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Abstract

Calmes and Fasel have shown that the twisted Witt groups of split
flag varieties vanish in a large number of cases. For flag varieties over
algebraically closed fields, we sharpen their result to an if-and-only-if
statement. In particular, we show that the twisted Witt groups vanish
in many previously unknown cases. In the non-zero cases, we find that
the twisted total Witt group forms a free module of rank one over the
untwisted total Witt group, up to a difference in grading.

Our proof relies on an identification of the Witt groups of flag
varieties with the Tate cohomology groups of their K-groups, whereby
the verification of all assertions is eventually reduced to the computation
of the (twisted) Tate cohomology of the representation ring of a parabolic
subgroup.
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Introduction

Let G be a split semisimple algebraic group with a parabolic subgroup P. Our
object of study is the Witt cohomology of the flag variety G/P. Specifically,
we address the following question:

Given the untwisted Witt groups W*(G/P), what can we say about
the Witt groups W*(G/P, L) with twists in a line bundle £ over
G/P?

A result of Calmes and Fasel shows that in many cases there is a short answer
that does not even depend on the untwisted Witt groups: the twisted Witt
groups are simply zero [CF12]. The cases they deal with can be described
as follows. Suppose P is the standard parabolic subgroup corresponding to a
subset © of a set of simple roots ¥ of G. Counsider the Dynkin diagram of G/P,
i.e. the Dynkin diagram of G in which the roots contained in © and ¥ —0O are
indicated using different colours, say black for the roots in © and white for the
remaining roots'. For example, the Dynkin diagram of the Grassmannian of
three-planes in eight-dimensional space would be:

*—0—O0—0—0—0—0

Then there is a natural one-to-one correspondence between the white nodes and
a basis of the Picard group modulo squares Pic(G/P)/2. Let M C Pic(G/P)/2
be the linear subspace generated by the basis elements corresponding to those
white nodes that have a black neighbour, i.e. that are connected to at least
one black node by an edge of the Dynkin diagram. Calmes and Fasel’s result
can be paraphrased as follows:

If the class of £ in Pic(G/P)/2 lies outside the subspace 91, then
W'(Pic(G/P), L) vanishes for all 1.

For example, for a full flag variety G/B with B C G a Borel subgroup, the
Dynkin diagram of G/B has white nodes only, the subspace 9 is trivial and
the result therefore says that all twisted Witt groups vanish. This has been
used by Yagita to identify the untwisted Witt ring W*(G/B) with the Witt
ring of G [Yagll, Theorem 1.1]. However, although Calmes and Fasel’s result
covers a great many cases, it is not as sharp as possible. For example, as the
authors themselves note, it does not predict the vanishing of all twisted Witt
groups of the Grassmannian above. (They are known to vanish by [BC12al.)

In this paper, we sharpen Calmes and Fasel’s criterion under the assumption
that the ground field is algebraically closed as follows: we describe generators
of a smaller linear subspace £ C 9t such that the twisted total Witt group
W*(G/P,L) := @, W'(G/P,L) is non-zero if and only if the reduction of £
modulo two is contained in £. In addition to the Grassmannian above, here
are the Dynkin diagrams of some further examples for which £, unlike 9, turns
out to be trivial:

0 )
o—o o—o o0
\O \O O—-- - -0—@—-- —---0X=@

We also have the following structural result concerning the non-zero cases:

IThis colouring scheme follows [CF12]. It is inverse to the colouring scheme used in
[Zib11, Table 2] and § 23.3 of [FHI1].



Theorem. If the twisted Witt group W*(G /P, L) is non-zero, then there exists
an element ¢ € W°(G/P,L) ® W*(G/P,L) such that multiplication with ¢
induces an isomorphism

W* (G/P) = W* (G/P,L).

The element ¢ is not always homogeneous, so this isomorphism does not
necessarily preserve the Z/4-grading of the total Witt group. It only preserves
the Z/2-grading consisting of an even part W° @ W? and an odd part W' & W3,

Our proof exploits the relationship between Witt groups and the Tate
cohomology of K-groups advocated in [Zib12]. Given a variety X, let * denote
the involution on its algebraic K-group Ko (X) induced by the duality on vector
bundles, and let

_ ker(id — %)

B ~ ker(id + ¥)
= (A0 (%)

T (X): = mGd— )

denote the Tate cohomology of (Ko(X), *). We show:

Theorem. For any smooth cellular variety over an algebraically closed field of
characteristic not two, we have isomorphisms

AH(X) = WO(X) o W?(X)
A (X) = WHX) @ W3(X)

This theorem and some related results of Section 2.1 have already been used in
[Zib12] to obtain a description of the untwisted Witt rings of full flag varieties.
Unfortunately, the assumption that the ground field is algebraically closed is
essential in our approach: there is no chance for the relationship between Witt
groups and Tate cohomology to hold over an arbitrary field in the form stated as
Tate cohomology is always two-torsion. This is the reason why said assumption
enters all results on Witt groups presented here. However, each result has a
precursor in terms of Tate cohomology which we prove without this assumption.

Apart from being valid over arbitrary fields, Calmes and Fasel’s approach has
another competitive advantage: not only is it much easier to state, but also the
whole proof fits onto two pages. However, it should be noted that a key input of
their argument is an existing ‘vanishing result’ given by Walter’s calculations
of the Witt groups of projective bundles [Wal03b]. The approach presented
here does not presuppose any existing Witt group computations.
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1 Statement of the results

1.1 A structure theorem

Given a smooth variety X over a field of characteristic not two, we write W*(X)
to denote the i*" shifted Witt group of the derived category of vector bundles
over X equipped with the usual duality £ — Hom(E, Ox) [Bal00,Bal01]. More
generally, given a line bundle £ over X, we write W*(X,£) to denote the
corresponding ‘twisted’ Witt groups of X, i.e. the Witt groups of the same
category equipped with the duality £ — Hom(E, L). As there are canonical
isomorphisms W*(X, £) = W't*(X, £), we will index these groups with i € Z/4
in the following. We define the total L-twisted Witt group of X as the direct

sum )
W*(X,L) = @ WX, L).
i€Z/4

Again, when £ = Ox, we simply write W*(X). These total Witt groups
obviously have a natural Z/4-grading. However, we will sometimes forget half
of this grading and consider them to be only Z/2-graded with homogeneous
parts W22 and W'? defined in the obvious way:

WYX, L) := WX, L) ® WX, L)
W (X, L) = WHX, L) ® W3(X, L)

For any line bundles £ and M, we have a pairing
WX, £) ®@ W (X, M) = W (X, LoM)

such that W*(X) is a (Z/4- or Z/2-)graded ring over which the twisted total
Witt groups are graded modules [GN03]. It follows easily from the definitions
that any line bundle £ over X defines a class [£] in W°(X, £?) such that
multiplication with [£] induces an isomorphism

W*(X) = W*(X, £?)

and more generally isomorphisms W*(X, ) =2 W*(X, N ® £2). In particular,
up to (non-unique) isomorphism, the £-twisted Witt groups of X only depend
on the class of £ in Pic(X)/2.

For twists by a line bundle £ that cannot be expressed as a tensor square, we
are not aware of any general results concerning the relationship of W* (X, £)
to W*(X). However, it turns out that when X is a flag variety, there are only
two possibilities: either the twisted total Witt group vanishes, or it is free of
rank one as a Z/2-graded module over W*(X). Here and in the following, by
a flag variety we mean a quotient G/ P of a split semisimple algebraic group G
by a parabolic subgroup P.

1.1 Structure Theorem. Let L be a line bundle over a flag variety G/P
over an algebraically closed field of characteristic not two. If the twisted
total Witt group W*(G/P, L) is non-zero, then there exists an element (r in
W%2(G/P, L) such that multiplication by (o induces an isomorphism of 7./2-
graded modules

W* (G/P) % W* (G/P,L).

Moreover, if both W*(G /P, L1) and W*(G/P, L3) are non-zero for line bundles
Ly and Lo, then so is W*(G/P, L1 ®Ls) and we may choose (r o, = CrqCro-



W*(X) W*(X, L)
X we o owtow?2 o ow? | wl owt ow?2 ow?
P! Z/)2  ZJ)2 0 0 0 0 0 0
Pt 72 0 0 0 |Z/2 0 0 0
P2 Z)2 0 0 0 0 0 Z/2 0
Croy | (Z)2)> 0 0 0 |z/2 0 (z/2* 0

Table 1: The Witt groups of some projective spaces and of the Grassmannian
of planes in six-dimensional space, over an algebraically closed field. In each
case, the Picard group is free abelian on one generator L.

In particular, in the cases when the total L-twisted Witt group is non-zero, we
have isomorphisms

wW*3(G@/P) = W**(G/P,£) and W"“3(G/P)=W"3(G/P,L).

The failure of these isomorphisms to respect the finer Z/4-grading can already
be seen for the most simple examples of flag varieties, as illustrated by the last
line of Table 1.

1.2 Remark (linear algebra). Essentially, Structure Theorem 1.1 says that the
total Witt group W*(G/P, L) behaves like the space of solutions to a linear
system of equations with constant term £. This is no coincidence: our proof
will eventually reduce to this situation.

1.3 Remark (total Witt group). The “total Witt group” of a scheme X is
sometimes understood to mean the direct sum @ W*(X, £) over all twists [L]
in Pic(X)/2. However, as it stands, this group depends on specific choices of
line bundles £. See [BC12a] for a situation in which this issue becomes relevant
and [BC12b] for a solution. We will not use this terminology here and always
work “one twist at a time”.

1.2 A vanishing theorem

We will describe for which line bundles the twisted Witt groups vanish using a
graphical notation that we now explain. Let T be a split maximal torus of G,
and let X* := X*(T) be its character group, the weight lattice of G. We write
R C X* for the set of roots of G, and we chose a set of simple roots 3.

Note first that any flag variety under G is also a flag variety under its simply
connected cover. So we may and will assume that G is simply connected.
Simply connected semisimple groups G are determined up to isomorphism their
Dynkin diagram.

Next, we have a one-to-one correspondence between subsets © C ¥ and
conjugacy classes of parabolic subgroups of G. Thus, we can specify G/P
up to isomorphism by drawing the Dynkin diagram of G with those nodes
corresponding to the roots in © coloured, as in the introduction. For example,
the diagram

O0—0—0—0—0—@==0

will denote the quotient of the simply connected semisimple group of type
Bz by a parabolic subgroup corresponding to a two-element subset of ¥. The
subdiagram consisting of all black nodes and edges between them is the Dynkin
diagram of the Levi subgroup of P (c.f. Section 3.2).

