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Abstract. Working over perfect ground fields of arbitrary characteristic, I

classify minimal normal del Pezzo surfaces containing a nonrational singularity.
As an application, I determine the structure of 2-dimensional anticanonical

models for proper normal algebraic surfaces. The anticanonical ring may be

non-finitely generated. However, the anticanonical model is either a proper
surface, or a proper surface minus a point.

Introduction

Proper smooth algebraic surfaces with ample anticanonical divisor are called del
Pezzo surfaces. Prominent examples are P2 and P1 × P1. We call a proper normal
algebraic surface X del Pezzo if (−KX)2 > 0 and (−KX) · C > 0 holds for all
curves C ⊂ X. Here we use Mumford’s rational intersection numbers. Note that X
might be non-Q-Gorenstein, such that the antipluricanonical sections do not define
a closed embedding into any projective space.

Several authors studied normal del Pezzo surfaces. For example, Hidaka and
Watanabe [11] considered the Gorenstein case. Sakai [20] studied complex rational
surfaces. Bădescu [2] analyzed complex ruled surfaces. Fujisawa [6] and Cheltsov
[5] classified complex normal del Pezzo surfaces.

Here we shall study normal del Pezzo surfaces over perfect ground fields of arbi-
trary characteristic. Contractions of sections on suitable P1-bundles give plenty of
examples. The main result is that, starting from such contracted bundles, we can
reach any normal del Pezzo surface with base number ρ(X) = 1 containing a non-
rational singularity via a sequence of generalized elementary transformations. Such
elementary transformations are closely related to the monoid SL2(N) and continued
fractions.

We can view such del Pezzo surfaces as “minimal models” in the category of
normal surfaces. As an application of our results, we determine the structure of
anticanonical models P (−KX) = Proj(

⊕
n≥0H

0(X,−nKX)) for normal surfaces.
It turns out that each 2-dimensional anticanonical model is either a proper nor-
mal Q-Gorenstein surface, or there is a canonical compactification P (−KX) ⊂ P
by adding a single non-Q-Gorenstein point at infinity. In the latter case, the an-
ticanonical ring R(−KX) =

⊕
n≥0H

0(X,−nKX) is not finitely generated. This
happens, for example, if the stable base locus of −KX contains isolated non-Q-
Gorenstein singularities.
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1. Surfaces with ineffective canonical class

We fix some notation. Throughout the paper, we work over a perfect ground
field k of arbitrary characteristic p ≥ 0. Suppose X is a proper normal algebraic
surface with k = Γ(X,OX). Let pg(X) = h2(OX) be the geometric genus and
q(X) = dim(Pic0

X) the irregularity. We are mainly interested in surfaces with
pg(X) = 0. For such surfaces, the Picard scheme is smooth [17] p. 198, so the
irregularity is also q(X) = h1(OX).

Two Weil divisors A,B ∈ Z1(X) are numerically equivalent, written A ≡ B, if
A · C = B · C for all curves C ⊂ X. Here we use Mumford’s rational intersection
numbers [16]. Numerical equivalence yields two quotients Z1(X) → N(X) and
Pic(X)→ N1(X), together with an inclusion N1(X) ⊂ N(X). The rank of N1(X)
is called the base number ρ(X). Note that the base number might be zero [22].
However, the following holds.

Proposition 1.1. Suppose pg(X) = 0. Then each Weil divisor on X is numerically
equivalent to a Q-Cartier divisor. Moreover, X is projective.

Proof. See [23] Corollary 4.4. �

Let f : X → Y be a proper morphism with OY = f∗(OX) onto another proper
normal algebraic scheme Y . If Y is a curve, we say that f : X → Y is a fibration.
The arithmetic genus pa(Xη) = h1(OXη

) of the generic fiber is called the genus of
the fibration. If Y is a surface, we say that f : X → Y is a (birational) contraction.
A curve R ⊂ X is called contractible if there is a contraction f : X → Y such that
R is the exceptional curve.

Proposition 1.2. Assume that p : X → B is a fibration of genus zero. Then
R1p∗(OX) = 0. Moreover, for all b ∈ B, each curve R  p−1(b) is contractible.

Proof. Passing to a resolution of singularities and a relatively minimal model, we
easily deduce R1p∗(OX) = 0. Now the contractibility of R follows from Artin’s
contraction criterion ([1] Thm. 2.3). �

The pseudoeffective cone NE(X) ⊂ N(X)R is the closed convex cone generated
by all curves C ⊂ X. The pseudoeffective cone has full dimension and is generated
by its extremal rays. According to Kollár [14], Lemma 4.12, each extremal ray
R+E ⊂ NE(X) with E2 < 0 is generated by an integral curve R ⊂ X.

Suppose the pseudoeffective cone is simplicial, in other words, the convex hull
of n = rankN(X) linearly independent extremal rays R+Ei ⊂ NE(X). This holds
for example if rankN(X) = 2. Decompose the canonical class

KX ≡ λ1E1 + λ2E2 + . . .+ λnEn,

for certain unique coefficients λi ∈ R.

Proposition 1.3. With the preceding assumptions, suppose E2
i < 0 and λj < 0 for

some pair j 6= i. Then the curve Ri ⊂ Y generating R+Ei is contractible. Moreover,
if f : X → Y is the corresponding contraction, then KY is not pseudoeffective.
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Proof. The conditions ensure that KX + nRi is not pseudoeffective for all integers
n ≥ 0. According to [23], Corollary 5.2, the contraction f : X → Y of R exists.
Seeking a contradiction, assume that KY is pseudoeffective. Then f∗(KY ) is also
pseudoeffective. Write KX = f∗(KY ) + λRi for some coefficient λ ∈ Q. Then
KX + nRi is pseudoeffective for some n � 0, a contradiction. Thus KY is not
pseudoeffective. �

A proper normal algebraic surface with (−KX)2 > 0 and (−KX) · C > 0 for all
curves C ⊂ X is called a del Pezzo surface. This holds, for example, if −KX is an
ample Q-Cartier divisor.

