HOM-TENSOR RELATIONS FOR TWO-SIDED HOPF MODULES
OVER QUASI-HOPF ALGEBRAS

SAEID BAGHERI' AND ROBERT WISBAUER?

ABSTRACT. For a Hopf algebra H over a commutative ring k, the category Mg of right
Hopf modules is equivalent to the category My of k-modules, that is, the comparison
functor — ®x H : M — Mg is an equivalence (Fundamental theorem of Hopf modules).
This was proved by Larson and Sweedler via the notion of coinvariants M<°H for any M €
Mg The coinvariants functor (—)°°H : MZ — M is right adjoint to the comparison
functor and can be understood as the Hom-functor Homg(H7 —) (without referring to
an antipode).

For a quasi-Hopf algebra H, the category HMg of quasi-Hopf H-bimodules has been
introduced by Hausser and Nill and cotnvariants are defined to show that the functor
—Q H : Mg — HMg is an equivalence. It is the purpose of this paper to show that the
related coinvariants functor, right adjoint to the comparison functor, can be seen as the
functor yHom (H @ H, —)

More generally, let H be a quasi-bialgebra and A an H-comodule algebra A (as
introduced by Hausser and Nill). Then — ®j H is a comonad on the category 4Mpg
of (A, H)-bimodules and defines the Eilenberg-Moore comodule category (4Mpg)~®H
which is just the category AME of two-sided Hopf modules. Following ideas of Hausser,
Nill, Bulacu, Caenepeel and others, two types of coinvariants are defined to describe
right adjoints of the comparison functor — @ H : 4M — AMg and to establish an
equivalence between the categories 4M and AMZ provided H has a quasi-antipode. As
our main results we show that these coinvariants functors are isomorphic to the functor
AHomZ (A®k H,—): AMg — 4M and give explicit formulas for these isomorphisms.

1. INTRODUCTION

For a commutative ring k, the category My, of k-modules is monoidal: the tensor product
of two k-modules has again a natural k-module structure and for k-modules V, M, N, the
canonical map

(1.1) avunN:VOrM)@yr N -V, (M®,N), (vdm)@n—v®(men),

is an isomorphism. This means that the composition of the endofunctors V ®; —, M ®; — on
M, is the same as the functor (V @y M) ®j —. It is known well-known that the endofunctors
(V ® —, Homy(V, —)) form an adjoint pair of functors with unit and counit

Ny : M — Homy(V,V @ M), m— [v— vQm)],
epm: V@Homg(V,M) - M, v® fr— f(v).

For a k-bialgebra (H,u,t, A, ), denote the category of left H-modules by yM and the
category of right H-comodules by M. For two modules M, N € zM, the tensor product
M ®;, N is again a left H-module by the action h - (m ® n) = Ah(m ® n) (componentwise
action). This turns yM into a monoidal category. To make this work, coassociativity of
the coproduct A is needed, since it is to show that for V,M and N € ygM, the k-linear
isomorphism 1.1 is also H-linear, that is - using the Sweedler notation -

h-((v@m)®n)= Z(huv ® h1am) @ han = Zhlv ® (haym @ haan) = h- (v ® (Mm@ n)),
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were the middle identity is just the coassociativity condition. In this case, the composition
of the functors H ®j, (H ® —) can be identified with the functor (H ®j H) ®; —. This is
an essential property in the theory of bialgebras and Hopf algebras.

For a bialgebra H, a right H-Hopf module M is a right H-module py; : M @ H — M
as well as a right H-comodule p™ : M — M ®;, H such that pM(mh) = p™(m)A(h) for
méeM,heH.

The endomorphism ring End (H) has a second k-algebra structure with the convolution
product * and an S € Endy(H) is an antipode if it is an inverse of the identity map with
respect to the convolution product, that is, id * S = toe = S *xid. A Hopf algebra is a
bialgebra which has an antipode and the latter condition is equivalent to the fact that

—@r H My, - ME M— (M, Hid® p,ido A),

is an equivalence of categories (Fundamental Theorem for Hopf algebras, e.g. [4, 15.5]).
The adjoint (inverse) to this functor was initially defined in terms of coinvariants (see [16,
Proposition 1]) and it can be seen as the functor Hom% (H, —) (e.g. [4, 14.8]).

This paper is concerned with quasi-bialgebras as defined in Drinfeld [10] by requiring the
same axioms as for bialgebras except for the coassociativity condition of the coproduct which
is modified by a normalised 3-cocycle ¢ € H®RH® H in such a way that the module categories
over H are yet monoidal (even rigid monoidal in the finite case). The map ay,a,n considered
in 1.1 is no longer H-linear and the theory of Hopf algebras cannot be transferred to the
new situation immediately. For example, the convolution algebra (Endy(H),*) is no longer
associative. However, the ay jr,y may be replaced by non-trivial associativity constraints
in the monoidal category yM and this leads the way to the necessary modification of the
classical notions. The notion of an antipode was adapted to a quasi-antipode in Drinfeld
[10]. The Fundamental Theorem corresponds to the comparison functor

—®kHZHM—>HMg, N'_)(N®H7QN®H79N®H)a

being an equivalence (see 3.4, 3.8 and 5.10). This was first shown by Hausser and Nill [14]
by defining a projection E : M — M which leads to a coinvariant functor (=) . yME4 —
gM. Another projection E : M — M was defined by Bulacu and Caenepeel [5] leading to
a distinct (but isomorphic) coinvariant functor (—)°H.

For a quasi-bialgebra H and a right H-comodule algebra (A, p,¢,), following Bulacu-
Caenepeel [6], we consider the category sME of left two-sided Hopf modules and this cat-
egory can be considered as the Eilenberg-Moore comodule category (4Mpg)~®H over the
comonad — ®; H : sAMpy — 4aMp (see 2.3). Adopting the arguments of Hausser-Nill [14]
and Bulacu-Caenepeel [5], over a quasi-Hopf algebra H, we define two (isomorphic) types

of coinvariants functors (—)*°# and (—)®H : ;MZ — 4M. Each of them defines an in-
verse to the comparison functor — ® H : 4JM — AMg (see 5.3, 5.9). Showing that the
AHomZ(A® H, —) : ;M — 4M is also right adjoint to the comparison functor (see 4.4)
implies that it has to be isomorphic to the coinvariants functors. An explicit description of
these isomorphisms is given in 5.11.

As corollaries, for the case A = H, we obtain that the functor yHom®(H @ H,-) :
aME — M is right adjoint to the comparison functor — @ H : gM — y M (see 3.10)
and, as a consequence, both the coinvariants functors defined by Hausser-Nill in [14] and by
Bulacu-Caenepeel [5] are isomorphic to this Hom-functor.

2. PRELIMINARIES

In this section we recall definitions and lemmas to be referred to later in this paper. For
more details about module theory we refer to [24], about Hopf algebras, to [4], [15], and [22]
and about category theory to [2], [17], and [21].

Throughout &k will denote a commutative ring with identity. All (co)algebras, bialgebras,
Hopf algebras etc. will be over k; unadorned ® and Hom mean ®; and Homy, respectively.
For k-modules M, N, we denote by Homy (M, N) all k-module homomorphisms from M to
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N, M* := Homy (M, k) and Endy (M) := Homy(M,M). By tyn : M @ N — N ® M we
denote the twist map which carries m @ n to n @ m.

2.1. Adjoint Functors. A pair (L, R) of functors L : A — B and R : B — A between
categories A and B is called an adjoint pair if there exists a natural isomorphism

Morg(L(—), =) — Mory(—, R(—)),

which can be described by natural transformations, the unit 7 : ¢dy — RL and the counit
€ : LR — idp, with
eLoln=1;, ReonR=1p.