A standard representative of the conjugacy class corresponding to a subset
O C X is given by the subgroup Pg of G generated by the maximal torus T,



the root subgroups of all negative roots, and the root subgroups of all positive
roots contained in ZO. We will assume from now on that P is of this form.

The Picard group of G/P is a free abelian group on line bundles Lg
corresponding to the simple roots in ¥—0, i.e. to the white nodes of our
diagram. This correspondence can be described as follows: Let {w, | o0 € £} be
the set of fundamental weights. As we have assumed G to be simply connected,
these are actual characters of T and not just elements of X* ® Q. Those
fundamental weights wg with 8 € ¥ —© extend to characters of P = Pg and
hence define line bundles Lg over G/P.

We can thus specify a line bundle £g over G/P by drawing a ‘line mark’ over
the node corresponding to 8 in the Dynkin diagram of G/ P, like so:

\
0—0—0—0—0—@=x0

More generally, we will use a line mark connecting several such nodes to specify
a tensor product of the corresponding line bundles. For example,

— 0 Bs
O—0—O0—0O0—0—
B O B Bs 192\0 8

will denote the line bundles L5, ® Lg, and Ls, ® Lg, ® Lg; on G/ Py, 9,1,
respectively.

By the second part of Structure Theorem 1.1, the classes in Pic(G/P)/2 of all
line bundles £ for which W*(G/P, L) is non-zero form a linear subspace. The
idea of our vanishing theorem is to describe a set of generators of this subspace
by specifying the corresponding line marks of the Dynkin diagram of G/P. The
precise rules for obtaining these marks are laid out in the next section.

1.4 Vanishing Theorem. Let L be a line bundle over a flag variety G/P as
in Structure Theorem 1.1. Assume without loss of generality that G is simply
connected, and that we have chosen a set of simple roots 3 such that P is the
standard parabolic subgroup corresponding to a subset © C X. Then the L-
twisted total Witt group W*(G /P, L) is non-zero if and only if the reduction of
L modulo two is a linear combination of the line bundles marked in the Dynkin
diagram of G/P according to the marking scheme below.

1.3 A marking scheme

Let G/P and © C ¥ be as in Structure Theorem 1.1. We use the same letters
to denote the corresponding Dynkin diagrams, i.e. ¥ for the Dynkin diagram
of G and O for the subdiagram spanned by the black nodes. Each connected
component O of © determines line marks only on the connected component of
> in which it is contained, so we may assume that ¥ is connected. Moreover,
the marks contributed by ©g do not depend on any other components of O,
so we can lay out the rules for marking the diagram one connected component
Op at a time. We organize these rules according to the type of the ambient
diagram ¥, illustrating each case with a short list of examples.

Y of type A,

Oy of type A; with | odd

Connect all neighbours of ©¢ with a single mark. That is:
If © has a unique neighbour, mark that neighbour.

If ©¢ has two neighbours, connect these with a mark.

(Subdiagrams of type A; with [ even do contribute any marks.)



\
O—O0—e—0—O0 O—e—e—0O0—O o—0—0—0O0—O

¥ of type B,

Oy of type A; with | odd
Connect all neighbours of ©y with a single mark, except for the unique
shortest root o,, of 3. This root is never marked.

6 of type B; Mark the unique neighbour (for I # n).

(Subdiagrams of type A; with [ even do not contribute any marks.)

\ \
0O—e—0—0—0—e=x0 e—e—0—0—eo—e=e
UTI,

On

Y of type C,

6y of type A; with | odd
Connect all neighbours of ©( with a single mark.

(Subdiagrams of types A; with [ even, By and C; do not contribute any

marks.)

] ]

O0—0—0—0—0—@=xX0 o—e—0—O0—eo—eo=xX-e
¥ of type D,

Oy of type A; with | odd
Connect all neighbours of the two outer roots of Oy with a mark.
(For I = 1, connect all neighbours.)

O of type D; with | even Mark the unique neighbour.

(Subdiagrams of types A; with [ even and D; with [ odd do not contribute
any marks.)

o ° °
/ ‘ / ‘ /
O—e—&=e- o—o—e—e o—o—e—e

(@) (@) [

¥ of type E, (n € {6,7,8})
Oy of type A; with | odd
If [ = 1, connect all neighbours of ©y with a mark.
If [ = 3, connect all neighbours of the two outer roots of ©y with a mark.
If I = 5, connect all neighbours of the two outer roots and of the central
root of ©y with a mark.
If ] =7 and n = 8, mark the unique neighbour of Gy.
Oy of type D,
If il=4,1=06 or | =7, mark all neighbours of ©g individually.
| XV

If I = 5, one of the roots labeled ¥4 and 5 o—o—o
in the diagram on the right will have a unique Gy 9y U5\
neighbour in E,,. Mark that neighbour. ®

Oy of type E,
If | = 7 and n = 8, mark the unique neighbour of Q.

(Subdiagrams of types A; with ! even and Eg do not contribute any
marks.)



oO—O0—e—0O0—0—~0 *—0—0—0—0—O
O (@]
{ i \ | |
O—eo——0—0—O O—o—0—0—0—0
[ } [ ]
| | | |
O—O0——e—0—~O0 *e—0—0—0—0—O
/(;)\‘ T
|
oO—O0——0—0—O O—o—0—0—0—O

¥ of type Fy Distribute marks according to the following diagrams:

o—c‘a:}:o—o e—0—>—0—O0 o—o:}:o—é)

c‘)—.:}:o—o c‘)—.:}:o—o c‘)—.:}:o—o
]
O—0O>—e—O o0—O0>—0—@

\
o0—o=x0—e

Y of type Gs
\ \
A; C G2 Mark the unique neighbour: o=>=e e>-0

When O has several connected components, the resulting marked diagram may
sometimes be simplified. After all, we are only interested in the subspace of
Pic(G/P) generated by the marked line bundles rather than in a particular
choice of generators. For example, the following diagram marked according to

the above scheme |
o
| | ]
O—eo—0—0—0O0—0—O0

may be simplified to:

oO—o—0—0—0O0—0—O

Note that all diagrams in the introduction remain undecorated according to
the above marking scheme.



2 From Witt rings to representation rings

In this section we explain how we translate the computation of Witt rings of
flag varieties to a computation with representation rings. First, in Section 2.1,
we show that the Witt ring of a smooth cellular variety over an algebraically
closed field may be identified with the Tate cohomology of its K-ring. Here, by
a cellular variety we mean a variety X which can be equipped with a filtration
by closed subsets

X=X">2X'5Xx?>...

such that each complement X¢ — X**+! is isomorphic to affine space A™ for
some n;. Split flag varieties are among the main examples of varieties with this
property [K6c91, Prop. (1.3)]. In Section 2.2, we briefly recall the well-known
representation-theoretic description of their K-rings.

2.1 Witt rings as Tate cohomology rings

Let (D, *,w) be a triangulated category with duality in the sense of [Bal00].
Then the duality functor * induces an involution on the K-group K(D), which
we still denote *. In a slight abuse of terminology (c.f. Remark 4.4), we define
the associated Tate cohomology groups as

-
- D

and write h*(K(D),*) for the Z/2-graded group h*(K(D),x) & h~(K(D), ).
Occasionally, the alternative notation

B(K(D), ) = {h*_‘(K(D), *) 1fz Y/ %s even

h=(K(D),x) ifie€Zisodd
allows more concise statements. However, independently of which notation
is used, we always think of h*(K(D),*) as Z/2- rather than Z-graded. The
few basic facts surrounding these cohomology groups that we will need, like
the existence of long exact Tate cohomology sequences, are summarized in
Section 4.1 below.

Let GW'(D) denote the i*"-shifted Grothendieck-Witt group of (D, *,w) and
let F': GW' (D) — K(D) and H*: K(D) — GW'(D) denote the forgetful and
hyperbolic maps, respectively. By [Wal03a] they fit into fundamental exact
sequences

Fifl Hi

GW (D) K(D) GW' (D) — W' (D) — 0. (1)
In particular, H*Fi~! = 0, and the cokernel GW*(D)/H' may be identified
with the Witt group W*(D). The forgetful and hyperbolic maps interact with

the involution on K(D) as follows:

H'x = (-1)'H"
F'H" =id +(—1)"x
*F' = (—=1)'F"

The following consequence of these equations was observed by Bousfield in the
context of real topological K-theory [Bou05, Lemma 4.7].



2.1 Lemma. For any triangulated category with duality (D, *,w), the hyper-
bolic and forgetful maps induce well-defined maps

(%)

T (K(D), ¥) ——% ker F~! @ ker F*

EO
h™ (K(D), %) M ker F° & ker 2

0 72
wo(p) & w?(p) L

WD) e wi(p) L

Hilei

The two horizontal compositions are of the form ( 0 H"“OFH? )

Here is a simple scenario in which these maps are isomorphisms:

2.2 Theorem. Let D be the derived category of a k-linear abelian category
with an exact k-linear duality (A, *,w), where k is an algebraically closed field
of characteristic not two. Suppose that all objects of A have finite length. Then

the maps (F', F**2) and (ﬁ}{“) of Lemma 2.1 are isomorphisms.?
This theorem applies for instance to the category of finite-dimensional linear
representations of an affine algebraic group over an algebraically closed field.
Strictly speaking, we will not use this result in the sequel. We include it here
partly because it puts Theorem 2.3 below into perspective, and partly because
it has a simple, illustrative proof.

Now let X be variety over a field of characteristic not two. For any line
bundle £ over X, we can consider the category with duality (D(X), *.,w), the
derived category of the category of vector bundles over X equipped with the
duality *, induce by £ — Hom/(&, L) and the usual double-dual identification
w. Then K(D(X)) is the usual K-group Ko(X) of X, equipped with an induced
involution . for each line bundle £ over X. To simplify notation, we define

h*(X) :=h*(Ko(X),*0y)
h* (X, L) := h*(Ko(X), *c)
For any two line bundles £; and L, the ring structure on Ko(X) induces a
pairing ‘ . o
hY(X,L1) @ h (X, Ly) — h'T(X, L1 @ Ly)

such that h®(X) is a Z/2-graded ring, and such that h*(X, L) is a graded
h*(X)-module (c.f. Lemma 4.1).