Proposition 1.4. The contraction of a del Pezzo surface is a del Pezzo surface.

Proof. Let f : X → Y be such a contraction. According to the projection formula,
KY · C < 0 for all curves C ⊂ Y . Writing KX = f∗(KY ) + KX/Y with KX/Y

supported on the exceptional curve, we obtain

0 < K2
X = K2

Y + 2f∗(KY ) ·KX/Y +K2
X/Y = K2

Y +K2
X/Y ≤ K

2
Y .

Therefore Y is del Pezzo. �

Recall that a curve R ⊂ X is called negative definite if the intersection matrix
(Ri · Rj) is negative definite, where Ri ⊂ R are the irreducible components. Con-
tractible curves are negative definite. For surfaces with many antipluricanonical
sections, the converse holds as well:

Proposition 1.5. Suppose there is an integer m > 0 with h0(−mKX) > 1. Then
each negative definite curve R ⊂ X is contractible.

Proof. By induction on the number of irreducible components of R, it suffices
to treat the case that R is integral. Suppose D = KX + nR is effective for
some integer n ≥ 0. Then −mKX = mnR − mD, so we have an inclusion
H0(−mKX) ⊂ H0(mnR). Using R2 < 0, you easily see that h0(mnR) = 1,
contradiction. Consequently, KX + nR is not effective for all n ≥ 0. Now [23],
Corollary 5.2 ensures that R ⊂ X is contractible. �

The next result reduces all surfaces with ineffective canonical class to a special
situation:

Theorem 1.6. Suppose X is a proper normal algebraic surface with −KX not pseu-
doeffective. Then there is a contraction h : X → Y such that one of the following
holds:

(i) The contraction Y is a del Pezzo surface with base number ρ(Y ) = 1.
(ii) There is a genus zero fibration p : Y → B with irreducible fibers, and the

base number is ρ(Y ) = 2.

Proof. For ρ(X) = 1 there is nothing to prove. Suppose ρ(X) ≥ 2. Choose a
pseudoample class A ∈ N(X)R with KX ·A < 0, and let R+E ⊂ NE(X)R ∩A⊥ be
an extremal ray.

First, suppose E2 < 0. Then R+E is generated by an integral curve E ⊂ X.
Since (KX +nE)·A < 0 holds for all n ≥ 0, the classKX +nE is not pseudoeffective,
so the contraction X → X ′ of B exist by [23], Corollary 5.2. Since A comes from
an ample class on X ′, the class KX′ is not pseudoeffective, and we can proceed by
induction on the base number ρ(X).
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Second, suppose E2 = 0. Then the existence of a genus zero fibration p : X → B
easily follows from Mori [15], Theorem 2.3. Since R+E is extremal, each fiber Xb,
b ∈ B is irreducible. Using Pic0(Yη) = 0, we directly deduce ρ(Y ) = 2. �

Remark 1.7. If p : Y → B is a genus zero fibration with irreducible fibers, it may
or may not be possible to contract Y , and the result may or may not be del Pezzo.
We take up this issues in Sections 3 and 5.

2. Surfaces containing a nonrational singularity

The aim of this section is to determine the structure of proper normal algebraic
surfaces Z with ineffective pluricanonical classes containing a nonrational singular-
ity. The following observation will be useful:

Lemma 2.1. Suppose Z is a proper normal algebraic surface with irregularity
q(Z) = 0. If no multiple nKZ with n > 0 is effective, then Pic(Z) is a free Z-
module of finite rank.

Proof. Assume there is an invertible OZ-module L ∈ Pic(X) of order n > 0. The
Riemann–Roch theorem tells us χ(L) = χ(OZ) > 0. On the other hand,

χ(L) ≤ h0(Z,L) + h0(Z,L⊗−1 ⊗ ωZ).

Since Z is integral and L is nontrivial, the first summand is zero. Because the
invertible sheaf L⊗−n(nKZ) = OZ(nKZ) is not effective, the second summand
vanishes as well. Thus χ(L) ≤ 0, a contradiction. Hence Pic(Z) is torsion free.

The group scheme Pic0
Z vanishes because its Lie algebra H1(Z,OZ) = 0 does,

so the map Pic(Z) → NS(Z) onto the Néron–Severi group is bijective. Since the
Néron–Severi group is finitely generated, Pic(Z) is free and finitely generated. �

Suppose Z is a proper normal algebraic surface. Let f : X → Z be a resolution
of singularities, and R ⊂ X the exceptional divisor. Choose a maximal subcurve
R′ ⊂ R whose formal completion X/R′ satisfies H1(OX/R′ ) = 0. According to
Artin [1], Theorem 2.3, the contraction h : X → Y of R′ ⊂ X exists. We call the
corresponding partial resolution g : Y → Z a minimal resolution of nonrational
singularities.

Theorem 2.2. Suppose Z is a proper normal algebraic surface containing a nonra-
tional singularity, and that no multiple nKZ with n > 0 is effective. Let : Y → Z be
a minimal resolution of nonrational singularities and S ⊂ Y the exceptional curve.
Then the following hold:

(i) There is a genus zero fibration p : Y → B over a curve B of genus g > 0.
(ii) The curve S ⊂ Y is a section over B, and each singularity on Z is rational

except for z = g(S).
(iii) The irregularity is q(Z) = 0, and Pic(Z) is a free Z-module of finite rank.

