HOMOLOGICAL PROPERTIES OF QUANTUM POLYNOMIALS

VYACHESLAV A. ARTAMONOV AND ROBERT WISBAUER

ABSTRACT. In the paper we study the endomorphim semigroup of a general
quantum polynomial ring, its finite groups of automorphisms and homological
properties of this ring as a module over the skew group ring of a finite group
of automorphisms. Moreover properties of the division ring of fractions are
considered.

INTRODUCTION

The study of quantum polynomial rings was initiated by J. C. McConnell and J.
J. Pettit [MP] as multiplicative analog of the Weyl algebra. They are of considerable
interest in non-commutative algebraic geometry.

The action of automorphism groups was studied by J. Alev and M. Chamarie
[AC]. The extended action of finite automorphism groups on division rings of
fractions (for two indeterminates) and its subrings of invariants were studied by J.
Alev and F. Dumas [AD]. Similar topics are considered in [M1], [Kh], [KPS], [OP].
An extensive investigation of various properties of general quantum polynomials
was performed by the first author in [A1], [A2], [A3], [A4].

The purpose of the present paper is to study actions of finite automorphism
groups on such rings under the assumption that the number of indeterminates is
at least 3. In Section 1 basic properties of general quantum rings are collected.
Then the form of ring endomorphisms of such rings is determined in Section 2.
The subsequent section is devoted to the description of invariants under finite au-
tomorphism groups. In this context the trace map is an important tool and related
results are provided is Section 4. More properties of the quantum polynomial rings
as modules over skew group rings are given in the final section.

1. GENERAL QUANTUM POLYNOMIALS

Let D be a division ring with a fixed set aq,...,qa,, n > 2, of its automor-
phisms. We shall also fix elements ¢;; € D*, 1,5 =1,...,n, satisfying the equal-
ities

Qi = GijQji = QijrQjriQrij = 1,  ai(a;(d)) = gijaj(ai(d))gjis (1)
where
Qijr = ¢ij;(qir), and d € D.
Put
Q = (¢s5) € Mat(n,D) and o = (a1,... , ).
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Definition 1.1. The entries ¢;; of the matrix @ form a system of multiparameters.

Definition 1.2. Denote by

A= DX, XE X, X, (2)
the associative ring generated by elements of D and by the elements
Xi,oo, Xo, X778 XY (3)
subject to the defining relations
X, X7 = XX, =1, 1<i<ny
X;d = o(d)X;, deD, i=1,...,n;
XX, = ¢;X;X;, ,j=1,...,n. (4)

The ring (2) is called a quantum polynomial ring. If r = n the ring (2) is said to
be a quantum Laurent polynomial ring.

Such rings first appeared in [MP] as a mulitplicative analog of the Weyl algebra.
It is assumed in [MP] that D is a field, a; = - - - = «,, are identical automorphisms of
D and r = n. In this particular case (1) is equivalent to the equalities ¢;; = ¢;;q5; =
lforalls,j =1,...,n. Theimportance of quantum polynomials in noncommutative
geometry is explained in [D]. It can be viewed as the coordinate ring Og(A™) of the
quantum affine plane A™ of dimension n [BG], [GL1],[GL2]. A survey of some results
on a structure of projective modules is exposed in [A3]. As it follows from [A1] the
ring (2) is a crossed product A = D, H, where the bialgebra H is a tensor product
of an integral group ring of a free abelian group with the basis {X;|1 < i < r} and
an integral semigroup ring of a free abelian semigroup with the basis {X;|i < n}.

Proposition 1.3 ([A3], §2). The ring A from (2) is a left and a right vector space
over D whose basis consists of monomials

j— my m
w= X" XM

where m; € Z if 1 <i <r and m; € NUO, if i <n. In particular the ring A from
(2) is a left and right Noetherian domain with the division ring of fractions

F=Dgo(X1,...,Xn).
FEach automorphism «; of D can be extended to F' in such a way that
ai(f) = Xof Xt
forall f € F.

It is shown in [MP] that if D is a field and « is a set of identical automorphisms
of D, then
DgolXT', ... X = Do o YT, ... Y,
if and only if there exists a matrix M = (m;;) € GL(n,Z), such that

! MpriMsj
qij - | I Ars .
7,5

Definition 1.4. Let N be the subgroup in the multiplicative group D* of the
division ring D generated by the derived subgroup [D*, D*] and the set of all
elements of the form z~'a;(z), where z € D* and i =1,... ,n.
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It is fairly obvious that IV is a normal subgroup in the multiplicative group
D* and D*/N is a multiplicative abelian group. The normal subgroup N always
appears when we multiply monomials in the ring A. The following formulae will be
used throughout the paper. For any two monomials in A we have

(e X (X X = [ | we Xpuees o xpetse ()
1<j
where u € N <« D*. The proof follows immedialety from (4).
Theorem 1.5. Let F be the division ring of fractions of A. Then N = [F*, D*| N

D*. The subgroup of D* /N generated by the images of gi;,1 < 14,5 <n, is equal to
[F™*, F*] N D*.

Recall that elements aq, . .. , a,, of a multiplicative abelian group are independent
if, for any integers s, ... , S, we have
ai-rayr =1 <<= s1=--- =8, =0.

In the paper [A1] the following restriction on the multiparameters is assumed.

(M) the images of all multiparameters ¢;;,1 < ¢ < j < n, are independent in the
multiplicative abelian group D*/N.

The restriction of this form first appeared in the paper [MP]. If the restriction
(#) is satisfied we call A the ring of general quantum polynomials.

The following example shows that rings of general quantum Laurent polynomials
are naturally related to group rings of some soluble groups.

Example 1.6. Let a soluble group W be generated by elements
Y ={Yi|1 <i<n}.
Suppose that W has a normal series
W=Wy>W; >Wy>...>Wy =1,
with finitely generated free abelian factors W; /W1, such that the elements
Y={ViW| 1<i<n, Y,e W}cCW/W,

form a basis of the free abelian group W/W;. Suppose also that the elements

{(YiWell <i<j<nYy =YY} CWi/Wo.

form a basis of the free abelian group Wi /Ws. Let a1, ..., a, be the inner auto-
morphism of the group W of conjugation by Y7,...,Y,. Note in particular that

@i(Ypq) = Ypg  (mod Wr).

Let k be a field and kW, kW; group algebras of the groups W, Wi, respectively.
According to [B, §11], the multiplicative semigroup S = kW \ 0 is an Ore set in the
group algebra kW . Hence there exists the division ring of fractions D of the group
ring kWi, and therefore we can consider the ring S~'kW as a general quantum
Laurent polynomial ring A from (2) with r = n.

