. Soc. 3 (1971), 57-60.

[14] M. Huruguen: Toric varieties and spherical embeddings over an arbitrary field. J. Algebra
342 (2011), 212-234.

[15] S. Kleiman: Toward a numerical theory of ampleness. Ann. Math. 84 (1966), 293—-344.

[16] D. Knutson: Algebraic spaces. Springer, Berlin, 1971.

[17] B. Laurent, S. Schroer: Para-abelian varieties and Albanese maps. Preprint, arXiv:2101.
10829.

[18] M. Olsson: Algebraic spaces and stacks. American Mathematical Society, Providence, RI,
2016.

[19] S. Schréer: On non-projective normal surfaces. Manuscr. Math. 100 (1999), 317-321.

[20] S. Schréer: A characterization of semiampleness and contractions of relative curves. Kodai
Math. J. 24 (2001), 207-213.

[21] J. Wlodarczyk: Maximal quasiprojective subsets and the Kleiman—Chevalley quasiprojec-
tivity criterion. J. Math. Sci. Univ. Tokyo 6 (1999), 41-47.

[22] J. Wlodarczyk: Embeddings in toric varieties and prevarieties. J. Alg. Geom. 2 (1993),
705-726.

MATHEMATISCHES INSTITUT, HEINRICH-HEINE-UNIVERSITAT, 40204 DUSSELDORF, GER-
MANY
Email address: schroeer@math.uni-duesseldorf.de



	Introduction
	1. Non-schematic twists
	2. Examples
	References