Proof. Let f : X → Z be the minimal resolution of singularities. Clearly, nKX 6= 0
for all n > 0. Suppose there is a nonzero section s ∈ H0(X,nKX). The corre-
sponding curve is supported on R, and this implies KX ·Ri < 0 for some irreducible
component Ri ⊂ R, contradicting the minimality of the resolution. Therefore X
has Kodaira dimension κ(X) = −∞. The Enriques–Kodaira classification ensures
the existence of a fibration X → B of genus zero over the algebraic closure k ⊂ k̄
(see Mumford [18] Sect. 1). Since pg(Z) = 0, the sequence

0 −→ H1(Z,OZ) −→ H1(X,OX) −→ H1(X/R,OX/R
) −→ 0
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is exact, where R ⊂ X is the exceptional divisor and X/R is the corresponding
formal completion. As H1(OB)→ H1(OX) is bijective, the curve B has genus g >
0. Thus each horizontal curve on X has positive arithmetic genus. Consequently,
the Galois group Aut(k̄/k) permutes the vertical curves, so the fibration descends
to a fibration X → B. The exceptional curve R′ ⊂ X for the contraction h : X → Y
must be vertical, hence there is an induced fibration p : Y → B. This proves (i).

By Proposition 1.2, the exceptional divisor S ⊂ Y is horizontal. For each integer
n ≥ 0, the kernel of the restriction homomorphism Pic0

nS → Pic0
S is a smooth unipo-

tent group scheme. On the other hand, Pic0
B is an Abelian variety. The restriction

map Pic0
B → Pic0

nS is an epimorphism, since the induced map H1(OB)→ H1(OnS)
on Lie algebras is surjective. We deduce Pic0

nS = Pic0
S and H1(OY/S

) = H1(OS),
where Y/S is the formal completion of S ⊂ Y . This gives an exact sequence

0 −→ Picτ
Z −→ Pic0

B −→ Pic0
S −→ 0

of group schemes. Here Picτ
Z is the group scheme of numerically trivial invertible

sheaves. Since Pic0
B is an abelian variety, the kernel Picτ

Z is proper. According to [9]
Sect. XII, Cor. 1.5, it must be affine, because S → B is proper. Since H2(OZ) = 0,
the group scheme Picτ

Z is smooth (see [17] p. 198). Being smooth, proper, and
affine, Picτ

Z is étale. This implies q(Z) = 0. According to Lemma 2.1, Pic(Z) is
free and finitely generated, so Picτ

Z = 0. This proves (iii).
It remains to verify (ii). Since S ⊂ Y is horizontal, each integral component of

S has genus g > 0. Hence S is geometrically integral, and in particular k ⊂ Γ(OS)
is bijective. We also see that z = g(S) is the only nonrational singularity on the
surface Z. Assume that S ⊂ Y is not a section. Using that Pic0

B → Pic0
S is an

isomorphism, we derive a contradiction as follows.
First, assume that the normalization S̃ → S is not an isomorphism. Since S

is irreducible, the kernel of Pic0
S → Pic0eS is a nonfinite unipotent group scheme,

contradicting that Pic0
S = Pic0

B is abelian. Consequently, S is normal. Next,
decompose S → B into a purely inseparable morphism S → A and a separable
morphism A → B. Using Pic0

B = Pic0
S , we deduce that Pic0

B → Pic0
A and Pic0

A →
Pic0

S are isomorphisms. Set n = deg(A/B). The Hurwitz formula gives

2g − 2 = n(2g − 2) + deg(KA/B) ≥ n(2g − 2).

If n > 1, then g = 1, and A→ B is an isogeny of degree n between elliptic curves. So
the dual isogeny Pic0

B → Pic0
A has a kernel of length n, hence n = 1. Consequently,

the projection S → B is purely inseparable. Finally, set pm = deg(S/B). The two
curves A and B are isomorphic without k-structures, and the projection S → B
is just the iterated linear Frobenius map Frm : B → B. The induced morphism
Fr∗ : Pic0

B → Pic0
B is multiplication by p, which has a kernel of length p2g (see

Mumford [19] p.64). Hence m = 0, and S ⊂ Y is a section. �

Remark 2.3. In the preceding result, the generic fiber of the genus zero fibration
Y → B is a form of the projective line. However, since S ⊂ Y is a section, Yη

contains a rational point and is therefore a projective line over the function field
κ(B).

Remark 2.4. The arguments in this section do not work over nonperfect ground
fields. Curves with “genus change” cause problems. Compare Tate [25].
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3. Contractions of P1-bundles

The simplest del Pezzo surfaces containing a nonrational singularity are contrac-
tions of P1-bundles. The task now is to discuss such contractions. Fix a smooth
curve B of genus g > 0 and a P1-bundle q : Y → B. Then the pseudoeffective cone
NE(Y ) ⊂ N(Y )R is 2-dimensional and generated by two extremal rays. The first ex-
tremal ray is the fiber class F ∈ N(Y )Q, defined by the equations Yb = dimk κ(b) ·F
for each b ∈ B. The second extremal ray may or may not be generated by a curve.

Lemma 3.1. Let R ⊂ Y be a horizontal curve, say of degree n over B. Then n
divides R2, and nKY/B ≡ −2R+R2/n · F .

Proof. Write nKY/B ≡ −2R + λF for some λ ∈ Z. Using K2
Y/B = 0, we obtain

0 = (nKY/B)2 = 4R2 − 4λn, hence the result. �

Set e = − inf
{
S2 | S ⊂ Y a section

}
. Note that there is a section S ⊂ Y with

S2 < 0 if and only if e > 0.

Proposition 3.2. The surface Y contracts to a normal del Pezzo surface if and
only if 2g − 2− e < 0.

Proof. The condition is sufficient: Let S ⊂ Y be the section with S2 = −e < 0.
Since KY ≡ −2S + (2g − 2− e)F , the contraction exists by Proposition 1.3. Since
KZ = (2g − 2 − e) · g∗(F ), the resulting surface is del Pezzo. The condition is
necessary: By Theorem 2.2, the exceptional curve S ⊂ Y is a section. Since
2g − 2− e is the multiplicity of KZ , the condition follows. �

Proposition 3.3. Suppose R ⊂ Y is an integral curve with R2 < 0. Then the
projection q : R→ B is purely inseparable.

