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DEL PEZZO SURFACES AND MORI FIBER SPACES
IN POSITIVE CHARACTERISTIC

ANDREA FANELLI AND STEFAN SCHROER

ABSTRACT. We settle a question that originates from results and remarks by
Kollar on extremal rays in the minimal model program: In positive characteris-
tics, there are no Mori fibrations on threefolds with only terminal singularities
whose generic fibers are geometrically non-normal surfaces. To show this we
establish some general structure results for del Pezzo surfaces over imperfect
ground fields. This relies on Reid’s classification of non-normal del Pezzo
surfaces over algebraically closed fields, combined with a detailed analysis of
geometrical non-reducedness over imperfect fields of p-degree one.
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A smooth proper scheme V' of dimension two whose dualizing sheaf wy, is anti-
ample is called a del Pezzo surface. This notion immediately generalizes from the
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smooth case to the Gorenstein case. Smooth del Pezzo surfaces were first studied
by del Pezzo [20] in the nineteenth century. Over algebraically closed ground fields,
they are either P! x P! or the blowing-up of P? in at most eight points in gen-
eral position (see [I9] or [22] for this classification in modern language). In some
sense, del Pezzo surfaces are the two-dimensional analogs of the projective line.
The higher-dimensional generalizations are called Fano varieties.

Del Pezzo surfaces and Fano varieties play an important role in the minimal
model program, which is a tremendously successful approach to achieve a classifica-
tion of higher-dimensional algebraic schemes over algebraically closed ground fields
k. If f: X — B is a Mori fibration, that is, the contraction of an extremal ray of
fiber-type, then the generic fiber V' = X, is a Fano variety over the function field

F = 63, = x(n) = k(B).

Furthermore, dim(V) = dim(X) — dim(B) and the Picard number is p(V) = 1. In
particular, Mori fibrations on threefolds X yield del Pezzo surfaces V over function
fields F of algebraic curves B. Of course, one may also study more general fibrations
f + X — B having del Pezzo surfaces or Fano varieties as generic fiber. One may
call them del Pezzo fibrations or Fano fibrations. In any case, to understand the
geometry of X, it is imperative to understand the geometry of V = X, over the
non-closed field F.

If the total space X is smooth, that is, the sheaf of Kéahler differentials Qk/k is
locally free of rank dim(X), the generic fiber V' = X, is regular, in the sense that
all local rings O, are regular. In characteristic zero, this ensures that V' is smooth
as well, and one may understand it in terms of the base-change V @ F!8, together
with the action of the Galois group Gal(F*&/F). This was exploited, for example,
in [46], [15], and [16].

In positive characteristics p > 0, however, this is no longer true, and it may easily
happen that the geometric generic fiber V ®p F*# is non-normal, or even non-
reduced. The former already plays an important role in the Enriques classification
of surfaces: In characteristic p = 2 and p = 3, there are quasielliptic fibrations,
where the generic fiber is a regular genus-one curve and the geometric generic fiber
is the rational cuspidal curve [9]. The latter easily happens in higher-dimensions:
The hypersurface X C P" x P™ given by the bihomogeneous equation

X STy + STV 4+ ...+ 5,TE =0

is smooth, whereas the geometric generic fiber for the projection pr; : X — P" is a
p-fold hyperplane.

Del Pezzo surfaces in positive characteristics p > 0 and their log-generalizations
have been studied, among others, by Reid [51], Schréer [58], Maddock [43], Cascini,
Tanaka [I3], Cascini, Tanaka, and Witaszek [14], Bernasconi [7], and Das [I8]. The
minimal model program (MMP) was introduced by Mori [46], and originally focused
on the situation over the complex numbers, although Shepherd-Barron analyzed
Fano threefolds in positive characteristics [65]. Recently, MMP made tremendous
advances in positive characteristic, for example by the work of Hacon and Xu [33]
and Tanaka [66].

However, many foundational issues remained open. About 25 years ago, Kollar’s
analysis of extremal rays on threefolds raised the question whether geometric non-
normality may appear on Mori fibrations on threefolds ([39, Remarks in 1.2]), as it
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does in the Enriques classification of surfaces. Our main result is that this—perhaps
surprisingly—does not happen.

Theorem (See Theorem [I5.2). Suppose k is an algebraically closed ground field of
characteristic p > 0. Let X be a threefold with only terminal singularities, and let
f: X — B be a Mori fibration of relative dimension two. Then the generic fiber
V = X,, is geometrically normal.

This generalizes results of Saito [55], who treated the case where X is a Fano
threefold with p(X) = 2, and Patakfalvi and Waldron [49], who ruled out the cases
p > 5. Besides the above non-existence result concerning Mori fibrations, we also
show that del Pezzo fibration with unusual properties actually do exist.

Theorem (See Theorem [[4X)). Let k be an algebraically closed ground field of
characteristic p = 2.

(i) There is a Mori fibration Y — P! whose generic fiber is a non-smooth
del Pezzo surface that is geometrically normal.

(i) There is a del Pezzo fibration X — P! whose generic fiber is geometrically
non-normal with Picard number two.

Here X arises from' Y by some blowing-up whose center Z C 'Y is a horizontal
curve.

Situations like in (i) are probably well known, and we list it here because it leads
to case (ii).

The preceding results are special cases of our analysis of del Pezzo surfaces V'
over arbitrary imperfect fields F', by relating the geometry of the surface to the
arithmetic of the ground field. In fact, we develop several techniques that work for
general algebraic schemes over imperfect ground fields, which should be useful in
many other situations.

The key idea is to use the p-degree pdeg(F) > 0 of the ground field systemat-
ically. This notion was introduced by Teichmiiller [67] under the name degree of
imperfection, and was further studied by Becker and MacLane [6]. It can be seen
as the dimension of the vector space of absolute Kéhler differentials Q} /7 If Fis
the function field of some integral algebraic scheme B over a perfect field, we just
have pdeg(F') = dim(B). The non-existence result concerning Mori fibrations on
threefolds comes from the following statement.

Theorem (See Theorem [I41)). Let V' be a regular del Pezzo surface with Picard
number one over a ground field F' of p-degree one. Then V is geometrically normal.

As a rule of thumb, the higher the p-degree, the more unusual the geometry of
algebraic F-schemes may become. Some scholars may regard the ensuing possibili-
ties as “pathological” or “psychedelic”, but we believe that these effects are rather
natural and deserve systematic further study.

The crucial idea for our results is to study the locus of non-smoothness Sing(V/F')
for regular but geometrically non-normal del Pezzo surfaces. It carries a natu-
ral scheme structure via Fitting ideals, and we look at its divisorial part N C
Sing(V/F) and its reduction D = N,eq. This is an effective Cartier divisor D C V,
and we analyze how it could fit in with Reid’s Classification [51] of non-normal
del Pezzo surface Y = Vi obtained by base-changing along sufficiently large finite
purely inseparable field extensions F' C K. This non-normal del Pezzo surface will
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be analyzed in terms of its conductor square

R— X

.

C —— Y,

where v : X — Y is the normalization, R C X is the ramification divisor, and
C C Y is the conductor curve. The latter is not a Cartier divisor, but has the same
support of the Cartier divisor D C Y.

Another important input comes from Serre’s characterization of one-dimension
Gorenstein rings in terms of length conditions [63], which was extended by Reid in
the language of schemes [5I]. These Gorenstein conditions can be used to obtain
information about the local rings of 0y, and the structure of N and its reduction
D = N,eq. Finally, we combine the geometry of our schemes with the arithmetic of
ground fields by introducing the geometric generic embedding dimension

edlm(ﬁN,n/F) = edim(ﬁN(gFFperf)

for arbitrary integral algebraic schemes N. Another key observation is the following,
which strengthens some general bound of the second author [60].

Theorem (See Theorem [[4). Let F' be a field with pdeg(F) < 1. Then for each
proper integral scheme N, we have edim(Oy,/F) < 1.

Another important ingredient is Maddock’s bound [43]: If V is a normal del Pezzo
surface in characteristic p > 0 with irregularity h'(&y) > 0, then this irregularity

is actually bounded from below by h!(&0y) > p%lK‘Q/.

The paper is organized as follows: In the first two sections we establish various
foundational facts about generic geometric embedding dimension edim(Oy ,/F)
and the locus of non-smoothness Sing(V/F'). Section Bl contains some computations
with complete local rings for conductor squares, mainly in codimension one and two,
which gives some information on the behavior of the locus of non-smoothness. In
Section ] we collect some general facts on proper schemes that are geometrically
non-normal, and give some results on their Picard schemes. This is applied in
Section [l to del Pezzo surfaces that are geometrically non-normal, where we also
tabulate the possibilities according to Reid’s classification. Section[d treats the case
that the ramification divisor R C X is smooth: It turns out that only one case of
Reid’s classification is possible, which has Picard number p(V') = 2. The cases that
the ramification divisor is non-smooth is much more challenging. Here we start
with a preliminary investigation, excluding further possibilities in Section [1 for
characteristic two, and Section [§] for characteristic three. In the remaining cases,
the reduced locus of non-smoothness D = Sing(V/F') are curves of low genera
with rather peculiar properties. We investigate the structure of such curves in
Sections @ and [[2] where non-uniqueness of coefficient fields plays a decisive role.
This is applied in Sections [I0 and Il where we rule out the remaining cases in
characteristic two. Section [[3] contains a similar analysis for characteristic three.
The paper closes with an appendix, where we give a general treatment of conductor
squares and Gorenstein conditions, with some slight generalizations of results of
Serre, Reid, and many others.
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1. GEOMETRIC GENERIC EMBEDDING DIMENSION AND p-DEGREE

We start by collecting some notions and results pertaining to local rings at
generic points for algebraic schemes. Let A be a local Artin ring, with maximal
ideal m4 C A and residue field kK = A/my4. The two basic numerical invariants are
embedding dimension and Hilbert-Samuel multiplicity

edim(A) = dim, ma/m% >0 and e(A) = length(A) > 1.

For the general theory of Hilbert—Samuel multiplicities, we refer to [12, Chapter
VIII, §7]. The following immediate observations show that both integers give a
measure for non-regularity.

Proposition 1.1. The following are equivalent:

(i) The local Artin ring A is regular.

(ii) The projection A — K is bijective.
(iii) The embedding dimension is edim(A) = 0.
(iv) The Hilbert-Samuel multiplicity is e(A) = 1.

Now suppose F' is a ground field of characteristic p > 0, and let A be a local ring
that is essentially of finite-type as an F-algebra, with Krull dimension dim(A) = 0.
These are precisely the local Artin rings where the field extension F' C k(A) is
finitely generated. They can also be regarded as stalks Oy, at the generic point n
of irreducible schemes Y that are separated and of finite-type. If the latter holds,
we also say that Y is an algebraic scheme.

For each algebraic field extension F' C K, the ring Ax = A®p K is essentially of
finite-type over K, hence noetherian, and integral over A and therefore dim(Ag) =
0. It follows that Ak is an Artin ring. If F C K is purely inseparable, the rings
stay local, and we can consider the integers edim(Ag) and e(Ak) as above. Of
particular interest is the situation where K = FPf is the perfect closure. Let us
call the integer

edim(A/F) = edim(A @ FP*T) >0
the geometric embedding dimension. Similarly, define
e(A/F) =e(AQFp Fperf) >1

as the geometric Hilbert-Samuel multiplicity. Furthermore, if YV is an irreducible
algebraic scheme with generic point n € Y, we call the integers

edim(Oy,, /F) = edim(Oy,, ®@p F*") and  e(Oy,,/F) = e(Oy,, @p FP)

the geometric generic embedding dimension and the geometric generic Hilbert—
Samuel multiplicity of the scheme Y. We thus get the following.

Proposition 1.2. For an irreducible algebraic scheme Y without embedded com-
ponents, the following are equivalent:

(i) The scheme Y is geometrically reduced.
(ii) The geometric generic embedding dimension is edim(Oy,,/F) = 0.
(iii) The geometric generic Hilbert-Samuel multiplicity is e(Oy,,/F) = 1.

Proof. Conditions (ii) and (iii) are equivalent by Proposition [Tl The assump-
tion that Y has no embedded components means that the scheme satisfies Serre’s
Condition (S7). This also holds for each base-change Yx =Y ®p K, according to
[28, Proposition 6.7.1]. It follows that Y is geometrically reduced if and only if the
local Artin ring A = Oy, is geometrically reduced.
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1780 ANDREA FANELLI AND STEFAN SCHROER

Each of the Conditions (i)—(iii) imply that the scheme Y and the local Artin ring
A are reduced, so it suffices to treat this situation. Then the field extension F' C A
is geometrically reduced if and only if it is separable. The latter holds if and only
if A@p FP! is reduced, according to MacLane’s Criterion [I1, Chapter V, §2, No.
4, Theorem 2]. O

The following notion goes back to Teichmiiller [67], under the name of degree of
imperfection, and was further studied by Becker and MacLane [6].

Definition 1.3. The dimension of the vector space of absolute Kahler differentials
Q%/Z = Q}T/Fp is called the p-degree pdeg(F') of the field F.

It could be seen as the cardinality of a p-basis for F ¢ FY/? or FP c F. If
these algebraic extensions are finite, the degree is of the form [F'/? : F] = p™ with
exponent n = pdeg(F).

The second author established in [60, Theorem 2.3] the relation

edim(Oy,,/F) < pdeg(F)

for every proper normal scheme Y with h°(0y) = 1 that is not geometrically re-
duced. As a consequence, if the ground field has pdeg(F') < 1, then every proper
normal scheme Y with h°(0y) = 1 is geometrically reduced. The following exten-
sion to arbitrary proper integral schemes, which could be non-normal or could have
hO(Oy) > 2, will be crucial for our applications.

Theorem 1.4. Suppose the ground field F' has p-degree pdeg(F) < 1. Then for
each proper integral scheme Y, we have edim(0Oy,,/F) < 1.

Proof. The conclusion is trivial if Y is geometrically reduced. So we assume that
Y is not geometrically reduced. Let X — Y be the normalization. Then X is a
proper scheme that is integral but not geometrically reduced. The ring of global
sections K = HY(X, Ox) is integral with [K : F] < oo, whence F' C K is a finite
field extension. According to [60, Theorem 2.3] we have edim (0 ,/K) < pdeg(K).
But pdeg(K) = pdeg(F') = 1 according to [6, Theorem 3]. So by Proposition [[2]
the algebraic scheme X is geometrically reduced over the field K.

Now choose a perfect closure E = KP°f. The composite extension F ¢ K C E
is a perfect closure for K. Write A = 0x , = Oy, for the common function field
of the integral schemes X and Y. Then

A®FE:A®K(K®FE).

Since pdeg(F') < 1, the finite field extension F' C K is obtained by adjoining a single

element o € K, such that K = F(«), according to [6, Theorem 1]. Let f € F[T] be

the minimal polynomial of this generator « € K. Then K ®p F = E[T]/(f), thus
Aor E= Aok E[T|/(f) = (Aex E)T]/(f).

Since A @ F is a field, it follows that the residue class of the indeterminate T'
generates the maximal ideal of the local Artin ring A ® E, and consequently

edim(Oy,,/F) < 1. O
2. SINGULAR LOCI ON ALGEBRAIC SCHEMES

In this section we establish some useful facts on closed subschemes contained
in singular loci, and introduce some general notation along the way. Let F' be a
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ground field and let V' be an algebraic F-scheme, which means a separated scheme
of finite-type. As customary, we write Sing(V") for the set of points a € V' where the
local ring O 4 is not regular, and call it the singular locus. Note that Sing(V) C V
is a closed set, according to [28] Corollary 6.12.5]. One may regard it as a closed
subscheme, endowed with reduced scheme structure. For every field extension F' C
K, we have Sing(V) ®p K C Sing(V ®r K) by [28, Proposition 6.5.1]. Note that
this inclusion is an equality provided that F' C K is separable, but in general one
has a strict inclusion. The following relative version is a remedy for this defect.

Definition 2.1. The locus of non-smoothness Sing(V/F) C V is the set of points
a € V where the local ring Oy, is not geometrically regular as an F-algebra.

According to [28] Definition 6.7.6], this means that for some finite field extension
F C K, the resulting semilocal noetherian ring 0y, ®p K becomes non-regular.
By [28] Proposition 6.7.7] this already appears for some purely inseparable field
extension F' C K. The relative and absolute notions are related as follows.

Proposition 2.2. Let K = FPef = F1/P™ be the perfect closure. Then Sing(V/F)
is the image of Sing(V ®p K) under the universal homeomorphism V @p K — V.

Proof. By [28, Corollary 6.7.8], the locus of non-smoothness Sing(V/F') coincides
with the image of Sing(V ®p K/K) under the projection V ®@pr K — V. But over
a perfect field, the singular locus coincides with the locus of non-smoothness. [

In particular, we see that Sing(V/F) C V is a closed set, and it commutes with
ground field extensions. In contrast to the singular locus, it comes with a canonical
scheme structure that is usually non-reduced. This relies on Fitting ideals for
coherent sheaves Z. If V = Spec(R) is affine, we may choose a finite presentation

(1) R® L RO s M —0

for the R-module M = I'(V,.%) with some matrix A € Mat, «s(R). For each integer
0 < n < r, the ideal a,, C R generated by the (r — n)-minors of the matrix A is
called the nth Fitting ideal of the module M. For n > r, we set a,, = R. Indeed, this
depends only on the module and not on the chosen presentation; see the discussion
in [23], Section 20.2]. By gluing, we thus get Fitting ideals as coherent ideal sheaves
S, C Oy for F on arbitrary algebraic schemes V. The corresponding closed set
is the locus of points a € V where some presentation () with n < r exists on
some affine open neighborhood such that the matrix A ® x(a) has rank < r —n, in
other words dim,, ) (M ®g k(a)) > n. According to Nakayama’s Lemma, the latter
means that % needs at least n + 1 generators on each affine open neighborhood of
the point a.

Proposition 2.3. Suppose that the algebraic scheme V' is equidimensional of di-
mension n = dim(V). Then the closed set defined by the nth Fitting ideal for
the sheaf of Kdhler differentials Q%,/F coincides with the locus of non-smoothness

Sing(V/F).

Proof. Let U C V be the complementary open set. As discussed above, this is the
set of all points a € V where the stalk Q‘l/./ﬂa can be generated by n elements.
Likewise, let U’ C V be the complement of the locus of non-smoothness. Recall
that the local dimension dim, (V') is the limit of the dimensions of open neigh-
borhoods of a € V. It takes constant value n because V is equidimensional, and
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coincides with the relative dimension dim,(f) = dim, f~f(a) of the structure
morphism f : V' — Spec(F). According to [30, Proposition 17.15.15] the open set
U’ is the set of points where Q%,/F is locally free of rank n = dimg(f).

We thus have U’ C U. Seeking a contradiction, we assume that the inclusion
is strict. Making a base-change, we may assume that F' is algebraically closed.
By Hilbert’s Nullstellensatz there is a rational point a € U \ U’, and thus we get
Q%//F ® k(a) = m,/m2. The former vector space has dimension < n because a € U.
The latter vector space has dimension edim(&y ) > dim(Oy,,) = n because a ¢ U’,
a contradiction. (]

For equidimensional algebraic schemes V', we usually regard the locus of non-
smoothness Sing(V/F) as a closed subscheme, endowed with the scheme structure
coming from the nth Fitting ideal for the coherent sheaf O3, /> Where n = dim(V).
This subscheme is stable under ground field extension, and has the following strange

property.
Proposition 2.4. Let Z C Sing(V/F') be a reduced closed subscheme and letn € Z

be a generic point. Suppose that Oz, = Oy, /(f1,..., fr) for some reqular sequence
fi,..., fr € Ovyy. Then the scheme Z is geometrically non-reduced.

Proof. Suppose that Z is geometrically reduced. Base-changing to the algebraic
closure, we may assume that F' = F22. Then n € Sing(V/F) = Sing(V'), such that
the local ring Oy, becomes singular. On the other hand, the local Artin ring €z,
is regular. Since the sequence f1,..., f, is regular, the local Oy, must be regular,
a contradiction. (]

Since regular subschemes in regular schemes are locally given by regular se-
quences, we obtain the following.

Corollary 2.5. Suppose that V' is reqular and let Z C V' be some regular subscheme
contained in Sing(V/F'). Then Z is geometrically non-reduced.

The following special case, which already appears in [30, Proposition 17.15.1],
will play an important role throughout.

Corollary 2.6. Let a € V be a closed point contained in Sing(V/F) whose local
ring Ov,q s reqular. Then the finite field extension F C k(a) is not separable. In
particular, the closed point a € V' is not rational.

Since prime divisors in normal schemes are generically defined by a single equa-
tion, we also have the following consequence.

Corollary 2.7. Suppose that V is normal and let Z C V be some prime divisor
contained in Sing(V/F). Then Z is geometrically non-reduced.

Assume now that V' is geometrically integral. Let .# C Oy be the Fitting
ideal corresponding to the locus of non-smoothness. There are only finitely many
points ay,...,a, € V of codimension one with .#,, # 0. They admit a common
affine open neighborhood U = Spec(Ry), even if there is no ample sheaf (|26, proof
for Theorem 1.5]). Let R = S™'Ry be the ensuing semilocal ring with Fitting
ideal a C R. The schematic image of the morphism Spec(R/a) — V is called the
divisorial part N C Sing(V/F) for the locus of non-smoothness. If non-empty, the
subscheme N C V is purely one-codimensional and without embedded component.
Moreover, its formation commutes with ground field extensions.
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Throughout the paper, one main idea is to analyze the divisorial part N C
Sing(V/F) and the resulting reduction D = Nyq, which is also purely one-co-
dimensional and without embedded component. Note, however, that D = Nyeq
does not necessarily commute with inseparable ground field extensions. This phe-
nomenon will play a crucial role.

If V is, moreover, normal, such that the one-dimensional local rings Oy, are
discrete valuation rings, the Fitting ideals take the form .#,, = m;'/, and one may
regard the subscheme N C V as the effective Weil divisor N = ZmiDi, where
D; = {a;}. Tts reduction is D = >  D;. If, furthermore, V is locally factorial,
the Weil divisors N and D = N,.q are Cartier divisors. For each base-change
Y =V ®p K, we get an induced Cartier divisor D @ p K, supported by the locus
of non-smoothness.

3. LOCAL COMPUTATIONS

Fix a ground field K of characteristic p > 0. Let X and Y be algebraic schemes
and let v : X — Y be a finite modification. We then have the conductor square

R—— X

> "

C — Y,

where R C X denotes the ramification locus, C C Y is the conductor scheme, and
v: R — C is the gluing map, as discussed in detail in Appendix [Al Throughout,
we also assume that X is normal, that Y satisfies conditions (S2) and (G;), and
that v : X — Y is a universal homeomorphism. Here (G7) means that the local
rings Oy, are Gorenstein for all points y € ¥ of codimension one.

The goal of this section is to study the complete local rings ﬁ’Q at pointsy € Y of
codimension < 2 contained in the conductor scheme C, and the schematlc structure
of the locus of non-smoothness N = Sing(Y/K). To avoid technical problems with
respect to Kéahler differentials of complete local rings, we also assume that the
ground field K has finite p-degree; compare to the discussion in [61] Section 1]. Let
us start with the case that the ramification locus is regular.

Proposition 3.1. If the ramification locus R C X is reqular, then the conductor
scheme C' C'Y 14s normal, and for each point x € X of codimension one whose image
y € Y is contained in C, the field extension Oc,y C Og is purely inseparable of
degree two. In particular, the characteristic must be p = 2.

Proof. By assumption, we have Or , = x(x). It follows that the local Artin ring
Ocy C Oprg is integral, whence also 0c, = k(y). According to Proposition
[A.2] the Gorenstein assumption ensures that the field extension k(y) C k(x) has
degree two. It is purely inseparable because the gluing map R — C' is a universal
homeomorphism. O

Theorem 3.2. Assumptions are as in Proposition Bl Let x € X be a point
of codimension two whose image y € Y s contained in the conductor scheme C.
Suppose that the local ring Ox 5 is regular, and that the residue field extension
k= k(y) C k(x) is trivial. Then we have an isomorphism of complete local rings

0y, ~ klla,b,d]/(a* = bc).
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1784 ANDREA FANELLI AND STEFAN SCHROER

If, furthermore, the field extension K C k is separable, the locus of non-smoothness
N = Sing(Y/K) corresponds to the subscheme defined by the equation b*> = 0,
and N is formally isomorphic to the spectrum of k[[a,b, c]]/(a? b*). The preimage
v=Y(N) C X coincides with 2R C X in an open neighborhood of x € X .

