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Abstract

Braided bialgebras were introduced by Larson-Towber by considering a bilinear
form with certain properties. Here we study the braided structures of w-smash co-
product Hopf algebras B,xH as constructed by Caenepeel, Ion, Militaru and Zhu.
Necessary and sufficient conditions for a class of w-smash coproduct Hopf algebras to
be braided Hopf algebras are given in terms of properties of their components. As
applications of our results some special cases are discussed and explicit examples are
given.
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1 Introduction

As a dual concept of quasitriangular bialgebra, braided bialgebra were introduced by
Larson-Towber in [5] as a tool for providing solutions to the quantum Yang-Baxter equa-
tions. Since then this notion has been studied extensively. Some investigation related to
braided Hopf algebras can be found in [3, 4, 5, 6].

Let B and H be coalgebras over a commutative ring R. Given an R-linear map

w:B®H— H® B,

the w-smash coproduct coalgebra B, x H is defined as the R-module B ® H with comulti-
plication
Ap,wng = (Ip@w® Ig)o (Ap® Ap),

and counit e ® £p, where certain conditions are to be imposed on w to ensure the
required properties of Ap_ wg and ep ® e (see [2, Definition 3.1], [1, 2.14]). The usual
smash coproduct B x H (see [7]) and the twisted smash coproduct B x, H (see [12]) are
special cases of an w-smash coproduct coalgebra B,x H. If B and H are bialgebras we
may consider B ® H as algebra with componentwise multiplication, and in [2] necessary
and sufficient conditions are given to make B, xH with this multiplication a bialgebra.
Furthermore, if B and H are Hopf algebras the bialgebra B, x H is also a Hopf algebra
which we call the w-smash coproduct Hopf algebra and denote it by B,xH (also see [2]).
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The aim of this paper is to study braided structures for a class of w-smash coproduct
Hopf algebras B,xH, where the linear map w obeys the right normal condition, i.e.,
w(lB ®h) =h®lg.

In Section 2, we recall the notions of an w-smash coproduct Hopf algebra B,xH and
the braided Hopf algebra (H, o) (from [1], [2] and [5]) and then give some definitions and
basic results needed in the sequel.

In Section 3, we show that if B,xH is an w-smash coproduct Hopf algebra with w a
right normal linear map, then (B,xXH, o) is a braided Hopf algebra if and only if o can
be written as (for a,b € B, h,g € H)

o(a®@hb@g) =Y plag)bay) u(aw),ge) v(he) be) T(hay, 9a0)),

wherep: BB - R, 7T: H®H - R,u: BQH — R,and v: H® B — R are linear
maps satisfying certain compatibility conditions.

In Section 4, some special cases are considered, and in Section 5, an explicit example
is constructed.

Throughout R will denote a (fixed) commutative ring with unit, and we follow [11] and
[1] for the terminology on coalgebras and Hopf algebras. For a coalgebra C and ¢ € C, we
write A(c) = >~ (1) ® ¢(2). The antipode of a Hopf algebra H is denoted by S (or Su).

2 Preliminaries

Let B and H be R-coalgebras and consider a linear map w : B® H — H ® B. Then a
comultiplication is defined on the R-module B ® H by

Ap,xu=IpR@w®Ig)o(Ap® Ag) (2.1)
and an R-linear map is given by
€B,xH = €p®¢epg : ByxH — R. (2.2)

If the triple (B® H, Ap_xH,cB, xi) forms a coalgebra, then it is called a smash coproduct
of B and H and we denote it by B,x H. This imposes certain conditions on the map w
and to describe these we write for b€ B and h € H,

wb®h) =Y “he“b.
Then we get for comultiplication and counit
Ap (D@ h) = (ba) @ “h1)) ® (“ba) @ hz), (2.1)
ep,xa(b®@h) =ep(b)em(h). (2.2)

Proposition 2.1 With the notation above, B, X H is a smash coproduct if and only if the
following conditions hold for b€ B and h € H:

(1) (g ®@ep)w(b® h) =ep(b)h; (left conormal condition)
(2) (eg ®@Ip)w(b® h) =ceg(h)b; (right conormal condition)



(3) (R 1y @ (Yh)2) @b = 3"%h) @ “hgy @ “(“D);
(4) 22¢h @ (b)) @ (“b)) =2

Proof. See [2, Section 3] or [1, 2.14]. 0

Let B, H be bialgebras and w : B® H — H ® B a linear map such that B,xH
is a coalgebra. The canonical multiplication on B ® H makes B,x H an algebra and it
becomes a bialgebra provided it satsifies the compatibility conditions, that is, if Ap_ xn
is a multiplicative map (e.g., [1, 13.1]). In this case we call B,xH an w-smash coproduct
bialgebra and denote it by B, ,xH.

Proposition 2.2 Let B, H be bialgebras and w: B® H — H ® B a linear map. Then
ByxH is an w-smash coproduct bialgebra if and only if the conditions (1)-(4) in (2.1)
hold and w is an algebra map.

Futhermore, if B and H are Hopf algebras with antipodes Sp and Sy, then ByxH is
a Hopf algebra with an antipode which is, for b € B and h € H, given by

Spaa(b®h) =Y Sp(*b) ® Su(“h).