Proof. The separable closure of the field extension κ(B) ⊂ κ(R) defines a proper
normal algebraic curve A, together with a purely inseparable morphism R → A
and a separable morphism A→ B. Set n = deg(A/B). On the induced P1-bundle
YA, the preimage of R splits into n irreducible components RA = R1 + . . . + Rn,
which are permuted by the Galois action. This implies R2

1 = . . . = R2
n, hence all

irreducible components have R2
i < 0. Since the pseudoeffective cone NE(YA) has

at most one extremal ray with negative self intersection, we conclude n = 1. Thus
A = B, and R→ B is purely inseparable. �

In characteristic zero, we conclude that each integral curve R ⊂ Y with R2 < 0
is necessarily a section. Suppose there is such a section. Setting E = p∗(OY (R))
and L = p∗(OS(R)), we obtain an extension

0 −→ OB −→ E −→ L −→ 0

with X = P(E) and R = P(L).

Proposition 3.4. Suppose the characteristic is p = 0, and let R ⊂ Y be as above.
Then R is contractible if and only if the extension E splits.

Proof. If there is a splitting E → OB , then A = P(OB) defines another section
disjoint from S with A2 > 0. By the Fujita–Zariski Theorem ([7] Thm. 1.10),
OY (A) is pseudoample, hence a suitable multiple is base point free and defines the
desired contraction.
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Conversely, assume that the contraction g : Y → Z exists. A direct calculation
gives

Pic(2R) = Pic(R)⊕H1(S,OR(−R))

Since Z contains only one singularity, it is projective. This is because the com-
plement of an affine neighborhood of the singularity supports an ample Cartier
divisor, as explained in [10] p. 69. Let L be the preimage of an ample invertible
OZ-module. We calculate the restriction L|2R in two ways. Since L comes from Z,
the restriction is trivial. On the other hand, L|2R defines a class (0, α) ∈ Pic(2R)
according to the decomposition of Pic(2R). A straightforward cocycle computation
left to the reader reveals that α ∈ H1(R,OR(−R)) coincides with a multiple of the
extension class of E in H1(B,L∨). Since the characteristic is zero, this extension
class is zero. �

The situation in positive characteristic is different:

Theorem 3.5. Suppose the characteristic is p > 0. Let E be a rank two vector
bundle on B with X = P(E). Then the following are equivalent:

(i) For some integer m ≥ 0, there is a splitting (Frm)∗E = L1 ⊕ L2 with
invertible summands satisfying deg(L1) 6= deg(L2).

(ii) There is a contractible curve R ⊂ Y .
(iii) There is a curve R ⊂ Y with negative self-intersection.

Proof. First, note that P(F) ' P(E) if and only if there is an invertible sheaf L
with F ' E ⊗ L. Hence the condition in (i) does not depend on the choice of E .

Suppose (i) holds, say with deg(L1) < deg(L2). Set Ym = P((Frm)∗E). Then
there is a cartesian diagram

Ym −−−−→ Yy y
B −−−−→

Frm
B

whose horizontal maps are bijective. The section Rm = P(L1) of Ym satisfies
(Rm)2 = deg(L1) − deg(L2) < 0. Since P(L2) is another disjoint section, we
conclude as in the proof of Proposition 3.4 that Rm ⊂ Ym is contractible. Similarly,
the image R ⊂ Y of Rm is contractible as well. Hence (ii) holds.

The implication (ii) ⇒ (iii) is well known. Finally, suppose an integral curve
R ⊂ Y has R2 < 0. By Proposition 3.3, the projection R→ B is purely inseparable,
say of degree pm. Hence its normalization R̃ is isomorphic to B, and the induced
morphism R̃ → B it the iterated linear Frobenius Frm : B → B. Making base
change along this morphism, we can assume that R ⊂ Y is a section. The section
defines an extension

0 −→ OB −→ E −→ L −→ 0

with Y = P(E) and L = p∗(OR(R)). The extension class for E lies in H1(B,L−1).
Since deg(L−1) = −R2 > 0, the sheaf L−1 is ample, so H1(B,L−pm

) = 0 for all m
sufficiently large. Since L−pm

= (Frm)∗L−1, the induced extension

0 −→ OB −→ (Frm)∗E −→ (Frm)∗L −→ 0

splits. Thus condition (i) holds. �
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Remark 3.6. The existence of nonsplit rank two vector bundles that split on
taking a purely inseparable cover follows from Tango’s work. In [24], Theorem
15, he showed that on smooth prper curves B satisfying certain conditions related
to the Hasse–Witt matrix, there is an ample invertible OX -module M so that
the Frobenius map Fr: H1(B,M∨) → H1(B,Fr∗M∨) is not injective. Then the
corresponding extension 0→ OB → E →M→ 0 gives the desired rank two vector
bundle E . For explicit examples, see [24], Section 5.

4. Elementary transformations and continued fractions

In this section, we calculate the behavior of multiplicities on fibrations under
birational transformations. The idea is to use the monoid SL2(N) in its various
disguises. In the next section, they shall apply the results for the classification of
singular del Pezzo surfaces.

Rather than working over a ground field, we shall use the following set-up: Sup-
pose A is a henselian discrete valuation ring with residue field k and fraction field
K, and let X be a proper normal 2-dimensional A-scheme with Γ(X,OX) = A. We
call such schemes A-surfaces.

The generic fiber X⊗K is a normal curve over the function field K, degenerating
into the possibly singular closed fiber X ⊗ k. Call X is minimal if the closed fiber
is irreducible. If X is not minimal, a result of Bosch, Lütkebohmert and Raynaud
([4] Cor. 3, p. 169) ensures that each irreducible component of X⊗k is contractible
(here we need the assumption that A is henselian).