Some other examples of general quantum polynomials can be found in exam-
ple 3.20 and in example 5.4.
In what follows we are going to study the endomorphism semigroup of A.
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Notation 1.7. Denote by End A the semigroup of all ring endomorphisms of A
acting identically on D. Denote by Aut A the group of all ring automorphisms of
A, identical on D, i.e., the invertible elements of the semigroup End A.

We recall some related results on this subject.

Proposition 1.8 ([AC]). Let A be a quantum polynomial ring in which r = 0,n =
2, and oy = ag are identical automorphisms of D. Denote in this case the corre-
sponding ring A by A,. If ¢ # 1, then Aut(A,) consists of the torus (D*)? with its
natural action on DX; @ DXy. If g = —1, then Aut(A,) is the semi-direct product
of (D*)? and (t) where
T(Xl):XQ, T(XQ):Xl.
Theorem 1.9 ([AC]). Let
A=Ay ®-- ® A,

where Ag, are from Proposition 1.8. Then the automorphism group Aut A is the
semi-direct product of the torus (D*)*™ and the group of permutations of the vari-
ables X1,..., Xom.

Theorem 1.10 ([AC]). Let A be a quantum polynomial ring over a field D with
identical automorphisms a1,... ,ap. Suppose that r = 0 and g;; = q for all 1 <
1 < j <n, where q is not a root of unit.

If n # 3, then Aut(A) ~ (D*)™.

If n = 3, then Aut(A) is isomorphic to the semi-direct product of the additive
group of the field D and the multiplicative group (D*)3. The additive group of D
has the following action on A: an element 8 € D induces the automorphism

Xi— X1, Xom Xo+0X1X3, X3 X,
of the ring A.
Theorem 1.11 ([OP], Proposition 3.2). Let D be a field in which the automor-
phisms aq, ... ,a, are identical. Suppose that r = 0 and the localized ring
DQ[Xitlﬂ s 7Xnil] = AXl'“Xn = DQ[le s 7Xn]X1“'Xn
is simple. If v € Aut A, then there exist elements vy ... ,v, € D* and a permutation
o € S, such that
Y(Xi) = ViXo)-

Similar problems were considered in [KPS]. The following result is related to the

previous ones. We quote it in a slighty modified way.

Theorem 1.12 ([A2], Theorem 3.7). Let D be a field with a set of identical auto-
morphisms oz, ... ,qy. Suppose that r = 0 and the mutiparameters

qij, 1<i<j<n, n=>3,
are independent in the multiplicative group D*. If
v € End A and all v(X1),... ,7(Xpn) #0
then
v € Aut A and Aut(A) = (D*)".

Theorem 1.13 ([A3], Ch 3.). Let A be a general quantum polynomial ring with
r=mn>2. Then A is a simple ring.
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Although the proof is exposed in [A3] under a slightly weaker setting we present
the proof in the special case of a general quantum polynomial ring.

Proof. Let I be a nonzero two-sided ideal in A. Choose in I a nonzero element

F=>an ., XXl 0 >0, (6)
whose leading term

S1, .. Sn
Qsy,... SnXl Xn ’ Qs ...

}

s, € D",

)

is minimal with respect to lexicographic order of multi-indices.
Let, say s; > 0. Then

Xof Xyt = Zaz(azl,...,ln)((lllel)lll (Q2nX7§)l"
= Y oola,. 0,00 - @ndy, 0, X1 X

where d;, . ;, € N (the normal subgroup from Definition 1.4). Put

— S1 Sn -1 *
z = 012(031,... ,sn)QQl T Q2nd817--- sy, sn e D

Then g = zf — ngX{1 € I and if g # 0, the leading term of ¢ is less than the
leading term of f, which is impossible. Hence we have for each multi-index in (6),

Zall7~-- 7ln = aQ(al17~~- 7ln)ql211 e qé?ldlh 7ln' (7)

Suppose that (I1,...,0,) < (s1,...,8,) with respect to lexicographic order and
a,,... 1, # 0. We obtain from (6), (7)

3

S1 s -1 _ 11 l
@2(asy .5, )01 Qo sy, 50 Oy s @l b = 02(Q0y 0 1,)00  Qon iy s

and therefore in D*/N,
g N = g - g N

Since o1 = qul, Go2 = 1 and q12, ¢23, - . - , G2, are independent in D* /N, we obtain
s1 =11,83 =13,...,8, = l,. Similarly considering the conjugation by X; we can
also obtain so = ls. Thus (I1,... ;) = (81, .- ,8n), a contradiction.

We have proved that f is a monomial. However, » = n and each variable X; is
invertible in A. Then any monomial is invertible in A and I = A. O

In the next section we shall generalize Theorem 1.12 to arbitrary general quan-
tum polynomial rings A, and study finite groups G of automorphisms of A.

2. ENDOMORPHISMS OF GENERAL QUANTUM POLYNOMIAL RINGS

In this section we shall assume that A is a general quantum polynomial ring from
(2), i.e., the images of ¢;;, 1 <17 < j <n, are independent in D*/N.

Theorem 2.1. Suppose that v € End A and there exist at least three distinct in-
dices 1 < 4,j,t < n such that v(X;),v(X;),v(X:) # 0. Then there exist elements
Y1y Y € D and an integer ¢ = £1 such that v1,... ,7v # 0, and

Y Xp) =Y XS, w=1,...,n. (8)
If r <n, then e =1.
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Proof. We shall modify the proof of Theorem 3.7 from [A2]. Consider the natural

lexicographic order on the set of multi-indices Z"™ and on the set of monomials

in X1,...,X,. Let v € EndA and denote by a;,i = 1,...,n, the smallest (the
leading) term of v(X;) provided v(X;) # 0.

Suppose that v(X;),v(X;) # 0. Observe that the smallest (the leading) term of

a product of non zero polynomials in A is equal to the product of the smallest (the
leading) terms of factors. Thus (4) implies

aiaj = qijajai. (9)

Suppose that
a; = ﬂXil .. .Xl"

n

aj = EXI - X! where 3,7 € k*.
Comparing the coefficients and using (5) we obtain

A (H qﬁ"”sts> = ¢qi; (H qf-;lS> d,

r>s r>s
where d € N, N is from Definition 1.4. Hence in D*/N we have

(H qi?"’) = qij (H qﬁ;l-‘> mod N. (10)
> r>58

Suppose that ¢ > j. Since the images of g,s,n > r > s > 1in D* /N are independent
(10) we have for r # s

Lits = 83055 + trls. (11)

Consider the matrix

PR VI PRSP
(tl R TR T tn>’ n=3.

and therefore t, = tplqlljl. In particular

ti=tplilt, =l

that is
Lit; — Lty = Litpli 1ot — it =0,
which contradicts (11). Thus l, = 0 for all p # ¢,j. Similarly one can prove that
t,=0if p#i,j.
Hence

a; = BXIXP, aj=EXDXY,
By the assumption there exists a third variable X, such that v(X,) # 0. The
preceding argument applied to the pairs of indices (i, u), (j, ) shows that

a, = 6X[*XI* = AX3 X, where 6, € k*.