Proof. See [2, Corollary 4.8] for the first part. To show that Sp_m is an antipode of
B,xH we compute, for all b€ B,h € H,

(SBmH *I)(b@h) = ZSBMH(b(l) QY h(l))( b( )®h(2))
> [SB(*ba)) @ Su(“(“h@)(“be) @ hy)
> SB(“b1))“bay ® Su(“(“hay))h2)

2.1(4) wh "
=" 2 SB((“D)1))(“b)2) @ Su(“hay)h)
2.1(1
29 >_en(b) @ Su(hay)h
= ep(b)en(h).
Similarly, we can verify that (I * Spxm)(b ® h) = ep(b)er(h). This completes the
proof. O

Definition 2.3 Let B and H be bialgebras, a linear map w: B® H — H ® B is called
right normal, if w satifies the right normal condition, for all h € H,

w(lp®h)=h®1p. (%)

Example 2.4 (1) Let B and H be Hopf algebras, w =1ppg : B&® H — H ® B be the
switch map. Then B, ,xH = B ® H is the usual tensor product of Hopf algebras B
and H.

(2) Let B, H be Hopf algebras and B a left H-comodule bialgebra with left comodule
structure map p : B — H ® B, p(b) = >.b1) @ b<?> such that > hbM) @ b<?> =
S bMWh @ b<?> forallbe Band h € H. Let
w:B®H — H® B, b®h+—>2b(1)h®b<2>.

Then B,xH = B x H is the usual smash coproduct Hopf algebra from Molnar [7].



(3) Let B and H be Hopf algebras, B an H-bicomodule coalgebra with left comodule
structure map p; : B — H ® B, pi(b) = 3. bM) @ b<*> and right comodule structure
map p, : B — B® H, p.(b) = Sb<"> @ b such that four additional conditions
hold. Define

w:B®H - H®B,b®h— Zb(l)hSH(b<2>(2)) & H<2><1>

Then B,xH = B x, H is the twisted smash coproduct Hopf algebra of B and H
(see [12, Theorem 2.4] for detail).

(4) Let B and H be Hopf algebras, R = 3. RV @ R?) € B ® H an invertible element
such that

(i) S ep(RMRP = 14,5 RWey(RP) = 1p;
(ii) ZAB(R(l)) ® R®? = ZR(l) ®r) @ R 7@,
(i) SSRW @ Ay(R®) =S ROrM g r@ g RG).

Consider the map
w:B@H—-H®B, boh— Y R e RVUW,

where R°! = U = S, UM ® U®. Then B,xH is an w-smash coproduct Hopf
algebra.

Notice that the linear maps w in (2.4)(1)-(3) are right normal (Definition 2.3) and the
linear map w in (2.4)(4) is not right normal unless H is commutative. In fact, in the latter
case, for all h € H,

w(lg ®h) = ZR(2)hU(2) @ ROy®) = ZR<2)U(2)h @ ROUW = h @ 15.

In what follows we will only consider the w-smash coproduct Hopf algebras B, ,xH
for which the linear maps w are right normal. The next lemma gives some properties of
B xH for this case.

Lemma 2.5 Let B,xH be an w-smash coproduct Hopf algebra with a right normal linear
map w. Then for allbe B and h € H,

(1) Y “lgh®“b=>“h®@%“ = > hlg @b
(2) Y YIE¥lg @%bay®@“be = > “1g @ (“b)a) @ (“D)(2)
=Y “Ig®1g ®“ba) @ “ba).
Proof. Since w is an algebra map, for all a,b € B and h,g € H,
w(ab® hg) =w(a® h)w(b® g), that is
Z“’(hg) ®“(ab) = Z“’hwg ® “a®b.
Putting h = 1y, and b = 1p in the equation above and using the right normal condition

(%), we obtain Y “lpg ®“a =) “g ® “a. In a similar manner we can get Y “h ®“b =
Y h¥1g @ “b. Thus (1) follows. Putting h = 1 in (2.1)(4), we get

Yl @ () ® (D)@ = D “(“1n) ® “b) @ “ba)-
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Referring to (1) we now obtain (2). 0

Next we recall the definition of a braided Hopf algebra from [5] and give some new
definitions.

Definition 2.6 A braided Hopf algebra is a pair (H, o), where H is a Hopf algebra over
R and 0 : H® H — R is a linear map satisfying, for all z,y,z € H,

(BR1) o(zy,2) =3 o(z,201))0(y, 2(2));

(BR2) o(lg,z)=c(x);

(BR3) o(z,y2) = o(z1), 2)o(x(2), Y);

(BR4) o(z,1py) =c(x);

(BRS) Y o(w1), y1))T@¥2) = 2o ¥1)T1)o(T2), Y2))-

As a consequence, we notice that o is convolution invertible with o=!(z,y) = o(Sy (), y).

Definition 2.7 Let B, H be Hopf algebras and v : B® H — R a linear map. (B, H,u)
is called a dual compatible u-Hopf algebra pair if, for all a,b € B and h,g € H,

(pcl)  wu(ab, h) = > u(a, hiy)u(b, h));
(DCQ) u(lB,h) —€H(h),

(De3)  u(b, hg) = > u(ba), h)u(ba), 9);
(DC4) u(b, 1H) = €B(b)

Clearly, u is convolution invertible with u=1(b, h) = u(Sg(b), h), that is, u is invertible
in Hom(B ® H, R) which means, for all b€ B, h € H,

(u * uil)(b ® h) = Z u(b(l), h(l))ufl(b@), h(2)) =ep(b)en(h) = (uil xu)(b® h).

Definition 2.8 Let B, H be Hopf algebras with linear map v : H ® B — R. Then
(H, B,v) is called a skew dual compatible v—Hopf algebra pair if, for all a,b € B and
h,g € H,
(SDC]') (hgab) Zv(ha b(?))v(g7b(1))7
(SDCQ) 'U(IH )—EB(b)'
(spc3)  wv(h,ab) = > v(hy,b)v(h), a);

(sbcd) w(h,1p) =cu(h).
Clearly, v is convolution invertible with v='(h,b) = v(S5"(h),b) provided the antipode
S of H is bijective.

