M-density, M-adic completion and
M-subgeneration

Toma Albu
Facultatea de Matematica, Universitatea Bucuresti
Str. Academiei 14, RO-70109 Bucuresti 1, Romania

e-mail: talbu@roimar.imar.ro
and

Robert Wisbauer
Mathematisches Institut der Heinrich-Heine-Universitat
Universitatsstrasse 1, D-40225 Diisseldorf, Germany
e-mail: wisbauer@math.uni-duesseldorf.de

Abstract

For left modules X, M over the unital ring R, the M-adic topology on X is
defined by taking as a basis of open neighbourhoods of zero in X the kernels of
all morphisms X — M* ke IN.

The aim of this paper is to study the relationship between the notions ad-
dressed in the title. We describe the M-adic completions of the modules X and
rR and display some of their module theoretic properties.

Adopting ideas from Leptin [6], for a given filter basis £ of submodules of M,
we investigate the ring of endomorphisms f of M with (L)f C L for all L € L.
It is shown that this ring is complete in the point-wise convergence topology
provided M is Hausdorff and complete in the topology determined by the filter
basis £. Taking for £ the filter of all submodules of M we obtain information
about alglat(M) (as considered in [2, 3, 4]).

The paper generalizes results from Fuller [2], Fuller-Nicholson-Watters [3],
Hauger-Zimmermann [5], Leptin [6], Menini-Orsatti [8], Vamos [12], Wisbauer
[13].
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Introduction

Let M be a left R-module over the unital ring R, and denote by o[M] the full sub-
category of R-Mod consisting of all M-subgenerated R-modules, a closed subcategory
of R-Mod (see e.g. [13, Section 15]). Any closed subcategory of R-Mod is uniquely
determined by a left linear topology on R and vice versa (cf. [11, p. 145] or [14]). In
particular, o[M] defines the filter of left ideals of R,

Fy ={I <gp R|R/I € o[M]},

which is the set of all open left ideals of R in the so called M-adic topology on R.

Similarly, an M-adic topology can be defined on any left R-module X, by taking
as a basis of open neighbourhoods of zero in X the set of all submodules X’ of X such
that X/ X' is finitely M-cogenerated. It is worth mentioning that for a two-sided ideal
I of R and gX finitely generated (in particular, if X = R), the classical I-adic topology
on X is precisely the M-adic topology on X, for M = @,>,(R/I").

In section 1 we collect some preliminaries. In section 2 we describe the M-adic
completion of any R-module X (resp. gR) and ask when this completion coincides
with X** (resp. R**), the double dual with respect to the module M.

Applying these results we observe in section 3 that the M-adic completion R is the
largest’ ring extension of R for which the categories o[z M] and o[z M] coincide.

In section 4 we study the R-module M with a given filter basis £ of submodules
of M. Adopting ideas from Leptin [6], we study the ring of Z-endomorphisms f of
M satistying (L)f C L for each L € L. We show that this ring is complete in the
point-wise convergence topology (induced from M) if M is Hausdorff and complete
in the topology determined by the filter basis L.

Taking for £ the filter of all submodules of M, the ring considered in section 4 yields
alglat(M) as studied by Fuller, Nicholson and Watters (see [3, 4]). We extend their
description of ’alglat’ of finite direct sums to infinite direct sums. Applying results from
the previous sections we provide more information about these notions. In particular,
we observe that alglat(M ™) is isomorphic to the M-adic completion of R.

Our results generalize and subsume observations of Fuller [2], Fuller-Nicholson-
Watters [3], Hauger-Zimmermann [5], Leptin [6], Menini-Orsatti [8], Vamos [12], Wis-
bauer [13].

1 Topological preliminaries

Throughout this paper R will denote an associative ring with nonzero identity, and
R-Mod the category of all unital left R-modules. The notation gM (resp. Mg) will
be used to emphasize that M is a left (resp. a right) R-module. Any unexplained
terminology or notation can be found in [1] and [13].
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Let kM be a fixed left R-module, and denote by E = End‘(zM) the ring of all
endomorphisms of the underlying additive group of g M acting on M from the left,
S = End(gM), and B = Biend(zgM) the ring of biendomorphisms of zM, i.e., the ring
End(Mg). Module morphisms will be written as acting on the side opposite to scalar
multiplication. All other maps will be written as acting on the left.