Finally r; = d; = 0, that is a,, = X *. Similarly

a; =X}, a; = fX;j, lit; =1,
and therefore I; = t; = e = £1.

where litj — l]'ti =1.
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If we apply the corresponding argument for the leading term of «(X;) we obtain
a similar result with some ¢ = +1 for the leading terms. Thus if either r < n or
r =n and € = € the theorem is proved.

Let now r = n, ¢ = —1,¢ = 1. We have now to show that the least and the
leading terms of (X;) coincide and therefore they are equal to a;.
From above we know that if i = 1,... ,n, then
V(X;) = %X + Z,y mll(é . X:an(s) (12)

where 7/,v/(s) € D* and the sum is taken over some multi-indices
(m1(8), ... ,min(s)) € 2"
such that
(0y000,0,-1,0,...,0) < (mir(s), .. ,min(s)) < (0,...,0,1,0,...,0).
Thus

mﬂ(s) = :mi,i_l(s) :O, m”(s) = 71,0,1;
>0, i<n, if my;(s) = —1,
N 13
ii+( ){g 0, i<n,  ifmu(s)=1 (13)
Pick for each index ¢ = 1,... ,n the least monomial 4}’ X" --- X" in (12). Then
HXDAX,) = 07(X)7(X,). i < j. implies

VXX A X X X 4 (14)

rYi/Xm” T szn,-yj ,‘YJX +-
Qij'Y;'X]‘_I’Y;X + i} X //Ximz‘z‘ e X:lnm + (15)
4ig 7y X5 "'Xm”%”%’Xfl +o (16)

where + - - - is a sum of monomials § X! --- X' § € D* such that
(l1,.. 5 0n) >min((0,...,0,mu, ..., My -1, Mij — 1, My 41,00, Min),
(0,...,0,-1,0,...,0,myj,-.. ,mjn))-

Since vj X" 1’y§-Xj_1 = qufij 7. X" we deduce from (14) that

’.X_—1 ’.’X’,"H S X oYX .Xmm,y;/%x +.

GV X5 17”Xm~ o X gy X Xy X (17)

Suppose first that

(0,000, 0, Mgy oo My 1, My — LMy 1, e, M) <

(0,...,0, —i1,07... ,0,myj, . My,

Then m,;; = —1. Moreover if i + 1 < j — 1 then m; ;41 = 0, a contradiction with
(13). Thus if ¢ < j — 2, then

(O, ,0,myg,y ... y M j—1, M5 — l,mi7j+1,... ,mm) >

(0, ,0,71,0,... ,O,mjj,... ,mjn),
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and therefore in (17)
,Y;Xi—l,Y;/X;”jj . X:Lnjn _ Qij’Y]/'/X;njj - Xgljn,yz{/,yz{Xi—l'

1 —Mjp
l=gq; H O

r>j>1

{_17 r= jv
mgjr = .
0, r> 7,
a contradiction with (13).

Thus we have proved that if 1 <1i < j —2 < j < n then either y(X;) or v(Xj)
has the form (8) for e = —1 and for w = 4,j. Suppose that (8) holds for some
w=1,... ,n. Then by the previous considerations the leading term of any v(X.)
has the form ~, X!, that is (8) holds for any variable. O

Applying (5) we obtain

Thus

Corollary 2.2. If v(X;41),...,7(Xn) # 0, in the situation of Theorem 2.1, then
v is an automorphism of A. In particular any injective endomorphism of A is an
automorphism.

Remark 2.3. The assumption in Theorem 2.1 of the existence of three variables
with non-zero images is essential. For example, let D be a field, r = 0,n = 2
and a7, as identical on D. Then there exists a nontrivial endomorphism of the
coordinate algebra A of the quantum plane, for example,

X, — X2X,, Xy XPX3.

Observe also that there exist automorphisms of the ring A which are not identical on
D. In fact if d € D is a noncentral element then the automorphism of conjugation
by d is an automorphism of the ring A which is not identical on D.

Remark 2.4. Let S be the set of all ¥ € End A such that v(X;) # 0 for at most
two indices ¢ € {1,...,n}. If S is nonempty, then the ring A is not a simple one
and therefore we have, by Theorem 1.13, n.

We claim that S is an ideal in the semigroup End A. In fact let § € End A. Then
dv(X;) # 0 implies v(X;) # 0. Thus 6y € S. If § ¢ S, then by Theorem 2.1, since
n’

0(X;) =6;X;, 6; €D for all .
Thus
YO(Xi) = 7(0: Xi) = 6iv(Xi),
and therefore vd € S.

Starting from now we shall always assume the number of variables n > 3, al-
though some of results are valid for n = 2.

Theorem 2.5. Let v € Aut A be of the form (8).

If e =1, then the elements v1,... ,vn are central in D and
'Yiai('Yj) ZVjaj('yi)’ Lj=1...,n (18)
If e = —1, then
i (gii)ei ()i = qijoy (1) (19)

ai(d) = mdy (20)
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In particular, the elements ai(%)'yjl are central in D.

Proof. By definition v respects the defining relations (4), namely,
(XD (G X5) = a4 (7 X5) (X))

(viX{)d = ai(d)(vX]), deD.
This means that
vic (Vi) Xi X5 = qigiag () XX
viei(d) = ai(d)y, deD.
If e =1, then
vici(vi) = qigviog (Vi) g (21)
’}/Z‘Oéi(d> = Ozi(d)’yi, de D. (22)
If e = —1, then
viay H(v;) = qz‘ﬂ’j%—l(%')ai_l%_l(%); (23)
via;Y(d) = ai(d)y, deD. (24)

Suppose that e = 1. Then (22) means that each coefficient v; is central, since «;
is an automorphisms of D. Moreover, from (21) one can easily deduce (18), since
¢;j9i; = 1 and all ; are central.

Consider now the case ¢ = —1. Then r = n > 3 and the ring A is simple by
Theorem 1.13. Hence each endomorphism has a trivial kernel. This means that
each coefficient v; # 0. Applying (24) we obtain in (23)

@iy = aigog (vt ea(hy) T aaay (gzi)aq ()i
or
1 = gijoy ()i taa(y) ™ ey (a50),
and (19) holds. Moreover from (24) one can easily deduce (20).
Note that

V(X)) = (X = (X))
= y(X;HT = X = yeu(n) T X
Hence
ai(i)y = ica(y) !
is central in D. O

Notation 2.6. Denote by End™ A the subsemigroup of all 4 € End A of the form
(8) with e = 1. Put Aut™ A = End™ A N Aut A.