2.3 Theorem. Let X be a smooth cellular variety over an algebraically closed
field of characteristic not two, and let L be a line bundle over X. Then for
(D, x,w) := (D(X), *¢,w) as above, the maps in Lemma 2.1 are isomorphisms.
In particular, we have isomorphisms®

WO2(X, L) = ht (X, L)

W (X, L) = h™ (X, L)
When L is trivial, these group isomorphisms assemble to an isomorphism of
Z/2-graded rings W*(X) = h®(X). More generally, for any two line bundles £,

and Lo over X, these isomorphisms are compatible with the respective pairings
in the sense that

WHT2(X, L) @ WHT2(X, Ly) —— WP THT2(X £ ® L)

| J

hi(X,ﬁl) X hj(X, [:2) _ hH_j(X,El ® ,cg)

“Note that b~ (K(D),*), W!(D) and W3(D) vanish in this setting [BW02, Prop. 5.2].
3Recall that we write WH+2(X, £) for W (X, £) @ Wit2(X, L).

10



commutes.

The remainder of this section is occupied by the proofs of Theorems 2.2 and 2.3.

Proof of Theorem 2.2. As two is assumed to be invertible, we can identify
WD) and W?(D) with the usual Witt groups of symmetric and anti-
symmetric objects W°(A) and W?(A) [Bal0l, Theorem 4.3], and likewise
for the Grothendieck-Witt groups GW(D) and GW?(D). Moreover, by
Proposition 5.2 of [BW02], W' (D) = W*(D) = 0.

Choose a set & of representatives of the simple objects of A. As k is
algebraically closed, every such object has k as endomorphism ring. Therefore,
every self-dual simple object is either symmetric or anti-symmetric, exclusively
[QSST9, Prop. 2.5 (1); CHO4, Lemma 1.21]. Let 61,&_ C & be the subsets of
symmetric and anti-symmetric objects, and let Gy contain one object of each
pair (5,5*) of non-self-dual objects of &. Given any object A of A, let A4
denote the full subcategory on objects isomorphic to direct summands of finite
direct sums of copies of A. The inclusions of Ag and Aggg+ into A induce
isomorphisms

K(A) = P KAs)® P K(As) @ P K(Ases-)-

Se6 Se6_ S€Go

Moreover, as the duality on A restricts to Ag (for self-dual S) and to Aggs=
(for arbitrary S), we have analogous decompositions for GW°(A), GW?(A),
WY(A) and W?(A) [QSS79, Theorem 6.10; CHO4, Cor. 1.14]. Moreover, these
decompositions are compatible with the hyperbolic and forgetful maps F* and
H'. Tt follows that we have such decompositions for all GW*(D) and W*(D),
with each category A4 replaced by its derived category D 4. Thus, it suffices to
prove the theorem for each category Ag with S € &, or G_ and each category
-ASEBS* with S € &g.

For S € &, we have K(Ag) = K(k), GW"(Ag) = GW (k) and GW?(Ag) =
CW?(k) [QSS79, Prop. 2.4].* The groups K(k) and GW?(k) are equal to Z
for any field k. As k is algebraically closed, the same is true for GWO(k). The
proof of Proposition 2.4 in [QSS79] also yields explicit generators for each of
these groups: if we choose some fixed symmetric form o on S, we can write:

K(As) =Z- 5]
GWY(Ag) =Z-[S, 0]
GW?*(Ag) = Z - [H?S]

The exact sequences (1) therefore take the following form:

z/2[H'S] T L7181 2 ziS,0]  —Z/2[S,0] — 0
7S] £ ozis) o S0
0 oz 2 zH?s]) - o

ziH?S] B z18) E Lz oH s - 0

As the involution on Z[S] is trivial, h*(Z[S]) = Z/2[S], and the claims that

the maps (F?, F'*2) and FH+2 are isomorphisms are easily checked.

4We use the common shorthand K(k) for the K-group of the category of finite-dimensional
k-vector spaces, or, phrased geometrically, for the K-group of Spec(k). The same convention
is used for Witt and Grothendieck-Witt groups.

11



The proof for S € &_ is analogous. The involution on K(Ag) is again trivial,
and the exact sequences (1) take the following form, where o is some fixed
anti-symmetric form on S:

0o Lz zHS] - o
0g) F° H' 1
Z[H°S) 22 zis] s z2H'S] 0

z)2lH'S] s 718 5 708,0] —7/2[S,0] — 0

zis,0] ozis) s 0 o o

Finally, for Asggs+ with S € &y, all groups involved in Lemma 2.1 vanish. In
slightly more detail, the Grothendieck-Witt groups of Aggs+ can be identified
with the Grothendieck-Witt groups of the ring with involution (k X k, o), where
o interchanges the two factors. Any finitely-generated module over k x k can
be written as V; @ V5 for k-vector spaces Vi and Vo, with the first factor of
k x k acting trivially on V5 and the second factor acting trivially on V3. In this
notation, the dual of V4 & V2 is V5" @ Vi*, where (—)* denotes the usual duality
on vector spaces. It follows that any (anti-)symmetric module over (k x k, o)
is necessarily hyperbolic [Kar80, § 1.2]. Thus, in this case the exact sequences
(1) take the following form:

Z[H'S) L5719 @ 215 £ 7
7H°S] <5 7| @ 215" s ZH'S] - 0
7' < 79 e 215 s 7

2128 < 718 @ 257 LS zHS) = 0

In particular, all the maps F' are injective and all Witt groups are zero, in
agreement with the fact that h®(Z[S] ® Z[S*]) vanishes. O

For the proof of Theorem 2.3, we use a couple of lemmas.

2.4 Lemma. Let A 5 B 5 C be a short evact sequence of triangulated
categories with duality with the property that

0—- KA —-KB)—=K(C)—0

is exact. Then the forgetful functors F' commute with the boundary maps
in the associated long exact sequence of Witt groups and the long exact Tate
cohomology sequence, i. e. the following square commutes:

WHe) —5 Wi (A)

lFi J/Fi+1

hi(C) —2 hit1(A)

Proof. The boundary map on Witt groups is defined as follows [Bal00,
Def. 4.16]:> Any element of W'(C) can be represented by the image (B, )
of some i-symmetric pair (B,3) in B. Then the cone of 3: B — B*[i] is
isomorphic to zero in C, so it lies in A. It may be equipped with some
(¢ +1)-symmetric form ~y, and we have 9[r(B, 8)] := [cone(8),v]. In particular,
Folr(B, 8)] = [cone(8)].

5C.f. [BGO5, § 2] for a concise summary in the case of vector bundles over varieties.
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The boundary map from h*(C) to h**1(A), on the other hand, sends [rB] to
[B] — (—1)![B*], which we may view as an element of K(A) (c.f. Lemma 4.2).

This element agrees with [cone(8)] in K(B), so we conclude using the injectivity
of K(A) — K(B). O

2.5 Lemma. Let Z — X be a closed embedding of smooth quasi-projective
varieties over a field of characteristic not two, and let L be a line bundle over
X. The forgetful functor commutes with the Thom isomorphism of [Nen07],
1. e. we have commutative diagrams of the form

W (Z, L]z @ det N') ——= W3(X, L)

[ E

hi_c(Z, £|Z & det./\/) T hlZ(X, ﬁ)

Here, ¢ and N are the codimension and the normal bundle of Z — X. We
have written hi,(X, L) for the Tate cohomology h*(KZ(X), xz).

Proof. A review of the construction of the Thom isomorphism shows that the
claim already holds on the level of Grothendieck-Witt and K-groups: Let K (N)
denote the Koszul complex of N as described in [Nen07, § 2]. This is a complex
of vector bundles over the affine bundle associated with N, with cohomology
supported on the zero section Z. It carries a canonical c-symmetric form

ON): K(N) = K(N)*[d] ® p* det N'*,

where p denotes the bundle projection N' — Z. One thus has elements
k= [KWN),OWN)] in GW%(N,det p*N*) and F¢(k) in KZ(N). Multipli-
cation with x induces group isomorphisms

GWI™(Z, L ® det N') ——— GWL (N, p* L)

for all line bundles £ over Z, while multiplication with F¢(x) induces the usual
Thom-isomorphism of K-groups Ko(Z) = KZ(X). If we want to view this as
an isomorphism of groups with involution, we need to take care both of the
sign and the twist of the involution. So let Ko(X, —£) denote Ko(X) equipped
with minus the L-twisted duality (for any X and any £). Then multiplication
by F°(k) induces isomorphisms

Ko(Z, (—1)"°L @ det N) —— KZ (N, (=1)'p*L)

and, since F' is multiplicative, we have commutative diagrams

o

GW'™(Z,L @ det N') ————— GW (N, p*L)

|- |-

Ko(Z, (—1)~°L @ det ) Fi KZ (N, (~1)ip*L)

The Thom-isomorphisms in the lemma are obtained by composing the hori-
zontal arrows with p*. Thus, the lemma follows from the naturality of F' and
the observation that h/ (Ko(X, (—1)'L)) = W T4(X, L). O

Proof of Theorem 2.3. By Lemma 2.6 below, it suffices to show that the maps
(F', F"*2) are isomorphisms. This may be proved by induction over the cells
of X. Indeed, using Theorem 2.2 or otherwise, we see that the claim is true
for X = Spec(k), where k is an algebraically closed field. Thus, by homotopy

13



invariance, the claim holds for an arbitrary cell A}. Now let X = Uy D U; D
Us--- D Uy = 0 be a filtration of X by open subsets as in [Zibl1, proof of
Thm 2.6], i. e. such that the complement of each U1 in Uy, is a closed cell Zj.
For each k we have a short exact sequence of triangulated categories

0 — DY, (Ur) = D*(Uy) = D*(Ug41) — 0. (2)

We claim that the first map in the associated sequence of K-groups is injective,
i.e. that
0 — K& (Uy) = Ko(Up) — Ko(Upt1) = 0 (3)

is still exact. Indeed, note that all three K-groups are free abelian and of finite
rank. The first, ng (Uk), can be identified via dévissage with the K-group of
the cell Zj, so it is free abelian of rank one. The other two are the K-groups of
the smooth cellular varieties Uy and Uy, and the K-group of such a variety is
free abelian of rank equal to the number of cells.® Thus, in the above sequence,
the rank of the central group is equal to the sum of the ranks of the other two
groups, and the claim follows.