2.2. Comonads. A comonad G = (G, ,¢) on a category A consists of an endofunctor
G : A — A and two natural transformations, the comultiplication § : G — G? and the counit
€ : G —idy, such that

0God=Gdod, eGod=1g=CGeod.

2.3. Comonads and their comodules. Given a comonad G = (G, J, ) on a category A,
a G-comodule (4, p) consists of an object A € A and an arrow p : A — G(A) in A such
that
Saopt=G(pt)opt, ex0pt =idy.
The class of all G-comodules together with G-comodule maps form the Eilenberg-
Moore comodule category over the comonad G and is denoted by AS. The forgetful
functor U : A — A is left adjoint to the free functor ¢ : A — A (e.g. [11]).

2.4. Monoidal categories. A category A is called a monoidal (or tensor) category if
there exist a bifunctor — ® — : A x A — A, a distinguished neutral object F, and natural
isomorphisms, called associativity and unit constraints,

a:(—-)———-0(—Q®—), N E®——idy, p:—QF —idy,
(idw ® ax,y,z) o aw,xev),z © (aw,xy ®idz) = aw X ,yez © AOWeX,Y,Z
(idx®)\y)OaX7E7y=px®idy, forall W, XY, Z € A.
A monoidal category (A, ®, E,a, A, p) is said to be strict if the isomorphisms a, A, and p

are the identity morphisms. For a monoidal category (A, ®, E,a, A, p), we shortly write
(A, ®, E) or just A if no confusion arises. For more details see [15].

2.5. Quasi-bialgebras. A quadruple (H, A, ¢, ¢) is called a quasi-bialgebra if H is an
associative k-algebra with unit, ¢ an invertible element in H®@ HQ H, A : H — H® H and
€ : H — k are algebra maps, satisfying the identities, for h € H,

(2.1) (id@e)o A(h) =h®1, (¢®id)oA(h)=1&h,

(2.2) (id®A)oA(h) = ¢ - (A®id) o A(R) -1,

(2.3) (id ®id ® A)(¢)(A @ id @ id)(¢) = (1 ® ¢)(id @ A ®id)(¢)(¢ ® 1),
(2.4) (id®e®id)(¢) =1® 1.

The identities (2.1), (2.3) and (2.4) imply also
(2.5) (e®id®id)(4) = (id®id®e)(¢) = 1® 1.

For h € H, we use the Sweedler type notation A(h) = > h1 ® hs.
¢ is called the Drinfeld reassociator. The equation (2.3) is a 3-cocycle condition on
¢. The tensor components of ¢ are denoted by capital letters, those of ¢~! by small letters,

6= X'oX’®X® and ¢ '=> 2'ws’@a’
As in the bialgebra case, the (bi-)module categories over a quasi-bialgebra H is monoidal,
yet the associativity constraints in this case are not trivial:

2.6. (Bi-)module categories for quasi-bialgebras. For any quasi-bialgebra (H, A, ¢, ¢),
the categories gM, My and ypMpy are monoidal categories with the tensor product ®.
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(i) The associativity constraint for objects M, N, L € gM is given by
apNL: (M@ N)@pr L - M®, (N®p L), (men)@l—¢-(me(nel)).
(ii) The associativity constraint for M, N, L € My is
iy (M@ N) @k L - Ma (N@g L), (man)@l-(me®nal) ¢,
(i) The associativity constraint for M, N,L € yMpy is
ayyng (MR N)®rL— M@ (N@rL), (men)@l—¢-(menel) ¢

2.7. Quasi-Hopf algebras. ([10]) A quasi-antipode (5, «,3) for a quasi-bialgebra H
consists of an algebra anti-morphism S : H — H and «,8 € H with the identities, for
heH,

(2.6) > S(hi)ahy =e(h)a, Y hBS(hy) = e(h)

(2.7) D X'BS(XP)aX? =1, Y S(z")aa?pr’ =1.

These axioms imply £(a)e(8) = 1 and € 0 S = . Note that we do not require the quasi-
antipode S to be bijective (as it is done in [10]).
A quasi-Hopf algebra is a quasi-bialgebra H together with a quasi-antipode (S, a, 3).

2.8. Gauge transformations. Given a quasi-bialgebra H = (H, A, ¢, ¢), a gauge trans-
formation on H is an invertible element F' € H ® H such that

(e®id)(F)=(id®e)(F)=1.

Using a gauge transformation F' on H, one can build a new quasi-bialgebra Hr by keeping
the multiplication, unit and counit of H and replacing the comultiplication of H by

Ap:H—-H®H, hw— FAM)F™!
and defining a new Drinfeld reassociator ¢ by
or =1 F)(id®A)(F) ¢ - (A®id)(F ") (F'®l)e H® H® H.

In case H is a quasi-Hopf algebra with antipode S, the quasi-Hopf algebra Hp will be
again a quasi-Hopf algebra with the same S but a and (8 are to be replaced by

ap =Y S(G"YaG? Br=>» F'BS(F?),

where we write F =Y. F'®@ F2and F~' =Y. G'® G?> € H® H (see [15, p. 373 ]).
If H happens to be a bialgebra, then Hr in general is not a bialgebra unless F' is a 2-
cocycle. Thus, in general, the construction provides non-trivial examples of quasi-bialgebras.

2.9. Properties of quasi-antipodes. For a quasi-Hopf algebra H, Drinfeld ([10]) defines
a gauge element f € H® H by the conditions, for any h € H,

fAoSK)f! (S ® S)AP(h),
(S®S®8)(¢*) = (1@ f)lidoA)(fo(Aeid)(f~)(f 1),
(idoe)(f) = (e®id)(f)=1.

Such an f can be obtained explicitly as follows. First put

YA eAeA @A = (1eé ") (idoide A)(g),

Y B'eB*®B*@B' = (Awid@id)(¢) (s~ @1),
and then define v and § in H ® H by
(2.8) v=Y_ S(A*ad® @ S(A)aAt, §=) B'AS(B*)® B*BS(B).
Then f and f~! are given by the formulas
(29) f =) (S®S)(A”(@")yA*BS(2? = A(S( )3(S ® S) (A% (a?)),
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and [ satisfies the relations

(2.10) fA(@)=~, AB) =6
Writing f =Y f' ® f2 and f~! =3 g' ® ¢% in (2.9), it can be easily seen that

(2.11) STBS() =S@), D SEBMfP=a, Y g'S(ga) = 5.

3. THE CATEGORY yM# oF Quasl-HOPF H-BIMODULES

Although a quasi-bialgebra H is not a coassociative coalgebra, it can be considered as a
coalgebra in the monoidal category yMpy. Thus it makes sense to define comodules over this
coalgebra in this monoidal category and this was done by Hausser and Nill in [14] calling
them quasi-Hopf H-bimodules (generalising Hopf bimodules over Hopf algebras).

For any left H-module N, the tensor product N ® H is a right quasi-Hopf H-bimodule
(see 3.2). If H is a quasi-Hopf algebra, any quasi-Hopf H-bimodule M is isomorphic to
such a tensor product N ® H, where N is a left H-module (the coinvariants of M, [14]).
This generalises the the Fundamental Theorem of Hopf modules over a Hopf algebra. In this
section we are concerned with various interpretations of the coinvariants. For convenience
we recall some of the related constructions from Hausser and Nill [14] and Bulacu and
Caenepeel [5],

Throughout (H, A, e, ¢) denotes a quasi-bialgebra.