Corollary 2.7. The group Aut™ A is commutative.
Proof. Let 7,6 be from Aut™ A and

V(Xi) =viXi, 6(Xy) =0;X;, 7,6 € D"
Then

(V0)(Xi) = v(0:Xi) = (0i7:) Xi = (7:04) X = (07)(Xa),
since ~y;, d; are central. O

Corollary 2.8. Ifr <mn , then Aut A is commutative.
Proof. If n, then Aut A = Aut™ A by Theorem 2.1 O
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Corollary 2.9. Let G be a subgroup in Aut™ A of order d and v € G of the form
(8). Then v¢ =1 for any i.

Proposition 2.10. Let p = char D > 0. Then Aut™ A has no elements of order p.

Proof. Let v € Aut™ A have order p and ~ has the representation (8). Then~? =1
by Corollary 2.9, for any i. Therefore ; = 1 and <y is the identical automorphism.
O

Proposition 2.11. Let r = n. Then EndA = Aut AUO0. If ¢ € Aut A\ Aut™ A,
then ¢ has the form (8) with e = —1 and

CeAutt A, C(AwtT AT =AutT A, AutA = AutT AUCAutt A.
Proof. Since the ring A is simple by Theorem 1.13, any nonzero endomorphism has

zero kernel. Thus if « £ 0, then each coefficient ~y; # 0, for any i. In this case  is
an automorphism. O

Remark 2.12. It follows from Corollary 2.8 and Proposition 2.11 that the group
Aut A is metabelian, i.e., it is a soluble group of a class at most 2.

Proposition 2.13. Let r =n and G a finite subgroup in Aut A. If
Ce G\ Autt A,
then G = (GNAut™ A)UC(GNAutt A).

Proposition 2.14. Let p = charD > 2 and r = n. Then AutA has no non-
identical elements of order p.

Proof. If ¢ € Aut A has order p > 2, then ¢2 € Aut™ A has also order p, a contra-
diction to Proposition 2.10. O

Corollary 2.15. Let p = char D > 0 and G a finite subgroup in Aut A such that
|G| is divisible by p. Thenp=2,r =n, and G € Aut™ A.

Definition 2.16. Let Z™ be the free addivite abelian group of a rank n, whose
elements are identified with vectors (I1,...,0,), [; € Z. We consider the ring A
with the natural Z™-grading

A=&u,,... )N s

where

)

A _DXp XD if b,y >0,
Hoeebn = 0, otherwise.
Remark 2.17. Let p = char D and
b Q, the field of rationals, if p = 0;
N F,, the residue field of Z modulo p, if p > 0.

Let H be a group k-algebra of a free abelian group with the basis Xi, ... , X, with
comultiplication A(X;) = X; ® X; for any 4. Thus A is kH-comodule by
p: A=Ay kH, pdX!'...Xb)y=dxb.. . Xlroxb... X deD. (25)

Then Aut™ A coincides with the automorphism group of A as a right kH-comodule
algebra, since these automorphisms - and only these - preserve the grading from
Definition 2.16 (see [M2, example 4.1.7]).
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Remark 2.18. For a left ideal (a subring) I in A the following are equivalent (see
[M2]):
1. I is homogeneous with respect to the grading from Definition 2.16;
2. if f € I, then all monomials occuring in f belong to I;
3. if p is the structure map from (25) for A as a right the kH-comodule A, then
I is a subcomodule, that is, p(I) C I ® kH.
4. T is generated as a left ideal (as a ring) by some monomials.

Corollary 2.19. Let G be a subgroup of Aut™ A. If I is a homogeneous left ideal
with respect to the grading from Definition 2.16, then I is G-invariant.

Definition 2.20. An automorphism v € Aut A is inner if there exists an invertible
element u € A such that vy(z) = uzu~! for all z € A.

Remark 2.21. Because of the grading from Definition 2.16 an element v € A is
invertible if and only if
u=gX. .. X" geD*, I,...,l. €L (26)
Notice that an automorphism v € Aut A is inner if and only if, for some u € A*,
Y(2) =uzu™t, (X)) = uXuTl, (27)
for every z € D and each index i = 1,... ,n. In fact elements of D and the variables

from (3) generate the ring A.

Theorem 2.22. Let v € Aut A be of the form (8). If v is inner, then for any
indexi=1,... ,n and every z € D we have

Vi €diy o aqiN, ot oy (2) = g g, (28)

where N is the normal subgroup of D* from Definition 1.4.

Proof. Let v be of the form (27), where u from (26). We have for each index
1=1,...,n,
i X§ = uXu™?t gXh o Xbx X xRyt

1 ly
a-qng X, g €N.

Hence € = 1 and for each index ¢ = 1,... ,n we have
Vi € qiy- g,
Moreover, if z € D, then
Y(2) = gX7 - X2 X X g =gty ()T =2,
because v acts identically on D. O
Corollary 2.23. Let v € Aut™ A be inner of the form (27), where u from (26).

Suppose that v has finite order. Then u = g is a central element of D and ~; =
gai(g)~1 is a root of 1, for everyi=1,... ,n.

Proof. Let « have order d > 1. By Corollary 2.9, ¢ = 1 for every i = 1,... ,n.
Thus by (28), ¢/ -..¢% € N. From Definition 1.4 we know that in this case
ly =...=1, =0 and therefore u = g € D*.

Also from (28) we have z = g~ lzg, for any 2z € D, that is the element g belongs
to the center of D. Now

Y(Xi) = 9Xig™" = gai(g) 1 X,
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and so y; = ga;(g) L. O

Corollary 2.24. Suppose that the automorphisms oy, ... ,a, act identically on the
center of D, and let G be a finite subgroup in Aut A. Then any inner automorphism
in G is identical.

Proof. Let v € G be inner. By Theorem 2.22, v is of the form (8) with ¢ = 1 and
by Corollary 2.23,

i :gai(g)*l, i=1,...,n,

where g is a central element of D. By the assumption «;(g) = ¢ and therefore
v =1,foranyi=1,... ,n. O

3. INVARIANTS OF GROUPS OF AUTOMORPHISMS

In this section we study invariants of various subgroups G of Aut A, where A is
a general quantum polynomial ring as in the previous section.

Notation 3.1. If G is a subgroup of Aut A then by A we denote the subring of
all elements a € A which are stable under the action of any element g € G, that is
g(a) = a for each g € G.

Proposition 3.2. Let f € A\ 0 and v € Aut A have the form (8) with e = 1. If
v(f) = f, then v(g) = g for every monomial g occuring in f.