Proof. Since the local ring ﬁ’Qy is complete, there exists a coefficient field k C ﬁ{}w
([I2, Chapter IX, §3, No. 3, Theorem 1]). Recall that this is a subfield that bijects
onto the residue field. By assumption, the schemes R and X are regular at x € X,
so the corresponding ideal is generated by a single element u € Ox ., and we
may extend it to a regular system of parameters u,v € Ox . Then we get an
identification 0% , = s[[u, v]]/(u) = &[[v]] with field of fractions «((v)). The subring
0}, is normal by Proposition[Al]l Tt contains the coefficient field « by construction,
and also the square v? because the field extension Frac(04,) C Frac(Og,) is
purely inseparable of degree p = 2. This gives k[[v?]] C 04, C O, = K[[v]]. The
composite extension and the extension on the right both have degree two, whence
the left extension has degree one. Thus 7, = #[[v?]] because the former is normal.
A computation with formal power series immediately shows that the diagram

Rllol] —— &[lu, 0]

| I

K[[0?] —— kl[u, uwv,v?]]
is cartesian, where the horizontal maps send v and uwv to zero. The three generators
a = uv, b = u, and ¢ = v? satisfy the relation a®> = b%c. With the ring B =
k[[a, b, c]]/(a® — b%c), we obtain a surjective homomorphism B — «[[u, uv, v?]]. This
map is actually bijective by Krull’s Principal Ideal Theorem, because the a? — b%c
is irreducible, viewed as a polynomial in a. This establishes ﬁgy = B.

Now suppose that the field extension K C k is separable. After shrinking Y
we find a closed embedding into an affine space A% for some r > 0. This gives a
surjection of K-algebras ﬁ/\%yy — ﬁf,’y. According to [27, Theorem 19.6.4] there
is a coeflicient field in ﬁ&»{ . containing K. This induces a new coefficient field
K C ﬁ{)w containing the ground field K. The ring extensions K C x C B yield an
exact sequence

(3) Ok ® B— Qp i — Q. — 0

of Kahler differentials. The map on the left is injective. To see this, consider
the exact sequence Q};/K ®y, Frac(B) — Q%rac(B)/K — Qllmmc(B)/n — 0. Here the
map on the left is injective, in fact a direct summand, according to [27, Theorem

20.5.7], because the extension x C Frac(B) is separable. Using the injectivity of
Ql /K @ B — Q! /K O Frac(B) and the functoriality of the sequences of K&hler

differentials, we infer that the map on the left in (3] is injective.

Set n = dim(Y’). Obviously, x = k(y) is the field of fractions of the integral
closed subscheme {y} C Y of dimension n — 2. In turn, the extension K C  has
transcendence degree trdeg(x/K) = n — 2. According to [I1, Chapter V, §16, No.
7, Theorem 5] the vector space Q};/K is free of rank n — 2, thus the B-module
Q};/K ®, B is free of the same rank. Since K has finite p-degree, so does x, which
ensures that Qé /i is generated by the differentials da, db,dc modulo the relation

b%de = 0 (compare to the discussion in [61, Section 1]). Thus Q}B/K has n + 1
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DEL PEZZO SURFACES IN POSITIVE CHARACTERISTIC 1785

generators and one relation, and we may use them to compute Fitting ideals. By
Proposition 23] the locus of non-smoothness N = Sing(Y/K) is formally defined
by the coefficient b*> € B, and the description of & J/\\,y follows. Since b = u? in

0% » = k[[u,v]], the statement on v~ *(N) is also clear. O
Next, we examine the case that the ramification locus is non-reduced.

Proposition 3.3. If the ramification locus takes the form R = 2R..q, then for each
point x € X of codimension one whose image y € Y is contained in the conductor
scheme C, the extension of local rings Oc,y C OR . is isomorphic to

k(y) C k(x)le]  or k(y)le] C r(x)le,
where € is an indeterminate subject to €2 = 0. In the first case, we have k(y) = k(x).

In the second case, the residue field extension k(y) C k(x) is purely inseparable of
degree two and we are in characteristic p = 2.

Proof. Write k = r(z), and choose a coefficient field so that the local ring Og ,
becomes isomorphic to A = k[e]. According to Proposition [A2] we have to un-
derstand the K-subalgebras B C A so that A is finite over B with lengthz(A) =
2lengthz(B). Setting ' = k(y), we see that [x : k'] is either one or two.

In the former case, s’ = x and the length of A as a module over itself coincides
with its length as a module over B. It follows that B = x’. Replacing the coefficient
field in A by the image of B, we reach the first alternative.

In the second case, the length of A as a module over itself is twice its length
as a module over B, and we infer that both Artin rings have length two. Hence
B = k'[¢]. Inside the overring A = k[e], the element ¢ is non-zero and lies in the
maximal ideal, hence generates the maximal ideal. Replacing € by €', we arrive at
the second alternative. ]

Theorem 3.4. Assumptions are as in Proposition B3l Let x € X be a point
of codimension two whose image y € Y s contained in the conductor scheme C.
Suppose that the local rings Ox 5 and Oc . are regular. Then

03y = klla, b, ]}/ (a® = b%),

where k = k(y) is the residue field. If, furthermore, the field extension K C & is
separable, the following holds:

(i) In characteristic p = 3, the locus of non-smoothness N = Sing(Y/K) is
defined by the equation a = 0, such that Oy, ~ k[[a,b,c]]/(a,b®), and the
preimage v (N) C X coincides with 3R = 3Rycq in a neighborhood of
zecX.

(ii) In characteristic p = 2, the subscheme N = Sing(Y/K) is defined by
b* =0, such that Of,, ~ &[[a,b,c]]/(a®,b%). The preimage v~'(N) C X
coincides with 2R = 4R,.q in a neighborhood of x € X.

Proof. Choose a coefficient field kK C 0% ,. Since O¢,, is regular, we are in the
first alternative of Proposition B.3] hence Ryeq — C' is birational. The inclusion
Oc,y C OR,...» is an equality, because &, is normal, hence the local ring Og,__, «
is regular. Therefore the ideal for the reduced ramification locus is generated by
a member u of some regular system of parameters u,v € 0% ,. Whence 0% , =
#[[u,v]] and O , = k[[u,v]]/(u*). The rings O¢,, and O, are regular and Cohen—
Macaulay, respectively, whence the finite extension 0¢,, C Or, of degree two is
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1786 ANDREA FANELLI AND STEFAN SCHROER

flat ([28, Proposition 6.1.5]). Thus we may write Or , = Oc,[U]/(U? 4 pU +§) for
some generator U. By adding an element from &¢,, = Og,_, », we may assume that
U is nilpotent. Then p = £ = 0, because polynomial rings over discrete valuation
rings are factorial. Choose a uniformizer V' € 0¢,,. Replacing u,v € 0% , by
representatives of the classes of U and V, we may assume that ﬁé‘,y CcC o gm is
given by k[[v]] C &[[u,v]]/(u?). A computation with formal power series shows that
the diagram
wllu, o))/ (w?) —— klfu,v]]

| I

sllo]] e &lu?,u?, 0]

is cartesian. The generators a = u3, b = u?, and ¢ = v satisfy the relations a? = b?,
and as in the proof for Theorem B2 we infer O3, = &[[a, b, c]]/(a® — b%). Likewise,
we get the statements on the locus of non-smoothness N = Sing(Y/K) and its
preimage v~ 1(N) C X.

For the applications we have in mind, we do not have to bother for primes p > 5,
due to the following observation on the tangent sheaf.

Proposition 3.5. Assumptions are as in Theorem B.4], with K C x separable. The
stalk of the tangent sheaf Oy ,, is free if and only if we are in characteristic p < 3.

Proof. Set n = dim(Y), choose a transcendence basis &1,...,&,_2 € & for the
field extension K C &, and write B = O, = &l[[a,b,c]]/(a® — b®). As in the
last paragraph of the proof for Theorem B.2] the B-module Q}g /K is generated by

da, db, dc together with d¢,, . .., d&,_2, modulo the relation 2ada — 3b%db = 0. Thus
we have an exact sequence

B — B®" — QL — 0,

where the map on the right sends the standard basis vectors to the differentials
da,db,de, and the map on the left is given by the (n + 1) x 1-matrix (2a, —3b%,0,
..,0)t. Dualizing gives an exact sequence

0— Op/x — B"*' — B — B/(2a,—3b*) — 0.

In characteristic p = 2 and p = 3, the ideal on the right becomes principal, whence
the residue class module M = B/(2a, —3b?) has finite projective dimension. The
Auslander-Buchsbaum Formula gives pd(M) < dim(B) = 2, so the syzygy Op/x
must be free.

Conversely, suppose that ©p/ is free. Then the B-module B/(2a, —3b%) has
finite projective dimension. Seeking a contradiction, we assume that p > 5. It
follows that B/I has finite projective dimension as well, where I = (a,b?,c).
The latter ideal has finite colength [ = 2. Now consider its Frobenius power
I' = (a?,b*,cP) C B. According to a result of Miller [45, Corollary 5.2.3] such
a Frobenius power I’ C B has colength I’ = I[p? = 2p?. On the other hand, we may
identify B with the subring of &[[t,t3,¢]] C &l[t,c]] via the identification a = 3
and b = t2. Then a? = t*7 and b* = t*?. From this we infer that the 3p? elements

t'ed e B/I') i=0,2,3,....3p—1,3p+1, and 0<j<p—1

form a s-basis. Thus I’ = 3p?, a contradiction. ([l
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It remains to treat the case where the conductor scheme is non-reduced.

Theorem 3.6. Assumptions are as in Proposition B3l Let x € X be a point
of codimension two whose image y € Y 1is contained in the conductor scheme C'.
Suppose that the local rings Ox 5 and Og, , » and Oc, , , are regular, that Oc , is
non-reduced, and that the ring extension Ocy C Ors is flat, with trivial residue
field extension k = k(y) C k(z). Then

0y, ~ klla,b,d]/(a® — cb®).

If, furthermore, the field extension K C k is separable, then the locus of non-
smoothness N = Sing(Y/K) is defined by the equation b* = 0, becomes formally
isomorphic to k[[a,b,c]]/(a? b*), and the preimage v~ (N) C X coincides with
2R = 4Ryeq in a neighborhood of x € X.

Proof. Choose a coefficient field x C ﬁA . Since O¢, is non-reduced, so is the
overring Og,, and we are in the second alternative of Proposition BEI, and in
particular p = 2. Thus we may choose a regular system of parameters u,v €
0%, so that Of . = k[[u,v]]/(u®). Since O¢,,,, and Og,, . are regular and
Cohen- Macaulay, respectively, the degree two extension Oc¢, ,, C Og,.,» is flat
([28, Proposition 6.1.5]). Choose a uniformizer 7 € g . such that 05 =
w[[7]], and write O = &[[r, V]]/ (V=) for some formal power series ¢ € &[[x]].
The latter is not a square, because the ring is reduced, and becomes a square in
k, because the residue field extension x = k(y) C x(x) is trivial. Replacing V,
we may assume that ¢ lies in the maximal ideal. Since & ﬁ,-ed,x is regular, the
element ¢ € k[[n]] is a uniformizer, and we may assume 7 = ¢. Clearly, the image
Ve Op . is auniformizer.

The nilradical n C ¢, is a torsion-free module of rank one over 0¢,_, ,,, whence
free. Let U € n be a basis. By assumption the ring extension Oc¢, C Og, is
flat, hence the ring g . /(U) is torsion-free. It is generically reduced by the local
description in Proposition B.3] hence reduced. Replacing u,v by representatives
of U,V we may assume that Op , = &[[u,v]]/(v?) and 65, = &[[u,v?]]/(v?®). A
computation with formal power series shows that the diagram

Kllu, o]l /(u?) —— k[, v]]

| [

Kllw, v?]]/ (0?) —— h[[u, u?v, 7]

is cartesian. The generators ¢ = u?v and b = u and ¢ = v? satisfy the relation

2 = b%c. The statement on the locus of non-smoothness N = Sing(Y/K) and its
preimage on X follows as in Theorem [3.41 O

4. GEOMETRICALLY NON-NORMAL SCHEMES

Let F be a ground field of characteristic p > 0, and let V' be an algebraic scheme,
that is, the structure morphism V' — Spec(F') is separated and of finite-type. We
use the letters F' and V' because in applications, the former frequently arises as a
function field and the latter becomes the generic fiber of some fibration. Recall
that V is called geometrically normal if V @ p K is normal for all field extensions
F C K, with similar locution for other scheme-theoretic properties of V.

Given a field extension F' C K, we set Y = (V ®p K)eq and write v : X — Y
for the normalization. Note that for the schemes X and Y, we regard K rather
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than F' as the ground field. In our applications, we are mainly interested in the
situation where V' is geometrically integral but not geometrically normal. In this
section, however, we make some fairly general observations. Let us start with the
following well-known fact.

Lemma 4.1. There is a finite purely inseparable field extension F' C K so that X
is geometrically normal and Y is geometrically reduced.

Proof. Choose a perfect closure F' C FPf, Then Y, = (V ®p FP°) 4 is geo-
metrically reduced, and its normalization X, is geometrically normal. Let F' C
Fy c FPf X\ € L be the filtered ordered set of finite subextensions. According to
[29, Theorem 8.8.2], for some index A there is a closed subscheme Y\ C V ®@p F
and a finite morphism X, — Yy inducing X.. — Yoo C V ®@p FPf. Tt follows
that X, is geometrically normal and Y is geometrically reduced. This yields the
desired finite purely inseparable field extension K = F}. |

Now suppose that F' C K is a field extension so that the X is geometrically
normal and Y is geometrically reduced. As explained in Appendix [A] the finite
birational morphism v : X — Y comes with the conductor square

R—— X

Lol

C —— Y,

where C' C Y is the conductor scheme and R C X is the ramification locus. Both
correspond to the coherent sheaf € defined as the annihilator of (v.0x )/, which
is an ideal sheaf in both 0y and v, (0x). For each further field extension K C K’,
the scheme Y’ = Y ®x K’ is reduced, and X’ = X ®x K’ is normal, whence
the induced map X’ — Y’ is the normalization. Since kernels for homomorphisms
between quasicoherent sheaves, and in particular annihilator ideals for coherent
sheaves, commute with ground field extensions, we see that the base-change of
the above diagram along K C K’ is the conductor square for the normalization
X' — Y’'. Applying Lemma ]l to the conductor scheme and the ramification
locus, we obtain the following.

Proposition 4.2. There is a finite purely inseparable field extension F C K such
that X is geometrically normal, and the schemes Y, Cieq, Rreqa are geometrically
reduced.

Now suppose additionally that the algebraic scheme V is proper, and, further-
more, satisfies the condition h°(0y) = 1. Then we can form the Picard scheme
Picy,p, its connected component of the origin Picg// r and the resulting Néron—
Severi scheme NSy, p. These are commutative group schemes sitting in a short
exact sequence

0— Pic(‘),/F — Picy/p — NSy p — 0.

The cokernel is a smooth zero-dimensional group scheme, whence is determined by
the group NSy, p(F*°P), where F*P is some separable closure, together with the
action of the Galois group Gal(F*°P/F). The group of rational points is denoted
by NS(V/F) = NSy, p(F). Inside, we have the usually smaller subgroup NS(V') of
rational points coming from invertible sheaves on V.
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We say that V' has completely constant Néron—Severi group scheme if the in-
clusion NS(V') € NSy, p(F*°P) is an equality. In other words, the group scheme
is constant, and each point actually corresponds to an invertible sheaf. In turn,
the canonical map Pic(V) — NSy, p(F*°P) is surjective. The kernel is Pic”(V) =
Pic(V) N Pic?//F(F), and we get identifications

NS(V) = NS(V/F) = NSy, p(F*P?) = Pic(V)/ Pic’(V),

as customary over algebraically closed ground fields. The following observation will
be useful.

Lemma 4.3. There is a finite separable field extension F C F' so that the base-
change V! =V @p F' has completely constant Néron—Severi group scheme NSy /.

Proof. By finiteness of the base number, the underlying set of the group scheme
NSy, is countable. For each point I € NSy the residue field extension F' C (1)
is finite and separable. Choose an enumeration I, € NSy,p, n > 0 of them. The
resulting étale algebras A, = k(lp) ®F ... ®F k(l,) form an increasing sequence
Ay C A C ..., and we write A = hﬂrpo A,, for their direct limit. Choose a residue

field F/ = A/m. Clearly, the field extension F' C F’ is separable algebraic. The
images F,, C F' of the étale algebras A,, form an increasing sequence Fy C F} C ...
of finite separable field extensions. If this sequence is stationary, the field F' = F},,
n > 0 solves our problem. Seeking a contradiction, we assume that the sequence
is not stationary. Choose an embedding of F’ into some separable closure F*°P.
Then the images H,, C NSy, p(F*P) of the groups NSy, r(F,) form a sequence
Hy C Hy C ... that is not stationary, but lies inside the finitely generated abelian
group NSy, p(F*P), a contradiction. a

Note that the corresponding statement for the Picard scheme does not hold, for
example if F' is finite and dim Pic(‘)// g > 1, or if F'is imperfect and the Picard
scheme contains a copy of G, or Gy,.

The ramification locus R C X has in general h%(0g) # 1, so forming the Picard
scheme is problematic. The same difficulty occurs for the conductor scheme C' C Y.
To avoid cumbersome statements, we say that a proper K-scheme Z has completely
constant Néron—Severi group scheme if the connected components Z1,...,7, C Z
satisfy h°(0z,) = 1 and have completely constant NS, /i - Note that the condition
h%(0z,) = 1 automatically holds if Z; is geometrically connected and geometrically
reduced.

Proposition 4.4. There is a finite separable field extension F C F' and a fi-
nite purely inseparable field extension F C K' so that, for the resulting finite field
extension K = F' @p K', the following holds:

(i) The normalization X of Y = (V ®p K)req s geometrically normal.
(ii) The inclusion Sing(Y') C Sing(Y/K) is an equality of closed sets.

(iii) The schemes Y, Cied, and Ricqa are geometrically reduced.

(iv) The schemes X, Y, Creq, and Rycqa have completely constant Néron—Severi

group scheme.

Proof. According to Proposition 2] there is a finite purely inseparable field ex-
tension F C K’ so that the conditions (i) and (iii) hold for any separable field
extension F' C F”. In light of Proposition 22, we may also achieve (ii).
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For the last property, choose a separable closure F' C F*°P  and consider the
filtered order set of finite subextensions F' C F) C F*°®, A € L. Write Z1,...,Z,. C
X ®p F*°P for the connected components. According to [29, Theorem 8.8.2] there
are closed subschemes Z; » C X ®p F) for some index A € L inducing the Z; C
X®@pF®°P. Clearly, the Z; ) are geometrically connected and geometrically reduced,
thus h%(0z, ) = 1. According to Lemma 3] we may enlarge the index A € L to
achieve that the Z; » have completely constant Néron-Severi group scheme. The
same arguments apply for Y, Cieq, and R.eq. Summing up, we may choose the
index A € L so large that, for F/ = F) also condition (iv) holds. O

The following notion turns out to be useful.

Definition 4.5. A proper scheme V, with structure morphism V' — Spec(F'), and
a purely inseparable field extension F' C K are called adapted if conditions (i)—(iv)
of Proposition 4] hold.

According to Proposition 4], for any proper F-scheme V there is a finite sep-
arable extension F' C F’ and a finite purely inseparable extension F' C K’ such
that V ®p F' — Spec(F’) and F' C F' @ K’ are adapted. We usually reduce
to this situation when analyzing the existence or non-existence of certain proper
F-schemes V. The following observation will be useful.

Proposition 4.6. Suppose that the proper scheme V' and the finite purely insepa-
rable extension F C K are adapted, and that the ramification locus R C X satisfies
h°(Or) =1 and h*(Og) = 0. Then

RO(Ox) = h%(Oy) = h°(Oc) =1 and Rh'(Oy) = h'(Ox)+ h'(O0).
If, moreover, h?(Oy) = 0, the canonical sequence
0 — NS(Y) — NS(X) @ NS(C) — NS(R)
of Néron—Severi groups is exact.

Proof. The gluing map R — C is schematically dominant, which implies that the
homomorphism H(C, 0c) — H°(R, Og) is injective, so h°(0¢) = 1. The short
exact sequence ([B1) yields an exact sequence

0 — H(Y,0y) — H°(X,0x)® H(C, Oc) — H°(R,OR) — 0.

The map on the right is indeed surjective, because h°(0r) = 1. Since the normal-
ization v : X — Y is schematically dominant, the map H°(Y, 0y) — H°(X, Ox)
is injective. This map is actually bijective, by the preceding exact sequence and
h(Oc) = h°(OR). We thus have an identification H°(X, 0x) = H(Y, Oy). The
scheme V is geometrically connected, by our overall assumption h°(0y) = 1,
so the reduction ¥ = (V ®p K)rea is geometrically connected as well. Tt is
also geometrically reduced, because V and F' C K are adapted. Consequently,
h%(0x) = h°(Oy) = 1. The short exact sequence (BI) also yields an exact se-
quence
0 — HYY,0y) — HYX,0x)® H(C,0c) — 0,

whence h'(Oy) = h'(Ox) + h*(Oc). The above cohomology groups are the Lie
algebras for the respective Picard groups, and we also infer that the restriction map

(4) Picy, - — Pick,x ® Picg
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of group schemes has finite étale kernel. Now suppose that also h?(0y) = 0. Then
the group scheme Picg)// x is smooth ([47, Lecture 27]), of dimension h'(0y) =
h'(Ox) + h'(0c), so the restriction map is surjective. The short exact sequence
B3) gives an exact sequence

0 — Pic(Y) — Pic(X) @ Pic(C) — Pic(R)

of Picard groups. The map on the left is indeed injective because the mapping
K* = HY(X,0%) - H°(R,0}) = K* is surjective. This also holds for all
extension fields, and so (@) is actually an isomorphism of group schemes. The
assumption H'(R, Or) = 0 ensures that Pic%/K = 0, in particular NS(R) = Pic(R).
In turn, we obtain a commutative diagram

0 —— Pic’(Y) —— Pic’(X)®Pic(C) —— 0 —— 0

! ! ’
0 —— Pic(Y) —— Pic(X) @ Pic(C) —— Pic(R)

with exact rows. Consequently, the desired exact sequence of Néron—Severi groups

0 — Coker (i) — Coker(i) — Coker(i") follows from the Snake Lemma. O

In the above situation, we can regard NS(Y") as the kernel of some homomorphism
between finitely generated abelian groups. If, moreover, the Néron—Severi groups
of X,C, R are torsion-free, we thus have

NS(Y) = Ker(¥) Cc %™

for some integral matriz ¥ € Mat,, x,(Z), where the size of the matrix is given by
m = p(R) and n = p(X) + p(C). Here p(X) = rank NS(X), etc., denotes Picard
numbers.

In the next sections, we shall exploit this in the following way: every Cartier
divisor D C V induces a Cartier divisor Dg C Y, which represents an integral
vector in the kernel of the matrix ¥. This applies in particular for the canonical
divisor D = Ky, if the scheme V is Gorenstein, or the reduction D = N,eq of
the divisorial part N C Sing(V/F) for the locus of non-smoothness, if the scheme
V' is locally factorial. As we shall see, sometimes geometric reasons preclude the
existence of such integral solutions for the system of linear equations

I 0

We close this section with a well-known useful observation.

Proposition 4.7. Suppose that the local rings Oy, a € V are geometrically uni-
branch. Then the normalization map v : X — Y = (V ®p K)eq s a universal
homeomorphism.

Proof. The conditions on the local rings mean that the spectrum of the strict
henselization Oy, , is irreducible. If F' C K is a finite purely inseparable field
extension, then the ring 0y, , ®p K remains local, indeed strictly local, and coin-
cides with the strictly local ring at the point b € V @ K corresponding to a € V,
according to [30, Proposition 18.6.8]. In particular, the normalization A’ of the
strictly local integral domain A = (ﬁ‘5/®F K,b)er yields a universal homeomorphism
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1792 ANDREA FANELLI AND STEFAN SCHROER

Spec(A’) — Spec(A). It follows that the normalization X — Y = (V ®p K)req is a
universal homeomorphism. (Il

Note that the conclusion holds, in particular, when V' is normal.

5. REGULAR DEL PEZZO SURFACES

Let F' be a ground field. Throughout the paper, we use the following general
notion of del Pezzo surfaces.

Definition 5.1. A del Pezzo surface is a proper two-dimensional scheme V with
h°(0y) = 1 that is Gorenstein, and whose dualizing sheaf wy is antiample.