If we choose the usual dualities on the above categories (or if we twist the
dualities by the restriction of £ in each case) this sequence becomes a short
exact sequence of triangulated categories with duality. By Lemma 2.4, the
associated long exact sequence of Witt groups may be compared to the long
exact Tate cohomology sequence induced by (3) via a commutative ladder
diagram:

e WU 0) B WY (U) 5 WP (U) 5 W2 (U ga) S WHHT(0) = -

N A R S

e W (Upr) =2 by (Uy) —— B (Uy) —— B (Upg1) —2— Wi (Uy) — - -

By (backward) induction, we may assume that the vertical maps to h®(Uyy1)
are isomorphisms. By Lemma 2.5 the maps to hY (Uy) may be identified with

the maps o ‘
szc,zfc+2(Zk) N hzfc(Zk)’

which are isomorphisms since Zj = A™ for some n. So we may conclude that
the vertical maps to h®(U}) are also isomorphisms.

Finally, the claim concerning the multiplicative structure follows from the
corresponding claim for the forgetful functors, i.e. from the fact that

GW!(X, L) ® GWI (X, L3) —— GW™ (X, L1 @ L)

lFi(X)Fj inﬂ

Ko(X) ® Ko(X) : Ko(X)

commutes. O

2.6 Lemma. Let (D,*,w) be as in Lemma 2.1. If (F',F*2) is an

isomorphism for all (i. e. for both even and odd) values of i, then so is (Fﬁ+2 )

6This well-known fact may be checked, for example, by passing to coherent K-groups
and noting that the localization sequences associated with the canonical cellular filtration
by closed subsets split. With slightly more effort than we care to take here, one may also
deduce that the above localization sequences of K-groups associated with the open filtration
split in all degrees, not just in degree zero.

14



g
some element = € K(D) which is anti-self-dual (i.e. satisfies ©* = —z) . Then
by the exactness of sequence (1) there exist elements y_; € GW (D) and
y1 € GWY(D) such that z = F~'(y_1) = F'(y). Injectivity of (F~1 F')
then implies that (y_1, —y1) is zero in W1 (D) @ W' (D). By definition of the
Witt group, this means that we may find elements z_1,2; € K(D) such that
y_1 = H Y(z_1) and y; = H'(21). In particular, z = F*(H(21)) = 21 — 2}.
So z is zero in h™ (D).

Proof. To see that (H > is injective, suppose that H%(z) = H?%(z) = 0 for

In order to see that HY surjects onto ker F°, take an arbitrary element x €
GW(D) such that FO(z) = 0. Injectivity of (F°, F?) then implies that z is
zero in WY(D). So x = HO(2) for some z € K(D). Since z + z* = F°(z) =
0, we may consider the class of z in h~ (D). Surjectivity of (F~!, F'') then
implies the existence of elements y_; € W™ !(D) and y; € W' (D) such that
z = FY(y_1) + F'(y1). Applying H°, we find that + = H°F'(y;). Thus,
(z,0) = (H°, H?)(F'(y1)). Similarly, H? surjects onto ker F2, so (%2) is
surjective.

The proof that (ﬁﬁ_ll ) is an isomorphism is analogous. O

2.2 K-theory of flag varieties

Theorem 2.3 tells us that the Witt groups of a flag variety G/P are closely
related to the Tate cohomology of its algebraic K-group Ko(G/P). The reason
why this is useful is that this K-group has a nice description in terms of the
representation rings Rep(G) and Rep(P) of G and P. More precisely, Panin
[Pan94] has proved the following algebraic variant of a theorem of Hodgkin
[Hod75, Lemma 9.2):

2.7 Panin’s Theorem. Let G be a simply connected semisimple algebraic
group with a parabolic subgroup P. Then we have a ring isomorphism

Ko(G/P) = Rep(P)/a

where a C Rep(P) is the ideal generated by restrictions of rank zero classes in
Rep(G).

This isomorphism is very geometric: It is induced by the morphism Ko(G/P) +
Rep(P) that sends a representation V' of P to the associated vector bundle
GxpV over G/P (c.f. [Pan94, § 1]). In particular, it respects the involutions on
both sides induced by the usual duality on vector bundles and representations,
and it restricts to the isomorphism

Pic(G/P) = X*(Rep(P)) 4)
[MT95, Prop. 2.3] under which the line bundle called £z in Section 1.2

corresponds to the character wg of Rep(P) (see Section 3.2).

A key ingredient in Panin’s proof is the following theorem of Steinberg [Ste75],
which we will also need later:

2.8 Steinberg’s Theorem. The representation ring Rep(P) of a parabolic
subgroup of a simply connected semisimple algebraic group G is finite and free
as a Rep(G)-module.

The remainder of the article is now easily outlined: we work out an

explicit description of Rep(P) as a ring with involution, we compute its Tate
cohomology, and finally we translate everything back to Witt groups.
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3 Representation rings

In this section, we analyse the representation ring of a parabolic subgroup and
the involution induced by dualizing representations.

To put the final result in Section 3.5 into perspective, recall that the
representation ring of any simply connected semisimple algebraic group can
be written as a polynomial ring. We may even choose a set of polynomial
generators which is preserved by the involution. The representation ring
Rep(P) of a parabolic subgroup is only slightly more complicated as a ring:
it may be decomposed into a tensor product of a polynomial ring and a ring
of Laurent polynomials. However, in general the involution does not respect
this decomposition: while the involution does restrict to an involution of the
Laurent part (on which it is given by multiplicative inversion), the dual of a
polynomial generator of Rep(P) is generally a product of a ‘polynomial factor’
and a non-trivial ‘Laurent factor’.

Throughout this section, the ground field may be arbitrary.

3.1 Representation rings of reductive groups

Before specializing to (Levi subgroups of) parabolic groups, we recall the
general description of the representation ring of a split reductive group. So
let G be a split reductive group over a field, with split maximal torus T. We
use the following notation:

X* := X*(T) the group of characters of T
X, := X, (T) the group of cocharacters of T
(—, —) the canonical pairing X* x X, = Z

R C X* the set of roots
RY C X, the set of coroots

RT C R a choice of positive roots
¥ C R* the corresponding set of simple roots

W the Weyl group

3.1 Serre’s Theorem ([Ser68, Théoreme 4]). For any split reductive group
G over a field, the character isomorphism Rep(T) — Z[X*| restricts to an
isomorphism

Rep(G) = Z[X*|W.

Additively, the invariants under the Weyl group can be described as follows.
Let
W:={£e X" |{£0Y)>0forall o €}

be the semigroup of dominant weights corresponding to our choice of simple
roots 2. It is a fundamental domain for the action of the Weyl group. Therefore

x| =Pz S0,

IS2%

where S(4) is the sum over the elements of the orbit of 6 under the Weyl group:
S(0) = dew.é et

As for the multiplicative structure, it is well known that when G is semisimple
and simply connected, Rep(G) is a polynomial ring. More generally, if G is
reductive with simply connected derived group DG, the representation ring
of G may be identified with a product of the polynomial ring Rep(DG) and
the ring of Laurent polynomials on the characters of G [SGA6, Exposé 0 App:
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RRR; Hod75, Prop. 11.1 (p. 81)]. However, this identification depends on
certain choices. We provide a proof that will suit our later needs.

We decompose X* into a ‘toral part’ and a ‘semisimple part’. For the first
part, we take the character group of G:

X(G)=E)={cec X" |({0oY)y=0forall o € X}

The quotient X*/(X"Y)+ can be identified with the character group of a maximal
torus Tpe of the derived group DG [Jan03, 11.1.18]. Let Q be an arbitrary”
complement of (XV)* in X*. Then the inclusion i: Tpg < T induces an
isomorphism i* from Q to X*(Tpg) =: X5. We thus have decompositions:

X*=E) a0 w=E)reWwnQ)
= X"(G) @ Xpa = X*(G) ® Wog

When DG is simply connected, its set of dominant weights Wopo is a free
abelian semigroup, so the isomorphism above shows that VW decomposes as
a direct sum of a free abelian group (XV)* with trivial W-action and a free
abelian semigroup W N Q.

3.2 Theorem. Let G be a split reductive group whose derived group DG is
simply connected. Let X* = X*(G)®Q be a decomposition as above. Choose a
basis &1, ...,& of X*(G) and a basis wy,...,w, of the free semigroup WN Q.
Then we have a ring isomorphism

ZiaE', .. a2t @ Zwy, . .. w)] ——— Z[X*]W = Rep(G)
sending z; to S(&) = €% and w; to S(w;) = > W et

Proof. Recall that there exists a partial order on the dominant weights WV with
the following properties [Ada69, 6.27, 6.36]:

e Only finitely many dominant weights are smaller than a fixed dominant
weight.
e For arbitrary dominant weights ¢ and ¢,

S(6)S(8") = S(6 + 4') + (smaller terms).

Here, ‘S(d) + (smaller terms)’ is to be read as a short-hand for: there
exist coefficients a. € Z such that

P =5(5) +Za65(e).

eEW: €<6

Let @ denote the ring homomorphism defined in the theorem.

For surjectivity, it suffices to show that, for any weight ¢ in W, the symmetric
sum S(0) has a preimage under ®. This may be checked by induction over the
number of weights smaller than §. Indeed, let us write 6 = 3, a;& + >~ bjw;
with coefficients a; € Z and b; € N. By the second property of the ordering
above,

(I>(H ' ® Hw?’) = 5(d) + (smaller terms).

By the inductive hypothesis, we may assume that all terms on the right-hand
side apart from S(J) are contained in the image of ®, so S(4) itself must be
contained therein.

"We will see that when dealing with parabolic subgroups of simply connected semisimple
groups, there is a natural choice for 2. See also Remark 3.3.
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For injectivity, take an arbitrary element

_ E a ay b b,«
P_ Ca,bxll"'xl .wll...wr

a:(al,...,az)ezl
b=(b1,...,b,)EN"

and suppose that ®(P) = 0. We can write ®(P) as

O(P) = Z cab [S(€ap) + (smaller terms)]
a,b

where &a b 1= ZZ a; &+ Zj bjw;. The assumption that the w; form a basis and
not just a generating set of WN Q ensures that the &, p and hence the S(&a,b)
are all distinct. Let & be the set of all pairs (a, b) for which cap is non-zero.
If & is non-empty, we may choose some (a,b) € & such that £, is maximal
in the sense that it is not smaller than any other £, with (a,b) € &. Then
®(P) = 0 implies that ca, = 0—a contradiction. Thus, & must be empty and
we find that P = 0. O

3.3 Remark (Decomposition of X¢). If we pass to X = X* ®z Q, we have a
canonical decomposition
X5 = (V) @ Q3.

However, (V) @ (QX N X*) is in general only a finite index subgroup of
X*. Geometrically, Q¥ N X* is the character group of a maximal torus of the
semisimple quotient G' := G/RG and the isogeny DG — G exhibits Q¥ N X*
as a finite index subgroup of X7 .