Proof. Let v be of the form (8) with e = 1 and

f= Zﬁll,.‘.,lnXil XM By, €D. (29)
Then

V) = D B X)) (X))
= Y Buta e, X3 Xy, € DT
Since v(f) = f, we have
Bry o 1 X1 Xl = By 0, X1 X
= YBu, 0 X1 X0,
O

Proposition 3.3. Let v € AutA\ Autt A, 7 =n, and f € A\ 0. Then the
following are equivalent:

L y(f) = f;
2.
[ = Z (51/1,...,an§1 e Xl ‘*‘5//11,‘..,1")(1_[1 e X,
I, ln€Z
where
7(5{1 . X{l X#) _ 5//11 ..... l Xl—ll X,,:ln’

7(/6//117___,1 Xl—ll X;ln) — 6{1,...,l Xi1 "‘Xl"
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Proof. We need only to prove that 1) implies 2). Let f be from 1) and suppose
that f has representation (29). Then

F=a0) = D Bu s n Xl (X

= Zﬁll,...,lnXl_ll "~X;l", Bl17---7ln e D.
Now the proof follows. O

Proposition 3.4. Let v € Aut™ A have finite order d. Then

H(XPDYy _ xo(d)d

where ¢ is the Fuler function.

Proof. Let
v(Xi) =vXi, vi€D.
From Theorem 2.5 and Corollary 2.9 we know that -; is a central element of D and
v =1.
z Let ~; be a primitive root of one with degree m dividing d. Then for any j € Z
the element ag () is again a primitive root of one with degree m. The set T' of
these roots consists of all elements {~}|(t,m) = 1} and |T'| = ¢(m). Put

az(’YZ) = ’7:7 (7‘, m) =1, 1<m.

The cyclic group generated by the automorphism «a; acts on 7" and the orbits of this
action have length ¢, where ¢ is the smallest positive integer such that v; = af(7;).
Thus ¢(m) = tw,w € N. The number ¢ is equal to the minimal positive integer
such that m|(r* —1).

Claim. ¢(m)|¢(d).
Proof. Consider the prime decompositions of m and d,

m=pi-opl, d=pit-ppt, 0<1; <w

Suppose that l;,...,l; >0and l;41 =--- =1; =0. Then
¢(m) = prtpf T (= 1) (py - 1),
¢d) = Pt gt (1) (e — 1),
and the proof follows. O

Now we are able to complete the proof of the Proposition. We have

V(X?(d)d) = (’Yz‘Xi)(z)(d)d = v () - - a¢(d)d_l(“/i)Xj)(d)d

1
and

DT () = 4,

o)
where
M=1+r+- 4 p?Dd-1, (30)
By the Claim we have ¢(d) = ¢(m)h, h € N, and ¢(m) = tw, m|(r® — 1). Thus
¢(d)d = twhd, and in (30) we can write
M = (1—‘,—T+--~+Tt_1)(1+7“t—|—---—l—?"t(whd_l)).
But 'yi’t =; and v = 1. Thus

M (frtqeqpt@hd=Dy ety whd (T4t
= =% =L
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O

Corollary 3.5. Let G be a finite subgroup of Aut™ A of order d. Then A® con-
tains the subring ® generated by D and by all elements Xf(d)d, i=1,...,n. In
particular, A is a finitely generated left and right ®-module.

Corollary 3.6. Let G be a finite subgroup of Aut™ A. Then AC is left and right
Noetherian.

Proof. By Proposition 3.4 we know that AY O ®, where ® is from Corollary 3.5.
The ring ® is again a quantum polynomial ring with variables Xf(d)d, i=1,...,n,
and their inverses if 1 < ¢ < r. Hence ® is left and right Noetherian by Proposi-
tion 1.3.

The ring A is a finitely generated free ®-module. In fact the monomials

X{l ...Xf{t, 0 <1; < ¢(d)d for every 1,

form a basis of A as a free finitely generated ®-module. Thus A% is a finitely
generated left and right ®-module too, and therefore it is left and right Noetherian.
O

The following Corollary is related to [P], Proposition 5, p. 60 and Proposition
5, p. 68.

Corollary 3.7. Let I be a nonzero left ideal in A and G,® from Corollary 3.5.
Then I N® #£ 0.

Proof. As already mentioned above the ring ® is a quantum polynomial ring over
D with the variables Xf @4 and their inverses if 1 < ¢ < r. Thus the ring ® is left
and right Noetherian. The ring A is a finitely generated ®-module and therefore it
is a Noetherian ®-module.

Let f € T\ 0. Put

J
M= ®f.
s=0
Thus we obtain in A an ascending chain of ®-submodules
Mo C M CM;C....

Then there exists an integer k > 1 such that My_; = Mj,. It means that f* € M;_;
and therefore there exist elements ag, ... ,ar_1 € ® such that

k—1
= af
j=0

Since A is a domain we can always assume that ag # 0. Then
k—1
ag=f"=> ajff ednAfCc@nI
j=1

O

Remark 3.8. Up to now we considered finite subgroups of ring automorphisms G
which are contained in Aut™ A. The next step is to study subgroups G C Aut A
which are not contained in Aut™ A. Observe that if AutA # Aut™ A, then by
Theorem 2.1, = n. The subgroup Aut™ A has index 2 in Aut A and any element
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of the coset Aut A \ Aut™ A has the form (8) with e = —1, see Proposition 2.11.
Thus if G is a subgroup of Aut A which is not in Aut™ A, then G contains an element
¢ of the form (8) with € = —1. Moreover G N Aut™ A is a subgroup of index 2 in G.
There are two cosets of G with respect to the subgroup G N Aut™ A, namely, the
subgroup itself and ¢(G' N Aut™ A). In particular the order of G is always even.

Proposition 3.9. Let v € Aut A\ Aut™ A and r = n. Suppose that y has the form
(8) with e = —1 and

f=pB8X+6x7" B,6eD*, 1>0.
If 1 = 2s, then v(f) = f if and only if
5= el
Ifl =2s+ 1, then v(f) = f if and only if
v =ai(v), =0
Proof. Let v(f) = f. By Proposition 3.3 we have
BOY (X)) =06X", 6(v(Xi) ™ = BX].
Then
BOX)) = BOXTY = Buiar () TV )X
V(X)) = SnX,) T = 0(X ) = b)) T ad () X
Thus
B =dai(yi) " rab(v) Tl = Bray () T (),
and therefore
() - i () = i () oy Y (). (31)

From (20) we have ¥ (v;) = 7; for any integers k. Hence o; *(v;) = af(y;), for any
k. Moreover since az('yl)'yl is central in D, the elements ai(’yi) and ~; commute.
Thus in (31) we have

A7) - (i) = vici(y) - ol (),

or v; = al(v;). This means that if [ = 2s + 1, then v; = a;(7;), and the assertion
follows.
If | = 2s, then 6 = B(ya:(7:))®. -

Theorem 3.10. Let G be a finite subgroup of order 2d in Aut A and G € Aut™ A.
As noticed in Remark 3.8, there exists an element

Ce G\ Autt A, such that ((X;) = GX; Y, GeED* foralli=1,...,n. (32)
Then
X2¢ d)d [C o (< )]2¢(d)dX2¢(d)d c AG. (33)
Proof. The group H = G N Aut™ A has order d. Hence
Xi2¢(d)d7XZf2¢(d)d c AH

by Proposition 3.4. Apply Proposition 3.9. U
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Corollary 3.11. Let G be a finite subgroup of order d in Aut A, G  Aut™ A, and
r = n. Denote by ¥ the subring in A, generated by D and by all elements of the
form (33), i = 1,... ,n, where ¢ is from (32). Then ¥ C A% and A is a finitely
generated left and right V-module.

