GENERALISED BIALGEBRAS AND ENTWINED MONADS
AND COMONADS

MURIEL LIVERNET, BACHUKI MESABLISHVILI, AND ROBERT WISBAUER

ABSTRACT. J.-L. Loday has defined generalised bialgebras and proved
structure theorems in this setting which can be seen as general forms
of the Poincaré-Birkhoff-Witt and the Cartier-Milnor-Moore theorems.
It was observed by the present authors that parts of the theory of gen-
eralised bialgebras are special cases of results on entwined monads and
comonads and the corresponding mixed bimodules. In this article the
Rigidity Theorem of J.-L. Loday is extended to this more general cate-
gorical framework.
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1. INTRODUCTION

The introduction of entwining structures between an algebra and a coal-
gebra by T. Brzeziniski and S. Majid in [2] opened new perspectives in the
mathematical treatment of quantum principal bundles. It turned out that
these structures are special cases of distributive laws treated in J. Beck’s
paper [1]. The latter were also used by D. Turi and G. Plotkin [16] in the
context of operational semantics.

These observations led to a revival of the investigation of various forms
of distributive laws. In a series of papers [13, 14, 15] it was shown how they
allow for formulating the theory of Hopf algebras and Galois extensions in
a general categorical setting.

On the other hand, generalised bialgebras as defined in J.-L. Loday [8,
Section 2.1], are vector spaces which are algebras over an operad </ and
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coalgebras over a cooperad %. Moreover, the operad <7 and the cooperad €
are required to be related by a distributive law. Since any operad .o/ yields
a monad T, and &/-algebras are nothing but 7,-modules, and similarly
any cooperad % yields a comonad G¢ and %-coalgebras are nothing but G-
comodules, generalised bialgebras have interpretations in terms of bimodules
over a bimonad in the sense of [14].

The purpose of the present paper is to make this relationship more precise
(as proposed in [14, 2.3]). On the one hand, given a monad 7 and a comonad
G on a category A together with a mixed distributive law A between them, we
provide in Theorem 4.1 conditions for which a functor from A to the category
of T'G-bimodules in A is an equivalence of categories. In Theorem 5.8 we
concentrate on the special case when the monad and the comonad share the
same underlying functor. These are general theorems, which do not depend
on the shape of the functors underlying the monads and comonads. On the
other hand, when considering operads and cooperads the functors involved
are analytic in the sense of A. Joyal [7] and, in particular, are graded and
connected. In Section 6, we show that the general theory together with the
grading lead to the Rigidity Theorem [8, 2.5.1] as a special case (without
using idempotents as in [8]). In Corollary 6.9 we focus on the special case
when the operad and cooperad share the same underlying analytic functor
and prove (under mild conditions) that the category of generalised bialgebras
is equivalent to the category of vector spaces.

2. COMODULES AND ADJOINT FUNCTORS

In this section we provide basic notions and properties of comodule func-
tors and adjoint pairs of functors. Throughout the paper A and B will denote
any categories.

2.1. Monads and comonads. Recall that a monad 7 on A is a triple
(T,m,e) where T': A — A is a functor with natural transformations m :
TT — T, e : 1 — T satisfying associativity and unitality conditions. A
T-module is an object a € A with a morphism h : T(a) — a subject to
associativity and unitality conditions. The (Eilenberg-Moore) category of
T-modules is denoted by Ay and there is a free functor

o7 A — A, a— (T(a),mg),
which is left adjoint to the forgetful functor
Ur:Ar—= A (a,h) = a.

Dually, a comonad G on A is a triple (G, d,¢) where G : A — A is a functor
with natural transformations § : G — GG, € : G — 1, and G-comodules are
objects a € A with morphisms 6 : a — G(a). Both notions are subject to
coassociativity and counitality conditions. The (Eilenberg-Moore) category
of G-comodules is denoted by AY and there is a cofree functor

9 : A — A9, a— (Gla),d,),
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which is right adjoint to the forgetful functor
U9: A9 = A, (a,0) — a.
2.2. G-comodule functors. For a comonad G = (G, d,¢) on A, a functor

F :B — Ais a left G-comodule if there exists a natural transformation
ar : F'— GF inducing commutativity of the diagrams

F—Es aF F—>GF
\ isp aFl i(SF
F, GFT”?GGF

Symmetrically, one defines right G-comodules.