Suppose Y is a minimal A-surface as above. We seek to describe the passage
to birational minimal A-surface algorithmically. Let y ∈ Y be a closed point in
Reg(Y ) and f1 : X1 → Y be its blowing-up. In the following, we consider sequences
of blowing-ups

Xn+1
fn+1−→ Xn −→ . . . −→ X2

f2−→ X1
f1−→ Y,

subject to the condition that each center xi ∈ Xi lies on both the exceptional divisor
Ei = f−1

i (xi−1) of the preceding blowing-up and another irreducible component of
Xi ⊗ k. This implies that the intersection graph of Xi ⊗ k is a chain

h h h hh
RiTi Li Ei

Here Ti is the strict transform of Y ⊗ k, and Ei is the exceptional divisor of the
blowing-up fi : Xi → Xi−1. The two neighbors of Ei are labeled Li and Ri; they
are distinguished by the fact that Li lies between Si and Ei. In the special case
i = 1 we have T1 = L1 and R1 = ∅.

Observe that there are two alternatives for the blowing-up fi+1 : Xi+1 → Xi:
Either the center xi ∈ Xi is Li ∩ Ei or Ei ∩ Ri. In other words: The sequence
Xn, . . . , X1 is uniquely determined by the initial center y ∈ Y , together with a
word w = Ll1Rr1Ll2 . . . of length n ≥ 0 in two letters L,R not starting with R.
The rule is: If the ith letter in w is L, the center xi ∈ Xi is Li ∩ Ei, otherwise
Ei ∩Ri.

Set X = Xn+1, let h : X → Y be the composition of the blowing-ups, and
ĥ : X → Ŷ be the contraction of all irreducible components in Xn+1 ⊗ k except for
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En+1. We call the resulting minimal A-surface Ŷ the elementary transformation of
Y with respect to the word w = Ll1Rr1 . . . and the initial center y ∈ Y .

Starting with a regular minimal A-surface, it is easy to see that each birational
equivalent minimal A-surface can be reached by a sequence of elementary transfor-
mations. If Y is a P1-bundle, and y is a k-rational point, and w = ∅ is the empty
word, then the construction coincides with the classical notion of elementary trans-
formation.

Let 〈L,R〉 be the free monoid on two letters and SL2(N) the monoid of unimod-
ular 2× 2-matrices whose entries are natural numbers. By inspection, the map

〈L,R〉 −→ SL2(N), L 7→
(

1 1
0 1

)
, R 7→

(
1 0
1 1

)
is bijective. Similarly, the map

SL2(N) −→ Q+,

(
a b
c d

)
7→ a+ b

c+ d

is bijective. Composing both maps, we associate to each word w = Ll1Rr1 . . . a
fraction r/s > 0.

Now let Ŷ be the elementary transformation of Y with respect to the word
w = Ll1Rr1 . . . and the initial center y ∈ Y . The multiplicities µ, µ̂ > 0 of the
closed fibers are defined by Y ⊗ k = µ · (Y ⊗ k)red and Ŷ ⊗ k = µ̂ · (Ŷ ⊗ k)red.

Proposition 4.1. Let r/s be the fraction associated to the word w. Then the
multiplicities µ, µ̂ of the closed fibers of Y, Ŷ are related by µ̂ = r · µ.
Proof. The trick is to introduce alternative names for the curves on the blowing-ups.
Let

h h hh
BiTi Ai

be the intersection graph of Xi ⊗ k. Here Ti is the strict transform of Y ⊗ k as
above, but Ai, Bi are the curves with Ai ∩ Bi = {xi}. They can be distinguished
by the fact that Ai lies between Ti and Bi. Let ai, bi be the multiplicities of Ai, Bi

in the cycle Xi ⊗ k. Then µ̂ = an + bn.
We proceed to calculate the pairs (ai, bi). Let a0 = µ and b0 = 0 be dummy

variables. Suppose fi+1 : Xi+1 → Xi is defined by the letter L. Then Ai = Li,
Bi = Ei, and

(ai, bi) = (ai−1, ai−1 + bi−1) = (ai−1, bi−1)
(

1 1
0 1

)
.

Otherwise Ai = Ei, Bi = Ri, and

(ai, bi) = (ai−1 + bi−1, bi−1) = (ai−1, bi−1)
(

1 0
1 1

)
.

Writing (
a b
c d

)
=

(
1 1
0 1

)l1 (
1 0
1 1

)r1
(

1 1
0 1

)l2

· · · ,

we have r/s = (a+ b)/(c+ d). Inductively,

(an, bn) = (a0, b0)
(
a b
c d

)
= (µ, 0)

(
a b
c d

)
= µ(a, b),
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hence µ̂ = an + bn = r · µ. �

The next task is to calculate the contribution of the relative canonical divisor
KX/Y on the elementary transformation Ŷ .

Proposition 4.2. Let r/s be the fraction associated to the word w, and µ be the
multiplicity of the closed fiber Y ⊗ k. Then

ĥ∗(KX/Y ) = (r + s− 1) · (Ŷ ⊗ k)red =
r + s− 1

rµ
· (Ŷ ⊗ k).

Proof. We use the same notation as in the preceding proof, except that ai, bi denote
the multiplicities of Ai, Bi in KXi/Y . We introduce dummy multiplicities a0 = 0
and b0 = 0. By the adjunction formula, the multiplicity of En+1 in KXn+1/Y is
an + bn + 1. It turns out that the pairs (ai + 1, bi + 1) are easy to compute.

Suppose fi+1 : Xi+1 → Xi is defined by the letter L. Then Ai = Li, Bi = Ei,
and

(ai + 1, bi + 1) = (ai−1 + 1, ai−1 + 1 + bi−1 + 1) = (ai−1 + 1, bi−1 + 1)
(

1 1
0 1

)
.

Otherwise Ai = Ei, Bi = Ri, and

(ai + 1, bi + 1) = (ai−1 + 1 + bi−1 + 1, bi−1 + 1) = (ai−1 + 1, bi−1 + 1)
(

1 0
1 1

)
.

Writing (
a b
c d

)
=

(
1 1
0 1

)l1 (
1 0
1 1

)r1
(

1 1
0 1

)l2

· · · ,

we have r/s = (a+ b)/(c+ d). Inductively,

(an + 1, bn + 1) = (a0 + 1, b0 + 1)
(
a b
c d

)
= (1, 1)

(
a b
c d

)
= (a+ c, b+ d).