(%

Definition 2.9 Let B, H be Hopf algebras, w : B H — H®B a linear map satisfying the
conditions in Proposition 2.1, (B, H,u) a dual compatible u—Hopf algebra pair, (H, B, v)
a skew dual compatible v—Hopf algebra pair. Given a linear map p : B® B — R, the pair
(B, p) is called a (u, U)—weakly braided Hopf algebra if, for all a,b,c € B,

(WBR1) p(ab,c) = > plaqy, cy)ulac),“1r)p(b,“c2));

(WBR2) p(1p,b) =e(b);

(WBR3)  p(a,be) =3 plaqy, c))v(“1m, c2))p(Pac), b);

(WBR4) p(b,1p) =¢€(b )

(WBR5) > byayplag), be)) = 2 plaqy, bay) ulag), “1m) v(“1m, b)) “a)“b)-



For the linear map p: B ® B — R, we have the following

Proposition 2.10 If, with the above notation, (B,p) is a (u,v)-weakly braided Hopf al-
gebra, then for all a,b € B,

> " plaqy, bay)ulag), “10)p(Splag), “be)) = ep(a)ep(b).

Proof. This follows from the equalities, for all a,b € B,

S plaqy, bay)ulagy, “1)p(Ss(as), “bey) 2 S plag) Sp(ag), b)

WEBR2 _ (@)en(b).

Notice that (u,v)-weakly braided Hopf algebras generalize braided Hopf algebras as
seen from the following examples.

Example 2.11 Let (B, o) be a braided Hopf algebra, H any Hopf algebra with a linear
map w: B® H — H ® B satisfying the conditions in Proposition 2.1. Take u = ep ® ey
and v = eg ®ep. Then it is easy to see that (B, H,u) is a dual compatible u-Hopf algebra
pair, (H, B,v) is a skew dual compatible v-Hopf algebra pair and (B, o) is a (u, v)-weakly
braided Hopf algebra.

Example 2.12 Let H = B be a Hopf algebra and w = 75 the switch map. Then a braided
Hopf algebra (B, o) is just a (u,v)-weakly braided Hopf algebra, where u = v =ecp ®e¢ep
are linear maps as in the Definitions 2.7 and 2.8.

3 The braided structure of B xH

In this section B and H will be Hopf algebras with linear map w : B® H — H ® B which
is right normal and such that B,xH is an w-smash coproduct Hopf algebra.

Let (By,xH,o) be a braided Hopf algebra, where o : (By,xH) ® (B,XxH) — R is a
linear form. For all a,b € B and h,g € H, define

p: BB — R, pla,b)=0(a®1yg,b® 1y);
T:H®H — R, 7(h,g)=0(lp®h,1p®g);
u:B®H — R, u(b,h)za(b@lH,lg(X)h);
v:H®B— R, v )

The following properties are easily derived.

Proposition 3.1 With the above notation, if o satisfies the conditions (BR2) and (BR4),
then, for allb € B and h € H,

(1) p(1p,b) = £(b) = p(b,1B);

(2) 7(Lg,h) =e(h) =7(h,1n);

(3) u(lp,h) = e(h), u(b, 1) =¢e(b);
(4) v(1g,b) =(b), v(h,1p) =e(h).

7'1H



Proof. The proof follows by direct calculations. O

Proposition 3.2 Let (B,xH,o) be a braided Hopf algebra with o a bilinear form on
B,xH. Then for all a,b € B and h,g € H,

(1) X20(1p®@h, by @“1h)“ba) = 2_buyo(ls @ h, by @ 1h);
(2) Z (b( )®W1H713®h)wb Zb O'(b(2 ®1g,1p ® h);
(3) o(a®h,b®g) =3 p(a b(1) 2),9(2)) v(h), b)) (R, 9(1))-

Proof. By (BR5), we have
>oola) ® wh( 1): b1) ® “9(1)) (Y a2) b2) ® h2)9(2))
= 2.(bya) ® “g9)“hw))o(Pag) © he), be) @ g2)-

Put a =1p,9 =1y in (3.1) and apply (Ip ® e7) to both sides of (3.1), then (1) follows.
(2) is seen by putting b = 15, h = 1y and then applying (15 ® €7) to both sides of (3.1).

For (3) we need some more computations. By (BR1) and (BR3), for all a,b,da’,b' € B
and h,g,h’', g’ € H, we have

olad’ @ hh/ bV ® g¢') = oc((a®@h)(d @h),bxg) (b @7))
R1
= > o(a@h, (0@ g)n ' @¢)q)old @K, (b&g)e (' @g)e)

PR3 S (@@ b)), (0 ® ¢) ) ol(a ® k), (b g) ) -

(3.1)

o((a" @1 )y, 0" @9 )2) o((a' @ 1)), (b® g)))
(3:2) = Y olag) @“hay, b ®° 9<1>> o (“a@) @ h(), by ® “ga)) -
a(afyy @ "hiyy, “bg) ® glg)) 0(“a(y) ® hig), by @ g2))-

Putting a =b = 1,9 = h = 1 in (3.2), we get

0(a'®h,b®g') = ZO’(IB ®wh(1),1B®a}gél)>U(WlB®h(2),b(l)®w1H)-
O'(al(l) & le,wlB ®g£2)) O'(wab) & 1H,wb(2) &® 1H)

= Za(lB®h(1)7lB®921))U(1B®h(2),b(1)®w1H)'
o(afyy ® 1,15 @ g(y)) 0(“ay) © 11, “ba) @ 1u)

3.2(1,2) Z o(1p ®h(1), 15 ® ggl)) o(1p ® hez),be) ® 1m) -
o(afy) @ 1, 1B @ g(yy) o(a(y) @ 11, by @ 1x)
= Zp(a/(1)7 b(l))u(a’(2) ) QEQ))U(h(z), b2))7(h(1), 9E1))-
This completes the proof. O