2.3. G-comodules and adjoint functors. Consider a comonad G =
(G,d,¢) on A and an adjunction F'4 R : A — B with counit o : FR — 1.
There exist bijective correspondences (see [3]) between

e functors K : B — AY with commutative diagrams

S

A;

e left G-comodule structures ap : F — GF on F;

e comonad morphisms from the comonad generated by the adjunction
F - R to the comonad G;

e right G-comodule structures S : R — RG on R.

In this case, K(b) = (F(b),ap) for some morphism «y : F(b) — GF(b),
and the collection {ap, b € B} constitutes a natural transformation ap :
F — GF making F into a G-comodule. Conversely, if (F,ap : F' — GF) is
a G-comodule, then K : B — AY is defined by K (b) = (F(b), (ar)s).

For any left G-comodule structure ap : F' — GF, the composite

R
tx: FRS GFR %% G
is a comonad morphism from the comonad generated by the adjunction F'

R to the comonad G. Then the corresponding right G-comodule structure

Br: R — RG on R is the composite R —@; RFR ™%, Ra.

Conversely, given a right G-comodule structure Sg : R — RG on R, then
the comonad morphism tx : FR — G is the composite

F o
R pRG—2S- G,

while the corresponding left G-comodule structure ap : F — GF on F is

the composite F' LN FRF ™5 aF.
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The following result gives a necessary and sufficient condition on a functor
K :B — AY with UYK = F to be an equivalence of categories.

2.4. Theorem. (see [11, Theorem 4.4]) A functor K : B — AY with UK =
F is an equivalence of categories if and only if
(i) the functor F is comonadic, and
(ii) tx is an isomorphism of comonads.
We shall need the following result, the dual version of E. Dubuc’s theorem
[4].

2.5. J. Dubuc’s Adjoint Triangle Theorem. For categories A, B and
C,letn,oc: F4R: A —Bandn',o' : FF 4R : A — C be adjunctions and
let K : B — C be such that F = F'K. Define

Bo: KR ™5 P KR = RFR % R
If B has equalisers of coreflexive pairs and the functor F' is of descent
type, then K has a right adjoint K which can be calculated as the equaliser
RF’ il RF'R'F'
nRF' RF'BoF'
~
RFRF' = RF'KRF'.

2.6. Right adjoint of K. Now fix a functor K : B — AY with UK = F
and suppose that the category B has equalisers of coreflexive pairs. Then
UY9By = tx and thus Sr = U953y -nR. It then follows from Theorem 2.5 that
the functor K has a right adjoint K which is determined by the equaliser
diagram

RUgng

(2.1) K —— RUY RGUY = RU949UY,

BrUY

where 9 : 1 — ¢9UY is the unit of the adjunction U9 - ¢9.
An easy inspection shows that the value of K at (a,f) € AY is given by
the equaliser diagram

— i(a.0) R(©)
K(a,0) — R(a) o
R)a

(2.2) RG(a).

3. DISTRIBUTIVE LAWS

Distributive laws were introduced by J. Beck in [1]. Here we are mainly
interested in the following case (e.g. [6] or [17, 5.3]).

3.1. Mixed distributive laws. Let 7 = (7, m,e) be a monad and G =
(G, 0,¢) a comonad on the category A. A natural transformation

A TG — GT



GENERALISED BIALGEBRAS AND ENTWINED MONADS AND COMONADS 5

is said to be a mized distributive law or a (mized) entwining provided it
induces commutative diagrams

TG mé ¢ TG —2%T6G 2% ara
TA\L \L)\ A\L \LGA
TGT T GTT G’4m> GT, GT 5T GGT,

G160 TG LE-T

b ol

GT, GT.
Recall (for example, from [18]) that if 7 is a monad and G is a comonad
on a category A, then there are bijective correspondences between

e mixed distributive laws A : TG — GT};
e comonads G = (G, ,€) on Ay that extend G in the sense that

UrG = GUr, Uré = eUr, and U7d = 6UT;
e monads 7 = (7,7, ¢) on AY that extend 7 in the sense that
UST =TUY, U% = eUY, and U9m = mUY.
From the definitions
@(a¢ h) = (G(a)v G(h) ) Aa)? <z:\(a,h) = Eas g(a,h) = 0q, for (a> h) € Ar,
T(a,0) = (T(a), \a - T(9)), €ap) = €ar M(ag) = Mas for (a,0) € A9,
it follows that for a mixed distributive law A : TG — GT one may assume

(497 = (A7)S.