Hence the multiplicity of ĥ∗(KX/Y ) is

an + bn + 1 = a+ c+ b+ d− 1 = r + s− 1.

Together with Proposition 4.1, this concludes the proof. �

For your convenience, I recall how self intersection numbers are related to con-
tinued fractions. Let

h h h hh
E

.
C1 C2 Cm

be the intersection graph of X ⊗ k, labeled in such a way that C1 is the reduced
strict transform of Y ⊗ k, and E is the reduced strict transform of Ŷ ⊗ k.

Let r/s > 0 be the fraction associated to the word w = Ll1Rr1 . . . describing the
elementary transformation, and

r/s = [s1, s2, . . . , sm] = s1 −
1

s2 −
1

s3 −
1
. . .

its unique continued fraction development with m ≥ 1, s1 > 0, and si > 1 for i ≥ 2.
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Proposition 4.3. Let r/s = [s1, s2, . . . , sm] be the continued fraction as above.
Then C2

i = −si. Here the intersection numbers are computed as degrees over κ(y).

Proof. The set S of all finite sequences (s1, s2, . . . , sm) with m ≥ 1, s1 > 0, and
si > 1 for i ≥ 2 becomes a monoid with respect to the composition law

(s1, . . . , sm−1, sm) ◦ (t1, t2, . . . , tn) = (s1, . . . , sm−1, sm − 1 + t1, t2, . . . , tn).

By inspection, the map 〈L,R〉 → S defined by L 7→ (2) and R 7→ (1, 2) is bijective.
We also have a bijective map S → Q+ by (s1, . . . , sm) 7→ [s1, . . . , sm]. The maps
obtained so far fit into a commutative diagram

〈L,R〉 −−−−→ SL2(N)y y
S −−−−→ Q+.

The rest of the proof is much alike the preceding proofs and left as an exercise. �

Let S ⊂ Y be a section disjoint from the initial center y ∈ Y , and R ⊂ X, Ŝ ⊂ Ŷ
its strict transforms. With the notation introduced before the last Proposition,
Mumford’s rational pullback takes the form

ĥ∗(Ŝ) = R+ γ1C1 + γ2C2 + . . .+ γmCm

for certain rational coefficients γi ≥ 0. For future reference, we determine the first
coefficient:

Proposition 4.4. Let r/s be the fraction associated to the word w, and µ the
multiplicity of Y ⊗ k, and l = dimk κ(y). Then γ1 = s/(rlµ).

Proof. By definition of Mumford’s pullback, the coefficients γi solve the equations

(R+ γ1C1 + γ2C2 + . . .+ γmCm) · Ci = 0, i = 1, . . . ,m.

Observe that C1 · R = 1/µ and R ∩ Ci = ∅ for i > 1, since S ⊂ Y is a section
disjoint from the initial center y ∈ Y . Using Kronecker’s δ-function, we can rewrite
the equations as (γ1C1 + . . .+γmCm) ·Ci = −δi,1/µ. Introducing dummy variables
γ0 = 1/(lµ) and γm+1 = 0, we put the equations into simplified form

γi−1 − siγi + γi+1 = 0, i = 1, . . . ,m.

Here the correction factor l = dimk κ(y) is necessary since we calculate intersection
numbers over κ(y) and not over k. We have γ0/γ1 = 1/(lµγ1). On the other hand,
an easy inductive argument gives

γ0/γ1 = [s1, . . . , sm] = r/s,

and the result follows. �

5. Classification of del Pezzo surfaces

In this section, Z is a proper normal del Pezzo surface with base number ρ(Z) = 1
containing a nonrational singularity. The issue is to understand the geometry of
such surfaces. We show that these surfaces are arranged in an infinite hierarchy;
moving inside the hierarchy involves elementary transformations. Let f : X → Z
be the minimal resolution of singularities and

X
h−→ Y

g−→ Z
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the factorization over the the minimal resolution of nonrational singularities. Ac-
cording to Theorem 2.2, there is a fibration p : Y → B of genus zero over a curve of
genus g > 0 with irreducible fibers, and the exceptional curve S ⊂ Y is a section.

In the simplest case, Y is already a P1-bundle. Otherwise, we seek to relate Y
with a P1-bundle. Let R′ ⊂ X be the strict transform of S ⊂ Y , and X → Y ′ be
the contraction of all vertical curves disjoint to R′. Then Y ′ is smooth, and the
induced fibration p′ : Y ′ → B is a P1-bundle. Hence the normal algebraic surface
Y is obtained from the smooth surface Y ′ by a sequence

X1 X2 Xn−2 Xn−1

��
�
�
�
�

h1

A
A
A
A
A

ĥ1

U ��
�
�
�
�

h2
· · ·

A
A
A
A
A

ĥn−2

U ��
�
�
�
�

hn−1

A
A
A
A
A

ĥn−1

U
Y ′ = Y1 Y2 Yn−1 Yn = Y

of elementary transformations. Note that each hi : Xi → Yi decomposes into a
sequence of blowing-ups

Xi = Xi,ni+1 −→ Xi,ni
−→ . . . −→ Xi,2 −→ Xi,1 −→ Yi

as in Section 4. We have to fix more notation. Let Ri ⊂ Xi and Si ⊂ Yi be the strict
transforms of S ⊂ Y . Let yi ∈ Yi be the center of the elementary transformation
Yi ← Xi → Yi+1, and wi ∈ 〈L,R〉 the corresponding word. Set bi = pi(yi),
let di be the k-dimension of κ(bi), and let ri/si be the fraction associated to the
word wi. Denote by µi the multiplicity of Yi ⊗ κ(bi), and by λi the coefficient in
KYi

≡ −2Si + λiFi. Here Fi ∈ N(Yi) is the fiber class. These numbers obey the
following rule:

Lemma 5.1. λi+1 = λi + di(ri + si − 1)/(µiri).