Proposition 3.3 Let (B,xH,o) be a braided Hopf algebra. Then o can be decomposed
to

o(a@h,b®g)=> plagy b)) ulae), ge) v(he) be) T(ha), 9a))
such that p, T, u,v satisfy for all a,b € B, h,g € H,



(1) >2bayulbey, h) = > ulbuy, h))7(“1m, b)) by

(2) 22bayv(h, b)) = Yo v(h), bay)T(hay, “1m)be);

(3) 2o ulbs hay)he) =22 ha)“Lau(“b, he));

(4) Zv(h(1)7b)h(2) = > v(h2), “b)“1rh)y;

(5) pla,b)lg = > “1g“1up(¥a,"d);

(6) >_pla,bay)v(h, b(z ) =>_plaq), (1))U(a(2 Lg)v(h, “bea));
(7) Yop(agqy,b)ula), h) = > plaqy, bay)v(“Lm, bay)u(¥ae), h);
(8) Y- ula, hey)T (gahu)) > ula, 1)7(9771 )i

(9) Y v(hy, a)t(h), 9) = Do v(hay, a)T(h), g)-

Proof. Since o satisfies (BR5) and has the decomposition

o(a®@h,b®g) =Y plag),buy) u(aw), g9e2) v(he), be) T(hay, 90)),
the equation (3.1) takes the form
Yo plaqy, bay) ulae), (“9a)) @) v(“ha)) @) b))
T((“hy) ), “901)) ) - (Pa) @by @ hiz)ge))
= > (bwyan) @ “gu)“hwy) - p((“a@)) ), (“be) @)
u((“a@)2):93) v(ha): (“b2))(2) T(h2): 9(2)-

Putting b = 1p,h = 1 in (3.3) and applying (Ip ® ) to both sides of (3.1) we get (1),
and applying (ep ® Iyr) we get (3). Put a = 1p,9 = 1y in (3.3); then applying (Ip ® €p)
and (ep ® Ig) to both sides of (3.3) yields (2) and (4), respectively. Put h = g = 1p in
(3.3); then applying (Ip ® i) to both sides yields (5).

By (BR1) we have

oc((a®@h)(b®g),cxl) = Z o(a®h,cqy®“lq))o(b®g,“co) @ o).

Using the decomposition of o, the above equation takes the following form.

(3.3)

2o playbay, cqy) ulae)be), L)) v(h@)92), ¢2)) T(haygay, L)
= > plaqy, cay)ula), (“lay) @) v c@) T(hay, (“lay) a))- (3.4)
p(bay, (“ez)))) ulbey, l3)) v(9¢2), (“e3)) @) T(901)5 L2))-
Putting h =1 = 1p,b = 1p in (3.4) yields (6), and putting b =c = 1p,h = 1 in (3.4)
yields (8). By (BR3) we have
a@@h,(b@g)(c®l) = olan) ®“hayc@Do(*a@) @ hz),b® g).
Using the decomposition of o, the above equation takes the form
2 () bayey) wa@): 92)l@) v(h), byc@) T(hay, 90yl
= Ep(au), cay) wlay, L)) v((“hay) @), ce) T((Chay)ay, Lay): (3.5)
p((“ag)) ), bay) w((“agy) 2)s 9e2)) v(h3), b)) T(h2y, 9(1))-

Putting h =1 = 1g,b = 1p in (3.5) yields (7), and putting a =b = 1p,l = 1y in (3.5)
yields (9). This completes the proof. O



Proposition 3.4 Let (B,xH,o) be a braided Hopf algebra with

a(a®@hb@g)=> plag),bay)ulae), 9e)v(he), be)T(hay 9a))

for alla,b € B and h,g € H. Then
(1) (H,7) is a braided Hopf algebra;
(2)
(3) (H,B,v) is a skew dual compatible v-Hopf algebra pair;
(4)

(B, H,u) is a dual compatible u-Hopf algebra pair;

(B,p) is a (u,v)-weakly braided Hopf algebra.

Proof. (1). Condition (BR2) and (BR4) follow from Proposition 3.1(2). Putting a = b =
c=1pin (3.4) yields

7(hg, 1) =Y 7(h,11)7(g,12))

and so (BR1) holds. Putting a = b =c = 1p in (3.5) yields

7(h,gl) =Y 7(h),9) T(hay, 1)

and so (BR3) holds. Putting a = b = 1p in (3.3) and applying (e ® I) to both sides
yields

7(hay, 901))P@)9¢2) Zg 17 (), 9¢2))

and (BR5) holds. Thus (H, 1) is a braided Hopf algebra.
(2). Condition (Dc2) and (pc4) follow from Proposition 3.1(3). Putting ¢ = 1p,
h=g= 1y in (3.4) yields

u(ab,l) = ZU(CL,Z(I))U(Z), l(2))
and so (Dc1) holds. Putting b=c=1p5,h = 1y in (3.5) yields
ula,gl) = > ulagy le) 7“1, 1) u(ag), 9)
3.3(1)

= Zu(a(g),l) U<a(1)ag)

and (Dc3) holds. Thus (B, H,u) is a dual compatible u-Hopf algebra pair.
(3). (spc2) and (spc4) follow from Proposition 3.1(4). Putting a = b = 15,1 = 1y
in (3.4) yields

v(hg,e) = Y vl cay) T(hay, “1m) v(g, “c2)

3.3(2)

=7 > (b, c@)) vig.cqy)

and thus (spcl) holds. Putting a = 1,9 =1 = 1g in (3.5) yields

v(h,be) =Y v(hqy, ¢) v(h), b)

and (sDc3) holds. Thus (H, B,v) is a skew dual compatible v-Hopf algebra pair.



