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Abstract

We study Witt groups of smooth curves and surfaces over algebraically closed
fields of characteristic not two. In both dimensions, we determine both the
classical Witt group and Balmer’s shifted Witt groups. In the case of curves, the
results are supplemented with a complete description of the (shifted) Grothen-
dieck-Witt groups.

In a second step, we analyse the relationship of Witt groups of smooth
complex curves and surfaces with their real topological K-groups. They turn
out to be surprisingly close: for all curves and for all projective surfaces of
geometric genus zero, the Witt groups may be identified with the quotients of
their even KO-groups by the images of their complex topological K-groups under
realification.
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Introduction

The study of Witt groups of varieties was initiated by Knebusch in the 1970’s [Kne77].
Despite Arason’s early success with the calculation of the Witt groups of projective
spaces over arbitrary fields (of characteristic not two) [Ara80], concrete computations
remain challenging to this day, and known results generally depend on the chosen
ground field. In dimensions one and two, such results include explicit descriptions
of the Witt groups of smooth curves and surfaces over the complex numbers due to
Fernédndez-Carmena [FC87] and over the reals due to Knebusch and Sujatha [Kne76,
Suj90], as well as structural results over finite and local fields [Par89, Auell].

Since Knebusch’s original definition, the theoretical framework surrounding Witt
groups has undergone considerable developments. In particular, by the work of
Balmer on Witt groups of triangulated categories, we now know that the classical
Witt group W(X) = W°(X) of a variety naturally fits into a four-periodic family of
“shifted” Witt groups W*(X) [Bal00,Bal01]. Moreover, it has become clear that these
groups in turn fit into the larger framework of Karoubi’s hermitian algebraic K-theory
and should be interpreted as hermitian K-groups of negative degrees [Sch07]. Under
this interpretation, the hermitian K-groups of degree zero correspond to Balmer and
Walter’s Grothendieck-Witt groups GW*(X) [Wal03a]. Generally speaking, the focus
of attention seems to be shifting gradually from Witt to Grothendieck-Witt groups;
see for example the recent papers [Fas09], [FS09], [Sch10] or [Lev11].

The purposes of this paper are twofold. Firstly, we extend Ferniandez-Carmena’s
computations of the classical Witt groups of a smooth complex curve or surface X in
several directions:

e We compute all of Balmer’s shifted Witt groups.

e We relax the condition on the ground field k—we require only char(k) # 2 and
cda(k(X)) < 2. This condition is satisfied for example by curves over finite fields
(c.f. Remark 3.2).

e In the case of curves over an algebraically closed field of characteristic not two,
we include complete computations of the Grothendieck-Witt groups:

Theorem 0.1. Let C be a smooth curve over an algebraically closed field of
characteristic not two. Let H!,(C;7Z/2) denote its étale cohomology groups with Z./2-
coefficients, and let Pic(C) denote its Picard group. The Grothendieck-Witt and Witt
groups of C are as follows:

CWo(C) =z HL(C;2/2) ® H*(C;72/2) W°C)=1Z/20 HL(C;Z/2)
GW!(C) = Pic(C) WY(C) = HZ,(C;Z/2)
GW*(0)=12 W2(C) =0

GW3(C) = Z/2 @ Pic(C) W3(C) =0

This result is given in Theorem 2.1 below, which also includes a description of the
Grothendieck-Witt and Witt groups twisted by a non-trivial line bundle over C.
A similar description of the shifted Witt groups of smooth surfaces is presented in
Theorem 3.1.

Secondly, we analyse the relationship of the Grothendieck-Witt and Witt groups of a
smooth complex curve or surface X with the real topological K-groups of its complex



points X (C) equipped with the analytic topology. Here, we use the comparison
homomorphisms

gw': GW'(X) — KO*(X(C))
; ; KO (X(C))

w': WY(X) > ——a

K(X(C))
introduced in [Ziblla] under certain mild hypotheses concerning the representability
of hermitian K-theory ([Ziblla, Standing Assumptions 1.9]). As shown there, these
maps are isomorphisms whenever X is cellular. There is, of course, no reason for
this result to hold in much greater generality. Nonetheless, the following comparison
result is achieved in Theorems 4.4 and 4.12:

Theorem 0.2. When X is a smooth complex curve, the comparison maps gw' are
surjective and the maps w® are isomorphisms. When X is a smooth complex surface,
the same claim holds if and only if every continuous complex line bundle over X is
algebraic, i. e. if and only if the natural map Pic(X) — H?*(X;Z) is surjective. (For
projective surfaces, this condition is equivalent to the condition that the geometric
genus h*9 of X be zero.)

Our computations follow a route first described by Totaro [Tot03], which is based
on a series of spectral sequences developed over the past years by Balmer, Walter
and Pardon. Although Fernindez-Carmena managed to obtain W°(X) without
explicit use of this machinery, the approach described here seems significantly more
transparent even for this classical case. The only place where the assumption on
cda(k(X)) enters into the computation is the evaluation of the Bloch-Ogus spectral
sequence for étale cohomology. Thus, it seems plausible that similar techniques can
be used to compute Witt groups over more general ground fields. The Grothendieck-
Witt groups of curves are obtained from their Witt groups via Karoubi’s fundamental
exact sequence.

Our proof of the comparison result relies on the aforementioned explicit calculations.
Firstly, it is easy to see that the groups W'(X) and KO*(X)/K"(X) of smooth
complex varieties of dimension at most two are abstractly isomorphic in the cases
claimed. For i = 0, we can deduce that the isomorphism is induced by the map w°
from the fact that all elements in W°(X) are detected by the first two Stiefel-Whitney
classes. The shifted groups W*(X) and W?(X) require more work. To obtain the
assertions concerning the comparison maps, we decompose an arbitrary surface into
a union of curves and an affine piece whose Picard group vanishes modulo two. This
is the only step into which the mentioned hypotheses concerning hermitian K-theory
enter (c.f. Remark 1.7).

The structure of this article is as follows. In the first section, we review some of
the basic aspects of Witt groups and real topological K-groups. We also include a
brief account of the theories of Stiefel-Whitney classes in both settings and explain in
how far they coincide for complex varieties. Section 2 deals with the Grothendieck-
Witt groups of smooth curves. The main calculations of Witt groups and of the
groups (KO?/ K)(X) are presented in Section 3, while the comparison result is derived
in Section 4. Finally, we briefly analyse how this result is related to the Quillen-
Lichtenbaum conjecture and its analogue for hermitian K-theory, which has recently
appeared in [BKOS11].



Notation and conventions

By a variety, we mean an integral separated scheme of finite type over a field k.
In particular, all our varieties are irreducible. Curves and surfaces are smooth of
dimensions one and two over k, respectively. We always assume that the ground field
k is of characteristic not two.

When X is a variety over C, we write KO*(X) and K*(X) for the real and complex
topological K-groups of the set of complex points X (C) equipped with the analytic
topology. The quotients KO*(X)/K%(X) are often denoted as (KO*/K)(X), the
quotients KO*(X;7/2)/K°(X;Z/2) as (KO*/K)(X;7Z/2), and similarly for related
quotients.

A tilde on a K-, Witt- or Grothendieck-Witt group of a variety X indicates that we
are considering the corresponding reduced group, i. e. the kernel of the pullback along
a geometric point T — X. In particular, Ko(X), GW°(X) and W°(X) denote the
kernels of the rank homomorphisms (c. f. Example 1.4 below). A tilde on any of the
groups K'(X), KO (X) or (KO*/K)(X) of a path-connected topological space X
likewise denotes the kernel of the pullback along the inclusion of a point.

1 Background on Witt groups

1.1 Symmetric bundles and complexes

Symmetric bundles. A symmetric bundle (€,e) over a variety X is a vec-
tor bundle! £ over X equipped with a non-degenerate symmetric bilinear form
e: £E®E — O. Alternatively, we may view ¢ as an isomorphism from & to its dual
bundle £V. In this case, the symmetry of € is encoded by the fact that it agrees with
its dual eV under the canonical identification of £ with (€V)V.

Two symmetric bundles (£,¢) and (F, ) are isometric if there is an isomorphism
of vector bundles i: £ — F compatible with the symmetries, i.e. such that Vi =
€. The orthogonal sum of two symmetric bundles has the obvious definition
(€8) L(F,p):=(EDF,e0p)

Ezample 1.1 (Symmetric line bundles). Let Pic(X)[2] be the subgroup of line bundles
of order < 2 in the Picard group Pic(X). Any line bundle £ € Pic(X)[2] defines a
symmetric bundle over X. When X is a projective variety over an algebraically closed
field, all symmetric line bundles arise in this way. In general, the set of isometry
classes of symmetric line bundles over X is described by HY (X;Z/2), the first étale
cohomology group of X with coefficients in Z/2 = O(1). The Kummer sequence
exhibits this group as an extension of Pic(X)[2]:
(X
0— g((X))Z — HY(X;7/2) — Pic(X)[2] — 0

The additional contribution comes from symmetric line bundles of the form (O, ),
where ¢ is some invertible regular function which has no globally defined square root.
For example, the trivial line bundle over the punctured disk A' —0 carries a non-trivial
symmetric form given by multiplication with the standard coordinate function.

More generally, we may consider a variety X together with a fixed line bundle L €
Pic(X). Then a symmetric bundle over (X, L) is a vector bundle £ together with a

1By convention, we identify a vector bundle with its sheaf of sections. Thus, the common notation
O for the sheaf of regular functions on X will be used to denote the trivial line bundle over X.
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non-degenerate symmetric bilinear forme: £ ® € — L. In other words, £ is symmetric
with respect to the “twisted duality” on vector bundles defined by €Y% := Hom/(&, L).

Ezample 1.2 (Hyperbolic bundles). Any vector bundle £ gives rise to a symmetric
bundle Hz(€) := (€ d EYE,(94)) over (X, L), the hyperbolic bundle associated with
E.

Hyperbolic bundles are the simplest members of a wider class of so-called metabolic
bundles: symmetric bundles (M, 1) which contain a subbundle j: N'— M of half
their own rank on which p vanishes. In other words, (M, ) is metabolic if it fits into
a short exact sequence of the form

. VL
0N MIENE S0 (1)

The subbundle AV is then called a Lagrangian of M. If the sequence splits then (M, p)
is isometric to Hz(N), at least in any characteristic other than two (c.f. [Bal05,
Example 1.1.21]).

Symmetric complexes. A symmetric complex over (X, £) is a bounded complex
of vector bundles
et & EEN—EL

together with a symmetric quasi-isomorphism from &, to its dual complex
EVE: e L EE S

More generally, an i-symmetric complex is a complex &, together with a symmetric
quasi-isomorphism
£: &g — EVE[i]

where [i] denotes an i-fold shift to the left. Here, symmetry means that £V [i] agrees
with & under the canonical identification of & with (E)¢[i])V*[i].

Ezample 1.3 (A 1-symmetric complex over P'). Consider the complex of vector
bundles O(—1) % O over the projective line P! with coordinates [z : y]. Place
O in degree zero. Multiplication by y induces a symmetric quasi-isomorphism with
the dual complex shifted one to the left, so that we obtain a 1-symmetric complex

1)—“*—0
Yy

o(-
Uy = J/ J-(y) (2)
(=)
O

—0(1)

Analogues of this 1-symmetric complex over projective curves of higher genus will be
described in Remark 2.2.