3.1. Quasi-Hopf bimodules. Let M be an (H, H)-bimodule and ¢™ : M — M ® H an
(H, H)-bimodule homomorphism. Then (M, o™) is called a right quasi-Hopf H-bimodule
if, for all m € M,

(idyy @) o o™ = idyy,
¢ (M @idy)(eM(m)) = (idu ® A)(eM(m)) - &,
where we consider the diagonal left and right H-module structure on M ® H.
A morphism between such bimodules is an (H, H)-bimodule morphism f : M — L
satisfying ol o f = (f ® id) o ™. The category of right quasi-Hopf H-bimodules with the
above morphisms is denoted by M.

By definition of a quasi-bialgebra, taking M = H and o™ = A provides an example of a
quasi-Hopf H-bimodule.

3.2. (H, H)-bimodules and quasi-Hopf bimodules. For any (H, H)-bimodule N, N@ H
becomes a right quasi-Hopf H-bimodule by the structures, for any a,b,h € H,n € N,

(3.1) a-(n®h)-b:= Z ainby ® ashbs = A(a)(n ® h)A(b),
and a coaction oV*H . N@ H - (N® H)® H,
32) e h) =¢ (ideA)n@h)-¢=> a'nX'®r’hX? @ h X7,

For any (epi-)morphism g : Ny — Ny in gMp, g ®idg : N1 ® H — Ny ® H is an (epi-
Jmorphism in yME. This gives rise to a functor

—®r H: gMpyg — 15(1\/‘[[1]{1[7 N +— (N®H79N®H7QN®H)7

where ongu is denotes the diagonal (H, H)-bimodule structure map given in (3.1) and
oV®H 5 the coaction of N ® H defined in (3.2).
In particular, H ® H belongs to y M with the structures, for h,a,b € H,

h-(a®b) = A(h)(a®b), (a®@b)-h=(a®b)A(h), o (a®b)=¢ ' (id2 A)(a®D) - ¢.

Any left H-module N may be considered as an (H, H)-bimodule with the trivial right
H-module structure, that is, n - b := e(b)n. Then, in 3.2, the right H-module structure on
N ® H comes out as (n ® h) -b = > e(by)n ® hba = n @ hb. This leads to the following
important special case:
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3.3. Left H-modules and quasi-Hopf bimodules. Let N € yM and a,b,h € H,n € N.
(1) N ® H is a right quasi-Hopf H-bimodule with the bimodule structure the coaction,

(3.3) a-(n®h)-b:=A(a)(n® hd),

(3.4) AN N@H - (NoH)®H, n®h—¢ ' (idoA)(n®h).

(2) If g : Ny — N is an (epi-)morphism in g M, then g ®idy : Ny ® H — No® H is an
(epi-)morphism in M.
(3) In particular, H ® H belongs to yME with the structures

(3.5) h-(a@b)-h' =AMh)(a@b) (1), o®T(a®b)=¢ 1 (ido A)la®D).

3.4. Comparison functor. For any N € yM, N ® H € yM& with the (H, H)-bimodule
structure given in (3.3) and the H-comodule structure map given in (3.4). This gives rise
to the comparison functor

—Qr H: ygM — HMg, N— (N®H, QN@H,QN@)H),

where ongpm denotes the (H, H)-bimodule structure map from (3.3) and oV®# the right
H-comodule structure of N @ H defined in (3.4).

In [19, Proposition 3.6], Schauenburg showed that (yMZ @y, H) is a monoidal category
and with this monoidal structure on HMg, the comparison functor — ®; H is monoidal.

We now want to find right adjoints for the comparison functor.

3.5. Hausser-Nill and Bulacu-Caenepeel coinvariants in HME. Let H be a quasi-
Hopf algebra. For any M € ypM  Hausser and Nill consider the projection map

(3.6) E:M— M, m~—Y X'mgBS(X*m)aX?.

and define as covariants M := E(M), we call these HN-coinvariants. They form a
left H-module by the action, for h € H, m € M<H,

(3.7 hw» m:= E(hm)

Bulacu and Caenepeel in [5], gave an alternative definition for coinvariants, by considering
a different projection map

E:M— M, m— ZmoﬂS(ml),
and putting MeoH . — E(M), we call them BC-coinvariants. They can be characterised
by
MeH = {me M[E(m)=m}
{m € M|"(m) = Yo' mS(@3X?) f! © 2* X' BS(21X?) 2},

where f =Y fl ® f2 € H® H is the gauge element from (2.9) (see [5, Lemma 3.6]).
MH forms a left H-module with the left adjoint action of h € H (see [5, Lemma 3.6]),

hom = "hymS(hs).

For any morphism f: M — L in gMEZ, f(MeH) C Lo and f(MeH) C [eoH
These notions yield functors (=) and (—)«# : ;M — 5 M.

(3.8)

3.6. Relation between the projections £ and E. Let H be a quasi-Hopf algebra,
M € yM¥ and E,E : M — M be the projections defined in (3.6) and (3.7). Then (as
shown in [5]) for all m € M,

(i) E(m) =3 E(z' m)z*S(a?),
(i) E(m) =3 X' E(m)S(X?)aX?,

(iii) E: MH — MH is an H-module isomorphism with inverse E : M¢H — MeoH
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3.7. Coinvariants as right adjoints. Let H be a quasi-Hopf algebra, N € gM and
M e HMg
(1) {le,M : HHOIIIE(N ® HaM) - HH0m<N7 MCOH)v f = [TL = f(n® 1)];
is a functorial isomorphism with inverse map g — [n® h — g(n)h)].

Thus, the functors (— @ H,(=)°H) form an adjoint pair with unit and counit

77N:N—>(N®H)C°H, n—n®ly; en: M QL H— M, m@h— mh,

(2) gHom! (N @ H, M) "™ pHom(N, M), f s [0 B(f(n® 1g))],
is a functorial isomorphism with inverse map g — [n ® h — > X! g(n) S(X?)aX3h].
So the functors (— @ H,(—)°H) form an adjoint pair with unit and counit
ny N — (N@ H)H  ni S aln®a?35(23),
ev  MH @ H— M, m@h— Y X'mS(X2)aX3h.
This is shown in [6] and [14]. From there we also get:

3.8. Fundamental Theorem of quasi-Hopf bimodules. (see [14, Theorem 3.8]) Let H
be a quasi-Hopf algebra and M € yMI. Referring to the H-module structures defined in
3.5 we get:
(1) ens : M @ H — M, m®&h— mh, is an isomorphism in yME with inverse map
ear (m) = 32 E(mo) @ my.
(2) v: M°H@QH — M, n®h—=Y X'nS(X2?)aX3h, is an isomorphism in aME
with inverse map v~ (m) = Y E(mg) @ m;.

The isomorphism M“H = pfeoH (gee 3.6) implies (N ® H)®H = (N @ H)*°H as left H-
modules. Both (—)# and (—)®¥ are inverses — hence right adjoints — to the comparison
functor — ®; H : gM — HMg. We can describe these also by a Hom functor.

3.9. The functor HHomg(V Qi H,—). LetV e gMy.
(1) For M € yMy, gHompy(V ® H,M) € gM with the left H-module structure given for
h,h € H andv eV, by
(- Peh) = foh @h).
This yields a functor gHomy(V @ H,—) : gMpyg — gM, and by corestriction, a
functor
gHom® (V@ H,-) : gME — zM.
(2) Let N € gM and consider it as an (H, H)-bimodule with the trivial right H-module
structure. Then
(i) ¢ : gHom#(V® H,N ® H) — gHompy(V @ H,N), f — (id®¢) o f,
is an isomorphism in gM with inverse map g — (g @ idg) o 0" ®H.
(ii) 0 : gHomp(V ® H,N) — gHom(V,N), f — f(—®1n),
is an isomorphism in gM with inverse map g — [v ® h — e(h)g(v)].
(iii) yHom(V,N) — gHomp(V® H,N @ H), g+ g ® idg,
is a left H-module isomorphism with the inverse map f — (id®¢e)o f(—®1g).
Thus the comparison functor — @y H : gM — g M is full and faithful.