For any subsets L, F' C M we denote (L: F)={r € R|rF C L}. In particular,
for ICRanda€ R, (I:a)={re€R|racl}.

1.1 Finite topology. If X and Y are two nonempty sets, then the finite topology
of the set YX of all maps from X to Y, identified with the cartesian product Y¥, is
the product topology on YX, where Y is endowed with the discrete topology. For an
arbitrary f € Y a basis of open neighbourhoods of f consists of the sets

Vierany(f) ={g €Y g(z;) = f(z), Vi, 1<i<n},

where {z1,...,z,} ranges over the finite subsets of X.

For any Z C Y X, by the finite topology of Z we will understand the topology on Z
induced by the finite topology on YX.

In particular, for X = Y = M an R-module, we have the finite topology on the
set MM of all maps from M to M, and the finite topology of E = End‘(zM) is the
induced topology on E C MM,

1.2 Point-wise convergence topology. More generally, if Y is a nonempty topo-
logical space and X is any nonempty set, then the point-wise convergence topology of
Y is the product topology on Y (Y with the given topology). When the topology on
Y is discrete we obtain the finite topology on YX. By the point-wise convergence topol-
ogy of any Z C Y we will understand the topology on Z induced by the point-wise
convergence topology on Y.

1.3 M-dense subrings. If A and C' are two unital subrings of the ring £ =
End’(zM), with A C C, we say that A is M-dense in C, and we write C C A, if
A is a dense subset of C' endowed with the finite topology, where A means the closure
of A in E. This means precisely that for every finite subset {x1,...,2,} of M and for
every ¢ € C there exists an a € A such that

ax; = cx; foreachi, 1 <i<n.

1.4 M-(co-)generated modules. A left R-module X is said to be M-generated
(resp. M-cogenerated) if there exists a set I and an epimorphism M 0 X (resp.
a monomorphism X — M) ; in case the set [ is finite, then X is called finitely M-
generated (resp. finitely M-cogenerated). The full subcategory of R-Mod consisting
of all M-generated (resp. M-cogenerated) R-modules is denoted by Gen(M) (resp.

Cog(M)).
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1.5 o[M] and M-adic topology on R. A left R-module X is called M-subgenerated
if X is isomorphic to a submodule of an M-generated module, and the full subcategory
of R-Mod consisting of all M-subgenerated R-modules is denoted by o[M]. This is a
Grothendieck category (see [13]) and it determines a filter of left ideals,

Fy={I<gR|R/I €o[M]},

which is precisely the set of all open left ideals of R in the so called M-adic topology
on R. A basis of open neighbourhoods of zero in this topology is

By (R) = { Anng(F) | F a finite subset of M }.
It is easily verified that the inverse image under the canonical ring morphism
AMR—E, Nr)x=rx, TER, €M,
of the finite topology on E is the M-adic topology on R.
1.6 M-adic topology on X. More generally, for any gX, the set
Bu(X)={X'| X' <g X and X/X"is finitely M-cogenerated }

—{Ker(f)|f: X =M keIN}

is a basis of open neighbourhoods of zero in the M-adic topology on X. This topology
on X is Hausdorff separated if and only if X € Cog(M).

In case rX is finitely generated and M-projective, the set of all open submodules
of X in the M-adic topology is

{Ker(f)|f: X —=> N, Neo[M]}.
For rX = rR we regain the descriptions of F); and By, (R).

1.7 Hausdorff completion. For any X we shall denote by X, M (or X if no confu-
sion occurs) the Hausdorff completion, or shortly, the completion of X in the M-adic

topology,

X= lim X/X'
X'eBur(X)

The completion X of X is a Hausdorff separated complete left linearly topologized
R-module over the left linearly topologized ring R endowed with the M-adic topology,
the canonical map 7y : X — X is continuous, and Im(y) is dense in X.