We write A%()\) for this category whose objects, called T'G-bimodules in [6],
are triples (a, h, 0), where (a, h) € A, (a,0) € AY with commuting diagram

T(a) S G(a)

T(@)l TG(h)

GT(a).

Aa

Morphisms in this category are morphisms in A which are 7-module as well
as G-comodule morphisms.

3.2. Entwined monads and comonads. Let 7 = (7, m,e) be a monad,
G = (G,d,e) a comonad on A, and consider an entwining A : TG — GT
from 7 to G. Denote by T = (f,ffL,/e\) the monad on AY lifting 7 and by
G = (G, 5, €) the comonad on A7 lifting G.
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Suppose there exists a functor K : A — (A7)9 with commutative diagram

(3.1) A—"> (Ar)d
o7 an
Ar

and consider the corresponding right G-comodule structure on Ur as in
Section 2.3,

ﬁ :/BUT : U’T—> UT@: GUT.

Then, for any (a,h) € Ay, the (a, h)-component B, ) = (Bus)(a,n) of B is
a morphism @ — G(a) in A. Assuming that A admits coreflexive equalisers,
we obtain by Section 2.6 that the functor K admits a right adjoint K whose

value at ((a, h),0) € (A7)Y appears as the equaliser

_ i((ah), 0
(3.2) K((a,h),0) —=22 o g —=Gla).
(a,h)

Consider now the left G-comodule structure a = Qg @ OT — @(;57- on
¢7 induced by the commutative diagram (3.1). As shown in [13, Theorem
2.4}, for any (a, h) € A7, the component (fx)(,p) of the comonad morphism

tk 1 07U — @, corresponding to Diagram (3.1), is the composite

G(h)

(3.3) T(a) 22, 1ea) 22 ar(a) E0% Gla).

4. GROUPLIKE MORPHISMS

Let G = (G, 0,¢) be a comonad on a category A. By [13, Definition 3.1], a
natural transformation g : 1 — G is called a grouplike morphism provided it
is a comonad morphism from the identity comonad to G, that is, it induces
commutative diagrams

12> 1—2-¢
= 99
1, GG.

The dual notion is that of an augmentation of a monad T = (T, m,e) on
A, that is, a monad morphism 7" — 1.

Let T = (T,m,e) and G = (G, d,e) be given on A with an entwining
A: TG — GT. If G has a grouplike morphism ¢ : 1 — G, then the above
conditions guarantee that the morphisms (g, : @ = G(a))(q,n)ea,) form the

components of a right G-comodule structure B = pu,:Ur — UT@ on the
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functor Uy : A+ — A. Observing that in the diagram

T(ga) )\a

T(a) TG(a) GT(a)
T(ea) l TG(ea) l GT(ea) i \
Tr TGT T T
(a) T(9(r(a)) GT(a) AT (a) GTT(a) G(ma) GT(a)

e the left-hand square commutes by naturality of g,
e the right-hand square commutes by naturality of A,
e the triangle commutes since e is the unit for the monad T,

and recalling that « is the composite ¢ m o7UTdT % @(]57, one

concludes by (3.3) that
(4.1) for every a € A, ag, = Ao - T(ga).
This leads to a functor
Ky A= (A7, ar— (T(a),ma), M T(ga)),

and the commutative diagram

K, N
(4.2) A—" (A)9
éT lUg

Ar.

In this case we say that the comparison functor K, is induced by the
grouplike morphism g : 1 — G.