Let V = H and consider H ® H with the structures given in (3.5). Then, for any
M € yM¥ we have a left H-module structure on gHom!(H ® H, M), for h,a,b € H and
f € gHom% (H @ H, M),

(h-flla®b)= flah®D).

This structure leads to a right adjoint for the comparison functor (see also [4, 18.10]).
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3.10. HHomg(H(X)H, —) as right adjoint to the comparison-functor. For M € yME
and N € gM, there is a functorial isomorphism
gHom® (N @ H, M) — gHom(N,gzHom!(H @ H, M)), f — {n— [a®b— f(an®Db)]},
with inverse map g — [n @ h — g(n)(1g ® h)).
Thus the comparison functor — Q@ H (from 8.4) is left adjoint to the functor
pHom® (H @ H, —) : yME — M,
with unit and counit
ny: N — gHomE(H@ HN@H), n—[a®b— an®bl,
ey pHomB(H@ H M)® H - M, f®h— f(lg ®h).
Proof. The proof will follow from more general assertions in 4.9. a

Of course the three adjoint versions of the comparison functor have to be isomorphic and
explicitly this reads as follows.
3.11. Coinvariants as HHomg-functor. Let M be a right quasi-Hopf H-bimodule.

(1) There is a functorial isomorphism in g M
¥+ pHomp (H @p H, M) — MH . f— f1®1),
with inverse map m +— [a ® b+— E(am)b].

(2) There is a functorial isomorphism in gM,
Oar - pHomfl (H @ H, M) — M7 § 3" fa! @ 2285 (2?)),
with inverse map m — [a ® b — E(am)b.

Proof. This will follow from the more general results proved in 5.11. a

4. TwoO-SIDED HOPF MODULES

Again (H, A, e, ¢) will denote a quasi-bialgebra. Hausser and Nill [12] gave a definition
of H-comodule (co)algebras taking care of the non-coassociativity of the coproduct.

4.1. Comodule algebras. A unital associative algebra A is called a right H-comodule
algebra if there exist an algebra morphism p : A — A ® H and an invertible element
¢, € A® H ® H such that

(R1) ¢, (p®idg) o pla) = (idg ® A) o p(a) - ¢, for all a € A.
(R2) (14 ©0)(id® A®id)(6,)- (&, 1n) = (id ®id ® A)(@,) - (p©id ® id)(@)
(R3) (idg@e)op=idg
(R4) (ida®@e@idu)(dp) =1a @ 1u.
These conditions also imply (id ® id ® €)(¢,) = 14 @ 15.

Any quasi-bialgebra H is a right H-comodule algebra with A= H, p=A and ¢, = ¢.
As for the reassociator ¢ of a quasi-bialgebra H, we use capital letters for the components
of ¢, and small letters for the components of ¢_1, that is,

(4.1) ¢p=> X}@X2@X3 and ¢,'=) i,0ilei,

Although a quasi-bialgebra is not coassociative one can associate monoidal categories
to quasi-bialgebras in which they induce comonads. This point of view has been taken in
[7], [14], [19], and [6] in order to define relative Hopf modules, quasi-Hopf bimodules, and
two-sided two-cosided Hopf modules.

For a right H-comodule algebra (A, p, ¢,), we show that the tensor functor — ®; H is
a comonad on the category 4My and we consider the category of two-sided Hopf modules
AME as the Eilenberg-Moore comodule category over this comonad. Furthermore, we show
that the Hom-functor AHomg (A® H,—) is right adjoint to the comparison functor —®y H.
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Other forms of adjoint functors to —®j H are obtained by defining Hausser-Nill and Bulacu-
Caenepeel type coinvariants for this category (following [6, 5], [9]). The relationship between
these is explicitly described.

4.2. Category sM# of two-sided Hopf modules. Let (A, p, ¢,) be a right H-comodule
algebra. A left two-sided (A, H)-Hopf module is an (A, H)-bimodule M, together with
a k-linear map

MM = MeH, oMm) =3 mo@m,
satisfying the relations

(4.2) (idy @) o o™ = idyy,

(4.3) (idy @ A) o oM (m) = ¢, (o™ @idw) oo™ (m)-¢7",
(4.4) oM(am) = Za(o) mo ® a(ymi,
(4.5) oM(mh) = > mohy @mihy,

form € M, h € H and a € A, where p(a) = > aq) ® a().
The category of left two-sided (A, H)-Hopf modules and right H-linear, left A-linear, and
right H-colinear maps is denoted by 4 M.

For the special case A = H, the category of two-sided (H, H)-Hopf modules is nothing
but the category of right quasi-Hopf H-bimodules (see section 3.1).

4.3. Subgenerator for 4M. Let (A, p, ¢,) be a right H-comodule algebra.
(1) For any N € AM, N ® H € )M with structure maps, for h,h’ € H,n € N, a € A,

(4.6) a-(n@h)zZa(o)n®a(1)h, (n®h)-h' =n®hh.

(4.7) Mm@ h) =) dyn@igh @ ijhy = ¢, (id@ A)(n @ h),

(2) If g: Ny — Ns is an (epi-)morphism in sM, then g ® idy : Ny @ H — No ® H is an
(epi-)morphism in AMI.
(3) With the structure maps, for h,h' € H and a,a’ € A,

a-(a@h’) = Zazo)a(@azl)h, (a@h) W =a@hh', o"®H(axh)= ¢;1-(Z a®hi ®hs),
AR H € AMZ and it is a subgenerator for this category.

Proof. The parts (1) and (2) are straightforward to see.

(3) Using a similar approach as in section 3.1, we see that for any M € 4MI the left
A-module M is a homomorphic image of A™), for some cardinal A. Therefore M @ H is a
homomorphic image of

AN @ H>~ (Ao H)W,
For any M € AMg, the coaction o™ : M — M @ H is a (mono-)morphism in the category
AMI 50 we can consider M as a subobject of M ® H, the latter being generated by A® H
in AMZ. O

The parts (1) and (2) in the above assertion give rise to

4.4. The comparison functor — ®@; H : ;M — 4MZ. Let (A, o,¢,) be a right H-
comodule algebra. For any N € 4,M, N ® H € 4M! with the (A, H)-bimodule structure
from (4.6) and the H-comodule structure map from (4.7). This leads to the comparison
functor

—Qr H: M HAMg7 N’—)(N@H,QN@)H,QN@H),

where ongm denotes the (A, H)-bimodule and oN®H the right H-comodule structure of
N ®H.
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4.5. — ®; V as endofunctor of 4Mpy. Let (A, p,¢,) be a right H-comodule algebra,
N € sMpy and V € yMy. Then the coaction
p:A—A®y H, pla)= Za(o) ® ay,
induces an (A, H)-bimodule structure on N @, V, forh€e H,a € A, v € V,and n € N,
a-m@v)-h= Za(o)nhl ®agyvhy = pa) (n®@wv) Ah).
With this structure we obtain an endofunctor — ®; V : 4My — 4Mpy, and the special case
V = H yields
G=—®yH: My - My, N—NQXH,
with the (A, H)-bimodule structure on N ® H given as above. This is a comonad.
4.6. —®; H as a comonad on 4Mpy. Let (A, p, ¢,) a right H-comodule algebra.
(1) —®x H : sAMy — aMpy is a comonad on 4Mpy with the comultiplication, on N €
AMH7
SN : NoH— (N®@H)®H, n®@h— ¢, (idoA)(n®h)- o,
and counit € defined by ey =idy ®e: N® H — N.
(2) The category of two-sided Hopf modules sMI is isomorphic to the Eilenberg-Moore
comodule category (4Mp)~®H.