To prove that the ring ¥ is Noetherian we need two technical observations.
Lemma 3.12. Let (3,...,¢, be from (32), and & = G (¢;). Then a; (&) = &;.
Proof. By (20) we have

@i(&) = ailGai(G)] = a(G)af (G) = @i(G)G-
But by Theorem 2.5 the elements a(({;), (; commute. O
Lemma 3.13. Let R be a left Noetherian ring with an automorphism 3. Consider
in a skew Laurent polynomial extension R[Y*Y; 3] a subring T generated by R and

by an element Z =Y + vY ! such that v = B(v) is an invertible element of R.
Then T is left Noetherian.

Proof. Observe first that

m—1
Zrn=ym+ 3 (m) PIYm=iy =i 4 ymy=m,
j=z1
This means that if aY™ is the leading term of some f € I', then av™Y =™ is the
smallest term of f.

Let I be a left ideal in I" and let I,,, be the set consisting of zero and all leading
coefficients of polynomials of degree m in I. It is clear that I,, € B3 '(I41)
for any m, and each I,, is a left ideal in R. Since R is left Noetherian, the set
of left ideals 3%(I;), 4 > 0,5 > 0, has a maximal element, say (3°(I5). Then
ﬁk+s(IM) = IM+I<:+5 for all k£ Z 0.

Since R is left Noetherian, the ideal 3°(Iys) is finitely generated. Let ay, ... ,a;
be a set of generators of the left R-module I/, and let fi,..., fi € I have leading
coefficients aq, ... ,a; , respectively.

If g € I has degree M + s+ k,k > 0, and b is the leading coefficient of g, then
b= ¥(c) for some ¢ € Ips4s. So ¢ = cray + -+ - + cpay for some a; € R, and

g-Y¥eafi+ - taf) el
has degree less then g. Thus finally,

I=>Tfi+ |[IN( f: RY7)

i=1 j=—m+1
Since R is left Noetherian, the ideal I is finitely generated. O
Theorem 3.14. The ring ¥ from Corollary 3.11 is left and right Noetherian.

Proof. The ring ¥ is contained in the subring K of A generated by D and by the
elements

Y, = x2@Dd i1 on
Then K itself is a quantum polynomial ring with variables Ylil, .., Y FL Thus we

have to prove that in
K = Do o [YViEY, ... VY
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for the corresponding @', o/, the subring ¥ generated by D and by
Zi=Yi+uwY ', i=1...n v=g"0

is left and right Noetherian. Observe that by Lemma 3.12, Y;v; = v;Y;.

We shall proceed by induction on the number of variables n. The case n = 0 is
trivial, since in this case ¥ = D.

In order to apply induction we refer to Lemma 3.13. Now the proof of Theorem
follows. O

With the same proof as for Corollary 3.6, Corollary 3.7 we obtain

Corollary 3.15. Let G be a finite subgroup of Aut A. Then A is left and right
Noetherian.

Corollary 3.16. Let I be a nonzero left ideal in A and G, ¥ from Corollary 3.11.
Then I NV # 0.

The next theorem and its corollaries contain in some sense a converse statement
to Corollary 3.7, Theorem 3.14, Corollary 3.15.

Theorem 3.17. Let A be a quantum polynomial ring, not necessarily a general
one, with the grading from Definition 2.16. Let R be a homogeneous subring in A,
containing D. If A is a finitely generated left R-module, then there exists a positive
integer m such that

XEm o XEm XL, XM ER.
Proof. Let U be the set of all n-tuples
(I1,... 1) € Z" x (NU0)"™" such that X' ... X!» € R.
Since R is a ring, the set U is a subsemigroup in the additive semigroup
7" x (NuUo)* .

By assumption there exist elements f1,..., fs € A such that
A=Rfi+---+Rf,. (34)
Without loss of generality we can assume that fi,..., fs are monomials with co-

efficient 1. If ¢ € A is a monomial, then by (34) it can be represented in the

form
S

9= uifi
i=1 j
for some monomials u;;. But g is itself a monomial. Hence g = u f; for some f; and
for some monomial u € R. It we apply (5) and look at the set of corresponding
multi-indices, we can observe that if G is the multi-index of g then G € F; + U,
where F; is the multi-index of f;. Thus

Z"x (Nu0)" "=(U+F)U---U (U + Fy). (35)
In particular for any index ¢ = 1,... , s there exists an index ¢’ = 1,... , s such that
2F; = Fy +u(i), wu(i)eU. (36)

By induction we set i(0) = 4,i(k + 1) = i(k)’.
Claim. For any k > 1 we have

2kFi(m) = Fi(;g_;,_m) +w, w=w(,mk)eU.



18 VYACHESLAV A. ARTAMONOV AND ROBERT WISBAUER

Proof. By (36) the affirmation is valid for k£ = 1. If it holds for some k then by (36)
we have

2F;(k+m) = Fik+m+1) +u, uwel.
Then by induction
2" Ftm) = 2F(krm) + 20 = Fyhymyny +u+2w, u+2w e U.
O

We now start with an arbitrary index ¢ = 1,... s, and consider the sequence
i =14(0),4(1),... . Then i(t) = i(r) for some ¢t < r. By the Claim we have

2"y = Fyy +w, wel.
It follows that (2"~* — 1)F;4) € U. Then by the Claim,
(2 )2 F = (@ (B + ) = (27~ Dy + (27— ue Ul
If we take now
e; = (0,...,0,1,0,...,0) € Z" x (NUO)",

then e; = F; + v;;, for some v;; € U. By the preceding considerations me; € U for
some m > 0. Similarly, if 1 <i <r, then —me; € U for some m > 0. O

Starting from now we shall again assume that A is a general quantum polynomial
ring.

