
A familiar short exact sequence

We take the following two facts for granted.

• If κ is a finite field, then cd(κ) ≤ 1; meaning that H i (Γκ, M) = 0 for any torsion
module M over Γκ = Gal(κ/κ) and any integer i ≥ 2. From this it follows that
scd(κ) ≤ 2: we have H i (Γκ, M) = 0 for any module M over Γκ and any integer
i ≥ 3. You can find a proof of this in any book on Galois cohomology.

• Let X be a a nice curve over a finite field κ. Let X = X ×κκ denote its base exten-
sion to a curve over κ. Then the group Pic0 X is divisible, and H 1(κ,Pic0 X ) = 0.
Indeed, Pic0 X is the group J (κ), where J denotes the jacobian of X ; since multi-
plication by n defines an isogeny, the map n : J(κ) → J(κ) is surjective. The as-
sertion about H 1(κ,Pic0 X ) is a theorem of Lang; in fact, we have H 1(κ, A(κ)) = 0
for any abelian variety A over κ (see [Ste10, Theorem 2.1]).

Throughout this exercise, κ will denote a finite field, X a nice curve over κ, and
k = κ(X ) the field of functions of X . We denote the set of its closed points (or prime
divisors) by X (1). The field k is a so called “global field of positive characteristic”.

(a) Establish an isomorphism Brk ≃ H 2(κ,κ(X )×), where κ(X ) denotes the field of
functions of X . Hint: notice that Gal(κ(X )/κ(X )) = Gal(κ/κ).

(b) Establish an isomorphism Brk ≃ H 2(κ,Princ X ), where Princ X ⊂ Div X denotes
the group of principal divisors of X .

(c) Derive an exact sequence

0 → Brk → H 2(κ,Div X ) → H 2(κ,Pic X ) → 0

from the exact sequence

0 → Princ X → Div X → Pic X → 0.

(d) Use the fact that ([BLT, Exercise 14.7.8]) Div X =⊕
v∈X (1) IndΓκΓκ(v)

(Z) to construct an
isomorphism

H 2(κ,Div X ) ≃ ⊕
v∈X (1)

Brkv .
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Here κ(v) denotes the residue field of X at v , and kv is the “completion of k at
the place v”. You can use that we have an isomorphism invv : Brkv

≃−→Q/Z as for
p-adic fields.

(e) Show that H 2(κ,Pic X ) ≃Q/Z. Hint: use divisibility of Pic0 X to prove that, not just
the first, but all of its higher cohomology groups vanish as a module over Γκ.

(f) Deduce that we have a short exact sequence

0 → Brk → ⊕
v∈X (1)

Brkv →Q/Z→ 0.

Compare this with the Brauer-Hasse-Noether sequence for the Brauer group of a
number field from [BLT, Theorem 10.4.5].
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Solutions

(a) Fix a separable closure k of k, so that we have inclusions

k = κ(X ) ⊂ κ(X ) ⊂ k.

By Hilbert 90 we have H 1(κ(X ),k
×

) = 0, and hence we obtain an inflation-restriction
sequence

0 → H 2(κ,κ(X )×) → H 2(k,k
×

) = Brk → H 2(κ(X ),k
×

) = Brκ(X ).

Here the groups H 2(κ,κ(X )×) and H 2(κ(X )/k,κ(X )×) have been identified: the
Galois groups Gal(κ/κ) and Gal(κ(X )/k) are identified via the natural restriction
map and this identification is compatible with the action of these groups onκ(X )×.

We have Brκ(X ) = 0, since κ(X ) is C1 by [BLT, Theorem 10.4.8] and the Brauer
group of a C1-field vanishes by [BLT, Theorem 10.4.9]. The result follows.

(b) Consider the exact sequence

0 → κ× → κ(X )× Div−−→ Princ X → 0.

The long exact sequence in combination with Brκ = H 2(κ,κ×) = H 3(κ,κ×) = 0
(finite fields are C1 by [BLT, p. 10.4.7] and scd(κ) ≤ 2) shows that

H 2(κ,κ(X )×) ≃ H 2(κ,Princ X ).

By part (a): Brk ≃ H 2(κ,Princ X ).

(c) The exact sequence

0 → Pic0 X → Pic X
deg−−→Z→ 0

and the fact that H 1(κ,Pic0 X ) = H 1(κ,Z) = 0 shows H 1(κ,Pic X ) = 0. We have
H 3(κ,Princ X ) = 0 by scd(κ) ≤ 2. The result now follows from the long exact
sequence.

(d) We apply the fact that Galois cohomology commutes with direct sums and Shapiro’s
lemma to find

H 2(κ,Div X ) ≃ ⊕
v∈X (1)

H 2(κ, IndΓκΓκ(v)
(Z))

≃ ⊕
v∈X (1)

H 2(κ(v),Z)

≃ ⊕
v∈X (1)

H 1(κ(v),Q/Z).
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Furthermore, we have an isomorphism

H 1(κ(v),Q/Z)
≃−→Q/Z,

for every place v , by evaluating at the Frobenius. Composing with inv−1
v , we get

what we’re after.

(e) We prove that H i (κ,Pic0 X ) = 0 for i ≥ 2. For every n > 0, consider the short exact
sequence

0 → (Pic0 X )[n] → Pic0 X
·n−→ Pic0 X → 0.

From the associated long exact sequence, we obtain for all i a surjection

H i (κ, (Pic0 X )[n])↠ H i (κ,Pic0 X )[n].

For i ≥ 2, the source of this surjection is trivial: cd(κ) ≤ 1. Since Galois cohomology
groups are torsion, we conclude that H i (κ,Pic0 X ) = 0 for i ≥ 2. Now we use the
short exact sequence

0 → Pic0 X → Pic X
deg−−→Z→ 0

to deduce that
H 2(κ,Pic X ) ≃ H 2(κ,Z) ≃Q/Z.

(f) This is now obvious.
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