Specialising now Theorem 2.4 to the present situation gives

4.1. Theorem. Let T = (T,m,e) be a monad and G = (G, ,¢) a comonad
on A with an entwining A : TG — GT. If g : 1 — G is a grouplike
morphism of the comonad G, then the induced functor Kg4 : A — (A7)9 is
an equivalence of categories if and only if

(i) the functor ¢7 is comonadic, and
(ii) the composite

(h)

(4.3) T(a) 29 7G(a) 225 aT(a) £ G(a)

is an isomorphism for every (a,h) € Ar.

4.2. Remark. It follows from [15, Theorem 2.12] that condition (ii) of
Theorem 4.1 is equivalent to saying that the composite

T a AT(a Ma
TT(a) 5, 7GT(a) 22 GTT(a) S 6T (a)

is an isomorphism for every a € A.
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5. COMPATIBLE ENTWININGS

Let #H = (H,m,e) be a monad, H = (H,d,¢) a comonad on A, and let
A HH — HH be an entwining from the monad H to the comonad H.
The datum (#,H, A) is called a monad-comonad triple. The objects of the

category Aﬁ()\) are called (mized) A-bimodules.

5.1. Lemma. The triple (H(a), mq,d,) is a A-bimodule for all a € A if and
only if we have a commutative diagram

m 4

(5.1) HH H HH
H6l THm
HHH N HHH.

In this case, there is a functor

<)

K :A— (Aﬂ) , aF—r ((H(a),ma)aéa)u

satisfying ¢y = UMK,

5.2. Definitions. Given a monad-comonad triple (#,H, \), the entwining
A: HH — HH is said to be compatible provided Diagram (5.1) is commu-
tative; then (H,H, \) is said to be a compatible monad-comonad triple.

The triple (#,H, \) is called a bimonad if it is a compatible triple with
additional commutative diagrams (see [14, Definition 4.1])

(5.2) - | 1———H 1——=H
i NN N

Notice that for any monad-comonad triple (H,#, \), to say that Diagram
(5.2)(1) commutes amounts to saying that ¢ : H — 1 is an augmentation
of the monad A, while to say that Diagram (5.2)(ii) commutes amounts to
saying that e : 1 — H is a grouplike morphism of the comonad H. Thus, for
any bimonad (#H,H, \), e is a grouplike morphism of the comonad H and
is an augmentation of the monad H.

5.3. Proposition. Let (H,H,\) be a compatible monad-comonad triple. If
§-e=He-e (i.e. e:1— H is a grouplike morphism of H), then 6 = \- He
and the comparison functor K in Lemma 5.1 is induced by the grouplike
morphism e, that is K = K. (see Diagram (4.2) ).
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Proof. Assume that § -e = He- e and that A is compatible. Then, in the
diagram

H—2 g " -g— - pHgH
Hei J{H& THm
HH 22 g A HHH
\ /I‘I@

HH 7

the rectangles commute. Since the triangle is also commutative by naturality
of composition and since m- He = 1, it follows that 6 = A- He. From Section
4 and Relation (4.1), we conclude that the comparison functor K is induced
by the grouplike morphism e, that is K = K. a

5.4. Remark. Note that if e-m =¢- He (i.e. ¢ : H — 1 is an augmentation
of H) and X is compatible, then post-composing Diagram (5.1) with the
morphism He implies m = He - A.

In the next propositions we do not require a priori A to be a compatible
entwining.

5.5. Proposition. Let (H,H,)\) be a monad-comonad triple.
(i) If 6 =X-He, thend-e= He-e¢;
(ii) iof m = He- X, thene-m =¢- He.
Moreover, if one of these conditions is satisfied, then € -e = 1, provided that

e:1— H is a (componentwise) monomorphism or € is a (componentwise)
epimorphism.

Proof. (i) Assume § = \- He. Since He - e = eH - e (by naturality) and
X-eH = He (see Section 3.1),

d-e=N-He-e=XN-eH-e=He-e.