(4). (WwBR2) and (WBR4) follow from Proposition 3.1(1). Putting h =g =1=1p in
(3.4) yields

p(ab, c) Zp a),c (a@): “1m) p(b,“c(2))
and (WBR1) holds. Put h=¢g=1=1p in (3.5) to obtain
pla,be) =Y plag (“1m, c2)) P(Yaz),b)

and (WBR3) holds. Put h = ¢ = 1 in (3.3) and apply (Ip ® €g) to both sides to get

> bayaay plagy, b))
= > plaq), bay) ulaey, (Y1) ) v((“Lu)2), b)) T((“1m) 1y, (1)) “a)“bes)
2. 1(3) w w w w w w (W
Y- play, bay) ulagy, “1a) v((“1H)(2), b2)) T((“1m) ), “1H) “a@) ™ (Vb))
=" > plaqy, bay)ulage), ") v(“1m,b(3)) “acs) b,

and so (WBR5) holds. Thus (B, p) is a (u,v)-weakly braided Hopf algebra. 0

We now discuss the sufficiency of the conditions in the following theorem.

Theorem 3.5 Let B,xXH be an w-smash coproduct Hopf algebra and assume that

(H,T) is a braided Hopf algebra,
(B, H,u) is a dual compatible u—Hopf algebra pair,
(H, B,v) is a skew dual compatible v— Hopf algebra pair, and
(B,p) is a (u,v)-weakly braided Hopf algebra
such that the conditions (1)-(9) in Proposition 3.3 are satisfied.

Then (B,xH, o) is a braided Hopf algebra where , for all a,b € B, h,g € H,
o(a®@h,b®g) =Y plaq),bu)) ulae),g9e) v(he), be) T(hay, 9a)-
Proof. It is not difficult to verify that, for all b € B,h € H,
o(lp®@ 1y, b@h)=0(b®@h,1p® 1) =cp(b)er(h).

Thus (BR2) and (BR4) hold and it remains to show that (BR1), (BR3) and (BR5) are
satisfied for o. To prove (BR1), it suffices to show that for all a,b,c € B, h,g,l € H,

U((a Rh)(b®g),c® l) = ZU(CL ® h, c1) @ wl(l))a(b ® g,wc(g) Y l(g)).
To this end we compute

c((a@h)(b®g),cxl)
= Zp(au)b(l), cay)ulaybey, L)) v(h2)g2), ¢2))T(h)ga), 1))

BR1,DCl,sDC1
= > plagybays cay)ulag), Le)ulbe), L )v(ge): ¢2))v (b)), ¢@)
7(hay» L)) (901), L2))
3.3(8)

= > playbay, cay)ulag), Lgy)ulbe), L) v(ge) c@))v(he), ¢@)

10



w
w
—~
=)
=

w
w
—~
)
~

T(hay, L)) 7T(901), U3))

> plagbays cy)ulag)be), “La)ulags): Lo))ulbs), )
v(92), “e2))v(h2)s ¢3)) T (h1ys L)) T(901)- (3))

> plamybay cay)ulag), (“1a) ) ulbe), (“1r) )
u(ag), L2))ulba)s la))v(92), “c2))v(h), c3) TRy, L) T(901): L(3))

> plagy, cayulae), “1m)p(bay, “ee))ulas)y, (“1g)q )
u(beay, (“11) 2 ) ( ) L2)u(b)s Lay)v(9(2),
vlhz), c@))T (h<1)al(1>) (901 (3)

> plaqy, cayulagy, “La (1) 1))pba), “c@)
u(b2y, (“1u)(2))u (a(3 Li2))u(bays La))v(92), “c(3))
v(h), (>)T(h<1>al<1>> (900 (3)

> plaqy,cayulag), “1a*1m)plbay, e2)
w(bay, “La)ula), L)) ulb), Lay)v (9(2),@(“’0(3)))
v(h), c@)T (hu)al(l)) (901): Uia)

> plaqy, cay)ulag), “1a)p(bay, (“e@)ay)ube), “1m)ulag), 2)
u(bzy, lay)v(9(2), Q(WC@))@)) v(h(2), c3))T(hay, lay)T(90), l3))
> plaqy, cay)ulag), “1a)p(bay, (“e@)ay)ula), l2)

u(b(2), l(4))v(9(2)» ( @)2))v(h 2),0(3))T(h 1)75 NT(91)5 1(3))
ZP aqy, cy)ulay, “1a)p(bay, (“(Ye )) Dulay, Ly ulbeay, L))
v(g2), (“(Me)))2)v(h(), c))T(h2 )T(hu),l NT(901), L3))
> plaqy, cayulag), (“1m)@)p(ba ( 0(3)) yulaey, L2))ulbey, lay)
v(g2), (“c(3))(2)v(h(3), c2))T(h(2), (“1) 1)) T (R, L1))T(901), (3))
> plaqy, cayulag), (1) @)l2)pba), (“c@)a)ube), L)
v(g(2): (“e3))2))v 2y, c2)T(henys (1) 0)l))T(901), L3))
> " plaqy, cayulag), (“Iay)e)pbay, (“e@) )ulbe), ls))
v(g(2), (“e3))2))v 2y, c2)T(h(nys (L)) 1)) 7(901), L2))
D (@@ h,cq) @la)o(d @ g, “c@) @ ).