Recall that if R is a topological ring and X is a topological left R-module, then X is
said to be a linearly topologized R-module if there exists a basis of open neighbourhoods
of zero in X consisting of submodules of X. In particular, a topological ring R is said
to be left linearly topologized if rR is a linearly topologized R-module.
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1.8 L-topology. Let L be a filter basis (inverse system) of submodules of M, i.e.,
a nonempty set of submodules of g M such that for each M;, My € L there exists an
My € L with My C My N Ms.

Such an £ defines a basis for the neighbourhoods of zero for a linear topology on
rM, called the L-topology of M. The resulting topological space, in the sequel denoted
by (M, L), is Hausdorff if and only if N, L = 0, which implies that M is cogenerated
by the modules of the set {M/L|L € L}. The other implication is not true. Take for
instance R = Z , M = Zs~ , and L = {T}, where T is the socle of M. Then (M, L)
is not Hausdorff, but M is M /T-cogenerated.

1.9 (M, £)-adic topology. Any filter basis £ of M defines a topology on the ring R,
called the (M, £)-adic topology, by taking as a basis of open neighbourhoods of zero
the set of left ideals of R

BMﬁ(R):{(LIFHLEE, FQMﬁnite}.

Since (L: F):r)=(L:7F) forany L,F C M and r € R, it follows that By, c(R) is
a basis of open neighbourhoods of zero for a left linear topology on the ring R.
Moreover, (M, L) is a linearly topologized module over the ring R endowed with the
(M, L£)-adic topology. Note that this topology on R is the coarsest left linear topology
which makes (M, £) a linearly topologized left R-module.
More generally, for any left R-module X, the (M, £)-adic topology on X is defined
by the set of submodules

Cre(X) ={Ker(f)| f: X =P M/L;, L,....,.L,e L, ne N}
i=1
as a filter basis. This is a Hausdorff topology if and only if X is cogenerated by
{M/L|L € L}. Note that for £ = {0} we regain the M-adic topology on X.

In particular, for X = gzR (or any finitely generated M-projective module), the
(M, £)-adic topology coincides with the M-adic topology, for M := @pc. (M/L).
In this case the (M, £)-adic topology on X also coincides with the weak topology of
characters of X (see [8]), i.e., the coarsest topology on X such that all elements of
Hompg (X, M) are continuous.

This observation does not apply to modules X which are not M-projective. Two
different filter bases £ and L, of submodules of M generating the same topology
on M may give rise to different (M, £;)-adic and (M, Ly)-adic topologies on X. For
example, take R=M =Z , X = Z,, L1 = {0} and for £, the set of all submodules
of Z. Of course, £L; and L5 determine the same topologies on Z. However, Z is
Hausdorff separated in the (Z, £5)-adic topology but is not Hausdorff separated in the
(Z, Ly)-adic topology.



M-DENSITY AND M-SUBGENERATION 6

2 M-density and M-completion of modules

In this section we investigate the completion of an arbitrary left R-module X with
respect to the M-adic topology.
Let gM be a fixed R-module and denote S = End(gM), B = Biend(gM). Then
M becomes in a canonical way a bimodule rMg. For any module gk X we use the
notation
X5 =Homg(rX, rRMs) and pX™ = Homg (X3, rMs) .

By ®x we denote the canonical R-morphism
Oy X — X, (0)®x)(f)=(2)f, ve€X, feX".
Note that for p. X = rpR we have
R*™ = Biend(gM) = B and ®p = p,
where 1 denotes the canonical ring morphism
u:R— B, pulrixr=rx, re R, ze M.

In the sequel we shall endow R and X with the M-adic topology, and X** with the
finite topology, by considering X** as a subset of the topological space M~ endowed
with the direct product topology, where M is endowed with the discrete topology. As
mentioned before, a basis of open neighbourhoods of zero in the finite topology of X**
consists of the sets

Ve(0) = { h € Homg(X™, M) | Ker(h) D F'},

where F' ranges over the finite subsets of X*.

It is known (see e.g. [12, Proposition 1.5]) that R is a topological ring, X and X**
are topological R-modules, ®y is a continuous map, Ker(®x) is the closure of 0 € X
in the M-adic topology, and the topology on (X)®y induced by the finite topology of
X** coincides with the direct image topology under ® x of the M-adic topology on X.

It is easily verified that the M-adic topology on X** is finer than the finite topology
on X**. We do not know under which condition they coincide.