Corollary 3.18. Let G be a subgroup in Aut™ A such that A is a finitely generated
AC-module. Then there exists an integer m > 0 such that

+ + G
XE™ L XET XM X e AC

Proof. By Proposition 3.2, A is a homogeneous subring in A contaning D. Apply
Theorem 3.17. U

Theorem 3.19. Let G be a subgroup in Aut A, G € Aut™ A and r = n. Suppose
that A is a finitely generated left A% -module. Then there exist an integer m > 0
and elements 11,... ,T, € D* such that

XM X7™ XM, X, ™ e G

Proof. Let H=GNAut™ A. Then A” D A% and therefore A is a finitely generated
left AH-module. By Corollary 3.18 there exists a positive integer m such that

XEm L XE X X e AR
Let ¢ € G be of the form (32). Then
(X)) =7nX;", m €D
But ¢* € H, so X" = ((r;X; ™) and therefore
XM+ X, ™ e AC
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Example 3.20. Let D = C be the field of complex numbers with automorphisms
ai(z) = -+ = an(z) = Z, the complex conjugation. Suppose that ¢;; € N, 1 <
i < j < n, are different primes and A is the corresponding quantum polynomial
ring from (2). Observe that the equations (1) are satisfied and the subgroup N in
C* from Definition 1.4 is generated by all complex numbers of the form z7'Z, i.e.
it consists of all complex numbers with absolute value 1. It means that ¢;;, 1 <
i < j < n, are indepedent in C*/N and A is a general quantum polynomial ring.

Let £ € C*, |¢] = 1and & # 1. Denote by ¢ the automorphims of A such
that ((X;) = €X; i =1,...,n, and G = (¢). Then we have, for any i,j =
1,...,n and €,¢; = £1.
Hence AY contains the subring I', generated by

XfiX?, 1<4,j<n, €, ==l

Claim. T' = A®.

Proof. If f € A€ then f has a unique representation of the form

f=ag —l—iaiXi, a; €T.
i=1
Then .
f=<(f)=ao +Zai£Xi-
Hence a;6 = a; and a; =0 foreach i = 1,. .. Z,:;, which means that f € T'. O
This example shows that taking different £ € C* \ 1 with absolute value 1 we
obtain the same G-invariant subring A¢. If £ is not a root of 1, then G is infinite.

However A is obviously a finitely generated AS-module and A% is left and right
Noetherian.

Example 3.21. Let D,aq,... ,an,qi;, A be from example 3.20 and A € C*, with
|A| > 1. Suppose that » = 0 and v is automorphism of A such that v(X;) =
AX;, i=1,...,n. Then for any monomial

XX 441, >0,
we have
y(Xh Xy = AN X X st =1 4 1, >0
This means by Proposition 3.2 that A = D and A is not a finitely generated left
A%-module.
4. THE TRACE MAP

As before we assume in this section that A is a general quantum polynomial ring.
Let G be a finite subgroup of Aut A. Consider the trace map (e. g. [W2], p. 309)

trg: A — A% aws Z*y(a).
yeG

Theorem 4.1. Let a be a monomial in A and G a finite subgroup in Aut™ A. If
a¢ A%, then trga=0. If a € A9, then trga = |Gla.
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Proof. Let
a=X - Xlng NG
Then there exists v € G such that y(a) # a. It suffices to prove the affirmation in

the case when G = (v) is a cyclic group of order d > 1. Let v be of the form (8)
with € = 1. Then

y(a) = (X)) (Xn) ' =X X

where
n

1 li— n—
=TT (o4 0l e () -l 7 )
i=1
is a central element of D. Observe that v*(a) = 7%a for any integer s. Thus 7¢ = 1
since ¥ = 1. If a ¢ A, then 7 # 1 and therefore

I+74---+771=0.

It follows that
trga=(1+74+---+7"Ha=0.

Corollary 4.2. If G is a finite subgroup in Aut™ A, then trg A = AC.
Proof. Apply Theorem 4.1 and Proposition 2.10. O

Definition 4.3. Let G be a subgroup in Aut A. Then the group G acts on A.
Denote by A’G the corresponding skew group ring. This is a free left A-module
with the basis {g|g € G} and multiplication (e. g. [W2, §37]).

(ag)(bh) = ag(b)gh, a,be A, g,he€QG.

Corollary 4.4. Let G be a finite subgroup in Aut™ A. Then the ring A is a pro-
jective left A'G-module.

Proof. By Proposition 2.10 the order of G is invertible in D, and by [W2], 39.17,
A is a projective left A’G-module. O

Theorem 4.5. Let G be a finite subgroup in Aut A not contained in Aut™ A and
a monomial

a=Xb...xl ez (37)

Put H=GNAuwt"A. Ifa¢ A\ A, then trga = 0.
Ifa € A and ¢ € G\ Aut™ A from Remark 3.8, then

trga = |H|(a+((a)),
((a) = X" X, TeD.
Proof. If a ¢ A", then by Theorem 4.1 we have trg a = trga = 0.
Let a € A, Then G = HU(H. Thus trga = |H|(a + a) and
Cla) = (GXTH" - (G =X 0 Xt T e D
O

Corollary 4.6. Let G be a finite subgroup in AutA, not contained in Aut™ A.
Then the following are equivalent:

1. trgA = AG;
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2. 1 etrgA;
3. char D # 2.

Proof. If @ is a monomial from (37) and (I1,...,0,) # (0,...,0), then trga =
|H|(a + ¢(a)). By Proposition 2.10, we have (|H|,char D) =1 and therefore

t
a+((a) = % € trg A.

But if @ = 1 then trg a = |Gla. Thus by Corollary 2.15
letrgA < (|G|,charD) =1 <= charD # 2.
|

Corollary 4.7. Let G be a finite subgroup in AutA, not contained in Aut™ A.
Then the ring A is a projective left A'G-module if and only if char D # 2.

Proof. By Corollary 4.6, trg A = A® if and only if char D # 2. By [W2], 39.17, A
is a projective left A’G-module if and only if trg A = AC. O

5. HOMOLOGICAL PROPERTIES

In this section, as before, we shall assume that A is a general quantum polynomial
ring. If r = n, A is a simple ring and hence by [M1, Theorem 2.4], for any outer
automorphism group G, A is a generator for the A’G-modules (see also [W2, 40.7]).
The next theorem characterizes the projectivity of A in this case.

Theorem 5.1. Let r = n and G be a finite subgroup in Aut A of outer automor-
phisms, i.e., any inner automorphism in G is identical. Then the following are
equivalent:

—

. A\ projective (and a generator) in the category of left N'G-modules;
. A\ is a generator in the category of right A -modules;

. A% is a simple ring;

. N'G and A are Morita-equivalent (by Homp g (A, —));

. G C Aut™ A or char D # 2.