The notions of hyper- and metabolic bundles generalize to complexes in a straight-
forward way. In particular, for any bounded complex of vector bundles & over X
and any line bundle £ over X, we have associated i-symmetric hyperbolic complexes
HL(&) over (X, L).



1.2 Grothendieck-Witt and Witt groups

Recall that the algebraic K-group Ko(X) of a variety X is the free abelian group on
isomorphism classes of vector bundles over X modulo the relation F ~ £ 4+ G for any
short exact sequence of vector bundles 0 - & — F — G — 0. The Grothendieck-Witt
group of X is defined similarly, in terms of symmetric bundles. More precisely, the
Grothendieck-Witt group GW(X, £) of a variety X with a fixed line bundle £ is the
free abelian group on isometry classes of symmetric bundles over (X, £) modulo the
following two relations:

(E,e) L (G,y) ~ (E,e)+ (G,v) for arbitary symmetric bundles (£,¢) and (G, )
(M,u) ~ He(N) for any metabolic bundle (M, u) with Lagrangian A/

The Witt group WO(X ,L) is the quotient of the Grothendieck-Witt group by the
subgroup generated by metabolic bundles, i. e. it is the quotient of GW°(X, £) by the
image of Ko(X) under the hyperbolic map H,. [Kne77, § 4]

Recall that we always assume our ground field to be of characteristic not two. Under
this assumption, the groups GWO(X , L) and wo (X, £) may alternatively be defined
in terms of the bounded derived category of vector bundles over X, just as in the case
of Ko(X). In particular, elements of GW®(X, £) and W°(X, £) may be represented
by O-symmetric complexes. More generally, by using i-symmetric complexes, one
may define shifted groups GW*(X, £) and W'(X, £). The theory is best set up by
introducing a general notion of a triangulated category with duality and defining
(Grothendieck-)Witt groups in this context, as pioneered by Balmer and Walter in
[Bal00, Bal01, Wal03a].

Thus, for any variety X with a fixed line bundle £ and for any integer i we have a
Grothendieck-Witt group GW'(X, £) equipped with hyperbolic and forgetful maps
Hi: Ko(X) - GW'(X, L)
F: GWY(X, L) — Ko(X)
The Witt group W¥(X, £) is defined as the quotient of GW*(X, £) by the image of

Ko(X) under Hi:. Moreover, we have exact sequences of the following form, which
we will refer to as the Karoubi sequences:

CWi (X, £) £ Ko(X) & qWi(X, £) — WX, L) = 0 3)

It turns out that the (Grothendieck-)Witt groups only depend on the class of £ in
Pic(X)/2, and by convention we will usually drop £ from the notation when it is
trivial in Pic(X)/2. Moreover, the groups are 4-periodic in i. Of course, for i = 0,
we recover the Grothendieck-Witt groups defined in terms of symmetric bundles.
Similarly, the groups GW?(X, L) may be defined in terms of anti-symmetric bundles.
The groups GW* (X, £) and GW?*(X, £), on the other hand, are more intricate.

Both Grothendieck-Witt and Witt groups are functorial: a morphism of varieties
f: X =Y induces pullback maps

WYY, fH(L) = WYX, L)

What is more, shifted Witt groups constitute a cohomology theory on smooth
varieties: for any smooth closed subvariety Z C X we have localization sequences
relating the Witt groups of X to those of Z and its complement U := X — Z. That
is, for any line bundle £ over X we have long exact sequences

GW=%(Z,£') = GW (X, £) = GW' (U, L|v)
= WIFI=(Z, L) = WYX, £) = WU, L]y) (4)
= WH(Z, L) = WX L) » WHEULI) = -+



Here, c is the codimension and N is the normal bundle of Z in X, and £’ = det(N) ®
Llz.

Ezample 1.4 (Witt groups of a geometric point). Let T = Spec(k), where k is an
algebraically closed field of characteristic not two. Then one finds that

GWoz) =17 Wo(z) =17/2
GW'(Z) =0 WY(z) =0
GW*(Z) =12 W2(Z) =0
GW?3(7) =2/2 W3(Z) = 0

The group GW(Z) is generated by the trivial symmetric bundle (O, id), whereas
GW?*(Z) and GW?*(Z) are generated by the hyperbolic bundles H?(O) = (O @
0,( % 4)) and H*(O), respectively.

We define the reduced Witt- and Grothendieck-Witt groups of a variety X to be
the kernels of the pullbacks along a geometric point 7 — X. On GW° and WP,
these pullback maps may be identified with the rank homomorphism and the rank
homomorphism modulo two, respectively:

GWO(X) = ker(rk: GW?(X) — Z)
WO(X) = ker(tk: WO(X) — Z/2)

Example 1.5 (Witt groups of P* [Ara80, Wal03b]). For the projective line P! over an
algebraically closed field of characteristic not two, one finds that

WP =7/2
WPl =7/2
W2(PY) =0
W3(P') =0

The group WO(]P’l) is again generated by the trivial symmetric bundle, whereas
Wl(IE”l) is generated by the l-symmetric complex Wy given in Example 1.3. The
twisted Witt groups W*(P!, O(1)) vanish.

In general, when working over an algebraically closed ground field, the Witt groups
are always 2-torsion: 2¥ = 0 for any ¥ € W*(X; L). This is a consequence of the
following well-known lemma.

Lemma 1.6. Let X be a variety over an algebraically closed field k of characteristic
not two. Then, for any ¥ € GW'(X; L), we have H-(F(¥)) = 2.

Proof. We may assume that U is the class of some i-symmetric complex (&,, €). Using
the assumption that char(k) # 2, we define an isometry between the hyperbolic

complex H%(&,) and the direct sum (&,,¢) & (€, —¢) by 3 (} f:l ) Since k contains

a square root of —1, the symmetric complex (&, —¢) is isometric to (&, ). O



1.3 Comparison with KO-theory

Now suppose X is a smooth variety over C. Then there is an obvious comparison
map from the algebraic K-group Ko(X) to the topological K-group K°(X) of X
equipped with the analytic topology, sending algebraic vector bundles over X to the
underlying continuous complex vector bundles. In [Ziblla], we explain how certain
mild hypotheses concerning the representability of Witt groups, or more generally
of hermitian K-theory, in the stable A'-homotopy category may be used to obtain a
convenient definition of analogous maps to the topological KO-groups of X:

gw': GW' (X, L) - KO*(X, L)

w': W{(X, L) = KO* (X, L)
(For non-trivial line bundles £ over X, we put KO'(X, £) := KO™2(Thomx (L)) —
c.f. [Ziblla, Section 2.1].) “Convenient” here means that many useful properties of

these maps follow directly from their definition. In particular, we have the following
two statements:

e The maps w® and gw® respect the Karoubi sequences (3) in the sense that we
have commutative diagrams

GWi lx KoX GW'X WiX 0

N T

o — KO? T2 — 5 KX — KO X —— KO* " 1X —— K!'X — ...

Here, the lower sequence is part of the long exact sequence known as the Bott
sequence in topology. It follows in particular that the maps w* factor through
the quotients (KO?/ K)(X), so that we have induced maps

w': WH(X) = (KO*/K)(X)

e The maps respect localization sequences (4), in the sense that we have
commutative ladder diagrams:

GWi=¢(Z,L") = CW (X,L£) = GW' (U,L|y) — Wi=tl(Z £y — WitH(X, L) — W T (U.L|y)

lgwic J(gwi lgwi J/wicﬁ»l lwz lwl

KO*C=9)(Z,L") » KO*(X,L) + KO* (U,L|v) » KO =T (Z,£7) 5 KO (X,L) + KO (U,L]v)

Moreover, these ladders may be extended to the left and the right in a
commutative way. We refer to [Ziblla, Section 2] for details.

Remark 1.7. The precise form of our hypotheses is given in [Ziblla, Standing
Assumptions 1.9]. We refrain from reproducing the details given there and point to
[Zib11b, Chapter II] for a more thorough discussion. The cautious reader is advised
that the results in Sections 4.2 ff. do depend on the properties of the comparison
maps following from these hypotheses. All calculations in Sections 2 and 3, however,
as well as the comparison result for the classical Witt group, Proposition 4.3, are valid
without any such disclaimer.



1.4 Stiefel-Whitney classes

As we will see, all elements in the Witt group W°(X) of a curve or surface can be
detected by the rank homomorphism and the first two Stiefel-Whitney classes. We
therefore include a brief account of the general theory of these characteristic classes.

Stiefel-Whitney classes over varieties

The following construction of Stiefel-Whitney classes over varieties due to Delzant
[Del62] and Laborde [Lab76] is detailed in [EKV93, § 5]. It works more generally for
any scheme X over Z[].

The first Stiefel-Whitney class w; of a symmetric line bundle over X is defined by
the correspondence of isometry classes of such bundles with elements in H} (X;7Z/2)
(see Example 1.1). For an arbitrary symmetric bundle (€,¢), one considers the
scheme Pp4(&,¢) given by the complement of the quadric in P(£) defined by . The
restriction of the universal line bundle O(—1) on P(€) to Pnq(&, €) carries a canonical
symmetric form. Let w be its first Stiefel-Whitney class in H} (Ppq(€,€);Z/2). Then
the cohomology of P,,4(&, €) can be decomposed as

r—1

H(Paa(€,2); 2/2) = @ p* H (X 2/2) - w' (5)
1=0

where p is the projection of P,q(€, €) onto X. In particular, w” is a linear combination
of smaller powers of w, so that for certain coefficients

w;(E,e) € H(X;7/2)
we have
w” 4+ prwy(E,€) - w T prwe(E,e) w4+ prw(E,6) =0
These coefficients w; (€, €) are defined to be the Stiefel-Whitney classes of (€, ). They
are characterized by the following axiomatic description [EKV93, § 1]:

Normalization. The first Stiefel-Whitney class of a symmetric line bundle w; is as
defined above.

Boundedness. w;(€,e) =0 for all i > rk(€)
Naturality. For any morphism f: Y — X, we have f*w;(€,¢e) = w;(f*(€,¢)).

Whitney sum The total Stiefel-Whitney class w; := 1+ ,o, w;(€,€)t" satisfies
formula. -

wt((gvg) 1 (‘Fa 90)) = wt(gvs) : wt(]:’ @)

The Stiefel-Whitney classes of a metabolic bundle only depend on the Chern classes
of its Lagrangian. More precisely, Proposition 5.5 in [EKV93] gives the following
formula for a metabolic bundle (M, p) with Lagrangian L:

k(L)
we(M, ) = 3 (14 (~1)t) O ey (L)% ©)

§=0
For example, for the first two Stiefel-Whitney classes we have

w1 (M, p) = rk(£)(=1) (7)

wm) = ("4 ) 1o +ae) ©
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It follows that w; descends to a well-defined homomorphism from the Grothen-
dieck-Witt group of X to the multiplicative group of invertible elements in
@iHét(X§Z/2)ti:

wy: GWO(X) — (@ H;‘t(X;Z/z)ti>

In particular, the individual classes descend to well-defined maps

w;: GW(X) — H(X;7Z/2)

In general, none of the individual Stiefel-Whitney classes apart from w; define
homomorphisms on GW(X). It does follow from the Whitney sum formula, however,
that ws restricts to a homomorphism on the kernel of wq, and in general w; restricts
to a homomorphism on the kernel of (the restriction of) w;_1.