(ii) Assume m = He - A. Since € - He = ¢-¢H and ¢H - A = He (see
Section 3.1),

eem=¢c-He-A=¢e¢-He-A=¢-He.
To show the final claim, observe that 6 = A - He implies
l=c¢H -6=c¢H-)\-He=He-He,
and m = He - X\ implies

l=m-eH =He-\-eH = He- He,
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so in both cases, 1 = He - He. Naturality of e and ¢ imply commutativity
of the diagrams, respectively,

H—" g w2y

11— H, —

€
From the left-hand diagram one gets
e=He-He-e=He-eH-e=e-c-e¢,

thus if e is a (componentwise) monomorphism, €-e = 1, while the right-hand
diagram implies

e=¢-He-He=¢-¢-¢

and hence ¢ - e = 1 provided ¢ is a (componentwise) epimorphism. a

5.6. Lemma. Let (H,H,)\) be a monad-comonad triple. If
m=He- A or d=M\-He,

then X is compatible, that is, Diagram (5.1) is commutative.

Proof. If § = A\ - He, the triangle is commutative in the diagram

HH -2~ gag 2 gaH
HHe Hm
HHH HH HH,

mH

whereas the trapezium is commutative by the entwining property of A\. The
left path of the outer diagram is

ANmH-HHe=X-He-m=4§-m.

This shows that Diagram (5.1) is commutative.
In a similar way the claim for m = He - X\ is proved. a

To sum up, combining Propositions 5.3 and 5.5, Remark 5.4 and Lemma
5.6 yields

5.7. Proposition. Let (H,H,)\) be a monad-comonad triple.
(1) d = X\- He if and only if X is compatible and 0 - e = He - e;
(2) m = He -\ if and only if \ is compatible and € -m = ¢ - He;
(3)if 0 = N-He, m = He- X, and e : 1 — H is a (component-

wise) monomorphism or € is a (componentwise) epimorphism, then
(H,H, ) is a bimonad (see Definitions 5.2).
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If (H,#H, \) is a monad-comonad triple such that § = \-He, then (#, H, \)
is a compatible monad-comonad triple by Lemma 5.6, and hence, by Propo-
sition 5.3, the assignment a — (H(a), mg,dy) yields the functor K. : A —

AZ()\) with commutative diagram

)

A= AT\ = (Ag)

Recall from [14] that a bimonad H is said to be a Hopf monad provided
it has an antipode, i.e., there exists a natural transformation S : H — H
such that m-HS -0 =e-e=m-SH - 4.

5.8. Theorem. Let (H,H,\) be a monad-comonad triple on a Cauchy com-
plete category A. Assume thatd = A\-He and e : 1 — H is a (componentwise)
monomorphism. Then the following are equivalent:

(a) Ke: A — AZ(/\) s an equivalence of categories;

(b) the composite H(a) a, HH/(a) ﬂ

every (a,h) € Ay;

H(a) is an isomorphism for

(¢c) the composite HH M gHH 2 HE s an isomorphism.

If, in addition, € : H — 1 is an augmentation of the monad H, then H is a
Hopf monad.

Proof. Since 6 = A - He, (a)=-(b) is trivial by Theorem 4.1, while (b)
and (c) are equivalent by Remark 4.2.

Given (c), it follows from Theorem 4.1 that K is an equivalence of cat-
egories if and only if the functor ¢y is comonadic. But by [12, Corollary
3.17] this is always the case, since e : 1 — H is a monomorphism and hence
e -e =1 by Proposition 5.5. This proves the implication (c¢)=(a).

Finally, if e : H — 1 is an augmentation of the monad #H, then € - m =
e - He, and since (H,H,)\) is compatible, m = He - A by Proposition 5.7.
Since d = A-He, -e = He-e again by Proposition 5.7. Thus H is a bimonad
and it now follows from [15, 3.1] that H is a Hopf monad. O

6. GENERALISED BIALGEBRAS

In this section, we apply our results in the context of operads to recover
results of J.-L. Loday on generalised bialgebras in [8]. The Leitmotiv of the
section is that a (co)operad is a particular type of (co)monad. Let k denote
a field and A the category of k-vector spaces.