The most immediate examples are surfaces of degree two or three in P3, or
complete intersections of two quadrics in P*. The antiample sheaf wy has no
sections, at least if V is integral, hence h?(0y) = 0. The selfintersection number
(wy -wy) > 0 is called the degree of the del Pezzo surface, and the integer h'(0y ) >
0 is commonly referred to as the irregularity. Examples of del Pezzo surfaces with
irregularity h'(&y) > 0 were constructed by Reid [51], the second author [58], and
Maddock [43].

In what follows, we suppose that the ground field F' has characteristic p > 0, and
assume that the del Pezzo surface V' is normal, locally factorial, and geometrically
integral, but geometrically non-normal. We are mainly interested in the case that
V' is even regular, but the weaker assumptions of local factoriality lies at the core
for most our arguments. The locus of non-smoothness Sing(V/F') contains a non-
empty divisorial part N C Sing(V/F), which is an effective Cartier divisor. Let
D = N,¢q be its reduction. The recurrent idea of this paper is to study the behavior
of the effective Cartier divisor D C V under base-change, in particular if the ground
field has pdeg(F) = 1.

After replacing the ground field F' by some finite separable extension, we may
assume that there is some finite purely inseparable field extension F' C K so that
V — Spec(F) and F C K are adapted, according to Proposition B4l As in the
preceding section, we write v : X — Y for the normalization of Y = V @ K. Note
that X is Cohen-Macaulay, but not necessarily Gorenstein. Let

R—— X

® "

C — Y

be the conductor square, where C' C Y is the conductor curve and R C X is the
ramification divisor, as discussed in Appendix[Al Both are Weil divisors that are not
necessarily Cartier. Moreover, the vertical maps are universal homeomorphisms.
Note that we regard K as a new ground field for Y and X.

Recall that the Hirzebruch surface with numerical invariant e > 0 is the smooth
surface S = Proj(Sym &) for the locally free sheaf & = Op1 @ Op1(e). It comes with
a ruling 7 : § — P! and a section E = Proj(Sym .#) with . = Op:(e), which has
selfintersection number E? = —e. If e > 0 the curve E C S is negative-definite and
contracts to a rational singularity. The resulting contracted Hirzebruch surface can
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be regarded as the weighted projective space P(1,1,e) = Proj K[Ty,T1,Ts], with
grading deg(Ty) = deg(T1) = 1 and deg(T2) = e. One may view it also as a toric
variety.

By abuse of notation, we say that a proper curve Z is a split conic if it is
isomorphic to a divisor of degree two inside P2 given by one of the following three
homogeneous equations:

T2+ TiTy =0, or ToTy =0, or (To+Ti+Ts)*=0.

In the first case Z is isomorphic to the projective line P'. In the second case, we
say that Z is a pair of lines P! UP!. In the last case, Z is isomorphic to the split
ribbon P! @ Op1(—1) on the projective line P! with ideal sheaf 0p1(—1). Any such
ribbon is split, because Ext'(Opi(—1), Op1) = 0. We refer to [5] for the general
theory of ribbons.

Proposition 5.2. The normal surface X is either the projective plane P?, a con-
tracted Hirzebruch surface P(1,1,e) with numerical invariant e > 2, or a Hirze-
bruch surface S with e > 0. The ramification curve R is a split conic, in particular
ho(ﬁR) =1 and hl(ﬁR) =0.

Proof. By assumption, V is geometrically integral and X is geometrically normal,
respectively. In light of Reid’s Classification ([5I, Theorem 1.1]), the assertion
holds if we pass to some finite field extension K C K’. It remains to check that the
assertion already holds over K. For this we use the assumption that V and F C K
are adapted.

We first treat the ramification curve R and set R = RQx K'. If R is a
projective line, we choose an invertible sheaf . on R of degree one, which defines an
isomorphism R — P!. If R = R} URY}, is a pair of lines, there are invertible sheaves
2 and % on R with deg(Zi|R}) = d;;. The resulting morphisms f; : R — P!
reveal that R is a pair of lines. Now suppose that R’ is a split ribbon. The scheme
Ryeq is geometrically reduced, and its ideal sheaf ¢ C OF is invertible of degree
one on Ryeq. It follows Ryeq = PL. Such ribbons split, so R = P! @ Op1(—1).

In all cases, we may regard R C P? as a divisor of degree two. The resulting
short exact sequence 0 — Op2(—2) — Opz — Or — 0 induces a long exact sequence

HY(Op2) — HY(OR) — H*(Op2(=2)) — H(Op2) — H'(Og) — H*(Op=(—2)).

The cohomology groups H®(P?, O'p>(—2)) vanish for all i > 1, and it follows that
ho(ﬁR) =1 and hl(ﬁR) =0.

We now turn to the normal surface X. Suppose that X’ = X ® F' is isomorphic
to a Hirzebruch surface. Fix a ruling ' : X’ — P, and let #’ be the preimage of
ﬁp}( ,(1). This invertible sheaf descends to an invertible sheaf .2 on X. The latter

is semiample, and defines a ruling r : X — P!. Now choose an invertible sheaf
A" that has degree one on the fibers of r' : X’ — PL,. This also descends, and it
follows that X is a Hirzebruch surface. The case that X’ is the projective plane is
treated in a similar way.

Now suppose that X’ is a contracted Hirzebruch surface, and let S’ — X’ be the
minimal resolution of singularities. Let a’ € X’ be the singularity and let a € X
be its image. Using [3] Theorem 4], we infer that S’ — X’ is the blowing-up of the
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reduced center ¢’ € X', and that the exceptional divisor E/ C S’ is a projective
line. According to Reid’s Classification, the ramification divisor R’ C X’ is linearly
equivalent to 2H’, where H' C X' is the image of any fiber F’ C S’ from the ruling.
Note that eH’ generates the Picard group, but that H' is not Cartier.

Suppose first that there is a Weil divisor H C X whose base-change is linearly
equivalent to H' C X'. Since h®(@x(H)) = 2, there are two such Weil divisors
H,; # H,. Their intersection H; N Hs has length one and contains a € X. So
its blowing-up S — X yields a twisted form of the Hirzebruch surface, and the
exceptional divisor F C S is a twisted form of the projective line. The latter
intersects the strict transform of H in a rational point, so E = P!. Arguing as
above, one can easily see that S is a Hirzebruch surface and hence X = P(1,1,e).

Seeking a contradiction, we now assume that there is no Weil divisor on X
inducing H' C X’. Recall that the ramification divisor R is a split conic. It must
be a projective line if a € R. This yields a contradiction, because on X’ there are
no lines linearly equivalent to 2H’ passing through the singularity. Thus R C X
lies in the smooth locus. Hence R and the linearly equivalent 2H are Cartier,
and we must have e = 2. It also follows that the split conic R is a projective
line, with selfintersection R? = 2, and one easily computes h°(Ox (R)) = 4. Since
Sing(Y) = Sing(Y/K), the local ring Ox , = Oy, is singular. It must be a twisted
form of the rational double point of type A; given by the equation z? — zy = 0.
We see that the local Artin scheme Sing(X/K) has length two, and we conclude
with Lemma that a € X is a rational point. To proceed, choose two further
rational points b,c¢ € R and consider the reduced closed subscheme Z = {a,b, c}.
The invertible sheaf ¥ = Ox(R) has h%(#) = 4. For dimension reasons, the
restriction map H°(X,.#) — H®(Z,£|Z) is not injective, so there is an effective
Cartier divisor A C X linearly equivalent to R and containing Z. Examining its
base-change to X', we easily infer that A is reducible. Consequently, there is a Weil
divisor on X inducing H' C X', a contradiction. (]

In what follows, we shall use the following notation: If X = P? is the projective
plane, write H C X for a hyperplane. Then Pic(X) is freely generated by the
class of H, the intersection pairing is given by H? = 1, and the canonical class is
Kx = —-3H.

If X = P(1,1,e) is the contraction of a Hirzebruch surface S with numerical
invariant e > 2, we write E C S for the section with E2 = —e and F C S for a fiber
of the ruling r : S — P!. (It should be clear from the context whether the symbol
F means a fiber for the ruling or a ground field.) The Picard group Pic(S) is freely
generated by the classes of E and F', the intersection form has Gram matrix ( 7° é),
and the canonical class is Kg = —2E — (e+2)F. Let f : S — X be the contraction
of the negative-definite curve E C S and write H = f(F) for the image of the fiber.
The Weil divisor H C X is not Cartier, but eH is Cartier, with f*(eH) = eF + E,
and freely generates Pic(X). The intersection pairing is given by (eH)? = e, and
the canonical class is Kx = —(e + 2)H. Note that X is Gorenstein if and only if
e=2.

If X = S is a Hirzebruch surface with numerical invariant e > 0, we likewise
write E, F C S for the section with E? = —e and the fiber for a ruling. Here the
canonical class is given by Kx = —2E — (e + 2)F.
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We now tabulate the five possibilities that follow from Reid’s Classification of
non-normal del Pezzo surfaces over algebraically closed ground fields ([5I, Theo-
rem 1.1]).

Theorem 5.3. If the del Pezzo surface V' and the field extension ' C K are
adapted, then the possibilities for the normalization X —Y = Vi are as follows:

Case (i) (ii) (iii) (iv) (v)

X P2 P2 | P(1,1,e) S S

e 1 1 >2 >0 >0
Ox(R) || 2H | H °H E+F E

wx “3H | —3H | —(e+2)H | —2E — (e + 2)F | —2E — (e + 2)F
Viwy)| —H | —2H| —eH | ~E—(¢e+1)F | —E— (e +2)F
K% 1 4 e e+ 2 e+4

We refer to this table as Reid’s Classification. Note that Cases () and () may
be treated on the same footing because P? = P(1,1,1). It is remarkable that in all
cases we have p(V) < 2. In particular, the dualizing sheaf ceases to be antiample
if we blow-up V in two closed points. For later use, we record the following fact.

Proposition 5.4. With the exception of Case (v) in Reid’s Classification, the
pullback map Pic(V) — Pic(C), £ — Lo is injective.

Proof. In any case, the projection Y = V®p K — V induces an inclusion Pic(V) C
Pic(Y), and the short exact sequence ([B3) yields an exact sequence

0 — Pic(Y) — Pic(X) @ Pic(C) — Pic(R).

The map on the left is indeed injective because h°(0g) = 1. For the cases in
question, the restriction map Pic(X) — Pic(R) is injective, and it follows that the
restriction map Pic(Y) — Pic(C) is injective as well. O

Since h(Or) = 1 and h'(Og) = 0 and h?(Oy) = 0, we can apply Proposition 6]
and conclude that we also have an exact sequence

(6) 0 — NS(Y) — NS(X) @ NS(C) % NS(R).

Note that all terms in this sequence are finitely generated free abelian groups, so
we may regard NS(Y') as the kernel of some matrix ¥ € Maty (r45)(Z), where
r = p(X) = p(Y) and s = p(C) = p(R). Since Y is Gorenstein, the class of
the dualizing sheaf wy defines an element in this kernel. This already gives an
important restriction.

Proposition 5.5. The ramification divisor R C X is either the projective line P!
or the split ribbon P! @ Op1 (—1).

Proof. Seeking a contradiction, we assume that R = R; U Ry is a pair of lines. By
Proposition .7 the map R — C'is a universal homeomorphism. Setting C; = v(R;)
we get C = C1UC5. According to Proposition [A-2]the induced morphisms R; — C;
have degree two, and the characteristic must be p = 2.

We now go through the five cases of Reid’s Classification: In Case (), the matrix
¥ whose kernel gives NS(Y") takes the form

1 -2 0
U = (1 0 _2> € Matgxg(Z).
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The entries in the first column are the intersection numbers (H - R;) = 1, whereas
the other non-zero entries are the negative degrees of the gluing maps v: R; — C;.
We have v*(Ky) = —H, so the class of Ky € Ker(¥) is a column vector of the form
—(1,m,n)* for some integers m,n € Z. The only solution is m,n = 1/2, which is
not integral, a contradiction.

In Case (), the Néron—Severi group NS(X) is generated by eH, which has
intersection numbers (eH - R;) = 1. Consequently, the matrix describing NS(Y) is
as in the previous paragraph, and we get a contradiction again. In the Cases (T
and (¥) the ramification divisor R is not linearly equivalent to the sum of two
effective divisors, so these cases are impossible as well.

It remains to deal with Case (Ivl), where X = S is a Hirzebruch surface with
numerical invariant e > 0. Then Pic(X) is freely generated by E,F C X. The
ramification divisor is R = EF U F, say with Ry = F and Ry = F. Now the matrix
describing NS(Y") takes the form

—-e 1 -2 0
U = ( 1 0 0 _2> S Mat2X4(Z),
where the entries on the left half are given by the intersection numbers
(E-Ry)=—-e, (F-Ry)=1, (F-R;)=1, and (F-Ry)=0.

We have v*(Ky) = —E — (e+ 1)F, whence Ky € Ker(¥) corresponds to a column
vector of the form —(1,e+ 1, m,n)? for some integers m,n € Z. However, the only
solution has n = 1/2, again a contradiction. O

Recall that N C Sing(V/F) denotes the divisorial part of the locus of non-
smoothness. Then N C V is a Cartier divisor, since our normal surface V is
assumed to be locally factorial. In turn, we get a Cartier divisor Ny C Vg =Y
whose support coincides with the conductor curve C' C Y. Another consequence of
the Gorenstein condition is the following.

Proposition 5.6. The conductor curve C is geometrically integral.

Proof. Proposition ensures that C' is geometrically irreducible. Since the
del Pezzo surface V' and the field extension F' C K are adapted, the scheme Clqq is
geometrically reduced. It thus suffices to verify that C is reduced. This is obvious
if the ramification curve R is a line. Assume now that R is a split ribbon, so we
are in Case () or Case (i) in Reid’s Classification. Let us treat both at the same
time, allowing e = 1 for X = P2. Seeking a contradiction, we now assume that C'is
not reduced. According to Proposition [B.3] the morphism R,eq — Creq has degree
two. To proceed, consider again the exact sequence of Néron—Severi groups

0 — NS(Y) — NS(X) & NS(C) -2 NS(R).

According to [10, Proposition 9.1.5] for each proper geometrically irreducible curve
Z the restriction map NS(Z) — Z given by £ — deg(.Z|Zrea) is injective. Choos-
ing identifications NS(C) = Z and NS(R) = Z, we see that the linear map in the
above exact sequence becomes the matrix ¥ = (1, —2), because (eH - Ryeq) = 1 and
Rieq — Croq has degree two. By Reid’s Classification, the invertible sheaf v~ (wy)
is given by —eH, so the corresponding element in NS(X) & NS(C) is of the form
—(1,m)*. Since this lies in Ker(¥), we must have m = 1/2, a contradiction. O

Next, we restrict the possible characteristics.
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Proposition 5.7. If the ramification divisor R is a split ribbon, then the charac-
teristic must be p < 3 and the induced morphism v : Rieq — C is birational. If
p = 3, the normal surface X is either P? or P(1,1,3). In case p = 2, the only
possibilities are P2, P(1,1,2), or P(1,1,4).

Proof. Clearly, the tangent sheaf ©y/p = Ho_m(Q%//F, Oy) on the normal surface
V is locally free in codimension one, whence locally free at almost all points a € V.
In turn, Oy g is locally free at almost all points y € Y. Since Cheq is geometrically
reduced, we can use Bertini Theorems to find a closed point y € Cleq in the regular
locus so that the field extension K C x(y) is separable (for example [3I, Proposi-
tion 4.3] or [37, Chapter I, Theorem 6.3]). Now we can apply Proposition and
deduce p < 3.

In Reid’s Classification, the ramification divisor R C X is linearly equivalent to
a multiple of the same effective divisor only in Case (i) and (iii). In other words,
X =P(1,1,e) is a contracted Hirzebruch surface with numerical invariant e > 1,
and ramification divisor R = 2H. Consider the divisorial part N C Sing(V/F') and
its preimage N C Y. If p = 3, according to Theorem [3.4] the resulting Cartier
divisor on X is v~ !(Ng) = 3H. Since Pic(X) is freely generated by eH, we must
have e|3. If p = 2, Theorem [3.4] implies that v~ 1(Ng) = 4H, therefore e|4. The
assertion follows. O

Proposition 5.8. If the ramification divisor R is the projective line, then the
characteristic must be p = 2, and the gluing map v : R — C is isomorphic to
a finite flat morphism P! — P! that is radical of degree two. Furthermore, the
inclusion Oc C vi(OR) is a direct summand of Oc-modules. The normal surface
X is either P2, P(1,1,2), or P(1,1,4).

Proof. From Proposition B.I] we deduce p = 2, that the ramification curve C' is
regular, and that v : R — C is finite, flat, and radical. Since this holds true if
we replace K by any finite purely inseparable field extension, the curve C' must be
smooth. By Liiroth’s Theorem, it is a projective line P!.

The cokernel for the inclusion Oc C v, (Og) is an invertible sheaf Opi(n) for
some integer n, with Euler characteristic x(€r) — x(0¢) = 0. Thus n = —1. Using
Ext!(Op1(—1), Op1) = H (P!, Op1(1)) = 0, we infer that the inclusion ¢ C v, (OR)
is a direct summand.

According to Reid’s Classification, X = P(1,1,e) is a contracted Hirzebruch
surface with invariant e > 1, and Ox(R) = Ox(2H). According to Theorem B.2]
we have v~} (Ng) = 2R, and thus e|4. O

Note that the gluing map v : R — C coincides with the Frobenius map on P!
if the ground field F' is perfect, such that the function field k(C') has p-degree one.
Combining the preceding results, we already obtain a non-existence result, which
generalizes [49, Corollary 1.4].

Theorem 5.9. Normal del Pezzo surfaces that are locally factorial, geometrically
integral but not geometrically normal do not exist in characteristic p > 5.

Recall that N C Sing(V/F) denotes the divisorial part of the locus of non-
smoothness. Its preimage Nx C Y has the same support as the conductor curve
C C Y. According to Proposition B.6l we actually have (Nk)eqa = C. It follows
that N is irreducible, and that D = N,q is integral.

Licensed to Heinrich-Heine University Dusseldorf. Prepared on Tue Apr 21 05:51:25 EDT 2020 for download from IP 134.99.140.146.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



1798 ANDREA FANELLI AND STEFAN SCHROER

Proposition 5.10. Suppose p = 2. Then the geometric generic embedding dimen-
sion and geometric generic Hilbert—Samuel multiplicity for the curve N are

edim(On,/F)=2 and e(On,/F)=4.

The preimage on normal surface X is given by v~ (Ng) = 2R. If N is not integral,
then N = 2D, and D = Nyeq satisfies

edim(Op,/F)=1 and e(Op,/F)=2.

Proof. Suppose that the ramification divisor R C X is a line. By Proposition [£.8]
the same holds for the conductor curve C' C Y. Choose a rational point = € R. Its
image y € C is rational as well. Thus we may apply Theorem B.2] and the values
for edim(Oy,/F) and e(On,,/F) and the multiplicity in v~ (Ng) = 2R follow. If
the ramification locus R is a double line, we argue analogously with Theorem 3.4l
The case described in Theorem does not occur, thanks to Proposition
Now suppose that the curve N is non-reduced with N = nD. The multiplicities
satisfy e(On,/F) = n-e(Op,/F), hence n|4. If n = 4, the integral curve D
would be generically smooth, hence V' would be smooth at some point contained
in D. This is a contradiction. Thus we have n = 2 and e(0p ,,/F) = 2. The value
edim(Op ,/F) = 1 again follows from the descriptions in TheoremsB.2and[34 O

In the same way, one verifies the case of characteristic three.

Proposition 5.11. Suppose p = 3. Then the geometric generic embedding dimen-
sion and geometric generic Hilbert-Samuel multiplicity for the curve N are

edim(Oy,/F)=1 and e(On,/F)=3.

The preimage on the normal surface X is given by v~ (Ng) = 3Ryeq, and the curve
N is integral.

According to Proposition B8 the conductor curve C C Y coincides with the
reduced divisorial part of Sing(Y’). It will be crucial to understand the effective
Cartier divisors on the non-normal surface Y supported by C. For every invertible
sheaf .Z on Y, the short exact sequence 0 — ¥ — Zx ® Lo — ZLr — 0 of
coherent sheaves on Y yields a long exact sequence

(7) 0 — H(Y, %) — H°(X,%x)® H(C, %) — H°(R, ZR).

In other words, the global sections of £ can be regarded as pairs s = (sx, s¢) with
SX ‘R = Sc ‘R

Proposition 5.12. The mapping
H°(X,%x(—R)) — H°(Y,.%), sx— (sx,0),

is a bijection between the global section of the reflexive sheaf £Lx(—R) and the global
sections of the invertible sheaf £ that vanish along C' = Nieq.

Proof. The global sections s = (sx, s¢) that vanish along the conductor curve have
sc = 0, and hence sx|R = 0. The assertion follows using the exact sequence
0— %(—R) - %x —» %r — 0. O
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6. SMOOTH RAMIFICATION LOCI

Let F' be a ground field of characteristic p > 0, and let V be a normal del
Pezzo surface that is locally factorial, geometrically integral but geometrically non-
normal. After making a finite separable ground field extension, we may assume that
there is a finite purely inseparable field extension F' C K so that V' — Spec(F)
and F' C K are adapted. Let v : X — Y be the normalization, let C C Y be
the conductor curve, and let R C X be the ramification divisor. We then have a
commutative diagram

R— X

.

cC —— Y.

In this section, we treat the case that the ramification locus R is smooth. By Propo-
sition 5.8, we have p = 2 and R = P!, and the gluing map R — C is isomorphic to a
finite flat morphism P! — P! that is radical of degree two. The possibilities for the
embedding R C X are given by Reid’s Classification in Theorem [5.3l Furthermore,
we have a proper birational morphism S — X from a Hirzebruch surface S with
numerical invariant e > 0. Let us start with a vanishing result.

Proposition 6.1. We have H*(V,w{™) = 0 for all integers n.

Proof. By Serre duality, it suffices to check this for n > 1. Set £ = w%?". The
short exact sequence 0 - % — Lx & Lo — Lr — 0 yields an exact sequence

HYR, %R) — H Y, %) — H X, %x)® H(C, %c) — HY(R, ZR).

The term on the left vanishes because £ = Opi(—m) for some integer m > 1.
According to Proposition B8 the inclusion O¢ C v.(Og) is a direct summand,
and it follows that H'(C, %c) — H'(R, %) is injective. In turn, the canonical
mapping H'(Y, %) — H' (X, %x) is injective as well. From Reid’s Classification
in Theorem B3] one sees that Ly ~ Ox(—A) for some effective Cartier divisor
A C X that is geometrically connected and geometrically reduced, which ensures
h%(604) = 1. The normal surface X is either the projective plane, a contracted
Hirzebruch surface, or a Hirzebruch surface, which all have H'(X, 0x) = 0. The
exact sequence 0 = Zx — Ox — 04 — 0 yields an exact sequence

HY(X,0x) — H°(A,0,) — HY(X, %x) — H' (X, 0x),

hence the term H'(X,.%x) vanishes. (]

Let N C Sing(V/F) be the divisorial part of the locus of non-smoothness. This
irreducible curve has geometric generic embedding dimension edim(Oy ,/F) = 2,
and the preimage on the normal surface X is given by v~ 1(Ng) = 2R, by Propo-
sition The idea now is to study the integral curve D = N,¢q.
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1800 ANDREA FANELLI AND STEFAN SCHROER

Proposition 6.2. The possibilities for the integral curve D = Nyeq and the numer-
ical invariant e > 0 of the Hirzebruch surface S are given by the following table,
according to Cases (1)—(v) in Reid’s Classification:

Case @ () (i) (%) @

X P? P? P(1,1,e) S S

e 1 1 2 4 0 1 0| 1| 2
Ox(R) 20 H 20 2H| E+F |E+F| E | E | FE
r°(0p) 1|1 |1 1|1 |1 1|1 1 1|4 2
h*(Op) 2 | 7|1 113 |1 1] 3 1 0 | 0] O
edim(@p,/F)|| 1 | 2| 2| 1 | 2| 2] 1|2 2 1] 2] 1
D IN|N|N|IN|N|N|IN|N| N |IN|N|IN
v~ Y(Dk) R |2R|2R| R |2R|2R| R |2R| 2R R |2R| R

Proof. According to Proposition B.10, we either have D = %N or D = N, and the
respective values for the geometric generic embedding dimension d = edim(&p ,,/F)
are d = 1 or d = 2. We first treat the Cases ({)—() from Reid’s Classification.
According to Proposition B8 we have e = 2¥ with 0 < v < 2. Moreover, Pic(V) is
cyclic, and generated by the dualizing sheaf, so we have Oy (—D) = wf})m for some
integer m > 1. The short exact sequence 0 — w{‘?m — Oy — Op — 0 yields an
exact sequence

H(V,0v) — H°(D, 0p) — H'(V,wi™).