It is not generally true either that the Stiefel-Whitney classes factor through the Witt
group of X: the right-hand side of (6) may be non-zero. However, we may deduce
from (7) that the restriction of the first Stiefel-Whitney class to the reduced group
GWO(X) factors through WO(X), yielding a map

wy: WO(X) — HL(X;Z/2)

We use a different notation to emphasize that the values of w; and w; on a given
symmetric bundle may differ. That is, if (£,¢) is a symmetric bundle of even rank
defining an element ¥ in WO(X), then in general w; (V) # wy(€,¢). Rather, W,
needs to be computed on a lift of (£,¢) to (r}\V/VO(X). Equation (8) implies that ws
also induces a well-defined map

EQ : WO(X) — HeZt(X7 Z/2)/PIC(X)
As before, w; is a surjective homomorphism, while w, restricts to a homomorphism

on ker(w).

Stiefel-Whitney classes over fields

When X is a field F' (of characteristic not two), the Stiefel-Whitney classes factor
through Milnor’s K-groups modulo two, which are commonly denoted kM (F). We
will denote the classes with values in kM (F) by w:

wsq

GWO(F) H(F;7,/2)

«@
wg\/f /

KM (F)

K3
Both the groups kM (F) and the classes w}M were constructed in [Mil69]. In the
same paper, Milnor asked whether the map a appearing in the factorization was an
isomorphism, a question that later became known as one of the Milnor conjectures.
For ¢ < 2, which will be the range mainly relevant for us, an affirmative answer was
given by Merkurjev [Mer81]. A general affirmation of the conjecture was found more
recently by Voevodsky [Voe03b].

A second conjecture of Milnor, also to be found in [Mil69], concerned the relation of
WY(F) to kM(F). To state it, we introduce the fundamental filtration. If we view
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WY(F) as a ring, then the kernel of the rank homomorphism rk: WO(F) — 7Z/2
becomes an ideal inside WO(F), which is traditionally written as I(F). The powers
of this ideal yield a filtration

WU F)DI(F)D>I*(F) D I3(F)>...

on the Witt ring of F', known as the fundamental filtration. Milnor conjectured that
the associated graded ring was isomorphic to kM (F) := @;kM (F). As a first step
towards a proof, he constructed maps kM (F) — I*(F)/I**1(F) in one direction.
Moreover, in degrees one and two, Milnor could show that these are isomorphisms,
with explicit inverses induced by the Stiefel-Whitney classes w}! and w)!. In

combination with the isomorphisms a above, one obtains the following identifications:
0 o
rk: W (F)/I(F) = HY(F;Z/2)

w1y I(F)/IQ(F)

Wy : 12(F)/IS(F) =5 H2(F;7/2)

IR

Hclt(F;Z/2)

1R

1

[Mil69, § 4]. Today, these isomorphisms are commonly denoted e, e!, e2. It was clear

from the outset, however, that the higher isomorphisms
i, It , =gy
e I'E) ) pis gy =5 HYL (Fi2/2) (9)

conjectured by Milnor could not be induced by higher Stiefel-Whitney classes. Their
existence was ultimately proved in [OVV07]. Unlike in the case of Stiefel-Whitney
classes, it does not seem to be clear how these isomorphisms may be generalized to
varieties (c.f. [Auel2al).

Stiefel-Whitney classes over complex varieties

Over a complex variety, the étale Stiefel-Whitney classes of symmetric vector bundles
are compatible with the Stiefel-Whitney classes of real vector bundles used in
topology:

Suppose first that Y is an arbitrary CW complex. If we follow the construction of
Stiefel-Whitney classes described above, with singular cohomology in place of étale
cohomology, we obtain classes w;(€,¢) in H(Y;Z/2) for every complex symmetric
bundle (£,¢) over Y. On the other hand, given a real vector bundle F over Y, we have
the usual Stiefel-Whitney classes w;(F). We claim that these classes are compatible
in the following sense. Recall that we have a one-to-one correspondence

isometry classes of isomorphism classes
complex symmetric | 7 | of real vector bundles
bundles over Y over Y

Explicitely, ® sends a complex symmetric vector bundle (€,e) to the unique
real subbundle R(€,e) of £ on which e restricts to a real positive definite form
(c.f. [Ziblla, Lemma 1.3 and its corollary]). It follows from the construction that
the two topological versions of Stiefel-Whitney classes discussed agree under R:

Lemma 1.8 ([Zibllb, Lemma III.1.1]). For any complex symmetric vector bundle

(E,€) over a CW complex Y, the classes w;(E,¢) and w;(R(E,¢)) in H(Y;Z/2)
agree. O
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Now let X be a complex variety. Then the lemma implies that the étale and
the topological Stiefel-Whitney classes are compatible in the sense that we have a
commutative square as follows:

(symmetric vector bundles) W Hi (X:7/2)
over X

J -

<rea1 vector bundles> Wi, Hi(X((C)'Z/Q)
over X (C) '

Moreover, if we specialize equation (6) for the Stiefel-Whitney classes of a metabolic
bundle (M, ) with Lagrangian £ to the case of a complex variety, then since —1 is
a square in C we find that

Wai (M, 1) = ¢;(L) € HY (X;Z/2)

and all odd Stiefel-Whitney classes of (M, u) vanish. This corresponds to the well-
known fact in topology that the even Stiefel-Whitney classes of a complex vector
bundle agree with its Chern classes modulo two, whereas its odd Stiefel-Whitney
classes are zero [MS74, Problem 14.B]. It follows in particular that the odd Stiefel-
Whitney classes factor through the (reduced) Witt group of X, while the even classes
induce maps
—~ H2(X:,7./2
Wa; - WO (X) — M
im(¢;)
We summarize the situation as follows.

Proposition 1.9. Let X be a complex variety. The Stiefel-Whitney classes factor
through the reduced Grothendieck-Witt and KO-group of X to yield commutative
diagrams

GWO(X) s HI,(X:7/2)

"

KO%(X) —Y HI(X;Z/2)

Moreover, for all odd i we have induced maps

WO(X) —" s Hi(X;2/2)

L

(KOYK)(X) —2 Hi(X;7,/2)
and for even i we have induced maps

@ HL(X;2/2)

Wo
W i)
(ROYR)(x) =y TG/

1m(cz)
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2 Curves

In the next section, we will compute the Witt groups and the groups (KO?/ K)(X)
for smooth varieties of dimension at most two. Here, we briefly summarize the results
we will obtain in the case of curves. Moreover, we give a complete description of their
Grothendieck-Witt groups.

2.1 Grothendieck-Witt groups of curves

Let C be a smooth curve over an algebraically closed field k& of characteristic not two,
and let Pic(C) be its Picard group.

If C is projective, say of genus g, we may write Pic(C) as Z & Jac(C). The free
summand Z is generated by a line bundle O(p) associated with a point p on C, while
Jac(C) denotes (the closed points of) the Jacobian of C, a g-dimensional abelian
variety parametrizing line bundles of degree zero over C. As a group, Jac(C) is two-
divisible, and Jac(C)[2] has rank 2g (e.g. [Mil08, Chapter 14]). In particular, when
C is projective, we have

He(C;2/2) = Pic(C)[2] = (2/2)*
H2(C;Z/2) = Pic(C)/2 = 7Z./2

If C' is not projective, it is affine and may be obtained from a smooth projective curve
by removing a finite number of points. Note that when we remove a single point p
from a projective curve C, the Picard group is reduced to Pic(C — p) = Jac(C). It
follows that the Picard group of any affine curve is two-divisible. In particular, for
any affine curve C' we have

H%(C;7/2) = Pic(C)/2 =0

The reduced algebraic K-group of a smooth curve may be identified with its Picard
group via the first Chern class, so that we have an isomorphism

Ko(C) =2 Z & Pic(C) (10)

The following proposition shows that, similarly, the Grothendieck-Witt and Witt
groups of C' are completely determined by Pic(C) and the group HZ(C;Z/2) of
symmetric line bundles.

Theorem 2.1. Let C be a smooth curve over an algebraically closed field of
characteristic not two. The Grothendieck-Witt and Witt groups of C are as follows:

GW(C) = [Z] ® H,,(C;Z/2) ® HZ(C;2/2)  W(C) = [Z2/2) & H,,(C; Z/2)

GW(C) = Pic(0) W(C) = H%(C;Z/2)
GW?(C) = [Z] W2(C) =0
GW3(C) = [Z/2] @ Pic(C) W3(C) =0

Here, the summands in square brackets are the trivial ones coming from a point,
1. e. those that disappear when passing to reduced groups. In particular, for a projective
curve of genus g we obtain:

GW°(C) = [Z] ® (Z/2)**! W(0) = [2/2] ® (Z/2)*
CWY(C) = Z @ Jac(C) wW(C) =17/2

GW?(C) = [Z] W2(C) =0

GW?3(C) = [Z/2) @ Z & Jac(O) W3(C) =0

13



For affine curves, no non-trivial twists are possible. When C' is projective, the groups
twisted by a generator O(p) of Pic(C)/2 are as follows:

GWY(C,0(p)) = Z ® (Z/2)* WO(C,0(p)) = (2/2)*
GW(C,0(p)) = Z & Jac(C) WH(C,0(p)) =0
GW?(C,0(p)) = Z W?(C,0(p)) =0
GW3(C,0(p)) = Z @ Jac(C) W3(C,0(p)) =0

Remark 2.2 (Explicit generators). The isomorphism between W°(C) and HY (X;Z/2)
is the obvious one, i.e. WO(C) is generated by symmetric line bundles (see Ex-
ample 1.1). When C' is projective of genus g, the group Wl(C) has a single generator
¥, which for g = 0 we may take to be the 1-symmetric complex given in Example 1.3.
When g > 1, a generator may be constructed as follows: Pick two distinct points p
and ¢ on C. Let s and t be sections O — O(p) and O — O(q) of the associated line
bundles that vanish at p and ¢, respectively. Choose a line bundle £ € Pic(C) that
squares to O(p — ¢q). Then

L&O(—p) —— s L

we| | |- 1)

L&O(q—p) —— L& O(q)
is a 1-symmetric complex over C' generating W' (C).

Proof of Theorem 2.1, assuming Theorem 3.1. The values of the untwisted Witt
groups may be read off directly from Theorem 3.1 below: we simply note that
c1: Pic(C) — HZ(C;Z/2) is surjective and induces an isomorphism Pic(C)/2 =2
H2(C;7/2). The twisted groups W*(C, O(p)) of a projective curve C' may then be
calculated from the localization sequence (4) associated with the inclusion of the
complement of a point p of C into C. Indeed, since the line bundle O(p) is trivial
over C' — p, this sequences takes the following form:

= W (p) = WH(C,0(p)) = WH(C —p) = Wi (p) — -~

We now deduce the values of the Grothendieck-Witt groups, concentrating on the
case when C' is projective. The affine case is very similar, except that all extension
problems disappear.