Recall that X denotes the completion of an R-module X in the M-adic topology.
For any Z C X** we shall denote by Z the closure of Z in the topological space X**
endowed with the finite topology.

Proposition 2.1 Let g X be a module. Then the M-adic completion of X s precisely
the closure of (X)®x in X**, and is described explicitly as

X={heX*|VneN,Vfi, .. f.e€X*" JzeX hif)=()fi,Vi, 1<i<n}.
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Proof: First, note that the abelian group M*X" endowed with the finite topology is a
complete group, being a direct product of discrete topological groups. But X** C M*X",
and it is easily checked that X** is a closed subset of MX", which implies that X** is
complete. For another proof of the completeness of X** see [12, Proposition 1.5 (iii)].
Denote by X the right part of the equality from the statement of the proposition.
Looking at the form of elements of X it is clear that X C (X)®x. To prove the
opposite inclusion, let z € (X)®x, and take finitely many f1,..., f, € X*. Then

U={heX"|h(f)=2(f), Vi, 1<i<n}

is a neighbourhood of z, hence U N (X)®x # 0, and so there exists an € X such
that (z)®x € U. It follows that

(2)®x)(fs) = (x)fi = 2(fs), Vi, 1 <i<n,

which shows that z € X . Thus, we have proved that X = (X)® . But, as we already
have shown, X** is complete, and consequently X=X. O

Corollary 2.2 [5, 2.3] The M-adic completion R of the ring R is the subring
{beB|VYne N, Va,...,.0, €M, IreR, br;=rx;, Vi, 1 <i<n}

of B = Biend(gM). It coincides with the closure u(R) of u(R) in B.
Hence R = Biend(gM) if and only if u(R) is M-dense in B.

Proof: Apply 2.1 for g X = gR. O

In order to give some sufficient conditions on the given R-module M which ensure
the M-density of p(R) in B, we need some definitions:

Definitions 2.3 The module g M is said to be a self-generator (self-cogenerator) if it
generates all its submodules (cogenerates all its factor modules).

rM is said to be c-self-cogenerator (’c’ from cyclic) if M™/X is M-cogenerated for
each n € IN and each cyclic submodule X of pM".

According to [13, 15.5] we have
o[M] = Gen(M) <= M) is a self-generator = M is a self-generator .

An example, due to F. Dischinger, of a self-generator which is not a generator in o[M]
can be found in [15, Example 1.2].

Notice that another notion of ’self-cogenerator’, apparently different from those
in 2.3, was introduced by Sandomierski in [9, Definition 3.1]: He calls gM a ’self-
cogenerator’ if for any n € IN and X < gpM™, M"/X € Cog(M). It is obvious that
this condition implies that M is a self-cogenerator as well as a c-self-cogenerator.

According to [5, Satz 2.8] or [13, 15.7], u(R) is M-dense in B = Biend(gM) = R**
if M is a generator in o[M]| or M is a c-self-cogenerator. Hence we have from 2.2:
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Corollary 2.4 [5,2.9] If M is either a generator in o[M] or a c-self-cogenerator, then
Biend(gM) is the M-adic completion of R.

We shall say that an R-module zpX is M-dense if (X)®x is a dense topological
subspace of X**. It is easily checked that this happens if and only if, in the terminology
of [13], ®x is dense, that is, for any h € X** and finitely many fi,..., f, € X* there
exists x € X such that

h(fi) = (@)0x)(fi) = (x)fi, Vi, 1 <i<n.
As already noticed, for g X = rR, R* = Biend(gM) and &g = p; thus gR is
M-dense if and only if u(R) is M-dense in B.

Lemma 2.5 [13] Let X and M be left R-modules satisfying
() for allk € IN and f € Homg(X, M*), Coker(f) € Cog(M).

Then X is M-dense.
Proof: See [13, 47.7 (1)]. O

Remarks 2.6 (1) For g X = gR, condition (f) means that M is a c-self-cogenerator.
(2) The condition () is sufficient for pX to be M-dense (not necessary, see [13,
47.7)).

Corollary 2.7 For any rX, X =X* if and only if X is M-dense.
In particular, X = X** whenever the condition (1) is satisfied.