3.2 Representation rings of parabolic subgroups

From now on, we assume that G is semisimple and simply connected, so that
¥V is a basis of X,. Let {w, | 0 € X} be the fundamental weights of G, defined
by

<Cdo-, VV> = 60’1/
for o,v € ¥ (d,, the Kronecker delta). Our assumptions ensure that the w,
form a basis of X* [Jan03, I1.1.6].
The parabolic subgroups of G are classified up to conjugation by subsets © C X.

We write Pg for the standard parabolic subgroup corresponding to ©. Let Lg
be its Levi subgroup and Ug its unipotent radical, so that

P@ :L@ D(U@.

The Levi subgroup Lg is the subgroup of G generated by the maximal torus
T and the root subgroups corresponding to the roots in Rg := RN Z0O, while
Ug is the subgroup generated by root subgroups corresponding to the roots
in (-R") — Re [Jan03, 11.1.7-1.8]. For example, Ly = T and Py is a Borel
subgroup, while Ly = Py = G.

3.4 Lemma. The projection Po — Lo induces an isomorphism
Rep(Po) < Rep(Le).

Proof. This is a general fact for extensions of unipotent groups. For an
arbitrary extension 1 — U — P 5 L — 1, the projection 7 induces a
monomorphism Rep(P) <= Rep(L) whose image is generated by those simple
P-modules which have a non-zero U-fixed vector [Jan03, 1.6.3]. When U is
unipotent, any non-zero representation has such a fixed vector. O
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The Levi subgroup Le is a split reductive group with maximal torus T,
simple roots © and Weyl group the subgroup Wg C W generated by the
reflections in the elements of © [Jan03, 1.1.7]. The assumption that G is simply
connected ensures that DLg is also simply connected. We can therefore apply
Theorem 3.2 to Lg and the decomposition

X*=(0Y)" @ e, (5)
where (g is the subgroup of X* generated by the fundamental weights
{wy | ¥ € O}.

3.5 Corollary. Let Pg be a standard parabolic subgroup of a semisimple simply
connected algebraic group G with fundamental weights {w, | o € X}. Then we
have a ring isomorphism

Zlwg,aE' |0 € ©,8 € -] —— Z[X"]"® 2= Rep(Po)
sending wy to S(e“?) and xg to S(e“s) = e¥s.
Proof. The fundamental weights {wg | 8 € ¥—0} form a basis of the char-
acter group X*(Leg) = (©Y)%, while the remaining fundamental weights

{wy | ¥ € ©} form a basis of Qg. Moreover, the wy form a basis of the free
semigroup We N Ng, where Wg is the set of dominant weights of Lg:

We := {6 € X*|(6,9") >0 for all ¥ € ©} O

3.3 Root data and fundamental weights

The relation between Lg, its derived group DLe and its semisimple quotient
Lo := Lo/RLe will be central to all that follows. We will write 7 and p for
the inclusion of DLg and the projection onto Lg:

DLo < Lo - Lo

Let Rg := RNZO and RY := RY NZO". The root data of Lg, DLe and Leg
can be summarized as follows (c.f. [Jan03, I1.1.18]):

DLe: (X*/(©V)1, X, NQOY,i*Re, RS )

Le: (X, X, Re, RS )

Lo: (X*NQO, X./0%, Re, p.RY)
In the proof of Corollary 3.5, we used the decomposition X* = (V)1 @ Qg for
which ¢* restricts to an isomorphism Q¢ = X7, . The fundamental weights of
the simply connected group DLg are precisely the images of the fundamental

weights wy € Qg:
1wy = Wiy (6)

As in Remark 3.3, we also have a rational decomposition
X5 = (0¥)§ @ Qe. (7)

The subspace QO C X does not in general contain any fundamental weights
of G. Rather, the fundamental weights @y of Lo are the components of the
weights wy in the direction of QO:

wy =7 (wg) + @y (8)

where 7+ : (@V)é QO — (@V)é denotes the projection away from Q.

All three groups Le, DLe and Le have the same Weyl group We. The
projection ¢* and the inclusion p, are equivariant with respect to its action.
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3.4 Involutions on the weight lattice

We can analyse the involution on Rep(Po) induced by the duality on
representations by considering the inclusion Rep(Rg) — Rep(T) = Z[X*]. On
X*, the duality corresponds to multiplication by —1, so the induced involution
* on Z[X™*] is given by

To describe how this involution acts on S(d) for a dominant weight 6 € We,
we introduce a second involution o on X* that restricts to Weg.

3.6 Definition. Let wy be the longest element of the Weyl group Wg. For
any £ € X*, we define
£° = —wp.£.

The involution o restricts to We since wg sends We to —Weg [Jan03, I1.1.5].
As S(&)* = S(—¢&) = S(—w.§) for arbitrary £ € X* and w € We, we obtain:

3.7 Lemma. The x-dual of S(8) € Z[A]Ve is given by S(§)* = S(6°).

The lemma shows that the duality on Z[A]"e is determined by the action of
an element wg € Wg. We therefore take a closer look at the interaction of
the Weyl group with the decomposition X* = (V) @ Qg. On (0Y)1, the
action of Wy is trivial. But the action does not restrict to Qg. Instead, we
can define an action on Qg by lifting the action on X7,  via the isomorphism
i*: Qe & Xppo:

3.8 Definition. For w € Wg and w € Qg, we define w#w and w* to be the
unique elements of Qg satisfying:

M (wHw) =i (w.w) (= w.i*w)
T (w?) =i (W) (=i"(w)°)
Evidently, w# = —wo#w, and # defines an involution on Qg that restricts to

We N Qe.

Now consider the rational decomposition X35 = (©Y)g ® QO. Unlike the
integral decomposition above, this decomposition is equivariant: the action
of We restricts to both factors. Recall that 7*: X§ — (@V)ég denotes the
projection away from QO.

3.9 Lemma. For any w € Wg and any w € Qo we have

wHw =ww — 7" (w) + 7 (wHw). (9)
Proof. As the decomposition (7) is equivariant, we have 7+ (w) = 7+ (w.w). We
can thus rewrite eq. (9) as wH#w — 7+ (wH#w) = w.w — 7' (w.w), with both sides
in QO. It suffices to check this equation after applying ¢*: X* — X7,  since

i* induces an isomorphism from QO to X5, . As i*7" = 0, we are left with
the defining equation of w#w. O

3.10 Corollary. The o-dual of an element w € Qg can be written as
w® = w? +7(w), (10)

where T(w) 1= —7*(w) — 7+ (w¥) € (OV)*. O
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Let us reformulate eq. (10) in terms of the fundamental weights. Consider first
the involution o = —wy on the lattice X7, of the semisimple group DLe. It
restricts to the set of positive roots [Jan03, I1.1.5] and hence to the simple roots
i*©. It follows that o also restricts to an involution on the set of fundamental
weights {w;+y | ¥ € O}, such that

(oji*,@)o = Wj*9o. (11)

Now consider the action of —wy on X*. It also restricts to an involution ¥ +— 9°
on the simple roots ©, identical under ¢* to the involution on *©. But it does
not restrict to an involution of the fundamental weights wy. Rather, we have:

3.11 Lemma. For any U € O, wj = Wyo.

Proof. Clearly wgoe € Qg. So we only need to show that wyg. satisfies the
defining property of wj. This follows from eq. (6) and (11): i*(wyeo) = wirgo =
(wix9)° = (1*wy)®, as required. O

3.12 Corollary. The o-duals of fundamental weights wy with ¥ € © and wg
with B € X—0O are given by

wg = —wg
wy = wye + T(wy),

where T(wy) = =7 (wy) — T (wye ). O

3.5 The involution on the representation ring

We can now indicate the general form of the duality on Rep(Pg). Let us write
the twists 7(wy) as vectors in the basis {ws | 8 € -0} of (OV)1:

T(wy) = Z mgwg € (eV)*.
BEXO
3.13 Corollary. Under the isomorphism
Z[wﬂ,xgl | ¥ €O, €X—0] = Rep(Po)
of Corollary 3.5, the involution on Rep(Pg) that sends a representation to its
dual representation corresponds to the duality * given by:
wy = wyo - HB T4

Zp

In the following, we will sometimes simply write w} = wgo - xmﬂ, i.e. we use
mﬂ

the conventions m? := (mg)geg_@ and 7™’ := [IPE

Proof. Recall that under the given isomorphism, wy corresponds to S(wy) and

xg corresponds to S(wg) = e¥#. By Lemma 3.7 and Corollary 3.12 we have

S(wy)* = S(wg) = S(wye +7(wy)). In general, we have the formula S(6+¢') =

S(6)S(d') + (smaller terms). However, when the Weyl group acts trivially on

one of 4, ¢’, there are no smaller terms and we simply have S(6+9") = S(6)S(¢').
Thus, given that We acts trivially on (©Y)+, we obtain

S(wge + 7(wy)) = S(wye) - S(7(wy))
= S(wye) - S(ZBQZ—@ mZWﬂ)
=S(wgo)-HS(w,@)mg. ]
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4 Tate cohomology

This section contains the heart of our computations. After introducing a notion
of twisted Tate cohomology in Section 4.1, in Section 4.2 we compute this
cohomology for any ‘twisted polynomial ring’, a ring with involution that
has the same formal description as the representation ring of a parabolic
subgroup (c.f. Corollary 3.13). In particular, we will see that the twisted Tate
cohomology groups are either zero or isomorphic to the untwisted ones. In
Section 4.3, this dichotomy is generalized to the Tate cohomology of certain
quotients of twisted polynomial rings. The result applies in particular to the
K-ring of a flag variety (c.f. Theorem 5.2).

4.1 Twisted Tate cohomology

We use the same terminology for rings with involution as in [Zib12]. In
particular, a x-module is an abelian group equipped with an involution x*
which is a group isomorphism, a *-ring is a commutative unital ring equipped
with an involution % which is a ring isomorphism, and a x-ideal in a *-ring
A is an ideal preserved by *. We say that a x-ideal a C A is generated by
certain elements aq,...,a, if it is generated as an ideal in the usual sense by
the elements ay,ai, ..., an,a.

More generally, given a #-ring (A, *), an (A, *)-module is an A-module M
together with an additive involution * that satisfies (am)* = a*m* for all
a € Aand m € M. Thus, any *-module is a (Z,1)-module, where 1 denotes
the trivial involution on Z, and any *-ideal in (A, x) is an (A, *)-module.