In a similar manner, we can show that (BR3) is satisfied for o. To prove that (BR5)
holds it suffices to show, for all a,b € B,h,g € H,

> (bayag) @

®"Y <1>”h< ) o(“a
1), by @ “gay) (¢

@) © h(2), “b2) @ 9(2))

a(2)"b2) ® h(2)9(2))-

=2 _ola

11



In fact we have

>_(byaa) ® “gay“hay) o(“a@) @ h), "be) ® g2))

(]

(bayay ® “g)“hay) P((Ca@) ), (Yo2)) 1))
(Yag@))(2), 93)) v(he), (“bay)2)) T(h2), 9e2))

2.1(4) ” 0
= > (bayaq) @ “(“g0)* (“h)) p(ae), “bz)

e

u(“a), 9(3)) v(h), b)) T(h2), 9(2))
25(1) ] w w w
= ) bwew ® g 1a" 15 ha)) p(a@m), “be)
u(“a), 9(3)) v(h(), b)) T(h2), 92))
3.3(5)
=7 bmaay © Ygay“hay) plag), be >)
u(“as), 93)) v(hs), “bs)) T(h2), 9e2))
2.5(1
2 > (bayaqy ® “1uga h(l)le)p( )
u(“a), 9(3)) v(h(z), b)) T(h2) )
BRH w
= 2(5(1 ) @ “Irh(2)9¢2)° 1) plag), b))
u(“a), 9(3)) v(h(), b)) T(ha), 90 )
3.3(3,4
G0 Z(bu )P(a 2),5(2)
u(ags) ( @) T(hay, 901))
WBRb w w
=) (“ag b(z)®h(3)9 )P (a(u (1) u(agg), " 1m)
v(“1m, b)) ulawy, 92)) v(h2), bay) T(h(1y, 901))
sDpcC1 w w
=) (Y be) ® hyge) plagy, bay) ulae), 1a)
v(h(2)“1m, b)) wlawy, 9e2)) 7(h(1ys 9(1))
2.5(1) w
= (Ya@)“be) ® heygs) plag): bay) ulage), “1k)
v(h(2) 1, b3)) wlagy, 9¢2)) T(h(1ys 9a1))
3.3(1) " w
=Y ((Paw) be) ® he)gw) plaay, bay) ulag), 1)
v(“1gh),b 3)) u(ag), 93)) T(“1m, 9¢2)) T(h(1y, 901))
BR1 w w
=0 (“Faw)be) ® heyge) plag), bay) ulag), 1)
v(“1rh), b)) wlas), 92)) T(“1rhay, 9a))
2.1(3) w w
=7 ) (Pawbe) ® hyge) plagy, bay) ulae), 1)
v((“1u)@2)h2), b)) ulas), 9@2) 7((“1m)yhay, 901))
33(2) w w (W w
=7 (Yaw“( b(3))®h @93)) Plaqy, bay) wlae), 1n)
o((“1a) 3yhs), b)) T(“1m) @) hi2y, “1m) ulags), 9¢2))
((“1m)a h(l) )
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BR3 w w

= D Caw®( b<3>)®h<> ) Plaq); by) wla), “1u)
o((“1a) @yh2), b)) T((“1m) (1yhay, “1rg0)) ulag), 9@)

2.1(3) " y

=7 ) (Paw b ® hyge) plagy, bay) ulaey, (Y1) @)
v((“Lr)2)h2), b)) T((“1r)myhay, (“1a)@)90)) wlas), 9e2)

DC3 w w

=7 (Yag, b(3)®h(3)9( y) plaqy, bay) ulag), (“1r)2)9¢2))
v((“1m)@2)h2): b)) 7((“1m) (1yhay, (Y1) (1)90))

2.5(1) " w

=7 ) (“agE) b ® heyge) plaay, bay) ulae), (Y90) @)

v((“h(1y)(2)5 b2)) T((“h(1 ))(1) (“9a))))
= Za(am@ hys by © “9))(Mae2) bz) @ hz)g(2)-
Finally, we conclude that (B,xH, o) is a braided Hopf algebra. O

Combining the Propositions 3.2, 3.3, 3.4 and Theorem 3.5, we obtain the main result
of this section.

Theorem 3.6 Let B,xXH be an w-smash coproduct Hopf algebra. Then the following are
equivalent:

(a) (BuXH, o) is a braided Hopf algebra;
(b) for all a,b € B and h,g € H,

o(a®@h,b®g) = plag),buy) u(aw), g9e2) v(he), be) T(hay, 90)),

H,T) is a braided Hopf algebra,

B, H,u) is a dual compatible u-Hopf algebra pair,

H, B,v) is a skew dual compatible v-Hopf algebra pair,
B,p) is a (u,v)-weakly braided Hopf algebra, and

p, T, u,v satisfy the conditions 3.3(1)-(9).

and

(
(
(
(

4 Applications

In this section, we will discuss some applications of Theorem 3.6.

Let B and H be Hopf R-algebras, B a left H-comodule bialgebra, we know from
Example 2.4(2) that the usual smash coproduct Hopf algebra B x H can be viewed as a
special case of an w-smash coproduct Hopf algebra B,xH, where the right normal linear
map w: B®H — H® B, is given by w(b®@h) = S b6MWh®b<?>, for b € Band h € H. So,
we can repeat the Definitions 2.7 - 2.9 in terms of the usual smash coproduct. Especially,
Theorem 3.6 takes the following form.