6.1. Schur functors. An S-module .# in A (or vector species) is a collection
of objects . (n), for n > 0, together with an action of the symmetric group
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S,. To an S-module .#Z one associates the functor

Fy - A — A
V = @ A (n) QK[S,] yen .
n>0
Such a functor is called a Schur functor. A. Joyal proved in [7] that for two

S-modules .# and .4, the composite F 4 - F 4 is a Schur functor of the form
F g0y with 4 o A4 being the S-module defined by

(Mo )= @ AR S s N 1)@ 0N (i),

k>0,i1+-+ig=n

where Indg’,1 w..xg, denotes the induced representation functor. The prod-
Zl 1

uct o is called the plethysm of S-modules, and the category of S-modules,
together with the plethysm is a monoidal category. The unit for the plethysm

is the S-module
k, ifn=1
1(n) = { , ifn ,

0, otherwise.

If 4#7(0) = 0, then the plethysm has a nice expression (see [5, Lemma
1.3.9]). Let X, ; be the set of surjections f : {1,...,n} — {1,...,k} such
that for any 1 < i < j < k the smallest element of the set f~!(i) is smaller
than the smallest element of the set f~!(j). Then

61) (MoM)m)= P A®eN (M)A (T (K).

k>0,feX, k

For our purpose, we will always assume that any S-module .# is reduced,
that is, it satisfies .#(0) =0 and .Z(1) = k.

We denote by e, : 1 — F , the natural transformation which maps V to
the summand V of F (V) and by € 4 : F. 4 — 1 the projection of F (V)
to the summand V', thus e 4 - e 4 = 1.

6.2. Operads, cooperads. A (reduced) operad </ in A is a monoid in the
monoidal category of (reduced) S-modules. This amounts to saying that the
functor F, is the functor part of a monad T,y = (Fur, My, €4).

An algebra over an operad </, or < -algebra, is a T -module. Hence, the
free @7-algebra generated by a vector space V is nothing but

(T (V) (mar )y (s )v)-

A (reduced) cooperad € in A is a comonoid in the monoidal category of
S-modules. This amounts to saying that the functor Fy is the functor part
of a comonad Gy = (Fy, 0y, e¢).

A coalgebra over a cooperad €, or € -coalgebra, is a Gg-comodule.

With our definitions and assumptions, any coalgebra over a reduced co-
operad % is naturally conilpotent.
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We assume from now on that either the action of the symmetric group is
free or the field k has characteristic 0. We assume that all the operads and
cooperads considered are reduced.

6.3. Proposition. If o7 is a reduced operad, then . is an augmentation for
the monad Toy. If € is a reduced cooperad then ey is a grouplike morphism
for the comonad G .

Proof. The unit for the plethysm forms a (co)operad and the associ-
ated (co)monad is the identity functor. Let m : & o &/ — &/ denote the
operad composition. For every n > 1, one has to prove commutativity of
the diagram

A OE o7

(o ol )(n) —= o (n)

mi lw

Eat

If n > 1, then the diagram commutes because the top and bottom composi-
tions vanish. If n = 1, since /(1) = k then (&7 0 &7)(1) =k ®k = k and m
is the identity as well as &/ o e, and e,. So the diagram is commutative.
Furthermore, as pointed out in Section 6.1, €, - e,y = 1. A similar proof
shows that ey is a grouplike morphism for the comonad G¢. a

6.4. Distributive laws and generalised bialgebras. Let &/ be an operad
and % be a cooperad in A.

(HO) A distributive law between 7 and % is a morphism of S-modules
o/ 06 — € oo/ satisfying some relations (see [8, Section 2.1]) which amount
to saying that the corresponding natural transformation

ANiFyoy =FylFy — FoFy = Fyoy

is an entwining (see Section 3.1). If such an entwining exists, we say, as
in [8], that Hypothesis (HO) is satisfied. Under this hypothesis, an object

(V,h,0) in (A1, )9¢ is called a (%, </ )-bialgebra.
(H1) Assume that there is a map « : & — % o &/ making &/ a left

% -comodule, that is, every free «-algebra is endowed with a structure of
a ¢-coalgebra. This amounts to saying that there is a functor K : A —
(A7)9¢ such that Diagram (3.1) is commutative. If such a functor exists,
we say, as in [8], that Hypothesis (H1) is satisfied. The corresponding left
Gy-comodule structure on 7T, is given by a : Foy — FyFy.