Proof. By Proposition 4.1, the multiplicity of the fiber Yi+1⊗κ(bi) is the numerator
µiri. Moreover, we have Yi+1 ⊗ κ(bi) ≡ diFi+1. According to Proposition 4.2, the
denominator ri + si − 1 is the multiplicity in (ĥi)∗(KXi/Yi

). Since

−2Si+1 + λi+1Fi+1 ≡ KYi+1 ≡ −2Si+1 + λiFi+1 + (ĥi)∗(KXi/Yi
),

the claim is true. �

Theorem 5.2. For each surface Yi, the curve Si ⊂ Yi is contractible; the resulting
contraction gi : Yi → Zi yields a normal del Pezzo surface Zi with base number
ρ(Zi) = 1 containing a nonrational singularity.

Proof. We verify the assertion by descending induction on i. For i = n, there is
nothing to prove. Suppose that the statement is true for some i+ 1 ≤ n. It follows
from the definition of Mumford’s rational intersection numbers that R2

i ≤ S2
i+1 < 0.

Since Xi → Yi is locally an isomorphism near Si, we have S2
i = R2

i . Thus Si has
negative selfintersection. By induction, we have λi+1 < 0. According to Lemma
5.1, λi ≤ λi+1. Hence Proposition 1.3 applies, and the contraction gi : Yi → Zi

of Ri ⊂ Yi exists. Since the canonical class is given by KZi
= λi · (gi)∗(Fi), the

resulting surface is del Pezzo. �
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We see that our del Pezzo surface Z = Zn is the last in a sequence of del Pezzo
surface Z1, . . . , Zn underlying a sequence of elementary transformations

X1 X2 Xn−2 Xn−1

��
�
�
�
�

h1

A
A
A
A
A

ĥ1

U ��
�
�
�
�

h2
· · ·

A
A
A
A
A

ĥn−2

U ��
�
�
�
�

hn−1

A
A
A
A
A

ĥn−1

U
Y ′ = Y1 Y2 Yn−1 Yn = Y

Z ′ = Z1

g1

?
Z2

g2

?
· · · Zn−1

gn−1

?
Zn = Z.

gn

?

The initial term Z ′ = Z1 is a contraction of the P1-bundle Y ′ = Y1. To obtain
complete command of the situation, we have to describe how such sequence comes
about. The question is: can we prolong the sequence one step further?

Suppose Yn ← Xn → Yn+1 is a elementary transformation with center yn ∈ Yn

in Reg(Yn) disjoint from Sn ⊂ Yn. Introduce the same notation laid down in front
of Theorem 5.2 as for the preceding elementary transformations. The issue is to
determine whether or not the strict transform Sn+1 ⊂ Yn+1 contracts to a del Pezzo
surface.

Theorem 5.3. Notation as above. Then the curve Sn+1 ⊂ Yn+1 contracts to a del
Pezzo surface Zn+1 if and only if

λn + dn
rn + sn − 1

µnrn
< 0.

Proof. According to Lemma 5.1, λn+1 = λn + dn(rn + sn − 1)/(µnrn). This being
the coefficient in KYn+1 ≡ −2Sn+1 + λn+1Fn+1, the condition is necessary.

Conversely, assume that the condition holds. Then λn+1 < 0. The main problem
is to check that Sn+1 ⊂ Yn+1 has negative selfintersection. I claim that S2

i ≤ λi

holds for 1 ≤ i ≤ n + 1. Suppose for a moment that this is true. Then Sn+1 has
negative selfintersection, and the desired contraction exists by to Proposition 1.3.

It remains to prove the claim. We proceed by induction on i. For i = 1, the
fibration p1 : Y1 → B is a P1-bundle. The adjunction formula gives

KY1 ≡ −2S1 + (S2
1 + 2g − 2)F1,

hence S2
1 ≤ S2

1 + 2g − 2 = λ1.
Suppose the claim is correct for some i ≥ 1. Let Ti ⊂ Xi be the reduced strict

transform of the fiber Yi+1 ⊗ κ(bi+1). Write

(ĥi)∗(Si+1) = Ri + γi · Ti + . . .

for some rational coefficient λi ≥ 0. With li = dimκ(bi) κ(yi), Proposition 4.4 gives
γi = si/(riliµi). Note that Ri ⊂ Xi hits the fiber over bi only in Ti, since the
center yi ∈ Yi is disjoint from Si. Using Mumford’s definition of rational pullback,
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we obtain

S2
i+1 = Ri · (Ri + γiTi + . . .)

= R2
i + di/µi · si/(riliµi)

= S2
i + disi/(riliµ2

i )
≤ λi + di(si + ri − 1)/(riµi).

By Lemma 5.1, the latter expression equals λi+1. This completes the induction,
and therefore the whole proof. �

6. Anticanonical rings and anticanonical models

Each proper normal algebraic surface X comes along with the anticanonical ring

R(−KX) =
⊕
n≥0

H0(X,OX(−nKX)),

which in turn defines the anticanonical model P (−KX) = ProjR(−KX). In this
section we shall study the scheme P (−KX). Zariski ([26] p. 562) observed that the
ring R(−KX) is possible non-Noetherian. Surprisingly, the scheme P (−KX) is of
finite type ([22] Thm. 6.2). It is either empty, a point, a proper normal curve, or a
normal algebraic surface (possibly nonproper).

There is a rational map r : X 99K P (−KX) defined as follows: By definition,
the homogeneous spectrum P (−KX) is covered by affine open subsets D+(s) =
SpecR(s) with s ∈ H0(−nKX) and n > 0. Let Xs ⊂ X be the open subset where
s : OX → OX(−nKX) is bijective. Then the affine hull Xaff

s = Spec Γ(Xs,OX) and
D+(s) are canonically isomorphic, and we obtain a morphism r : U → P (−KX)
defined on U =

⋃
Xs. We call SBs(−KX) = X \ U the stable base locus.