The term on the right vanishes, by Proposition [6.1] thus 2°(€p) = 1. Riemann—
Roch gives 2h'(0p) = 2 — 2x(Op) = 2 + deg(wp). By the Adjunction Formula,
this integer equals

2+ (Ky +D)-D=2+4 (1 YKy)+v YDxk)) v (Dg),

and the tabulated values for h' (&) easily follow in each of the three Cases ({l)— ().

In Case (@), D = %N does not occur. Here X = P2, and the ramification locus
R C X is a line. In light of the exact sequence (@), we may regard Pic(Y) as
the kernel of the matrix ¥ = (1,—2). The first matrix entry is the intersection
number (H - R) = 1, and the second entry is the negative degree for the gluing map
v: R — C. Since v™!(Ng) = 2R, we may regard Nk as the vector (%), which is
primitive. Thus Ni € Pic(Y') and hence N € Pic(V) are generators, and therefore
N = D. In Case (), D = 3N with X = P(1,1,4) does not occur for similiar
reasons.

Next, we analyze Case (). Here X = S is a Hirzebruch surface with numerical
invariant e > 0, and the ramification curve R C X is linearly equivalent to E + F.
Seeking a contradiction, we assume e > 2. Then E - (E+ F) = —e+ 1 < 0. The
exact sequence 0 — Ox(F) — Ox(E+ F) — Og(E + F) — 0 gives an exact
sequence

0 — HX,0x(F)) — H*(X,0x(E+F)) — H°(E, Og(E + F)).

The term on the right vanishes, and the Projection Formula applied to the ruling
r: X — P! gives H (X, Ox(F)) = H°(P', Op:(1)), whence R must be a pair of
lines, a contradiction. Thus e =0 or e = 1.

If e =0, then X = S = P! x P!, and the Picard group Pic(Y) can be regarded
as the kernel of the matrix ¥ = (1,1, —2). The first two entries are the intersection
numbers (E-R)=FE-(E4+F)=1and (F-R)=F-(E+F) =1, and the last entry
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is the negative degree of the gluing map R — C. Since v*(wy) = Ox(—E — F) and
v~} (Ng) = 2R, the dualizing sheaf wy is given by the column vector —(1,1,1)%,
whereas Ny corresponds to the column vector (2,2,2)!. Thus Oy (N) is a multiple
of wy, and we compute the possible cohomological invariants for D as above.

Now suppose the numerical invariant is e = 1, that is, X = S is the projective
plane blown-up in a rational point. Then Pic(Y) is the kernel of the matrix ¥ =
(0,1, —2). The first two entries are the intersection numbers (E-R) = E-(E+F) =0
and (F-R) = F-(E+F) = 1, and the last entry is the negative degree of the gluing
map R — C. Now v*(wy) = Ox(—FE — 2F) and v~ !}(Ng) = 2R, so the dualizing
sheaf wy corresponds to the column vector —(1,2,1)%, whereas the locus of non-
smoothness Ng gives (2,2,1)!. The latter is primitive, so D = N. To proceed,
consider the invertible sheaf .2 = wy (N). Then %3 corresponds to the column
vector (1,0,0)%, thus Ly = Ox(E). The Adjunction Formula gives

deg(wp) =(Kyv +D)-D=FE-(2E+2F) =0.

Therefore h°(0p) = h'(Op). To compute this number, consider the short exact
sequence 0 = Oy (—Nk) — Oy — Oy, — 0. Tt gives a long exact sequence

HYY,0y) — H'(Ng, On, ) — H*(Y, Oy (—Ng)) — H*(Y, Oy),

in which the outer terms vanish, by Proposition Moreover, h?(Oy(—Nk)) =
h9(% ) by Serre Duality. Since Lx = Ox(E) we have £r = O and %o = O¢.
As E C X is negative-definite, so h%(0x(FE)) = 1. Using the exact sequence (),
we infer h°(%) = 1, therefore h' (O, ) =1 and h'(Op) = 1.

We come to the final Case ([@). Here X = S is a Hirzebruch surface with
numerical invariant e > 0, and the ramification locus is R = E. Now we may
regard Pic(Y') as the kernel of the matrix (—e, 1, —2). The first two entries are the
intersection numbers (E-F) = —e and (F'-F) = 1, and the last entry is the negative
degree of the gluing map R — C. The dualizing sheaf wy is given by the column
vector —(1,e + 2,1)!, whereas N C Y corresponds to (2,0, —e)’. Note that we
have N2 = (2E)? = —4e.

First suppose that the integer ¢ > 0 is odd. Then the column vector (2,0, —e)*
is primitive, and it follows that D = N. We compute

deg(wp) = (Ky + Nk) Nk = (F— (e+2)F) - 2E = —2(2e + 2).

Then h'(0p) = 0 and h°(Op) = 2e + 2, by Riemann-Roch. Hence the purely
inseparable field extension F' C HY(D, 0p) has degree 2e + 2. Proposition .10
gives 4 = e(Op,,/F) > h°(Op) = 2e + 2, hence e = 1 and h°(Op) = 4.

Second we assume that e > 0 is even: the column vector (2,0, —e)" attached
to the Cartier divisor Ny C Y is therefore divisible. Let .Z be the invertible
sheaf on V so that % corresponds to the primitive vector (1,0, —e/2)¢. Then we
have Xx = Ox(F) and % = Opi(—e) and Lo = Opi1(—e/2). Using the exact
sequence ([7) we infer that h°(.#) = 1, and any non-zero section s € H°(V,.%)
defines the unique effective Cartier divisor D = %N . It follows D? = —e, and the
Adjunction Formula gives

deg(wp) = (Ky + Di) - Dg = —(e+2)F - E = -2(e/2+ 1) <0,

thus h'(0p) = 0 and h°(0p) = ¢/2+ 1. On the other hand, Proposition 510 gives
2=¢(0p,/F) > h%°(0p) = e/2+ 1. The only solutions are e = 0 or e = 2, such
that h°(0p) = 1 and h°(Op) = 2, respectively. O
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1802 ANDREA FANELLI AND STEFAN SCHROER

So far, we have exploited that the local rings Oy, are factorial. If they are
regular, one can say even more.

Proposition 6.3. Suppose D = %N. If the del Pezzo surface V' is reqular, the
curve D is regular as well.

Proof. Consider the finite morphism ¢ : X — V obtained by composing the nor-
malization X — Y = Vi with the projection Vx — V. It is flat, because V is
regular and X is Cohen-Macaulay (for example [28, Proposition 6.1.5]). We have
v~1(N) = 2R, thus v~}(D) = R. Since here the scheme R is regular, the scheme
D must be regular as well, by [28, Proposition 2.1.13]. |

Now we relate the geometric information provided by Proposition to the
arithmetic of the ground field F'.

Theorem 6.4. Suppose the del Pezzo surface V' is regular and the ground field F
has pdeg(F) = 1. Then V has Picard number p(V) = 2 and belongs to Case (@)
from Reid’s Classification, with e = 2. In particular, X = S must be a Hirzebruch
surface with invariant e = 2, and the ramification divisor is R = E.

Proof. We go through the table in Proposition Since pdeg(F') < 1 the integral
curve D has edim(&p ,/F') < 1, according to Theorem [[.4l This rules out all cases
with D = N. So D = %N , and the integral curve D is regular by Proposition
If, furthermore, h®(€p) = 1, then D is geometrically reduced, by [60, Theorem
2.3]. But this contradicts Corollary 271 (compare also Proposition [EI0). The only
possibility left is Case (@), with e = 2. From Proposition .6 we infer that p(Y") = 2.
Since Y — V is a universal homeomorphism, we also have p(V) = 2. O

Now suppose we are in Case (@) of Reid’s Classification, which is the only pos-
sibility if the ground field has pdeg(F) = 1. The Hirzebruch surface X = S comes
with a ruling 7 : X — P!, together with the contraction X — P(1, 1, 2) with excep-
tional divisor F = R. The latter factors over the non-normal surface Y, but the
former does not. However, if we write v : P! — P! for the composition of the gluing
map v : R — C and the inverse of R = E C S = X — P!, we get a commutative
diagram

X 25 v

L

P! T) P

Over each geometric point @ : Spec(2) — P!, the fibers, X; = Pi(ll[e] and Y sit in
the conductor square
Spec(Qe]) —— Py,

l l

Spec()) —— Y3,

where € is an indeterminate modulo €2 = 0. In other words, all geometric fibers Yz
are split ribbons P! @ &p1(—1). Let us call such morphisms quasirulings. In other
words, these are conic bundles where all fibers are geometrically non-reduced.
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Since the projection Y =V @ K — V is a universal homeomorphism, the two
morphisms Y — P(1,1,2) and Y — P! are induced from morphisms

c:V—W and f:V —P.L

The latter indeed goes to the projective line rather than a twisted form because
Pic(V) = Pic(Y'). The image W of the former is a twisted form of the contracted
Hirzebruch surface with W @ p K = P(1,1,2). In particular, W is a del Pezzo
surface.

Proposition 6.5. The del Pezzo surface W is regular, and the exceptional divisor
for the contractionc:V — W is D = %N, which is a projective line P, over some
purely inseparable quadratic field extension FF C F’.

Proof. According to Proposition 6.2, the exceptional divisor must be the integral
curve D = 1N, which has h%(0p) = 2 and h* (0p) = 0. Inturn, F' = H(D, Op) is
a purely inseparable field extension of degree two. Moreover, the curve D is regular,
by Proposition 6.3l Since D? coincides with R2 = —e = —2, the scheme D contains
an F’-rational point, and it follows that D = P},. According to Castelnuovo’s
Contraction Theorem, [64, Chapter 6, page 102], the curve D C V' is an exceptional
divisor of the first kind, and W is regular. (]

We shall see in Section [[4] that such regular del Pezzo surfaces W and V actually
do exist over any imperfect ground field F' of characteristic p = 2.

Note that the quasiruling f : V — P! and the contraction ¢ : V — W exists even
without the assumption that V' — Spec(F') and F C K are adapted: If F C F' is
a Galois extension, the Galois action on Pic(V ®p F') must be trivial, because it
respects the cone of curves, and the two extremal rays have different selfintersection.
The only difference is that the range of the quasiruling may be a twisted form of
the projective line, rather than the projective line. Such twisted forms correspond
to elements of order two in the Brauer group Br(F).

7. NON-REDUCED RAMIFICATION LOCUS IN CHARACTERISTIC TWO

In this section, we study the situation over ground fields F' of characteristic
p = 2 where the ramification divisor R C X is non-smooth, hence a split ribbon
R = P! @ Op:(—1). Notation is as in Section [8 The normal del Pezzo surface
V is locally factorial, geometrically integral but geometrically non-normal. We
assume that the structure morphism V' — Spec(F) and the field extension F C K
are adapted, and consider the normalization v : X — Y = Vi and the ensuing
conductor square

R—— X

Lol

c — Y.
Recall that we have a proper birational morphism S — X from a Hirzebruch
surface S with numerical invariant e > 0. Furthermore, N C Sing(V/F) denotes
the divisorial part of the locus of non-smoothness, and we write D = N,oq for its
reduction.

Proposition 7.1. The possible numerical invariants hi(€p) > 0 of the integral
curve D, together with its geometric generic embedding dimension edim(Op ,/F),
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the relation to the divisor N C V', and the preimage v—(Dg) C X are given by
the following table:

Case @ ()

X P? P(1,1,¢)

e 1 2 4

Ox(R) 2H 2H 2H

h°(Op) 112 1 [1(2(1]2|1|2]|4
' (Op) 718 2 411(2]1]2|4
edim(0p ,/F) 2 1 2 1 2

D N |iN| N | iN N

v~ 1(Dg) 2R | R | 2R | R 2R

Proof. According to Proposition 5.7, only Case (), and Case (i) with e = 2 or
e = 4 from Reid’s Classification in Theorem [5.3] are possible. We may treat them
simultaneously, by regarding the normalization as X = P(1,1,e) with e = 2" with
0 < v < 2. In any case, we have v*(Ky) = —eH. According to Theorems [3.4]
and [3.6] the preimage v~}(Ng) = 2R is linearly equivalent to 4H. Without re-
striction, we may assume that R = 2H, such that R,.q = H. Using (@), we have
an exact sequence of Néron—Severi groups

0 — NS(Y) — NS(X) @ NS(C) 2 NS(Ryeq).

The induced morphism v : Ryeq — Creq has degree d < 2, and the group Pic(X) is
freely generated by eH C X, which has (e H - Ryeq) = (eH-H) = 1. Thus NS(Y') can
be regarded as the kernel of the matrix ¥ = (1, —d) € Mat;«2(Z). The numerical
class of Ky is of the form —(§) with a = 1 and —a + db = 0. The existence of
an integral solution forces d = 1, so the morphism v : Ryoq — Creq is birational.
Furthermore, the numerical class of Ky is given by —(1).

The numerical class of Nk is given by the vector 2(1). We have H C v~!(Dk),
but equality is impossible, because otherwise D and whence D would be geomet-
rically reduced. This yields, in each of the three cases e = 2, the indicated two
possibilities D = éN with d =1 and d = 2. Consequently, we have

4
(8) v Y (Dg) = %eH and v ' (Ky) = —eH.

Since the coefficient 4/de is an integer, the case with d = 2 and e = 4 is impossible.
The Adjunction Formula, base-change, and the Projection Formula yield
deg(wp) = (Kyv + D) - D = (Ky + Dg) - D = (v~ '(Ky) + v~ '(Dk)) - v~ (Dk).
Together with (8) we infer
4\ 4 4(4 — de)
d =(-14+—)—(eH)?= ——~.
e8(wp) ( * de> de(6 ) d?e

This yields
—6 ife=1,d=1;
-1 ife=1,d=2;
-2 ife=2d=1;

0 else.
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Using that h°(0p) is a p-power and divides x(€p), we obtain the possibilities
indicated in the table. (]

This narrows down further if we take the arithmetic of the ground field F' into
account.

Proposition 7.2. If the ground field has pdeg(F) < 1, then the del Pezzo surface
V' belongs to Case (iii) of Proposition [[l, and the curve D C V has numerical
invariants h°(Op) = h*(Op) =1 or h°(Op) = h'(Op) = 2.

Proof. Without restriction, we may assume that the ground field F' is separably
closed. Then the length of any finite irreducible F-scheme is a 2-power. According
to Theorem [[.4] we must have edim(&p ,/F) < 1, which rules out all but three
subcases in Proposition [Z.Il In these remaining cases, D = %N is a proper integral
curve inside the del Pezzo surface with geometric generic embedding dimension
edim(Op ,/F) = 1. Furthermore, the curve D contains no F-rational points.

In the first subcase, the curve D has numerical invariants h%(0p) = 1 and
h'(Op) = 2. We show that such a curve does not exist: According to [60, Theorem
2.3], the curve D is non-normal. Let D — D be the normalization map. Since D
is normal and edim(&p , /F) = 1, the same result ensures that h(Op) = 2 for
some exponent v > 1. In particular, h°(& 5) is an even number. Now consider the
conductor square

From this we obtain a long exact sequence
0— H°(Op) — H°(Op) ® H*(0p) — H°(O4) — H*(Op) — H*(0p) — 0.

The numbers h'(0p) and h°(0 4) are even because h®(0'5) is even. Since D(F) = &
and F is separably closed, the number h°(0g) is even as well. Thus all terms in the
exact sequence have even vector space dimension over the ground field F', except
H°(Op), which is one-dimensional. On the other hand, the alternating sum of
vector space dimensions in the exact sequence vanishes, a contradiction. O

8. NON-REDUCED RAMIFICATION LOCUS IN CHARACTERISTIC THREE

In this section, we study the situation over ground fields F' of characteristic
p = 3. Notation is as in Section The normal del Pezzo surface V is locally
factorial, geometrically integral but geometrically non-normal. We assume that the
structure morphism V' — Spec(F) and the field extension F' C K are adapted, and
consider the normalization v : X — Y = Vi and the ensuing conductor square

R— X

.

¢ — Y.
We saw in Propositions and [5.8 that the ramification divisor is a split ribbon
R =P'®0p1 (—1). Recall that we have a proper birational morphism S — X from a
Hirzebruch surface S with numerical invariant e > 0. Furthermore, N C Sing(V/F)
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1806 ANDREA FANELLI AND STEFAN SCHROER

denotes the divisorial part of the locus of non-smoothness, and we write D = Nyeq
for its reduction.

Proposition 8.1. Assumptions are as above. Then N is reduced, and the curve
D = N has edim(0p,/F) = 1 and v~'(Dg) = 3R. Only two cases in Reid’s
Classification are possible, and the numerical invariants are given by the following

table:
Case @ %1
X P2 | P(1,1,3)
e 1 3
Ox(R) || 2H 2H
RP(Op) | 1]3] 1 3
W' (Op) | 4]6]| 1 3

Proof. The curve N is reduced by Proposition .11} with edim(&Oy ,/F) = 1. We
proceed by going through the cases in Reid’s Classification. Since the ramification
divisor R is the split ribbon, only Case (i) with e = 3 and Case () from Theorem
are possible. We may treat them simultaneously, by regarding the normalization
as X =P(1,1,¢e) with e = 3 and e = 1, respectively.

The split ribbon has h°(0r) = 1 and h!(€r) = 0, and the del Pezzo surface has
h?(0y) = 0. Proposition gives an exact sequence

0 — NS(Y') — NS(X) @ NS(C) % NS(R).

Furthermore, the Weil divisor R..q C X is linearly equivalent to the line H C X,
and the induced morphism v : R,.q — C' is birational. Furthermore, the restriction
map Pic(R) — Pic(Ryeq) is bijective. The group Pic(X) is freely generated by
eH C X, which has (eH + Ryeq) = (eH - H) = 1. Thus NS(Y') can be regarded as
the kernel of the matrix ¥ = (1, —1) € Mat;42(Z). Then v*(Ky) = —eH generates
the Picard group Pic(X), and v~ (Nk) is linearly equivalent to 3H = 2 - eH. The
numerical class of wy corresponds to the vector —(1), whereas the numerical class
of N is given by the vector %( 1). The Adjunction Formula for D = N yields

deg(wp) = (Kv+D)-D = (Ky + Nk)-Ng = <—6H+ geH) . ZGH =3(3/e—1).

In Case (i) we have e = 1 and thus deg(wp) = 6. Now we use that h°(Op) is a
p-power that divides x(€p) = —3 deg(wp) = —3, and get the indicated values for
h(Op). In Case (i) we have e = 3, thus deg(wp) = 0 and h°(Op) = h'(Op).
Here h°(0p) is a p-power that divides the selfintersection number D? = (eH)? = 3,
which again gives the possible values for hi(&p). O

We proceed to rule out all the two subcases with h®(€&p) > 1. This relies
on a general result of Maddock on normal del Pezzo surfaces with irregularity
h'(Oyv) > 0: According to [43, Corollary 1.4] the bound

pP-1

(9) h(Ov) > Ky,

then holds. Let us check that this result indeed applies.

Proposition 8.2. Our del Pezzo surface V. has irregularity h*(Oy) > 0 provided
the curve D = N has h°(0p) > 1.
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Proof. Seeking a contradiction we assume h'(&y) = 0 and thus h'(0¢) = 0. The
short exact sequence 0 — Oy (—D) — Oy — Op — 0 yields a long exact sequence

(10) HY(V,0v) — HYD, 0p) — H*(V, Oy (-D)) — H*(V, Oy),

where the outer terms vanish. Together with Serre duality we get h'(0p) = h°(ZL)
for the invertible sheaf . = wy (D). In case X = P(1,1,3) we have h'(0p) = 3
and Zx = Ox, whence . is numerically trivial and h°(.#) < 1, a contradiction.
Now suppose we are in case X = P2, Then .#x = Op=(2). Since the morphism
Rycq — C is birational, we have deg(.%¢) = 2 and with Riemann-Roch h°(%) = 3.
The short exact sequence 0 - %5 — Lx® Lo — ZLr — 0 yields an exact sequence

0— HY, %) — HY(X, Zx)® H(C, %c) — H°(R, Zr).

Since .Zx(—R) = Op= we see that the restriction map H°(X, Zx) — H°(R, Zr)
is surjective, with one-dimensional kernel. So h'(0p) = h°(Z) =1+ h°( L) = 4.
Hence we are in the case of Proposition 81 where h°(0p) = 1, a contradiction. [

Proposition 8.3. The two subcases in Proposition Bl with h°(€p) > 1 do not
exist.

Proof. The inclusion C C Di C Y yields a commutative diagram

Hl(Y, ﬁy) —— HI(DK, ﬁDK) E—— HZ(K ﬁy(—DK)) —0

" > |

HY(C,0¢)

with exact row. The vertical map is surjective, and the diagonal map is bijective.
Serre duality gives h?(0y (—Dg)) = h°(%y ) for the invertible sheaf ¥ = wy (D).

First suppose that we are in Case (iii) of Proposition Then K‘z/ = 3. More-
over, . is numerically trivial, thus h°(¥¢) < 1, and h'(0p) = 3. Tt follows
that h'(0y) = h'(0c) < 3. On the other hand, Maddock’s bound (@) gives
h*(Oy) > 8/6 - K& = 4, a contradiction.

Finally suppose we are in Case (i) of Proposition Bl Then K% = 1, so Mad-
dock’s bound ensures h'(&y) > 2. On the other hand, the ring of global sec-
tions F' = H°(D,Op) is a purely inseparable field extension FF C F’ of degree
[F" : F] = 3, and the cohomology group H'(D, Op) is a two-dimension vector
space over F'. In turn, H'(Dg, Op,) is a free module of rank two over the lo-
cal Artin ring A’ = F’ @ K, which has length two. The inclusion C C Dy
of curves induces a surjection A’ = HY(Dg,0p,.) — H°(C, Oc) whose kernel is
an ideal a € A’ of length one. This ideal annihilates the image of the surjection
A'®A' ~ HY(Dg, Op,.) — HY(C, O¢), and we conclude that dimx H'(C, O¢) < 2.
In turn, our del Pezzo surface V has irregularity h'(&y) < 2. Summing up, we
have hl(ﬁc) = hl(ﬁv) = 2.

Using the exact sequence in (III), we conclude that h°(¥) > 6 — 2 = 4. On
the other hand, the arguments in the proof for Proposition show that h0(¥) =
1+ h°(Z). According to Proposition B3] the conductor curve C is integral. In
our situation we have h°(0c) = 1 and h'(0¢) = 2, and deg(Zc) = 2. Riemann-—
Roch gives x(%c) = 1. Furthermore, deg(we) = 2, hence we ® £ is numerically
trivial, and h'(%c) < 1. Combining these observations we get h°( %) = x(Zc) +
h'(Zc) < 2, and therefore h?(.#) < 3, a contradiction. O
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Proposition 8.4. In Case (iii) of Proposition Bl with h*(Op) = 1, the del Pezzo
surface has H*(V, Oy) = 0.

Proof. Seeking a contradiction, we assume that h'(&y) > 0. According to Mad-
dock’s bound (@), the irregularity h'(&y) is at least two. Now recall that the restric-
tion map HY(Y, Oy) — H'(C, O¢) is bijective. The inclusion of curves C C Dy
induces a surjection H'(Dg, Op,.) — H'(C, 0¢) on cohomology groups, and we
thus have h'(0p) > 2, a contradiction. O

9. SOME PECULIAR GENUS-ONE CURVES

In this section we study some rather peculiar algebraic curves of arithmetic
genus one. These curves showed up on certain geometrically non-normal del Pezzo
surfaces for p = 2 and p = 3, and their structure will lead to non-existence results.
These genus-one curves, however, are of interest in all characteristics.

Let F be an imperfect ground field of characteristic p > 0, and let F' C F be a
purely inseparable extension of degree [1*:' : F] = p. Choose an element 3 € F* so
that F = F(8Y/P). Set D = PL, write a = (0 : 1) for the origin, and let A C P} be
its first infinitesimal neighborhood. The structure sheaf &4 is a skyscraper sheaf
supported by a € D. By abuse of notation, we also write &4 when we mean the
stalk @4 , or the ring of global sections H(A4, 4). This said, we may write

Oy =Fle] = F & Fe.