Proof. (1) First we show the coassociativity of ¢, i.e., for N € 4Mpy,n € N and h € H,

For this, using the definition of §y, we compute
LHS = (¢,'®1) - {(i[d® A®id)(s," [((d®@A)(n@h)] )} (¢®1)

= (¢,'@1) (id® A®id)(¢,") - [(id® A®id) o (id ® A)(n @ h)]
(id@ A®id)(¢) (6 ®1)
by 22) = (6,'®1) (ideA®id)(¢,") (la®¢ ") [(id®id® A)o (id® A)(n @ h)]
(1g®¢)- (ide A®id)(¢)- (¢ @ 1).
On the other hand,
RHS = (pid® id)(d);l) H@id® ®idA)(¢;1 [dy @ A)(n@h)]-d)} - (A Rid®id)(P)
= (p@id®id)(¢,") - (idy @idy @ A)(¢,") - [(id @ id ® A) o (id ® A)(n @ h)]
(id®id @ A)(¢) - (A ®id ®id) ().
By (2.3) and 4.1, both sides of (4.8) are equal to each other. Thus, § is coassociative.
It can be easily seen that ey = idy ® e : N @ H — N is a counit for §.

(2) To prove the isomorphism (4Mg)~®H =2 4MI we take an object M € (4,Mp)~®H
and note that we have a G-comodule structure morphism o™ : M — M ® H = G(M) in
AMpy inducing commutativity of the diagram

M
4

M M®H =G(M)

W

oM S M@ (H®H)

M®H=GM)— > GGM)=(M®H) H.
G(g]\l):gM®id

The commutativity of the outer diagram is precisely the condition (4.3) on M to be a two-
sided Hopf module. It is easy to see that the condition (4.2) is equivalent to the counitality
of e. a
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The following helps to find a right adjoint to the comparison functor (from 4.4).

4.7. The functor 4Homf(V ® H,—). Let (A, p,,) be a right H-comodule algebra, V €
AM 4.
(1) If M € s\Mpy, then 4Hompy(V @ H,M) € 4M with the left A-action, for h € H,
acAandv eV,
(a-f)lveh)=flva®h).

This leads to the functor s-Homy(V ® H,—) : AMpy — 4M and, by corestriction, to
AHomZ (V@ H,—) : JME — 4M.

(2) Let N € 4M.

(i) ¢ : sHomfy(V® H,N ® H) — 4Homp(V ® H,N), f (id®e)o f,
is an isomorphism in AM with inverse map g — (g ® idg) o oV ®H.

(ii) 0: 4.Hompy(V ® H,N) —» 4Hom(V,N), f— f(—® 1),
is an isomorphism in sAM with inverse map g — [v @ h— e(h)g(v)].

(iii) 4Hom(V,N) — qHom™(V @ H,N ® H), g — g ® idg,
is an isomorphism in 4sM with inverse map f +— (id®¢)o f(— ® 1g).
Thus the comparison functor — ®x H is full and faithful.

Note that here we consider the right H-module structure of N to be the trivial one.

Proof. (1) For all a € A and f € 4Hompy(V ® H, M), it is easy to see that a - f is an
(A, H)-bilinear map. In this way, we have 4Homy (V@ H, M) € 4M. In case M € 4M¥ and
fe AHomg(V ® H, M), the H-colinearity of of a- f follows from the H-colinearity of f itself.
Thus, 4Hom(V ® H, M) € 4M and we obtain a functor 4Hom!(V @ H, —) :AME — 4M.

(2) (i) As seen in 4.5, the functor — @y H : sMpy — 4Mp is a comonad and the category
AME of two-sided Hopf modules is the Eilenberg-Moore comodule category (4Mp)~®H.
Now, considering the functor — @ H : 4,Mpy — 4M# as the free functor which is right
adjoint to the forgetful functor (by 2.3), we obtain the isomorphism of part (i).

(ii) First we note that for f € J.Homy (V@ H,N),h€e Hya€ Aandv eV,
alf(f)(v)] = alf(v®ly)]

f is left A-linear = Z f(a(()) (A a(1))
f is right H-linear = Z f(a(()) (N0 1H) a(1)
N is trivial right H-module = Z flayv®@1g)elan)) = flavely) = 0(f)(av).

This means that 0(f) € 4Hom(V, N). It is straightforward to show that, for g € 4JHom(V, N),
we have 6'(g) € s.Homg(V ® H, N). Bijectivity and left A-linearity of 8 follow from direct
computations.

(iii) This follows from the composition of the isomorphisms in parts (i) and (ii). O

4.8. Corollary. Let (A, p,¢,) be a right H-comodule algebra.

(1) For M € AM, we have a left A-module structure on AHomg(A ® H, M) given, for
he€H,aad €A and f € gHomp(A® H,M), by (' - f)la®h) = f(ad’ @ h).
(2) For N € 4M, the morphism

ny : N — JHomB(A@ HHN® H), nw—la®h— an® h),

is an isomorphism with inverse map f— (id®e)o f(14® 1g).
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Proof. (1) Follows directly from 4.7 by taking V = A.
(2) Composition of the isomorphisms 1»~! and 6~ gives rise to the isomorphisms
N = 4Hom(A,N) = qsHompy(A® H,N) = 4Homfj(A® H,N ® H).
Using 4.7, we see that this composition gives the isomorphism 7. a

The Hom-functor from 4.7 is right adjoint to the comparison functor — ®; H from 4.4:

4.9. Hom-tensor adjunction for ;M. Let (A, 0,¢,) be a right H-comodule algebra,
M € AM and N € \M. Then there is a functorial isomorphism

Q: gHomjj(N®H, M) — sHom(N, 4Homfj(A®H, M)), f — {n — [a@h — f(an@h)]},

with inverse map Q' given by g— {n @ h— g(n)(la @ h)}.
Thus the functors (— @y H, s;Hom(A® H, —)) form an adjoint pair with unit and counit

nN:NHAHomg(.A@)H,N@H), n—la®h—an® hl,
er i AHomB(AQH MY® H— M, f@h— f(14®h).

Proof. First we show that for any f € 4Hom! (N @ H, M), Q(f) is left A-linear. For
he H,a,a’ € Aandn € N,

[@" - (Q(f)(n)(a® h) = Q(f)(n)(ad’ @ h) = f(naa’ @ h) = [Q(f)(a’n))|(a @ h).
Thus, we have Q(f) € 4Hom(N, 4Hom® (A ® H, M)).
For any g GAHom(N,AHomZ(A ® H,M)), we show that Q'(g) EAHomg(N ® H, M).
(i) '(g) is left A-linear. For a € A and n € N,
Y(g)((neh)-a) = Y V(g)(aon@amh) =Y _ glagn)(la®agqh)
g is right A-linear = Z(a(o) ~9(n))(1a ® aqyh) = Zg(n)(a(o) ® a(iyh)
= g(n)(p(a) (1@ h)) = alg(n)(1@h)] = a[Q(g)(n& h)].
(ii) It can be easily seen that /(g) is right H-linear.
(iii) For the right H-colinearity of €'(g) we show that

(@M o (9)(n®h) = (¥ (g) @id)(ipn @ Fh @ Ehs).
By the colinearity of g(n),
(@M o (9))(n@h) = oM (g(n)(1a ® k) = g(n)(Z, © F3h1) @ Tpho.
On the other hand,
(Q(g) @id)(Y _Fpn®@ithy @ Ehy) = Y g(@pn)(1@F3h1) @ Eho
gis Alinear = Z[f; -g(n)](1® Z2hy) @ Foho
= ) gn)(F) @) ® Ehe.