Untwisted case. To compute the untwisted Grothendieck-Witt groups of a
projective curve C, we use the Karoubi sequences (3) and their restrictions to reduced
groups:

GWL(0) B Ko(0) B GWH(C) — WHC) = 0

Note first that the identification of the K-group of our projective curve C given in
(10) may be written explicitly as

Ko(C) += Z® Z ® Jac(C)
€] — (1kE, d,det £(—d))
[£(d)] + (r — 1)[0] < (r,d, L)

14



Here, in the map from left to right, we have written d for the degree of the determinant
line bundle of £. Given this description, the endomorphisms F H® of Ko(C) may easily
be computed directly. For the restrictions to the reduced K-group we obtain:

0 C Ko(C) when i is even

~ 12
2Z & Jac(C) C Ko(C) when i is odd (12)

im(FH") = {
We compute GW(C) as in Corollary 3.7: as W3(C) is zero, K°(C) surjects onto

GW3(C), hence the image of GW3(C) under F coincides with the image of K°(C)
under FH?3, and hence by (12) we obtain a short exact sequence

0 Z/2 — GWO(C) — W°(C) —0
= Jac(C)[2]

Moreover, in this situation the sequence splits: To define a splitting of the surjection,
pick line bundles £ of order 2 defining additive generators ey := (£,id) — (O,id)
of WO(C). We claim that the homomorphism obtained by lifting these to the
corresponding elements in GW?(C') is well-defined, i. e. that 2e, vanishes in GW°(C).
Indeed, by Lemma 1.6 we have 2e; = H°(L — O), and H vanishes on £ — O since
by (12) the latter is contained in F(GW3(X)).

Next, the image of (?\/NO(C) in Ko(C) is Jac(C)[2]. Since the quotient
Jac(C)/ Jac(C)[2] is isomorphic to Jac(C'), we obtain a short exact sequence

0= Z & Jac(C) L5 GWY(C) — WLHO) = 0
=17/2

Let ¥, be the 1-symmetric complex given by (2) or (11). As an element of Ko(C) =
Z®Jac(C), its underlying complex is equivalent to (1, ). Thus, by Lemma 1.6 again,
we have H'(1,0) = H'(F(¥,)) = 2VU,. It follows that the sequence does not split

and that ¥, descends to a generator of WL(C). Thus, GWL(C) = Z & Jac(C).

Carrying on to compute (’}VW(C)7 we first note that by (12) the image of C/}VVl(C)
in K°(C) contains 2Z @ Jac(C). Moreover, F(¥) = ¢ = (1,0), so in fact GW'(C)
surjects onto Ko(C). It follows that GW?2(C) = 0. Finally, since W3(C) also vanishes,
we see that H? gives an isomorphism between Ko(C) and GW3 (C). This completes
the computations in the untwisted case.

Twisted case. To compute the Grothendieck-Witt groups of C' twisted by a
generator O(p) of Pic(C)/2 it again seems easiest to compare them with those of
the affine curve C' — p, over which O(p) is trivial. More specifically, we will compare
the respective Karoubi sequences via the following commutative diagram:

GW'(C = p) T Ko (C = p) £ GW(C = p) — WH(C —p) —0

] T w

O(p)

GWI (0, 0()) T Kol€) 23 GW'(C, (1)) — WH(C.O(p)) =0

The restriction map Ko(C') — Ko(C — p) is the projection ZHZ & Jac(C) -» ZH0 D
Jac(C) killing the free summand corresponding to line bundles of non-zero degrees.
The twisted version of (12) reads as follows:

Z-(2,1)®0 C Ko(C) when i is even

14
0@ Z&Jac(C) C Ko(C) wheniisodd (14)

im(FH ) = {
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Now consider (13) with ¢ = 0. Arguing as in the untwisted case, we may compute
the cokernels of the forgetful maps F' to reduce the diagram to a comparison of two
short exact sequences:

0——Z *> Z @ Jac(C)[2] —— (Z/2) ® Jac(C)[2] —— 0

| @]

0 ——Z—— GW°(C,0(p)) ———— Jac(C)[2] ———— 0

Since the outer vertical maps are injective, so is the central vertical map. It follows
from a diagram chase that the image of a generator of Ko(C) in GW’(C, O(p)) cannot
be divisible by 2. Thus, the lower sequence must split, yielding GW%(C,0(p)) =
Z @ Jac(C)[2].

Next, we see by (14) that the free summand in GW®(C, O(p)) has image Z- (2,1) &

in Ko(C). On Jac(C)[2], on the other hand, F' must be the inclusion Jac(C)[2] —
Jac(C), by comparison with the case of C'— p. This gives GW!(C,0(p)) = Z &
(Jac(C)/ Jac(C)[2]) =2 Z @ Jac(C).

The image of GW'(C, O(p)) in Ko(C) may be read off directly from (14), and we may
deduce that GW?(C, O(p)) is a free abelian group generated by the twisted hyperbolic
bundle Ho( y(O). Equally directly, we see that GW?(C,0(p)) = Z ® Jac(C). This
completes the computation of all Grothendieck-Witt groups of C. O

2.2 KO-groups of curves
Now suppose that C' is a smooth curve defined over C. Its topological KO-groups
may be computed from the Atiyah-Hirzebruch spectral sequence.

Proposition 2.3. Let C be a smooth projective complex curve of genus g as above.
Then its KO-groups are given by

KO%(0) = [Z] @ (Z/2)*"! KO™!(C) = [z/2) ® (Z/2)*
KO?*(C) =7 KO'(C)=7* & 7/2
KO*(0) = [Z] KO*(C) =0
KO%(0)=[z/2] ez KO®(C) = 729

Here, the square brackets again indicate which summands vanish when passing to
reduced groups. O

In Section 3.2, we will explain in detail how the values of the groups (KO%*/K)(C)
may also be obtained from the spectral sequence. They may be read off as special
cases from Proposition 3.9. In fact, we can also read off the values of the twisted
groups (KO*/K)(C;O(p)) by applying the same proposition to the Thom space
Thome(O(p)) (see [Ziblla, Section 2.1]). We then find that these groups agree with
the corresponding Witt groups in Theorem 2.1:

(KO K)(C) = [2/2] ® (2/2)* (KO% K)(C,0(p)) = (2/2)*
(KO K)(C) = Z/2 (KO%/ K)(C,0(p)) = 0
(KOYK)(C) = (KOY/K)(C,0(p)) =0
(KO K)(C) = (KO% K)(C,0(p)) =0
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3 Surfaces

This section contains the computations of the Witt groups of smooth curves and
surfaces. We also compute the corresponding topological groups (KO%*/K). The
comparison of the results is postponed until the next section.

3.1 Witt groups of surfaces

Consider the algebraic K-group Ko(X) of a smooth variety X, and let ¢; be the Chern
classes ¢;: Ko(X) — CH'(X) with values in the Chow groups of X. Filter Ko(X) by
Ko(X) D Ko(X) D ker(cy). If X has dimension at most two, then the map (rk, ¢, ¢)
induces an isomorphism [Ful98, Example 15.3.6]:

gr*(Ko(X)) 2 Z & CH'(X) & CH*(X) (15)

A similar statement holds for the Witt group.

Theorem 3.1. Let X be a smooth variety over a field k of characteristic not two,
such that the function field of X has 2-cohomological dimension cds(k(X)) < 2.
Filter W°(X) by W(X) D WO(X) D ker(w,). Then the map (vk,w,,Ws) gives an
isomorphism

gt (WO(X)) 2220 HY(X;2/2) @ (HAX2/2) [, )

Moreover, if we write S' for the squaring map CH'(X)/2 — CH?*(X)/2, then the
shifted Witt groups are as follows:

WH(X) = ker(SY) @ H2,(X;2Z/2)

Remark 3.2. As cda(k(X)) < dim(X) + cda(k), the condition of the theorem is
satisfied in particular by surfaces over fields of 2-cohomological dimension zero and by
curves over fields of 2-cohomological dimension at most one. The condition cda(k) =0
is equivalent to k being hereditarily quadratically closed [EW87, Lemma 2]. Fields
with eda(k) = 1 include for example finite fields and function fields over algebraically
closed fields. Note that these fields have non-trivial Witt groups.

Ezxample 3.3. Suppose X is a smooth complex projective surface of Picard number
p. Write b; for the Betti numbers of X and v for the rank of H?(X;Z)[2]. Then the
above result shows that the Witt groups of X are as follows:

WO(X) =[2/2] ® (Z/Q)b1+b2—p+2y

W) = (Z/2)n+0+2 if S1 =0
(Z)2)+o+2v=1 if S £ ()

72 if S'=0

2 _
W(X)_{o if ST £0

W3 (X) =0
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Our computation will follow a route described in [Tot03]. Namely, there is a subtle
relationship between Witt groups and étale cohomology groups with Z/2-coefficients,
encoded by three spectral sequences:

Eypo(X)=HY (X, H') = HZ(X;Z/2) (BO)
E;;ar(X):HS(X’/Ht) = HS(X’W) (P)
Eyqw(X) = H(X, V) = WH(X) (GW)

Here, H! is the Zariski sheaf attached to the presheaf that sends an open subset
U Cc X to H,(U;Z/2). Similarly, W denotes the Zariski sheaf attached to the
presheaf sending U to W°(U), and we set
W — W fort=0 mod4
0  otherwise
Before specializing to the case of a surface, we give a short discussion of each of these
spectral sequences for an arbitrary dimensional variety X. For simplicity, we assume

that X is a smooth variety over a field of characteristic not two throughout. More
general statements may be found in the references.

The Bloch-Ogus spectral sequence (BO). The first spectral sequence is the
well-known Bloch-Ogus spectral sequence [BO74]. This is a first quadrant spectral
sequence with differentials in the usual directions, i.e. of bidegree (r, —r 4+ 1) on the

b page. The Fs-page is concentrated above the main diagonal s = ¢, and the
groups along the diagonal may be identified with the Chow groups of X modulo two
[BO74, Corollary 6.2 and proof of Theorem 7.7]:

H*(X,1*) = CH*(X)/2 (16)

The exactness of the Gersten complex for étale cohomology [12, § 2.1, Thm. 4.2
implies that the sheaves H' vanish for all ¢ > cda(k(X)). Thus, the spectral sequence
is concentrated in rows 0 < ¢t < cda(k(X)).

Pardon’s spectral sequence (P). Pardon’s spectral sequence can be indexed to
have the same F>-page as the Bloch-Ogus spectral sequence. The differentials on the

h page then have bidegree (1,7 — 1), as illustrated in Figure 1. In [Tot03], Totaro
shows that, under the identifications (16), the differential ds on the main diagonal of

B g
HOX, M%) - -HYX,H?) -~ -HYX,H®) -~ CH*X)/2
— ///\L 2\1 — // h //
HO(X, ’H ) da CHY(X)/
- //d2”
CHO(X)/Q

Figure 1: Pardon’s spectral sequence. The entries below the diagonal are zero.
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the Fy-page corresponds to the Steenrod operation S': CH*(X)/2 — CH " (X)/2,
as defined by Brosnan and Voevodsky [Bro03, Voe03a).