As customary, ¢ denotes an indeterminate subject to €2 = 0. Consider the F-
subalgebra Op generated by /P + ¢ € 04. Using (/P +€)P = B+ ¢? = 3, we
see that the resulting map F — Op given by 8P — B1/P 4 € is bijective. The
crucial point here is that the images of H(€5) and H%(0g) define two different
copies of the field F inside the F-algebra H°(&,), which become the same after
projecting onto the residue field x(a) = F. In other words, the construction relies
on the non-uniqueness of coefficient fields. The inclusion &g C 04 yields a finite
morphism A — B, and the resulting cocartesian square

A—— D

" |

B —— D
defines a proper integral curve D containing a unique singularity b = v(a) € D
with residue field x(b) = F. The normalization map v : D — D is a universal
homeomorphism, and the cocartesian square yields a long exact sequence
(13) 0— H°(Op) — H(0p) ® H*(Op) — H°(O4) — H'(Op) — 0,
from which one can deduce the structure of the curve.

Proposition 9.1. The curve D is Gorenstein and has cohomological invariants
hO(0p) =1 and h'(Op) = 1. Moreover, the reduced base-change (D ®p F)req is
isomorphic to the projective line IP’%. For p = 2, the base-change D Qp F is the
split ribbon on ]P>11ﬁ with respect to the ideal sheaf ﬁp%(—Q).

Proof. The length of & 4 as an &g-module is two, hence D is Gorenstein, by Propo-
sition [A3l The conductor square (I2)) gives

X(0p) =x(Op)+x(Op) —x(Oa) =p+p—2p =0,
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and consequently h'(0p) = h°(Op). Consider the field extensions F C H(0p) C
HY(0p) = F, which has degree p. Suppose the first inclusion is not an equality.

Then the second inclusion must be an equality, and this also holds for the inclusion
H°(0p) c H°(OB). By the exactness of (3], the two maps

H%(0p) = H(0p) — H°(04) +— H"(Op)

must have the same image. But the former map factors over the first summand
in 04 = F @ Fe, whereas the latter does not, a contradiction. Thus we have
H°(0p) = F, and hence h'(0p) = h°(0p) = 1.

To understand the base-change, write ]P)% = Proj F[U, V], and look at the affine
open subset D (V) = Spec F[u] with u = U/V. The conductor square ([2) yields
the cartesian diagram

Flu]/(u?) ¢—— Flu]

(14) T T
F[BYP +u] +—— R,

where Spec(R) defines an affine open neighborhood of the singularity b € D. Base-
changing the diagram along F' C F', we get a new cartesian diagram

F ®p Flu]/(u?) +—— F®p Flu]

| I

F®p F[BY? +u] «—— F®pR.

Clearly, the birational morphism ¢ : IP’}, = (D #)red = (Dg)red is an isomorphism
over the complement of the the point b € Dy corresponding to the singularity
b € D. The schematic fiber p=1(b) C IP’% is given by the spectrum F @ F[u]/(u?)

modulo the ideal generated by
BYP21-10BYP and BYP@1-10 (Y7 +e).

Clearly, they generate the maximal ideal of the local Artin ring F @ F [u]/(u?),
and we conclude that (Dp)red = P
Finally, suppose p = 2. Then the nilradical .# for the scheme Dy is torsion-

free of rank one, with .#? = 0, whence .# = Opi(n) for some integer n. We
have n = —2 because x(-#) = —1. Such a ribbon is necessarily split, because
Ext'(QL,, Op1(-2)) = 0. O

The curve D does not seem to have a nice description in terms of equations.
However, the situation improves when we pass to more singular models.

Proposition 9.2. There is a finite birational universal homeomorphism D — D’
to the effective Cartier divisor D' C P(1,1,p) in weighted projective space defined
by the homogeneous equation t? — B(xP — ByP)? = 0 of degree p*. In characteristic
two, this birational morphism is actually an isomorphism.

Proof. Let us continue to use the notation from the preceding proof. From the
cartesian square (I4) we see that the subring R C F'[u] comprises all polynomials
of the form

ABYP 4+ u) 4+ Aou® + ..+ Nu”
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with coefficients A € F and \; € F. Consider the two particular polynomials

(15) r=p3Y?+u and t=pYPuP R,
which satisfy the relation Bmp2 = AP+l £ P, hence
(16) tP — B(zP — B)P = 0.

Regarding z,t as indeterminates and using the Reduction Criterion for the field of
fraction Fx,t] C F(z,t), we see that the polynomial t» — (2P — )P is irreducible.
It follows that the canonical map

R' = Flz,t)/(t" — B(a” — B)’) — R C FI[y]

is injective. To see that the resulting inclusion of function fields is bijective, consider
as denominator s = 2 — 3. Then (t/s)? = 3, such that (R')s = F[z] = F[u]. We
conclude that the morphism Spec(R) — Spec(R’) is a universal homeomorphism,
and becomes an isomorphism upon removal of the singular point b € Spec(R) and
its image b" € Spec(R’).

Homogenization of ([I6]) yields the homogeneous equation TP — 8(XP— Y P)P = 0,
where the degrees of the generators are deg(X) = deg(Y) = 1 and deg(T) = p.
Inside the weighted projective space P = P(1,1,p), it defines a closed subscheme
D'. This is a Cartier divisor, because the coherent sheaf Op(p?) is invertible. It lies
in the smooth locus of P(1,1,p), because (0 : 0 : 1) is the only singular point of the
weighted projective space. By construction, we have an identification D'ND4(Y) =
Spec(R’). In particular, the scheme D’ is regular outside the singular point &’. The
situation is similar on D’ N D4 (X), and we infer Sing(D’) = {b’'}. Summing up,
the morphism D — D’ yields an isomorphism between the regular loci.

Now consider the case p = 2. Here we claim that the inclusion R’ C R is actually
an equality. Indeed, we have

u? = 2% - B, BY/22 = t, and BY243 =zt + Bu?,
which implies 81/2u™ € R’ for all n > 2, and thus R’ = R. Thus our birational

morphism D — D’ is an isomorphism. ([

Conversely, given some 5 € F'* that is not a p-power, we can consider the curve
D’ defined by the homogeneous equation T? —3(X? — Y P)P = 0 inside the weighted
projective space P = P(1,1,p). We already observed that the homogeneous poly-
nomial is irreducible, such that the scheme D’ is integral.

Proposition 9.3. The curve D’ has cohomological invariants
R (Op)=1 and hY(Op)= (p*—p*—2p+2)/2.
In characteristic p = 2, this means h®(Op/) = h*(Op:) = 1.
Proof. Consider the long exact cohomology sequence coming from the short exact
sequence 0 — Op(—p?) — Op — Opr — 0. Tt starts with
HO(P, Op(—p?)) — H(P, Op) — H* (D', Op/) — H' (P, Op(—p?)).

The outer terms vanish, and we get h°(0p/) = 1. The long exact sequence continues
with

HY(P, Op) — HY(D', Op/) — H*(P, Op(—p?)) — H?(P, Op).
Again, the outer terms vanish, according to |21, Theorem in Section 1.4], and Serre
duality gives h?(Op(—p?)) = h°(Op(n)) withn =p?> —p—2= (p+1)(p — 2). The
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vector space HY(P, 0p(n)) equals the homogeneous component of degree n in the
graded ring S = F[X,Y,T]. A basis for this vector space is given by the monomials
XPYITF with exponents satisfying

i+j+pk=(m+1)(p-2).

This equation has solutions only for 0 < k < p — 2, and for fixed such k there are
s, = (p+1)(p — 2) — pk + 1 solutions. It follows that h'(&p/) equals

—1 —2
Zsk o+ -2 T )=y
Setting p = 2 gives the value h'(0p/) = 1. a

The Jacobian Criterion immediately reveals that D’ contains no smooth point.
The subscheme D' C P(1,1,p) lies in D4 (X) U D4 (Y), thus is contained in the
smooth locus of the weighted projective space. The intersections D’ NV, (Y) and
D’ NV, (X) are the two non-rational points (1 : 0 : f%/?) and (0 : 1 : —p*+1/P),
respectively. Both residue fields are isomorphic to F, and the subscheme is reduced,
hence the corresponding local rings are regular. To understand the singular locus
of D', it suffices to look at the affine chart D (Y), which is the spectrum of kl[t, z],
with t =T/Y? and z = X/Y, and our homogeneous equation becomes

# — B(zP — B)P = 0.

Let u be new indeterminate, and consider the polynomial ring F'[u] over the field ex-
tension F' = F(B'/P). Then (I5) defines an injective homomorphism of F-algebras

(17) R = Fla,t]/(t? — B(aP — B)P) — F[u].
Localizing with denominator s = 2P — /3, one sees that
t/s— BYP and x—t/s— u,

such that (R'), = Fl[u],. It follows that the normalization of D’ C P(1, 1, p) is given
by (D). In particular, ¥’ = (8*/? : 1: 0) is the only singular point, and its preimage
a € D is given by the origin a = (0: 1) € IP’}:,. We now consider the normalization

D — D' and the resulting cartesian square
A —— D
B —— D,
where B’ € D' is defined by the conductor ideal, and A’ C D is the preimage.

Proposition 9.4. The ramification locus A’ C D is given by 64 = Flu]/(uP®=1),
the F-subalgebra Op C Oy is generated by BYP 4w and BYPuP, and the morphisms
: D — D' factor uniquely over v : D — D.

Proof. The conductor square gives a long exact cohomology sequence
0— H(Op) — H(Op) ® H (Op) — H(Ox)) — H (Op) — 0.

We have h?(0p) = p and h%(04/) = pl for some integer | > 1, and our task is to
verify [ = p? — p. Being a complete intersection, the curve D’ is Gorenstein, thus

Licensed to Heinrich-Heine University Dusseldorf. Prepared on Tue Apr 21 05:51:25 EDT 2020 for download from IP 134.99.140.146.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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h(0p/) = pl/2. Taking alternating vector space dimension, the above sequence
yields
L—(p+pl/2) +pl — (p* —p* = 2p+2)/2 =0,

and the first assertion follows. Since Op: — Op/ is surjective and O — C4/ is
injective, the second assertion follows from the description () of the morphism
([I@). For the last assertion, we use the universal properties of cocartesian squares
of schemes and the corresponding cartesian squares of rings: The image of the
composite map Op: C Op — O — 04 is generated by BY/P 4w, and thus factors
over the subring Op C 0 4. O

We now establish a structure result on certain algebraic curves of arithmetic
genus one. Recall that for ground fields with pdeg(F') = 1, there is precisely one
purely inseparable field extension F with [F : F| = p, namely F = F/7.

Theorem 9.5. Let D be a proper integral curve with cohomological invariants
h%(6p) = h'(Op) = 1. Assume D in not regular, contains no rational points,
and the local rings Op o are geometrically unibranch. Assume further that Pic%/F

contains a rational point, and that the ground field has pdeg(F) = 1. Then the
curve D is given by a cocartesian square as in ([I2)), for some non-zero scalar
B e F = FY?. Forp =2, this D is isomorphic to the curve inside P(1,1,2)
given by the homogeneous equation t*> — B(z? — By?)? = 0.

Proof. Let v : D — D be the normalization map, with conductor square

A—— D

<18> "

B —— D.

Then D is another proper integral curve, and we write F' = H O(E, O'p) for the field
of global sections. This gives a finite field extension F' C F. Let

(19) 0 — H%(0p) — H(0p) ® H*(Op) — H*(04) — H' (Op) — H (0p) — 0

be the exact sequence resulting from the conductor square. Our proof proceeds in
a sequence of little steps.

Step 1. We have h°(Op) = p, h*(Op) =0, h°(Op) = p, and h°(C4) = 2p. To see
this, set d = h%(0p) = [F : F] for the degree of the field extension F C F, and
write h®(04) = dl for some integer [ > 1. Since the curve D is Gorenstein, we then
have h°(0p) = dl/2. Clearly, h'(0p) < 1. If equality holds, then d = 1. Using
that the alternating sum of vector space dimensions in ([[9) vanishes, we get | = 0,
a contradiction. Therefore h!(&5) = 0. In turn, we have (d+dl/2) —dl = 0, hence
[ =2.Ifd=1 we get h®(0p) = 1, which implies that D contains a rational point,
a contradiction. This shows d > 1. In order to check d = p, we may base-change to
the separable closure of the ground field F', and assume that F' is separably closed.
Since h°(0p) = 1 we have an exact sequence

Pic(D) — Picp,p(F) — Br(F).
Since the Brauer group vanishes, the rational point on Pic’l’) /p comes from an

invertible sheaf on D of degree p, and its preimage . on D likewise has x(&) —
X(Op) = deg(L) = p. This degree is a multiple of d > 1, and we conclude d = p.
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Step 2. The field extension F C F is purely inseparable. Suppose this does not
hold. Choose some o € F whose minimal polynomial f € F[T] has at least two
roots wi # wo in some algebraic closure . This gives a subfield F[T]/(f) C F
such that the spectrum of F ®p  is disconnected. It follows that the curve D is
geometrically reducible, whence the same holds for D. On the other hand, D is
geometrically connected because h®(€p) = 1. In turn, there must be a closed point
on D ®p Q) whose local ring has reducible spectrum. Its image a € D is a closed
point where the local ring Op , is not geometrically unibranch, a contradiction.

Step 3. The scheme A contains only one point. Suppose this is not the case. Then
the condition h°(04) = 2p implies that 04 = F x F, hence the subring Op C 04
is reduced and we have A = {a1,a2}. The scheme B contains at least one and
at most two points. The case B = {b} is impossible, because then the local ring
Op is not unibranch. Thus B = {b1,bs2}, such that O = F; x F» for some
intermediate fields F ¢ F; C F. Since the local rings Op, are Gorenstein, we
have [F : F;] = [F; : F] = p/2, which forces p = 2 and [F; : F] = 1. The latter
implies that D contains rational points, a contradiction.

Step 4. We have O = Fle] for some indeterminate ¢ subject to €2 = 0. The task
is to show that A is non-reduced. Seeking a contradiction, we assume that A is
integral. Since pdeg(F) = 1, we must have 4 = Fl/pz, and there is but one
intermediate field between F' C €4, namely F''/P. The difference map H°(0p) @
H(0p) — H°(04) is not surjective, by the exact sequence ([T), hence its image is
the intermediate field, and the cokernel H'(&p) has dimension p, a contradiction.

Step 5. The composite map Op C 05 — Ox/my is bijective. Consider the in-
clusions of fields F' C Op/mp C Oa/my = F. The first inclusion is strict be-
cause D contains no rational points. The composite extension has degree p, hence
Op/mp = F. Since h°(0g) = p, we must have mp = 0.

Step 6. The normal curve D is isomorphic to P}%. We saw in Step 4 that there

is an invertible sheaf .Z on D of degree deg(¥) = p. Let us temporarily regard
F as the ground field for D, such that deg(.#) = p/[F : F] = 1 and deg(wp) =
—2x(0p) = —2. Tt follows that h'(Z) = h°(ZLY @ wp) = 0, and Riemann-Roch
gives h0(.Z) = x(Z) = deg(Z) +x(0p) = 2. Each non-zero section s € H°(D, %)
vanishes at a unique F-rational point, and two linearly independent sections vanish
at different points. It follows that . is globally generated, thus defines a morphism
D — IP’% of degree one, which thus must be an isomorphism.

The proof concludes as follows: Write F = F('/?) for some 3 € F* that is not
a p-power. The conductor scheme B is canonically isomorphic to Spec(ﬁ’ ), via the
composite map in Step 6, but the inclusion &g C 04 is given by

BYP s BYP 4 e

for some € € F*. Replacing the generator 3/ € &g by v~ 13'/?, we may assume
~ = 1; thus the scheme D obtained from D = ]P’% by the denormalization in (I2)).
According to Proposition [@.2] there exists a finite birational universal homeomor-
phism D — D', where D' C P(1, 1, p) is given by the equation t? — 3(zP — SyP)P =
Moreover, if p = 2, the finite birational universal homeomorphism is actually an
isomorphism. This means that D is isomorphic to the curve in weighted projective
space given by t? — B(2? — By?)? = 0. |
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10. NON-EXISTENCE WITHOUT IRREGULARITY IN CHARACTERISTIC TWO

Let F be a ground field of characteristic p = 2. Throughout, we use the notation
from Section B} Let V' be a regular del Pezzo surface that is geometrically integral
but geometrically non-normal. Let N C Sing(V/F) be the divisorial part of the
locus of non-smoothness, and let D = N,¢q be the underlying reduced scheme. We
now settle the subcase from Proposition [l occurring in Proposition

Theorem 10.1. Assume that h°(0p) = h'(Op) = 1, and that over the alge-
braic closure Q = F, the normalization of Vg is the contracted Hirzebruch surface
P(1,1,2), with non-reduced ramification locus R = 2H. Then the ground field F
must have pdeg(F) > 2.

Proof. By assumption, we are in case (iii) of Reid’s Classification. After making
a finite separable extension of F', we may assume that there is a finite purely
inseparable extension F' C K so that the normalization v : X = Y = Vi is
given by X = P(1,1,2), with non-reduced ramification divisor R = 2H. The
latter has selfintersection number R? = 2. According to Proposition [[.I, we have
v~ 1(Dg) = R, thus D? = 2, in particular there is an invertible sheaf of degree two
on D. Moreover, the curve D is geometrically irreducible. Being the divisorial part
of non-smoothness on some regular scheme, the integral curve D is geometrically
non-reduced and contains no rational points, by Corollaries 2.7 and

Seeking a contradiction, we now assume that pdeg(F) < 1. In light of [60,
Theorem 2.3] the curve D is not regular. Thus Theorem applies, hence D is
given by the homogeneous equation t? — (22 —By?)? = 0 inside the two-dimensional
weighted projective space P(1, 1, 2) for some non-square 8 € F*. Starting from this
information, we shall show that the regular del Pezzo surface V is a Cartier divisor
inside the three-dimensional weighted projective space P(1,1,1,2), and that its
defining equation must produce a singularity v € V.

To achieve this goal, we first establish that H!(V,0y) = 0. The conductor
square () gives an exact sequence

H°(0x)® HY(Oc) — H°(OR) — H' (Oy) — H (Ox) © H' (0¢).

The map on the left is surjective, because the ramification curve R = 2H is the
split ribbon P! @ Op1(—1), hence H°(R,Og) = F. The contracted Hirzebruch
surface X = P(1,1,2) has H'(X, Ox) = 0, and it suffices to check H'(C, 0¢) = 0.
According to Proposition (.6 the curve C' is geometrically integral. The two curves
C, Dk C Y have the same support, and thus C C (D )req. By Proposition @11 we
have (Dg)req = P! and thus C = PL.

Next, consider the invertible sheaf . = &y (D): the sheaf .Z is ample because
its pullback to X = Pg(1,1,2) is ample. The restriction has deg(-#p) = 2, whereas
the dualizing sheaf has deg(wp) = —2x(€p) = 0. In turn, h'(¥p) = 0 and
h(&p) = 2. Choose a vector space basis s,s’ € H°(D, %p). Since there is no
rational point, the sections vanish at some non-rational points a,a’ € D whose
residue fields must be isomorphic to F = FY2. The local rings Op o and Op o
then must be regular. Consequently we have a # a’ because F's # F's’ are different
linear systems. It follows that #p is globally generated.

The short exact sequence 0 — Oy — £ — £p — 0 yields an exact sequence

0 — HV,0v) — H(V,¥) — H°(D, %p) — H'(V, Oy).
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The term on the right vanishes, and we conclude that .Z is globally generated, with
hO(#) = 3. We get a finite morphism f : V — P2. It must be surjective, of degree
deg(f) = deg(.¥) = 2. This morphism is actually flat, because P? is regular and V'
is Cohen-Macaulay. Setting o = f.(Ov ), we get a short exact sequence

(20) 0— Op2 — o — Op2(d) — 0

for some integer d. We claim that d = —2. To see this, choose a global section
s € H%(V, %) with zero-locus D C V. Restricting the above sequence to the line
P! = V,(s) gives a short exact sequence 0 — Op1 — v, (Op) — Op1(d) — 0, thus
d+1=x(Op:(d)) = x(€p) —x(Op1) = —1, and therefore d = —2. The short exact
sequence (20) splits as an extension of coherent sheaves because

Ext!(Op2(d), Op1) = HY (P2, Op2(—d)) = 0.

Consequently o/ = Op2 @ Op2(—2), and the algebra structure is determined by some
linear map

(U, @) : Op2(—2) Q@ Op2(—2) — o = Op2 ® Op2(—2),

where we regard ¥, ® € F[x,y, z] as homogeneous polynomials of degree four and
two, respectively. It follows that V is isomorphic to the Cartier divisor in the
weighted projective space P(1,1,1,2) defined by the equation P(z,y, z,t) = 0, for
the homogeneous polynomial

P(.I, Y, th) = t2 - @(.I, Y, Z)t - \I/(l‘,y, Z)

of degree four, where deg(t) = 2. Without restriction we may assume that the curve
D C V is given by the equation z = 0. The locus of non-smoothness Sing(V/F) C
P(1,1,1,2) is given by the Jacobian ideal a = (P, P, P,, P, P.) generated by P and
its partial derivatives, because the unique singularity (0:0:0: 1) of the weighted
projective space lies outside V', and the reflexive sheaf €p(; 1,1,2)(—4) is invertible.
According to Proposition [[]] the divisorial part is given by 2D C Sing(V/F'), such
that a C (2?). Using P, = @, we see that 22|®, and thus the homogeneous quadratic
polynomial is of the form ® = az? for some scalar a € F. According to Theorem

@5 we have

\I/(.I, Y, Z) = ﬂ($2 - ByQ)Q + ZR(I7 Y, Z)
for some homogeneous polynomial R(z,y, z) of degree three. Thus P, = zR, + R.
Since the Jacobian ideal a is contained in (2?) and in particular in (2), we infer that
z|R. Thus the polynomial P defining our regular del Pezzo surface V C P(1,1,1,2)
takes the explicit form

P(.’L‘, Y, Z7t) = t2 - CYZ2t - 6(12 - ﬁy2)2 + Z2Q($>y7 Z)

for some homogeneous quadratic polynomial Q(x,y,z). This finally leads to the
desired contradiction: Set P = P(1,1,1,2), and consider the non-rational closed
point v = (%2 :1:0:0). Then v € V N D, (y), and the local ring is given by
Oy, = Op,/(Py=*). But we have

t oz [(z\°
_25_7(_> _ﬂem]}]’,vv
Y=y \y

which implies Py~* € mlzpyv. Consequently, the local ring Oy, is not regular, a
contradiction. (]

4
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1816 ANDREA FANELLI AND STEFAN SCHROER

Similar arguments apply to the twin case h®(0p) = h'(€p) = 1 in characteristic
three. Then the curve D is given by a homogeneous equation 2z* — e(2® — ey3) = 0
for some non-cube € € F*. However, we shall take another approach in Section [I3

11. NON-EXISTENCE WITH IRREGULARITY IN CHARACTERISTIC TWO

Let F' be a ground field of characteristic p = 2. Throughout, we use the notation
from Section B} Let V' be a regular del Pezzo surface that is geometrically integral
but geometrically non-normal. Let N C Sing(V/F') be the divisorial part of the
locus of non-smoothness, and let D = N..q be the underlying reduced scheme.

In this section we will rule out the other subcase from Proposition [[1] occurring
in Proposition Throughout, we assume that h°(0p) = h'(Op) = 2, and
that over the algebraic closure = F, the normalization of Vg is the contracted
Hirzebruch surface P(1,1,2). We then have v~1(Dgq) = R = 2H, such that D? = 2.
It appears to be the most challenging case, and the main result of this section is
the following.

Theorem 11.1. Regular del Pezzo surfaces V' as above do not exist.

Throughout, we assume that such a surface V exists. To reach the desired
contradiction we may assume that the ground field F' is separably closed. The main
idea is to study two-dimensional linear systems HY(V,.#) coming from invertible
sheaves . = A (D) with A4 numerically trivial. It turns out that these define
genus-one fibration on blow-ups, and the Canonical Bundle Formula will yield the
desired contradiction. We start by computing some relevant cohomology groups.

Proposition 11.2. The conductor curve C CY has h°(Oc) = h*(0¢) = 1.

Proof. The conductor curve C' is geometrically integral by Proposition B.6 thus
h%(0c) = 1. Tt also follows that we have an inclusion C C Dk as subschemes
inside Y = Vi, and get a short exact sequence

0— Y — 0Op, — Oc —0

for some sheaf of ideals .# C Op, with h°(.#) = 1. The long exact cohomology
sequence yields surjections

(21) H°(Dg,0p, ) — H°(C,0c) and H'(Dg,Op,) — H'(C,00).