Proof: Apply 2.1 and 2.5. O

The next observation relates the condition (£) to Vamos’ condition in [12, Proposi-
tion 1.5 (iv)].

Corollary 2.8 Suppose that each finitely M -generated module is Hausdorff separated
in the M-adic topology. Then any left R-module X satisfies the condition (1), hence

o~

X =X*.
Proof: Let gX be an R-module, k € IV, and f € Hompg(X, M*). Then Coker(f) is
a factor module of M*, and so, by assumption, it is a Hausdorff separated space in the

M-adic topology. But, as mentioned in section 1, a module gY is Hausdorff separated
in the M-adic topology if and only if Y € Cog(M). O
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3 o[M] and M-density of R

Recall that for the left R-module pM we use the notation E = End‘(zM) and B =
Biend(gM). The canonical left E-module structure of M and the scalar multiplication
by R defines the ring morphism

AR —End(zM), N(r)x=rz, r€eR, z€ M.

If A is an arbitrary unital subring of E containing A\(R), then M has also a canonical
structure of left A-module, and we shall denote by

M:R— A

the corestriction of A to A. Note that according to this notation, the canonical ring
morphism j: R — B considered in the preceding section is precisely A5 .

For any X € A-Mod we write A?(X) for the left R-module obtained from 4X by
restriction of scalars via A4. If X' is a nonempty class of left A-modules, then we shall
also use the notation

X)) = {N(X) [ X ex).

In this section we show that for a unital subring A of the ring F containing \(R),
any module in o[p M| has a left A-module structure induced by the A-module structure
of M if and only if A(R) is M-dense in A, or equivalently, if A is a subring of the M-adic
completion R of R.

Proposition 3.1 Let zkM, E = End‘(zM), R the completion of R in the M-adic
topology, and A a unital subring of E containing A(R), with X\ : R — FE defined
above. Then

o[aM] = M} (o[aM]) <= ACA(R) = R.

In this case, for any X,Y € o[gM], Hompg(X,Y) = Homa(X,Y).

Proof: Suppose that o[gM] = M (c[4M]), and let {zi,...,z,} be an arbitrary
finite subset of M. Then R(z1,...,z,) < gM", hence R(xy,...,x,) € o[gM]. By
assumption, any module in o[gM]| has an A-module structure (induced by the left
A-module structure of M), hence A(zy,...,z,) € R(z1,...,x,), ie, for any a € A
there exists an r € R such that

ax; =rx; foreachi, 1 <i<n.

This means precisely that A(R) is M-dense in A.
Conversely, suppose that A(R) is M-dense in A, and let U < pM™) for an arbitrary
nonempty set A. But M) is also a left A-module, because M is so. Let u € U. Then
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u = (x;)ier, and x; = 0 for all i € A\ F, where F' is a finite subset of A. Since A\(R)
is M—dense in A, we deduce that for any a € A there exists r € R such that

ax; =rx; foreacht e I,

and so au = ru € U, which shows that U is an A-submodule of 4M™®™ . Arbitrary
R-modules in o[z M] have the form U/V with V < U R-submodules of zpM® for
some set A. Because U and V' are A-modules, so is also U/V. It follows that o[gM] =
NA(o[aM]).

Let now X,Y € o[gM] and f € Homp(X,Y). Then X @Y € o[pM] = M (a[4M]),
hence for any x € X one has (z, (z)f) € X @Y, and so, there exist (xy,...,2;) € M*
and an A-morphism

¥ A(‘rlv"'axk> — A(.T, (l’)f) ) a’(xlw"axk) = CL(SE" (x)f> ; ac A.
Since A(R) is dense in A, for any a € A there exists r € R such that
a(xy, ..., xx) =1z, ..., 28) .
Applying the A-morphism ¢, we obtain
(a(zr,.. wk))p = ale, () f) = r((z1,. . 20)p) = r(z, (2) ),
and consequently
a((x)f) = r((x)f) = (re)f = (az) [,
which proves that f € Homu(X,Y).