Theorem 6.1. Let X be a proper normal algebraic surface with 2-dimensional
anticanonical model P = P (−KX). Then there is a unique open dense embedding
P ⊂ P into a proper normal algebraic surface P such that the following holds:

(i) The open subset P ⊂ P is the Q-Gorenstein locus of P .
(ii) The boundary at infinity P \ P contains at most one point.

Proof. Choose some integer n > 0 such that the stable base locus SBs(−KX)
is the base locus of −nKX . Let F ⊂ X be the fixed curve of −nKX , and let
M = −nKX−F be the movable part. Since P is 2-dimensional, we may furthermore
assume that M 6= 0, such that h0(−nKX) > 1. Let F ′ ⊂ F be the union of all
connected components C ⊂ F with M · C > 0, and set F ′′ = F − F ′.

The idea is to construct the compactification P as a suitable contraction of X.
To do so, we have to define the corresponding negative definite curves. Let R ⊂ X
be the union of all curves C ⊂ X with C ∩ F ′ = ∅ and C ·M = 0. Note that
F ′′ ⊂ X. By the Hodge index theorem, the curve R is negative definite.

Claim. The curve F ′ ⊂ X is also negative definite.

To prove this, let C ⊂ F ′ be a connected component and F1 + . . . + Fr be its
integral components. We have to show that the intersection matrix (Fi · Fj) is
negative definite. Seeking a contradiction, we first assume that some Weil divisor
supported by C has positive selfintersection. As in the proof of [23] Proposition
3.2, we find a curve A ⊂ X with Supp(A) = Supp(C), such that A ⊂ X is linear
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equivalent to a curve B ⊂ X not containing any Fi. Decompose A =
∑
λiFi and

C =
∑
µiFi. We may assume that λ1/µ1 ≥ λi/µi for all indices 1 ≤ i ≤ r. Then

λ1C =
r∑

i=1

λ1µiFi =
r∑

i=1

µ1λiFi +
r∑

i=2

(λ1µi − λiµ1)Fi,

which is linearly equivalent to the effective divisor µ1B+
∑r

i=2(λ1µi−λiµ1)Fi not
containing F1. Consequently, F1 6⊂ SBs(−KX), contradiction.

Next, assume that (Fi · Fj) is negative, but not definite. By [3] Lemma I.2.10,
the intersection form is negative semidefinite, and we find a curve A ⊂ X with
Supp(A) = Supp(C) and A · Fi = 0 for 1 ≤ i ≤ r. Riemann–Roch for normal
surfaces gives

h0(tA) + h2(tA) ≥ A2

2
t2 − A ·KX

2
t+ χ(OX) + ψ(t)

for some bounded error function ψ(t). Since KX · A < 0 and KX − tA is not
effective, we conclude that some tA is linearly equivalent to a curve B ⊂ X disjoint
from C. As above, this contradicts C ⊂ SBs(−KX). QED for the claim.

We proceed with the proof of the Theorem. By Proposition 1.5, the negative
definite curve F ′ ∪ R ⊂ X is contractible. Let f : X → Z be its contraction.
We show that Z = P is the desired compactification of the anticanonical model
P = P (−KX). We have to construct an open embedding P ⊂ Z. Given a section
s ∈ H0(−nKX), let t ∈ H0(M + F ′) be the corresponding section. You easily
check that D+(s) = Xaff

s is isomorphic to the open subset Xaff
t ⊂ Z. Patching

these isomorphisms gives the desired open embedding P ⊂ Z. By construction, the
boundary at infinity Z \P is the image of SBs(−KX)\F ′′, which is also SBs(−KZ).

Note that −nKZ = f∗(−nKX) = f∗(M) is movable, so SBs(−KZ) is discrete.
First, suppose that Z is Q-Gorenstein. By the Fujita–Zariski theorem ([7] Thm.
1.10), the stable base locus SBs(−KZ) is empty, so Z = P . Second, suppose that
Z contains a non-Q-Gorenstein point z ∈ Z. Since rational surface singularities
are Q-factorial, the point z ∈ Z is a nonrational singularity. By Theorem 2.2,
all other singularities are rational. Applying the Fujita–Zariski Theorem on the
resolution of z ∈ Z, we deduce that SBs(−KX) = {z}. Hence we have a disjoint
union Z = P ∪ {z}. In either case, the open subset P ⊂ Z is the Q-Gorenstein
locus. �

Here is a sufficient condition for 2-dimensional anticanonical models:

Proposition 6.2. If K2
X > 0 and KX is not pseudoeffective, then the anticanonical

model P (−KX) is a surface.

Proof. Riemann-Roch for normal surfaces [8] and Serre duality yield

h0(−nKX) + h0((1 + n)KX) ≥ K2
X · n2 + χ(OX) + ψ(n)

for certain bounded error function ψ(n). Hence there is an integer n > 0 and a curve
C ⊂ X representing −nKX . By [23] Proposition 3.2, the complement U = X − C
has 2-dimensional global section ring Γ(U,OX), since C2 > 0. Because the affine
hull Uaff = Spec Γ(U,OX) is an open subset of P (−KX), the assertion follows. �

Example 6.3. Here are normal del Pezzo surfaces with non-finitely generated
canonical rings, which also occur in [2]. As in Section 3, let B be a curve of genus
g ≥ 2, and D ∈ Div(B) a divisor of degree 0 < d < 2g−2, and Y = P(OB⊕OB(D))



16 STEFAN SCHROEER

the corresponding ruled surface. According to Proposition 3.2, the negative section
S ⊂ Y is contractible, and the corresponding contraction g : Y → X gives a del
Pezzo surface. Let x ∈ X be the resulting singular point. You easily check that
OX,x is Q-Gorenstein if and only if the divisors KB and D are linearly dependent
in Pic(B) ⊗ Q. In this case, the anticanonical model is P (−KX) = X, and the
anticanonical ring is finitely generated. Otherwise, we have P (−KX) = X − {x},
such that the anticanonical ring is not finitely generated.
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