Ttk W N

Proof. By Theorem 1.13, the ring A is simple in the case r = n. Apply [W2], 40.8,
and Corollary 4.4, Corollary 4.7. See also [M1, Theorem 2.5]. O

Corollary 5.2. Let r =n and aq, ... ,ay act identically on center of D. Suppose
that G is a finite subgroup of Aut A. The the following are equivalent:

1. A is projective (and a generator) in the category of left N'G-modules;
A is a generator in the category of right AC -modules;

A€ is a simple ring;

NG and A® are Morita-equivalent (by Homprg (A, —));

G C Autt A or char D # 2.

ANl ol o

Proof. By Corollary 2.24 any inner automorphism in G is identical. So we have
only to apply Theorem 5.1. O

Remark 5.3. It follows from condition 1 in Theorem 5.1 that A'G ~ Endje A
(see [M1, Theorem 2.4]).
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Example 5.4. If n, A may not be a (self-) generator as a left A’G-module.
In fact, let 0 < n and D = C be the field of complex numbers. Suppose that

¢ij, 1<i<j < n,are different primes and oy = - -+ = o, are identical automor-

phisms of C. It is routine to check that the equations (1) are satisfied.

2

—i

10)

Denote by A the corresponding quantum polynomial ring (2). Put £ = exp(
and denote by v the automorphism of A such that
Xi7 if 4 < n;
V(Xi) = o
&Y, ifi=n.

Then the homogeneous ideal I = AX,, is invariant under the action of the cyclic
group G = (7). By Proposition 3.2, I¢ is spanned by all monomials

XX, >0, 10|,
However, X,, ¢ I¢ and I # AIC.
From [W2, 39.5], it follows that A is not a self-generator as a left A’G-module.

Now we shall turn our attention to a division ring A of fractions of an Ore
domain R and an action of ring automorphism groups G C Aut R on A. These
results can be applied to the case D = A, the quantum polynomial ring and A = F,
the division ring of fractions of A.

The action of group G of group automorphisms of R can be extended to an
action on A. It means that we can look at A as a left R’G-module, where R'G is
the skew group ring from Definition 4.3.

Proposition 5.5. Let I be a G-invariant left ideal of R and ¢ : I — A an R'G-
module homomorphism. Then ¢ can be extended to R'G-module homomorphim
Y R— A.

Proof. Let a,b € I\ 0. By the Ore condition there exist elements u,v € R\ 0 such
that ua = vb. Then

ug(a) = vp(b); (38)
vy = baTt €A (39)

If ¢(a) = 0, then vp(b) = 0 by (38) and therefore ¢(b) = 0 since A is a division
ring. Thus if ¢(a) = 0, then ¢ = 0 and in this case we can put ¢ = 0.
Suppose that ¢(a) # 0. Then we have by (38), (39)

ba™t = v lu = ¢(b)op(a) " .
This means that
a~'¢(a) = b7 (b). (40)
Define ¢ : R — A by setting
¥(x) = za~ ¢(a). (41)
Clearly % is an R-module homomorphism. If b € I'\ 0, then by (40) and (41),
»(b) = ba” ¢(a) = bb~ (b) = H(b).

We need to show that ¢ is a R’ G-module homomorphism. If ¢ € G, then we obtain,
taking b = o(a) in (40),

a~'¢(a) = (0(a)) " ¢(0(a)) = o(a™" ¢(a)).
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Thus we have for any € R

U(o(z)) = o(z)a™"¢(a) = o(z)o(a™" ¢(a)) = o (¥(x)).
O

We shall now apply these results to the case R = A - a general quantum polyno-
mial ring with n > 3 variables, and A = F' its division ring of fractions. The action
of G in A can be extended to the action on F'.

Corollary 5.6. Let A be a general quantum polynomial ring with n > 3 variables,
G a finite group of automorphisms such that A is a faithful left AN'G-module. Then
A is injective as left N'G-module.

Proof. We know from Corollary 3.5 and Corollary 3.11 that A is a finitely generated
left and right A9-module. Therefore A is a subgenerator in the category of A’G-
modules. By Proposition 5.5 the division ring of fractions F' is A-injective as A'G-
module. Apply [W1, 16.3]. O

The next theorem is well know and its proof follows from Corollary 3.7 and
Corollary 3.16,

Theorem 5.7. Let G be a finite subgroup in Aut A. Then FC is the division ring
of fractions of AC.

Notice that Theorem 5.7 can be considered as a special case of [W2, 11.6]. The
forthcoming theorem is inspired by the main results of [AD].

Theorem 5.8. Let G be a finite subgroup in Aut™ A. Put
I=Ax = Do.o[X{Y ..., XE.

X,
There exist monomials Y1, ... ,Y, € TC such that
1. the subalgebra Q in T'C generated by D,Ylil, ..., Y is a general quantum
polynomial algebra Dgr o [YiE, ... YEY which coincides with TG ;

2. if F is the division ring of fraction of A then FC is the division ring of
fractions of €.

Proof. Without loss of generality we can assume that » = n and A = I". By
Corollary 3.6, the ring A is a finitely generated left (right) A%-module, and by
Proposition 3.2, the subring A® is homogeneous with respect to Z"-grading from
Definition 2.16. Denote by U the set of all multi-indicies (mq,... ,m,) € Z" such
that X" --- X™» € AY. Tt is not difficult to observe that U is a subgroup in Z".
By Corollary 3.18, there exists an integer m > 0 such that XJ,... , X™ € A¢.
This means that U is a free Abelian subgroup in Z", of rank n. Let monomials
Yi,...,Y, in X;,..., X, have multi-indices in Z" which form a base of U. Then
A€ is generated by D, Ylﬂ, ..., Y £ Moreover, by (5) we have

YzYy = ql{ijYiv
where the image of qgj in D*/N belongs to the subgroup L generated by images of
all gs¢,1 < s <t < n. On the other hand each X/*,i = 1,... ,n, is a product of
YA, YL and
XX =g 0/ XX, n' € N.
By (5) the image of qg’}z in D*/N belongs to the subgroup L’ generated by images
of all qgj, 1 <7< j <n. According to the assumption the group L is a free Abelian
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group of rank @ and the subgroup L’ in L has the same rank. This means that

the multiparameters qgj, 1 <i<j<n,form a set of free generators of L’. Taking
o =(af,...,al), where each o is the automorphism of D induced by conjugation
by Y; (i =1,...,n), we see that Q is a general quantum polynomial algebra. O

Corollary 5.9. Letr =n and aq, ... ,ay be identical on the center of D. Suppose
that G is a finite subgroup in Aut A. Then the left and right global dimensions of
NG are equal to 1.

Proof. By Theorem 5.8 the ring Q = A% is a general quantum polynomial ring.
So the global dimension of  is equal to 1 by [MP, Corollary in 3.10] (and [A1]).
Apply Morita-equivalence of the rings A’G and Q (see Corollary 5.2). O
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