The sequence converges to the cohomology of X with respect to W in the usual sense
that the i*" column of the E..-page is isomorphic to the associated graded module
of H'(X,W) with respect to some filtration. In order to describe the filtration on
H°(X,W) = W(X), we briefly summarize how the spectral sequence arises.

Let X be as above, and let K be its function field. We denote the residue field of a
scheme-theoretic point z of X by k(z). In [Par04], Pardon shows that the sheaf W
has a flasque resolution by a Gersten-Witt complex W of the form

W WOK) = [ WOk(z) == J] W°(k(z)) =0 (17)

rzeX () rzeX(n)

Here, X () denotes the set of codimension 7 points of X, and W°(k(z)) is to be viewed
as a constant sheaf supported on the closure of z in X. In particular, W is a subsheaf
of the constant sheaf W°(K). Let I(K) ¢ WY(K) be the fundamental ideal of K (see
Section 1.4). The fundamental filtration on W°(K), given by the powers of I(K),
induces a filtration on W which we denote by

I, = WnI'(K) (18)

Pardon shows more generally that the fundamental filtrations of the Witt groups
WO (k(z)) give rise to flasque resolutions of the sheaves Z; of the form

L: I'K)— [[ I''(k@) > ] I'"?k@) — ...

QjeX(l) xEX(Q)

Applying the standard construction of the spectral sequence of a filtered complex of
abelian groups [GMO03, Chapter III.7, Section 5] to the filtration of W(X) by I;(X),
we obtain a spectral sequence

HY(X,Ty/Tys1) = H (X, W)

To conclude, Pardon uses the affirmation of the Milnor conjectures (see (9)) to identify
the sheaves 7; /Z; 1 with the sheaves H?. The following lemma. is a direct consequence
of this construction.

Lemma 3.4. The filtration on W(X) appearing on the zeroth column of the E.-page
of Pardon’s spectral sequence is given by the global sections of the sheaves I, defined
in (18):

EO-t

o, Par(X) Z Le(X) /L1 (X)
The edge homomorphism including this column into the zeroth column of the Es-page
is induced by the sheafification map from the presheaf quotient of Z; by Z;y1 to the

quotient sheaf Ty /Tii1.

The group W(X), viewed as a subgroup of W°(K), is commonly referred to as the
unramified Witt group of X.

The Gersten-Witt spectral sequence (GW). The Gersten-Witt spectral se-
quence of Balmer and Walter, third on the list above, may be thought of as an
analogue of the Bloch-Ogus spectral sequence for Witt groups. In [BWO02], Balmer
and Walter, too, construct a Gersten-Witt complex of the form (17). Although it
seems likely that their construction agrees with Pardon’s, this does not yet seem to
have been established (c.f. [Gil07, Introduction]). It is known in any case, however,
that their complex also provides a flasque resolution of W [BGPW02, Lemma 4.2
and Theorem 6.1]. The spectral sequence constructed in [BW02] may therefore be
rewritten in the form above:
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Theorem 3.5 ([BW02]). Let X be a smooth variety over a field of characteristic not
two. There is a spectral sequence with Es-page

sit H*(W) inrowst=0 mod 4
E" =
0 elsewhere

The sequence has differentials d, of bidegree (r,—r + 1) and converges to W (X).

Proof of Theorem 3.1. We now specialize to the case when cda(k(X)) < 2. Then the
Bloch-Ogus spectral sequence (BO) collapses immediately and we obtain descriptions
of the groups H*(X;H?!) in terms of the étale cohomology of X with Z/2-coefficients.

The FEs-page of Pardon’s spectral sequence therefore takes the following form:

HA(XG22) [pioixy  HA(X52/2) HA.(X:2/2)
i g = CHA(X)/2
HL(X:2/2) Pic(X)/2 -
72

On the other hand, we see that the Gersten-Witt spectral sequence also collapses, so
that W'(X) = H*(X,W). Thus, the i** column of Pardon’s spectral sequence simply
converges to W*(X). In particular, if we write I;(X) for the filtration on W9(X)
corresponding to the filtration Z;(X) of W(X) defined in (18), then by Lemma 3.4
we have B2 =~ ol WO(X).

oo,Par

Lemma 3.6. Let X be as above. Then, for t =1 or 2, the edge homomorphisms

grl WO(X) = B

oo, Par

0,t
— EQ,P@T

can be identified with the Stiefel-Whitney classes wy. More precisely, I;(X) = WO(X),
I,(X) = ker(wy), and we have commutative diagrams

0,1 C 0,1
Eoo,Par E2,Par

Il
WO /() — s HY(X: Z/2)

0,2 C 0,2
oo, Par 2,Par

ker(ﬁl) L Hgt(X§ Z/2)/PiC(X)

Proof. The statement of the lemma is not surprising: the only non-obvious maps
that enter into the construction of Pardon’s spectral sequence are the isomorphisms
el displayed in (9); for £ = 1 or 2, these can be identified with Stiefel-Whitney classes,
and the latter can be defined globally.

20



In more detail, the various identifications arising from the Bloch-Ogus spectral
sequence and Pardon’s spectral sequence fit into the following diagram:

0,t C 0,t
Eoo,Par E2,Par

L(X) L (X)) (L/LH) (X)— It(K)/ItH(K)

? l& etlx
<

HY, (X;7,/2) ieation g/t (x)\C— HY (K3 Z/2)

|

0,t = 0,t
%
00,BO (BO collapses) 2,BO

The claim is that, for ¢ = 1 or 2, the diagram commutes if we take the dotted map to
be the t** Stiefel-Whitney class. Indeed, e’ can be identified with ; in these cases,
and the horizontal compositions across the two middle lines in the diagram are given
by pullback along the inclusion of the generic point into X. O

There are two potentially non-zero differentials in Pardon’s spectral sequence: the
differential S': CH'(X)/2 — CH?*(X)/2, which is simply the squaring operation,
and another differential d from HX (X;Z/2) to H3,(X;Z/2).

Since the first Stiefel- Whitney class always surjects onto HY, (X;7Z/2), we see from the
previous lemma that HZ (X;Z/2) survives to the E.-page. So the differential d must
vanish. On the other hand, since Eg = E%2, the lemma implies that the restriction
of the second Stiefel-Whitney class to the kernel of the first gives an isomorphism
with HZ(X;7/2)/Pic(X). This proves the first statement of the proposition. Since
S1 is the only non-trivial differential left, the values of the shifted Witt groups may
also be read off the spectral sequence. This completes the proof of Theorem 3.1. O

Corollary 3.7. Let X be as in Theorem 3.1. If we filter GWY(X) by GW°(X) D
GWO(X) D ker(wy) D ker(ws), we obtain an isomorphism

gr* CWO(X) =2 Z o HL(X;Z/2) ® H%(X;Z/2) ® CH*(X).
Proof. 1t suffices to show that the second Stiefel-Whitney class restricts to an

epimorphism ker(w;) —» HZ2(X;Z/2) with kernel the isomorphic image of
ker(cl\RO(X)) =~ CH?(X) under the hyperbolic map.

To see this, note first that the hyperbolic map H: Ko(X) — é\\/NO(X) factors through
the kernel of wy. In fact, we can restrict the Karoubi sequence to an exact sequence
forming the first row of the following diagram.

0—— F(GW3(X)) —— Ko(X) — s ker(w)) —— s ker(w)) —— 0

Lk

0 —— Pic(X)®? — Pic(X) —— H2(X;2/2) — HA(X; Z/2)/P1C(X) — 50

The lower row is obtained from the Kummer sequence, hence also exact, and the
diagram commutes. We know from the last paragraph of the proof of Theorem 3.1
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that the map ws on the right is an isomorphism. Since ¢; is surjective, the claimed
surjectivity of ws follows.

It remains to show that the restriction of H° to the kernels ker(c;) — ker(wsg) is an
isomorphism. By an instance of the Snake Lemma, this is equivalent to showing that
c1 maps F(GW?3(X)) isomorphically to Pic(X)2. As W*(X) is zero, F(GW?(X))
coincides with FH3(Ko(X)). The claim therefore follows from the next lemma. [

Lemma 3.8. Consider the endomorphism FH®: Ko(X) — Ko(X) (for an arbitrary
scheme X over Z[3]). For any x € Ko(X), we have

“ (FHZI‘) =0 R

c2(FH'w) = 2¢5(z) — c1(x)? } if i is even,
a(FH') = 20() o
c(FH'z) =2c1(2)* = 1 (FH') - 1 () } if i s odd.

Proof. This follows from the equations FH*(z) = z+(—1)'z" and ¢;(z") = (=1)%c;(x)
[Ful98, Remark 3.2.3(a)]. O

3.2 KO/K-groups of surfaces

On a topological space X, let us write Sq% for the composition

H*(X;7)/2 — H*(X;Z/2) sdy H*(X;7/2)

where Sq? is the squaring operation.

Proposition 3.9. Let X be a connected CW complex of dimension at most four.
Filter the group (KO°/K)(X) by (KO/K)(X) > (KOY%K)(X) D ker(w;). Then the
map (rk, W1, Ws) induces an isomorphism

gr (KOYK)(X)) 2 Z/2e H'(X;Z/2) & (H2<X; Z/2)/H2(X; Z))

The remaining groups (KO*/K)(X) have the following values:
(KO% K)(X) = ker(Sq2) @ H*(X;Z/2)
(KO*/ K)(X) = coker(Sq3)
(KO% K)(X) =0

Ezample 3.10. Suppose X is a compact four-dimensional manifold. Write b; for its
Betti numbers and v for the rank of H%(X;Z)[2]. Then the above result shows that

(KOO/ K)(X)=[z/2] @ (Z/Q)b1+2”

(Z,)2)br+bat2v if Sq7z =0

(KO K)(X) = {(zm)bl“z”” " SEA0

7.2 if Sqz =0

(KO/K)(X) = {0 if S #0

(KO%/K)(X) = 0
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Remark 3.11. Note that both cases — Sq = 0 and Sq3 onto — can occur even for
complex projective surfaces of geometric genus zero. For example, Sq% is onto for
P2. On the other hand, the Wu formula [MS74, Theorem 11.14] shows that Sq? is
given by multiplication with ¢;(X) mod 2. So Sq% = 0 on any projective surface X
of geometric genus zero whose canonical divisor is numerically trivial. Concretely, we
could take X to be an Enriques surface (a quotient of a K3-surface by a fixed-point
free involution): see [Bea96, page 90].

To calculate the groups (KO*/K)(X), we use the Atiyah-Hirzebruch spectral
sequences for K- and KO-theory:

ED? = HP(X;K%(point)) = KP(X)
EP? = H?(X;KO%(point)) = KOP*7(X)

For K-theory, the spectral sequence has the singular cohomology of X with integral
coefficients in all even rows, while the odd rows vanish. The spectral sequence for
KO-theory is 8-periodic in q. We have the integral cohomology of X in rows ¢ = 0
and ¢ = —4 mod 8, its cohomology with Z/2-coefficients in rows ¢ = —1 and ¢ = -2,
and all other rows are zero.