Finally, since B is a closed subset of E, the closure of u(R) in B is the same as the
closure of A(R) in E, and consequently, by 2.2, we obtain A(R) = u(R) = R. O

Corollary 3.2 [13, 15.8] For the R-module M, let B = Biend(zM), and R the com-
pletion of R in the M-adic topology. Then

o[gkM] = \B(o[pM]) < B=XR)=R.
In this case, for any X,Y € o[gM], Homg(X,Y) = Homp(X,Y).
Proof: Apply 3.1 for A = Biend(gM). O

Corollary 3.3 [8, 6.5] For the R-module M, denote by R the completion of R in the
M -adic topology. Then R
o[rM] = X} (o[pM])

and for any X,Y € o[gM], Homp(X,Y) = Homz(X,Y).
Proof: By 2.2, R is a subring of B containing A(R). Now apply 3.1 for A = R. O

Corollary 3.4 For any R-module M, the ring R is the largest unital subring A of
End‘(zM) containing A(R) for which o[rM] = \2(c[aM]).

Proof: Apply 3.1 and 3.3. u
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4 L-invariant endomorphisms

Motivated by ideas from Leptin [6], the aim of this section is to introduce and study
the set of all L-invariant endomorphisms of a bimodule zrkMp with respect to a given
filter basis £ of R-submodules of M. Putting for £ the set L(gM) of all submodules
of kM we obtain alglat(zgMp) (of [2, 3]). In case L is the set of all open submodules
of a linearly topologized R-module we obtain some of the results from [6].

Throughout this section we assume that M is an (R, D)-bimodule gMp for some
ring D (e.g. D = Z), such that Mp is a topological module over the discrete ring D,
having as a basis of neighbourhoods of zero the given filter basis £ of R—submodules
of M (this means precisely that for any d € D and any L € L there exists K € L such
that Kd C L, in other words, for any d € D the map p;: M — M, x — zd is a
continuous endomorphism of rM endowed with the L-topology).

Endowing End(Mp) with the point-wise convergence topology, where M is consid-
ered as the topological space (M, £) by means of the given filter basis £, we have as a
basis of open neighbourhoods of zero the subsets

W(F,L) = {a € End(Mp)|a(F)C L},

where F' is a finite subset of M and L € L. Denote by W the set of all these W (F, L).
Observe that in case (M, £) is Hausdorff, then End(Mp) is a closed subgroup of
MM endowed with the point-wise convergence topology.
We are interested in the ring

A(rMp, L) :={a € End(Mp) | (L) C Lfor any L€ L}.

These are the hypercontinuous (hyperstetigen) functions considered in Leptin [6, p.250].
Taking for £ the set L(rM) of all submodules of g M we obtain alglat(gMp) (of [2, 3]).

Notice that A(rMp, L) depends on the filter £ and not on the topology on M
defined by this filter. For instance, the filters £, = {0} and Ly = L(zrM) both define
the discrete topology on M but in general

A(RMD, ,Cl) = End(MD) 7& alglat(RMD) = A(RMD, ﬁg) .

Clearly A(grMp, L) is a unital subring of the ring Cend(Mp) of all endomorphisms
of Mp which are continuous in the £-topology of M.
For any finite subset F' of M and any L € L let us denote

W(F,L) = A(gMp,L)NW(F,L).
Then, the set W = { W(F, L) |W(F,L) € W} is a basis of open neighbourhoods
of zero in the topology on A(rMp, L) induced by the point-wise convergence topology
on End(Mp).
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Moreover, W consists of left ideals of A(zrMp, £). Indeed, if o € A(zMp, L) and
B € W(F,L) then (a0 8)(F) = a(B(F)) C (L) C L. Since for any W(F,L) € W
and a € A(zpMp, L) one has W(aF,L) C (W(F,L) : &) we deduce that A(zMp, L)
is a left linearly topologized ring.

Note that the canonical morphism

I/ZR—>A(RMD,£), re—= vV,

is a continuous ring morphism, where v,.(x) =rx, r € R, v € M.
Clearly M has a canonical left A(gpMp, £)-module structure (since it is a left
End(Mp)-module), and any L € L is an A(grMp, L)-submodule of M. It is easily

verified that the map
A(RMD,,C) XM — M, (Oé,ZL‘) = oz(x), a € A(RMD,E), re M,

is continuous, so (M, L) becomes a linearly topologized left A(rMp, £)-module.
We will consider the topologies on the subspaces induced by the product topology
(i.e., point-wise convergence topology) on M

v(R) C A(rMp, L) C A(pMz, L) C M™M.
The next two results are similar to observations in Leptin [6].