At the level of S-modules one gets that a1 : &7(1) =k — (4 o«/)(1) =k
is the identity, because (¢4 o &) - a = 1, so that

a-ey =egly ey =Fgey - eq,
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that is, commutativity of the diagram

Fo
/ \
1 e Fu FeFoy
x
Fy .

eeT
%

As a consequence, if (V,h) € A7, then

Fg(h)-ay - (ex)v = Fg(h) - (Fgey)v - (eg)v = (ez)v,
and since the (V, h)-component B(v,n) of the right Gg-comodule structure on
B:Ur, — UTWF/% is just the composite Fg(h) - ay - (e )v, we get

(6.2) Bny = (ez)v-

Thus, § is defined by the grouplike morphism ey : 1 — Fy and hence

the comparison functor K : A — (A7,)9¢ is induced by this grouplike
morphism, i.e., K = K., (see Diagram (4.2)). So we can apply the results
of the previous sections to the present setting, in particular, Relation (4.1)
gives

(6.3) a=\Fyeq.

Now assume the Hypotheses (HO) and (H1) to hold. Consider the &-co-
module map ¢ : &/ — % induced by the projection £, : &/ — 1. Since
¢ = (¥ oey) - a, where a : & — € o &/ is the ¥-comodule morphism of
Hypothesis (H1), according to Formula (6.1),

(6.4) a(p) = pu(m)@1%"+ > i, @af @ @ah,, Y€ H(n),

k<n,feX, i

where iy, is the component of ¢ on &/ (n), ¢}, ; € € (k), and off ; € o/ (|f~(4)]).

(H2iso) When ¢ is an isomorphism, we say, as in [8], that Hypothesis
(H2iso) is satisfied.

In the sequel we will be interested in the link between ¢ and the comonad
morphism t : ¢71,,Ur, — Fy as in Section 2.3. Recall that for every
module (V,h) € A7, t(yp) is the composite

Foy(V) 2% FeF, (V) 20 Fa(v).

6.5. Lemma. Assume Hypotheses (HO) and (H1) to hold. Then the map ¢
s an isomorphism if and only if t is an isomorphism.
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Proof. We use the natural arity-grading on S-modules. Given p €
o (n),v € VO™ one has

tvn(H®v) =

palp)@u+ Y i @hf  @u]) @@kl @),
k)<’l’L,f€X,,L,k

where v/ = Q{ Q- ®y£ c Vel 'l g ... @ VeI ' ®)| is obtained from
v by permuting its variables according to the preimages of f. This is a
triangular system with dominant coefficient ¢,,. As a consequence, we get
that if ¢ is an isomorphism so is #(y,;). The converse is immediate because
OV =tV (eo)v) for all V € A. O

6.6. The primitive part of a (¢, )-bialgebra. Since the category of
k-vector spaces admits equalisers, under Hypotheses (H0) and (H1), the

functor K admits a right adjoint K whose value at ((H,h),0) € (A, )9¢
appears as the equaliser

’ 0

Y((H,h),6) H 5 %(H) .

(e)H

K((H,h),0)

As a consequence,
K((H,h),0) ={z € H,0(x) =1®a},

and thus K ((H, h), 6) is just the primitive part PrimH of the (¢, o/)-bialgebra
(H,h,0) in the sense of [8].

We are now in the position to state and prove our main result.

6.7. Rigidity Theorem. ([8, Theorem 2.3.7]) Let </ be a reduced operad,
¢ a reduced cooperad, and Ty = (Fuy,m,ey) and Gy = (Fg,d,e4) the
corresponding monad and comonad on A. Suppose that Hypotheses (HO),
(H1) and (H2iso) are fulfilled. Then the comparison functor

Key : A — (A7,)5¢

is an equivalence of categories. Hence, in particular, any (€, </ )-bialgebra
(H,h,0) is a free o/ -algebra and a cofree conilpotent € -coalgebra generated
by PrimH .