TOHU(X:Z)  HNX:Z)  HAX:Z) _ HR(X:Z)  HA(X:Z)
HOXiZ/2) H'(X:Z/2) HAX:Zj2) HY(X:2)2)° H'(X:Z))
s
Y

HO(X:;Z/2) HYX;Z/2) HX(X;Z/2) H3(X;Z/2) HY(X;Z/2)
0 0 0 0 0
HY(X;Z) HYX;Z) HXX;Z) H3(X;Z) HYX;Z)
0 0 0 0 0

Figure 2: The Fs-page of the Atiyah-Hirzebruch spectral sequence computing
KO*(X)

The low-order differentials of these spectral sequences may be described as follows.
Let

m: H(X;Z) - H*(X;Z/2)

Sq?: H*(X;7Z/2) — H* (X ;7/2)

B: H*(X;7/2) — H*™ (X, 7)
denote reduction modulo two, the second Steenrod square, and the Bockstein
homomorphism, respectively. For K-theory, the differentials on the Fj3-page of
the Atiyah-Hirzebruch spectral sequence are given by the composition 3 o Sq® o 7
[HJJS08, Chapter 21, § 5]. For KO-theory, the differentials dj° and dj " on the Ey-
page are given by Sq? o and Sq?, respectively. The differential d;,’*z on the Fs-page
can be identified with 3 o Sq? [Fuj67, 1.3]. The following lemma is now immediate.

Lemma 3.12. The differential dé’_Q: Eé’_z — Eg’_4 is trivial both in the Atiyah-
Hirzebruch spectral sequence for K-theory and in the spectral sequence for KO-theory.
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Lemma 3.13. Let X be a connected finite-dimensional CW complex. Denote the
filtrations on the groups K°(X) and KO'(X) associated with the Atiyah-Hirzebruch
spectral sequences by

K()(X) D) Kl(X) = KQ(X) D) K3(X) = K4(X) ...

KO (X) 2 KOj(X) D KO5(X) D KO5(X) O ...

The initial layers of these filtrations have more intrinsic descriptions in terms of
Chern and Stiefel-Whitney classes:

o Ky(X) =Ky (X)=KX), and KO} (X) = KO'(X)

o The map Ko(X) — H?*(X;Z) arising from the spectral sequence may be
identified with the first Chern class, at least up to a sign. That is, we have
the following commutative diagram:

E22C L E2?
t |

KO(X) %% H2(X;Z)
In particular, K4(X) = ker(c1). Moreover, since ci is surjective, E%~2 =
Ey2.

o The map K4(X) — H*(X;Z) can be identified with the restriction of the second
Chern class to ker(cy), again up to a sign:

J SR GRS
T |

ker(cy) —+ H(X;Z)

Thus, Kg(X) = ker(cg). (Note that the upper horizontal map in this diagram is
indeed an inclusion, by the previous lemma.)

e Likewise, the map KOY(X) — H*(X;Z/2) can be identified with the first Stiefel-
Whitney class:

EL-lC gt
ENR
KO%(X) —» HY(X;7Z/2)
Thus, KOY(X) = ker(w;) and EY ' = Ey .

e Lastly, the map KOY(X) — H?(X;Z/2) can be identified with the restriction of
the second Stiefel-Whitney class, i. e. we have a commutative diagram

B2 g2
7 |

ker(w; ) —— H2(X;Z/2)
Thus, KO(X) = ker(ws).

Proof. The first statement is clear. The other assertions follow by viewing the maps
in question as cohomology operations and computing them for a few spaces. For
lack of a reference, we include a more detailed proof of the statements concerning
KO-theory. The case of complex K-theory can be dealt with analogously.
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First, we analyse the map KO°(X) — H'(X; Z/2) arising from the spectral sequence.
A priori, we have defined this map only for finite-dimensional CW complexes.
But we can extend it to a natural transformation of functors on the homotopy
category of all connected CW complexes, using the fact that the canonical map
HY(X;Z/2) — lim; HY(X%Z/2) is an isomorphism for any CW complex X with
i-skeletons X i, On the homotopy category of connected CW complexes, the functor
KO?(—) is represented by BO. Natural transformations KO°(—) — H'(—;Z/2) are
therefore in one-to-one correspondence with elements of H'(BO;Z/2) = Z/2 - wy,
where w; is the first Stiefel-Whitney class of the universal bundle over BO. Thus,
either the map in question is zero, or it is given by w; as claimed. Since it is non-zero
on S', the first case may be discarded.

To analyse the map KO9(X) — H?(X;Z/2), we note that the previous conclusion

yields a functorial description of KOJ(X) as the kernel of w; on KO°(X). Moreover,
given this description, we may define a natural set-wise splitting of the inclusion of
KOY(X) into KO°(X) for any finite-dimensional CW complex X as follows:

KO°(X) — KOY(X)
(€] — k()R] ~ [£] — 1k(E)[R] — [det £] + [R]

The composition KO°(—) — H%(—;Z/2) can be extended to a natural transformation
of functors on the homotopy category of connected CW complexes in the same way
as before, and it may thus be identified with an element of H?(BO;Z/2) = Z/2 - w? &
7./2 - wy. Consequently, its restriction to KOY(X) is either 0 and wy. Again, the first
possibility may be discarded, for example by considering S2. O

Lemma 3.13 has some immediate implications for low-dimensional spaces. In the
following corollary, all characteristic classes refer to the corresponding maps on
reduced groups:

ci: KY(X)— H?(X;7Z)

w;: KOY(X) — HY(X;Z/2)
Corollary 3.14. Let X be a connected CW complex of dimension at most four. Then
the second Chern class is surjective and restricts to an isomorphism

o

ca: ker(c;) — HY(X;7Z)
The second Stiefel-Whitney class is also surjective, and restricts to an epimorphism
wo: ker(wy) —» H*(X;Z/2)

Its kernel is given by the image of ker(cy) under realification. Moreover, the induced
map Wy on (KOYK)(X) restricts to an isomorphism

wa : ker(wy) =, (Hz(X;Z/Q)/H2(X;Z))

Proof. Consider the Atiyah-Hirzebruch spectral sequences for K- and KO-theory.
Lemma 3.12 shows that the sequence for K-theory collapses. Moreover, in the spectral
sequence for KO-theory, no differentials affect the diagonal computing KO°(X). This
implies the first two claims of the corollary. Next, we compare the two spectral
sequences via realification. The description of the kernel of ws may be obtained from
the following row-exact commutative diagram:
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~ c1

0—— HY(X;Z) K(X) H*(X:Z) ——0

J{% T Jreduction mod 2

0 — H*(X;Z) — ker(w) —— H%(X;Z/2) — 0

The final claim of the corollary also follows from this diagram, by identifying ker (@)
with ker(wy)/K(X). O

The situation for a connected CW complex of dimension at most four may now be
summarized as follows. Firstly, by Lemma 3.13, the filtrations on the groups K° (X)
and KOO(X ) arising in the Atiyah-Hirzebruch spectral sequences can be written as

K%(X) > K°(X) > ker(cy)
KO°(X) 5 KO°(X) > ker(w;)

Secondly, Corollary 3.14 implies that the maps (rk,c1,c2) and (rk,@;,ws) on the
associated graded groups induce isomorphisms

gr(KY(X)) = Z @ HX(X;Z) ® H*(X;Z) (19)
gr (KO K)(X)) = z/20 H'(X;2/2) & (G2 g2 7)) (20)

In particular, we have proved the first part of Proposition 3.9.

Proof of the remaining claims of Proposition 3.9. To compute (KO*/K)(X) for gen-
eral ¢, we identify this quotient with the image of

n: KO*(X) —» KO* 1(X)
This image can be computed at each stage of the filtration
KO’(X) = KO)(X) D KOJ(X) D --- D KOJ(X)

To lighten the notation, we simply write KO{C for KOi(X ) in the following, and we
write H*(X) for the singular cohomology of X with integral coefficients.

Since we are assuming that X is at most four-dimensional, there are only three
possibly non-zero differentials in the spectral sequence computing KO*(X). The first
two are the differentials

Sq?om:  H*X) — HYX;Z/2)
Sq*:  H*(X;Z/2) — H*X;Z/2)

on the Fs-page, depicted in Figure 2. If E§’72 = H*(X;Z/2) is not killed by Sq?,
then we have a third possibly non-trivial differential on the E3-page:

dy°: HY(X) — coker(Sq?)

The differential dé’_Q vanishes by Lemma 3.12.
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Computation of KO?/K. For the last stage of the filtration, we have a commut-
ative diagram

0 KO3 KO?2 H*(X; KO (point)) —— 0
|k
0 0 KO3 =—— H3(X; KO ?(point)) — 0

Thus, KO?,) maps surjectively to KO3 & H3(X;Z/2). Next, we have

0 KO3 KO3 ker(SqZ o) —— 0
.
0 KO3 KO3 ker(Sq?) ——— 0

where ker(Sq? o 7) € H?(X;KO(point)) and ker(Sq*) € H?(X; KO~ !(point)). This
gives a short exact sequence of images, which must split since all groups involved are
killed by multiplication with 2. Thus, we have

im (KO% NN KO%) =~ KO3 @im<ker(Sq2 om) — ker(SqQ))
~ H3(X;7/2) @ ker(Sq3)

where Sq3 is the composition defined at the beginning of this section. Finally, the
diagram

0 —— KO2 == KO2%(X) 0 0
[
0 KO} KO'(X) E}° 0

shows that im(KO%(X) % KO'(X)) = im(KO? -5 KOJ). So (KOYK)(X) is
isomorphic to H?(X;7/2) @ ker(Sq3), as claimed.

Computation of KO*/K. Proceeding as in the previous case, we consider the
diagram

0 —— H*(X) == KO*(X) ﬁ 0
0 KO3 KO3(X) —— H3(X) ——0

where the vertical map on the left is the composition
H*(X; KO"(point)) - H*(X; KO !(point)) — coker(Sq? o 7) = KO}
Since Sq? o 7 has the same cokernel as Sq%, we may deduce that

(KOYK)(X) = im(KO*(X) 5 KO*(X)) 2 coker(Sq2)

Computation of KO%/K. In this case, the commutative diagram

0 —— H?(X) —— KO%(X) j 0
0 0 KO (X) == HY(X) ——0



demonstrates that the map I’{\66(X) 2 E65(X) is zero, so (EéG/K)(X) is trivial.
This completes the computations of (KO /K)(X). O

4 Comparison

In this section, we finally compare our two sets of results for complex curves and
surfaces and prove the comparison theorem mentioned in the introduction. As a
warm-up, we review the situation one finds in K-theory.

K-groups

The algebraic and topological K-groups of a smooth complex curve C are given by
Ko(C) =Z @ Pic(C)
K°(C) =2z o H*(C;7)

The comparison map Ko(C) — K°(C) is always surjective. Indeed, the map is an
isomorphism on the first summand, and for a projective curve the map on reduced
groups is simply the projection from Pic(C) = Z @ Jac(C) onto the free part. It
follows that the map is still surjective if we remove a finite number of points from C.