Proposition 4.1 If (M, L) is Hausdorff separated and complete, then A(rMp, L) is
a complete topological ring in the point-wise convergence topology.

Proof: It is sufficient to show that A(rMp, L) is a closed subspace of the Hausdorff
separated complete topological space M (or End(Mp), because this last one is a
closed subspace of M as we already have noted above). Put C := A(rMp, L).

Let 8 € C, where C denotes the closure of C' in End(Mp). Then, for any neigh-
bourhood W({z1,...,z,},L) of zero in End(Mp), with {zi,...,x,} an arbitrary
finite subset of M and L € L, one has

(W({zr,....a ), L)+ B)NC 0.

We show that § € C. Let L € £ and z € L. There exists v € (W({z},L)+5)NC,
that is, (v — 0)(z) € L. But y(x) € v(L) C L since v € C and L € L, hence §(x) € L
for any x € L, in other words, S(L) C L. This proves that 5 € C. O

Recall that a linearly topologized left R-module N is said to be linearly compact
if N has the following property: for any set F of closed cosets (i.e., cosets of closed
submodules) in N having the finite intersection property (any finite number of elements
of F has a nonempty intersection), the cosets in F have nonempty intersection (see

e.g. [7]).
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Proposition 4.2 If (M, L) is a Hausdorff separated linearly compact R-module, then
A(rMp, L) is a left linearly compact ring.

Proof: We adopt ideas from the proof of [6, Satz 7]. First notice that any Hausdorff
separated linearly compact module is complete (see e.g. [7, 3.11]), so in particular
rM is a complete module. By 4.1, the ring C' := A(rMp, L) is complete, hence it is
isomorphic to the direct limit of the family of left C-modules C/W(F, L), where F
is a finite subset of M, L € £, and W(F,L) = C N W(F,L). It is well-known (see
e.g. [7,3.7]) that an inverse limit of linearly compact modules is also linearly compact,
so it is sufficient to prove that any such discrete left C-module C'/ W(F , L) is linearly

compact.
We know that M is a left C-module, and any L € L is a C-submodule of oM. For
F ={xy,...,z,}, consider the canonical C-morphism

v:C— (M/L)", ¥(a)=(a(x)+L,...,a(x,)+ L),

which has as kernel the left ideal W (F, L) of C. Thus, the left C-module C/W (F, L)
is embedded into the discrete linearly compact C-module (M/L)"™. It follows that the
discrete left C-module C/W (F, L) is linearly compact, which finishes the proof. O

Remark 4.3 As in [6], one can show that if (M, £) is strictly linear compact, then so
is also A(rMp, L)

5 alglat(M) and M-adic completion

In this section we present some connections between our results from the previous
sections and the concept of alglat(M). First recall some definitions from [2, 3].

Definitions 5.1 For any (R, D)-bimodule RkMp we define
alglat(M) = alglat(pMp) = { @ € End(Mp) | a(L) C L for all L < gM }.

For n € IN, denote by alglat, (M) the set of all a € alglat(M) such that for all
(x1,...,x,) € M™ there exists anr € R with o(x;) =rx; foralli, 1 <i<mn; by [2]
this is canonically isomorphic to alglat(M™).

With our previous notation we have alglat(rMp) = A(gMp, L(rM)) .
The behaviour of ’alglat’” with respect to finite direct sums was investigated in [2,
Section 2|. The general case of arbitrary direct sums is considered below.

Lemma 5.2 If (M;)icr is an arbitrary family of (R, D)-bimodules, then for each a €
alglat(@;c; M;) there exist «; € alglat(M;), i € I such that

a((xi)ier) = (@i(:))ier ,
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for each (x;)icr € ®yer M; .
In case M; = M for each i € I, then o = o for alli,j € 1.