The former is not injective. Let f € H°(Dg, Op,.) be an element in the kernel.
By assumption, H'(Op) is a one-dimensional vector space over the field H°(0p),
so HY(Dg,Op,.) is a free module of rank one over the ring H°(Dg, Op,.). For
each cohomology class a, the element fa becomes zero in H'(C, 0¢). In turn, the
surjection HY(Dg, Op,) — HY(C,0¢) is also not injective. This already gives
h'(Oc) < 1.

Seeking a contradiction, we assume that h'(&¢) = 0. Since D% = 2, the invert-
ible sheaf .Z = Oy (Dx) has deg(-Zc) = 1, and it follows that .%¢ is very ample
with h?(Zc) = 2, thus defining an isomorphism C' — P!. Consequently h!(.%) = 2.
Let n € Dk be the generic point. Since D% = 2, the length of the local Artin ring
Op, n is two, and it follows that .# annihilates itself. Hence .# becomes a torsion-
free Oc-module, thus .# = Opi(n) for some integer n. Using h°(.#) = 1 we see
n = 0, and this gives h'(.#) = 0, a contradiction. The only remaining possibility
is hl(ﬁc) =1. O
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DEL PEZZO SURFACES IN POSITIVE CHARACTERISTIC 1817

Using Proposition 6] we infer the cohomological invariants for Y = V @p K
and thus also for V.

Proposition 11.3. The regular del Pezzo surface V' has cohomological invariants
ho(ﬁv) = hl(ﬁv) =1 and hQ(ﬁv) =0.

From this we deduce the structure of the Picard scheme.

Proposition 11.4. The connected component Pic?,/F is a twisted form of Gg,r,
and it contains infinitely many rational points. In turn, there are infinitely many
isomorphism classes of numerically trivial invertible sheaves A on V.

Proof. In light of h?(0y) = 0, the Picard scheme P = Pic?//F is smooth ([47,
Lecture 27]). It is a one-dimensional scheme, because its tangent space H'(V, Oy)
is a one-dimensional vector space. The base-change to K lies in the kernel for the
pull-back map Picy,x — Picx/x = Z. Using [8, Exposé XII, Theorem 1.1] we infer
that P is quasiaffine. By the classification of one-dimensional commutative affine
group schemes in [68], it must be a twisted form of G, or G,,.

Now regard P as a smooth connected algebraic curve, write P C P for the regular
compactification, and choose some very ample invertible sheaf .Z on P. Since the
projective curve P is geometrically reduced, we may apply Bertini Theorems (for
example [3I, Proposition 4.3] or [37, Chapter I, Theorem 6.3]) and deduce that
there are infinitely many reduced Cartier divisors A C P disjoint from the points at
infinity. Since our ground field F is separably closed, these Cartier divisors are sums
of rational points. They correspond to invertible sheaves on V' because Br(F') = 0.
In other words, there are infinitely many isomorphism classes of numerically trivial
sheaves on V.

Seeking a contradiction, we assume that P is a twisted form of G,,,. Choose some
prime number ¢ # p. The kernel P[{] is a twisted form of the finite étale group
scheme pp. Since F' is separably closed, we conclude that P[¢] = u; ~ Z/¢Z. In turn,
we find an invertible sheaf . of order ¢. Choose a trivialization . Z®~¢ — @y, such
that the locally free sheaf o = Oy ® L® 1 ®...® L® ¢ acquires the structure of
a finite étale Oy -algebra. This shows that the algebraic fundamental group 71 (V)
is non-trivial. However, the morphism v : X — V is a universal homeomorphism,
so the induced map 71 (X) — 71 (V) is bijective by [32, Exposé IX, Theorem 4.10].
However, X = P(1, 1,2) is simply-connected, a contradiction. a

Note that the structure of twisted forms of the additive group scheme G, were
determined in [54]. We now consider invertible sheaves . = .4/ (D) on V, where
A is numerically trivial.

Proposition 11.5. The linear system H°(V,.%) is two-dimensional.

Proof. We compute this with the induced invertible sheaf % on the non-normal
del Pezzo surface Y =V @ K, by using the exact sequence
(22) 0— HY, %) — H(X,%x)® H°(C,%c) — H°(R, %)
explained in (7). The contracted Hirzebruch surface X = P(1,1,2) has H'(X, Ox)
= 0, and it follows that £x = Ox(R) = Ox(2H), regardless of the numerically
trivial sheaf .#". Pulling back along the resolution of singularities S — X and
working on the Hirzebruch surface S — P!, one easily sees h°(%Lx) = 4.

Since v~} (Dg) = R = 2H, we have (D -C) = 1, so deg(Zc) = 1. Serre duality
gives h' (%) = 0 and thus h°(%c) = 1 by Riemann—Roch. In turn, the base locus
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1818 ANDREA FANELLI AND STEFAN SCHROER

for the invertible sheaf %4 comprises a unique rational base point b € C, contained
in the regular locus of the curve C.

Finally, the ramification divisor is the split ribbon R = P! @ @p:(—1). In turn,
we get Lr = Opi(1) @ Op1, and therefore h°(£r) = 3. The short exact sequence
0— Ox(—R) — Ox — Or — 0 yields an exact sequence

H°(X,0x) — H°(R,Or) — H'(X, Ox(—R)).
We have h?(Ox(—R)) = h°(Ox(—R)) = 0 by Serre duality. Riemann-Roch gives

R’ +(R- K R? - 2R?
N e N R
and thus h!(@x(—R)) = 0. In turn, the restriction map H°(X, %x) — H°(R, £r)
is surjective. Using the exact sequence ([22)), we infer h°(¥) = 2. (]

Next, we examine the two-dimensional linear system on Y = Vi induced by %

Proposition 11.6. There is a non-zero global section s' € H°(Y, %) so that
the resulting effective Cartier divisor D' C Y has Supp(D’) = Supp(Dg). Such
a section is unique up to invertible scalar. The cohomological invariants for the
scheme D' are given by

2 if L ~wy;
1 else.

h(Opr) = h'(Opr) = {

Proof. According to Proposition [5.12] the global sections of .43 vanishing along C
correspond to the global sections of Zx(—R). In our situation, the normalization
X is the contracted Hirzebruch surface P(1,1,2) and Zx(—R) = Ox. Existence
and uniqueness follow.

Since the conductor curve C' is reduced, we have an inclusion C' C D’ inside the
scheme Y. In turn, there is a short exact sequence

(23) 0— ¥ —0p — Oc —0

for some sheaf of ideals .# C @p.. By definition of the conductor square, v~ 1(C) =
R holds as subschemes on X. By assumption on our regular del Pezzo surface V' we
also have v~1(D’) = R. In turn, the morphism v : R — Y factors over D', and the
image of the homomorphism &pr — Op is the subsheaf 0 C Og. Furthermore,
we have a commutative diagram

0 —— Oy(=D") Oy Op 0
l l l
0 —— Ox(—R) Ox Or 0.

The cokernels for the two vertical maps on the right are the same, and the Snake
Lemma gives an identification .% = Ox(—R)/Oy(—D'). In turn, we have a second
short exact sequence

(24) 0— Oy(-D') — Ox(—R) — & — 0.
Riemann—Roch gives
W(Ox(—R)) = T+ Kx) (ZR Kx) 4 (o) = FD =2 _22(R2) +1=0

Licensed to Heinrich-Heine University Dusseldorf. Prepared on Tue Apr 21 05:51:25 EDT 2020 for download from IP 134.99.140.146.
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use



DEL PEZZO SURFACES IN POSITIVE CHARACTERISTIC 1819

and
R?) + (R-v (K R?) — (R

w0y (=p) = TR oy = DD ) -0
Consequently x(-#) = 0 and x(Op/) = x(O¢) + x(.#) = 0. Thus it suffices to
verify the statement on h°(&p).

Obviously h°(Ox(—R)) = 0. Using wx(R) = Ox(—R) also h*(Ox(—R)) = 0,
and thus h'(Ox(—R)) = 0. Likewise, we have h®(0y (—D')) = 0. If £ = wy., then
Serre duality gives h?(0y(—D')) = 1 and thus h'(Oy(—D’)) = 1. On the other
hand, if . # wy’, the invertible sheaf wy (D’) is numerically trivial but non-trivial,
and thus hi(0y(—D’)) = 0 for all i > 0. From (24) we get an exact sequence

0 — H°(S) — H'(Y,0y(-D')) — H'(X, Ox(—R)).
We just saw that the term on the right vanishes, and thus (%) = 1 if & = wy.,
and h°(.#) = 0 if £ # wy.. To finish the argument, we use the exact sequence
0 — H°(Y) — HY(D',0p) — H°(C,0c)
stemming from (23]). We have h°(&¢) = 1, because C is geometrically reduced. It
follows that the map on the right is surjective, and the assertion follows. O

Note that we do not assert that the above Cartier divisor D’ on Y = Vj arises
from an effective Cartier divisor on V. In fact, this is impossible if A" % Oy,
because on the normal scheme V effective Cartier divisors are determined by their
support and multiplicities.

By assumption on our regular del Pezzo surface V', the divisor D = N,eq, where
N C Sing(V/F) is the divisorial part of the locus of non-smoothness, has h°(0p) =
h'(Op) = 2. Let us record the following consequence.

Corollary 11.7. The dualizing sheaf for the del Pezzo surface is wy = Oy (—D).

Proposition 11.8. Suppose that N % Oy. For each non-zero s' € HY(V, %) the
resulting effective Cartier divisor D' C V has cohomological invariants h°(Op/) =
hl(ﬁpl) =1.

Proof. Riemann—Roch gives

X(Op) = x(0v) = x(Ov(=D")) = x(0v) = x(0v(-D)) = x(0p) = 0,

so it suffices to check h®(&p/) = 1. The curve D’ C V is integral, because its
class generates NS(V). In turn, the preimage v~!(D%;) C X is irreducible. Since
this is linearly equivalent to R = 2H, it must be isomorphic to the split ribbon
P! @ Opi(—1). Using that v~ 1(D%) — D is schematically dominant, we infer
that h%(Op; ) = 1. O

For each vector space basis sy, so € H(V,.%) the resulting two effective Cartier
divisor D1, Dy C V define the base-locus Bs(.#) = D; N Dy as a closed subscheme.

Proposition 11.9. The base-locus Bs(£) consists of a unique closed point b € V
contained in D C V', and its residue field has k() : F] = 2.

Proof. First note that formation of base-loci commute with extension of ground
fields. The Néron—Severi group NS(Y) is cyclic, with .Z as generator. It follows
that every non-zero global section of .Z defines an integral Cartier divisor. From
this we infer that the base-locus Bs(.¥¢) = D; N Dy is finite. It must have degree
two because D? = 2.
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1820 ANDREA FANELLI AND STEFAN SCHROER

Using the restriction map H°(%) — H°(C, %c) and the fact that £¢ has
degree one on the integral curve C' of genus one, we see that Bs(.%) consists of
a unique closed point b € V contained in D. Since our del Pezzo surface V is
regular and D C N is the divisorial part of the locus of non-smoothness, we see
that the point b € V' is not rational. Since the base-locus has length two as closed
subscheme, we infer that the field extension F' C x(b) has degree two. g

The two-dimensional linear system H°(V,.%) defines a rational map
X -—» P! =PH"(V,2)

defined on the complement of the base-point b € V. Let V — V be the blowing-up
with center b € V. The exceptional divisor E C V is a projective line over the
residue field x(b), and we get a fibration f : V — P!. Note that all this depends on
the numerically trivial sheaf .4 in & = A4 (D) = A4 ®wy,, but we do not indicate
this in notation.

Proposition 11.10. If A # Oy, then f : V — P! is a genus-one_fibration with
the following property: for every point a € P, the schematic fiber V, = f~1(a) is
integral.

Proof. We first establish that f : V — P!, which is proper, surjective, and flat is
indeed a genus-one fibration. According to Proposition [IT.8] for each rational point
a € P! the fiber V, = f~*(a) has h%(0y, ) = h'(0y; ) = 1. For the generic fiber this
implies X(ﬁVn) = 0. Semicontinuity gives ho(ﬁf,n) =1, and thus also hl(ﬁf,n) =1.
Zariski’s Main Theorem ensures that the canonical injection Op1 C f. (O ) is an
equality. Summing up, the morphism f : V — P! is a genus-one fibration.

Now fix a closed point @ € P!. It remains to verify that the scheme V, = f ~a)
is integral. This is clear if a € P! is a rational point, because the image of the fiber
in V generates NS(V). For arbitrary a € P!, the fiber V, is at least irreducible,
because the group NS(V) has rank p = 2. Write V, = m® for some integral curve
© C V and some multiplicity m > 1. The exceptional divisor E C V for the
blowing-up V — V is a projective line over the quadratic field extension F' C x(b)
and the projection E — P! has degree two; we must have m < 2.

Seeking a contradiction, we now assume m = 2. In particular, the closed point
a € P! is not rational. The intersection E NV, is a finite scheme, which has degree
two over the residue field x(a). In turn, EN©O is isomorphic to Spec x(a). We infer
that the field extension k(a) C H°(Og) is bijective, and that the curve © is regular
at the intersection point ENO. It follows that the composite morphism © C V — V
is a closed embedding. Its image D" C V passes through the center b € V', which
is also the base-point for the invertible sheaf ¥ = 4(D), and has [x(b) : F| = 2.
Choose a non-zero global section of H(V,.#). Recall that s1,s, € HY(V,.%Z) is
a vector space basis, with corresponding effective Cartier divisors D, Dy C V.
Since (D; - D3) = 2, the intersection D; N Dy is transversal, and in particular
the curves Dy, Dy are regular at the intersection point b € Dy N Ds. Without
restriction, we may assume that the intersection D; N D" is transversal as well,
and thus (D; - D”) = 2. It follows that . = .#/(D) is numerically equivalent
to Oy (D"). Furthermore, the pullback to the conductor curve C C Y = Vg
becomes isomorphic. Since both pullback maps Pic(V) — Pic(Y') and restriction
map Pic(V) — Pic(C) are injective, we conclude that Oy (D") ~ Z. It follows
that © is a fiber over some rational point in P!, a contradiction. ([l
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Proof for Theorem [I1.1l According to Corollary [I.7, we have wy = Oy (—D).
Choose some numerically trivial invertible sheaf 4" % 0y, and consider the genus-
one fibration f : V — P! constructed above from the invertible sheaf & = .4 (D) =
Oy (D'). According to Proposition [0, all fibers over closed points of P! are
integral. So we have Ky = > m,;F;, where m, are integers and F; are fibers. Since
the base of the fibration is P!, we deduce that Ky, = mF, for the fiber F over the
rational point co € P! and some integer m < 0. With E? = —2 and (F - E) = 2, we
deduce that m = —1. Using that wy = f.(wy ), we infer that wy = Oy (—D’). On
the other hand, we have wy = Oy (—D) by Corollary IT.71 Thus the two divisors
D, D’ C V are linearly equivalent, hence .4 ~ 0y, a contradiction. O

12. PECULIAR CURVES OF HIGHER GENUS

In this section we shall study the geometry of certain peculiar algebraic curves
of higher genus that show up in our study of del Pezzo surfaces in characteris-
tic three that are regular and geometrically non-normal. The geometry of such
curves, however, merits a study in all characteristics. Our methods break down in
characteristic two, so we exclude this from consideration.

Let F be an imperfect ground field of characteristic p > 3. For the sake of
exposition, we assume that F' is separably closed and has pdeg(F) = 1. In turn,
every finite field extension is of the form F/?" which has degree p™. We write
F = F1/? for the unique field extension of degree p. Throughout, D denotes a
proper integral curve with h°(&p) = 1 satisfying the following conditions:

(i) The genus of the curve is h'(0p) =p + 1.
(ii) The local rings Op 4, a € D are Gorenstein and geometrically unibranch.
(iii) There is no rational point on D.
(iv) The normalization D has genus h'(05) = 0.
In turn, we get the numerical invariants
X(0p) = —p, deg(wp)=2p, h’(wp)=p+1, and h'(wp)=1L

Note that for each closed point x € D, the residue field x(z) is a purely inseparable
finite extension of F, so its degree is a p-power. As usual, we form the conductor
square

D
@ L L
D

for the normalization morphism v : D — D.

Proposition 12.1. The normalization D is isomorphic to the projective line IP’%,

and the conductor loci satisfy h°(Og) = 2p and h°(04) = 4p. More precisely, we
have

Op~Fle] x Fle] and 6 ~F x F or Oa~ F[n] and Op ~ Fle|.
Here € and 1 denote indeterminates subject to the relation €2 =0 and n* = 0.

Proof. Seeking a contradiction, suppose that h%(0p) = 1. According to [60, The-
orem 2.3] the scheme D is geometrically reduced, and thus the same holds for D.
According to the well-known Bertini Theorems (for example [3T, Proposition 4.3]
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or [37, Chapter I, Theorem 6.3]), we find an effective Cartier divisor C' C D that is
also geometrically reduced. Since F is separably closed, such a subscheme consists
of rational points, a contradiction. So we have h%(&p) = p” for some exponent
v > 1. The invertible sheaf oJD|D has degree 2p, which ensures v = 1, because p is
odd. Since pdeg(F) = 1, the two field extensions F' and H°(D, 0'3) coincide.

Now regard F as the ground field for the curve D, which is geometrically reduced.
Applying Bertini Theorems as above, we find a rational point = € D, and set
£ = Op(x). The long exact sequence coming from 0 = 05 = £ — k(xz) — 0
shows that .# is globally generated with dimz HO(D,.#) = 2, and it follows that
the ensuing D — IP’% is an isomorphism.

From the conductor square (23], we get an exact sequence

0— H°(Op) — H°(Op) ® H*(0p) — H°(O4) — H'(Op) — 0.

Write h°(€04) = pa for some integer a > 1. Since the curve D is Gorenstein, we
must have h%(&g) = pa/2. In turn, we get 1 — (p + pa/2) + pa — (p+1) = 0. Thus
a = 4, and the values for h%(04) and h°(O) follow.

Now decompose A = Y n;a; into prime divisors on the regular curve D, and
write [k(a;) : F] = p*i. Then 4 = Y. n;p*. Each summand is even, because the
local rings on D are Gorenstein and geometrically unibranch, and p is odd. One
easily sees that the only solutions are 4 = 2+ 2 or 4 = 4, and the structure for &4
follows. The Artin ring Oz of length h°(€5) = 2p has an induced decomposition,
with corresponding lengths 2p = p + p or 2p = 2p, since the local rings on B are
geometrically unibranch. Since D contains no rational point, all residue fields of
O'p are copies of F. The structure of &g follows. O

Choose an identification D = IP’};. We now construct some partial denormaliza-
tion D, with morphisms IP’% = D — D — D. First suppose that &4 = F[e] x F[e].
Then define D as the denormalization of D = Plﬁ with respect to @5 /(0 x F) inside
the ring €'4/(0 x Fle]). Then D is either a peculiar genus-one curve studied in
Section [@ or the rational cuspidal curve Spec F[T?, T3] U Spec F[1/T].

Now suppose that &4 = F|[n), with n‘i = 0, and write F = F(8Y/?). Since
h(Op) = 1, the subalgebra 05 = Fle] C F[n] = 04 is given by

BYP s BYP X+ Ao + Aan® and e = pon® + pan®,

where neither (A1, Az, A3) nor (ug, j13) are zero tuples. Consider @4 /m% = F[n]/(n?)
and the resulting subring /(€5 Nm?%). Both residue class rings have residue
fields isomorphic to F, with h%(04/m?) = 2p and h%(Op/(0p Nm%)) = p. More
precisely, Op/(0pNm?%) coincides with the image of F = HO(D, 0p) inside 0 4/m%
if and only if Ay = 0. Now define D as the denormalization of D = P}% with respect
to Op /(0 Nm%) inside 64 /m%. Again D is either the rational cuspidal curve over
F or a peculiar genus-one curve studied in Section @ The latter holds if and only
it Ay #0.

The following statement, valid in all the above cases, is immediate if D is a
rational cuspidal curve over F', and follows directly from Proposition if Dis a
peculiar genus-one curve.
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Proposition 12.2. The reduction C = (D Qp F)rcd of the base-change has
dimz H(C,0c) =1 and dimzH'(C,0¢c) < 1.

In combination with Maddock’s bound (@), this will play a crucial role in our
analysis of del Pezzo surfaces V' in characteristic three that are regular but geo-
metrically non-normal. To proceed, we study the linear system attached to the
dualizing sheaf.

Proposition 12.3. The invertible sheaf wp is globally generated.

Proof. Choose a non-zero global section s € H°(D,wp). The zero-locus is an
effective Cartier divisor C' C D of length(&¢) = 2p. As a set, it consists of either
two points c¢1,co € D or of a single point ¢ € D, because F' is separably closed and
C(F) = @. In all cases, the respective residue fields F} are isomorphic to F, and
Oc = FxF or Oc = Fle|, where € denotes an indeterminate subject to the relation
2 = 0. The case that ¢ is a field does not occur, by our assumption p # 2.

First consider the case that C is reduced, such that C' = {c1,c2}. The short
exact sequence 0 — Op — wp — O¢ — 0 induces an exact sequence

0 — H%D,0p) — H°(D,wp) — H°(C,00) =F x F.

The linear map on the right has rank p, so we may assume without restriction that
co € D is not a base point. Seeking a contradiction, we assume that ¢; € D is a base
point. Set .Z = Op(cz) = wp(—c1). Then the inclusion HY(D,.#) C H°(D,wp) is
an equality, in particular h°(Z) = p+ 1, and furthermore .# is globally generated.
The short exact sequence 0 — Z(—c1) — £ — k(c1) — 0 yields an exact sequence

0 — H°D, Z(-¢,)) — H°(D,.¥) — F.

The map on the right is not injective, and we conclude that the numerically trivial
sheat Z(—c1) = Op(ca — ¢1) admits a non-zero section. In turn, &p(c1) ~ Op(ca)
is globally generated, a contradiction.

Now suppose that C' is non-reduced, such that & = Fl[e]. Seeking a contradic-
tion, we assume that ¢ € D is a base point. Then the image of the restriction map
H°(D,wp) — H°(C, O¢) factors over the maximal ideal Fe of the local Artin ring
Oc, and we get a short exact sequence

0 — H°(D,0p) — H°(D,wp) — Fe — 0.

Choose two sections s’,s” of wp vanishing at ¢ € D, whose images in Fe are
linearly independent over F'. Then the resulting closed subschemes D', D" C D do
not coincide, but we have D' NC = D" N C. It follows that the local ring Op . is
singular, with embedding dimension two.

We now distinguish two cases, according to the singularities on D. First suppose
that the ramification divisor A C D is of the form €4 = F[¢] x F[¢], such that 05
is isomorphic to F' x F. We may assume that the first projection corresponds to
the inclusion ¢ € B. We now regard the global sections s € H(D,wp) as pairs
(s|D, s|B) whose entries coincide in @4. Since ¢ € B is a base point, this means
that s|B € 0 x F and s|D is a global section of & C wp|D = Ox(2). In other
words, we have an identification of H(D,wp) w1th the intersection of two copies
of F as subalgebras inside 0 x F[ ]. Such an intersection is a subalgebra inside F,
which has dimension d = p or d = 1, contradicting h®(wp) = p + 1.
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Now suppose that @ = Fle] inside 04 = F[n] with n* = 0. The inclusion is
given by € = an? + Bn?® for some scalars o, 3 € F, not both zero. The residue
class ring @4 /€04 is thus F[n]/(n™) with n = 2 or n = 3. In both cases, we may
regard the global section s € H(D,wp) as pairs (s|D, s| B) where the first entry is
a global section of O C wD|fD and the second entry lies is Fe. As in the preceding
paragraph, this contradicts h%(wp) = p + 1. O

Proposition 12.4. There is a non-zero section of wp whose zero-scheme is re-

duced.

Proof. Suppose this would not hold. Then for each non-zero global section s €
H°(D,wp), the zero-scheme Z = Z(s) C D is local, with &, = Fl[e]. Choose two
global sections s, s’ that generate wp, and consider the resulting finite flat morphism
f: D — P! of degree deg(f) = 2p. The morphism is not purely inseparable, by our
standing assumption p # 2. Hence the fiber f~1(y) is geometrically disconnected
for the generic point y = 7. By [29] Proposition 9.7.8] this holds for almost all points
y € P'. Since F is separably closed, whence infinite, there must be a rational point
y € P! with f=1(y) geometrically disconnected. On the other hand, this fiber is
the spectrum of &5 = F[E], which is geometrically connected, a contradiction. [

13. NON-EXISTENCE IN CHARACTERISTIC THREE

Let F be a ground field of characteristic p = 3, and let V' be a regular del Pezzo
surface that is geometrically integral but geometrically non-normal. In Section 8]
we already narrowed down the possibilities. Here our main result is the following.