For a smooth complex surface X, we have seen in (15) and (19) that we have filtrations
on the K-groups such that

gr* (Ko(X)) = Z @ Pic(X) @ CH*(X)
g (K°(X)) =2 Z o H*(X;Z) © H'(X; Z)

Both isomorphisms can be written as (rk, ¢, ¢3), and the comparison map Ko(X) —
KO(X ) corresponds to the usual comparison maps on the filtration. Of course, on the
first summand we again have the identity. Moreover, the map CH?*(X) — H*(X;Z)
is always surjective:

If X is projective, this follows from the fact that H*(X;Z) is generated by a point. In
general, we can embed any smooth surface X into a projective surface X as an open
subset with complement a divisor with simple normal crossings (c.f. Lemma 4.8).
Then CH?(X) surjects onto CH?(X), and similarly H*(X;Z) surjects onto H*(X;Z),
so that the claim follows. Since we will need this observation in a moment, we record
it as a lemma.

Lemma 4.1. For any smooth complex surface X, the natural map CH2(X) —
H*(X;7Z) is surjective.

Corollary 4.2. For any smooth complex surface X, the natural map Ko(X) —
K%(X) is surjective if and only if the natural map Pic(X) — H?(X;7Z) is surjective.

When X is projective, we see from the exponential sequence that we have surjections
if and only if X has geometric genus zero. Equivalently, this happens if and only if
X has full Picard rank, i.e. if and only if its Picard number p agrees with its second
Betti number b;. More generally, the Picard group of any smooth complex surface
can be written as

Pic(X) = Z° ® H*(X; Z)iors @ Pic’(X) (21)
where p < by is an integer that generalizes the Picard number, H?(X;Z)iors is the tor-
sion subgroup of H?(X;Z), and Pic’(X) is a divisible group [PW01, Corollary 6.2.1].
Again, the natural map Pic(X) — H?(X;Z) is surjective if and only if p = by.

28



4.1 The classical Witt group
For the classical Witt group WO(X ), the situation can be analysed in a similar way
as in the case of K¢(X), using our description in terms of Stiefel-Whitney classes.
Proposition 4.3. For a smooth complex curve C, the map
gw®: GW?(C) - KO(C) s surjective, and
w’: WY(0) 5 (KOY K)(C) is an isomorphism.

Similarly, for a smooth complex surface X, both gw® and w® are surjective, and w°
is an isomorphism if and only if Pic(X) surjects onto H*(X;7Z).

Proof. Tt suffices to show the corresponding statements for reduced groups. Let X be
a smooth complex variety of dimension at most two. Since the first Stiefel-Whitney

classes are always surjective, we have a row exact commutative diagram of the form

0 — s ker(wy) —— GWO(X) -2 HL (X:Z/2) —— 0

| e ]

0 —— ker(w'°?) —— KO(X) —— HY(X;Z/2) — 0

R

Similarly, by (the proof of) Corollary 3.7 and by Corollary 3.14 we have a row exact
commutative diagram

0 — HO(ker(c;)) — ker(wy) ——— H2(X;7Z/2) —— 0

| | .k

0 — r(ker(ci°?)) —— ker(w!®) —2— H2(X;Z/2) — 0

In both diagrams, we have written w{°® and c°® for the topological characteristic

classes to avoid ambiguous notation. The kernels of ¢; and ¢i° can be identified with
CH?(X) and H*(X;7Z), respectively, via the second Chern classes. Thus, Lemma 4.1
implies that the vertical map on the left of the lower diagram is a surjection. The
surjectivity of the comparison map gw® on GW(X) follows.

If we apply the same analysis to WO(X ), then the second diagram reduces to a
commutative square

ker(@l) —2> He2t (Xv Z/2>/PIC(X)

l

ker (w;°P) %) H*(X; Z/Q)/Hz(X; 7)

When X is a curve, the vertical arrow on the right is an isomorphism, proving the
claim. In general, we have a row-exact commutative diagram of the following form:

00— PieX) /g s 02 (X;2/2) —— HEGZ/2) [y 5y —— 0

I |

0—— B2 [y — m2(x;2/2) —— HAOGL/D f o x5y —— 0

1R
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If Pic(X) — H?(X;Z) is surjective, then the two outer maps become isomorphisms
and it follows that the comparison map w® is also an isomorphism. Using the
description of the Picard group of X given by (21), we see that the converse is also
true. O

4.2 Shifted Witt groups

We now generalize Proposition 4.3 to shifted groups. As indicated in the introduction
and in Remark 1.7, we will tacitely rely on the Standing Assumptions 1.9 of [Zibl1a]
in all that follows. The final result is stated in Theorems 4.4 and 4.12.

For curves, there is in fact very little left to be shown. We nevertheless give a detailed
proof in preparation for a similar line of argument in the case of surfaces.

Theorem 4.4. For any smooth complex curve C, the maps
gw': GW'(C) — KO*(C) are surjective, and the maps
w': WY(C) = (KO*/K)(C) are isomorphisms.

Proof. We know that the comparison maps appearing here are isomorphisms on a
point (c.f. [Ziblla, Section 2.2]), so the claims are equivalent to the corresponding
claims involving reduced groups. It suffices to show that the maps gw®: GW He) —
KO?2/(C) are surjective and that the maps w’: Wi(C) — KO%*~1(C) are injective.

First, suppose C' is affine. Then the cohomology of C is concentrated in degrees 0
and 1 and we see that W'(C), W?(C), W?(C) and KO?(X), KO*(C), KO%(C) all
vanish. Thus, the claims are trivially true.

The case that C' is projective can be reduced to the affine case. Indeed, if p is any
point on C, then C' := C' —p is affine. By comparing the localization sequences arising
from the inclusion of C into C', we see that the comparison maps for C' must also have
the desired properties:

= GWIT L (p) = GWI(C) = GWH(C) — Wi (p) —— Wit (C) — Wit1(C) — ...

IR
IR

T S A S K

... 5 KO?2(p) - KO%(C) — KO (C) — KO*~!(p) = KO%+1(C) - KO¥+1(C) — . ..

O

Corollary 4.5. Theorem 4.4 also hold for groups with twists in any line bundle.

Proof. Introducing a twist by the line bundle O(p) into the localization sequence (22)
only affects the groups of C, so we can conclude as before. More generally, given a
line bundle O(D) associated with a divisor D = " n;p; on C, we can similarly reduce
to the case of a trivial line bundle over C' — |, p;. O

We now want to imitate this proof for surfaces, replacing the role of points on the
curve by curves on the surface. We first prove the following.

Proposition 4.6. For any smooth complex surface X, the comparison maps have the
properties indicated by the following arrows:

gw: GW2(X) - KO°(X) gw?: CW?(X) — KO*(X)
w': WHX) — KO'(X) w?: W3(X) — KO®(X)
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Lemma 4.7. Proposition 4.6 is true when X is affine and Pic(X)/2 vanishes.

Proof. By the theorem of Andreotti and Frankel, a smooth complex affine variety
of dimension n has the homotopy type of a CW complex of real dimension at most
n [AF59,Laz04, 3.1]. In particular, its cohomology is concentrated in degrees < n .
For a smooth affine surface X, Pardon’s spectral sequence shows immediately that
WH(X) = W?(X) = W3(X) = 0. Similarly, the Atiyah-Hirzebruch spectral sequence
shows that If(64(X ) vanishes. Thus, three of the four claims are trivially satisfied.
The fact that guw®: GW°(X) — KO"(X) is surjective was already shown in 4.3. [

Before proceeding with the proof of Proposition 4.6, we make a note of two general
facts that we will use. First, we will need the following standard consequence of
Hironaka’s resolution of singularities:

Lemma 4.8. In characteristic zero, any smooth variety can be embedded into a
smooth compact variety with complement a divisor with simple normal crossings.

Proof. Let X be a smooth variety over a field of characteristic zero, and let X be
some compactification. Any singularities of X may be resolved without changing
the smooth locus [Kol07, Theorem 3.36], so we may assume that X is smooth.
Applying the Principalization Theorem [Kol07, Theorem 3.26] to (the ideal sheaf
of) the complement of X in X yields the variety we are looking for.

O

Note that in dimension two there is no distinction between compactness and
projectivity: any smooth compact surface is projective [Har70, 11.4.2]. It follows
that an arbitrary smooth surface is at least quasi-projective. Secondly, we will need
the following lemma concerning generators of the Picard group.

Lemma 4.9. Let X be a smooth quasi-projective variety over an algebraically closed
field of characteristic zero. Then any element of Pic(X)/2 can be represented by a
smooth prime divisor (i.e. by a smooth irreducible subvariety of codimension 1). If
X is projective, we may moreover take the divisor to be very ample (i. e. to be given
by a hyperplane section of X for some embedding of X into some PV ).

Proof. We consider the case when X is projective first. If X is a projective curve,
Pic(X)/2 = Z/2 is generated by a point and there is nothing to show. So we may
assume dim(X) > 2.

Fix a very ample line bundle £ on X. Any element of Pic(X)/2 can be lifted to a
line bundle M on X. Tensoring with any sufficiently high power of £ will yield a
very ample line bundle M ® L™ [Laz04, 1.2.10]. In particular, if we take m large and
even we obtain a very ample line bundle that maps to the class of M in Pic(X)/2.
The claim now follows from Bertini’s theorem on hyperplane sections in characteristic
zero [Har77, Corollary 10.9 and Remark 10.9.1].

In general, if X is quasi-projective, we may embed it as an open subset into a smooth

resolution X of its projective closure. Then Pic(X) surjects onto Pic(X), and we
obtain smooth prime divisors on X generating Pic(X)/2 by restriction. O

Ezample 4.10. Consider @2, the blow-up of P2 at a point p. Its Picard group is given
by Pic(P?) = Z[H] & Z[E], where H is a hyperplane section of P? that misses p and
FE is the exceptional divisor, both isomorphic to P'. A divisor a[H] — b[E] is ample if
and only if a > b > 0. Thus, {[H], 2[H]—[E]} is a basis of Pic(IP?) consisting of ample
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divisors. A smooth curve representing 2[H] — [E] is given by the birational transform
of a smooth conic in P? through p.

Proof of Proposition 4.6. Let X be a smooth surface. By Lemma 4.8, we can find a
projective surface X and smooth curves D1, ..., Dj on X whose union |J D; is the
complement of X in X. On the other hand, by Lemma 4.9, we can find smooth ample
curves generating Pic(X)/2. Let Cy, ..., C), be a subset of these curves generating
Pic(X)/2, and put

Ui Z:X—Cl—CQ—"-—Ci

For sufficiently large k, the divisors }; D; + k(C1 + - - + C;) are ample on X. Thus,
each U; is affine. Moreover, we see from the exact sequences

Z[Ci+1|Ui] — PiC(Ui) — PiC(UH_l) —0

and the choice of the C; that rkg/,(Pic(U;)/2) = p — 4. Thus, by Lemma 4.7,
Proposition 4.6 holds for U,.