Theorem 4.1 Let B x H be a smash coproduct Hopf algebra. Then the following are
equivalent:

(a) (B x H,o) is a braided Hopf algebra with o a bilinear form on B x H;

13



(b) for all a,b € B and h,g € H,

o(a®@hb®g)=>_ plag),bay)ulag), 9e)v(he), be)T(hay 9m);

(H,7), (B,H,u), (H,B,v) and (B, p) have the properties as in Theorem 3.6(b), and

(1) S bayulbe), h) = X ulbay, b)) (bay M, hay)be)y <>
(2) v(h, b(2>) =X (h(2> b( D7(hay, by Db <2
(3) Whe) = 2 b Du(d<?>, hy);
(4) )h(2) = > v(h), b=, )bWhy;
(5) pla,b)ly = Zb(l)a(l) (a<27,0%27);
(6)

(7)

(8)

(9)

™ ™
s

a,b1y)v(h, b)) = 3 p(ag), bay)u(a), bay ™M )v(h, by <*);
h) = >_plaqy, bay)v(ag) (1) b yula)<*>, h);
a,h(z)) ( 1)) dou (a h 1W)7(9: he2));
)= > v(h >G)T(h(2),g)~

Similarly by Example 2.4(3), Theorem 3.6 takes the following form for the twisted
smash coproduct.

h), a)T(h(1), g

Theorem 4.2 Let B x, H be a twisted smash coproduct Hopf algebra. Then the following
are equivalent:

(a) (B x, H,0) is a braided Hopf algebra with o a bilinear form on B x, H;
(b) for all a,b € B and h,g € H,

ola®@h,b®g) = ZP(CL@), bay)ulage), 92))v(h2), b)) 7(hay, 901));

(H,7), (B,H,u), (H,B,v) and (B, p) have the properties as in Theorem 3.6(b), and
for p,T,u,v,

(1) > bayulbey, h) = > u(bny, h(g))’l’(b(g)(I)SH(b(2)<2>(2))’ h(l))b(2)<2><1>;
(2) S bayvh, b)) = 3 v(hay b)) T(hay, by S (bay =2 @))bg) <2 <1>;
(3) 2o ulb,hry)he) = Zh(1)b(1)SH(b<2>(2))u(b<2><1>, h);
(4) o v(hy, b)ha) =3 b(l)SH(b<2>(2))h(1)v(h(2)’ p<2><1>).
(5) p(a, b))l = S bW Sy (b<2>2)q(M) G4 (a<2>@)p(q<2><1> p<2><1>).
(6)

6 Zp(a,b(l))( ) ZP( 1), ) (a(z),b(g)(l)SH(b(2)<2>(2)))
(h, (b(2)<2><1>);

3

<

(7) X plaqy, bulagg), h) = 3 plagy, bay)v(ae VS ((a@ 2P, b))
u(a(2)<2><1>, h);

(8) Z u(a, h(2))7-(gv h(l)) - Z U(a, h(l))T<gv h(2));

(9) Zv(h(g), G)T(h(l)yg) = Zv(h(l)a G)T(h(z)yg)
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Any commutative Hopf algebra H has a trivial braided structure 7(h, g) = eg(h)em(g),
for all h,g € H, and this yields the following.

Theorem 4.3 Let B,XH be an w-smash coproduct Hopf algebra with H a commutative
Hopf algebra. Assume that (B, H,u) is a dual compatible u-Hopf algebra pair, (H, B,v) is
a skew dual compatible v-Hopf algebra pair, (B,p) is a (u,v)-weakly braided Hopf algebra,
and that, for a,b € B and h € H,

(1) D2byulbeay, h) = > ulbay, h)be);

(2) Xbq) (h b)) = > v(h,b))ba);

(3) 2o ulb, hayh@) =22 ha)“Lau(¥d, he));

4) > v(hqy, b)h(z) = > v(h),“b)“1uhqy;

(5) pla,b)ly = Z“’lH“’al(“’a,“’b);

(6) >_pla,bay)v(h, b(z ) = >_plaq), bay)ulae), “1m)v(h, “bw));
(7) Xoplaqy, b)ula), h) = > pagy, bay)v(“1m, bey)u(“ac), h).

Then (B,xH, 0) s a braided Hopf algebm with the bilinear form
oc:B,XH®B,xH — R, oc(a®h,b®g)= Zp(a(l), bay)u(agz), 9)v(h, b)),
for alla,be B and h,g € H.

Proof. Take 7(h,g) = eu(h)eu(g), for all h,g € H. We always have that (H,7) is a
braided Hopf algebra and the conditions 3.3(8)-3.3(9) hold. In this case, the conditions
3.3(1) and 3.3(2) change to 4.3(1) and 4.3(2). Thus we have that p, u,v, T satisfy the all
conditions in Theorem 3.5 and we conclude that (B,XH, o) is a braided Hopf algebra. O

Theorem 4.4 Let B,xH be an w-smash coproduct Hopf algebra, and assume (H,T),
(B,p) to be braided Hopf algebras such that, for a,b,€ B and h € H,

(1) Xben(h) =227(“1m, h)“b;
(2) Xben(h) =227(h,“15)“b;
(3) pla,b)la =32 "“1u“1y p(*a,"b).
Then (B,xH, o) is a braided Hopf algebra, with bilinear form

0:ByxH®@ByxH — R, ola®@h,b®g) =Y pla,b)7(h,g),
for alla,be B,h,g € H.

Proof. By assumption, (H,7) and (B,p) are braided Hopf algebras. With the linear
forms u = ep ® ey and v = ey ® ep, we always have that (B, H,u) is a dual compatible
u-Hopf algebra pair, (H, B,v) is a skew dual compatible v-Hopf algebra pair, (B,p) is
a (u,v)-weakly braided Hopf algebra, and the conditions 3.3(3)-3.3(4) and 3.3(6)-3.3(9)
hold. In this case, the conditions 3.3(1), 3.3(2) and 3.3(5) take the forms 4.4(1), 4.4(2)
and 4.4(3). Thus we have that p,u,v, 7 satisfy all conditions in Theorem 3.5 and from
this we conclude that (B,xH, o) is a braided Hopf algebra. 0

Combining Theorem 4.3 and Theorem 4.4 we get the
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Corollary 4.5 Let B,xH be an w-smash coproduct Hopf algebra, H a commutative Hopf
algebra, and (B,p) a braided Hopf algebra such that, for a,b € B,

p(a’ b)lH = Zaleal(wavajb)‘
Then (B,xH, o) is a braided Hopf algebra, with bilinear form
0:BusH®BuH - R, (a®h)®(b®g) =Y pla,ben(h)eu(g),

for alla,be B,h,g € H.