Theorem 13.1. If a del Pezzo surface V' as above exists, the ground field F' nec-
essarily has pdeg(F') > 2.

Seeking a contradiction, we assume throughout that such a del Pezzo surface V
exists over a ground field F with pdeg(F') < 1. Without restriction, we may assume
that the structure morphism V' — Spec(F) is adapted, and that F' is separably
closed. As usual, we use the notation from Section [l such that Y =V ®p K is a
non-normal del Pezzo surface whose normalization X is geometrically normal, with
conductor square

R—— X

Lo

c — Y.
Recall that the normalization is either the projective plane X = P2 or the weighted
projective plane X =P(1,1,3). We write N C Sing(V/F) for the divisorial part of
the locus of non-smoothness and D = N,¢q for its reduction.

Proposition 13.2. The conductor curve C is isomorphic to P*. Furthermore, we
have h*(£) = 0 for each £ € Pic(V), and h°(O4) = 1 for each effective Cartier
divisor A C 'V, and the restriction map Pic(V) — Pic(X) is injective.

Proof. According to Propositions and 0.8 the ramification divisor R is the split
ribbon P! @ Op:1 (—1). Furthermore, C is geometrically integral by Proposition (.6
hence C' = (D )req- To conclude that C = P!, it suffices to check that h'(0¢) = 0.
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By Proposition 6] we have h'(0y) = h'(0¢). In light of Maddock’s bound (),
it thus suffices to check h'(0¢) < 1. Since the canonical map

H'(Dk,0Op,.) — H (DK )red, O(Dy)ea) = H'(C, Oc)

is surjective, it is enough to verify that one of the two groups on the left is at most
one-dimensional. Indeed, we have h'(0p) = 1 if the normalization is a weighted
projective plane X =P(1,1,3), according to the results in Section [§

Now suppose that X = P2, and consider the integral curve D C V. We first
check that this is a peculiar curve of higher genus studied in Section According
to the result in Section B we have h’(¢p) = 1 and h'(Op) = 4 = p + 1. This
curve is an effective Cartier divisor in a regular surface, so all local rings Op , are
Gorenstein. They are also geometrically unibranch, since R — D is a universal
homeomorphism. The curve D contains no rational points, because it lies in the
locus of non-smoothness Sing(V/F'), by Corollary It remains to check that the
normalization D has h'(65) = 0. The conductor square

D
B—— D
for the normalization yields an exact sequence

0— H°(0p) — H°(Op) @ H*(0p) — H°(O4) — H*(Op) — H*(Op) — 0.

The field extension F = H(D, 0 ) is purely inseparable, of degree 3" for some
exponent v > 0. We have h'(05) = 3"g and h°(04) = 3"a for some integers g > 0
and a > 1. Moreover, h®(0p) = 3Va/2, according to Proposition [A2l The above
exact sequence gives 1 — (3¥ 4+ 3¥a/2) + 3a — 4 + 3Yg = 0, in other words

(26) 3"(a/2+9g—1)=3.

In particular 0 < v < 1. If v = 0, the normal curve D is geometrically normal,
according to [60, Theorem 2.3]. Here we use that pdeg(F) < 1. It follows that D
is also geometrically normal, because the normalization map D — D is birational.
This contradicts that the Cartier divisor D C V is contained in the locus of non-

smoothness Sing(V/F), by Corollary 271 We thus have v = 1, and equation (28]
only has the following two solutions:

g=0,a=4 and g=1a=2.
In the former case, D is a peculiar curve of higher genus, and Proposition [[2.7] tells

us that h'(0c) < 1. In the latter case, F' = HO(D, 0p) is a field extension of the
form F = F(8'/3) for some non-cube § € F*. Note that this field extension is
unique up to isomorphism, because now pdeg(F) = 1. Moreover, the cohomology
group H'! (D, O'p) is a one-dimensional vector space over F, and we fix a cohomology
class @ # 0. Now consider the base-change F ®p K = K[t]/(t?). The resulting
nilpotent element ¢t € H O(bK, o EK) vanishes on the reduction C = (DK)md, and
in turn the image of a in the cohomology group H'(C, O¢) is annihilated by t. It
follows that the image of the surjective restriction map

HY(Dk,0p,.) — H'((Dk)reds O(pye)ra) = H'(C, OC)

red

is at most one-dimensional, and we get h'(0¢) < 1 again.
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Now let .2 be an invertible sheaf on the del Pezzo surface V. The short exact
sequence 0 = % — ZLx & Lo — Zr — 0 from the conductor square yields an
exact sequence

HY(£x) @ H (o) — HY(Zr) = H (L) —» H'(Zx) & H (Z0) — H'(Zr).

Now we use some general facts: For each weighted projective space P = P(qo, - - . , gn)
with ged(qo,.-.,¢,) = 1, all tautological sheaves Op(n) have trivial cohomology
in intermediate degrees 0 < i < n, according to [2I, Theorem in Section 1.4].
Moreover, it is well known that Op(1) generates the group of reflexive rank one
sheaves APic(P); compare [I7, Section 4.1]. It follows that H!(X, %x) = 0, and
also that the restriction map H°(X, %x) — H'(R, Zg) is surjective.

Recall that R = P! & Opi(—1) is the split ribbon, hence Ryeq — C is an iso-
morphism. As a consequence, the pull-back map H!'(%:) — H'(ZR) is injec-
tive. In light of the above long exact sequence, the group H!(Y,.%) vanishes,
thus h'(#) = 0. Applying this to . = Ox we infer that the Picard scheme
Pic?//F = 0, such that Pic(V) = NS(V). The injectivity of Pic(V) — Pic(X)
follows from Proposition O

For n > 0, Serre duality gives h?(wi™") = 0, because w{" !

Riemann-Roch yields

is antiample, so

(-nKy)? — (-nKy) - Ky
2
To proceed, we consider the invertible sheaves

pofirt e
wy if X =P(1,1,3);

nn+1)
2

e W) - Fx(6v) = K341

which both have h?(.#) = 4.
Proposition 13.3. The ample invertible sheaf £ is globally generated.

Proof. Suppose first that X = P2. Consider first the invertible sheaf wg?_l. Since
it generates the Picard group, the effective Cartier divisor A C V attached to any
non-zero s € HO(X, w?}fl) is integral. Moreover, the selfintersection number is
K% =1, and ho(wgfl) = 2. Thus there is another non-zero global section s’ such
that the corresponding effective Cartier divisor A’ has AN A’ = Spec £(v) for some
rational point a € V. Moreover, the local ring 04 , is regular. This already shows
that Bs(.Z) C {a}. The restriction map H°(V,.#) — H°(A, £4) is surjective
because H' (X, Z(—A)) = 0.

It thus suffices to check that a € A is not a base point for the restriction Z4.
This would hold if h'(Za(—a)) = h®(wa @ £®~1(a)) vanishes. The adjunction
formula shows that the degree of wa ® £5 ' (a) is

(Ky+A)-A—(L-A)+1=0-2+1=—1.

In turn, the invertible sheaf w4 ®.Z®~!(a) on the integral scheme A has no non-zero
global sections. This shows that £ is globally generated. In the case X = P(1,1, 3),
one argues as above with w%_l =Z. ]

Consider the finite morphism V' — P2 resulting from the linear system H°(V, .%).
Its image is an integral surface V/ C P2, and we get a finite surjection f: V — V.
There are only a few possibilities.
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Proposition 13.4. The finite morphism f : V. — V' is birational. The image
V' C P3 is a quartic surface if X = P?, and a cubic surface if X = P(1,1,3).

Proof. This follows from (£ -.%) = deg(f) - deg(V’) and deg(V’) > 1. In case
X =P(1,1,3), the selfintersection is (£ - £) = 3, and the assertion is immediate.

Now suppose that X = P2, Seeking a contradiction, we assume that f: V — V’
is a double covering over some quadric surface V' in P? = Proj F[Tp,...,T3]. As
p # 2, we may assume that V' is defined by the homogeneous equation T + ... +
T;f = 0 for some 0 < n < 3. We have n # 0, because V' is reduced. Moreover,
n # 1 because V' is irreducible. In case n = 3, we would have V' ~ P! x P!, in
contradiction to p(V) = 1. Thus n = 2, and V' = P(1,1,2) is isomorphic to the
contracted Hirzebruch surface with numerical invariant e = 2.

To simplify notation, set P = P(1,1,2) and write &p(1) for the tautological
sheaf on the weighted homogeneous spectrum P = Proj k[Ty, T1,T2]. This sheaf
generates the group APic(PP) of isomorphism classes of reflexive rank one sheaves.
Note that Op(2) corresponds to the restriction of the invertible sheaf &ps(1) to the
quadric surface P = V', and that Op(1) comes from the fiber on the resolution
of singularities, which is a Hirzebruch surface. The latter shows that the rational
selfintersection number of &p(1) is 1/2, hence the induced map f* : APic(P) —
Pic(V) under the double covering is bijective. In particular, w® ' is the reflexive
hull of the rank one sheaf f*0p(1).

Since p # 2, we may view V as the relative spectrum of & = Op ® Op(—d)
for some integer d. The multiplication law for <7 is given by some homomorphism
¢ : Op(—2d) — Op, which can also be viewed as a global section ¢ € T'(P, Op(2d)).
We have d > 0 because h°(€0y) = 1. Moreover, the integer d is odd because
V' is regular whereas P is singular, such that the finite morphism f : V — P is
not flat. We have wp = Op(—4), and H?(V,0y) = H*(P, /) is Serre dual to
Hom(o,wp) = H°(P, Op(—4) @ Op(d — 4)), hence d < 3. Furthermore, for each
integer ¢ the Projection Formula yields f.(w$ ") = Op(t) @ Op(t — d), thus

2 = W) = KO(65(1)) + KO(Gp(1 - d)).

Using h°(Op(1)) = 2 we conclude 1 — d < 0. Thus d = 3 is the only remaining
possibility.

Summing up, &7 = Op ® Op(—3), and the multiplication law comes from some
non-zero section ¢ € I'(P, Op(6)). The latter defines an effective Cartier divisor
B C P. In light of the multiplication law on &7, the schematic preimage takes
the form f~1(B) = 2A for some effective Cartier divisor A C V. Let U C PP be
the complement of B U Sing(P). The scheme U is smooth and the double covering
f:V — Pis étale over U, which implies D C A. We actually have D = A, because
Oy (D) = w®™ 3 = Oy (A). In turn, the induced morphism f : D — B is birational.
Since D is singular, the integral curve B is singular as well.

We claim that B does not pass through the singular point y € P, where the local
ring Op, is a rational double point of type A;, whose local fundamental group
ml°¢(Op,,) is cyclic of order two. Let z € f~!(y) be the preimage, and suppose that
y € B. Applying [36, Proposition 2.3] for the inclusion of local rings Op , C Oy 4,
we conclude that 7i°¢(0p ) is trivial, a contradiction.
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1828 ANDREA FANELLI AND STEFAN SCHROER

Fix a closed point b € B where the local ring 0 is singular. By the preceding
paragraph we have ¢, € m?0p ,(2d). Now choose an identification Op;(2d) = Op,
and a regular system of parameters x,y € ﬁﬁb, and write ¢, = g(x,y) as a formal
power series with neither constant nor linear terms. For the point a € f~1(b), we
get Of , = k(b)[[z,y, 2]]/(2* — g). Since 2> — g € (x,y,2)?, the local ring Oy, is
singular, a contradiction. O

Proof for Theorem [[3.1. Consider first the case that X = P?. Then .¥ = w§72
defines a finite birational morphism f : V' — V' onto some quartic surface V' C P3,
with & = f*(0y/(1)). The Adjunction Formula gives wy+ = Oy, and consequently
wy = Oy (—A) where A C V is the ramification divisor. We obtain a contradiction
by showing that f : V — V’ does not ramify along A. Since w® ! generates
the Picard group and V is regular, the curve A must be integral. The long exact
sequence for 0 — wy — Oy — 04 — 0, together with Proposition yields
h(0 4) = 1, and the Adjunction Formula gives w4 = 04, whence h'(04) = 1. The
restriction .Z|A has degree (£ - A) = 2, and Riemann-Roch gives h°(Z|A) = 2.
So the globally generated sheaf .#|A defines a morphism A — P! of degree two.
Consequently, the morphism f : V — V'’ does not ramify along A, a contradiction.

Now consider the case X = P(1,1,3). Then . = w{ " defines a finite birational
morphism f : V — V' onto some cubic surface V! C P3. The Adjunction Formula
gives wys = Oy/(—1), and we have wy = f*(wy/) ® Oy(—R), where R C V is the
ramification divisor. Here we have (wy - wy) = 3 and (wy+ - wy+) = 3. Together
with Pic(V) = Z, one easily infers that the ramification divisor is empty, such
that V' = V” itself is a cubic surface. For each anticanonical divisor A C V, we
have h°(04) = 1 and wa = 04, whence also h'(04) = 1. Riemann-Roch gives
h°(Z)A) = 3, showing that A becomes a quadric curve inside some plane P? C P3
under the embedding V' C P3.

To proceed, we consider the special case that A = D is the reduced locus of
non-smoothness, which is geometrically non-reduced. The cubic curve D C P?
is given by some irreducible homogeneous polynomial P € F[Ty, Ty, 5] of degree
three. Since Sing(D/F) = D, all partial derivatives P; = 9P /9T; are multiplies of
P. For degree reasons we must have P; = 0, and thus our polynomial takes the form
pP= Z?:o N T? for some scalars \; € F. Thus D C P? is a p-Fermat hypersurface,
which were studied in [60, §3].

In turn, the cubic surface V' C P? is given by a homogeneous polynomial of the
form

3
P(To, Ty, T2, Ts) = Y _ NI+ T3L + T3Q
i=0
for some linear term L = L(Tp, Ty, T») and some quadratic term @ = Q(Tp, T1, T2).
Here the curve D C V is given by T3 = 0. Since D C Sing(V/F), all partial
derivatives OP/0T; are multiples of T3. Using OP/9T3 = 2T5L + @, we infer T3|Q
and thus may assume Q) = 0.

The curve D is integral with h°(&p) = 1, and our ground field has pdeg(F) < 1.
According to [60, Theorem 2.3] there must be some closed point a € D where the
local ring Op , is singular. This point has homogeneous coordinates (ag : aq : @z :
0) with «; € Falg Without restriction, we may assume that ag = 1. Then the
homogenization PTJS lies in the square of the maximal ideal Op2 ,. In light of the
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DEL PEZZO SURFACES IN POSITIVE CHARACTERISTIC 1829

form P = S NP + T#L, it follows that PT, ® lies in the square of the maximal
ideal of Ops ,, thus the local ring Oy, is singular, a contradiction. (Il

14. DEL PEZZO SURFACES AND FIBRATIONS
We now can state and prove the main result of our paper.

Theorem 14.1. Let F be a ground field of characteristic p > 0 with p-degree
pdeg(F) < 1. Then every regular del Pezzo surface V over F with Picard number
p(V) =1 is geometrically normal.

Proof. Seeking a contradiction, assume there exists a del Pezzo surface V with
Picard number p(V) = 1 that is geometrically non-normal. Since pdeg(F') < 1,
we can apply [60, Theorem 2.3] and conclude that V is geometrically integral.
According to Theorem [£.9] we must have p < 3. Choose some finite separable field
extension ' C F’ and some finite purely inseparable extension F C K’ so that
V' =V ®p F' and F/ C F' @ K’ are adapted, as explained in Section [l

The geometry of V’ was described in the tables of Sections [6] [, and Bl In all
but one case, both surfaces V and V'’ have Picard number p = 1. The case with
p(V') > 1is treated in Theorem [6.4] and then p(V’) = 2. In this case, we also have
p(V) = 2, as remarked at the end of Section [l a contradiction.

Thus we may assume from the start that F' is separably closed, and that we
have a finite purely inseparable field extension F' C K such that V is adapted.
The possibilities for V' with arbitrary p-degree were first narrowed down in Propo-
sitions [6.2] [.2], and Finally, the non-existence of the remaining possibilities for
pdeg(F) =1 follow from Theorems [6:4] [[01] IT.1] and I311 |

The previous result is sharp: In the rest of this section we will describe two new
examples V and W of regular del Pezzo surfaces defined over any imperfect field F'
in characteristic p = 2 with the following properties:

(i) W geometrically non-regular, with Picard number p(W) = 1;
(ii) V geometrically non-normal, with Picard number p(V) = 2.

Recall that 2P — zy = 0 is the equation, in normal form, for the rational double
point of type A,_;. In what follows we shall use twisted forms of the corresponding
local ring that are regular. It is very easy to determine when this happens.

Lemma 14.2. Let R be a local ring that is essentially of finite-type over F. Suppose
there is a finite purely inseparable extension F' C K and an isomorphism

Rop K ~ K([z,y, 2]/ (2P — zy).

Then the degree d = [k : F] of the residue field k = R/mp is either d =1 or d = p.
The latter holds if and only if the local R is reqular.

Proof. Let J C R be the Jacobian ideal. Then M = R/J has finite length.
Computing with K[[z,vy, 2]]/(2? — zy), one sees that its vector space dimension
is dimp (M) = p. Since there is a filtration on M whose subquotients are copies of
the unique simple R-module k = R/mp, we conclude that either d = 1 or d = p.
In the latter case, we must have M =~ k, so the Jacobian ideal coincides with the
maximal ideal. Computing again with K{[z,y, z]]/(2? — zy), we see that M has
finite projective dimension. By the homological characterization of regularity, the
local ring R must be regular. ([l
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If a local ring R is regular and satisfies the assumption of the lemma, we call it
a regular twisted form of the rational double point of type A,_1. See [59] for more
on this. If the ground field F is imperfect, such rings indeed do exist: Choose a
scalar § € F' that is not a pth power, and consider the local ring R coming from
the residue class ring K[z, y, z]/(2P — xy — ) with respect to the maximal ideal
m = (z,y). If 5 becomes a pth power in the field extension F' C K, then the
substitution z = 2’ + B/ yields the desired isomorphism to the rational double
point of type Ap_;.

Suppose that R is a regular twisted form of a rational double point of type
Ap_1, with residue field k = R/mpg. Let 7 : X — Spec(R) be the blowing-up of the
reduced closed point, and write D C X for the resulting exceptional divisor.

Proposition 14.3. As a scheme, the exceptional divisor D is isomorphic to PL,
and its selfintersection number is D?> = —p. The surface X is regular but not
geometrically normal. For p = 2, the locus of non-smoothness N = Sing(X/F) is
giwen by N = 2D. Otherwise, it contains two embedded associated points, and its
divisorial part is Ngyy = D.

Proof. Regarding the blowing-up as a closed subscheme X C P! @r R as in [8]
Exposé VII, Proposition 1.8], we see that the exceptional divisor is given by D = P!,
and it follows that the scheme X is regular. To see that it is not geometrically
normal, we may compute with A = K{[x,y, 2]] /(2P —xy). According to the proof of
Lemma [IZ.2] the center of the blowing-up is defined by the Jacobian ideal, which
is generated by x,y € A. The z-chart of the blowing-up is given by the variables
x,y/x,z modulo the relation 2P — x?(y/x) = 0, and the exceptional divisor has
equation x = 0. The module Q,lq/K is generated by the differentials dz, d(y/x),dz
modulo the relation 2z(y/z)dz + x2d(y/x) = 0. Consequently, the locus of non-
smoothness is defined by the ideal (2z(y/x),2?) C A, and the assertion on N =
Sing(X/F) follows. O

Now fix a scalar 8 € F, and consider the hypersurfaces W = Wy inside P? of
degree deg(W) = p over the ground field F' given by the homogeneous equation

(28) TP + ToThTE 2 — BTY = 0.

These are projective Gorenstein surfaces with h°(Oy ) = 1 and k(0w ) = 0. Fur-
thermore, the dualizing sheaf is wy = Ow(p — 4). Note that W is a del Pezzo
surface if and only if p < 3. In any case, K3, = (p — 4)?p. In characteristic two,
this becomes K, = 8.

Clearly, the substitution T = T4 + 3'/PT} shows that the subschemes W5, W, C
P? become projectively equivalent over the field extension K = F(3'/P). In partic-
ular, each W = Wp is a twisted form of Wj.

Proposition 14.4. In characteristic p = 2, the restriction map Pic(P?) — Pic(W)
is bijective. For p > 3, this holds true up to torsion in Pic(W).

Proof. Since HY(W, Ow) = 0, the Picard scheme is zero-dimensional, thus the
canonical map Pic(W) — NS(W) is bijective, and this group is finitely generated.

Consider the hyperplane section H = W NV, (T3) C W. Clearly, the affine
scheme U = W\ H is isomorphic to the spectrum of k[z, y, 2] /(2P —zy). This can be
regarded as an affine toric variety, and thus its Picard group vanishes ([38, Theorem
9 on page 28]; compare also [I7, Proposition 4.2.2]). Consequently, every Cartier
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divisor D € Div(W) is linearly equivalent to some Cartier divisor supported by the
effective Cartier divisor H C W.

Using equation (28) and treating the case p = 2 and p > 3 separately, one easily
sees that the scheme H is irreducible. Let n € H be the generic point, and set
n = length(0y,,). Then (D - H) = ndeg(-Z|Hyea), where £ = Ow (D). Since
W is projective, the intersection form on NS(W) modulo its torsion subgroup is
non-degenerate ([8, Exposé XIII, Corollary 7.4]), and we infer that every Cartier
divisor D € Div(W) is numerically equivalent to some rational multiple of H. Since
H? = p, the element H € Pic(W) is primitive, and thus H € NS(W) is a generator
up to torsion. In case p = 2, the hyperplane H is isomorphic to the quadric curve
in P? given by T2 + TyT; = 0, which is integral, and it follows that H € NS(W)
indeed is a generator. O

Consider the closed point x = (0 : 0 : /P : 1). If the scalar B € F is a pth
power, then © € W is a rational point, and the local ring R = Oy, is a rational
double point of type A,_;. Now suppose that § € F* is not a pth power. Then
x € W is non-rational, with residue field K = F(8'/?) = k(z). By Lemma I4.2]
the local ring R = Oyw,, is a regular twisted form of the rational double point of
type Ap—_1.

The two hyperplanes Hy = V. (Tp) and Hy = V. (T}) yield two linearly equivalent
Cartier divisors C; = WNH,; whose intersection C;NC5 consists of this point z € W,
viewed as a reduced subscheme. Let r : V' — W be the blowing-up with reduced
center z € W. The exceptional divisor D = r~1(x) is a copy of Pk, and the strict
transforms of the Cartier divisors Cy,Cy yield a fibration ¢ : V — P!, for which
D C X is horizontal, of relative degree deg(D/P') = p.

Proposition 14.5. Suppose p = 2. Then V is a regqular del Pezzo surface of degree
K% = 6. Its Picard number is p(V) = 2, and the Picard group is freely generated by
the fiber F = p~1(00) and the exceptional divisor D = r=Y(z). The Gram matriz
is (3 %), and we have Ky = —(D + 2F). Furthermore, Sing(V/F) = D, and the
locus of non-smoothness is N = 2D.

Proof. Write Ky yy = nD for some integer n € Z. The Adjunction Formula gives
—2(n+1) = (n+1)D* = (Ky;w + D) - D = deg(Kp) = —2x(0py ) = —4,

thus n = 1. Consequently K3 = K2, + K‘Q//W = 6. Using r~!(Hp) = F + D and
Kw = —2Hy, we infer Ky = —(D + 2F). By Proposition [[4.4] the Picard group
of W is generated by Hp, so Pic(V) is generated by the strict transform F' and the

exceptional divisor D. We compute (Ky - D) = D? = —2 and
(Ky -F)=Ky - (r'(Hy) — D) = (Kw-Hy) —D*=-4+2=-2.

The cone of curve is generated by the two extremal rays coming from D, F C V.
By the Nakai Criterion ([34, Chapter I, Theorem 5.1]), the anticanonical divisor
— Ky is ample. O

Let us examine the fibration ¢ : V' — P! for p = 2 in more detail. The fiber over
a rational point (Ag : A1) € P!, say with A\g = 1, can be regarded as the zero-scheme
inside P? for the equation

T? + \T? — BT = 0.
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According to [60, Theorem 3.3] this is regular provided that the field extension

FcC F()\}/Z, $31/2) has degree four. In our situation, this means )\}/2 ¢ K. On the
other hand, if the condition does not hold, the curve C' = ¢~1(X\g : A1) is at least
integral, and its normalization is given by the conductor square

Spec(K) —— PL

! l

Spec(F) —— C.