Proof: For each ¢ € I denote by &; : M; — @,y M; the canonical injection and
M] = (M;)e;. Then M/ ~ M; as R-D bimodules, hence alglat(M;) ~ alglat(M]) and
(M!)ae € M/ for any i € I because « € alglat(,;c; M;) . For any ¢ € I, denote by «; the
element in alglat(M;) corresponding to o) = oM/ € alglat(M/) by the isomorphism
alglat(M;) ~ alglat(M/). Then for any (x;)ic; € ®icr M;,

a((zi)ier) = oY (w:)e:) = > ai((xi)e) = (i) )ier -

i€l i€l

Now consider the particular case when My, = M for each A € I, and take arbitrary
two elements ¢ # j in 1. For an arbitrary x € M consider the element (x))xe; € MD
defined as follows: z; = x; = x and 2, = 0 for all A € I\ {i,j}. Since o € alglat(M D),
we deduce that there exists an » € R such that

a((zx)aer) = (aa(@r))rer = r(Ta)rer

and consequently we deduce that o;(z) = oj(z) =rz, ie, oy =  forali,jel. O

Corollary 5.3 With the notation from 5.2, the map o — (;)ie; defines a ring
monomorphism

alglat(@) M;) — [] alglat(D;) .

i€l i€l

The next result is the discrete variant of Proposition 4.1. Note that for any bimodule
rMp , alglat(gMp) is a subring of End(Mp) which is a subset of M™ so it makes
sense to consider the finite topology on alglat(zrMp).

Proposition 5.4 For any bimodule rMp the ring alglat(gMp) is complete in the
finite topology.

Proof: This is a special case of 4.1 for L = L(gM). O

For an arbitrary R-module gN, alglat(/N) will denote throughout the remainder of
this section alglat(gNr), where T'= End (g V).

Proposition 5.5 For any module rp M,

R= () alglat, (M) ~ alglat(M™)) |

n>1

where R is the M-adic completion of R.
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Proof: If we denote D = End(gM), then clearly End(Mp) = Biend(gM) = B, and
Ny>1 alglat,, (M) is precisely the set

{beB|Vne N, Vay,...,0, €M, Ir e R, br;=rx;, Vi, 1 <i<n}.

Apply 2.2 to conclude that N,; alglat, (M) = R.
Let b € N, alglat, (M), and denote by b the endomorphism of the right D-module
M®) defined by

Since x,, = 0 for n sufficiently large, it follows that b((2p)new) = 7(Zn)nenv for some
r € R, hence b € alglat(rp M) . By 5.2 and 5.3, the map b —> b defines a ring

isomorphism
©: () alglat, (M) — alglat(RMgv)) :
n>1
It remains to prove that

alglat(RM](DW)) ~ alglat(M M) .

Recall that alglat(M ™)) denotes alglat(rM ™), where G = End(zpM™). But
End(M®™) ) = Biend(g M ™)), and there is a ring isomorphism ([1, 4.2])

p : Biend(z M) — Biend(x M™) | p(b)((zn)nen) = (b2 )nem -
On the other hand,
alglat(z M ™) = { b € Biend(zx M™) | bz € Rz for all z € M®)}

We conclude that the endomorphism b of the right D-module M) corresponding
to b € N,>; alglat, (M) by ©, belongs to alglat(M ™)) | which finishes the proof.

Notice that the isomorphism stated in the proposition also follows from [10, Theo-
rem 1]. O

Corollary 5.6 The M-adic completion R of R is a subring of alglat(M).

Corollary 5.7 If grR is M-dense (in particular, if M is generator in o[M] or a c-
self-cogenerator) then
alglat(M™)) ~ Biend(s M) = R.

Proof: Apply 2.4 and 5.5. O

Proposition 5.8 Suppose the bimodule rMp is such that rM s discrete linearly
compact. Then alglat(gMp) is a left linearly compact ring in the finite topology.
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Proof: Apply 4.1 for £ = L(rM). O

Notice that by [13, 15.6], for any self-generator gk M, alglat(M) ~ Biend(zM). In
view of 5.6 and 5.7 we end with the problem:

When is alglat(M) the M-adic completion of R, or more generally, if L is a filter
basis of submodules of gM, when is A(rMp, L), with D =End(gM), the completion
of R in the (M, L)-adic topology of the ring R ¢
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