An element z of a x-module (M, %) is *-self-dual if 2* = x and x-anti-self-

dual if * = —z. The Tate cohomology groups of (M, *) can be defined ad
hoc as follows:

L) =
) =

We write h®(M, x) for the Z/2-graded abelian group h™ (M, x) ® h= (M, ).
Given an (A, )-module M and a unit [ € A* such that [* = [~!, we define the
[-twisted involution *; on M by

m* = m*l.

4.1 Lemma. Let (A,x*) be a *-ring, and let l1,lo € A* be units such that
If =171 Then for any (A, *)-module (M, %), the A-module structure on M
induces a homomorphism of Z/2-graded abelian groups®
h.(Av *11) ® h.(Ma *12) - h.(Mv *1112)
W @ [m o [am]

In particular, h*(A,*) is a 7Z/2-graded ring, and h®*(M,x;,) is a graded
h* (A, x)-module. O

The rings and modules we will be considering in the following will usually come

equipped with some ‘default’ involution *. We then simply write

h*(A) = h*(A, %)
he (M) := h*(M, *) he (M, 1) == h*(M, %))

8Here and elsewhere, ® denotes the graded tensor product of Z/2-graded abelian groups.
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and refer to h®(M, 1) as the [-twisted Tate cohomology of M. The following
lemmas will be used frequently.

4.2 Lemma. Let 0 — (M’ %) < (M,%) & (M",%) — 0 be a short exact
sequence of x-modules, i. e. a sequence of x-modules and -morphisms such that
the underlying sequence of abelian groups is exact. Then we have an associated
siz-periodic long exact sequence of Tate cohomology groups

ht(M') —— R (M) —— ht(M")

o| s

h=(M")«——h~ (M) «—— h~ (M)
with boundary map given by

m—m*|]  for [p(m)] € hT(M"
olpmy] = { =] for lpm] & (M)

[m+m*]  for [p(m)] € h=(M").
We may alternatively view the long exact Tate cohomology sequence as a three-
periodic sequence of Z/2-graded abelian groups

D R (M) = (M) — R (M) S R (M) = h(M) = (M) D

with boundary map 0 of degree one. If (M’ x), (M, *) and (M", %) are modules
over some *-ring (A, *), and if the morphisms in the short exact sequence are

morphisms of A-modules, then this long exact sequence is a sequence of graded
h* (A, x)-modules.

4.3 Lemma. Let M and N be x-modules. If one of M and N is free as an
abelian group, then the canonical map

h*(M)®h*(N) = h*(M @ N)
is an isomorphism of Z/2-graded abelian groups.

Proof. The lemma is easily checked in case M is one of the following three
x-modules: Z with trivial involution, Z with involution given by multiplication
with —1, Z ® Z with involution interchanging the two summands. In general,
any x-module which is free as an abelian group is a direct sum of such simple
x-modules [Bou90, Prop. 3.7]. O

4.4 Remark. More generally, for any finite group I" acting on an abelian group
M, Tate introduced cohomology groups H' (T', M) indexed by i € Z. When T
is cyclic, the cup product with a generator of H2(I',Z) (' acting trivially on
Z) induces isomorphisms

HY(T, M) = H(T, M),

so the total Tate cohomology group H*(T', M) may be collapsed to a Z/2-
graded group [CE56, Chapter XII, §§ 7 and 11]. For I' = Z/2 acting on a
x-module M via its involution, this yields the Z/2-graded group defined above.
Lemmas 4.1 and 4.2 may as easily be checked directly as they may be obtained
by specialization from more general results in the literature.
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4.2 Tate cohomology of twisted polynomial rings

We use the term twisted polynomial ring to refer to a *-ring (A4, x) of the
following form:

e As aring, A is isomorphic to a tensor product of a polynomial ring and
a ring of Laurent polynomials

A= Z [y, g wt |i€ 1,5 € Jk € K]

e This isomorphism can be chosen such that the duality on A has the
following form:

i

v = %f . xC for certain ¢’ € ZI¥|
j . ;

M; = ;- x™ for certain m’ € Z!¥!

Ty = .Z‘];l

Here and in the following, we use a bold-face letter ¢ to denote a tuple with
entries ¢y, and we define
z° = H xe.
k

We think of the p; as ‘self-dual’ generators and of the ~; as ‘non-self-
dual’ generators, except that they carry ‘individual twists’ ¢! and m’. By
Corollary 3.13, the representation ring of any parabolic subgroup of a simply
connected split semisimple algebraic group is a twisted polynomial ring in our
sense: we only need to take

oy 1= Wy for each ¥ with ¥° =9 (so m” = m”)
=w
%,9 ? for each pair (¢9,9°) with 9° # o (so c? =m?)
Yy = Woyo

Our aim is to describe h*(A, x*) for any twisted polynomial ring (A, *) as above
and any twist z* (t € ZIK |). As we will see, these groups essentially depend
only the twists m’ of the ‘self-dual’ generators and on the global twist t, or
rather on their reductions modulo two m’, t € (Z/2)/Xl. First, we have a
simple criterion when h®(A,z*) vanishes:

4.5 Proposition. The twisted Tate cohomology module h®(A,x*) is non-zero
if and only if T is contained in the subspace of (Z/2)!! generated by the ™7,

We can rephrase the proposition as follows. Let M := (m!,..., m"”) be the
|K| % |J]-matrix whose columns are given by the vectors m’, and let M be its
reduction modulo two. The proposition says that h*(A, %) is non-zero if and
only if the inhomogeneous linear system of equations

M.j=t M

has some solution j € (Z/2)!V]. Note that any vector j € (Z/2)!V! can be lifted
to a tuple with coefficients in Ny, and that there is a unique lift with coefficients
in {0,1}. We call the lift j € {0,1}!V] minimal.

4.6 Proposition. Let S C (Z/2)! be a basis of the space of solutions of the
homogeneous part of (1), and let S C {0,1}! be the set of minimal lifts of
these basis elements. The untwisted Tate cohomology Ting of A is concentrated
in even degree and can be written as

Z)2v;,051j€S8,5€J]

h*(A) =72y |i€el]l® (VJ?:Uj’-iGS)

. eV J
e 1 dr 3 MJ e ,2,,m
wlthl{].—/LLC? and 0j .—ﬂj(E .
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4.7 Proposition. If h*(A,x%) is non-zero, there is an element (; € h* (A, x?)
such that multiplication with (¢ induces an isomorphism

h*(A) = h*(A,a").

Moreover, if both h®(A,z%1) and h*(A,z%2) are non-zero, then so is
h* (A7 xt1+t2> and we may take Ct1+t2 = Ct1 : Ctz‘

Proof of Propositions 4.5 and 4.6. Let x; denote the x*-twisted involution on

A. As a first reduction, we may factorize (A,#¢) into a tensor product of
(A, x)-modules:

(A, x¢) = (Z i, \iGI],*t)@)(Z [uj,x,fl |j€J,k€K],*t).

As both factors are free as abelian groups, we may apply Lemma 4.3 to obtain
a corresponding factorization of the Tate cohomology modules:

(A, 2% =Z/2[yivi |i € I) @ h* (A, 2%)

with A" :=Z [p;, 2" | j € J.k € K].
In order to compute the Tate cohomology of A’, we observe that the set of

monomials .
{;ﬂxk ‘J € Ngjl,k € ZlKl}

forms a basis of A’ over Z which is taken into itself by the involution *¢. This
implies that h*(A’) is a Z/2-module on those basis elements fixed under the
involution, while h~(A") = 0.

So let h := pz¥ be an arbitrary basis element. We can easily express the fixed-
point condition on h as a linear system of equations in (j, k) € NEJI x ZIKl:

h* =h
& Mj—2k=—t (I)

Proposition 4.5 follows from the fact that the linear system (I) has a solution

if and only if its reduction modulo two (I) has a solution: given a solution
jo € (Z/2)|J| of (I), we obtain a solution (jo, ko) of (I) by taking jo to be some
lift of jo and setting ko := §(Mjo + t).

Now consider the homogeneous part of the system and its reduction modulo
two:

Mj—2k=0 (H)

Mj =0 (H)

Again, the space of solutions of (H) is determined by the space of solutions of
(H): For any solution (jn,ks) of (H), we have k;, = £Mj;, and we can write

jn as jn = jm + 2r for some j,, with coefficients in {0,1} and some r with
coefficients in Ny. Then j,, is a solution of (H). Conversely, any solution j,, of

(H) and any r € Nl)Jl determine a solution
jh _ jm 2r
() = (1%5.) + () w2
of (H).

We may view the space of solutions of (H) as a sub-semigroup of N‘O‘” x ZIK,
In order to describe generators, we choose a basis S of the space of solutions of
(H) and let S be the set of minimal lifts of these basis vectors, as above. Let
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e; with j € J denote the standard basis vectors in N‘O‘”. Then it follows from
(12) that a set of generators of the semigroup of solutions of (H) is given by

j QGj . .

(1) (1) [}
These generators correspond to the algebra generators v; and o; of h®(A)
appearing in Proposition 4.6.
It remains to determine the relations between these generators. Suppose

. j ) 29j o

Za(d) En () -
jes JjeJ
for certain a;, b; € Z. Since the vectors j € S are linearly independent over Z/2,

all coeflicients a; must be even. Conversely, for any choice of even coefficients
aj, we obtain a relation by setting

bj == — Z%J
J

jes

where [v]; denotes the 4" component of a tuple v. It follows that the space
of relations is generated by the unique relations with a; equal to 2 for just one
j € S and equal to 0 for all others, i.e. by the relations

(k) -5 () pes

In h*(A), these relations correspond to the relations Vj2 = ol O

Proof of Proposition 4.7. A general solution (j;,k;) of (I) will be of the form

Ji\ _ (Jo Jn
()= )+ (&)
where (jo, ko) is some solution of (I) with coefficients in {0,1} and (j,ky) is

a solution of the homogeneous system (H). Thus, we can take

. . 1 .
Ct = Mjoxko — MJoxi(MJo-l-t).