This shows the H-colinearity of Q'(g).
Q and Q' are inverse to each other: For n € N,h € H and f € 42Hom! (A ® H, M),

Q@ oQ(f))(neh) = (Qf)(N)(1a®h) = flan®h) = f(n@h).
Conversely, for any h € H,n € N,a € A and g € 4Hom(N, 4.Hom% (A ® H, M)),
{[(Qo)(9)](n)}a@h) = (2(g9)(an®h)=glan)(la®h)
gis Adincar = [a-g(n)](La®h) =g(n)(a® h).
ie. QoQ(g) =g. It is easy to see that Q is functorial in both components M and N. O
Remark. Taking A = H, 3.10 is a special case of 4.9 above.



HOM-TENSOR RELATIONS 13

5. COINVARIANTS FOR 4M#

In this section we show that right adjoints for the comparison functor from 4.4 can also
be described by coinvariants.

Throughout this section, we assume (H, A, ¢, ¢) to be a quasi-Hopf algebra with quasi-
antipode (S, a, 3). For a right H-comodule algebra A4, by [12, Lemma 9.1], we have for all
a € A,

2 a() 0)(0) p®a(0) ,275( W) = 2T a®m2ﬁ5( )

ZX a(0)0) ®S(X ao )aX aqy = ZaXé@S(XQ)ong
(5.1) Z(Xl)(o)#@(x )1yE2BS(X2E0)aXs = 14®1y
(5.2) > X&) 0 @ S(X2(Ep)))aXsinfS(E) = 1a@1g

5.1. Hausser-Nill-type coinvariants for 4M. Let (A, p, ¢,) a right H-comodule alge-
bra. For M € AME, define a projection £ : M — M, for m € M, by

E(m) = Z X,} mo ﬂS(X,%ml)@XS,
and define HN-type coinvariants of M by M := £(M). For m € M,a € A put
aw» m:=E(am)
Similar to 3.5 (see also [14, Proposition 3.4]), we have the following properties:

5.2. Properties of HN-type coinvariants. For M € 4,M a € A, h € H and m € M
we have, with the above notations,

(i) E(mh) = e(h)€(m),

(i) €2 =¢€,
(iii) a» E(m)=E(am) =a» m,
(iv) (ab) » m=aw» (b» m),

(v) a&(m) =3 lac) » E(m)] aqy,
(vi) 22 &(mo) my = m,
(vii) 32 E(E(m)o) @ E(m)r = E(m) @ 1.

Proof.

(i) Emh) = > X} (mh)oBS(X2(mh))aX]=> X} mohiBS(Xmih)aX}

= e(h)>_ X, moBS(Xim1)aX] = e(h)E(m).
(i) We use part (i) to compute
E(m) = £ X}moBS(XJm1)aXy)
b ) = Y EX)mo)e(BS(X2ma)aX])
= Y EX)mo)e(B)e(XD)e(mi)e()e(Xp) = Y E(moe(ma)) = E(m).

(iii) aw Em) = E@@E(m)) =Y E(aX)moBS(X)m1)aX])
= ) E(aX) mo)e(BS(X7ma)aX?)
= Y &(aX)mo)e(B)e 0 S(ma)e 0 S(X2)e(a)e(X3)
= > Elas(mi)mo)e(B)e(a) = Y E(am) =aw m.

(iv) follows immediately from part (iii).
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(v) af(m) = ay_ X)mgBS(Xpm)aX) =Y aX)mgpBS(m)S(X2)aX]
b)) = D Xpaw) moBS(mi)S(a),,)S(Xp)aX an
= ZX @(0) o) mo BS( 5 a(0) (l)ml)OAX a(1)
= Y X} (a@ym)o BS(X)(a@ym))aXjany = Y E(a)m) aq

by i) = D la) » E(m)]aq.
(Vi) E(mo)ml = Z X;mooﬂS(Ximol)an’ml
by (4.3) = Zmo Xlﬁs(m11X2)Olm12X3 = Zmo XlﬂS(XZ)S(mH)OlmngB
by (2.6) = Za(ml)mo (XlﬂS(XQ)OzXB) = mlH =m.

[ pmo BS(X ml)aX3])®[( )moﬁs( ml)aX3]

by (i) = ZS X (0) moo) & E(ﬁl)E(S(Ximl)an)l)(X;)(l)m()lﬁQS(Xmel)an)g

i = 2 €

(
(
(
(
by = Y&
(
(
by 26 = D E(X (O)f},mo)@(x )(1mg(m1)55(x,§gzg)a)2§
(

by 5.1) = (E@id)([(la®1ly)(me1y)])=E(m)@1y.

By (ii), (vi) and (vii), we get characterisations of HN-type coinvariants:
Mot .= g(M) {n e M|E(n) =n}
= {neM|) Emng)@m =En) @1}
— Ke((€®id)o[o™ — (- @ 1x)]).
Mt with the left A-action » is a left .A-module and for any morphism f : M — L in

AMI it is not hard to show that f(M<H) C L. This gives rise to a functor (—)«H
which is right adjoint to the comparison functor.

5.3. The adjoint pair (— ®y H, (—)!) for HN-type coinvariants. Let (A, p,$,) be a
right H-comodule algebra, N € ;M and M € 4M. There is a functorial isomorphism

¥ aHompy (N ® H, M) — qHom(N, M), f i [n— f(n@1)],

with inverse map Yy 5, given by g+ [n® h — g(n)h)].
Thus, the functors

— @ H s AM — aMp, (=) s M — aM,
form an adjoint pair with unit and counit
nv:N = (N@H)" noneol; ey: MY, H— M, m®h— mbh.
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Proof. First, we show that f(n ® 1) € M°¥H: Since f is H-colinear,

Mfn®1) =) fEIneI) e,
so we have

E(fnel) = Y X, f(@yn®il)BS(X2i))aX]

fis (A, H)-bilinear = Z f(p(X;) (i'; neE fiBS(Xii?;)an
= Y (X)) &)@ (X)) mEBS(X;E)aX)] (n@ 1))
by 5.1) = Jf(n®1).

Y := 1N m and )’ := )y s are inverse to each other: Forn € N,h € H, f € AHom® (N ® H, M),
(W o) (Hl(n@h) =¢(f)(n)h=f(n@1)h=f(n®h).
Conversely, for n € N and g € 4Hom(N, McH)

(o) (9)](n) =4 (g)(n®1) =g(n) 1= g(n).

Remark. For A = H, 5.3 implies 3.7 as a special case.

5.4. HN-type coinvariants of N ® H € 4M!. For any N € M, the HN-type coinvari-
ants of the two-sided Hopf module N ® H, come out as

(N® H)*? ~ N,
and forn € N and h € H, we have E(n®@h) =n®e(h)ly.

Proof. The definition of the right H-module structure of N ® H implies that (n® h) =
(n® 1) h. Now, by part (i) of 5.2, we have

EMmM®h)=E(n®1)h)=EMnM®1e(h),
thus we are left to show that £(n® 1) =n® 1g:
En®l) = ZX; (n®1)BS(X2(n®1)1)aX?
Y X (@ne i) BS(X)E)aX)
= > (XDwipn @ (X))0)78(X55))ak;
by 5.1) = (la®lg)(n®l)=n®lg.

O

This means that that the unit ny : N — (N @ H)®H of the adjunction in 5.3 is an
isomorphism with inverse map n ® h +— ne(h) proving (again) the fully faithfulness of the
comparison functor — ®jy H : ;M — 4M (see 2.1 and 4.7).