Proof. Since Hypothesis (H2iso) is satisfied, it follows from Lemma
6.5 that t(y) is an isomorphism for all (V,;h) € Afp,. Moreover, since
€ €y = 1 and A is clearly Cauchy complete, the functor ¢, : A = A,
is comonadic by [12, Corollary 3.17]. Applying now Theorem 4.1 yields the
result. ad

6.8. Remark. In [8], for the proof of this theorem J.-L. Loday builds idem-
potents to produce a projection onto the primitive part. An advantage of
our proof is that it does not need such a construction.
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The following corollary is a special case of the Rigidity Theorem which
does not need verification of Hypothesis (H2iso). Although we assume the
operad &7 and the cooperad % to have the same underlying functor, one has
to verify that the map ¢ : & — % is an isomorphism. Indeed, Hypothesis
(H2iso) implies that the underlying functors of &7 and € are isomorphic, so
the latter assumption is weaker than (H2iso).

6.9. Corollary. Let .# be an S-module carrying a structure of an operad
o = (M,m,ey), a structure of a cooperad € = (M ,6,c 4), and let

Ne Mo — Mo M

be an entwining between </ and €. If one of the three equivalent conditions
(i) A is compatible, (i) 0 =A- (M oe ), (i)m= (M oc )

holds, then the compatible monad-comonad triple (To7, Gg, A) is a Hopf monad.
Moreover, any (¢, <7)-bialgebra is a free of -algebra and a cofree conilpotent
€ -coalgebra.

Proof. Denote by .7 the monad-comonad triple (7./,G¢, A). By Propo-
sition 6.3, the triple satisfies Relations (5.2), and since e_y is a component-
wise monomorphism, JZ is a bimonad by Proposition 5.7. Thus there is a
comparison functor

KA (Ar)5, Vi (A(V),my),6v),

and K = K, ,.
By Theorem 5.8, the functor K is an equivalence of categories if and only
if the composite

(1)

V)2 (o )V (V)

is an isomorphism for every (V,h) € A7,,. Now .#(h) - 0y = t(y), where
t(v,ny is the (V, h)-component of the comonad morphism ¢ : ¢7,, Uz, — F/E\g
induced by K. It follows that ¢y = t,.,) = #(ev) - dy = 1 for every
V € A. Thus ¢ is an isomorphism and so ¢ is also an isomorphism by
Lemma 6.5. Hence K is an equivalence of categories. It now follows from
[15, 3.1] that H is a Hopf monad. Furthermore, the Rigidity Theorem applies
to our case because (H2iso) is satisfied. ad

6.10. Example. As an example consider the case of infinitesimal bialgebras.
The functor V +— (V) = &, V" forms a monad 7 = (&, m,e) for the
concatenation product. One can formulate this as

my: (V) — dV) ey: V. = (V)

®1 — & v v,
X2 — X
v — v
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where @7 denotes the “first copy” of &. It reads like this: any word in
A ot5(V') is composed with letters in {®1, ®92,v € V'} and the map indicates
how it acts on letters.

The functor o forms a comonad G = (&7, §,¢) with the deconcatenation

ov: V) — dahb(V) ey: V) - V
& = &1+ Q2 ® — 0
v — v v = v,

The infinitesimal distributive law reads
At (V) — (V)
X1 = Q1+ ®2
®2 — ®1
v — v.
As easily seen, m is associative, J is coassociative, and A is an entwining,.
As an example, we check one of the diagrams for A (see Section 3.1),

ma/

A oyt A Ay

7| |

o ety o3 vﬂfl%% W»Q{l%

The top arrows send ®1 — ®1 = ®1 + Q3, Vo — ®1 — ®1 + ®9 and
®3 — ®o — &1, while the lower maps send ®1 — ®1 = ®1+ Q9 — ®1+ 9,
R2 = Q2+ Q3 — Q1 + Q3 = ®1 + @2 and @3 — Q2 — ®1 — @1, proving
commutativity of this diagram.

We have clearly 6 = \- (/ oe) and m = (& o¢) - A and hence Corollary
6.9 applies. Hereby we recover the Rigidity Theorem of J.-L. Loday and M.
Ronco for infinitesimal bialgebras which says that any infinitesimal bialgebra
is freely and cofreely generated by its primitive part (see [9, Theorem 2.6]).
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