The second claim of Proposition 4.7 also follows from this explicit description
of (. O

4.3 Tate cohomology of quotients

In this section, we show how to generalize the results of the previous section
to certain quotients of twisted polynomial rings. More precisely, we show:

4.8 Proposition. Let (A,*) be a *-ring, and let | € A* be a unit such that
* =171 If ¢ € A is x;-self-dual and induces an isomorphism

h*(A) ig h* (A, ),
then multiplication by ¢ also induces an isomorphism

h* (A/a) i<> R (A)a, =),

for any x-ideal a C A that can be generated by elements A1,..., A\ and *-
self-dual elements w1, ..., such that A, A7 ..., A, AL, pa, -« -, (@8 @ reqular
sequence in A.
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The proof is based on two lemmas that deal with the special case when a is
generated, as a *-ideal, by a single element. If the generator is a self-dual
element p of A, we write the ideal as (u); if the generator is a non-self-dual
element A, we write the ideal as (A, A*).

4.9 Lemma. Let (A, *) be a *-ring, and let | € A* be a unit such that I* = [~*.

o If u € A is a *-self-dual element that is mot a zero divisor, then
multiplication by p induces a graded isomorphism

h®(A, %) % h® (1), %1)-

o If A\, A" is a regular sequence in A, then multiplication by the product A\
induces a graded isomorphism

B (A, ) == B (A7), ).

Proof. This is a mild generalization of one half of Proposition 4.1 of [Zib12]. Tt
can be proved in exactly the same way. (The other half of the proposition can
also be generalized, but it is not used in the following.) O

4.10 Lemma. Let (A, x) be a *-ring, and let | € A* be a unit such that I* =
171, Suppose there is an *;-self-dual element ¢ € A such that multiplication
with ¢ induces an isomorphism

h*(A) ig) he(A, ).
Then multiplication with ¢ also induces isomorphisms

h® (A/ (1)) = h* (A/ (1), %)
h® (A/(A A7) ig h® (A (A A7), %)

1R

for any x-self-dual non-zero divisor p of A and any regular sequence of the
form A\, \* in A.

Proof. As ( is *;-self-dual, multiplication by ¢ induces a *-morphism (M, ) —
(M, %;) for any (A, *)-module (M, x). Given a regular sequence A\, \* as in the
lemma, consider the following commutative square of (A, *)-modules and the
induced commutative square of h®(A)-modules:

(A, %) —225 (A, A), %) he(A) —2255 B (A, A7)
(l Ic ~s ‘glg Ig
(Asx) —52 (A A7), %) he (A, *) Tizh'((/\,)\*),*l)

In the right-hand square, the horizontal morphisms are isomorphisms by
Lemma 4.9 and the vertical morphism on the left is an isomorphism by
assumption. So (: h*((A\,A*)) — h*((A, A*), ;) is also an isomorphism. To
obtain the analogous claim for the quotient A/(A, A*), we consider the long
exact Tate cohomology sequences associated with the obvious two short exact
sequences of (A4, x)-modules:

0= (A A7), %) = (A, %) = (A/(A, A7), %) = 0

0= ((AMA),*) =(A,x) = (A/ (AN AY), %) = 0
Multiplication by ¢ induces an isomorphisms on two out of three terms of these
long exact sequences, so by the Five Lemma it also induces an isomorphism on

the remaining term. The proof for the case of a x-self-dual non-zero divisor p
works in the same way. O

27



Proof of Proposition 4.8. Proposition 4.8 now follows by induction over the
number of generators of a. Indeed, suppose the claim holds for the ideal a’ C
a generated by all but one of the given generators of a, so that ¢ induces
an isomorphism h®(A/a’) = h*(A/da’,*;). The assumptions ensure that the
remaining generator of a will either be a *-self-dual element p which is not a
zero-divisor in A/a’ or an element A such that A\, \* is a regular sequence in
A/d’. Thus, we can conclude using Lemma 4.10. O

5 Translation

5.1 The proofs

The considerations above easily imply the following two precursors of Structure
Theorem 1.1:

5.1 Proposition. Let P be a parabolic subgroup of a semisimple simply
connected algebraic group over a field, and let Rep(P) be its representation
ring equipped with the usual involution induced by duality. Let w € Rep(P)*
be a character of P. If the twisted total Tate cohomology group h®(Rep(P),w)
is mon-zero, then there exists an element (, in h™(Rep(P),w) such that
multiplication by (, induces an isomorphism of 7/2-graded modules

h* (Rep(P)) = h® (Rep(P),w).

Moreover, if both h®(Rep(P),w1) and h®*(Rep(P),ws) are non-zero for char-
acters wy and wy of P, then so is h®*(Rep(P),w; ® we) and we may choose
Cur@ws = Gy * Guso -

Proof. This is a translation of Propositions 4.6 and 4.7. Indeed, by Corollar-
ies 3.5 and 3.13 we haven an isomorphism

Rep(P) = Z[wy, z5" |9 € ©, 8 € £—6] (13)

that identifies Rep(P) with a twisted polynomial ring in the sense of Section 4.2.
Under this isomorphism, the character wg of P (5 € ¥—0) corresponds to the
invertible element x5, so a general character w® = ®562_@w;5 corresponds to

a product 2° = [[5cx o x;f. O

5.2 Theorem. Let G be a split semisimple simply connected algebraic group
over a field, let P C G be a parabolic subgroup, and let L be a line bundle
over G/P. If the twisted total Tate cohomology group h®(G/P, L) is non-zero,
then there exists an element (¢ in ht(G/P, L) such that multiplication by (.
induces an isomorphism of 7/2-graded modules

h* (G/P) = h* (G/P,L).

Moreover, if both h*(G/P,L1) and h®*(G/P, Ls) are non-zero for line bundles
Ly and Ly, then so is h*(G/P, L1 ® Ls) and we may choose (r or, = Cry - Cro-

Proof. We apply Proposition 4.8 to A := Rep(P) and the ideal a of Panin’s
Theorem 2.7. The required assumptions on A are satisfied by the previous
proposition. To check that a also satisfies the required assumptions, we
recall that the representation ring of G can be written as a polynomial ring
on generators A1, A7, -, Ag, Ak f1, ..., g with pq, ..., gy self-dual (e. g. take
© = X in Corollary 3.13). The ideal a is generated by the corresponding rank
zero classes \; — rk()\;), ... in Rep(P). These classes form a regular sequence
in Rep(G). By Steinberg’s Theorem 2.8, Rep(P) is free over Rep(G), so their
images in Rep(P) likewise form a regular sequence. O
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Structure Theorem 1.1 is now an immediate corollary of Theorem 2.3. Similarly,
Vanishing Theorem 1.4 is a consequence of:

5.3 Theorem. Let G/P and L € Pic(G/P) be as above. Let m be the twist
vectors describing the duality on Rep(P) as in Corollary 3.13. View the twist
vectors as elements of Pic(G/P) via the identification of the Picard group with
the character group X*(P) as in (4). Then h*(G/P, L) is non-zero if and only
if the reduction of £ modulo two is a linear combination of the reductions ™Y
of those twist vectors with ¥ = 9°.

Proof. Again, this is a direct translation of Proposition 4.5. O

5.2 The twists

In this section we describe the twists m? of Corollary 3.13 explicitly. The result
in Corollary 5.5 below will refer to a list of values that we have organized in
Figure 2 in terms of Dynkin diagrams. Let us recall our graphical conventions
and explain our notation.

e Associated with our semisimple group G, we have an ‘ambient root
system’ R with root space X¢ and simple roots X. The corresponding
‘ambient Dynkin diagram’ has a node for each simple root ¢ € ¥. We
draw this Dynkin diagram using blank circles, e. g. :

O0—O0—O0—0—0—0—0¥0

We write C,, = (o,v") for the coefficients of the Cartan matrix of R.
These can be read off directly from the Dynkin diagram using Figure 4
(ignoring the colours for the moment).

e The root system Rg associated with Lg or Lg has root space QO C X@
and simple roots ©. The corresponding Dynkin diagram has a node for
each root ¥ € ©. We will indicate this Dynkin diagram by filling the
corresponding nodes of the ambient diagram, e.g. :

O0—e—0—0—0—0—e0_x0

The coefficients of the Cartan matrix of Re and its inverse matrix will be
denoted by Cy, and CY”, respectively.” For irreducible Rg, the values
O are conveniently summarized in [Bou02, Plates I-1X, entries (VI)].
Figure 1 displays the values that will be relevant for us. In general, the
Cartan matrix and its inverse are block matrices with the Cartan matrices
of each irreducible component on the diagonal and all off-diagonal blocks
zero, so the coefficients can be computed one component at a time.

The Cartan matrices are the transposes of the transformation matrices describ-
ing the change of bases from the simple roots to the respective fundamental
weights:

o=, Chw, (forovelk)
V=3, Cy,w, (for9,v € 0O)

We can therefore express the (@V)(J@—component of a fundamental weight wy
with ¢ € O in terms of these matrices.

9For 9, v € O, we have of course Cy, = Cy,, but C% may be different from C?”.
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ol = % fori=101-1
B @—@—@—------ 1 _
Y91 Yy U3 91 W 4 fori =1
Cu_{l for i<l ® 0,
=931 -
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91 Y2 U3 Y1 U
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c=1 C"= 2 Y1 Y3 Uy U5 vg U7
oL 4T _ 3 o3
2
Ei_gurei 1: Selected  coefficients T3 o5
C .= (%% of the inverse of the 37 22 57 = ;

Cartan matrix, as relevant for our
computations. The arrows indicate the
involution ¥ — 9¥° on ©.

5.4 Lemma. Let wy with ¥ € © be a fundamental weight of G, and let Oy
denote the connected component of © containing 9.'° Write the projection of
wy onto (V)L in the basis {ws | B € L—O}:

T (W) = D pen o Copws

Then the coefficients cyg are given by

—C"5Cy,s if B has a neighbour ¥g in Oy

Cyp = .
s 0 otherwise

Here and in the following, we say that ¥ is a neighbour of B if these roots are
connected by an edge of the ambient Dynkin diagram.

Proof. We can write wy as 7 (wy) +Wp = Y g5 0 CopWE D _greq C?"Y'. The
result is obtained by applying (—, 3¥) to this equation and noting that Cy g is
non-zero only when 9’ is a neighbour of 3. O

5.5 Corollary. Let ©y denote the connected component of © containing 9.
If we write the twist of wy as

T(wy) = Z mng,

BeX-O

then the coefficients mg are given by

md (C99s + C%"%%)Cy,5 if B has a neighbour V5 in Oy
70 otherwise

10This is intentional abuse of language. To be more precise, we would have to write: “Let
©y denote the subset of © that corresponds to the connected component of the Dynkin
diagram of Rg that contains the node corresponding to ¥.”
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Figure 2: The number underneath a root 9 indicates the value C?”8 —|—619019f*,
where 93 is the circled root in each diagram. These values are easily computed
from Figure 1. The arrows indicate the involution ¥ — 9° on ©. (Diagrams
of types Fs, F4 and G2 are not displayed as they cannot occur as proper
subdiagrams.)