5 Examples

To end our paper we construct explicit examples of w-smash coproduct Hopf algebras over
a ring R. First assume that 2 is invertible in R and let B = Hy be Sweedler’s 2-generated
Hopf R-algebra (see [8]). This is a free R-module with basis 1, g, x, gz and as an algebra
it has the generators g and x with relations

=1, 22=0, zg = —gu.
The coalgebra structure and antipode of Hy are given by
Alg)=9g®g, Alz) =z®g+10, Algr) =gz ®1+g® g;
c(g) =1, e(x) =0, e(gz) = 0;  S(g) =g, S(z) = g=.

Let H = RZsy be the (group) Hopf algebra [11], where Zs is written multiplicatively as

{1,a}.
Lemma 5.1 Define a linear map w: BQ H — H® B by

w: 1p®1lyg — 1p®lp, 1p®a — a®lp

g1y — 1lp®g, ¢g®a a®g
r®ly +— a® ez, r®a +— 1lgp®x
gr®ly — a®gr, gr®a — lg® gz

Then B,XH is an w-smash coproduct Hopf algebra and w is right normal.

Proof. A direct calculation shows that w is well defined, conormal, comultiplicative
and an algebra map. By Proposition 2.2, we see that B,xH is an w-smash coproduct
Hopf algebra. It is obvious that w is right normal. O

We prepare to compute braidings of B,xH. For this we need

Lemma 5.2 Let B= Hy, H = RZo and w the linear map defined above. Then
(1) (RZ2,7) is a braided Hopf algebra, where T : RZy ® RZo — R is given by

7|1 a
11 1
all -1



(2) (Hy, RZ3,u) is a dual compatible u-Hopf algebra pair, where v : Hy ® RZy — R is
given by

(3) (RZg, Hy,v) is a skew dual compatible v-Hopf algebra pair, where v : RZo® Hy — R
s given by
v ‘ 1 g =z gz
1{1 1 0 O
all -1 0 O

(4) (Hy,p) is a (u,v)-weakly braided Hopf algebra, where p : Hy ® Hy — R is given by

p |1 g = gz
1 /1 1 0 O
g |1 1 0 O
z |0 0 0 O
gr |0 0 0 O

and p, T,u,v satisfy the conditions 3.3(1)-(9) (as in Theorem 3.6).

Proof. The proof is straightforward and left to the reader. O

Combining Lemma 4.6 and 4.7, we see that all conditions of Theorem 3.6 are satisfied
for B = Hy and H = RZy. Thus we have

Proposition 5.3 Let B = Hy, H = RZo and w the linear map given above. Then
(BuxH, o) is a braided Hopf algebra, where

o(a@h,b®g) = plagy ba)ulae), ge)v(he),be)7(ha), 9a))

s given by
o 1®1 1®a g®1 gRa z®1 xR®Ra gr®l grRa
1®1 1 1 1 1 0 0 0 0
1®a 1 1 -1 1 0 0 0 0
g®1 1 -1 1 -1 0 0 0 0
g®a 1 1 -1 -1 0 0 0 0
r®1 0 0 0 0 0 0 0 0
rT®a 0 0 0 0 0 0 0 0
gr®1 0 0 0 0 0 0 0 0
gr @ a 0 0 0 0 0 0 0 0

To find other braidings recall that if 2 is invertible in R, then Hy is quasitriangular
and selfdual. Using the Hopf algebra isomorphism Hy = Hj described in [9] at the end of
Section 2 (or specializing [10, Proposition 8]) we can compute all the braided structures
of H4.
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Lemma 5.4 For any o € R, (Hy,pa) is a braided Hopf algebra, where py, is given by

pa |l g =z gz
111 1 0 O
g|1l -1 0 O
z |0 0 o —«o
gr |0 0 a «

Moreover, for all « € R, p,, satisfies the condition (5) in Proposition 3.3.

Proof. This is proved by a direct computation. O

Observe that the assumption about invertibility of 2 in R is not necessary for computing
the braided structures of Hy. Since RZo is commutative, by applying Corollary 4.5 we
obtain a class of new braidings for H4,XRZ,.

Proposition 5.5 Let B = Hy, H = RZ2 and w the linear map given above. Then for all
a € R, (ByXH,o,) is a braided Hopf algebra, where

0a(a®@h,b®g) = pla,b)en(h)en(g)

s given by
Ou 1®1 1®a g®1 g®a z®1 z2®a gr®l gr®a
1®1 1 1 1 1 0 0 0 0
1®a 1 1 1 1 0 0 0 0
g1 1 1 -1 -1 0 0 0 0
g®a 1 1 -1 -1 0 0 0 0
T®1 0 0 0 0 « « - -
rT®a 0 0 0 0 « « -Q Ne!
gr®1 0 0 0 0 « « « o
gr®a 0 0 0 0 «a « «a «

By Lemma 4.7(1), RZs has a (unique) non-trivial braided structure 7 (see also [10]). If
the characteristic of R is 2, then 7 satisfies the conditions (1)-(2) in Theorem 4.4. Applying
now Theorem 4.4 we can compute a third braiding family o, € R for Hy,x RZo, where

Ua(a®h,b®g):Zp(a,b)T(h,g), for a,b € B, h,g € H.

But in this case (characteristic 2) 7 becomes trivial, so we are in the situation considered
above.
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