5.5. Fundamental Theorem for 4M# with HN-type coinvariants. Let (A, p,dp)
be a right H-comodule algebra and M € sM. Consider M = £(M) as a left A-module
with left A-action », defined by

awm:=E(am)= ZX;a(O) mo ﬂS(Xia(l)ml)an.
Then the map
env: M @ H— M, m® h— mh,

is an isomorphism in 4JME with inverse map &4,(m) =3 E(mo) ® my.
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Proof. ¢, is an isomorphism of k-modules: for h € H and n € N,

ehyoem(n®@h) = &y(nh) ZE noh1) ® nihg
by (i) = 25 (no)e(h1) ® nihg
= Zf’:no @nih = Z (no) ®n1)(1® h)
by viy = (M®1)(1®h)=n®h.

Conversely, for m € M,
en oy (m) = EM(Z E(mo) ®my) = ZS(mo)ml =m

We are left to show that &)/ is a morphism in 4M#. By definition of the (A, H)-bimodule
structure of M @ H, for h € H,a € Aand n € M°H,

S(n@h)-h'=Ya@) »n@agyhh’ =Y E(ap)n) @ aqyhl.
Therefore, we have
em(a-(n@h)-H) = Y E(aen)aqhh’
by (i) = Z[a(o) > E(n)] a(l)hh/

a&(n)hh/ = anhh' = aey(n®@h)h'.

Finally, we show that ¢/, (and therefore ey, ) is H-colinear: for m € M,
MTBH (L () = Z E(E)mo) ® Eamy1 ® Fomas

Z &(moo Xl) @ mp1 X2 @ mi X3

= ZS Moo )€ )® mo1 X2 @ my X3

ZS mOo ® mo1 ® mq
(& @id) o™ (mo) = (e ®id)o™ (m).

O

The above form of the Fundamental Theorem yields an additional characterisation of
coinvariants, for any M € 4,ME, as

M = {neM\gM(n):Z(i“}j>n)a?i®i‘z}
= Ke(o" —[(on ®id) o (E ®id @ id)(¢," (— © 14 ® 15))]).

5.6. Bulacu-Caenepeel-type coinvariants for sMZ. Let A be a right H-comodule
algebra. With similar arguments as in (3.8) (see also [5]), for any M € 4M¥, we consider
the projection

E:M—-M, me Zmoﬂs(ml)v
and define BC-type coinvariants for M € 4M as
M@H .= E(M) = {m e M| E(m) =m}.
This generalises the concept of coinvariants of quasi-Hopf bimodules M € yME.
5.7. HN versus BC-type projections. Let M € 4M¥ and £, : M — M be defined by
= ZX; mo ﬂS(Xﬁml)anﬂ E(m) = Zmo BS(my),
for allme M. Then
(i) E(m) = S E(Fpm)#265(83),  E(m) =3 X} E(m) S(X2)aX},

(ii) &€ : MH — MeH js an isomorphism in AM with inverse & : M — NeoH
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Proof. (i)

S E@ym)pS(E) = Y X (Eh)0) mo BS(X (&) 1yma)aXE2BS ()
> X&) 0) mo BS(m1)S(X](E)) 1)) aX 5235 (E5)
> XM(@))0) E(m) S(X2(E))1))aXsin 35 (E5)

by 52) = E(m).

The other equality is an easy substitution of £(m).

(ii) For any m € M

EE(m)) = & moBS(m1))

= Z X; Moo 515(7”1)155(5(,37”01525(7711)2)045(2
ZX; moo f1.5(m1)1BS(S(m1)2)S(B2)S (X 2mor)aXs
Z(X,i Moo 55()2577101)045(3)5(”11)5(5)
E(mo)e(mi)e(B) = E(m) = m.

On the other hand, for any m € Mﬁ,

E(E(m) = ?(ZleoﬁS(foml)aX?’ = () X} mo BS(m1)S(X7)aX})
= £ _X)E(m)S(X2)aX?)
meMeoH = (ZleS(XZ)an)
= ZleS (X2 aX3)0ﬁS([ X1 m S(XQ)aX3})
= > (X, D(aX).p << m)15(X7)2(aX})2)
= ZE(X )e (aX3)( m)o BS((X) m))

= ZE(XP)E(QX?;)E:(X; m) =&(m) =m.
For left A-linearity of £ we compute

Ela>m) = Zé’ (0) Mo BS(a@ym1))
= ZXpa(o)(o) mooﬁ15(a(1)m1)155()~(§a(0)mmo1ﬁ25(a(1)m1)2)045(§
= D X,a0), moo AiS(aqymi)1BS(B>8(aym)2) S(XJa) mor)a X
= ZXla(o o) 00 £(B)2(S (ayma))BS(X2ag) ,, mo1)aX s

m1)Xa(0) o, Moo B9 (o), mo1) S (X7)a Xy

m1) X} E(a) mo) S(X2)aXs = E(am) =a» E(m).

I
™
A

1
P
1
P

I
™
—

2

With similar arguments as in [5, Lemma 3.6], we show

5.8. Characterisation of BC-type coinvariants in 4M.

(5.3)  M“H ={me M|o™( =Y @ymS((#3)X°)f @ 22X BS((23)1X2) £}
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Proof. Let m € M®H_ Then

oM(m) = oM (E(m)) =1 moo f1S(m1)1 ® mo1B2S(m1)a
by 210) = Y mood" f1S(ma)1 @ mo16° f25(my ),
by 29) = Y mood S(mz)f! @me18>S(mas) f?
by (2.8) = Zmoo 'Y BS((m12a3 XPY?) f1 @ mo1a® X 'Y BS((m11 2 X2Y5) f2
by 26 = Y Mmooz Y BS((miaad X3Y?) f @ mora® X'e(Y?)BS ((mnaf X?) f2
by 24) = Y moox' BS((m1a®)o X?) f1 @ mora® X' BS((maa®) X?) f2
by (43) = Y &pmoBS((Emi12): X?) f! @ #2mi X' BS((F5ma)1 X £2
by (2.2) = Zfimoﬁs(( 2)2X3m12))f1®x2X1m11155(( )1X2m112))f2
by 26) = Y EpmoBS((E)): X mag)) f! @ 22X e(m11)BS((25)1X7) f2
= > Epmo BS((E)2 X ma) f1 @ X BS((#5):1X7) f2
= D T, E(m) S((E):X*)f' @ T X1 S (7)1 X7) 2
(menmmy, = EymS((F):X°) [ @ & X BS((E)1 X7) £
Conversely, if o™ (m) = 3 & m S((#3)2X%) f* ® 52X 3S((23): X) £, then
Em) = > moBS(m)

= S #ms(@ 2X3) 1BS(E2 X BS((25)1X7) )
= Y @ mS((#)2X°) 1 BS(f2)S(# X BS((#5)1X7))
by 211) = O &pmS((#3)2X%)S(a)S(#3 X BS((#))1 X))
= > #mS(T 2X BS((7,)1X?)a(T)2 X )
= D EmS@E X AS(X?)S((E)h)a(i))2X?)
= Y @,mS(EX'BS(X?)e(i))aX?)
= ) mS(X'BS(X?)ax?) =
O

The above characterisation generalises the BC-coinvariants in (3.8). It can be also be
written as

Mt = Ke(oM —{) (3L @ 72) (— @ 1) [S((#3):X°) f' @ X'BS((32)1X?) £7]})

where f =Y f! @ f? is the Drinfeld gauge element defined in equation (2.9).
A new left A-module structure on M € 4,ME can be defined by

abm = Za(o) m S(a(1)),

for a € A, and m € M, where p(a) = > a(q) ® a1y. With this left A-action, MeH can be
considered as a left A-submodule of M. It is straightforward to see that for any morphism
g: M — Lin )M, we have g(MH) C L. This leads to an alternative coinvariants
functor

(=) s AMT — aM,
which we will show to be right adjoint to the comparison functor — ®x H (from 4.4).