The values of C??% + CY" Y are displayed in Figure 2. The values Cy,p may
be determined using Figure 4. (Of course, only the first five cases are relevant.)

O

5.3 The marking scheme

Corollary 5.5 gives an explicit description of the twist vectors m? = (mz) Bes-0
for each root ¥ € ©. However, we see from Theorem 5.3 that only a small part
of this information is relevant for determining whether the twisted Witt groups/
Tate cohomology groups of G/P vanish. In particular:

(i) We only need to know those m” for which ¥ is self-dual (9° = ©).
(i) We only need their reductions m? modulo two.

(iii) We do not need to keep track which twist vector belongs to which root
¥: we only need to know which twist vectors m" occur for the collection
of all self-dual roots of ©.

Given (i) and (ii), we may simplify Figure 2 to Figure 3. By (iii), we can
summarize the relevant information by decorating the Dynkin diagram of G/P:
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1/11. I odd ]-)l. I even

/.T
0O—@—0— -0 —-0—@ 0O—@—e—e—--—-@
3 g 1 3 9 \.T

B O0—@—0—@—-—-0=0 1 1 1
5} Vg 1
o—e>x9 O Ds °
1
oO—@—eo—eo—e
0y o—@&>e—e 1 1
| 1

Figure 3: A simplified version of Fig-
ure 2, indicating only for which self-dual
roots ¥ the value 2C°7%8 = ¢ 4 C7° s
1 1 is odd.

for each self-dual root ¥ of ©, we add a mark connecting all those neighbours
of ©y for which mg is non-zero. That is, if M"Y has exactly one non-zero entry,

we simply mark the corresponding neighbour in ¥; if m? has several non-zero
entries, we add a mark that connects all the corresponding neighbours.

Corollary 5.5 implies that the marks of our Dynkin

diagrams only depend on the types of the connected 9 B Cos
components of ©® and on the edges by which these e—O -1
components are connected to their neighbours in . o0 .1

Thus, as claimed in Section 1.3, it suffices to consider

. . e<X-0 -1

connected components of © in our marking scheme. The ==

precise rules are now easily derived, as we illustrate with >0 -2

a few examples. >0 3

First, consider the case when © C X is of the form A4; C ¢ o 0

A,, and suppose A; has neighbours 3; and 3, on either ® =5 2

side: Figure 4: The
B Vs 9 Vs,  fo values Cyg

~---0—0—®

-0 ----0—@®

0—O—--

If [ is even, there are no self-dual roots in A;, so no roots get marked. If [ is
odd, we have exactly one self-dual root ¥ := Y11y, in A;. We see from Figure 3
that 207781 = €81 4+ 0V and 207752 are odd. Moreover, since 31 and
B2 are connected to A; by a single line, Co,, 5 = Cy,,p, = —1. Thus, both

mgl and mgQ are odd, and we need to add a mark to our diagram connecting

B1 and fo:

| \
=--0—O0—@—@—-- —---@—-- ----@— @—O—O0—--

The same reasoning works for A; C B,,, except that in this case it can happen
that the neighbour ([ is connected to A; via a double line with an arrow
pointing away from A;. In that case, we find that Cy, g, = =2, so mg2 is even
and only 3y gets marked. Thus, the example from further above should be

decorated with the following marks:

\
0O—0—O0—0—0—0—0->0
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As another example, consider the case of B; C B,. Let 5 be the unique
neighbour of B;:
B Vg 9y
~-0—0—0—0—0— - -0=0
All roots of B; are self-dual. However, we see from Figure 3 that 2C7?# is odd
only for the shortest root ; of B;. The value of Cy,s is once again —1, so we

find that mzl =2C"7Cy,5 is odd and B gets marked:

\
=--0—O0—0—0—0— -5 0

References

[Ada69] J. Frank Adams, Lectures on Lie groups, W. A. Benjamin, Inc., New York-
Amsterdam, 1969.

[Bal00] Paul Balmer, Triangular Witt groups. I. The 12-term localization exact sequence,
K-Theory 19 (2000), no. 4, 311-363.

, Triangular Witt groups. II. From usual to derived, Math. Z. 236 (2001),
no. 2, 351-382.

[Bal01]

[BC12a] Paul Balmer and Baptiste Calmes, Witt groups of Grassmann varieties, J.
Algebraic Geom. 21 (2012), no. 4, 601-642.

, Bases of total Witt groups and laz-similitude, J. Algebra Appl. 11 (2012),
no. 3, 1250045, 24.

[BWO02] Paul Balmer and Charles Walter, A Gersten-Witt spectral sequence for regular
schemes, Ann. Sci. Ecole Norm. Sup. (4) 35 (2002), no. 1, 127-152.

[BC12b)

[BGO5] Paul Balmer and Stefan Gille, Koszul complezes and symmetric forms over the
punctured affine space, Proc. London Math. Soc. (3) 91 (2005), no. 2, 273-299.

[Bou02] Nicolas Bourbaki, Lie groups and Lie algebras. Chapters 4—6, Elements of
Mathematics (Berlin), Springer-Verlag, Berlin, 2002. Translated from the 1968
French original by Andrew Pressley.

[Bou90] A. K. Bousfield, A classification of K-local spectra, J. Pure Appl. Algebra 66
(1990), no. 2, 121-163.

[Bou05] , On the 2-primary vi-periodic homotopy groups of spaces, Topology 44

(2005), no. 2, 381-413.

[CF12] Baptiste Calmes and Jean Fasel, Trivial Witt groups of flag varieties, J. Pure Appl.
Algebra 216 (2012), no. 2, 404-406.

[CHO4] Baptiste Calmes and Jens Hornbostel, Witt motives, transfers and reductive
groups (2004), available at http://www.mathematik.uni-bielefeld.de/LAG/man/
143.html.

[CE56] Henri Cartan and Samuel Eilenberg, Homological algebra, Princeton University
Press, Princeton, N. J., 1956.

[FH91] William Fulton and Joe Harris, Representation theory, Graduate Texts in Math-
ematics, vol. 129, Springer-Verlag, New York, 1991. A first course; Readings in
Mathematics.

[GNO03] Stefan Gille and Alexander Nenashev, Pairings in triangular Witt theory, J.
Algebra 261 (2003), no. 2, 292-309.

[Hod75] Luke Hodgkin, The equivariant Kinneth theorem in K -theory, Topics in K-theory.
Two independent contributions, Springer, Berlin, 1975, pp. 1-101. Lecture Notes
in Math., Vol. 496.

[Jan03] Jens Carsten Jantzen, Representations of algebraic groups, 2nd ed., Mathematical
Surveys and Monographs, vol. 107, American Mathematical Society, Providence,
RI, 2003.

[Kar80] Max Karoubi, Le théoréme fondamental de la K-théorie hermitienne, Ann. of
Math. (2) 112 (1980), no. 2, 259-282.

[K6c91] Bernhard Kock, Chow motif and higher Chow theory of G/P, Manuscripta Math.
70 (1991), no. 4, 363-372.

[IMT95] A. S. Merkurjev and J.-P. Tignol, The multipliers of similitudes and the Brauer
group of homogeneous varieties, J. Reine Angew. Math. 461 (1995), 13-47.

33


http://www.mathematik.uni-bielefeld.de/LAG/man/143.html
http://www.mathematik.uni-bielefeld.de/LAG/man/143.html

[Nen07]
[Pan94]

[QSS79]

[Ser68]

[SGA6]

[SteT5]
[Wal03a)

[Wal03b)]
[Yagl1]
[Zib11]

[Zib12]

Alexander Nenashev, Gysin maps in Balmer- Witt theory, J. Pure Appl. Algebra
211 (2007), no. 1, 203—221.

I. A. Panin, On the algebraic K -theory of twisted flag varieties, K-Theory 8 (1994),
no. 6, 541-585.

Heinz-Georg Quebbemann, Winfried Scharlau, and Manfred Schulte, Quadratic
and Hermitian forms in additive and abelian categories, J. Algebra 59 (1979),
no. 2, 264-289.

Jean-Pierre Serre, Groupes de Grothendieck des schémas en groupes réductifs
déployés, Inst. Hautes Etudes Sci. Publ. Math. 34 (1968), 37-52.

Théorie des intersections et théoréme de Riemann-Roch, Lecture Notes in Mathe-
matics, Vol. 225, Springer-Verlag, Berlin, 1971. Séminaire de Géométrie Algébrique
du Bois-Marie 1966-1967 (SGA 6); Dirigé par P. Berthelot, A. Grothendieck et L.

Illusie. Avec la collaboration de D. Ferrand, J. P. Jouanolou, O. Jussila, S. Kleiman,
M. Raynaud et J. P. Serre.

Robert Steinberg, On a theorem of Pittie, Topology 14 (1975), 173-177.

Charles Walter, Grothendieck- Witt groups of triangulated categories (2003), avail-
able at www.math.uiuc.edu/K-theory/0643/.

, Grothendieck- Witt groups of projective bundles (2003), available at www.
math.uiuc.edu/K-theory/0644/.

Nobuaki Yagita, Witt groups of algebraic groups (2011), available at www.
mathematik.uni-bielefeld.de/LAG/man/430.html.

Marcus Zibrowius, Witt groups of complex cellular varieties, Documenta Math. 16
(2011), 465-511.

, KO-Rings of Full Flag Varieties (2012), available at arXiv:1208.1497. To
appear in Trans. Amer. Math. Soc.

34


www.math.uiuc.edu/K-theory/0643/
www.math.uiuc.edu/K-theory/0644/
www.math.uiuc.edu/K-theory/0644/
www.mathematik.uni-bielefeld.de/LAG/man/430.html
www.mathematik.uni-bielefeld.de/LAG/man/430.html
arXiv:1208.1497

	Statement of the results
	A structure theorem
	A vanishing theorem
	A marking scheme

	From Witt rings to representation rings
	Witt rings as Tate cohomology rings
	K-theory of flag varieties

	Representation rings
	Representation rings of reductive groups
	Representation rings of parabolic subgroups
	Root data and fundamental weights
	Involutions on the weight lattice
	The involution on the representation ring

	Tate cohomology
	Twisted Tate cohomology
	Tate cohomology of twisted polynomial rings
	Tate cohomology of quotients

	Translation
	The proofs
	The twists
	The marking scheme