Roughly speaking, a K-rational point on Pk is replaced by an F-rational point on
C. In any case, the fiber is a twisted form of the ribbon P! @ &p: (—1). In particular,
all fibers are proper curves C with h%(0¢) = 1 and h(0¢) = 0.

Let us call a proper morphism between integral scheme ¢q : Z — B a genus-zero
fibration if q.(07) = Op and the generic fiber C = Z,, is a curve with h%(0¢) =1
and h'(O¢) = 0. If the generic fiber is smooth, we say that the fibration is a ruling.
Otherwise, we call it a quasiruling, in analogy to the quasielliptic fibrations.

The regular del Pezzo surfaces W and V constructed above actually occur as
generic fiber of some del Pezzo fibrations. Fix some algebraically closed ground
field k of characteristic p = 2. Consider the divisor Y C P! x P? of bidegree
deg(Y) = (1,2) given by the bihomogeneous equation

(29) So(T2 + ToTy) — S, T2 = 0,

where the Sy, 51 and Tp,...,Ts are the homogeneous coordinates for P' and P3,
respectively. Write Opiyps(di, da) = pri(0pi(dy)) @ pri(Op:(dz)) to simplify nota-
tion. The Adjunction Formula gives

wy = ﬁy(—l, —2) = ﬁy(—Y),

so our Y is a Fano threefold of degree —K3 = (A +2B)* = A - (2B)? = 8, where
A, B C P! x P? are divisors corresponding to Op1ps(1,0) and Op1 ps(0,1).

Proposition 14.6. The Fano threefold Y is normal. Its singular scheme Sing(Y")
is given by Vi (So, T3, T3 + ToT1), which is isomorphic to PL. Moreover, for each
closed point a € Sing(Y'), the corresponding complete local ring ﬁ’{)ﬂ is isomorphic
to k[[z,y, z,w]]/ (22 —zy). Furthermore, the blowing-up Y' — Y with reduced center
Sing(Y') is a crepant resolution of singularities.

Proof. The assertion on Sing(Y") follows from computing the partial derivatives in
@3). We see that Y is regular in codimension one. Being a hypersurface, it is also
Cohen-Macaulay, and Serre’s Criterion ensures that Y is normal.

Each singular point ¢ € Y must have homogeneous coordinates (0 : 1) in the
homogeneous coordinates with respect to the first factor P'. Without restriction,
we may assume that its homogeneous coordinates for the second factor P3 are of
the form (1:A%: X:0). Setting

Z:Tg/To, 1’250/51, y:(TQ/To)z—(Tl/To), and ’U}:TQ/TO

yields the assertion on ﬁ?,m This is basically the equation for a rational double
point of type A1, up to the additional variable w, so the blowing-up of the reduced
singular locus gives a crepant resolution of singularities. ([l
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The singularities a € Y are very simple special cases of the so-called compound du
Val singularities introduced in [50]. In particular, these are rational and canonical
singularities.

The first projection induces a morphism f : Y — PL. All fibers f~1(\g : A1)
are hypersurfaces in P3, and it follows that the map Op — f.(Oy) is bijective,
and R!f.(0y) vanishes. Moreover, the dualizing sheaf wy = Oy (—1,-2) is f-
antiample. Set F' = k(P').

Proposition 14.7. The generic fiber Y is the regular geometrically normal but
non-smooth del Pezzo surface W = Wy of degree K&, = 8 and Picard number
p(W) =1 constructed above, with scalar 3 = S1/Sy € F. The closed fiber f~1(co)
over the point co = (0 : 1) is isomorphic to the split ribbon P? @ Op2(—1). All other
closed fibers are isomorphic to the normal del Pezzo surface W = Wy.

Proof. This follows immediately from the defining equation (29), and we merely
need to clarify the structure of the closed fiber f~!(c0) C Y. By definition, this is
the hypersurface H C P3 given by T% = 0, thus H,eq = P2. The structure sheaf sits
in a short exact sequence 0 — ¢ — Oy — Opz2 — 0, with £ = Op2(—1). In other
words, H is a ribbon on P? with invertible sheaf .#. According to [5, Theorem 1.2],
these are classified by elements in Extl(Qﬂll,Q/k, Z) = H'(P?,Op2;(—1)). But this
cohomology group vanishes, which easily follows from the long exact cohomology
sequence for the Euler sequence 0 — Opz2(—1) = 05> — Opz /i (—1) — 0. Thus
H = f~!(c0) is isomorphic to the split ribbon P? @ Ops(—1). O

Note that Wy is a contracted Hirzebruch surface with invariant e = 2. Now
consider the closure

Z=YnN V+(T0,T1) = V+(T0,T1,50T22 — 51T32) cY

of Sing(Yr/F) inside the total space Y. Clearly, Z C Y is a smooth complete
intersection of two effective Cartier divisors. We may regard this as a divisor in
P! x P!, and the second projection gives an isomorphism pr, : Z — P!, whereas
the first projection pr; : Z — P! can be seen as the relative Frobenius morphism.
Note that Z C Reg(Y’), which is also a consequence of Proposition

Now let X — Y be the blowing-up with reduced center Z C Y. This gives a
commutative diagram

X — X

Lo

Y —— Y,
where the horizontal morphisms are crepant resolutions described in Proposition
146l Now consider the induced fibrations f : Y/ — P! and g : X’ — P!. Using

Proposition [4.5] we immediately get the following.

Theorem 14.8. The morphism g : X' — P! is a fibration from a smooth threefold,
whose generic fiber is a reqular and geometrically non-normal del Pezzo surface
with Picard number two. The morphism f : Y’ — P! is a fibration from a smooth
threefold whose generic fiber is a reqular, geometrically normal, and geometrically
non-reqular del Pezzo surface with Picard number one.
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15. MORI FIBER SPACES

We now examine our results on del Pezzo surfaces in the context of the minimal
model program. We refer to the monographs of Kolldr and Mori [40] and Matsuki
[44] for general expositions, and the book of Kollar [41] on the singularities occurring
in the minimal model program. In this section, k& denotes an algebraically ground
field of characteristic p > 0.

Let us call a morphism f : Z — B between proper normal integral schemes a
fibration if f.(Oz) = Op. A fibration is called a Mori fibration if the following four
properties hold:

(i) The generic fiber V = Z,, has dimension dim(V) > 1.
(ii) The local rings Oz, a € Z are Q-factorial klt singularities.
(iii) The Picard numbers satisfy p(Z) = p(B) + 1.
(iv) The Q-Cartier divisor Kz is relatively antiample for f: Z — B.

In this situation, one also says that the total space Z is a Mori fiber space. Mori
fibrations f : Z — B arise from the contractions of extremal rays of fiber-type in
the cone of curves NE(Z), and play a central role in the minimal model program.

A local noetherian ring R, such as R = 0y,, is called a kit singularity if it
is normal, Q-Gorenstein, and for every proper birational modification r : X —
Spec(R) with X normal, the discrepancies p; € Q defined by

Kx =r"(Kp)+ Y _ piF;

are bounded by pu; > —1. Here E; C X are the exceptional divisors, and the
equality holds in Pic(X) ® Q. If the discrepancies satisfy the stronger condition
i > 0, the local ring R is a canonical singularity. For p; > 0, the local ring is
a terminal singularity. For further details on the singularities appearing in the
context of the minimal model program, see [41l Section 2].

For every fibration f : Z — B, the generic fiber V' = Z,, is a proper normal
scheme over the function field F' = Op, = r(n) = k(B), with h°(Oy) = 1. It
has dimension n = dim(Z) — dim(B). In Mori fiber spaces, it is Q-factorial, with
Picard number p(V) = 1. The latter holds because the scheme Z is Q-factorial
with p(Z) — p(B) = 1. Moreover, the Q-Cartier divisor Ky is antiample. If the
non-Gorenstein locus of the total space Z does not dominate the base B, then the
V' is an n-dimensional Fano variety. For n = 2, the generic fiber V' is a del Pezzo
surface. Let us record the following general fact.

Lemma 15.1. Suppose that Z is a proper normal integral scheme, and let Z — B
be a fibration of relative dimension dim(Z) — dim(B) = 2. Then the generic fiber
V = X, is normal and geometrically irreducible over the function field F = k(B).
If Z has only canonical or terminal singularities, then V is Gorenstein or regular,
respectively. The scheme V is geometrically reduced, provided that dim(B) = 1.

Proof. According to the arithmetical proof in [I], each two-dimensional canonical
singularity is Gorenstein, and each two-dimensional terminal singularity is regular.
The last statement follows from [60, Theorem 2.3]. O

Combining this with Theorem [[4.], we get the following immediate consequence,
which answers the questions originating in Kollar’s study of extremal rays on three-
folds ([39, Remark 1.2]).
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Theorem 15.2. Let Z be a threefold with only terminal singularities, and let f :
Z — B be a Mori fibration of relative dimension n = 2. Then the generic fiber
V = X,, is a del Pezzo surface over the function field F = k(B) that is geometrically
normal.

APPENDIX A. FINITE MODIFICATIONS AND GORENSTEIN CONDITIONS

In this appendix, we collect and slightly generalize some well-known facts per-
taining to finite modifications, gluings of schemes, and Gorenstein conditions that
go back to Serre [63], and were further developed by Reid [51].

Suppose that Y is a noetherian scheme, and let v : X — Y be a finite modifi-
cation. This means that the morphism is finite and schematically dominant, and
the injective homomorphism 0y — v, (Ox) is generically bijective. The conductor
ideal € C Oy is the annihilator of the coherent sheaf v,(0x)/0y. This is a quasi-
coherent ideal sheaf, and the corresponding closed subscheme C' C Y is called the
conductor scheme. The subsheaf € C v,(0x) is an ideal sheaf, in fact the largest
ideal sheaf in Oy that is also an ideal sheaf in v,(Ox). We call the resulting closed
subscheme R C X the ramification locus. The diagram

R— X

(30) l lu

C — Y
is both cartesian and cocartesian. Note that the finite morphisms X — Y and the
induced morphism R — C' are schematically dominant. We refer to the restriction
R — C as the gluing map, and call the above diagram the conductor square. The
sequence

(31) 0— Oy — v, (Ox)® Oc — v,(Or) — 0

of coherent sheaves is exact, where the arrow on the left is the diagonal map, and
the arrow on the right is the difference map (s,t) — sg — tg. Using the Snake
Lemma, one infers that the sequence

(32) 0—)ﬁy—>V*(ﬁx)—>V*(ﬁR)/ﬁc—>0

is exact as well. As explained in [57, Proposition 4.1] the exact sequence [BII) of
coherent sheaves induces an exact sequence of multiplicative abelian sheaves

(33) 1—)@; —)I/*(ﬁx)x@ﬁé —)l/*(ﬁR)X — 1,

where the map on the right is (s,t) — sg/tg.

Conversely, suppose we start with a noetherian scheme X, a closed subscheme
R C X that contains no generic point 7 € X, and a schematically dominant finite
morphism v : R — C. Then there exists a morphism v : X — Y onto a noetherian
algebraic space Y, making the diagram (B0]) cocartesian ([4, Theorem 6.1]). The
sequence (BI)) is exact, and the diagram is also cartesian. After replacing C C Y
and R C X, we may assume that these subschemes are the conductor scheme and
the ramification locus. One also says that Y is obtained by X by gluing with
respect to the gluing map R — C. For a general discussion of this process, we refer
to Ferrand’s paper [24].

In this paper, we are mainly interested in the case where X — Y, or equivalently
the gluing map R — C, are universal homeomorphisms (Proposition 7). In this
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case, the algebraic space Y is automatically a scheme, as follows from [48] Theo-
rem 6.2.2]. To simplify the exposition, we have decided to restrict our discussion to
schemes. In what follows, we often write Ox and Op instead of the more precise
v«(Ox) and v.(OFR), which should not cause any confusion.

If the the ramification locus R has no embedded components, it is customary
to write .#R for the quasicoherent sheaf of meromorphic functions on R. In other
words, #r = i.(Opw) where i : R = I:cp Spec(Or) — R is the inclusion of
the scheme of generic points. The gluing map induces an inclusion ¢ C #cNOR,
where the intersection takes place in .#g. The following is a generalization of Reid’s
observation [51, Proposition 2.2].

Proposition A.1. Suppose that both X and Y satisfy Serre’s Condition (S2).
Then the following three conditions hold:

(i) The ramification locus R has no embedded components.
(ii) For each generic point ( € R, the local ring Ox ¢ has dimension one.
(iii) For each point y € C with dim(Oy,y) > 2, the inclusion Oc, C (Mc N
OR)y is an equality.

Proof. For the first assertion, suppose there is an associated point z € Ass(Or)
that is embedded. Let y € Y be its image. Clearly, dim(Ox ,) = dim(Oy,,) > 2.
Replacing Y by the spectrum of the ring 0y, we may assume that y € Y is a
closed point. Applying local cohomology to the short exact sequence ([B1]) yields an
exact sequence of groups

Hy)(Oy) — H,)(Ox) ® H)(0c) — H)(Or) — H,(O).

The outer terms and Hy (&x) vanish, because both X and Y satisfy (Sz). It follows
that H)(Oc) — Hy(OR) is bijective. Now choose some non-zero § € Or,, with
support Supp(s) = {z}. Then 5§ € H)(Or) = H)(O¢), in particular 5 € Oc,,. Let
s € Ox 4 be a representative. For every f € Ox ,, the short exact sequence (32))
implies sf € Oy, thus s € € and finally 5 = 0, a contradiction.

For the second assertion, suppose that ( € R is a generic point, with image y € C.
Again we may assume that y € Y is closed. Since v : X — Y is birational, we
have dim(Ox ,) > 1. In the above exact sequence, H‘y)(ﬁx) = 0 and the inclusion
H)(Oc) = Oc, C Ory = H)(OR) is not an equality. Therefore H}(Oy) # 0,
which implies that dim(0y,) = 1.

Finally, we check Condition (iii). Again we may assume that Y is local, with
closed point y € Y. Suppose that s € O, lies in O¢ at all generic points ¢ € R.
Choose an open dense subset V C Y so that s € H(V, O¢), and write A=Y \V
for the complementary closed subset. Furthermore, we have a commutative diagram

0 —— HY(C,00c) —— H°(V,0c) —— HL(0Oc) —— 0

! l |

0 —— H%R,0r) —— H°(V,0r) —— HL(0g) —— 0.

The rows are exact, because the schemes C and R are affine. Since H}(Oy) =
H(Ox) = 0, the long exact sequence coming from (BI]) ensures that the vertical
map on the right is injective. Since C is affine, the vertical map on the left has
HY(C, Z) as cokernel, with % = Or/0c. The cokernel of the vertical map in the
middle at least is contained in H(V,.#). In turn, the Snake Lemma implies that
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the restriction map H°(C, %) — H°(V,.Z) is injective. Thus the class of s in F
vanishes, in other words s € O¢ . O

Next, we discuss Gorenstein conditions. Let B be a complete local noetherian
ring. Then the contravariant functor

M +— Homp(HL(M), E)

on the category of B-modules is representable. Here m = mp is the maximal
ideal, d = dim(B) is the Krull dimension, and F is the injective hull of the residue
field k(B). According to Aoyama [2], any wp representing this functor is called
a canonical module. Note that wp is unique up to isomorphism, and that we
do not demand that B is Cohen-Macaulay. The complete local ring B is called
quasi-Gorenstein if the canonical module wpg is invertible. If B is additionally
Cohen—Macaulay, one says that B is Gorenstein.

For local noetherian rings B that are not necessarily complete, a module wp is
called canonical if wy ~ wp ®@p B. We then say that B admits a canonical module.
Note that this is not always the case. However, this condition obviously holds if Bis
quasi-Gorenstein. Extending the notions from the complete local case to the local
case, we say that B is Gorenstein or quasi-Gorenstein if the respective property
holds for the completion B.

We say that our noetherian scheme Y is Gorenstein or quasi-Gorenstein at a
point y € Y, if the respective property holds for the local ring B = 0Oy,, or
equivalently the complete local ring B = ﬁQy We say that Y is Gorenstein or
quasi-Gorenstein if the respective property holds for each point y € Y. If this holds
for all points with dim(&y,,) < n, we say that Y is Gorenstein or quasi-Gorenstein
in codimension n, or that Y satisfies condition (G,,) or (¢G,,), respectively.

If the point y € Y of codimension one is contained in the conductor scheme,
Oc.y C Op,y is a finite extension of Artin rings, and we denote by

length(0c ) < length(Og.)

their lengths as modules over 0¢ ,. The following two results, under various addi-
tional assumptions, are due to Samuel (|56, Theorem 5]), Gorenstein (|25, Theorem
6]), Rosenlicht ([53, Theorem 14]), Roquette [52], Serre ([63, Chapter IV, §3, Sec-
tion 11]), Kunz [42], and Reid (|51, Theorem 3.2]). In our general form, we merely
demand suitable Gorenstein assumptions and make no reference to ground rings.

Proposition A.2. Suppose that Y is Gorenstein in codimension one. Then the
length formula

length(Og ) = 2length(0¢ )
holds for each point y € Y of codimension one contained in C.
Proof. Tt suffices to treat the case that Y = Spec(B) is the spectrum of a complete

one-dimensional local noetherian ring. Set [ = length(B/€) and choose a sequence
of ideals

(34) C=bgCbyC...Cb)=B

with simple subquotients. Note that this corresponds to a Jordan-Hoélder sequence
for B/€, which is a module of finite length. Clearly, each b; is a maximal Cohen—
Macaulay B-module. According to [23, Theorem 21.21], the contravariant functor
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M — Homp(M,wp) is an exact antiequivalence from the category of maximal
Cohen—Macaulay modules to itself. In fact, the biduality maps

M — Homp(Homp(M,wp),ws), mr— (f+— f(m)),

are bijective. Since B is Gorenstein, the module wg = B is canonical, and we
conclude that ([34]) induces another sequence

(35) Homp(b;, B) C Homp(b;—1,B) C ... C Homp(bg, B)

of the same length, with simply subquotients. The term on the left is Homp (B, B)=B.
Thus we may splice the two sequences ([34) and (B3]) and obtain a sequence of length
20 with simple subquotients, starting with € = by and ending with Homp (€, B) =
Homp(bg, B). It remains to identify the latter with A, in such a way that the
resulting inclusion € C A coincides with the canonical inclusion. To achieve this,
consider the commutative diagram

B can A

| |

Hompg(B, B) —— Homp(C¢, B),

where the upper map is the canonical inclusion, the lower map is given by restric-
tion, and the vertical maps are given by a — (z — ax). We need to verify that
the map A — Homp(€, B) is bijective. Applying the antiequivalence of categories
again and using biduality, we have to check that

¢ = Homg(Hompg(¢, B), B) — Hompg(A4, B), b+ (y— by)

is bijective. Clearly, the map f +— f(1) is a left inverse. Thus € — Homp (A, B) is
injective and admits a complement M C Homp (A, B). Since B is Cohen-Macaulay,
thus torsion-free, the Hom module and thus also M are torsion-free. But the
canonical inclusions € C B C A become equalities after inverting any regular
s € mp. It follows that My = 0, and thus M = 0. Summing up, we have shown
that length(A/€) = 21. O

The converse statement takes the following form.

Proposition A.3. Let y € Y be a point of codimension one. Suppose that the
following three conditions hold:

(i) The semilocal ring Ox ,, is Gorenstein.
(ii) The conductor ideal €, C Ox , is invertible.
(iii) The modules Oc,, and (Or/0¢), are free of the same rank over some local
Artin subring W C Oc,, with W Gorenstein.

Then the local ring Oy, is Gorenstein.

Proof. To simplify notation, set A = Ox, and B = Oy,. It suffices to treat the
case that the rings in question are complete, whence A is a product of complete
local rings. By assumption, the conductor ideal has the form fA = &, for some
regular element f € A, and we write A, B for the resulting residue class rings. Now
the exact sequence ([B2)) takes the form

(36) 0— B—A— A/B—0.
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Since the semilocal ring A and the subring W C B are Gorenstein, the modules
wa = A and wy = W are dualizing. In turn, both modules

Ext! (A, A) = Exty(A,ws) and Homy (A, W) = Homyy (A, wy)

are dualizing for the semilocal ring /_ll and it follows that these A-modules are
isomorphic. Likewise, wp = Homyy (B, W) is dualizing for B. Using the short
exact sequence 0 — fA - A — A — 0, we get an exact sequence

0 — Hom(A,w4) — Hom(fA,w4) 2, Ext'(4,ws) — 0.

According to [51], the theorem in 2.6], the kernel of the composite map
(37) Hom(fA,wx) SN Ext!(4,wa) ~ Homy (A, ww) — Homy, (B, W)

is a dualizing module wp for B. The arrow on the left is the connecting map, and
the map on the right the restriction map, which is often referred to as the trace
map. Up to isomorphism, the kernel does not depend on the chosen isomorphism
in the middle, because the connecting map is isomorphic to the residue class map
A — A, and the induced homomorphism of multiplicative groups AX — A* for the
semilocal rings is surjective. The idea now is to choose a particular isomorphism in
the middle of ([37)) that is adapted to our problem.

By assumption, the finitely generated W-modules B and A/B are free. Hence
the inclusion B C A admits a complement, and we may write A = B @ A/B
as W-modules. Choosing a W-basis in these summands, we obtain a unimodular
symplectic form ® : A x A — W so that A/B C A becomes a Lagrangian, with
orthogonal complement B C A. This crucial step hinges on the assumption that
rankyy (A) = ranky (A/B). In turn, the diagram

A —2 Homy (A, W)

(38) | [ es

becomes commutative, where the horizontal maps are given by a — (a’ — ®(a,a’)),
the map on the left is the canonical projection, and the map on the right is given
by restriction.

We now can make the sequence ([B7) explicit: Using the homomorphism f — 1
as an A-basis e € Hom(fA,w,) and its image under the connecting map as an
A-basis € € Extl(f_l,wA), where wy = A, we may regard wp as the kernel for the
composite map

Ae — Ae=A-2% Homyy (A, W) == Homyy, (B, W).
By diagram (B8], this composite mapping is isomorphic to the canonical projection

A— A/B. The exact sequence (B6) now gives the desired isomorphism wg ~ B. [0

Note that if the local Artin ring ¢, contains a field, it is natural to choose for
W C Oc,y a coefficient field, and Condition (iii) becomes equivalent to the length
condition length(Or ) = 2length(0c,y).

Proposition A.4. Suppose that X and Y satisfies Condition (S3), and that the
three assumptions of Proposition [A.3] hold for each pointy € Y of codimension one.
Then Y is quasi-Gorenstein if for each closed point x € X, the classes of wa and
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R in the local Class group CI(A) for the local ring A = Ox 5 are inverse to each
other.

Proof. According to [2, Corollary 2.4] it suffices to treat the case that Y = Spec(B)
is a complete local scheme, with closed point y € Y. The canonical module wp
and B satisfies Serre’s Condition (S3) (see [2| 1.10]). Using the arguments for
[35, Theorem 1.12], it suffices to check that the coherent sheaves .# = wp and Oy
are isomorphic over some open subset V' C Y that contains all points of codimension
one. Furthermore, by the assumption on the local class group we may choose as
canonical module wa = €, such that we get an identification A = Hom(€,wy4). As
in the proof of Proposition [A.3] we consider the composite map

(39) A =Homu(C,wa) —>EXt114(A,wA) ZHOIHB(/L(.L)B) — Wp-

The map on the left is the connecting map from 0 — ¢ — A — A — 0, whereas the
map on the right is the trace map. Note that the term on the right is supported
by the conductor C C Y. According to [5I], 2.6, the theorem], the kernel I of the
above composition is a canonical module wpg.

By assumption, both schemes X and Y satisfy Serre’s Condition (S3). According
to Proposition [AT], the ramification locus R C X is purely one-codimensional, and
contains no embedded components. Let (1,...,(. € C be the generic points. Then
dim(Ox,¢,) = 1, and we saw in the proof for Proposition [A.3] that the B-module
Ext'(4,w) and A/B are isomorphic at these points ¢; € Y. It follows that there
is an open neighborhood V' C Y containing all points of codimension one so that
the quasicoherent sheaf attached to wg and the sheaf €r/0¢c have isomorphic
restriction to V. Let .# = I be the quasicoherent sheaf on Y corresponding to
the B-module I = wp. By our construction, .Z|V ~ Oy. Thus we see that
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