5.9. The adjoint pair (— ® H, (f)ﬁ) for BC-type coinvariants. Let A be a right
H-comodule algebra, N € sM and M € 4,ME.
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(1) There is a functorial isomorphism
U s aHomiH (N @ H, M) — qHom(N, M) f i [0 f(Ln® #28S(23))],
with inverse map Yy 5 given by g— [n @ h — Zf(; g(n) S(f(g)ozf(;’h)].
(2) The functors (— @y H, (—=)H) form an adjoint pair with unit and counit
v N = (N@H)*H, nie a0 @ 165(z)),
e M @, H— M, m@h— Y X}mS(X2)aX3h.
(3) the unit map iy is an isomorphism, in particular
(N®H“’H Zac n®x2ﬁ5’( )|nEN}.

Proof. (1) We show that ¢ and v’ are inverse to each other. For n € N, h € H and
f € 4Hom(N @ H, M),

(¢ o ¥)(f)l(n & h)

> X e(f)(n) S(X2)aXih
= > X} faé,ﬁ ® T8S(%)) S(X7))aX h
fis (A, H)-bilinear = Zf ) Ln®a235(35) S(X2)aX3h))
= Y F(X)En @ (X,)nEsS(X;5)aX h) 51) f(n©h).
Conversely, for n € N and g € AHom(N, MeoH),
(¢ 0 9")(g)](n) ¥'(9)(@,n © 7,65(z,))
> X} g(Epn) S(X)aX i8S (E)
g is loft Alinear = ZXl j1>gn S(X2)04X3 2B5(z)
DX (@) 9(n) S(F)1)S(Xp)aX 565 (7))
= Y Xy (@) - 9(n) - S(X) (@) 1)) aXjE585(2) (52 g(n).

(2) is a consequence of (1).
(3) For n®h € (N ® H)*H,

N neh) = Y i - (n@h)-S(@)X7)f @2 X BS((#5)1X°) £
= Z(%)(o) n® (Z))mhS(@)2X?) L @ X' BS((#2)1X3%) 2.

On the other hand, o"®" (n®@ h) = Y&} n @ i2h) © T3hs.
Comparing this two values for oV®¥ (n ® h) and applying id ® € ® id on both sides, we
obtain

n®@h=> c(h)(@pn®i2BS(F3)).
This shows that the unit map 7 is an isomorphism with inverse map n ® h +— ne(h). This
shows again that the comparison functor is fully faithful. O

5.10. Fundamental Theorem for M with BC-type coinvariants. Let (A, p, ®,) be
a right comodule algebra and M € s,ME. Consider M°H @ H as an object in 4JME with
the structures

a-(n@h)-h' =Y arpn@ahl!, J(neh)=)Y i,>n®ith @I,

forh,hW e H ae A and n € MH . Then the map
MM QH M, nohe Y XInS(X2)aX3h

is an isomorphism in 4JME with inverse map &y, given by m — > E(mg) ® my.
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Proof. By 5.7, we have the isomorphism & : MeoH _, ppeoH iy AM and tensoring it
with H, we obtain

E@idy : M @ H — M“H @ H,

as an isomorphism in AME. By the Hausser-Nill version of the Fundamental Theorem for
AME 3.8, there is an isomorphism e : M°H@H — M, m®h — mh in AMg. Combining
these two isomorphisms, we have the isomorphism

v =cemo(E®id): M°T @ H— M“" @ H— M,

mh—Em)@h +— Em)h= ZX; mo,BS(szl)aXSh
> X, mo 55(m1) (X2)aX3h = Y X} E(m)S(X2)aX3h
meren = > X mS(X2)aX3h.
The inverse map &), can also be computed directly as
ey(m) = E@id)(D>_Emo)@mi) = Y E(E(mg)) @ my
ZE(X; Moo 55(Xp2m01)04Xp) ®my
= ZE(X; m00)5(5)5(X§m01)5(aX§) ®my = Zg(mo) ®my.

O

As shown in the proceding sections, for any comodule algebra A over H, the right adjoint
of the comparison functor —®y H (from 4.4) can be written in three different forms, namely

AHom(H @ H,—), (=) and (—)°F : ;M2 — 4M.
These have to be isomorphic and we describe the isomorphisms explicitly.

5.11. Coinvariants for 4M! as Hom-functor. Let H be a quasi-Hopf algebra, (A, p, ®p)
a right H-comodule algebra, and M € AMg.

(1) There is a functorial isomorphism in 4M,
¢ar + aHomir(A®y H, M) — M®" | fi f(14® 1g),

with inverse map ¥y, given by m — [a ® h — E(am) h).

(2) There is a functorial isomorphism in 4M,
Orr - aHomfl (A @y, H, M) — M £ 3" £(3) @ 2288(33)),
with inverse map 0, given by m — [a ® h — E(am) h].

Proof. (1) Substituting N = A in the isomorphism in 5.3, we obtain for M € 4,MZ the
isomorphisms

U : aHomiH(A @y, H, M) b AHom (A, Mt = ppeotl
frla— fla® 1) — f(la®1a).
The inverse map 1/_13\4 is obtained as the composition

’(l),
MH =~ Hom(A, M) 25" \Hom! (A @ H, M),

mila—aw»m=E(am)|— [a®h— E(am)h].

Here, 9 4,0 is the isomorphism given in 5.3 and 7%4, A 18 its inverse.
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It remains to show that 1y, is left A-linear: For a € A and f € 4Hom% (A ® H, M),

avu(f) = Eafla®lm)=> E(flap @anu)))
= DX, flaw ®an))o BS(X f(a) ® ag)1)aX;
fis Hecolinear = X} f( 531@(0)®562a(1 BS(X2i5a1),)aX?)
fis Alinear = Zf 0)®3U a),)BS(aq),)S(7 2)5(5(5)045(2)
by (2.6) = Zf (z a®$255( 5)S(X2)aX?)
= D X))o &y ® (X)) T2BS(X2i5)aX ] (a® 1))
by 5.1 = J[fla ®1H)=( - NAa@ 1) =vdula- f).

(2) Setting N = A in the isomorphism given in 5.9, we obtain the isomorphisms
Oar : AHom™ (A @y H, M) "% 4Hom(H, M*T) = pjeoH
frla—E(fa@l) = f(#ha@iBS(E))] = E(f(la®ln)) = Y f(#,0F,685(F))).
The inverse map 6, W is obtained as the composition

Y, m

0, : M7 =~ ,Hom(A, M°H) 2  Hom¥ (A @y H, M),

mi= [a— abm=E(am)] - {a@b— Y ¢, E(am)S(@)h = E(am)h}.

Here, 94,0 is the isomorphism given in 5.9 and v, ,, is its inverse.

Similar to part (1), considering the left A-action > on M¥H  we must show that 6y is
left A-linear: for a € A and f € s2Hom%(A® H, M),

avOy(f) = E@afla®ln)=> E(f(aw ®aw))
= Y fla) ®aw)o BS(f(ag) © aay)
f is H-colinear = Zf( 1a ®J) a 1)155('1: a’(l ))

D fEpa®EBS(E) = (a- f)(E, @ #BS(E3)) = Om(a- f).
O

Remark. Part (2) can also be proved by composing the isomorphism ), from part (1)

with the isomorphism & : M — McH leading to the isomorphism
AHom! (A @y, H, M) 2% ppeott ., ppeorl,
given by
= f1el) = E(f(e1) =Y f11)sS(f(1e 1))
by H-colinearity of f = Z f(i'; & i'i) 65(‘%2)
by H-linearity of f = Z f(:%; ® i’iﬁS(fii))

The inverse map comes out as

mn9—>{a®h — E(a Zé’ ([ay » E(m)]aqy) b

= Zf (aq) » E(m))e(aq))] h
= [Elaw» Em))|h = [E(E(am))]h = E(am)h}.
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