We can now proceed as in the proof of Theorem 4.4, by adding the curves back in to
obtain X. Namely, consider the successive open inclusions U;;; < U;. The closed
complements of these are given by restrictions of the curves Cj, so we obtain a diagram
similar to (22) with U; playing the role of C, U;;1 in the role of C and C;; in the role
of a point. If the normal bundle of C;;; in U; is not trivial, the sequences will in fact
involve twisted groups of C;, but in any case we can conclude using Lemma 4.5. [

Corollary 4.11. Proposition 4.6 also holds for groups with twists in a line bundle
over X.

Proof. As we have seen, generators of Pic(X)/2 can be represented by smooth curves
on X. Thus, we can argue as in the proof of Corollary 4.5. O

Theorem 4.12. Suppose X is a smooth complex surface for which the natural map
Pic(X) — H?(X;Z) is surjective. Then the comparison maps

gw': GW'(X) — KO*(X) are surjective, and the maps
w': WY(X) = (KO*/K)(X) are isomorphisms.

By Proposition 4.3, the assumption on the map Pic(X) — H?(X;Z) is clearly
necessary.

Proof. Consider the squaring operations S' and Sq% appearing in the computations
of the Witt and (KO/K)-groups. For any smooth complex variety X, we have a
commutative diagram

Pic(jg) /25 CH2(X)/2
1
H(X.Z)/2 —— H4(XfZ)/2

H2(X:7)2) > HA(X:7,/2)

When X is a surface, the two vertical maps on the right are both isomorphisms, and
the horizontal map in the middle is essentially Sq3. So whenever Pic(X) surjects onto
H?(X;Z), we may identify S! and Sq%. It follows by comparison of Propositions 3.1
and 3.9 that the Witt groups of X agree with the groups (KO*/K)(X). On the other
hand, we see from Proposition 4.6 that each of the maps w*: W'(X) — (KO*/ K)(X)
is either surjective or injective. Given that we are dealing with finite groups, these
maps must be isomorphisms. Moreover, since we know from Corollary 4.2 that we
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also have a surjection from the algebraic to the topological K-group of X, we may
deduce via the Karoubi/Bott sequences that the maps gw’: GW*(X) — KO*(X) are
surjective for all values of 1. O

Ezxample 4.13. The result discussed here is completely independent of the comparison
result in [Zibl1la]. In particular, there are lots of projective surfaces whose geometric
genus pg is zero but which are not cellular. We briefly list a few concrete examples. In
each case, non-cellularity may be deduced from the fact that the fundamental group
does not vanish. All data is freely quoted from [Bea96].

e Any surface ruled over a curve C has geometric genus zero, but since by (X) =
g(C) it cannot be ruled unless it is rational.

e Enriques surfaces have p, = 0 but fundamental group Z/2. Similarly, p, = 0
for the Godeaux surface, but its fundamental group is Z/5.

o Bielliptic surfaces have p, = 0 but first Betti number b; = 1.

4.3 7/2-coefficients

In this final section, we examine how the integral comparison result discussed in
this article is related to comparison results for the corresponding theories with Z/2-
coefficients. In brief, it turns out that “the integral comparison isomorphism for
Witt groups” is closely related to “comparison isomorphisms for all higher hermitian
K-groups with Z/2-coefficients”. This is made precise in Proposition 4.15 and
Corollary 4.18.

Recall from [Ziblla, Section 2] that the comparison maps considered so far may be
viewed as low-degree versions of comparison maps from higher (hermitian) K-groups
to (real) topological K-groups:
Ei: Ki(X) =K Y(X)
EP?: KOPY(X) — KOP(X)
That is, we may identify the map k with ko, gw® with ki” and w! with kii_l’i_l.
The definition of these higher maps may be generalized to take care of coefficients. In

particular, we may consider algebraic and hermitian K-groups with Z/2-coefficients
and obtain comparison maps

ki Ki(X;Z/2) - K 4(X;Z/2)
kP KOPY(X;7/2) — KOP(X;Z/2)

These share all the formal properties of their integral counterparts as listed in [Zibl1a,
Section 2]. For example, the existence of Karoubi and Bott sequences with Z/2-
coefficients may be deduced from the 3 x 3-Lemma in triangulated categories [May01,
Lemma 2.6], and the comparison maps are again compatible with these.

The behaviour of the comparison maps for K-theory with Z/2-coefficients was
predicted by the Quillen-Lichtenbaum conjectures: they are isomorphisms in all
degrees i > dim(X) — 1 and injective in degree dim(X) — 2. Proofs may be found in
[Lev99, Corollary 13.5 and Remark 13.2] and [Voe03b, Theorem 7.10]. In particular,
on a complex point or curve we have isomorphisms in all non-negative degrees, while
for a smooth complex surface X we have isomorphisms in positive degrees and an
inclusion in degree zero:

Ki(X;Z/2) — K 4(X;Z/2) foralli>0
Ko(X;7Z/2) — K°(X;7Z/2)
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For these low-dimensional cases, proofs may also be found in [Sus95, 4.7; PWOL,
Theorem 2.2].

The Quillen-Lichtenbaum conjecture for a complex point implies an analogous
statement for the hermitian comparison maps. Namely, it is not difficult to see that
the comparison maps on Witt groups with Z/2-coefficients

w': WH(X;Z/2) — (KO*/K)(X;Z/2)

are also isomorphisms when X is a point. (For example, this can be deduced from
Proposition 4.15 below.) Thus, the following statement may be obtained via Karoubi-
induction.

Corollary 4.14. The comparison maps
ED®: KOP?(point; Z/2) — KOP (point; Z/2)

are isomorphisms in all non-negative degrees, i. e. for all (p,q) with 2q¢ —p > 0.

When X is a surface, we have seen that the integral comparison maps on Witt groups
are isomorphisms whenever Pic(X) surjects onto H?(X;Z). By passing to Z/2-
coefficients, we may obtain isomorphisms on the level of Grothendieck-Witt groups
under just one additional topological constraint on X.

Proposition 4.15. Let X be a smooth complex variety, of any dimension. If the
odd topological K-groups of X contain no 2-torsion (i.e. if K'(X)[2] = 0), then the
integral comparison maps

Wi{(X) = (KO*/K)(X)
are isomorphisms for all i if and only if the comparison maps with Z/2-coefficients
Wi(X;2/2) — (KO*/K)(X;Z/2)
are isomorphisms for all i.

Before giving the proof, we make one preliminary observation.

Lemma 4.16. Let X be a topological space such that K'(X)[2] = 0. Then
multiplication by n € KO™!(point) induces an isomorphism

(KO*/K)(X) —» KO*~(X)[2]

Proof. In general, since 2n = 0, the following exact sequence may be extracted from
the Bott sequence:

0 — (KO?/K)(X) - KO* 1(X)[2] = K}X)[2]

This proves the claim. [

Proof of Proposition 4.15. We claim that we have the following row-exact commut-
ative diagram:

GW' (X GW'(X;Z/2 i+1
0 6oy ecroy W) »0
| | J (4
KO?(X) KO? (X;Z/2) 2i+1
0 KO(X) KO(X:Z/2) KO™™ (X)[2] ——0
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Indeed, the lower exact row may be obtained by applying the Snake Lemma to the
following diagram of short exact sequences induced by the Bockstein sequences for K-
and KO-theory:

0— > K(X)/2———KUX;Z/2) —— 0

| J |

0 —— KO*(X)/2 —— KO*(X;7/2) —— KO* ™ (X)[2] —— 0

The upper row of (x) may be obtained similarly from the Bockstein sequences for
algebraic and hermitian K-theory. The vertical maps are induced by the comparison
maps in degrees 0, 0 and —1, respectively. Using the canonical identification of
GW (X)/Ko(X) with W'(X), we may however identify the first vertical map with
the usual comparison map w® in degree —1. Likewise, the second vertical map may be
identified with the comparison map w® for Witt groups with Z/2-coefficients. Lastly,
by the previous lemma, the entry in the lower right corner may be identified with
(KO**2/K)(X). Thus, diagram () can be rewritten in a form from which both
implications of the proposition may be deduced:

0 —— W{(X) —— W{(X;Z/2) —— W THX) ——0

AN

KO%(X) KO*(X;7Z/2) KO**2(X)
K(X) K(X;Z/2) K(X)

O

Lemma 4.17. Let X be a smooth complex variety of dimension at most two. The
map Ko(X;Z/2) — K°(X;7Z/2) is an isomorphism if and only if the map Pic(X) —
H?(X;Z) is surjective and K'(X)[2] = 0.

Proof. We see from the description of the Picard group (21) that Pic(X) — H?(X;Z)
is surjective if and only if it is surjective after tensoring with Z/2. Moreover, by
a similar argument as in Corollary 4.2, the surjectivity of the map Pic(X)/2 —
H?(X;7)/2 is equivalent to the surjectivity of the map Ko(X)/2 — K°(X)/2. The
claim follows from these equivalences and a commutative diagram induced by the
Bockstein sequences:

0—— Ko(X)/2 —— Ko(X;Z/2) ——— 0

J | |

00— K'(X)/2——K%X;Z/2) — K}X)[2] —— 0
O

If we combine the known results for K-theory with our results for Witt groups and
Proposition 4.15, we obtain the following corollary via Karoubi induction.

Corollary 4.18. Let X be a smooth complex variety of dimension at most two.
Assume that the natural map Pic(X) — H?(X;Z) is surjective and that K'(X) has
no 2-torsion. Then the hermitian comparison maps

KOP(X;Z/2) —s KOP(X;Z/2)
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are isomorphisms in all non-negative degrees, i. e. for all (p,q) such that 2¢ —p > 0.
In particular, for all shifts i we have isomorphisms

GW(X;Z/2) — KO*(X;Z/2)

For example, the conditions of the corollary are satisfied for any smooth complex
curve, and for any simply-connected projective surface of geometric genus zero. The
condition that K*(X)[2] = 0 can be rephrased in terms of the integral cohomology
group H3(X;7Z):

Lemma 4.19. Let X be a smooth complex variety of dimension at most two. Then
the torsion of K'(X) agrees with the torsion of H*(X;Z).

Proof. By Lemma 3.12, the Atiyah-Hirzebruch spectral sequence for the K-theory of
X collapses. Since the first integral cohomology group H'(X;Z) of a smooth complex
curve or surface is free, we find that K'(X) = H'(X;Z) ® H*>(X;Z), and the lemma
follows. O

Remark. Conversely, if we assume the analogue of the Quillen-Lichtenbaum conjecture
for hermitian K-theory, i.e. if we assume that the hermitian comparison maps with
Z/2-coefficients are isomorphisms in high degrees, then we can recover our comparison
theorem for Witt groups for all surfaces X with K*(X)[2] = 0. Said analogue appeared
recently in [BKO®S11]. However, it does not seem possible to relate our result to the
Quillen-Lichtenbaum conjecture for surfaces with 2-torsion in K'(X). Such surfaces
do exist. In particular, if X is an Enriques surface, then Pic(X) surjects onto H?(X;Z)
but K*(X)[2] & m1(X) = Z/2 [Bea96, page 90).
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